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1.MOCTAHOBKA 3AJAYI ONITUMI3AILIL

B mammnaoOynyBaHHi 5K 1 B OyAb-sKili 007aCTi TEXHIKHM a TAKOX HayIi
B3arajii, EKOHOMIlli Ta B IHIIUX cdepax MisVIBHOCTI YacTO 3yCTPidaroThCs
3a/1a4i, 1110 MAlOTh YUCJICHHI PirleHH. SIKITIO 111 pIITICHHS ITOPiBHIOIOTHCS, TO
Ile poOOWTHCS HAa OCHOBI IIEBHOTO KPUTEPII0 Ta BUOMPAETHCA TeE, SKE
HalKpalluM YWHOM BIANOBiZAaE nboMy KpuTepito. Take pileHHs
Ha3UBAETHCS ONTUMAJIBHUM, 33]]a4a HOTO BU3HAYCHHS Ha 3aaHiil MHOXKHHI
pilliecHh HA3WBAETHCA 3aMaucio ONTHMI3alii, a KpuTepiii — KpHUTepieM
ONTUMAIBHOCTI.

HeoOxinHicTh B oNTHMMI3alii BUHUKAE MPH BUKOHAHHI HANOLIBII
CKIIQJIHAX TIPOLEAyp TpH TPOEKTyBaHHI Ta eKCIUTyaTallii TEeXHIYHUX
00’extiB. [lpy mpoMy @I MHOXHWHA pIlllEHP MOXE CKJIAaIaTHCS SK 3
XapaKTEPUCTUK 00’ EKTY TaK 1 3 YMOB MOr0 eKCILTyaTallii.

Pimenns 3amaq ontuMizaliii 3a JOMMOMOTOI0 OOYHCITIOBATEHOT TEXHIKH
Ma€ JIesiKi XapaKTepHi 0COOTUBOCTI:

ellocTanoBka 3amaui — nependadae mobpe (hopmanizoBaHmil OmMHC
MHOXHHH PillIeHb Ta IPU3HAYCHHS aKTyaIbHOT0 KpuTepito. [Ipu mocranoBmi
3a7a4i onTHMi3alii HeoOXiJHI HACTYIHI ePeTyMOBH:

1. HasBHicTh 00'exTa onmTuMizamii i Metn ontumizamii. [lpu nmpomy
(GOpMyITIOBaHHS KOXXHOTO 3aBJaHHS ONTHMI3allii TIOBUHHO BHMaratu
EKCTPEeMalIbHOTO 3HAUCHHS JIMIIEC OJHI€] BEIUYMHH, TOOTO OJHOYACHO
CHUCTEMi He IMOBHHHO MPUTIIMCYBATHUCS JBA 1 OLIIbIIIE KPUTEPIIO ONTHUMI3allii,
TaK K NMPAaKTUYHO 3aBXKIM €KCTPEMyM OJHOr0 KpUTEPil0 HE BiINOBiJae
eKCTpeMyMy 1HIIOro. THIOBMH MPHUKIAJL HENPaBWILHOI IOCTAHOBKHU
3aBIaHHA onTuMizauii: «OTpuMaTH MaKCHUMaJIbHY NPOAYKTUBHICTH IIpH
MiHIMaNbHIi coOiBaprocTi». [lomMmika momsrae B TOMY, IO CTaBUTHCS
3aBJIaHHS TIOIIYKY ONITUMYMY JBOX BEJIWYHH, IO CYIIEpevaTh OJAHH OJJTHOMY
3a CBO€IO CyTTIO. [IpaBMIFHOIO TOCTAHOBKOIO 3aBAaHHS MOXKE Oy TH:

a) OTpUMAaTH MaKCHUMalbHYy TPOAYKTUBHICTh MpH  3aJaHii
c001BapTOCTI.

0) oTpuMaTH MiHIMaJIbHY COOIBAPTICTh NPH 3aJIaHOT TPOYKTHBHOCTI

VY nepiiomMy BUNaaKy KpUTEpild onTuMi3alii - IPOAYKTHUBHICTE, a y
Ipyromy - coOiBapticte. B 3aranbHOoMy Bumagky Ajisl ABOX KpUTepiiB
MOBHHHI OyTH BCTAHOBJICHI CBOT MPIOPHUTETH, PO IO Oy/Ie CKa3aHO HIDKYE.

2. HasBHicTh pecypciB onTtumizamii, M SKAMH PO3yMIiIOTh

MOJMJIUBICTH  BHOOpY 3HaueHb JESKMX HapamMerpiB  00'ekTy 11O



ontuMizyeThest. O0'€KT TTOBHHEH MaTH IEBHI CTYIEeHI CBOOOAHN — Kepyroui
BILTUBH.

3. MOXJHBICTh KIUTBKICHOT OI[IHKM BENIWYHMH IO ONTHMI3YIOThCS
OCKIUTBKH TITBKH B [LOMY BHIIAIKY MOKHA TIOPiBHIOBATH €EKTH Bill BHOOPY
TUX YH 1HITUX Jiif, TI0 YIIPaBIISIOTh.

4. YpaxyBaHHS 0OMEXEHb.

eMaTeMaTH4YHHii OMMC — TOJSTa€ B BH3HAUCHHI THUITYy 33/adi
ONITUMI3allii, BUXOA4H 3 T IOCTAaHOBKH, 8 TAKOX Y BUBUYEHHI ii cienupiqHnx
ocobimBOCTEN Ta MOOYIOBI MAaTeMaTHYHOT MOJET, [0 TOB’A3y€ KUIBbKICHI
XapaKTePUCTHUKH CKJIAJOBUX PIlIEHHS 3 KpUTEpieEM oNTUManbHOCTI. Ha mii
OCHOBI BUOHMPA€ETHCS, BUBUAETHCS, a MOXKINBO 1 MOAU(DIKYETHCS METOA il
YHCENbHOTO BUPILICHHS

eCkiajaHHsl AJITOPUTMY — TIOJNATaE B PO3poOIi 3araqbHOi OJOK-
cXxeMH 3 1I TOAANBIIOI0 JETANli3ali€l0 TPOTpaMH ONTHMI3alii, IIo
PO3pOOIISIOTHCSI Ha OCHOBI SI3MKa POrpaMyBaHHsI, Ta Tiepe0avdae HasBHICTh
iHTepdeiicy mist  BimoOpaKeHHsST BUXIJHMX JaHUX Ta pe3yJbTariB
ONTHMI3allii, a TOKOX iX 30epiranus [2].

TakuM  YMHOM  TOCTAHOBKY  3a/Jadl  omTuUMi3amii  MOXKHa
c(hOpMyITIOBATH HACTYITHUM YHHOM:

JlaHo — MHOXXHHa pilleHb abo 00NacTi iX MOXJIMBHX 3HA4YeHb Ta
KpUTEPiH 3a JIONIOMOTOFO SIKOTO IIi PillleHHS MOXHA MOPIBHIOBATH

Tpeba — Ha 3agaHii MHOXKHHI PillICHb BUKOPUCTOBYIOUH 3aJlaHHN
KpHUTEpiii 3HATH Halikpaiie (ONTHMalbHe) PIlICHHS.

[Muranus 1jst camonepeBipku

1. Slke pilieHHs HA3UBAETHCS ONITUMAILHUAM ?

2. 3 dOoro MOXe CKJIaJaTHCs MHOXHHA pIilIeHb MpH
onTHUMI3allii TEXHIYHOTO 00’ €KTY?

3. Sxi ocobnuBOCTI onTUMi3anii iCHYIOTh NPH BUKOPHUCTAaHHI
00YHCITIOBATLHOI TEXHIKH?

4. 1o Bumarae KOKHa 3aJa4a ONTHUMI3arii?

5. Slki mepeayMOBHM HEOOXiAHI JUis IIOCTAaHOBKHM 3ajadi
ornrrumMizarii?

6. B uomy mossrae MaTeMaTUYHUN OIMHKC 3ajadi ONTUMI3alii?

7. B uoMy momnsirae ckjiajaHHS aIrOPUTMY ONTHUMi3amii?



2.3ATAJIBHI BITOMOCTI ITPO
ONTUMI3ZAIIMHI MOJEJI, IX CTPYKTYPY TA
INPUHIOUIIA NTIOBYJOBU

MartemaTiuyHe MOJEIIOBAaHHA Ha OCHOBI MPHUHIMITY ONTHUMi3alii
nepeadavae MOXKIMBICTD Ta HEOOX1IHICTD IUJIECTIPSIMOBAHOTO PETYIIOBAHHS
yMOB (YHKIIOHYBaHHS 00’€KTy a00 CHCTeMH 3 METOI0 TOIIYKY TaKHX, Y
AKUX cucteMa Oyzae (yHKI[IOHyBaTH HaWKpamuM YWHOM — ONTHMAaJIbHHX
yMoB. CyKYITHICTh IUX YMOB i Oyne MPEACTaBISTH COOOK ONTHMAIbHE
pilieHHs. 3BIZCM MAEMO 1 CKJIAJOBI €JIEMEHTH TaKUX MOJICNCH N0 SKHUX
Hajexatb [1]:

Kpurepiii onTtumMajabHOCTI — TIpUIHATHA MOKa3HHK  MipH
e(heKTUBHOCTI CUCTEMH IO JOCIIKYEThCsA. MakcuManbHe ab0 MiHIMaIbHE
3HaYeHHS KPUTEPII0 ONTHUMAIBHOCTI 1 BU3HAYAE€ YMOBH Y SIKHX CHCTEMa
MIPAIIOE€ HAaWKpaIuM YHHOM TOOTO ONTUMAaNbHI yMOBH. Tpeba HaromocuTw,
0 3a3BMYail KpPUTEPISIMU ONTUMAIBHOCTI HE € (hi3M4yHI BEJIUYMHH,
HaNPUKIIAJ CHJIa Pi3aHHs, TEeMIepaTypa, CTIHKICTh IHCTPyMEHTY Ta iH., a
MOKa3HUKA THUM YU IHIIAM YWHOM IIOB’si3aHi 3 TpoOIIMMa: COOIBapTICThH
00poOKH, MPUOYTOK, SIKiCTh, YaC BUTOTOBJICHHS Ta 1H., IO 1 BimoOpaxae Mipy
e(EKTHUBHOCTI CHCTEMHU. Y SKOCTI TMPHUKIAAYy KPUTEPil0 ONTHMAIBHOCTI
Bi3bMeMO co0iBapTicTh 00poOKku C, 110 3aJIEKNUTh BiJl pEXKUMIB pi3aHHS:

C=f(tSV) 2.1)

He3zane:xxni 3minHi a6o d¢akropm abdo kepyoui ¢akropu —
BEJINYHMHU, ONITUMAJIbHI 3HAUYEHHSI SIKUX Tpeba 3HAlTH. Y JaHOMY BHIIQJIKY
ne OyayTb peXHMH pi3aHHA #, S, V 00 came 3a iX JOIIOMOTOI MOXHA
LiecnpsIMOBaHO 3MiHIOBaTH YMOBH (DyHKII0HYBaHHs cucTeMu. CyKyIHICTb
3HAW/IEHNX ONTUMAIBHUX 3HA4YeHb 1 Oyae THM CaMUM ONTHUMAaJIbHUM
pileHHsIM Tpo sike OyJI0 cKa3aHo B po3aimi 1.

ITapameTpu — TOCTIHiHI BEJIWYMHU MOJENi, IO XapaKTEpU3yIOTh
HE3MIHHI YMOBH B SIKMX MOJe/b Oyia oTpuMaHa. BimoOpaxkaroTbcs y
3HAYEHHSIX MOCTIHHUX KOS(IIIEHTIB MOIEIII.

HinboBa d¢yHkuis — QyHKOiA, I0 MNOB’A3ye  KpUTEpPid
ONTUMABHOCTI, (hakTopu Ta napamerpu. Cama HazBa QyHKIIIT MOKa3ye, MO
B Hel € 1ijIb. Y HAIIOMY BHIAJKY 1€ € MiHiMaJibHaA COOIBapTICTh, TOOTO

C=f(S"V)->min (2.2)



3eepmaemo yeazy, wjo mym nepui 3a 6ce Yikagisims YMosU (percumu
pizanus) 3a skux cobieapmicmeb Oyoe MIHIMAIbHOK, d He 3HAYEHMS
cobigapmocmi ax maxoi. lle 03Hayae, MO 3 METOI0 MOIIYKY HaWKpamux
yMOB (YHKIIOHYBaHHSI CUCTEMH, LiTbOBa (PYHKIIisI MOXKE CIPOLILYBaTHUCS i
HE BKJIFOUATH €JIEMEHTH cO01BapTOCTi, IO HE 3aJIeKaTh Bijl peXKUMIB pi3aHHs
B JAHOMY BHIIAJIKy, 00 Bifl (pakTOPiB, AKIIO TOBOPUTH B3arai.
Oo0MexeHHS — 00TTaCTI MOXKITUBUX 3HaYeHB (PAKTOPIB, ¥ MEKaX SKHX
BiIOyBa€ThCS TOIIYK ONTHMAIbHUX pimeHb. [Ipu BHpiIeHHI pearbHuX
BUPOOHMYMX 3a1ad OOMEKEHHS ICHYIOTh 3aBXAH 1 BOHH MOXYTh OyTH
MOB’sI3aH1 3 TEXHIYHUMHU MOXIIMBOCTSMH OOJjanHaHHS (OOMEXKCHHS I10
HIBUKOCTI pi3aHHs, TOTYKHOCTI BEPCTATY); 3 AKICTIO 00pOOIICHOT TOBEPXHI
(oOMexeHHs 1mojadi); 3 yMoBaMu Oe3reku npaili Ta iH. OOMEKEHHS MOXKYTh
OyTH:

»  JcopCcmKI — BUXIJ 38 MEXKH SIKHX HETIPUIYCTUMHHN ITPU OYAb SIKHX
ymoBax. lle MoxyTh OyTH OOMEXeHHs TMOB’s3aHi 3 (i3HIHUMH
KOHCTAHTaMH,  OE3MEKOI0, TEXHIYHUMHU XapaKTePHUCTUKAMU
001aJHaHHS TOLIO.

» HedxcopcmKi - TO3BOISIFOTH BUXIJ 32 IX MEXH, alie Tpebda po3yMiTu
Mo SKICTh (YHKI[IOHYBaHHS CHUCTEMH TIIpM IIbOMY iCTOTHO
TIOTi PITUTHCSL.

Sk 3a3HayvaNOCs BUINE, METOK ONTHMI3AI[iHHOTO MOJICITIOBAHHS €
MIOLIYK YMOB B SIKHX cHCTeMa (YHKIIOHYye HaHKpammuMm o0pa3oM 3TiHO 3
NPUAHITAM KPHUTEPiEM ONTHMaNbHOCTI. [Ipollec OTpuUMaHHS ILIBOBOT
GyHKINT He MOXHA opMalti3yBaTH — IIe Pe3yJIbTaT aHai3y MPOIECY B AKOMY
BUKOPHCTOBYEThCS IOTEPE/IHIA JIOCBIA Ta 3I0pOBHHA Tiy3a. Aje Juis
e(heKTUBHOTO MOIITYKY ONTUMAIIEHUX YMOB, ONTHMI3aIliifHa MOJIes ¥ popmi
iIHOBOT (PYHKIIIT TOBMHHA BiJIIOBIIATH JIEIKUM OCHOBHHM ITPHHIIUATIAM.

1. Ipunuun ogHo3HauHOCTI. [lomsirae B Tomy, 10 ONTUMi3yBaTHCh
MOBHMHHA TIBKH OJIHA LiJbOBa QYHKIIS. SKIIO X 32 yMOBaMH 3aJadi TaKHX
GyHKIIM MOBUHHO OyTH JEKibKa, TO BOHH BCE OJHO MalOTh OYTH 3BECHI
JI0 OJTHOT, HAIIPUKIIA]] 38 JIOTIOMOTOO JIIHIHHOT 3rOpTKH:

k
F = Z aiﬁ(Xl,Xz, an) (23)
i=1



TyT a; — macmTaOHuilt abo BaroBuii KoedillieHT, 10 BijgoOpaxae
CTYIiHb BXXJIUBOCTI KOKHOT 3 QYHKIIIH, 1110 BXOAUTH JI0 3TOPTKH i TOBUHEH
BiJIMOBiAaTH HACTYITHUM YMOBaM:

a; =0 (2.4)

k
Zaizl

i=1

Y BuOopi BaroBux KOe(]ii€HTIB TPUCYTHS BeIUKA OIS
Ccy0’€KTHBI3MY, aji¢ 3a JOMOMOTOI0 JCSKHX IIJXO/IB IM MOXXHA TPHUIATH
00’ €KTUBHUI XapaKTep: eKCIEePTHI OIHKH, QPYHKIiS 0a’KaHOCTI Ta iH.

3roptka 3a piBHAHHSIM (2.3) Moxe OyTH BHUKOPHCTaHa KOJH BCI
(GYHKIIT f; MatOTh OTHAKOBY (Di3UYHY MPUPOY, TOOTO PO3MIPHICTh. A SKIIO
PO3MIpHOCTI Pi3HI, TO 3aMiCTh (YHKIIH B HaTypallbHOMY BHUTIISII CIiJ
BHKOPHCTOBYBATH 1X HOpPMali3oBaHMH — Oe3po3MipHuMil BapiaHT f;.
Hanpuknaa mis Hopmamizanii B Mexax [0;1] Moxke OyTH BHUKOPHUCTaHHI
HACTYIHUH cIoci0 MpUPOAHBOI HOpMalTi3allii:

= fl - fl max
fi=7—""757" (2.5)
f imax — fl min
2. Mpuammn BigmoBinHocTi. baxano, 1100 1iJIbOBa (QYHKINS Maia
OIMH eKCTpeMyM — Taka (QyHKIis Oyae YHIMOJaJbHOI0 (YMOBY

YHIMOJIaNBHOCTI Oy/ie moka3zaHo Hrpk4ue). DYHKIT, 0 MaroTh PO3PHUBHU Ta
HEOJJHO3HAYHOCTI HE MarTh BUKOPHUCTOBYBATHCS B SIKOCTI IJIbOBHUX.
HasiBHICTD JIOKQJIBHUX EKCTPEMYyMIB YCKIIQIHIOE ITOIIYK ONTHMAaJIbHOTO
pimennst. Ha Puc. 2.3 ¢ynkuis a) mae miaxozgsuty ¢opmy, a och QyHKLIi 0)
Ta B) B SIKOCTI LIJIbOBUX BUKOPHCTOBYBATH HE OaskaHO.

Oco0nMBO BHPI3HAIOTHCS LiTbOBI (DYHKILIT, IO 30BCiM HE MaroTh
eKCTpEeMyMiB, HAINPHKIAJ JiHIHHI 1minboBi (yHKmii. [Ipy 1mpoMy BOHHM
MOBHHHI OyTH JOTIOBHEHI oOMexxeHHsiMU. B iHIIomy pasi omtumiszariiiiHa
3a/1a4a B [bOMY BHIIQJIKy HE MA€ CEHCY.



3. Ipunuun kepoBaHocti. OyHKIIS TOBUHHA BUpa)XKaTUCs uepes

3MiHHI Ha SKi MOYKHA BIUTUBATH i SKMMH MOKHA KEPYBaTH.

f

min

f f

PN R LN

—_ = = = = O
A WO - O

a 6 B
a — (QyHKIiT 3 OZHUM eKcTpeMyMmMoM; O — QYHKIiA 3 JOKaTbHIM
EKCTPEMYMOM; B — (YHKIIisl 3 PO3PHBOM

Pucynok 2.1 — Jlesiki BUIU QYHKITIH

IMuranus 1J1s caMmonepeBipku

B gomy nossirae MoietoBaHHS Ha OCHOBI MIPUHIIUITY ONTHMI3aii?
SIki eneMeHTH IPUCYTHI B ONTUMI3aIliiHii Momeni?

o Take dakTopu?

[aiiTe BU3HAYCHHS TEPMiHY «ITapaMeTpu».

o Take kpuTepiit ONTUMATBLHOCTI?

o Take niaboBa GyHKITiA?

3a IKUMU IPUHIUITIAMY TTIOBHHHA Oy TyBaTHCA [IbOBa (QYHKIIisI?
Slka dhyHKIIIS HA3MBAETHCSA YHIMOAAIBHOO?

Sxi i 0OMeXeHb iICHYIOTh?

. B yomy mossirae mpuHIMIT 0THO3HAYHOCTI?
. B yomy nossirae npuHOMIT BiAIOBIIHOCTI?
. B yomy nonsirae nmpuHIMIT KepOBaHOCTI?

. [Ilo Take «KOPCTKI OOMEKEHHS»

. IIlo Take «HEXKOPCTKI OOMEKEHHS»?
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3.3ATAJIBHI BIJOMOCTI IIPO KPUTEPII
OIITUMAJBHOCTI TA HIJbOBI ®YHKIIII

OnrtumizyBatucsi Moke Oyap sika (i3WYHa XapaKTEpUCTHKA
TeXHIYHOTO 00’€kTy abo mpouecy — TeMiepaTrypa, Cuia, CTiHKICTb
IHCTpYMEHTY, IOBrOBIYHICTH Ta 1H. AJle Hal4acTille ONTHUMIi3yHOTHCS
He]i3U4HI XapaKTePUCTHKU - Ti IO TaK Y iHAKIIE MOB’s3aHi 3 rPOLINMA:
co0iBapTiCTh, MTPOMYKTUBHICTh, NPHUOYTOK, €KOHOMiuHa e€(EeKTHBHICTS,
XapaKTepUCTUKH SKOCTI Ta iH. B Oyap sikomy Bumaaxy ¢axTop, 0O
ONTUMI3YETHCSI IOBUHEH OIIHIOBATHCS SIKOIOCH KUTBKICHOIO MipO¥O.

Ha migcTaBi oOpaHOTO KpHUTEPIl0 ONTHUMAIBHOCTI CKIAAETHCA
miapoBa (QYHKINS, IO TPEACTAaBISE COOOI0 3aJEeKHICTh KPUTEPIO
ONTUMAJILHOCTI BiJl (haKkTOPiB, 110 BILIMBAIOTH Ha 11 3HAaUeHHsI. Bug kpurepito
ONTUMAaNbHOCTI a00 1WiMboBOI (YHKIII BU3HAYAETHCS KOHKPETHHM
3aBJaHHIM onTuMmizarii. TakuM 4uHOM, 331242 ONTHUMI3alii 3BOAUTHLCS 10
3HAXO/’KEHHA eKCTPeMyMY HiTboBOI (PyHKIIII.

SIk  3a3Hayanocs BHINE, HAMOIIBII 3arajabHOI  ITOCTAHOBKOIO
ONTHMI3AIIIHOI 3a/adyi € BHpa3 KPHUTEPil0 ONTHUMAIBHOCTI Yy BHUIJISAIL
€KOHOMIYHOI OIIHKH (ITPOAYKTUBHICTh, COOIBAPTICTh MPOAYKIIii, IPUOYTOK,
peHTabenbHicTh). OAHAK B OKpPEMHUX 33Javyax ONTHMi3allii, KO 00'€KT €
YaCTUHOIO TEXHOJIOTIYHOTO IMPOIIECy, HE 3aBXKIAM BJAETHCS a00 HE 3aBXKIU
JIOLIHO BUJUIATH NPSIMUN CKOHOMIYHUN TOKAa3HUK, SKUH OU MOBHICTIO
XapakTepu3yBaB e()eKTUBHICTH POOOTH 00’ EKTY IO PO3MIIAIAETHCS. Y TaKHX
BUTIAJIKaX KPHUTEPIEM ONTHMAIBHOCTI MOXKE CIYXHTH TEXHOJIOTiYHA
XapaKTePUCTHKA, sIKa TTOOIYHO OIIHIOE eKOHOMIYHICTh POOOTH arperary (dac
KOHTaKTy, BHUXiJl NPOLYKTY, CTYyNiHb HEPETBOPEHHs, TEMIIEPaTypa).
Hanpukian, BCTaHOBIIOETHCS ONTUMAIBHUHA TEMIEpaTypHUH Hpodissb,
TPUBATICTh LIMKITY Ta iH.

PosrissHeMo G1IbIIT JOKJIAHO BUMOTH, SIKi TOBHHHI HPE'SIBIATUCS 10
KPHUTEPIIO0 ONTUMAIILHOCTI.

1. KpuTepiit onTHMaIILHOCTI TOBHHEH BHPAYKATHCS KLUIBLKICHO.

2. Kpurepiit onTHMaILHOCTI MOBHUHEH OYTH €JIMHUM.

3. Kputepiii onTuManbHOCTI MOBHHEH BiJOOpa)kaTH HaHOLIbII
ICTOTHI CTOPOHU TIPOIIECY.
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4. BaxkaHo 100 KpUTEpii ONTHMAILHOCTI MaB SCHUH 3MICT i
JIETKO PO3PaxOBYBAaBCHL.

Byap sikuii 00’ €KT 10 ONTUMI3Y€ThCS, CXeMAaTHYHO MOXHA YSIBUTH Y
BigmosigHocTi no Puc. 3.1.

[Ipu mocTaHOBLI KOHKPETHUX 3a/4a4 ONTHMi3alii OaxkaHO KpUTepii
ONTHMATBHOCTI 3aM¥CATH Y BUTIIS aHATIITHIHOTO BHPA3y.

Y ToMy BHNAAKY, KOJM BIUIMB BHIAJKOBUX BEJIHYHH, IO HE
KOHTPOITIOIOThCA HEBENMKWH 1 WOTO MOXKHAa HE BPaxOBYBaTH, KpHTEpiil
ONTHMATBHOCTI MOXK€ OyTH TpeAcTaBiIeHHHA SK (YHKIS BHUXITHHX,
Kepylounx (akTopis i mapameTpis:

R= R(X1,X2,....,XN ,Y1.Y2,....YN,U1,Up,...,UN (3.1)

Uncontrollable

Optimization random variables Z
object — black box

Parameters

-U : i Y - response

Independent (control)
factors - X

Pucynok 3.1 — 3aranmpHa cxema 00’€KTa OnTHMizarii

Tak sx Y =F(X), To npu o¢ikcopanux U MOXKHA 3amMCATH:
R = R(X) (3.2)

SIKIO K BUIIAJKOBI BIUIMBU JIOCUTH BEIMKI 1 IX HEOOXIZHO
ypaxoByBaTH, TO CIJ{ 3aCTOCOBYBAaTH €KCIIEPUMEHTAIbHO-CTATUCTHYHI
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METOJTU, IO JO3BOJISITH OTPUMATH MOJIENIb 00'€KTa Y BUIIISAI QYHKINT, sKa
CHpaBeAJIMBa TUIBKU 7151 BUBYEHOT JJOKAIBbHOI 001acTi.

B npunImmi, s ontuMizaitii 3aMicTh MATEMaTHYHOT MOJICIT MOYKHA
BUKOPHUCTOBYBATH 1 caM 00'€KT, OIHAK ONTUMI3allisl AOCIiJHUM LUITXOM Ma€e
PAI iICTOTHHUX HEIOJIKIB:

a) HEOOX1THHUI peaTbHUM 00'€KT;

0) HeOOXiTHO 3MIHIOBATH TEXHOJIOTIYHUI PEXKUM B 3HAYHHX MEXKaX,
III0 HE 3aBXKIH MOXKJIMBO;

B) TpHUBAIICTh BHUIMPOOYBaHb 1 CKIAQOHICTE OOPOOKM JaHUX.
HasBHicTh MaTeMaTHYHOI MOJENi (32 yMOBH, IO BOHA JOCUTH HAIiHHO
OMKCYE TIPOIEC) JIO3BOJIAE 3HAYHO IMPOCTIIIC BHUPIIIUTH 3aBIaHHS
oInTuMi3alil aHaJITHYHUM a00 YUCEILHUM METOIAMU.

VY 3amadax omnTuMi3alii po3pi3HSAIOTH MPOCTi 1 CKIagHI KpHUTepii
onrtumizarii.

Kputepili onTHMambHOCTI HA3WBAETHCS MPOCTHM, a cama
ONTHUMIi3allisi 6€3yMOBHOIO SIKIIIO TOTPiIOHO BU3HAYNUTH €KCTPEMYM IILITHOBOT
¢yHKIIIT 0e3 3aBAaHHS YMOB I OyAb-SKHX 1HIITNX BEUYUHU. Taki KpuTepii
3a3BHYall BUKOPUCTOBYIOTBCS MTPH BUPINICHHI OKPEMHX 3a]a4 ONTHMi3aii
(Hampuknaa, BU3HAYEHHS MAaKCHMAaNbHOI  KOHIEHTpalii  [iJbOBOI'O
MPOIYKTY, ONTHMAIBHOTO Yacy rmepe0yBaHHs peakiliiftHoi cymilri B anapari
1T.0L).

Kpurepiii onTuManbHOCTI Ha3MBAETHCS CKJIAAAHMM, a cama
ONTHMIi3aIlisi YMOBHOI0, SIKIIIO HEOOXITHO BCTAHOBUTU €KCTPEMYM IILITHOBOT
(GYHKIIT TIpH IEIKUX YMOBaX, SKi HAKIANAIOTHCA Ha PSAJl HIIUX BEIWYNH
(HanpuKIIa, BH3HAYCHHS MaKCHUMAaJIBHOI TPOMYKTUBHOCTI HpH 3agaHiil
co0iBapTOCTI, BU3HAUEHHS ONTUMAJIHHOT TEMIIEPaTypH MPH OOMEKEHHSIX 110
TEPMOCTIHKOCTI KaraiizaTopa i iH.).

[ponienypa BUpilIeHHS 33j1a4i ONTHMi3allii 0OOB'SI3KOBO BKIIFOYAE,
KpiM BHOOpPY Kepyrounx (akTopis, e i BCTAHOBIEHHS OOMEXEHb Ha HUX
(TepmocTilikicTh, BHOYXOHEOE3NEUHICTh, IMOTYKHICTh BepcTaTa Ta iH.).
OOMeXeHHS MOXYTh HAakJIaJaTHCS SK 3a TEXHOJOTIYHMMH, Tak 1 3
€KOHOMIYHHUX MipKyBaHb.

OTmxe, A BUPILICHHS 3a/1a4i ONTHMi3allii HeoOXiTHO:

a) CKJIaCTH MaTeMaTHYHy MoJieNb 00'ekTa ontumizanii ¥ = F (U, X)

0) BUOpaTH KPUTEPiit ONTHUMAIBHOCTI 1 CKJIACTH LIJIbOBY (PYHKIIIIO
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R=R(,X,U)

B) BCTAaHOBHUTH MOJKJIMBI OOMEKEHHS, SIKi TOBHHHI HAKJIaIaTHCS HA
3MIHHI;

r') BHOpaTH METOJ ONTHUMI3alii, SKUH JO3BOJIUTh 3HAWTH 3HAYCHHS
(akTopiB 32 SAKUX 3a0€3MEUYETHCS EKCTPEMYM LILTBOBOI (DYHKIII.

[TpuiiHsATO PO3PI3HATH 3a4a4i CTATHYHOI ONTUMI3aMii IS TIPOLECiB,
IO TIPOTIKAIOTh B CTAJINX PEKUMaX, 1 3aBIaHHSA AMHAMIYHOI orrTHMi3artii. Y
MEPIIOMY BHIIAAKy BHPINIYIOTECS THTAaHHS CTBOPEHHA 1 peamizarii
ONTHMAJIBHOT MOJIET TpoLecy, y JApPyroMy - 3aBJaHHS CTBOPEHHS 1
peamizamii CHCTEMH ONTHMANBHOTO YNPAaBIIHHA MPOLECOM  TIpH
HEBCTAHOBJICHUX PEKUMAaX €KCILTyaTallii.

[Muranus 1jsi camonepeBipku
1. Jlo 4oro 3BOAMTHLCS 3ajada ONTUMI3allil IiIboBOT QyHKITIi?
2. SIxi XapaKTepUCTHKH 3a3BHYall MPUHAMAIOTBCS SIK KpHUTEPii
ONTUMAIIEHOCTI?
3. OxapaxTepusyiTe BUMOTH 0 KPUTEPIiB ONTUMAIBHOCTI.
Yy MOKHA OITHUMI3ALII0 3OIHACHIOBATH IOCHIIHAM IUISXOM 1
SIKIIO Jla, TO SIKi OCOOJMBOCTI IEepeBard Ta HEIOJIKH IbOTO
nporiecy?
Sxuit KpuTepiit ONTUMATBHOCTI HA3UBAIOTH TIPOCTUM?
Sxuit KpuTepiit ONTUMATBHOCTI HA3UBAIOTH CKIIAHAM?
Ilo Take Ge3ymMoOBHA ONTUMI3aIis?
Ilo Take ymOBHa onTuMi3artis?
UwnM BiZIpi3HAETHCA CTATHYHA Ta JHHAMIYHA ONTHMi3amis?

A A
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4.TESIKI TUIIOBI KPUTEPII ONTUMAJIBHOCTI
TA HIJbOBI ®YHKIII IPU MEXAHIUYHIN
OBPOBIII

Haifyacrime npu BHU3HAYEHHI pamiOHAIBHUX YMOB pi3aHHS MpH
00po01Ii Ha METATOPi3aTFHUX BepCTaTaX B SKOCTI KPUTEPIFO ONITHUMAILHOCTI
npuiiMaeThesl co0iBapTicTh 00poOku. [Ipu mmpoMy momst cobiBapTocTi mMpu
pizaHHI OTHUM IHCTPYMEHTOM BHU3HAYA€ETHCS 3a popmydoro [3]:

tc Ei .
C= (to +5)E+a - min (4.1)
Jle: to — OCHOBHHMI TEXHOJIOTIYHHN (MAaIIMHHHMHA Yac); t. — 9ac Ha
BiTHOBJIEHHS PIKYYHX BIIACTHBOCTEH IHCTPYMEHTY Ta IIiIHAIAro KeHHS
Bepcrara; E — cobiBapTicTh 0/1HIET XBUIIHHA pOOOTH BEpcTaTa Ta OIepaTopa;
E; — Burparn, moB’s3aHi 3 eKCIDIyaTalli€l0 IHCTPYMEHTY 3a Mepion Horo
cTilikocTi; Q — KUIBKICTh JeTaliel, 0 00pOOJISIOTECS 3a Mepioj] CTIHKOCTI
IHCTpYMEHTY.
VY cBoro 4epry, BUTpaTH, MOB’sA3aHi 3 EKCILTyaTalli€l0 iIHCTPYMEHTY
3a Mepioj] HOTo CTIMKOCTI MOYKHA BU3HAYUTH:

- lns iHCTPYMEHTY, IO IePETOYYETHCS:

E; = tEy + Cgr + (G = Cumks : Coim )l (4.2)

i+1

He: E,; — HOMiHaNbHA 3apo0iTHA myaTa Hanamguuka; C,,. — BapTIiCTh

3arouyBaHHs; Cy; — BapTiCTh 1HCTPYMEHTY; Cyiyx — BapTICTh BiAXOZIB

IHCTPYMEHTY; 1 —KUIBKICTh TIEpPEeTOYyBaHb IHCTPYMEHTY IO HOTrO IOBHOTO
3HOCY; k, — KOeillieHT, 110 BpaxoBY€E BUMAIKOBE BUOYTTS IHCTPYMEHTY .

- Jlns  iHCTpyMEHTY 3 MeXaHiYHMM KpIIUIGHHSM  3MiHHHX
OaraTorpaHHUX IUIACTHHOK, 3BaKalOUM Ha JOBTUH TEpMiH
eKCIuTyaTalii Aep>kaBOK, 3aTpaTd Ha SIKi pajlle BiIHOCATBHCS M0
Kalli TATbHAX

+ (CZ wn CZ Bi,ax)ks

nl'lfI

E; = t.E, (4.3)
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He: Cyyy — CyMapHa BapTiCTh IUIACTMHOK B IHCTPYMEHTI; Cy giny —
CyMapHa BapTICTh BIOXOMIB IUIACTHHOK; My ,- KIIBKICTh pOOOYHX TpaHeH
TUTACTUHKH.

Jns pospaxyski 3a gopmynamu (4.1), (4.2), (4.3) ta B3aram npu
NPOEKTYBaHHI TEXHOJIOTIYHOTO TPOLECy, BEJUKE 3HAUEHHS Mae€ IMepion
CTIKOCTI PIKYyYOro iHCTpYMEHTY. B 3a1eXHOCTI Bi KOHKPETHHX YMOB Ta
3aBlaHb BHPOOHUWIITBA MOXXYTh BHKOPHCTOBYBAaTHCS Pi3HI mepioan
CTIUKOCTI: Tyex — MaKCHMATBHUN TIEpiof CTIMKOCTI; Tonm — ONTHMAaJIbHA
CTIWKICTh, IO BIAMOBIiZa€ ONTHUMANBHIN IIBHAKOCTI pi3aHHT;, 1o —
E€KOHOMIYHHI TIepioj CTIMKOCTI, IO BiAMOBIJa€ HaMMEHIIH COOIBAPTOCTI
00poOku; T,, — mepioA CTIMKOCTI, IO BIAMOBITAE MaKCHUMAaIbHIN
NPOAYKTHBHOCTI mporuecy. Ha mpakTumi HaiuacTimie BHKOPHUCTOBYHOTHCS
nepiofu cTidkocTi T Ta Ty [3]:

1—m Ei
TeK = T (tc + E) (44)
1-m
Top = ——tc (4.5)

Jle m — moKka3HMK BiTHOCHOI CTIHKOCTI iHCTpyMEHTA.
B mnopanbmomMy, BHKOPHUCTOBYIOUH BIZIOMY 3aJIeKHICTh JUIS
PO3paxyHKy HIBHIKOCTI pi3aHHS, MOYKHA ONTHUMI3yBaTh PEKUMH pi3aHHS:

Cy

V= thSTTva (46)

Je: t — rubuna pizanns; S — nojava; T — CTIHKICT; V — HIBUAKICTD
pizanns; C,, K, — KoeQilli€HTH; X,, Yy — TOKa3HUKHU CTYIICHIO.

IuTanus 19 camonepeBipku

1. Slkuii mNOKa3HWK HaiyacTille NPUAMAETbCA B  SKOCTI
KPHUTEPiI0 ONTUMAIILHOCTI IPU MEXaHiyHii 00poOIi?

2. Ha3BiTb icHyI04i Pi3HOBUIU MEPIOAIB CTIKOCTI.

3. Sxi mepiogm CTIMKOCTI YacTille BHKOPUCTOBYIOTHCS Ha
NPaKTHUI?
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5.0JHOMIPHA BE3YMOBHA OIITUMI3ALIA

5.1 3arajibHi moJ103KeHH S

OnTumizariss ¢yHKmii oxHiel 3MIHHOI 32 yMOBH BIICYTHOCTI
oOMexenb abo omHOMipHa Oe3yMOBHa ONTHMI3amis BOHA K
OJIHOTIApAaMETPUYHA ONITHMI3aIlisl - HAHOIBII TPOCTHH TUT ONTUMI3AIIHHAX
3agau. TuM He MEHIII, BOHA 3aliMa€e Ba)JIMBE MicIle B Teopii ontumizariii. Lle
MOB'S3aHO 3 THM, IO 3aBJAaHHS OAHONAPAMETPUYHOI ONTUMI3alii JOCUTH
YacTO 3yCTPIHalOTHCS B iIHKEHEPH1H paKTHILIi Ta, KPiM TOTO, 3HAXOAATH CBOE
3aCTOCYBaHHS TIPW peanizamii OUTbII CKIQAHUX IHTEPAKTHBHHUX TMPOLEIYP
MHOTOITApaMETPUIHOT ONTHUMI3aIlii.

Hexait ¢ynkmis f (x) Oe3mepepBHa Ha Bipi3Ky [a, b]. Posrmsaemo
3amavy MiHiMizalii miel QyHKIiT Ha oMY BiIpi3Ky (3aBOaHHs HaXOKEHHS
HAWMEHILIOTO 3HAYCHHS Ha BiJPIi3KYy).

3aysasicumo, wo sxwo @yuryis [ (x) mac 6 mouyi x* MiHIMyM, Mo
Gdynxyin -f (x) 6 x* mae maxcumym. Tomy 0ns GiOWYKAHHA MAKCUMYMY
3ACOCOBYIOMbCIL I HC MeMOoOU, Wo i OJist GIOULYKaHHs MiHIMymy. [ani mu,
K npasuio, byoemo 2080pumu MiibKu Npo 3a60AHHs BIOULYKAHHSA MIHIMYMY.

Jns THX, XTO BUBYaB KypC MaTeMaTHYHOTO aHAJI3y I 3a/1a4a MOXKe
3/aTuCs eneMeHTapHo0. Tak, Ko QyHKIIA f (X) KycOdHO-Tu(epeHIitoeMa
Ha BiApi3Ky [a, b], To mis 3HAXOMKEHHS il MIHIMyMy IOCHUTH 3HaWTH Il
TIOXi/IHY, Ta BUPILIMTH PiBHSIHHS BUY:

flx)=0 (5.1

3HavyeHHs x 110 BiAnoBinae (5.1) Bu3Ha4Yae cTanioHapHy (KpUTHYHY )
TOYKY, TOOTO TOUKY B SIKii BEKTOp TpalieHTy (DYHKIIii JOPIBHIOE HYIIIO:

Vf(x) =0 (5.2)

bynemo BBaxkatu, mo Ha BiJpi3Ky [a, b] icHye TiIbkH oOJHA
CTalliOHapHa TOYKa $5Ka MOXe OYTH TOYKOIO SIK JIOKaJIbHOTO TakK 1
r100aIbHOTO MiHIMYMY Ha BiAMIHY BiJl 1HIIMX HECTAL[iOHAPHUX TOYOK
¢byHKLIT, 110 MOXYTb OyTH NPUAHATI 32 MiHIMYM, BUXOASYH 3 YMOB 3a7adi
(Hampuknaz 3 ypaxyBaHHIM OOMEXEHb PO 110 Oyie cKa3aHo Jai).
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3a3HaynMoO, 10 B CTALIOHApHIA TOYLI MiHIMyMy TOBHHHA
BUKOHYBATHCS TAKOXK YMOBA:

f'(x)>0 (5.3)

OpHak fK TMOKa3ye NpakTHKa, Uil LIMPOKOTO Kiacy (yHKMin
aHaITHYHE BUPILICHHS 331a4il ONTUMi3amii He Take BXKe MPOCTe. 3 OIHOTO
00Ky, HaBiTh AKIIO PyHKIs [ (x) Oe3mepepBHA aie Tu(EepPEHIIOETHCA Ha [a,
b] i obumcnenns ii moxiguoi f'(X) He CkiIagae TPYAHOINILB, PillICHHS
piBHSHHES (5.1) 171 3HAXOKECHHS KPUTHYHAX TOYOK BHSBIISIETHCS] HE MEHIIT
CKIIQJIHAM 3aBJaHHIM, HDK BHXiIHA 3aJa4a MiHiMi3alii. 3 iHmoro 00Ky, B
MPAKTHYHUX 3aBIAHHAX YacTO OyBae HEBIIOMO, UM € (PYHKIIISI f(X) TaKOFO 10
TU(EPeHIIIIOEThCS, OB TOr0, HABITH SKIIO MH 3HAEMO, IO BOHA
TUQEPEeHIIIIOEThCA, MH MOXEMO NpU [OMY HE 3HATH aHaJiTHYHE
npencrapiaeHss ii noxiguoi f'(x) (Hampuknan, skiio GpyHKIT He 3a1aHa B
aHATITHYHOMY BUTTIS). Y 3B'I3KY 3 IIM iCTOTHE 3HAYCHHS MarOTh METOAH
MiHiMi3amii, sKi He TOTpeOyroTh OOuYMCIeHHs ToXigHoi. Tomy wu
MPUXOIUMO JI0 3aCTOCYBaHHS UHCENBHUX METOMIB ONTUMi3alii, sKi
nependavaroTh 3aCTOCYBAHHS MEPEBAYXKHO PO3PAXyHKOBUX anroputmi. Taki
QITOPUTMHU TIepe10avatoTh MOBTOPHE 3aCTOCYBAHHS JEIKUX MAaTeMaTUIHHX
orepariiii 1o Mae Ha3By iTepallisi, a BECh MIPOIIEC HA3UBAETHCS 1TEPAIliTHAM.

3acrocyBaHHs OyJb SKOIO 3 YHCEIbHMX METOJIB IOYUHAETHCS 3
BU3HAUCHHs iHTepBajly a00 Bigpi3Ky Jiokauizamii — BiJIPi3Ky B SKOMY
3HAXOJUTHCS MIiHIMYM (QYHKIIT B MeXax SIKOTO 3HAXOJUTHCS iHTEpPBaJ
HeBH3Ha4YeHOCTi [a, b]. [Ipu nboMy BU3HAYA€ETHCS TPiliKa YKMCEeN Ha BiPi3Ky
JIOKaITi3amii: Xq,Xq,X,. Taka Tpilika 4YUCENl HA3UBAETHCS BAAJION0, SIKIIO
BHKOHY€eThCs BuUMora: f(x,) < min [f(x;), f(x,)] muB. Puc. 5.1. Tyt xe
3aMUIIMMO YMOBY YHiMomaabHocTi ¢QyHkmii: f(x;) < f(x1), f(x3) <

f(xa).

B xonxi itepauiiiHoro mpouecy po3paxoBaHe pillleHHS Bce Oijiblie
HaOJIMKAeThCS 10 ICTHHHOTO MIHIMYMY 1 B IbOMY KOHTEKCTI He MOBa Mpo
TOYHICTh PIIEHHSA ¢, IO MOXXE BU3HAYATHCA SK JOBXKHHA IHTEpBAILY
HEBU3HAYEHOCTI Ha iTepalii & , sk aOCOoJIIOTHA Pi3HUIS 3HAYCHb 3HAWICHUX
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3HauYeHb X * y JBOX MOCHiAOBHUX iTepauisx k Ta k-1 (Jus. dopmymny (5.4).
UuM BHUIIIa TOYHICTh, TUM OLJIbIIIE iTEpalliii Tpeda poOuTH.

|b —ap| <€ abo |xz —xx_q1| <€ (5.4)

-

X, X X Xy Xa

Pucynox 5.1 - Buana tpiiika uncen

3a3HayeHni iTepaliifHUi Mpoliec MOXKHA 300pasuTH Yy BHIIISL
CIIPOMICHOTO alTOPUTMY, 300pakeHoMy Ha Puc. 5.2

Po3po06iieHo BenmuKy KiIbKiCTh METOAIB OJHOBHUMIPHOI ONTHMI3AIli] i
MU PO3MJITHEMO JIBi TPYITU TAKUX METOJIIB:

* METOJIM 3BY)KEHHSI IHTEpBAJTy HEBU3HAUCHOCTI;

* METOJIY 3 BUKOPUCTAHHSIM IOX1IHUX.

5.2. MeTtoau 3By KeHHsl iHTepBaly HeBU3HAYEHOCTI

Hexaii notpiGHO 3HaliTH MiHiMyM QyHKLII  (X) Ha nessKoMy iHTEpBai
[a, b]. 3amaya mpuOIM3HOTO BiAIIYKaHHS MIHIMyMY B METOJax 3BY)KEHHS
iHTEpBaly HEBU3HAYEHOCTI MOJISATAE B TOMY, 100 3HaiTH Oe3iy abcuuc x,

X0, X, B AKHX 00YHCITIOETHCS (PYHKIIIS, TaKe, 110 MiHIMaJIbHEe 3HaYeHHs f *

JeKHUTh TpU JeskoMy [ B iHTepBami X;_q < x* < x;.Takuit iHTepBan
HA3UBAETHCS iHTEpPBaJIOM HeBu3HaueHOCTi D. OueBWIHO, MO CIOYATKY
IHTepBaJl HeBU3HaUeHoCcTI D 30iraeThest 3 Bipi3koM |[a, b].
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Mepuwa itepauin k=1

Bu3HauyeHHA BMXiAHOrO BiApi3Ky
nokanisauii [a, b]

X1, k =a,X3,k=b

Po3paxyHKoBi onepaliii 3 nowyKy

Mogaudikauis

X2,k NpK skomy f(x)—min [a, b]

Tak

Hi

K

Ta
X2,k
OTOUMAHO

cron

Pucynok 5.2 - Itepariiinuii mporec
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IcHytOTB KiJTbKa CIIOCO0IB CUCTEMATUYHOTO 3BY)KCHHS IHTEpPBAITY
He- BU3HAYEHOCTI. Po3risiHeMo Tpu 3 HUX.

5.2.1. 3acanvuuii nouyx

Hexaii motpiOHO 3HalTH MiHIMyM QYHKLII f (X) Ha JesiKoMY iHTepBai
[a, b]. Sxmo npo ¢yHKUiO [ (X) Ha UBOMY iHTEpBaNi HisIKOi JTOAATKOBOT
indopmariii HeBimoMO, TO A TOMIYKy MiHIMyMy Ha [a, b] MoxHa
3aCTOCYBAaTH HAWIPOCTIMHMKA MeTof mepedopy, abo, iHakiie, 3araibHOTO
THOIIYKY.

Y npoMy MeToIi iHTepBa [a, b] JiMUTHCS Ha KUTbKa piBHUX YacTHH N
3 HACTYITHUM OOYMCIICHHSM 3HaueHb QyHKIIi y 7 = N+] By3/ax oTpuMaHoi
citku. B skocTi MiHiMymy mpuiimMaeThcs abcipica 3 MiHIMaJbHAM
o0YHCIIeHUM 3HaueHHAM QyHKii (puc.5.3).

D

I
I
I
I
I
I
I
l

a=x; X2 X3 X4 Xs  Xg X7 xs  b=xo
Pucynok 5.3 - Mertoz 3arajgbHOro nouryky

B pesynbTati iHTepBaT HEBH3HAUEHOCTI 3BYKYETHCS JI0 ABOX KPOKiB
citku D. 3ByXeHUH IiHTepBaJl 3HOB MIIUTHCS HAa N PIBHMX 4YacTHH.
[Mpouenypa TOBTOPIOETHCS 10 OTPUMAaHHS MOTPIOHOI TOYHOCTI € MO
BU3HAYAETBCS SK PI3HUI 3HAWIEHUX 3HAYeHb X Y JBOX TOCHIJOBHUX
iTeparisx.

[losnaunmo a;, b; — Mexi iHTepBaJly HEBU3HAYEHOCT] AJ1s1 iTepamii 7.
BiamoBigHo s mepmioi itepamii: a; = a,b; =b. [am nwmkiIivyHO
BUKOHYETBCS 1TepaIliiHUi IPOIeC JO OTPUMaHHS 33/1aHOi TOYHOCTI:

» JloBxHHa iHTepBay HEBH3HAYEHOCTI:

Di = bi —Qa; (55)
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[ar po306utTs B iTepariii i:

D;
(Si = N (56)
BusnauenHs 3HaueHHSA q)aKTopy Xi.
xij=al~+(j—1)- 6i! ]=1,N+1 (57)

Po3zpaxyHok 3HaueHb QyHKINT f (xl- j) Ta BHOIp MiHIMaJILHOTO:
x; = x;; anda axoro f(x;) = min(f(xl-j)), j=1,N+1 (5.8)
JloBxrHa IHTEpBAy HCBU3HAUEHOCTI ITICJIS MEPIIOT ITepallii:
Diyq = 26; (5.9)
[MepeBipka TOYHOCTI Ta MOBTOPEHHS LUKy y pa3i HEBUKOHAHHS yMOBH
(5.10):
|b, —ay| < € abo |x; —xp_1| <& i=23,.. (5.10)
Mexi HOBOTO IHTEpBaNy BIAHOCHO TOYKH MIHIMyMy B TONEpemHiN
iTeparii 7 - x;:
Qiy1 =% —6;, b1 =x; +6; (5.11)
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5.2.2 Memoo Oinenus inmepsany nonoiam (Memoo 0ixomomii)

[Ipu3HaunMo iHTepBaN HEBU3HAYCHOCTI [a, b] (nuB. Puc. 5.4).

D

function decrease

D/2 \A

. 0/2

a=x1 x4 X3 X5 b=x2

new uncertainty interval

Pucynox 5.4 -. IimocTpartist 10 METOy IOJIOBUHHOTO JIIJICHHS

Ha nepmomy erami (uist epioi itepaitii) To3HAYUMO:
X1 = 4, Xo1) = b (5.12)
TyT iHIEKC B oy)KKax — HOMep iTepaiii.
BusHaunMo cepeanHy iHTepBally HEBH3HAYCHOCTI:

X3(i) = M (513)
Ta nepekonaemocst, O X1 (1), X2(1), X3(1) € BAAIOK TPIHKOIO YHCEN
Ta BU3HAYMMO Mally BEJIMUUHY O < €, € € — 3a[JaHa TOUYHICTh PO3PaxyHKY.
Hani po3paxyHOK BiiOYBa€eTbCsl B HACTYIHIH NOCIIJOBHOCTI:
» PoszpaxyBaru 3Ha4YeHb (YHKIIIT:

f (xg(i) - g) flesw) f (xs(i) + g)
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»  Skuio f(x3(i)+g) < f(x3(i)—g) TO BH3HAYWTH HOBI MexXi

IHTEepBaITy fIK:
é
Xi(i+1) = X3() T35 X2(i+1) = X2(0) (5.14)

Takwuii BUnagok mokasano Ha Puc. 5.4
) ) . )
» Skmo f (x3(i) - 5) < f (x3(i) + 5) TO BH3HAYWUTH HOBI MexXi

IHTepBaIy fIK:
o)
Xi(i+1) = Xa@y Xa(iv1) = X300 T3 (5.15)

Hosuii inTepBan D Oyae Maibke B 2 pa3u MEHIIE 3a MONEpeIHi.

[Ticnst 1bOTO BU3HAYAETHCS CepelrHa iHTepBaly 3a piBHSHHAM (5.13) 1 mii

HOBTOPIOIOThCS TSI HOBOTO iHTepBamy. Ireparii BHKOHYIOTBCS 0

OTpUMaHHSI 331aHOT TOYHOCTI, SIKa BU3HAYAETHCA SIK A0COFOTHA Pi3HULIS MIXK
cepenHaMHF IHTEPBaJliB HEBU3HAYEHOCTI B IBOX TOCIITIOBHUX iTepaIlisix:

%30 — X301y < € (5.16)

5.1.3. Memoo 3010moeo nepemumy

Posmoain inTepBany Ha HEpiBHI YaCTUHU JIO3BOJISIE 3HAUTH IIIe OUTBIII
edextuBHUE Meroa. OOuuciuMo (YHKIIIO Ha KIiHIIX Bifpi3ka [a, b] i
MOKJIA/IEMO a = X1, b = X, 00YHCINMO TaKOX (PYHKIIIFO B IBOX BHYTPIMIHIX
TOYKaX X3, X4. [lOpiBHSEMO BCi 4OTHPH 3HaUeHHS QYHKIII i BHOEpeMo cepen
HUX Haiimenme (puc. 5.5). Hexaii, Hampukian, HaWMEHIIUM BHSBHIOCS
f (x3). OdyeBunHO, MiHIMYM OyJe repeOyBaTH B OJHOMY 3 MPHJICTIIUX 0
HBOTO Bijpi3kiB. Tomy Binpi3oKk [xs, b] MOXKHa BIAKMHYTH 1 3aJHIINTH
BIJIPi30K [a, x4].
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a=x;, X; Xg X, b=x,
Pucynok 5.5 - IimrocTpanist 70 METOy 30JI0TOTO IIEPETHHY

[Mepmmmii kpok 3pobieno. Ha Binpisky [a, x4] 3HOBY Tpeba BUOpaTH ABi
BHYTpIIIHI TOYKH, OOYMCIMBIIM B HHUX 1 Ha KIHISAX 3HA4YeHHS (QYHKMIi 1
3pOOHTH HACTYITHHHI KPOK. AJie Ha MONEPEIHBOMY KpOLli OOUUCIICHb MU BXKE
3HAWNUM (QYHKIIIO Ha KiHISX HOBOTO BiIpi3ka [a, x4] i B omHili Horo
BHYTpIIIHIA Toumi x3. ToMy mocuTs BHOpaTH BCepemuHi [a, X4 e omHy
TOYKY X5, BU3HAUUTH B HIil 3HA4YeHHS (YHKIIi i TPOBECTH HEOOXimHi
nopiBHAHHSA. Lle BueTBepo 3MeHIIye oOcAT OOYMCIIEHh Ha OOHOMY KpOIIi
nporecy. Sk BuUTigHO po3mimryBatu Touku? KoxkeH pa3 Bigpi3ok 1o
3aJIMINAETHCS JUTUTHCS HA TPH YaCTHHHM 1 TOTIM BIIKUIAETHCSA OJUH 3
KpaifHiX BiJpi3KiB.

[No3HauMMO TOYATKOBHH IHTEpBal HEBU3HAYEHOCTI depe3 D (pwuc.
5.6). Tak sk B 3arajbHOMY BHIIQJIKy MOXe OYTH BiIKUHYTHH OyAb-KUH 3
BiZIPi3KiB [x;x3] a00 [x4x2] TO BHOEpPEMO TOUKH X3 1 X4 TaK, 00 TOBXHHU ITHX
BiJIPi3KiB OyJIM OJTHAKOBUMHU: X3 — X1 = X5 — X,4. [licTIsl BiAKUIAHHS BHIIE
HOBHH iHTEPBaJI HEBU3HAYEHOCTI JOBKUHOIO D',

Pucynox 5.6 - JliieHHs Bipi3KiB METOZOM 30JI0TOTO TEepepi3y
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IMosznauumo D/D' = ¢. Jlani npoJoBKUMO aHAIOTTYHO — Ul LOIO
intepsan D' posxinumo Tak camo sk i intepsan D, T06TO:

D'/D"=D/D' =¢ (5.17)

Jle D"' mactynHuii iHTepBaa HeBU3HAYEHOCTI. [Ipy TakoMy mijeHHI
BECh IHTEPBAJI BiJHOCUTHCS A0 OLIBIIOI YaCTHHH, SK OLIbIIA YacTUHA [0
MeHmoi 1 ¢ = 1,618 — mo Mae Ha3By «30JI0TE BiIHOUICHHS». 3a3HaYCHE
JUJICHHS BIJPI3KiB BIJIOMO SK «30JIOTHH NepeTHH». TOMYy Takuid MeETOJ
HOIIYKY Ma€ Ha3By «30J0TOTO MEpeTHHY». BigHOMmEHHS ¢ TOKa3zye BO
CKUTBKH Pa3iB CKOPOUYYETHCS BUXITHHUN PO3MIip iHTEpBAITY HEBU3HAYEHOCTI
npy KOXHiH iTepamii. [Ipu kinbkocTi iTepamiii k — oo M0BKUHA iHTEpBaTY
HEBU3HAYEHOCTI Oyme mparHytn mo 0 sk TeoMeTpu4Ha mporpecis 3i
3HAMEHHHKOM [/, TOOTO METOJ 30JI0TOrO MEPETHUHY 3aBXKIH CXOJHUTHCA.
BoueBunpb 11e#t MeTo 1 OUTBII e(heKTUBHUEN HIXK METOJ JIIJICHHS MOTIOJIaM.

Ilo3HauuBIIN KOOpIAUHATH PO3paxyHKOBUX TOYOK
X1(), X2(i), X3(i)» Xa(;) — A€ IHIEKC B Jy)KKax L€ HOMEP iTepallii, Ta iHTepBa
HEBU3HAYEHOCTI B iTepamii i - D;, 3amuieMo HACTyIMHHHA alTrOPUTM
po3paxyHKy: (nuB. Puc. 5.6):

Xi(1) =@ Xp) =Db
Dy = x3(1) — X1(1)
Di;1 = D;/1.618
X33 = X2¢i) — Dis1
Xaqiy = X1() T Div1

Pospaxysaru 3HaueHHst QyHKUIT f{X) B TOUKAX X3(;), Xa(i)

YV V V V VY V V

Sxmo f (x3(l-)) <f (x4(l-)) — BIIKHHYTH BIJIPI30K X4 X5:
X1(i+1) = X1(i) X2(i+1) = Xa(i) xa-) = X3(1)

» Sk f (x4(l-)) <f (x3(i)) — BIIKHHYTH BIJIPi30K X1 X3:



26

X1(i+1) = X3(i) X2(i+1) = X2(i) xfi) = X4(i)
» TlpomomxyBatu iTepallii 10 OTPUMaHHS 3aJaHOi TOYHOCTI sika Oyie
OI[IHFOBATHCS SIK:
|in) —X(-1| S € (5.18)
abo 3a (5.4)

» Skmo ymoBa (5.18) BUKOHY€ETBCS, TO B IKOCTI PillICHHS IPHHMAETHCS:

*

X

X3 1pH f (¥30)) < f(%ap))

*

X

Xay 1M f (Xa)) < f(*300))

5.2.4 Bcmanoanenns 8i0pi3ky noxkanizayii (6Uxionozo inmepaany
HeBU3HaYeHocmi)

PosrnsayTi BUIE METOAM 3BYKEHHS IHTEpPBAy HEBU3HAYEHOCTI
BKITIIOYAIOTh JIBA €TaIH:

* eTalr BCTAHOBJICHHS MEX 1HTEPBAIY;

* eTall 3MEHIIICHHS 1HTepBaIY.

CriocoOu 3MEHIIeHHS iHTepBally MU BXKe PO3TIISIHYIH. Po3risHemo
TeHep eTall BCTAHOBJICHHS MEX iHTepBaly. 3a3BH4all BUKOPUCTOBYETHCS
EBPUCTHYHHUNA METOJ, HanpuKial, Metoq CBeHHa.

Ortxe, Hexail noTpiOHO 3HalTH MiHIMYyM QyHKLI] { (X) HE Ha BiApPi3KY,
a Ha BCid oci x. llpumyctumo 3HOBY, mo QyHKmis f(X) yHiIMOmambHa.
Bubepemo sikech mouaTkoBe HAOIMKEHHS X, 1 3pOOMMO 3 HBOTO KPOK JICSIKOT
noexunu h - x; = xp + h (Puc. 5.7):

=
X, X3 X, X, X)X,

Pucynok 5.7 - Imroctpanist 1o meroxy CBeHHa
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Sxmo f (x;) BUsSBUTHCS Oinblue, Hix f (Xo), TO 3SMIHIMO HAaNpaBJICHHS

KPOKY 1 BU3HAUMMO X; = Xo - i. Hexaii Tenep f (x;) < f(x¢). IlomBoimMo kpok
h'= 2h i Bu3HAYMMO X = X; — h' i T.11., 10 TMX Hip, HOKK Ha MEBHOMY eTarli
He OyJjie BUKOHaHa yMoBa f (Xy) > f (Xn-1).

Tenep 3po3ymisnio, MO MiHIMyM YHIMOJAIBHOI (YHKLIi JEKHUTH Ha
BIZIPI3KY [X4 X3] 1 IOTO MOYKHA 3HAWTH OJHUM 3 PO3TISTHYTHUX METO/IiB.

TonorHa mepeBara MONIYKOBUX METOJIB IOJSTAE B TOMY, IO BOHH
3aCHOBaHI Ha OOYHCIICHHI TUTBKU 3HaYeHb (DYHKIIT 1, OT)KE, HE BUMAraroTh
BUKOHAHHSI YMOBH TU(EPEHIIIOEMOCTI 1 3aluCy MiIbOBOT (YHKIII B
aHaMTUYHOMY BHDJISAI. OCTaHHS BJIACTUBICTH OCOOJMBO I[iHHA TPHU
iMiTariiHoMy MoneroBaHHI. OIHAK 115 epeBara monrykoBUX METOIIB € 1 ix
HEIOJIIKOM - IIBUIKICTD IX 301KHOCTI HEBEIUKA.

IuTanus nas camonepeBipku

Slka onrTuMizanis Ha3UBAETHC OAHOMIPHOIO?

[o Take cramionapaa Touka?

Ilo Take omHOMipHA O€3yMOBHA ONTHMI3AIlisl?

YoMy B po3aiii po3risAaeThCs MiHIMI3aIlisA QyHKIIIi?

YoMy € HEOOXIHICTh 3aCTOCYBaHHS YHUCEIBHUX METOIIB?

o Take Bipi3oK JioKaTi3amii?

Ska Tpiiika Yrces Ha3MBA€ETHCS BAATIO0?

1o Take iteparis?

SIK BU3HAYA€THCS TOUHICTh YUCEBHOTO METOTY ?

0. flxi rpymu METOIiB BHUKOPHCTOBYIOTBHCS IIPH OJHOBHMIpHIii
onTuMizarii.

11. SIxuit iHTEpBall HA3UBAETHCS IHTEPBAJIOM HEBU3HAYEHOCTi?

12. B yomy mnosisirae MeTO/1 3arajbHOr0 MOUIYKY MiHIMyMYy?

13. B yomy moJisira€ METO/1 MOJIOBUHHOIO JiICHHS?

14. B gomy mossirae METO.T 30J10TOTO TIEPETUHY ?

15. Homy JOPIBHIOE «30JI0TE BiIHOLICHHS?

16. Ha3BiTb crioci0 Ta anroput™ BCTAaHOBJICHHS BUX1HOTO iHTEpBaTy

HEBU3HAYEHOCTI.
17. Slx 3anmmucyeThesl yMOBa YHIMOAAIBHOCTI (DyHKIIII.

I
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5.3. MeTtoau 3 BUKOpUCTaHHAM NoXixHnx: Merox Helorona-Pajdcona

Hexaii ¢ynkmis f(x) aBiui gudepennitoeTbea. Sk Bimomo 3
MaTeMaTHYHOTO aHaNi3y, YMOBOIO MiHIMyMY (QYHKIIi € piBHICTb:

f'(x)=0 (5.19)
e neoOximpa ymoBa. OmHak s Toro moO Touka x* Oyma
MIHIMyMOM, Ma€ TaKOX BUKOHYBATHCS IOCTATHS yMOBA!
f'x*) >0 (5.20)
OTxe, OyeMo 9HCEeNbHO PO3B'I3yBaTH PiBHIHHS:
ffx)=0 (5.21)

JUIst OO 3a7a€ThCsl JEdKe IOYaTKOBE HAOJIMDKEHHS X; a cama
¢byHKLIsS po3kianaeTbes B psaa Teilnopa skuil 0OMEXYETbCS WICHAMH JI0
JPYroro TOPSAAKY BKIIOYHO, TOOTO OyAyeThcs KBajpaTHYHa MOAETb
GyHKIT:

A 1
FG = flod + f (o) (=200 + 5 f G (e = xi)* (5.22)

PimenHs nporo piBHSHHS BIIHOCHO X Jla€ yeprose k+1 HaOmmKkeHHs
JI0O MIHIMyMY:
(
f'(x)
Xg+1 = Xk = Zr— (5.23)
£ (x)
AJNTOpUTM, IO BUPAXKAETbCA PIiBHAHHAM (5.23) 3  nmesakuMu
HAaCTYITHUMH YTOYHEHHAMH Mae€ Ha3By «Metox Hbrotona» abo «Metox
Herworona-Padconay. Y anroputmy (5.23) € aABa HEAOMIKH:

e [lo-nepmie, piBHgHHS (5.19) MOXe BU3HAYATH HE TUTLKH MIHIMYyM,
aje i MakKCUMyM.
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e Ilo-ngpyre, MmoaenbHa ¢yHKLis (5.22) MOXKE CHIIBHO BiPi3HATHUCS Bil
(GYHKLIT 110 ONTUMI3YETBCSA [ (X) 1 KPOK Xj 41 — X} MOXKE BHUSABUTHUCS
3aHAATO BeTUKUM (puc. 5.8):

$ . FiC
\f(x)
\\\ / I
~ ~
|
I .
X 41 x" x,

Pucynoxk 5.8 - Imtoctpartis 1o metony HeroToHa

Towmy crpareriro (5.23) chix yrounutn. 11106 OyTr BeBHEHUMHU, 10
MU TPOCYBAEMOCS 10 MiHIMyMy, Oy/IeMO Ha KOXXHOMY KpOIIi TEpeBipsATH
cmiBBigHOmEeHHS [ (Xp41) < f(Xg). SIKIIO BOHO BHKOHYETHCS, TO
HEePEeXOAUMO 70 HACTYHMHOro Kpoky i T.1. Skmo k) f(xpyq1) > f(xg), a
() (41 — x) < 0, TO hyHKIIIA f(X) TOBUHHA CIIOYATKY 3MEHIIYBATUCS
B HANPSIMKY BiJ[ X 71O X¢+/, TOMY HACTYIIHY IPUUHITHY TOYKY MOKHA 3HAWUTH,

JPOOJISTYU KPOK Y TOMY-XK HAMPSIMKY, HAPUKIIAJ, 331aBIIN

, X + Xg41
Xer1 =~ (5.24)

3 dopmymu (5.23) BumHo, mo Bupas f'(xg)(Xg41 — Xx) Mae
HeraTUBHE 3HaYEHHs TOAI 1 Tibku Toi, ko f''(x,) > 0. Ile o3Hayae, mo
SKIIO JIOKalbHA MOJeNIb SIKa BHKOPHCTOBYETHCS UL  OTPUMAHHS
HBIOTOHIBCHKOTO KPOKY, Ma€ MiHIMyM, a HE MAaKCHMYM, TO TapaHTy€ThCSI
iCHYBaHHS BiIIOBIJHOTO HANPsIMy KPOKy. 3 iHImIOro 6oky, skmo f''(x;) <
0 ta f'(x)(xg41 —xx) >0, To mpu mepexomi Bim X 10 Xkis, | (X)
301IBLIYETHCS, TOMY KPOK MOTPIOHO 3pOOHUTH B MPOTHIICKHOMY HAIPSIMKY:

Xk + X1
Ky = T (5.25)
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Kpurepiii npunrHeHHs iTepaliii mpy onTUMi3amii MoXXHa BUOPATH Y
BUTJISAIL:
f ()
)
e € - 3a37aJIeTiAb 3aaHa TOUHICTb.
VY nmeskux 3amadax noximHi yHkii f(x) HemocTymHi i MeTon HetoToHa
MO’KHa MoudiKyBaTH. Bubepemo mouaTkoBe HAOIMKEHHS Xk 1 MMl KPOK
h. Toni:

<e (5.26)

flxx +h) = fOq — h)
[l +h) = 2f(xx) + f(x — h)

®opmyna (5.27) mae OCHOBHHII KPOK aJITOPUTMY, III0O Ma€ Ha3BYy
KBa3iHBIOTOHIBChbKHIT MeTo a00 MoaudikoBanuii Mmeron HeroTona. Bei
MIipKyBaHHsI IOJO0 KPOKY Xp4q — Xj, HaBeleHi i Metony HeroToHa-
Padcona, 3anmuimaioTecs B CHITL.

Xk+1 = Xk — h (527)

IuTanus a8 camonepeBipku

1.5k OyayeThest KBaipaTHYHA MOAEITH (YHKIIIi?

2.B gomy nonsrae anroputM Metony Hetotona-Padcona?

3.Ha3BiTh Hefomiku MeTo1a Hpl0TOHA Ta SIK BOHW BUIIPABIISIOTHCSL.

4 SIxy nepeBipky Tpeba poOUTH Ha KOKHOMY Kpotii MeToaa HetotoHa?

5.3a sskuX yMOB Tpeba JpoOUTH KPOK Ta B SIKOMY HalpsMKY?

6.5k 3ammMcyeThCS KpHUTEpid NPUIMHEHHS iTepaiiidi 3a MeTOIIoM
Herorona?

7.B sAKkuX BHUMagKaX BHUKOPUCTOBYETbCS MOAMGIKOBAHUI METON
Herorona?

8.5k BU3HAuaeThbCs 3HAYECHHS AapryMeHTy B iTepalisfix 3a
Moau(ikoBaHUM MeToa0M HproToHa?
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6.MIHIMYM ®YHKIIII BATATbOX 3MIHHUX

6.1 Peabed pynxmii

[TousaTTs «penbed GyHKLID» 3pYUHO PO3IIISHYTH Ha TPUKIAi
byHKIii qBOX 3MiHHUX z = F(x, y). g ¢yHKIis ommcye ACsIKy
MOBEPXHIO B TPHBHUMIPHOMY HpPOCTOpPiI 3 KOOpJAMHATAMH X, Y, Z.
3apnanss F (X, y)—min 03Ha4Ya€ MOIIYK HUXKYOI TOYKH Li€T MOBEPXHI.

Sk B Tomorpadii, 300pazumo penbed Ii€l MOBEpXHI JHIAMH
piBHs. IIpoBenemo piBHOBiIIaNeH] IUIOMMHN Z = const 1 3HaiinemMo
IUIOUIMHY X, y HAa3WBalOTh JiHiAsMHM piBHS abo JjiHiiMH piBHOro
BiAryky. Hampsimok cniaganns ¢yHKIi OyieMo BKa3yBaTu IITPUXaMHU
nopyd 3 JiHisMU piBHA. [lo Buay JiHIN piBHA YMOBHO BUAUIUMO TPH
TUTIU penbey: yn0208unnul, ApYIcHULL I Hegnopsaokoganutl (Puc. 6.1a,
0; -6.5).

Y A Y 4

(

Y

a — YJIOTOBUHHUH; O - ApYKHUH

Pucynoxk 6.1 - Perpedu Gpynkmii

[Ipu ynoroBuHHOMY penbedi JiHii piBHS cX0Xi Ha emircH (puc. 6.1a).

Posrnsemo sipy>xHuil THn penbedy. Skmo miHii piBHS KyCOYHO-
mmangki (puc. 6.10), TO BHIIIMMO Ha KOXHIH 3 HHUX TOYKY 3JIamy.
['eomeTpruHe Micle TOYOK 37aMy Ha3BEMO CHPABKHIM SIPOM, SIKIIO KyT
copsiMoBaHui B Oik 3pocraHHA (yHKLiT, i iCTHHHUM a00 cHpaBKHIiM
rpedHeM - SIKIIIO B CTOPOHY 3MEHIIICHHSI.
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Hattuacrimme minii piBHS BCIOIM TJaJKi, ajieé Ha HUX € JUISHKHA 3
BEIIMKOIO KpUBU3HOW0. ['eoMeTpuuHi Micus TOYOK 3 HaHOLIBLIOI
KPUBU3HOI HAa3BEMO PO3B’SI3HUM SIpOM a00 rpedHeM — 300paKeHO
MYHKTUPHOIO JiHi€elo Ha Puc. 6.2.

Y

Pucynok 6.2 - Po3B’s13Hul sip

Hanpuknan, pemsed dynkuii F(x,y) = 10[y — sin(x)]? + 0.1x2
(Puc.6.3) mae sickpaBo BUpa)K€HUI 3BUBUCTHI PO3B'SA3HUHI SIp, «THO» SIKOTO
- CUHYCO1/J]a, 2 HAWHWKYa TOYKA - [I0YaTOK KOOPAMHAT.

PrcyHOK 6.3 - Penmbed dynxii F(x,y) = 10[y — sin(x)]? + 0.1x?

HeBropsiikoBaHHid THIT PENbePY XapaKTePHU3YEThCS HASBHICTIO
0araTboX MakcUMyMiB i MiHiMyMiB. Tak, QyHKis F(x,y) =
(1 + sin?x)(1 + sin?y) - Puc. 6.4, Mac MiHIMyMH B TOUKax X, = Tk, yj
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7l 1 MAKCUMYMH B TOYKAaX, 3CYHYTUX BIITHOCHO MiHIMyMIB Ha 7/2 TI0 KOXHIil
KOOPJWHATI.

Pucynok 6.4 - HeBnopsiikoBaHu# penbed

Bci edexTuBHI METOIM TOIIYKY MiHIMYyMY 3BOZISTHCS 10 TOOYIOBH
TPAEKTOPIH, y3MOBXK SKUX (YHKINS criafae; pi3Hi METOAH BiJPi3HSIIOTHC
criocobamu 1MOOYZIOBH TaKUX TPaekTopiil. Meron, HPUCTOCOBAaHHU 0
OJIHOTO TUITY peibedy, MOXKE BUSIBUTHCS MTOTAaHUM Ha PeNIbe(i 1HILIOTO THUITY.

6.2 MeToa NOKOOPAMHATHOIO cnycky: merox I'ayca

Buxmanemo nieit Mmeron Ha npuknagi GpyHKIii ABoX 3MIHHEX F(X, V).
Bubepemo HymnpoBe HaOMMXKEHHS X9, )o. PIKCyeEMO 3HaueHHS OAHIEl 3
KoopauHar y = yy. Toxi QyHKIist Oyae 3anexaTy TiBKH BiJ| OJIHI€T 3MiHHOT
- x; mo3HayuMo ii vepe3 fi(x) = F (x, yg). BuxkopuctoByroun Oyb-sKuii
crocid OJHOMIPHOT omNTHMI3allii, BiANIyKAEMO MiHIMyM GYHKIIT fi(x) 1
MO3HAYMMO HOTO uepe3 x;. Mu 3po0HIIn KPOK 3 TOUKH (Xo, Yo) B LB (X1, Yo)
y HampsMKy, MapajeibHO OCi X; Ha IbOMY Kpoui 3HaueHHsA (QyHKii
3MEHIINIOCS.

Temnep 3 HOBOT TOUKH 3pOOMMO CIIYCK Y HAIIPSIMKY, apaJIeIbHOMY OCi
¥, TO0TO po3riasiHeMO QYHKIIO f>(y) = F (x;, y), 3HaiineMo ii MiHIMyM i
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MO3HAYMMO Horo uepes. pyruii Kpok IpU3BOIUTH HAC B TOUKY (X1, Y1) IO
3aBEpIIIyE UK CITYCKiB a00 MepITy iTepallito.

Hani Oyaemo noBToproBaTty HMKIH. Ha KoxxHOMY citycKy QyHKIisI He
301MBIIYETBCS, 1 MpU LBOMY 3HAaueHHS (QYHKOII oOMexeHa 3HH3Y il
3HAUYEHHIM B MiHIMyMi F* = F (x*, y*). OTxe, iTepalii cCXOAATHCS A0 JESIKOT
mexi F >F*. Yu Oyzne TyT MaTu Miclie piBHICTb, TOOTO UM 31HIyThCS CITyCKH
1o MiHIMyMYy 1 sk mBraKo? Lle 3amexuTs Big GYyHKIIII i BHOOPY HYIHOBOTO
HabmmkenHs. Ha mpukiani QyHKii 7BOX 3MiHHUX JIETKO IEPEKOHATHCS, IO
ICHYIOTh BWTQJKH 30DKHOCTI CITyCKy IO KOOpAWHATaM N0 MIHIMyMy 1
BUNIAJIKMA, KOJHM Lel cIyck 10 MiHiMyMy He cxoauTbes. Crpasi,
PO3TIIsTHEMO T€OMETPUYHE TPaKTyBaHHs LIboro Merony (Puc. 6.5):

Vi o Y
A{xﬁ’, ») Bixy. »)

)

' Cl(xy, 71)

//Y

a 6
a — YIOTOBUHHHH penbed), 0 — CrpaBxKHIH sp

Pucynox 6.5 - Meton I'ayca

Bynemo pyxatucs 3a oOpaHHM HampsMOM, TOOTO Y3JOBX JESKOL
npsAMoi B IUIOIIKMHI X, Y. Y THUX OUISHKaX, Jie OpsMa NepeTHHAE JIiHil piBHA,
MU TIPH PyCi IePEXOAUMO Bifl OJTHIET JTiHIT piBHS 10 1HIOT, TaK M0 TIPH IOMY
pyci QyHKIis 3MiHIOETECS (3pocTae abo yOyBae, B 3aJIe)KHOCTI BiJl HAPSIMKY
pyxy). Tinbku B Tiil Touwi, fe naHa npsiMa qoTU4YHA JiHil piBHA (Puc. 6.5a),
(bYHKILIS Ma€ eKCTPEMYM Y3/I0BK LIHOTO HANPSAMKY. 3HAHILIOBILH TaKy TOUKY,
MU 3aBEpIIYEMO B Hill CITyCK IO TIEPIIOMY HAIPSIMKY i TOBHHHI MOYaTH
CITyCK IO IDYTOMY.

Hexaii miHil piBHS yTBOPIOIOTH crpaBxHIN sp. Tomi MOXIHUBUI
Bunazok (Puc. 6.50), ko1 cIyCK 10 OJIHIN KOOPAWHATI PU3BOAMTH HAC HA
«JTHO SIpy», a OyIb SIKMI pyX 3a TAaKOIO KOOpAMHATI (IIyHKTHpHA JIiHisl) Beae
Hac Ha migiiom. Hiskuii moganpmnii CycK 1Mo KOOpAMHATAM HEMOXIUBHM,
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X04a MiHIMYM IIle He JOCSATHYTo. B maHoMy Bumaaky mpomec CIyckKy Mo
KOOpIMHATaM HE CXOJHUTHCS 0 MiHIMyMY.

HaBnaku, skmo ¢yHKOis AOCUTH Thajaka, TO B JAEIKOMY OKOJI
MiHIMyMY MpOIEC CIYCKY MO0 KOOPAWHATAX CXOJUTHCS 0 LBOTO MiHIMyMY.
OpHak WBUAKICTH 301)KHOCTI CHIIBHO 3aJISKUTH BiA GopMu TiHii piBHS. Tak,
KO penbed (QYHKmIT Mae THN «PO3B'S3HUMA Sp», TO TMPH MOMagaHHI
TPAEKTOPii CHyCKy B Takhi Ap 301KHICTh CTA€ HACTUIBKU IMOBLIBHOIO, IO
PO3paxyHOK MPAKTHYHO BECTH HEMOXKIIMBO.

3a3Bu4ail METOI TOKOOPAIHATHOTO CITYCKY BUKOPHUCTOBYIOTh B SIKOCTI
nepuIoi crpodu NMpHu 3HAXOMKEHHI MiHIMYMY.

IuTanus 18 camonepeBipku
SIKi yTBOPIOIOTBCS JiHiT PiBHS?
Sxi Tunm penbedy GyHKIIT icHYIOTE?
Slxum arHOM 300paxyeThes penbed HYHKINT Ha TUTOMIHHI?
o Take icripaBsxHil sp?
Ilo Take cripaBxkHii TpeOiHb?
o Take po3B’si3HUIL Ap a00 rpediHb?
Yum XapakTepu3y€eThCsl HEBIOPIIKOBAHUH TUT penbedy?
B yomy nomnsirae meton I'aycca?

VXN R WD =

Uu 3aBX]IM MOKHA BIJHAWTH MIHIMYM 3a JIOIIOMOTO METOIY
l'aycca?

10. Jlns sskuX TUTIB penbedy HaOImbII miaxoauTh Metox ['aycca?
11. B siKOCTi 40or0 BUKOPUCTOBYIOTH Halfyacrimie meron ['aycca?
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7.YMOBHA OIITUMI3ANIA

7.1. 3arajabHi MoJI0KeHHs

Psn imkeHepHUX 3amad MOB'SI3aHUNA 3 ONTHMI3AIIEI0 TIPH HASBHOCTI
JIesIkoi KUTBKOCTI 0OMeKeHbh Ha KepoBaHi 3MiHHI. Taki 0OMeXeHHs iCTOTHO
3MEHIIYIOTh PO3MipH 00JIacTi, B AIKi PO3UIYKY€EThCS onTUMyM. Ha mepiimii
MOTJISLZ, MOYKE 3MIaTHCS, IO 3MEHLICHHS! PO3MIpiB IOMyCTUMOI 00J1acTi Mae
CIOPOCTUTH TpOLEAypy NOIIyKy onTumymy. OIHaK, HaBMakd, MpoIec
onTuMizamii crae OiIbII CKIAJIHUM, OCKIIBKU TMPH HAsBHOCTI OOMEKCHB
HaBiTh HE MOKHA BHKOPHCTOBYBAaTH 3aCTOCOBYBaHI HAMH BHIIE YMOBH
ontuManbHOCTI. [Ipn IbOMY MO’Ke MOPYIIYBAaTHCS HaBITH OCHOBHA yMOBA,
BiJIIOBITHO JI0 SIKO1 ONTHMYM TIOBHHEH JOCSTATHCS B CTAIOHAPHIi To4IIi,
KA XapaKTepU3yeThCs HYJTbOBUM TPATi€HTOM. TakuM YMHOM Bigpi3HIEMO
0e3yMoOBHUH MiHiMyMm, sK MiHIMyM O0e3 ypaxyBaHHS OOMEXCHb B
CTalliOHApHIA TOYIl Ta YMOBHMI MiHIMyM — MiHIMyM 3 ypaxyBaHHAM
00MEXCHb HaBITh SIKIIO BiH 1 HE 3HAXOUTHCS B CTAI[IOHAPHIM TOYIT.

Hanpuknan, 6esymoBHmii Minimym ¢ynkuii f(x) = (x — 2)? mae
MiClle B CTalliOHapHIA Touli X = 2. Aje SKIIO 3aBAaHHA MiHiMi3allil
BUPIIIYETHCSA 3 ypaxyBaHHAM OOMeXeHHs X > 4, To Oyne 3HaineHHi
YMOBHHU MiHIMYM, SKOMY BifamnoBimae touka X = 4. Llg Touka He €
CTarfioHapHOI Toukor GYyHKMIl f (X), Tak Ak f“(x)=4. Tomy morpibHO
BUBYUTH HEOOXiHI 1 JOCTAaTHI YMOBH ONITUMYMY B 33/1a4ax 3 0OMEXKEHHSIMH,
sSIK1 1HaKIIIe HA3UBAIOTh 3aJa4aMy YMOBHOI ONTHMI3allii.

B 3aranpHOMy BHIUIZI 33Jady YMOBHOI omTuMizamii MoOXHa
3ammucaTu:

f(x) - min,x € R™ (7.1
hi(x) =0,j =1,2,..,K (7.2)
g;(x)<0,j=12,..] (7.3)

VY Toumi nokanpHOro MiHIMYMy x* 3amadi (7.1) KoxkHE 3 0OMEXKEHb
(7.2), (7.3) BuxoHyeTbcs abo y Buriisai pieHocti hj(x) =0, g;(x™) =0,
abo y Burnsai nepiBHocTi g;(x*) < 0. OOMeXeHHs y BMIUISAI PiBHOCTI

HA3UBaIOTHCS AKTUBHUMH 00MEKeHHSIMH. [HIIII OOMEKEeHHS Ha3UBaIOTHCS
HEAKTUBHUMH 00MEKEHHSIMH.
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Sxmo Touka x* € D 1 oOMeXeHHS aKTHUBHI, TO yMo8d JIHIlIHOI
nesanescnocmi epadienmie yuxyiti g;(x*) (a6o hj(x) = 0) axmuenux
obmedicensb 8 Mmouyi X* HA3UBAEMbCS YMOBOIO PeZYyNAPHOCHE 00MeNCyIouUx
@yuxuyin 6 mouui x*. 1l ymoBa o3Hauae, 1m0, HANPUKIIAI, TIPH KiIBKOCTI
HE3aIeKHUX (aKTopiB # = 2 KUIBKICTh OOMEXYrounx (QyHKMiH, oo
MPOXOATh Yepe3 TOUKYy X *, He MOBHHHO MEpeBHINyBaTH 2 i B TOoUmi x*
Bektopu Vgi(x), Vga(x) (a6o Vhi(x), Vhz(x)) He moBuHHI OyTH KOJiHEapHi.
Hanpuknan, Ha puc. 7.1 B curyauii (a) KiabKicTh 00MEXYIOTh (DYHKILIH, 1110
MPOXOJIATH Yepe3 TOUKY X *, MepeBHUIIye PO3MIPHICTh BEKTOPY BapiiOBaHUX
¢akropis, B cutyarii (0) B Toumi x * rpagieatn Ve;(x), Ve (x) oOMexyrounx
GyHKIIH KoTiHeapHi.

X3

2,(X) a1 (&)

4 2,00 ()

/ 0 \ " 0 X,
alX)
a) 6)
a — TIEPEBUIICHHS KiJIBKOCTI 0OMEXYIOUNX (DYHKIIN; O — KOJTIHEApHICTh
BEKTODIB

PucyHok 7.1 - Cutyauii i SKHX He BUKOHY€ETBCSI YMOBA PEryJIIPHOCTI
00OMEXyOUNX (DYHKITIH

IuTtanus 115 camonepeBipku

Ilo Take yMOBHa onTuMi3aris’?

Ilo Take crarioHapHa Touka?

o Take 6e3yMOBHHI ONTHMYM?

IMo Take ymMOBHHUI onTUMYM?

SIKi 0OOMeXeHHS! Ha3UBalOTHCSI AKTUBHUMU ?
SIKi oOOMeXeHHs! Ha3UBalOTHCSI HEAKTUBHUMU?

SNk
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7. 1o o3Hadae yMOBa PEryIAPHOCTI OOMEXYIOUHX (QYHKIIN B TOYII
x*?

8. B skux cuTyamisix HE BHUKOHYETHCS YMOBa PETyJSPHOCTI
00MexyrounX (PyHKIIN?

7.2. 3agayi 3 00Me:KeHHSIMU Y BUTJIAAl piBHOCTell. MHOKHUKH
Jlarpanska

3a 0MOMOrol0 METOAy MHOXKHHKIB Jlarpamka mo cyTi
BCTAHOBJIIOIOTBCS HEOOXiJHI YMOBH, IO JO3BOJSIOTH 1JICHTU(IKYBATH
TOYKH ONITUMYMY B 33/1a4aX ONTUMI3allii 3 00MekeHHIMU-piBHOCTSIMHA. [Ipn
BOMY 3aJada 3 OOMEXCHHSIMH IEPETBOPHUTHCS B EKBIBAJCHTHY 3amaqy
0e3yMOBHOI onTHMIi3allii, B AKii QirypyroTh JesKi HEBiIOMI TapaMeTpH, 110
Ha3UBAIOThCS MHO>KHUKaMu Jlarpamka.

PosrnsiHemMo 3aauy 3 0JTHUIM 0OMEKEHHIM-PiBHICTIO:

f(x) - min,x € R™ (7.4)
hi(x)=0 (7.5)

BigmoBigHo 1m0 Meroay MHOXHMKIB Jlarpamka 1g 3agada
MIEPETBOPIOETHCS B HACTYIHY 337a4y 0€3yMOBHOI MiHIMi3allii:

L(x.A) = f(x) — Ah;(x) - min,x € R" (7.6)
@Oyukmis L(x.A) HasuBaerbes ¢ynkiero Jlarpamka. Tyt A —
MHOkHUK Jlarpansxa. Hexaii npu 3aganomy 3nadensi A = A° 6esymoBHuit
miriMyMm (yskmii L(x.1) 10 3MiHHOI X JOCATAETHCS B TOUIN X = Xg 1 Xo
3a710BOJIBHSIE piBHAHHIO (7.5). Tofi, sik He BaXKKO Oa4nTH, X MiHIMi3ye (7.4)
3 ypaxyBaHHAM (7.5), OCKIIBKHM JUIS BCiX 3HAYEHb X, MIO 3aJI0BOJILHSIOTH
(7.5), minL(x,A) = f(x).
3po3ymino, HoTpi6Ho migiopaTu 3nauenns A = A° TakuM unHOM, 106
KOOpJIMHATa TOUYKU 0€3yMOBHOTO MiHIMYyMY X 3aJJOBOJIbHsIIA piBHOCTI (7.5).
Lle MoxHa 3poOUTH, SKIIO, PO3MIIAIAIOUH A SIK 3MIHHY, 3HAHTH 0€3yMOBHUIA
MiHiMyM ¢yHkuii Jlarpamxa (7.6) y Burisaai yHKOii A, a motiM BUOpatu
3HAYEHHS A, IPU SIKOMY BUKOHYEThLCS PiBHICTB (7.5).
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Ipukaan.
BupimuTu 3agaqy

flxu,x) = x7 +x3
3a HasBHOCTiI OOMEKCHHS:
hi(x1,%) =2%,+x, —2=0
[Tobyayemo dynkiro Jlarpamxka:
L(xq,%x5,4) = x% + x2 — 2(2x; + x5 — 2)

Ta BuzHaunMo i Oe3yMOBHUH MiHIMYM. 3HaiaeMo 1 cTalioHapHy
TOYKY TPHUPIBHSIBIIKA HYJIIO KOMIIOHEHTH ii TpamieHTa abo il wyacTwHHI

MTOX1/IHi:

oL _ o
6—361—23(1—2/1—0:>x1—/1
oL _ o

axﬂ—2x2—1—0:>x2—z

[t Toro o0 nepeBipUTH YW BiJNIOBIIAE CTallilOHAPHA TOYKA
3 kxoopmaunatamu  (x?,x2) rnoGambHOMY MiHIMYMy, pO3paxyemo
Matpuiito ['ecce dyHkii Jlarparka — 11 MaTpHIIS, 10 CKIAOAEMbCS 3
Opyeux YacmuHHUX noxionux Mae OyTH TMO3WTHUBHO BU3HAYCHA MJIS
TOro, 100 MaTH r100aIbHUI MiHIMYM B 3a3HaueHii Touli. B Hammomy
BUTIAIKYy MaTpulls ['ecce Oyae MaTH BUTIIS:

%L %L
oxF  9xy0x, | _ (2 0
a2L a2L _(0 2)
0x,0x a_x%

Mampuys € no3UMuBHoO BUHAUEHOI0, KOAU € HOZUMUSHUMU 8CL
ii kymogi minopu. B Hamomy BUNIAQAKY — MATpHUIl 2X2 Ma€ OIWH
KyTOBHI{ MIiHOp, IO JIOPiBHIOE 2 — TOOTO MAaTpHWIll BH3HAYCHA
MO3UTHUBHO:

6 2)
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OnTuManbHe 3HAYCHHS A OyJe 3HAWIEHO NUIAXOM IiJICTAHOBKU

0 0 . . _— 4‘
X7,%3 B piBHSHHSA 1151 Ry (X1, X3) 3BiIKH OTpUMaeMo A = = TakuM YUHOM

. 4 2 :

YMOBHHH MiHIMyM JOCATa€Thes OpH: X\ = E,x% =< Ta jopismioe
4

fx1,x) = T

Lleit MeTox MOKHA PO3MOBCIOMUTH HAa BHUITAJOK, KOJH € JEKUIbKa
oOMexeHb y BUIJISII piBHOCTEH. B maHOMY Kypci HE pO3TisigaeTbes.

IluTtanus aag caMonepeBipku

SIKUM YMHOM BpPaxoOBYIOTbCSI OOMEKEHHS Y BUTJISIII piBHOCTEH?
Sk 3anmcyetses Qynkuist Jlarpamka?

Ha3BitTh yMOBY riobaiibHOro MiHiMyMy (GyHKIIiT Jlarpanxa?
Ska MaTpuus € HO3UTUBHO BU3HAYEHOK?

b S

7.3. 3apauyi 3 00MesKeHHSIMM Y BUIJISAI HepiBHOCTEH.
PosrisiHeMo 3aa4y 3 0OMeXEHHSIMHU-HEPIBHOCTIMH
f(x) - min,x € R™ (7.7)
gix)<0,j=12,..,] (7.8)

IIponiec onTumizanii Qynkuii (7.7) 3a HasBHOCTI yMOB (7.8) MOxke
BUSIBUTHUCS TaKUM, IO HE AyXe BiJpPI3HIETHCS BiJl PO3TIITHYTHX B PO3/AisIaX
5 T1a 6. TobTO nOwamu € cenc 3 anariMuuHO20 UPIULEHHS 3a0a4i Oe3YMOBHOT
onmumizayii ¢yuxyii (7.7) ma 3uaiimu ii cmayioHapui mouku, nicis 4020
abo nepesipumu 3HavdeHe piuterns Ha 8ionosioHicms ymosam (7.8) abo npu
HAABHOCMI O€KiIbKOX piuteHb — @idibopamu mi, wo im 8i0nogioaioms.
®dopmatizyBaTy 1ie# rporec ado 3HANTH PIllIeHH, 1110 HE € CTalllOHAPHUMHU
TOYKAMHM Ta BIAMOBIAalOTH ymoBaM (7.8) MOKHAa 3a JIOIIOMOTOKO
pO3TIsHYyTOrO BUIllle MeTo Jlarpamka. Aje po3risHEMO CIIOYaTKY JeKiabKa
3arajgbHHX TOJ0XKCHbD.
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Benuke 3HaueHHS B Teopii Ta OOYMCITIOBANBHIN MPAKTHUINl Mae
meopema Kyna-Takkepa nmns 3agadi  yMOBHOI omTHMi3amii 3
oOMeXeHHSIMH TUIY HepiBHocTed. He posrmsmatoum camy Teopemy,
3a3HauMMoO, 1o sKImO ¢yHkmis (7.7) npu obOmexeHHsx (7.8) mae
JIOKAJIbHUI MIHIMYM B TOYII X*, IO BiJTIOBIJa€ BIMOT1 PETYISAPHOCTI
oOMexyrounx (DYHKITIH, TO 3aMiCTh 3a/1a4i YMOBHO1 ONITUMI3allii MOYKHA
BUPILIYBaTH 3a7auy 0e3yMoBHOi onrtumizauii ¢ynkuii Jlarpamxka (7.6) -
Jus. Puc. 7.2.

X B

&z, %) =0

22(m. x)=0

g%, %) =10

Pucynok 7.2 - Jlo reopemu Kyna-Taxkepa

Meton Jlarpanxa MOXHa PO3HOBCIOAMTH Ha BHIAIOK HASBHOCTI
obOmesxeHb Ty (7.8), MepeTBOPUBIIH X Y OOMEXEHHS B BUTJISIJII piBHOCTEH
[IJISIXOM JOJaBaHHs 10 KOXKHOTO 3 HUX 0CNA0AI0401 3MIHHOT uJ-Z :

gi(x)+uf =0 (7.9)

TakuM YuHOM, 3amaya 3BOIUTHCS 1O MiHIMI3alil (QyHKIIT npH
HasBHOCTI OOMEKEHb y BUIJIS I piBHOCTEH Ta pyHKIis Jlarparka Oyie MaTH
BUTJISI:

]
L(x,u,A) = f(x) — ZAj[gj(x) + u]2] (7.10)
j=1
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HeoOxiguuMu ymoBamH, 110 MalOTh BUKOHYBATHCS! B CTalllOHApHiH

TOYMi (SIKIIO IIe TOYKa MiHIMyMY) € HaCTYIIHi:
oL _of ag;
ox ox T ox

oL )+

oy T (7.11)

A =0
oL

a—uj = 2/1juj =0

OcraHHe pIBHSHHS TEPETBOPUMO 3 ypaxyBaHHsM (7.9) Ta
TIOMHOKHMO Horo Ha u; /2. OTpumaemo:

Auf =0, —A;g;(x) =0abo Ag;(x) =0 (7.12)

Otpumane piBHAHHS (7.12) € TOCUTH MPUHIIUIIOBIM, BOHO O3HAYAE:
> Sxkmo 4 #0710 g;(x) =0 i 0OMEKEHHS € AKTUBHUM

» Slkmo 0oOMEKeHHsS € HEaKTUBHHM, TOOTO g j(x) < 0 TO BIANOBITHUHI
MHOKHUK Jlarpanxa 4j = 0

Hpukaan:
3HalTH yMOBHMI MiHIMYyM HAacTyNHO{ 3a7aui:

fxy,x5) = x¥ + x2 > min
g(x1,x) =2x1+x,—2<0

Cxiagemo ¢QyHkiito Jlarpamnxka:
L=x?4x2—-22x; +x, —2+u?)

YMOBH iCHYBaHHSI YMOBHOTO MiHIMyMY:

(x;,—A) =0
2x,—1=0
ARxy+x,—2)=0
A=0
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Axmo A=0, 10 %3 =0Tax, =0 1O 3aI0BOJBHSIE YMOBI
2x1 + x5 — 2 < 0. 3navenns ¢yskuii B Touti — f(0,0)=0

Sxmo A # 0 10 2x1 +x, —2 =0 1 Tomi BupimyemMo cuctemy 3 3
PIBHSIHB:

(x;+1) =0
2x, +4=0
AQRx;+x,—2)=0
A=0

2 4
E,/l = ale 3a3HayeHa TOuKa He €

CTaIliOHAPHOIO Ta JIOKAIFHUM MiHIMyMOM. 3HaueHHS (YHKIii B TOUI -

fx)=4/5.

. 4
3 sKoi X1 =0,X =

IuTanus nas camonepeBipku

1. 3 4Kux Aiii € CeHC MoYaTH BUPIICHHS 33/ja4i yMOBHOI ONTUMI3aii
3 0OMEXEHHSIMU Y BUTJISIIII HEPIBHOCTEH?

2. SxkuM  TUIIXOM  OOMEXEHHS y  BUTISNAL  HEpPIBHOCTEH

MIEPETBOPIOIOTHCS Y OOMEKEHHS — PIBHOCTI?

B womy nonsirae cytHicth Teopemu Kyna-Taxkepa?

4. Sxi ymoBu mist ¢yHkuii Jlarpamka MOBHHHI BHUKOHYBATHCS B
CTaI[lOHApHIK TOYIi?

98]

7.4. Metonu mrpadgHux ¢pynkuiii. HeskopcTki o0MexeHHs

PosrnssaeMo 3a1a4y yMOBHOI OIITUMIi3allii:

f(x) » min,x € R™ (7.13)
hi(x)=0,j=1,2,..K (7.14)
gi(x)<0,j=12,..,] (7.15)
xi(l) <x; < xl.(u) (7.16)

Taky 3amauy TakoXX Ha3MBAa€TbCAd 3aJadyel0  HeJiHiiHOrO
nporpamyBaHHs. KaxyTp, @m0 TOYKa X BIANOBiAE OMyCTUMOMY
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BUDILICHHS 33Ja4i HENTHIHHOIO TporpaMyBaHHs, SKIO s Hel
BUKOHYIOTBCSI BCi OOMEXeHHs, ToOTO cmiBBigHOmEHHs (7.13-7.16).
[lepenOauaeTbes, moO JUIsl BEKTOpY Xx* 10 € BHPINICHHAM 3ajaadi
HENHIHOTO TpOorpaMyBaHHs, BiIOMO JAEsSKE MOYaTKOBE HAOIMKEHHS X,
MOJJIMBO HeMpumycTume. Y Merofax mrpadHux (yHKIIH OyayeTbes
MOCJIIIOBHICTH TOYOK X, m = 0,1, ..., M, sIKa TOYHMHAETHLCA 3 3a1aHOI TOYKH
X0 1 3aKIHIYETHCS TOUKOIO Xy, IO JIa€ HaMKpaie HaOIrKeHHS 10 X * cepen
yciX TOYOK MoOymOBaHOI MOCHiZOBHOCTI. B sikocTi X, OepyThcs TOUKH
pilleHHs JOMOMDKHOI 3amadi  Oe3yMOBHOI MiHIMi3amii, OTpUMaHOl
MEPETBOPEHHSAM BHUXIJIHOI IIJIbOBOT (PYHKINI 32 JOIIOMOTOK TaK 3BaHUX
mrpadgHux QyHKIiA. Y nux MeTojax BUXiHA 3aa4a YMOBHOI ONTHMIi3alii
MIEPETBOPIOETHCS B TIOCITIIOBHICT 3a/1a4 0€3yMOBHOI ONTHMI3aIlii.

Metoan 1wmrpadpHuX GYHKIOIH KIacHQiKyIOThCS BIAMOBIIHO 10
croco6iB 00Ky 0OMeKeHb-HEepiBHOCTEH. 3aIe)KHO BiJ] TOTO, YU € EIIeMEHTH
MOCIIAOBHOCTI X MOIMYCTHMHMHK 200 HEIOIyCTUMHUMH TOYKAMH, KaXYTh
MpO METOAYW BHYTPIlIHBOI 1 30BHIIHBOI TOYKH BIAMOBITHO. SKIIO
MOCJIIIOBHICT X, MICTUTh TOUKH 000X THUIIIB, METO/ HA3MBAIOTh 3MIilLIAHUM.

TakuM YMHOM, JJISl BUPIIIEHHS 3aJ1a4i YMOBHOT OyIyIOTh JIOTIOMIKHY
GbyHKII0 BUY:

M K
0, 1) = F(x) + Z r:Gig; (0] + z LH @] (717

j:l ]=1
Ab6o

M K
00,1 = f(x) + rz Gig;(0] + lz Hin@]  (718)
= =

Ta BHUPIIYIOTH s HEl TOCHIAOBHICTE 3a3aad 0e3yMOBHOI
OINTUMI3allii:

Q(x,r,1) > min,x € R™ (7.19)

B ™meroai 30BHIIIHLOI TOYKH SKUM 1€ HA3UBACTHCI METOX
30BHiIIHIX mTpaguux ¢ydkuiii — ¢yskuii G Ta H Bubupawots Takum
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YMHOM, 100 BOHW CTaBAJIM BIAMIHHMMHU BiA HyJs (TO3UTHBHUMH) HpHU
MOPYIIEHH] BiANOBiAHOTO oOMekeHHA (muB. Puc.7.3). A ockinmbku Mu
MiHiMi3yemo (7.13) To pyx B Oik mopylIeHHs cTae HEBUTiTHUM. Beepeauni
noryctumoi obnacti ¢pyHkuii H Ta G mOBUHHI JOPiBHIOBATH HYIIIO.

Jnst oOMexeHb HepiBHOCTEH

G;(9;(x)) > 0 pu g;(x) > 0 (7.20)

G; (gj(x)) =0npug;(x) <0
||

|
e en i'lgﬁj

2 i’

Pucynok 7.3 - [loBopkeHHs mTpadHUX QYHKITIH 32 METOIOM 30BHIITHBOT
TOYKH

_-—P"-—_FJ

Opnnoto 3 popm ynkuii (7.20) € kBagpaTuuHa wrpadHa GyHKIIS:
1 21 2
6;(9,0) = lo@ +lg;@ll} =7 g0 +lgll 720

B3zarani, mokasHuk crymneHto B piBHsHHI (7.21) mMoxe Oytu Oynb
SIKUM TTApHUI.
J1st oOMexeHb — pIBHOCTEH:

H; (h;(x)) - 0 mpu y(x) = 0 (7.22)
Bumori (7.22) BiamoBigaroTh HacTyIHI mTpadHi QyHKITII:

H; () = |y (7.23)
1 () = (@) (7.24)
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e o — Oynw sixe mapHe yucio. Hanpuknag o = 2
OOMeKeHH-HEPIBHOCTI 331a4i YMOBHOI ONTUMI3aIlii 10 SKUX MOXE
OyTH 3aCTOCOBAaHO METOJ 30BHIIIHBOT TOYKHM MOKHA IHTEPIPETYBATH SIK
HEKOPCTKi, TOOTO Taki sIKi MOKHa Mmojojaru. Aje Tpebda po3yMmiTH, L0
SIKICTh MPOIIECY MPH IIbOMY MOKE iICTOTHO MOTipIIMTUCS. B 11bOMy BUIAIKyY
(hakTopu OOMEXKYIOTHCS SK TPABHJIO BEPXHBOIO - b]-U Ta HIKHBOIO - b}“

MEXaMH, a caMmi OOMEXEHHS NPHUMAIOTh BIAMOBiAHO BHILm (7.25) Ta
(7.26):
g;j(x) =x—bjU—£S0 (7.25)

gi(x) =bf —x—e<0 (7.26)
Jle € — TOYHICTDH ONTHUMI3AIlT

B meToni BHYTPilIHbOI TOUKHN 200 6ap'epuux ¢pynkniii Gynkuii H,
G BUOMPAIOTHCS BIAMIHHUMHM BiJl HYJIS B JOMyCTHMIl 00JIACTi Ta TaKUMH,
o0 mpu HaOIIKEHH] 10 KOPAOHY AOMycTUMOI 00acTi (3cepenHN) BOHU
3pOCTaiy, MePEIKoKAl0Ul BUXOAY MPH MOUITYKY 3a KopAoH obiacti (Puc.
7.4). Y upomy Bunaaky 1i ¢yHKUii HOBUHHI OyTH MaluMH (IIO3UTUBHUMH
Y HETaTHMBHHMH) BCEpPENWHI JOMyCTUMOi 00JacTi Ta BETUKUMHU
MO3UTUBHUMHU MMOOIHM3Y KOPJAOHY (BCepeluHi 00JacTi) Ta HA3WBAIOTHCS
6ap’epuumu. Hanpuknan, 1uist o0OMeXeHb-HepiBHOCTEH:

Gj (gj(x)) — compu g;(x) = 0~ (7.27)

N

Pucynoxk 7.4 - [loBomkenns mrpapaux QyHKIIH 32 MeTogoM Oap’epHUX
GyHKIind
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B sxocti 6ap’epHux QyHKUIH 171 00MeKEeHb-HEPIBHOCTEH MOXYTh
CIyryBaTh QYyHKIII BUAY:

G~(g-(x)) = _t (7.28)
S —g;(x)
G (9,0) = ~In(~g,®) (7.29)

Jlorapudmiuamii mrpad (7.29) - me OGap'epra ¢yHKIisA, MmO He
BHU3HA4YCHA B HEMPHUIIYCTUMHUX TOYKaX (TOOTO IJIs Takux X, mo g(x) >0).
ToMy B THX BHIIQJIKaX, KOJH JOBOJUTHCS MATH CIPABY 3 HEMPHUITYCTUMHMU
TOYKaMH (HANpHUKIAJ, KOJM 3aJaHe IOYaTKOBE HAONMKEHHS Xo HE €
JIOIyCTUMKM), TIOTPIOHO cHeliaJbHa Mpoleaypa, 0o 3abe3neuye
NOTPAIUISHHS B JIOMYCTUMY 00JIacTh.

Tpad, 3ananuit dpyukuiero (7.28), He Mae HETraTUBHHUX 3HAYCHb B
nmorryctumiit obmacti. Le mrpad, sk i momepenHii, € 6ap'epom; B 1bOMY
BUTIAJIKY TAKOX BUHHKAIOTH TPYIHOINI, TOB'SI3aHI 3 MOXIHBOIO TMOSBOIO
HEJIOMYCTUMUX TOYOK.

Itpaduri GyHKIII-pIBHOCTI AJIT METOAY BHYTPIINTHHOI TOYKH MOXKE
OyTu BuOpani y Burisimi (7.23), (7.24).

B 3araipHOMY BUINISI QJTOPUTM OITHMi3alii METOAOM IITpadHUX
(GYHKIIH BUTIISIA€ HACTYITHAM YAHOM:

1. Ha migcragi 3amaui (7.13 - 7.16) 0ynyemo ¢ynkiito (7.17) abo
(7.18), BuOMpaeMO TOYATKOBI HAOMIKEHHS X 1 TIOYAaTKOBI 3HAYEHHS
koedimieHTiB mrpady 1, Ik (#, /), KUTBKIiCTh iTEpaliif, TOYHICTH 0€3YMOBHOT
ONTHMI3allii, TOYHICTh JOTPUMAHHS OOMEXEHb 1 T.II.

2. Bupimyemo 3agauy (7.19) — cranionapua touka ¢pynkiii Q (x,r, 1)
MOBMHHA BIJNOBIaTH MiHIMAJIbHOMY 3HadeHHIO QYHKINT f{x) 110
3a/I0BOJIbHSIE OOMEXEHHSIM.

3. SIkio oTpuMaHe pIllICHHS HE 3a/J0BOJIbHSAE CHCTEMI OOMEXEeHb y
BUTIAJIKY BUKOPUCTAHHS METOJY IITpadHUX QYHKIIH, TO:

» Jlns MeToay 30BHINIHBOI TOYKH 301IBIIYEMO 3HAUYeHHS KoeilieHTiB

mrpady
» Jlng MeTony BHYTPILIHBOI TOYKH 3MEHIIYEMO 3HAYCHHS KOSQilli€HTIB

wrpadpy
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1 3HOBY Bupimyemo 3aa4y (7.18).
4. Tlpouec NpUMUHAETHCS, SKIIO 3HAWACHE PIIICHHS 3aI0BOJILHSIE
crcTeMi OOMEXEHD 3 IEBHOIO TOYHICTIO.

Ipukiaan:
Metomom mrpadHUX GYHKIIIH 3HANTH YMOBHUN MiHIMYM (YHKIII{:

[, x) =20 —2)* + x5

3 0OMEKEHHSIMU:
gl(xl’xZ) = x1 - 2x2 + 1 S 0
92(x125) = =2x; —x, +2 <0

OyHK1is f{X) Mae cTalioHapHY TOYKY 0€3yMOBHOTO MiHIMYMY X;=2,
x>=0 sixa He 3a70BoNBHsE oOMexkeHHsM. LlITpadHy dyHKIiI0 MpuitMaeMo y
Burisigi (7.21) Tta otpumyemo nomomikHy QyHKIi0 (7.18) mommyk
0e3yMOBHOTO MiHIMyMYy SIKO1 3 CHIOEMO BHKOPHCTOBYIOUH PO3TIISHYTI
paHillle METOAM IOJIOBUHHOTO [IIEHHS Ta IOKOOPIMHATHOIO CITYCKY
(I'ayca), xoperywouu Tpu HbOMY KOE(DIIIEHT 7 B CTOPOHY 30ULTBIICHHS
MOYMHAIYH 3 7 = | TAKUM YUHOM, 11100 MiHIMaJibHe 3HaueHHs QyHKIT (7.18)
JIOPIBHIOBAJIO 3HAUYEHHIO QYHKIIT f(X) 1110 BiANOBija€ OOMEXCHHSIM.
Otpumyemo pitteHHs: x;=2; x2=1.25; f (x4, x,) = 2.5 gl(xl‘xz) =0
9> (xl’xz) = —-3,5;r =3. [I'padiuny iHTepmperamito pilleHHS Ta
MOBOJDKEHHS ITpadHOi (YHKII y MepeTnHi npu Xx;=2 TPEJCTaBIEHO Ha
Puc. 7.5. Tyt 3eneHNM KBaJpaTOM IMOKa3aHa TOYKA OE3YMOBHOTO MiHIMyMY
GyHKIIT f(X), a 4epBOHUMHU TPUKYTHUKAMH TOYKH YMOBHOTO MiHIMyMY f(X)
Ta Oe3ymMoBHOro MiHiMymy Q(x,7) — IO € pillleHHAM 3a1adi, a TaKOXK
3HaYEHHS OOMEKEHb.
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d
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FX1, X2); GL{(X1,X2); G2(X1,X2); Q(X1, X2)

[ S S o S
O, _—.‘. e - -

X1

—0—Qx) =W==f(x) —O—gl(x) ==-0--g2(x)

Pucynox 7.5 - I'padivna iHTepmpeTarnis MmeToxy mrpapHux QyHKIiH
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IuTanus naa camonepeBipku
SIKi icCHYIOTh Pi3HOBUAX MeToy MTpadHUX PYHKIIN?
B yomy nonsirae MeTon 30BHIITHBOT TOUKU?
SIKi 0OMeXeHHSI MOKHA IHTEPIIPETYBATH SIK HEXKOPCTKI?
Sxy dhopmy MaroTh HEKOPCTKI 0OMekeHHS (hakTopiB?
Sk 3ammcyeThes KBagpaTudHa mrpadHa GyHKIN?
Hagenite mpuxirany mrpadHOi ¢GyHKMmII A7 OOMEKeHHS-
PIBHOCTI 32 METOJJOM BHYTPIIIHHOT TOUKHU?
B gomy nossirae MeTox BHyTPIIIHBOT TOUKH?
Sxi yHKUil Ha3UBAIOTHCS Oap’ €pHUME?
Hagenite npuknan 6ap’epHoi QyHKII.

0. SIxi ckinagHOIII MOXYTh BHHHUKHYTH TPH 3aCTOCYBaHHI

Oap’epHux QyHKIIN?

11. SIkuii anTOpUTM TOIIYKY MiHIMyMy METOJOM IITpadpHUX

GyHKIIH?
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8. JEAKI TUIIOBI OBMEKEHHA IIPHU
MEXAHIYHIA OBPOBIII

PosrnssHeMo paesiki 0OMEXEHHs, 10 BUHHMKAIOTh NPU ONTHMIi3allii
MpOIIeciB MEXaHiyHOT 00pOOKH, 30KpeMa TOKaPHOI.

OO0MekeHHSI IBHUAKOCTI pi3aHHs, BUXOJIYM 3 3a7aHOl CTIHKOCTI
Pi3aJIBHOTO IHCTPYMEHTY:
V< C K, a6 S18¢, K,<0 8.1
———K,ab0on — —— .
T tXeSyTm Y tXvSYTmp ¥ ®1)
He n — dactora oOepTaHHS IIMUHAENS CTaHKa, D — miaMeTp
3ar0TOBKU

[Tpu npomy crilikicTh Mae OyTH HEe MEHIE HiXK Yac 0OpoOKH oHi€eT
nerani tp: tyg < T, a rmuOuHa pizaHHs He Oiblue 3a npunyck A: t < A

OOMexxeHHsI TOAA4i, BUXOISYM 3 ILIOPCTKOCTI MOBepxHI Rz. B
nepuioMy HaONMIDKEHHI, BHOMparoud TMojady, MOKHa CKOPHCTaTHCS
bopMymaMu 11 po3paxyHKy T€OMETPHYHOT CKIIaI0BOI IOPCTKOCTI, MAIOUN
Ha YyBa3i, IO pealbHa IIOPCTKICTh OyAe BHINE, OCKUIBKH TYT He
BPaXOBYETHCSI BIUIUB JKOPCTKOCTI TEXHOJIOTIYHOT CHCTEMH, 1HIUBITyaIbHIX
BJIACTHBOCTEW OOpOOITIOBAHOTO Ta IHCTPYMEHTAIHHOTO MaTepiaii, iHIINX
pPeKUMIB Ta YMOB pizaHHS. HaBemeHi 3aJeHOCTI cCHpaBeUIMBI IS
MIOB3JIOBXKHBOT'O TOUiHHA. [IJis1 rocTpoi BepIIMHU i3l ymMoBa Oylie MaTH
BUTJISIL

5 < R,(tgp +tgeq)
tge - tgeq

Jle @ Ta (1 — BIAMOBIAHO TOJIOBHUI Ta JONOMDKHUI KYTH B ILIaHI.

(8.2)

[Ipn HasBHOCTI paziyCy 3aOKpyIJIEHHS BEpLIMHU pi3usg R, 110
XapaKTepHO ISl Pi3LiB 3 MEXaHIYHUM KPIiIUIEHHSIM 3MiHHUX OaraTorpaHHuX
TUTACTHH YMOBA OyJie MaTh BHTJIS:

S<.8R-R, (8.3)

O0MeskeHHSI PO3PaXyYHKOBOI YACTOTH 00epTaHHS 3ar0TOBKH 1 Ta
o0paHoi mojayi S KiIHEeMaTUYHUM MOKJIMBOCTSIM BepCTaTa:
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n<Nypgea00N — Ny, <0 (8.4)
S < Smaxa60S —Spax <0 (8.5)

Oo0Me:xeHHsI 00yMOBJIeHe MOTYKHICTIO BepcTaTa:
N, < Negn (8.6)

He N, — edextuBHa NOTYXKHICTh pizaHHs; Ng,; — IIOTYKHICTb
€JIEKTPO/IBUT'YHA BEPCTaTa; 1) — K.K.J
Ockinbku eeKTHBHA MOTYKHICTh BU3HAYAETHCS:

P,V
N,=—""— 8.7
¢ 100060 ®.7)
Jle Pz — ronoBHa CkJ1a10Ba CHJIU Pi3aHHS, KA BU3HAYAETHCS:
P, = Cpt*rSIPV#r K, (8.8)

3 (8.6), (8.7), (8.8) oTpumaemo 111e OAHY 3aJIEKHICTh, IO 0OMEKYE
HIBHJKICTH Pi3aHHS:

1

1000 - 60 - N, 1+z
V< < oo Syijn> P (8.9)
O0MeskeHHsI MOB’I3aHi 3 TOYHICTIO 00POOKU:
Py<.i+.l+.1 >Sk36—p (8.10)
sar Jw  Jincrp 2

Jle P, — pajianbHa CKIajoBa CHIM Di3aHHS jsar, Je» Jinerp —
BIJIIOBITHO OPCTKICTh 3aroTOBKH, BepcTaTa Ta IHCTpyMeHTa; k3 —
KoeilieHT, 0 MOKa3ye B SKy YacTUHY JOIyCKYy MOBHHHA YKJIaJaTHCA
NOTPilIHICTh, BUKJIIMKaHa Ae(hOpMali€lo eeMEHTIB TEXHOJIOTIYHOT CUCTEMHU
— 3a3BuYaii npuiimMaetees B Mexkax 0,7 ... 0,8; 6, — nomyck Ha po3mip 1o
o0pobnsierscs.  CkiagoBi  ¢gopmynn  (8.10) MokHA BH3HAUMTH 32
HACTYITHUMH 3aJICKHOCTSIMU:

P, = Cp, t*PySYPYV7PY K, (8.11)
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1 L3

j3ar kl] E
ne L — BiTbHA MOBXKWHA 3arOTOBKH, MM, k; — KOEQIIi€HT 0
BPaxoBYe CITOCi0 KPITJIEHHS 3ar0TOBKH (B MaTpoHi — k=3, B eHTpax k;=70,
B MaTPOHI 3 Mi[UKUMOM LEHTPY 3agHboi 0abku k;=100); E — momynb
npyKHOCTI MaTepiany 3arotoBku, Mlla; J — mMomeHT iHepuii HaWOITBII
HeOe3MevYHOro NepeTHHY 3arOTOBKH:
- s cyniisHOro nepetuny J = 0,05D*
- nans xineuesoro neperuny: /] = 0,05(D* — d*)
1 3(200
— = 0,000025k, R (8.13)

Js i}

(8.12)

e H, — BucoTa eHTpiB BepcTaTa, MM; k2 — KOe(illi€HT 10 BPaxoBYye
THII 3aKPiTUICHHS:

- TIpH 3aKpiIUIeHHI B IICHTPaX Ta B MAaTPOHi 3 Mi/PKUMOM LIEHTPOM 3aIHBOT
6abxku k> = 1
- Ilpwm 3akpimnenHi B matpoHi k2 = 0.03L

1P
jiHCTp 3]pEp

(8.14)

st Bunaaky TokapHoi oOpoOku TyT | — noBxwuHa pisist, mM; Ep —
MOJYyJIb MPY>KHOCTI Matepiany pisig, MIla; J — MOMeHT iHeplii nepeTuHy
pi3us:

JUTSL KPYTJIOTO NepeTuHy | = 0,0Sdf;
HB3

- 75 IPSIMOKYTHOTO TIEPETUHY: | = ETH

KpiM TOro Mo>KyTh BBOAMTHUCS TaKi JOAaTKOBI OOMEKEHHS:

- OOMexeHHsT 3a TEMIIEPaTypOI pi3aHHS Ha OCHOBI E€MITIPUYHUX
(dopmyIt a00 TEOPETUYHUX PO3PAXYHKIB;

- OOMexeHHS, NOB’A3aHl 3 JOCIKEHHSIM KIHETHKH TEIUIOBUX
NPOIIECiB NPH Pi3aHHI TOOTO 31 CTPYKTYPHUMH NEPETBOPEHHSIMHU B
00pobIrOBaHOMY MaTepiai;
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Sx Gaunmo mpu 0oOpoOLi pi3aHHSIM iCHYIOTh YHMCENBHI Ta JOCUTH
CKJIagHI B3a€MOIOB’s3aHI OOMEKEHHs, SKi Tpebda BpaxoByBaTH MpHU
ONITUMI3alii PeXUMiB pi3aHHSI.

[Muranus 1Js1 camonepeBipku
1. 3a SKuMH TOKa3HWKaMH BH3HAYAE€THCSI OOMEKEHHS IIBUIAKOCT Pi3aHHs?
2. 3a AKUMH MOKa3HUKaM{ BU3HAYAETHCS OOMeKeHHS mofadi?
3. Ha3sBiTh moaaTKOBI 0OMEKEHHS MPH 00pOOIIi pi3aHHSIM.
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9.3AJAYI JIHIHHOTI' O IPOTPAMYBAHHS

9.1 3arajibHi MOJIOKEeHHS

Benukuit kmac 3amad 3 onTuMmizamii CKIamarOTh 3adadvi JIHIAHOTO
MpOrpaMyBaHHS — YMOBHA ONTUMI3allis 3 THIHHIMHA ITHOBUMH (QYHKITISIMHI
Ta JIHIMHUMU K¢ oOMexeHHsMH. Ha BiAMiHY Bia 3a1a4 HENiHIHHOTO
MPOrpaMyBaHHS JI¢ ONTUMAJIbHE PIIIICHHS MOYKE 3HAXOUTHUCS K BCEPEIUHI
MPOCTOPY OKPECIICHOMY OOMEXKCEHHSIMH TaK i Ha CaMHX OOMEKEHHSX, B
3aJja4ax JIiHIHHOTO MPOTrpaMyBaHHS PIllICHHS 3aBXK /1 3HAXOIUTHCS Ha JIHIAX
0OMEIKEHb.

OcHoBHA 3a/1a4a JiHIHHOTO MPOTrpaMyBaHHs MOXe OyTH 3amrcaHa B
HACTYITHOMY BHUTJISII:

allxl + alzxz + -+ alnxn = bl
ay1X1 + Ay2Xy + -+ aann = b2

9.1)

Am1X1 + QpaXe + -+ QppXp = by
F=cy+cixg +c% + -+ cpxy, > min (9.2)

Tyt (9.1) — cucrema oOMexens 3aaui; (9.2) — miiboBa QyHKITIS.
OxpiM 0OMEXEHb-PIBHOCTEH 10 OCHOBHOI 3a/iadyi BXOJATh TaKOX
00OMeXeHHSI-HEPIBHOCTI:
0
0

X1
X2

A\

9.3)

\VAE

0

Bcesike He HeratuBHe pimeHHs cuctem# (9.1) - x

xm
©
L
pomyctumMuM. CyKyIHICTH JONYCTHUMHUX pIIIEHHS HA3WBAIOTh MNJIAHOM
3anayi JiniliHoro mporpamyBanHs. [lnan, mo MiHiMi3ye dyskmio (9.2)
Ha3UBAETHCS ONTHMAJBLHMM. 3a/1a4a Ma€ PillleHHs TIIbKH B TOMY BUIIAJIKY,
KOJIM paHT MAaTpPHIli CUCTEMH OOMEXEHb (CKIaJIeHOi 3 KOeillieHTiB MpHu
HEBIJIOMHUX) 7 He OLIbINe KIIBKOCTI HEBIIOMUX 7. SIKIIO » = n TO CHCTEMa
Ma€ €JMHE PiIeHHS sIKe 1 Oy/1e ONTUMAILHUM SIKIIO BOHO JIOIyCTUMO. SIKIIO
K Hi — TO 33J1a4a HE Ma€ pilieHb. TakuM YMHOM 1IHTEpEC Ma€ TiIbKH BHIIAI0K
Koy 71 < 7, O 1 OyJie pO3TIISAaTUCS B TIOJAJIBIIOMY.

= 0 Ha3uBaeTHCA
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Koxxny 3amaqy niHiifHOTO IporpaMyBaHHs MOXHA 3BECTH 10 (HOPMH
OCHOBHOI. /{114 1poTO:
1. Byas sxy 3amady Makcumizarlii TpeOa 3BeCTH JI0 3a/1a4i MiHiMi3arlii.
2. BwiTH nepexoauTH BiJ 0OMEXEHb, TIOB’I3aHUX 3 HEPIBHOCTSIMH 10
€KBIBAJICHTHUX 0OMEXKEHb-PIBHOCTEH.

SAxmo oOMexeHHs 3amadi  3amaHl  y  BUTISIL
HEPIBHOCTEH:

a11x1 + a12x2 + R + alnxn + b1 2 0
AyX1 + AgoXxy + -+ aypx, + b, =0 (9.4)
Am1X1 + QX + -+ appXn + by, =0

To (9.4) 3aBxau MOXHa 3BeCTH J10 BUTIIAAY (9.1) BBIBIIN 10aTKOBI
He HeraTUBHI 3MIHHI: X,+7, Xn+2, ... Xn+m .

ar1%1 + QX + -+ Ay + by = Xy
Az1%1 + Azp%7 + -+ QopXy + by = Xp4p (9.5)

Am1X1 + AmaXy + o+ QunXn + by = Xnym

OueBHIHO, III0 YMOBAa HE HEraTMBHOCTI JOJATKOBHX 3MIHHHX
€KBiBaJIeHTHa BUKOHAHHIO HepiBHOcTeH (9.4). TakuM YMHOM OOMEXCHHS -
HepiBHOCTI (9.4) ekBiBasIeHTHI 0OMex)eHHIM-piBHOCTM (9.5), a omxe 1 (9.1).

PosristHeMo AekisbKa MPUKIAAiB 33/a4i JiHIHOTO MpOorpaMyBaHHSI.

9.2 3agaya Npo BUKOPHCTAHHS CUPOBMHHU
BurorornenHs nmpoaykiii 1Box Tuiis — Pi Ta P> moTpedye cupoBunm
YOTUPBOX BUIIB — S, Sz, S3, S4. KijIbKICTh CUPOBUHH 0OMEXKEHE 1 CKIIaaae
BIANOBIAHO — by, by, b3, bs. KiibKiCTh OIMHUIL CHPOBUHM, 1110 MOTPEOYE
BUTOTOBJICHHS OJIMHUIIN MPOIYKINT BIZIOMO Ta 33a€ThCS Y BUIIISIII TAOJIHUITI.
Tpeba cxiiacTu Takui MJIaH BUIYCKY NPOAYKLii, 00 AoXifa Bix 1i peamizawii
OyB OM MakcUMaJIbHUM. Y MOBH 3ajaui npencTasieni B Taom. 9.1.
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Tabmuns 9.1 - YMOBY 3a7a4i NP0 BUKOPUCTAHHS CUPOBUHH

Buau 3amnacu Bunu npomykiii
CHUPOBUHH | CHUPOBUHU

Py P,

S1 by ary ar

$2 b az] az)

S3 b3 azq az)
S4 by a4 ag)
Hoxin ] )

SO0  MO3HAYMTH  KUIBKICTH MPOAYKINi, IO BUTOTOBJISETHCS
BIJINIOBI/THO X; Ta X2 TO LiJIbOBA (YYHKIIis Oy/I€ BUTIIAIATH:

F = cix1 + ¢35 » max (9.6)

OckinbKku OyIp-sKy 3a7ady Tpeda 3BeCTH J0 3ajavi MiHiMi3allii, To
¢ysK1is (9.6) npuitMe BATIISA:

F = —cix1 — c3xy = min (9.7)
YMoBH 3a;laqi IIpu IbOMY MO’KHA 3aIlMCaTu y BI/II‘J'IH,I[i CUCTEMU.:

ay1X1 + a12%2 < by
Ay1X1 + AzXxy < by
A31X1 + A32%, < by
Ag1X1 + Aupxy, < by

9.8)

Cucremy (9.8) MOXKHA 3BECTH JI0 YMOB OCHOBHOI 3aj1aui y BUIJISI/II:

by — ay1x1 —ag2x, =0
by —az1%1 — azx; 20
bz —az1xy —azyx; =0
by — ay1x1 — Aupx5 =0

9.9)

A00 mIIxXoM BBCACHHA JOJAaTKOBHUX 3MIHHHUX IMpUBECTU 0 BUAY:
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by —ay1%1 — a2%; = x3
by —az1x1 — Azax; = X4
bz —az1x; — azx; = X5
by — au1%1 — QupX; = Xg

(9.10)

Pimenns po3rasHeMO Ha KUTbKICHOMY TTPHUKIIAII:

Tabiuus 9.2 - Buxinsi gani

Bunn 3anacu Bunu npomykii
CUPOBHHHM | CHPOBUHHU

P, P,

S1 19 2 3

AY) 13 2 1

S3 15 0 3

S4 18 3 0
Joxin 7 5

Ymosu Tabi. 9.2 MokyTh OyTH 3amicaHi B HACTYITHOMY BHUIJISII:

2x1 +3x, <19
2x1 +x, <13
3x, <15
3x, <18
x, =0
x, =0

Abo y popmax (9.9), (9.10):

x, =0 €))
X, 20 (I
19 —2x, —3x, =20 (1)
13—-2x,—x, 20 (IV)
15—-3x, =0 W)
18 —3x; =0 )]
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x1 =20
X, =0
19 — 2x; — 3%, = x3
13— 2x1 — x5 = x4
15 — 3x, = x5
18 — 3x1 = x4

[Ipy npOMy MaTpuIs CHUCTEMH, CKJaleHa 3 KOeQili€HTIB MpH
HEBIJJOMUX OyJie MaTH BUTIIS;

23100 0
=2 10100
030010
300001

3po3ymino, o cucTemMa He MOXKe OyTH BUpillIeHa OJHO3HAYHO, 0O
KUTBKICTh HEBIOMUX OiTbINA 3a KiJTBKICTh PIBHSHB: PaHT MaTpHI » = 4,
KUIBKICTh HEeBiZIOMUX 7 = 6. KiNbKICTh CTyINEHIB cBOOOIM k = 6 —4 = 2

LinboBa QyHKIIS Mae BUTIISI:

F = —=7x; —5x, - min

Jnst  BUpilmIeHHS 3ajadi CKOPHCTaEMOCS i1  TeOMETPUYHOIO
iHTeprperaniero. [ mporo BBeaeMo cucteMy koopauHat x;Oxz. Bimomo,
0 TEOMETPUYHE Micle TOYOK Ha IUIOUIMHI, KOOPAMHATH SIKHX
3aJI0BOJILHSIOTh CHCTEMi JIIHIMHMX HEpPiBHOCTEW, yTBOPIOIOTh BUIYKIIWH
0araToKyTHUK, SKHH Ha3BeMO OaraTOKyTHHKOM pIlI€Hb CHCTEMH
HepiBHOCcTeH. CTOPOHM LBOro 6araTOKyTHHKA PO3TALIOBYIOTHCS Ha MIPSIMHUX,
PIBHSHHSL SIKHX OTPUMYIOTHCS, SIKIIO B HEPIBHOCTSAX CHCTEMH 3HAKU
HEPIBHOCTI 3aMIHHTH TOYHUMH PiBHOCTSAMHU. CaM ke 1ei 6araTOKyTHHK €
NepeTHHAHHSI MTONYIUIONINH, Ha SIKI TIOAUISE MIIONIMHY KOXKHA 31 BKa3aHUX
npssMux. B Hanmomy BHUIMaAKy TAKUMU MPSIMUMH €:

x, =0 €))
X =0 (In
19 —2x, —3x, =0 (1)
13-2x;—x,=0 (IV)
15—-3x, =0 W)
18—-3x; =0 )]
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[psami moka3zani Ha Puc. 9.1, cTpinKku BKa3ylOTh SIKi MOTYTUIOIIUHA
JAI0Th 0AraTOKYTHHK pillieHb.

X,

Pucynok 9.1 - BaraTrokyTHHK pillleHb

Ha psiny 3 nuMm po3risiHeMo 3rafaHy BUILE HUTbOBY QyHKLit0 F Ta
3anumeMo 1l y BUTIISIIL:
—7%x1 —5x, =C
3minoroun C OTPUMAEMO CYKYINHICTh MapajelbHux npsmux. Ha
Puc. 9.2 nokazani npami ams pisHux C, a BEKTOp g BKa3ye HANpsIM Pyxy 10
3MeHIIeHHs 3HadeHb C. ToMmy OuYeBHIHO, IO pillleHHS OyJe JeKaTH Ha
CTOpoHI a00 BepIIMHI 0araTOKyTHUKA pillleHb HaWOUIBIN BiIAaleHOl B
HaNpsIMKY BEKTOPY g.
Takotro BepmmHO0O B ganomy Bumanky € Q(5;3) (dus. Puc. 9.1) —
10 MOXe OyTH BU3HAYeHO cyMicHHM piterHs M piBHsaHb (I1I) Ta (IV). Ipu
IBOMY 3HA4YECHHS Lib0BOT PyHKUII Oyae MiHIMaJIBHUM, IO 3a0BOJIBHSE
3a3Ha4eHUM BUMOTraMm: £ = -5(0. Omxe HalOUIbII MPUOYTKOBUM PiLICHHSIM
€ BUITYCK 5 OJIMHUIL NpoayKIii Pi Ta 3 oquHumps — Po.
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Laad Xl
n C=175 (=35 (=325

Pucynox 9.2 - LlinboBa ¢yHKIis

9.3 3agaya Npo BUKOPUCTAHHS NPOAYKTHUBHOCTI 00J1alHAHHS
[Mignpuemctpo 3a yac T mae BuroroButn N1 ogmauMIE mpoaykmii Pl
ta N2 onuHuUIb npoaykiii P2. O6uaBa BUAM MPOIYKIliT MOKHA BUTOTOBJISATH
Ha oOymaaHaHHi A Ta B, mo MaioTh pi3HYy NPOAYKTUBHICTH (KiIBKICTH
OJIMHUIL TIPOMAYKIIii, 1[0 BUTOTOBJIETHCS B OJMHUIO Yacy) Ta BapTICTh
BUTOTOBJICHHS 3a OJJMHMIIO Yacy. Buxinui nani 38eneHi B Taou. 9.3

Tab6muug 9.3 3araabHUN BAI BUXITHAX JaHUX 10 3amadi

Ob6nans. | [lpoxykTHBHICTD Burparu Ha Yac Ha BUTOTOBJICHHS
B OJIMHULIIO Yacy BHUI'OTOBIIL. 32 porpamu
OJIMHUITIO Yacy
HpOIL. P i P 2 P i P 2 P 1 P 2
A aj az (23] a2 X7 X2
B b b; Bi B2 X3 X4

3a yMmoBaMu 3ajadi Tpeba CIUIaHYBaTH NPOrpaMy BHIOTOBIICHHS
MPOAYKII Ha BiAMOBIIHOMY OOJIaJHaHHI 3 METOIO MiHiIMi3allil BUTpPAT Ha
BUT'OTOBJICHHS.

HinboBa QyHKIist Oyae MaTH BUTIISL:

F = aq1X1 + arX,H + ‘81.7('3 + ﬁzX4 — min (911)

VYmoBH 3a;[aqi 3alMUITyThCA:



( x, =0
x, =0
x3=0
x4 =0

X1 +x, <T
X3+x4 <T
a.x1 +bix; =N
\a,x, + byx, = N,
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abo <

x1 =20
x, =0
x3 =0
X4 =0
XSZO
xg =0
T —x1 —xy = X5
T —x3 — X4 = Xq
a;x; + bixz3 =N;
a2x2+b2x4 =N2

(9.12)

TobTo Maemo nipu 4 piBHSHHSIX 6 3MiHHUX, III0 BUMarae BUpa3uTu 4
3 HUX 4Yepe3 2 iHmi OCKUTbKH Ajs rpadigHoro pimieHHS Tpeba MaTh 2
KOOpAWHATH. PIillIEHHs pO3TIISTHEMO Ha KUIBKICHOMY NpuKIami. Buximgai
naHHi HaBeneHi B Tabn. 9.4. 3aranpHuil 4ac Ha BHUTOTOBJICHHS BCi€i
nporpamu T = 6 rof,.

Tabmuus 9.4 - Buxigui nansi

O6nans. | [MponykTuBHicTh | ButpaTtn Yac Ha [Iporpama
B OJTUHHIIIO YaCy Ha BUTOTOBJICHHSI BUITYCKY
BUTOTOBIL. nporpaMu
3a
OJIMHULIIO
yacy

HpOIL. P1 Pz P] Pg P] P2 P] Pz
A 6 24 4 | 47 Xi X2
B 13 13 13 | 26 X3 X4 30 o0

[Mpuiimaroun 3a 3aMOBYYBaHHSM IO BCi 3MiHHI HE HETraTUBHI,
3anumiemMo cucremy (9.12) ta minboBy dyskimito (9.11):

(x1 + X,
X3 + X4

<6

(")

<6 ar
6x, + 13x5 =30 (111
24—x2 + 13x4 = 96 (IV,)

F = 4x, + 13x3 +47x, + 26x,
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ManI/IHﬂ CHUCTEMH OOMEKEHD 6YI[6 MaTHu BUTJIAO:

11 0 0 1 0
0 0 1 1 01
6 13 0 0 0 O
0 0 24 13 0 O

BubepeMo B SKOCTI BUIBHUX 3MIHHHMX X; Ta X2 Ta BUPa3uMO 4epes
HUX X3 Ta X4 3 piBHsAHb ([1I’) Ta (IV’)

I =

x3:%(30_6351):%(5—x1)20:>x1S5

1 24
x4:E(96—24x2)=1—3(4—x2)20:>x2 <4

[ligcraBuBmm otpumani Bupasu B piBHsHHA (II’) oTpumaemo
CHCTEMY Ta LUTbOBY QYHKILIO:

(x; =0 @)
X, =20 (I1)
Jxi<5 an
X, < 4 (v
Xx1t+x<6 (V)

\x; +4x, =28 (VI)
F =222 —2x; — x5, > min

I'eomeTpuyna inTeprperartis pimeHHs Oyne martu Burisiy (Puc. 9.3):
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T S ~  SBpy 407

=

Pucynok 9.3 - 'eomeTpuyHa iHTEpIIpeTaIlis pilIeHHS

3 pUCyHKa BHIHO, 110 pimeHHsM Oyne Touka M(5;1) koopauHaTu
SKOT BU3HAYAIOTHCS CyMiCHUM piteHHsM piBHsHB (111) Ta (V):

x1=5; x2=1;F=211

72
Tenep MoxHa BU3HAUUTU: X3 = 0; x4 = —
13

OTmxe 3aaua BUpilieHa MOBHICTO. TakuM YMHOM Ha OOJiaHaHHI A
3a O3Ha4YeHWi dYac OyJle BUTOTOBIEHO X;aq =5-6 =30 oauHUIB
npoaykmii Pl Tta x,a, =1-24 =24 omuanne npoxaykuii P2. Ha
obnanHauHi B Oyne puroroieno x3b; = 0 - 13 = 0 oguaus npoaykmii P/

Ta X4by = % 13 = 72 onuHunps npoaykii P2
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9.4 TpancnopTHa 3a1a4a

VY nBox mocrayanbHUKIB Al Ta A2 € Aeska oJHOpigHA TPOIYKIIS y
KUTBKOCTI BiJIMIOBIHO @; Ta a2. 110 mpoaykiiito Tpeda HOCTaBUTH 0 TPHOX
crioxkuBaviB B1, B2 ta B3 B kinbkocTi b, by, bs. BapTicTs niepeBe3eHHS 3
MyHKTY Ai 10 myHKTy Bj mo3naunmo BiamoBigHo Cjj, Ta KUTBKICTh MPOTYKITT
0 TIepeBe3eHHs — X;. [peba CKIAacTH IUTaH TEpPeBE3eHb 3 THUM 00,
MIHIMI3yBaTH CyMapHy BapTiCTh NepeBe3eHb. YacTo 3ajada JOTOBHIOETHCS
JAaHUMHU TIPO BapTiCTh NPOAYKLIi y KOXXHOTO 3 TOCTa4aJbHHUKIB 1 TO.I
MiHIMI3YIOTBCSI CyMapHi BUTpPAaTH Ha NPOIYKLII0 Ta TPaHCIOPTYBaHHS.
TakuM 4yUHOM MareMaThdHe (HOpMYJIOBAHHS TPAaHCIIOPTHOI 3ajadi Oyxe
MaTH BUTJISLI

X11+ X1 = by

X12 + X22 = by

X13 + Xp3 = b3 (9.13)
X171+ x12 +x13 < a4
Xoq1 + Xop + X33 S ay

2 3
F = ZZxUC - min (9.14)
—

j=1

CrpoliieHuii BapiaHT TPaHCIOPTHOI 3ajayl MOJSIra€ B PIBHOCTI

cyMapHHuX moTpe0 1 3amacis:
2 3
Z a = Z b, (9.15)

=1
B npomy Bumaaky 3amava cnpomyeTbca, JIBa OCTaHHIX PIBHSHHS B
cuctemi (9.12) mepeTBOPIOIOTHCS Ha PIBHOCTI a cama 3ajiadya IOBHICTIO
npuiiMae ¢GopMy OCHOBHOI. bBe3yMOBHO KiJBKICTh IOCTaYalbHHKIB 1
CIIOKMUBAYiB MOXKE€ BIJPI3HATHUCS BiJl HABEJCHUX B OUIBIIY CTOPOHY — IO
0e3yMOBHO YCKJIaTHUTh PillICHHS 3a7adi.
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IuTanus 1 camonepeBipku

o Taxe 3ana4i JIiHIHHOTO MPOTpaMyBaHHs?

e 3HaxonsThes pillleHHS 3a1a4 JiHIHHOTO TpOrpaMyBaHHS II0
BiJTHOIICHHIO 10 OOMEKEHb?

SAxy dhopMmy Mae OCHOBHA 3a[a4a JiHIHOTO MPOrpaMyBaHHs?

Slke pimeHHS HA3UBAETHCS TOIYCTUMUM?

[o Take ran 3agadi JiHIHHOTO MPOTPaMyBaHHS?

Slke pimeHHs 3amadi JIHIKHOTO TPOTPaMyBaHHS Ha3WBAETHCS
ONTUMAaTHHUM?

Komu icHye enuHe pimeHHs 3a1adi JiHIKHOTO MpOrpaMyBaHHS —
BOHO X ONTUMaJbHE?

B sxomy Bumamky 3amava JIiHIHHOTO TPOTrpaMyBaHHS HE Mae
pimeHHs?

SlkuM 9rHOM KO’KHA 3a/1a4a JiHIHOTO MporpaMyBaHHS MOXe OyTH
MIPEACTABIICHA IK OCHOBHA?

10. 1o Take 6GaraTOKyTHUK PillIEHb?
11. B yoMy mosmsirae CyTHICTh TPaHCHOPTHOI 3a7a4i?
12. o nepembauae CpolICHUIA BapiaHT TPAHCIOPTHOT 3a1a4i?
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10.0IITUMI3AIIA 3A
EKCHEPEMEHTAJBHUMMU NJOCJIIAKEHHAMUN

10.1. 3aranbHi noJsio:xkenHs. IloBunii gaxkTopHNii eKcepuMeHT

lonoBHa BUMoOra 1m0 MareMaTW4yHOi Mojeni Le mepeadadaTH
MOBEIIHKY OO0’€KTY 3 TEBHOK TOYHICTIO. A SKIIO M0 BHUMOTY
KOHKPETH3YBaTH ISl ONTHMI3aIlifHMX Mozenell — To Ile mnependadaTu
HampsAM PyXy 0 THX YMOB A€ 00’ekT Oyne (pyHKIIOHYBaTH HAWKpaIIHM
yyHOM. Y OyIp SKOMY BHUNAAKYy MM NPUMMAEMO HACTYIHI JOMYIICHHS:
nosepxHs 8I02YK) be3nepepena, 80HA 21a0KA Ma MA€E EOUHUL eKCmpemMyM (no
MEHWIU MIPT 8 MedHcax 0Oaacmi GUHAYEHHSL).

3a3BUuail MpH MOWIYKY ONTHMAJIBHOTO pillleHHS B (PaKTOpPHOMY
npoctopi BUOMpaeTbes sikach Toyka C Ta  pO3MIIAHAEThCS JEKIIbKa
CUMETPHYHHX BiTHOCHO HEi TOUOK, IO pa3oM GOPMYIOTh AEsKY MiJo0aacTb
(muB. Puc.10.1). TyT mpoBOAUTBCS €KCHIEPUMEHT 3a PE3yIbTaTaMHU SIKOTO
Oyayerbcs mepma Mopenb. Llg  Momenb BHUKOPHCTOBYETBCS — UIS
nepenOadeHHs] TOBENIHKA 00’€KTa B TOYKAaX, IO HE BXOIWIA [0
eKCIIePUMEHTY. SIKIIO TOYKM 3HAXOJATHCS BCEPEIMHI IMimo0IacTi, TO Take
nepenbadeHHsT HOCHUTHh HAa3BYy IHMepnoaayis, a SKIO 3a 11 MeXaMu —
excmpanoaayis. Yum nani Bijg 00acTi €KCIEPUMEHTY JISKUTh TOYKA THUM 3
MEHIIIOI0 BIEBHEHICTIO IIe MOXHa poOutn. ToMy MH BHUMYIICHI
EKCTPAIOIIOBaTH HEJJAJIEKO, & OTPUMaHI pe3ybTaTH BUKOPHUCTOBYBATH IS
NPOBEIEHHS NOAAIBIINX €KCIIEPUMEHTIB. SIKIIO 3MIHIOBAaTH TIJIbKU OJUH 3
¢akTopiB - x; a60 X, TO B SKOCTI ONTHMAJILHOI'O PIIICHHS MOXYTb OyTH
npuiiHATI Touku 4 abo B (Puc. 10.1) Toxi sik HaCTIpaBli BOHO JIEKUTH B TOUII
M 1 nns i monryky moTpiOHO 3MiHIOBATH OHOYACHO 00H/1Ba (haKTOPH — 1€ 1
€ O/IMH 3 CEHCiB 0araTo()akTOPHOTO EKCIIEPUMEHTY.
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MoyaTkoea nigobnacTs

\ TpaekTopii NOWyKy onNTMMyMY

ontumymM dy HkUji

30Ha 6nMn3bka 40 ONTUMYMY

L~

NiHiT piBHOrO BIAMYKY ¥

Pucynox 10.1 — Ctparerisi HOIIYKY ONTUMAJIBHOTO PillIEHHS

3i BCBOTO pI3HOMAHITTS MOMXJIMBHUX MAaTEMaTUYHUX MOJCICH,
HAWOUIBII MPUAATHOW JUIA IIel 0araTo()akTOPHOTO EKCICPUMEHTY €
MOJIeNTi y BHIJISA/I anreOpaidHuX MOJIHOMIB MEPIIOTo Ta APYTOro CTYIEHIO.
Ll npuaaTHICTh MONATAE B MPOCTOTI, 3pYYHOCTI Ta MOYKIJIMBOCTI OOY/I0BU
MOJIeJIl B OKOJIHII Oy/b siko1 TO4kH. KpiM 11bOro Taki MoJjesil € HalOUIbII
MaTeMaTHYHO PO3pOOJICHUM KiacoM Mojelneil. TakuM YHHOM JUis JTBOX
(hakTopiB:

®  [I0JIIHOM NEPIIOTO CTYMEHIO:
y=b0+b1'x1+b2'x2 (101)
®  [IOJIIHOM JIPYTOTO CTYIICHIO:

Yy = by + byx1 + byxy + by1x2 + byyx? + bipx Xy (10.2)

HampsiMmok  pyXy /A0 ONTUMaNbHOTO pIllEHHS Ha3MBAETHCS
HanpsMoM rpagienty - CM na Puc. 10.1. 3po3ymino, mo pyX B LbOMY
HaNpsIMKY TPU3BEJIE JI0 YCHIXy CKopillle HDXK y Oynb skoMmy iHmomy. Sk
BUIHO 3 Prc.10.1 mOMHOM NEPILIOro CTYIEHIO 3aI0BOJIBHSIE IIii METi Malo4H
B TOH K€ 4ac MiHIMaJIbHY KUIBKICTh KOe(illieHTIB. AJie 11e Oy/e BinOyBaTUCs
JO THX IIip, TOKA MU HE MOTPAlMMO B 30HY OJIM3BKY JO ONTHUMYMY SIKa
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Ha3UBAETHCS «Matiice cmayionaprowoy. B il 30HI BUKOpHCTaHHS JTiHIHHOT
¢GyHKLIT y BUTTISAL TTOJIIHOMA MIEPIIOTO CTYICHIO CTAaE He €EKTUBHUM 1 He
MPU3BOAUTH JI0 IOKPAILICHHS Pe3yJbTaTiB. B 1boMy BUIIAAKY, MOTPAIUISTHHS
B MaibKe cramioHapHy oOmacTh TpeGa BBa)KaTH 3aBEPIICHHSM IMPOLECY
onrtuMmizaii abo € ceHc MepexoAnuTH A0 MOJITHOMY APYTOro CTyINeHro, 60 BiH
€ (QYHKI€0, MO Mae€ eKCTPEeMyM 1 MOXKe aJeKBaTHO OMHCATH MNiJISTHKY
MOBEpXHI BiATYKy. TakuMm YWHOM TIpH IIaHyBaHHI OaratoakTOpHOTO
eKCIIEPIMEHTY 0OMEXMMOCS TTOJTIHOMaMH TIEPIIIOTO Ta APYTOTO CTYTICHIB.

[lmarm excrepuMeHTy XapaKTepH3YEThCS KUIBKICTIO CTYTICHIB
cBoboau:

f=N-1-1 (10.3)

Je N — KIIbKICTh HE3aJICKHHUX JOCHIJIIB B IUIaHi; / — KUTBKICTh KOe(DillieHTIB
perpecii B piBHsHHI (03 BiUTbHOTO KOoe(illiEHTY).

B 3anexxHoCTi Bif KUTBKOCTI CTYNEHIB CBOOOJM IJIaHU OyBarOTh:
HeHacudeHumMu, Koma f > (), ToOTO KITbKICTh JOCTiIIB OLIbIIa HiXK TOTPiOHO
JUTST  BU3HA4YEeHHS Koe(illieHTIB; Hacuyenumu, koma f = (0 Ta
3gepxnacuyernumu Ipy f < 0.

Iepen 6e3nocepeiHiM MIAHYBAHHAM €KCIIEPUMEHTY MOBUHHO OYTH
BUKOHAHO PSIII:

AmHaJi3 anpiopHnoi indopmanmii. /{ociiKeHHS TEXHIYHOTO 00’ €KTY
3a3BUYall MOYMHAETHCS B YMOBaX, KOJU Takuii ab0 aHAJIOTIYHUM 00’ €KTH
JISIKUM YHMHOM JIOCHIJDKYBaiucs paHiiie. [Hpopmaiio ska MICTHTBCA B
pe3yJbTaTax MmornepeaHixX JOCIiKeHb HA3UBAIOTh anpiopHOIO.

Ouinka rpaHunb o6JacTeil Bu3HaYeHHs. /[ 1IbOTO TIOBHHHI
OyTu BpaxoBaHi 0OMEXEHHS 0 HAKIaJAI0THCS Ha (DaKTOpH.

Buoip ocHoBHoro piBusi. Haiikpamim ymoBaM, M0 OTpHMaHi 3
anpiopHoi iHdopMarllii BianoBigae KomOiHaIiss abo AeKiJibka KOMOIHAIli
piBHIB ¢axTopiB. KoxkHa Taka koMOiHallisi € 0araTOMipHOIO TOYKOI B
GaratomipHOMY (haKTOPHOMY HpOCTOpi. Ii MOYKHA PO3rIIAAATH K HOYATKOBY
TOUKY U151 OOy IOBH TUTaHY eKCTIepUMeHTY. Bru3Haummo 11 Ik 0ocHOBHUIT 260
HyJb0BUH piBeHb. [100yn0Ba IUIaHY €KCHEPUMEHTY 3BOAUTHCS 10 BUOODY
EKCIEPUMEHTAIbHUX ~ TOYOK  CHMETPHUYHHX  BIIHOCHO  OCHOBHOTO



70

(HynBOBOTO) PiBHS SIKi TIOBUHHI 3HAXOAUTUCH B MEXax 00J1aCTi BUBHAUYCHHS.
[To3naunmo NifiCHE 3HAYEHHS OCHOBHOTO PiBHS j-TO (aKTOpPY 5K Xg .

Buoip inTepBaniB BapiloBannsi. Hactynne 3aBnanns — BuOpaTu
eKCTICpUMCHTAIbHI TOYKM CHMCTPHYHI BIIHOCHO OCHOBHOTO piBHSL.
[TonokeHHs UX TOYOK BU3HAYAETHCS IHTEPBATIOM BapitoBanHs - [;. ko
1HTEepBaJI BapilOBaHHA JOJATH 10 HYJIHOBOTO PiBHS TO OTPUMAEMO BEPXHil
piBens (BP), a sixmio #oro BigHATH Bif HynsoBoro — HmwkHi (HP), ToOTO
BiZIMOBIHO:

Xj =%Xoj —

I'padiuno 11e MOXxHa 300pa3uTH sk mokazaHo Ha Puc.10.2

Ij Ij
IK_\A/_\A R
~ ] ~ ~ f
XLj Xoj Xyj j

Pucynok 10.2. — PiBHi pakTopiB Ta iHTEpBaI BapifOBaHHS

Ha BubGip inTepBastiB BapifoBaHHS HAKJIaAal0Th OOMEKEHHS SIK 3HU3Y
TaK 1 3Bepxy. 3 oJfHOro OOKY, iIHTEpBaJ BapitOBaHH: HE MOXKe OyTH MEHIIIE 32
Ty IOXUOKY 3 SIKOIO €KCTIEPUMEHTATOP (iKCYye 3HAUCHHS PiBHS, 1HAKILE PiBHI
He MOKHa Oyzae Biapi3HUTH. 3 iHIIOrO OOKYy BOHM HE TOBHHHI OyTH
HACTIJIbKH BEJIMKUMH, 11100 3HAYCHHS PiBHIB OIIMHWIINCS 32 MEKaMH 00J1acTi
BU3HaueHHs. B 1mmx Mexkax Oe3yMOBHO 30epiraerbcs 3Ha4Ha
HEBH3HAYEHICTh, BUOIp 1HTEpBaly BapilOBaHHS € CKIAQJHOI0 3a/adeio 00
BOHAa 3B’s3aHa 3 He(OpMai30BaHUM €TalloM IUIAHYBaHHS EKCIECPHUMEHTY
TOMY BOHA IOBHHHA BHPIIIyBAaTUCS BHUKIIOYHO 332 PaxyHOK JIOCBITYy Ta
iHTY il mochigHuka. BuOpaHa BeauuMHa B X0l JOCHIAIB 4acTO Mae
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koperyBatucs. OpiEHTOBHO, SIKIIO IHTEPBaJ BApiFOBaHHS CKJIAJIa€ HE OIbIIe
10% Bix 00sacTi BUBHAYCHHS — TO BiH BBAXKAETHCS 6y3bKuM; BiJ 10% no 30%
- cepeonim; Oinbie 30% - wupoxkum.
[Ipy mnymaHyBaHHI EKCIICPUMEHTY BHKOPUCTOBYIOTh HE JIIHCHI
3Ha4YeHHS (DAKTOPIB, a KOJIOBaHI, SKi BU3HAYAIOTHCS HACTYITHUM YHHOM:
x = X0

] Ij

(10.5)

3 pieasgep (10.4) ta (10.5) BUAHO, IO KOJOBaHE 3HAYCHHS
OCHOBHOTO piBHS J0piBHIOE 0 — TOMY HOrO i Ha3WBAIOTH IIEC HYJIHOBUM
piBaueM. KomoBane 3HaueHHS HWKHBOTO PiBHS - -1 (MOXe MMO3HaYaTwcs
MPOCTO « - »), @ BEPXHBOTO - +1 (MOXKe MO3HAYATUCS « + »).

[Ipu moBHOMY (haKTOPHOMY €KCTIEPUMEHTI (PaKTOPH BapilOIOTHCS Ha
JIBOX PIBHSIX — BEPXHHOMY Ta HIKHBOMY. [Ipm 1pOMy MOBHHHI OyTH
pealtizoBaHi 6ci Modcausi Kombinayii snavens paxmopie. KinbKicTh TakuX
KOMOIHAIlIH, a OT)Ke 1 KUTBKICTh HE3AJIEKHUX JOCII/IIB BUSHAYAETLCS:

N =2k (10.6)

TYT 2 — 1€ KUIBKICTh PIBHIB, k — KIIBKICTh ()aKTOPIB.

Ha dopmyi (10.6) 6asyerscst i ymoBHe nosHauenns IIOE - 2%, Tax s
nmBox (aktopiB [IDE mo3HauaeThes 22, a KiIBKICTh HE3aJEKHHUX JOCII/IB
SK1 MarTh OyTH MpPOBENlEH] JOPIBHIOE YOTHPHOM. 3a pesynbratamu [IDE
Oyayerbcsi Mozenb (PIBHSHHSL perpecii) y BHINII NOAIHOMA NEPUiozo
cmynenio. JIns nBox (akTopis g Mojienb Mae Burisia (10.1):

[nan 22 s noOGynoBu pisHaHHs perpecii (10.1) € HeHacHYEHUM,
00 mae f = [ crymiHb CBOOOJHM. YMOBH TIPOBEJCHHS EKCICPUMEHTY
3alUCYIOTBCS B TaONMIO, IO HA3UBAETHCS MAaTPULEIO IUIAHyBaHHS
excnepumenty ([us. Tabm. 10.1). B mo MaTpuio 10JaTKOBO BBOIUTHCS
CTOBITYMK, 1110 BiiNOBiJa€e (iKTUBHINA 3MiHHIH X9 IPH BiIbHOMY KoeillieHTi
bp, moO y BCIX eKcCHepUMEHTax Mae 3HadeHHs +1 — BiH Oyze
BUKOPUCTOBYBAaTHCS BUKIIOYHO JUIS PO3PaxyHKiB, a He K YyMOBa
MPOBEJICHHS EKCIICPUMEHTY.
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Tabmuus 10.1 — MaTpuus miaHyBaHHs eKCIIEpUMEHTY 22

N X0 YMOBHU €KCHIEPUMEHTY Pesynpratu ekcriepuMeHTy
X1 X2 Jy

1| +1 +1 +1 Vi

2 +1 -1 +1 V2

3 +1 +1 -1 V3

4 +1 - 1 -1 V4

Kosxen croBOerb MaTpuili IUIaHYBaHHsI €KCIIEPUMEHTY Ha3HUBA€ThCS
8eKMOp-cmosodeys, a PAIOK — GeKMop-psAOoK.

[loBHuil (akTopHMIT EKCIEPHUMEHT B TIOEJHAHHI 3 PIBHSHHIM
perpecii y BHUIIIsAl anreOpaiuHOro TMOJIHOMAa [O3BOJIIE JOCHTH JIETKO
BU3HauaTH KoedimieHtn perpecii. Tpeba nam’amamu, wio axmopu 6
makomy pi6HAHHI MarOmMp KOOOBAHI 3HAYEHHA, A He OilicHi. Y HaBeICHIN

Hk4ae ¢opmyni (10.7) j - ne ingekc koedilieHTa perpecii:

1 N

Buxopmstun 3 piBasHHS (10.6), KoedimieHTH perpecii 3 piBHSHHS
(10.1) Ha ochori marpuii Tab6n. 10.1 OyayTh BU3HA4aTHCS SK cyMa ) 3i
3HaKaMH BIAIOBIIHOIO X:

1
bo=Z(J’1 + ¥, tys+ )

1
b1=Z(J’1_3’2 + Y3 — Ya)

1
b, =Z()’1 + Y2 = Y3 = Ya)

HasBHicTh ozHi€i cTyneni cBobomu mo3Boisie 10 piBHsHHS (10.1)
BBECTH III¢ OJIMH €JIEMEHT — i Il elneMeHT Oyjae HemiHiMHuUM. PiBHIHHS
(10.1) mpuitme BurISAI:
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y=b0+b1'x1+b2'x2+b12'x1'x2 (10.8)

Tyt enemeHT by, - Xxq X, XapakTepu3ye B3aeMOII0 (PaKTOPIB i
Ha3MBaeThCcs eeKT B3aemomii. BiH BimoOpaxae 3MiHy e(eKkTy OJHOTO 3
¢axTopiB npH 3MiHi piBHSA iHIIOTO QakTopy. s po3paxyHky koedimieHTy
b, Mo MaTpuIli MIaHYBaHHS JOJATKOBO BBOJMTHLCS BIAMOBITHUI CTOBOCIH
(Tabn. 10.2)

Tabmuus 10.2 — MaTpuus maHyBaHHs eKCepuMeHTy 22 3 epexTom

B3a€EMOI|
YMoBu Pesynbratu

N| xo EKCIIEPUMEHTY X1X2 EKCIIEPUMEHTY

X1 X2 Jy
1| +1 +1 +1 +1 Vi
21 +1 -1 +1 -1 V2
3] +1 +1 -1 -1 V3
4| +1 -1 - 1 +1 V4

KoedinienT npu edexTi B3aeMoii BianoBiqHO Oy/le BU3ZHAYATHCS:
1
b1, = Z()ﬁ — Y2 — Y3+ Ya)

[pu HasiBHOCTI BOX (akTOpiB Mepedparu yci MOKIMBI KOMOiHaLIT
3HAYeHb PiBHIB HE BAXKKO, aJie TpH iX 3011bIICHH] OTPiOHI JesKi MpaBuIa,
100 opmatizyBaTH 110 mporeaypy. Posrisaemo nsa:

1) UYepryBaHHS 3HaKiB: NEPIINI CTOBIYMK — 3HAKW Yepe3 OJIUH; APYTUH
yepes JiBa; TPETid depe3 4otupu 1 T.A. | B3araii, 3HAKU 3MIHIOIOTHCS
uepes 2! e j — HOMep cTOBMUHMKA.

2) JloMOBHMOCH, 110 Kouu k > 2, s mutany 2 mnan 25! e suxignum. Ipn
MosiBi HOBOTO (DaKTOpy, BHXUIHWUH TIUIaH TOBTOPIOETHCS JIBiYi: B
MO€HAHHI 3 HI)KHIM Ta BEPXHIM PiBHEM BHX1THOTO IIJIaHy.

31 30UIBIIEHHSM KIJTBKOCTI  (DaKTOpPiB, KUIBKICTh MOMIJIMBUX
B3a€EMOJIiii cTpiMKOo 3pocrae. [Ipu HasBHOCTI TphOX (aKTOpiB eleMeHT
X1XpX3 Ma€ Ha3By e@exm 83aemooii Opy202co nopsaoky. Matpuns
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TUTaHYBaHHS EKCIIEPUMEHTY 3 ypaxyBaHHsM e(eKTiB B3aeMoIii 3BicHO Oyze
po3mmproBaTics. [IpUHIUIIOBO BaXJIMBHM MOMEHTOM NpHU IUIaHyBaHHI
EKCIIEpUMEHTY Ta aHaJli3i OTpUMaHUX PE3YJBTaTIB € Te, IO 5K NPABULO YUM
Oinvue nops0oK 63a€MO0ii, MUM MeHWUE IMOBIPHICMb U020 BUHUKHEHHSL.

OTtpumaHa MoOJens Ma€ MepeBipsEThCS Ha aJeKBaTHICTH (B LbOMY
Kypci HE pO3TIISIaeThes).

10.2. OpToroHanbHi HeHTPAIbHi KOMNO3ULiiHI MIaHK

[MorpamuBmn B Maibke CTamioHapHY 30HY B XOZl BHpIIICHHS
ONTUMI3AIMHOT 3ajadi, IOJIHOM TMEPIIOr0 CTYICHIO BXE HE Ja€
MOJIMIIEeHHsT pe3yibTrary. Temep Tpeba abo 3yNmUHHUTUCS 1 BBaXKaTH
OTPUMaHHI pe3yNbTaTH HaimmmuMmu abo crpoOyBaTH OMHCATH BIATYK
OLNBII CKIIAJHOIO MOJEJUTI0 — IIOJIIHOMOM JIPYTOTrO CTYTICHIO, KU Ha
BiIMiHY Bi/I IOJTIHOMY TIEPIIOTO CTYIEHIO Mae eKkcTpeMyM. Lleit miaxin mae
CEHC, SKIIO Ha OCHOBI ampiopHOi iH(opMarii, BKIIOYAIOYH TEOPETUUHI
VSIBIICHHSI TIPO TIPOIIEC, € TiICTABH BBAXKATH HASIBHICTh TAKOTO EKCTPEMYMY
y QyHKIIT BiATYKY.

CIIpOIIIeHO 1110 CUTYAIlil0 MOYKHA MPOLIIOCTPYBATH, SIK TIOKa3aHO Ha
Puc. 10.3. Ha pucyHky 300pakeHO MepeTHH MOBEPXHI BIATYKY B HANPIMKY
rpamieHty. [iicHO, TpafieHT y BUTIISAI TOJIHOMY TEPIIOTO CTYIEHIO BipHO
BKa3y€e HaNpsSMOK JI0 ONTHMAJIBHOTO PIlIeHHs, 300paK€HOr0 TOYKOW M.
AJle pyxal4uch B IIbOMY HAlpsIMKy MU MOTPAIUIIEMO B T. P Ta 04ikyeMo
BINMOBIMHUN pe3ynbTar. ToAi SK HAcmpaBli OTPUMYEMO pe3yNbTaT IO
BianoBinae Toumi @ i Akl € ripmuMm (abo He Kpalum) 3a pe3yJsibTaT B
noyatkoBiii Touni C. ToOTO, AJisl MOIIYKY ONTUMAJIBHOTO PIIlICHHS B MEXKax
HIDKHBOT'O Ta BEPXHHOTO PIBHIB (akTOpiB (300pakeHUX BiJMOBITHO
tToukamu L Ta U) NoJaiHOMY MepIoro CTyIeHIO BKe He JIOCHTh 1 Tpeba MaTh
OBl TOYHMH ONUC TIOBEPXHI BIATYKY 3 BiJIOOpaXEHHSM HAasBHOTO
excTpeMyMy. | el onuc Moke AaTh BXXE MOJIIHOM JIPyroro CTYIEHIO, SKUK
3 ypaxyBaHHSM MOXJIMBHX B3a€MOJii (akTopiB /Ui IBOX (akTOpiB Mae
Burisig (10.9):

y = Bo+ byx; + byxy + by1x? + byyxs + bioxix,  (10.9)
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HanpsmM rmpanieHTy

4

Q MepeTiH NoBepxHI BIAMYKY

L o] \% U

Pucynok 10.3 — Maiixke cranioHapHa o01acTsb

A B 3arallbHOMY BUTIISIZL UT k (DaKTOPIB:

k k k
y = .BO + Z ijj + z bjjsz + Z bqujxu (1010)
j=1 j=1 j<u
Hnst orpumanns moneni (10.10) 3MiHHI TIOBUHHI BapiloBaTUCS HE

MEHIIIE HDK Ha 3 PIBHAX, a KUIBKICTh Cepidi He3aJekHHX JOCHiIIB 0e3
ypaxyBaHHS IOBTOPiB N MMOBHHHO BiAIOBiAaTH BUMOTi:

N > WZL& (10.11)

OpToroHaNbHICTh OY/Ib SIKOTO IUIAHY 1€ BIACTHBICTh 10 3a0e3meuye
HE3AJIeKHICTh OLIHOK Koe(illieHTiB perpecii Ta B JAHOMY BHIAJKY
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JOCATAETHCS BUKOPUCTAHHSIM OPINO2OHANLHUX YEHMPATbHUX KOMNOZUYTUHUX
nianie (OLIKII) qpyroro mopsaky — siki 3 BEJIMKOI KiJTbKOCTI MOXJIUBUX €
ONIHUMHU 3 TMpPOCTIMX. B TUIaH eKcrepuMEHTY BXOJIATh JOCTIIM Ha
ocHoBHOMY piBHi Ta Matpuis [IDE (abo ioro apodoBa perutika npu k > J5)
0 CKJIAJAIOTh SA0pPO NIAAHYy, Ta JACKUIbKa JOJATKOBUX TOYOK IO 3BYThCS
sipxosi. OTxe mia k (axTopiB TwraH Oyne CKiIamaThCs 3 HACTYITHHX
€JIEMEHTIB:

1. Sapo 2" a6o 27

2. UenTtp 3 koopauraramu (0,0,0, ..., 0)

3. 3ipkoBi Touku 3 koopauHaramu (+d, 0, 0, ..., 0); (-d, 0, 0, ..., 0); (0,
+d,0,...,0);(0,-d,0,...,0)it.a Tyr d — Tak 3BaHe miede (KOJOBaHE
3HaYeHHSs), mpuaomy d = 1.

3aranpHa KiTBKICTh HE3aJEKHUX JOCHIIIB 0e3 ypaXxyBaHHS MOBTOPIB MPH
1IbOMY Oy/ie BUBHAYATHCS:

N =2F+1+2k (10.12)
abo

N =2k"P+1+2k (10.13)
Hampuxman, nis n1Box ¢axTopiB MaeMo TutaH mokasaHuit B Tabm. 10.3, me

N=224+1+42:2=09.

Ta6muus 10.3 — OproroHanbHUMN LEHTPaIbHUI KOMIIO3UIIITHUI TU1aH

2241422

N EneMeHTH IU1aHY X1 X2 y
1 +1 +1 Yi
2 -1 +1 y2
3 #Anpo + 1 -1 V3
4 -1 -1 V4
5 LenTtp 0 0 Vs
6 +d 0 Vs
7 ) ) -d 0 V7
2 31pKOB1 TOUKH 0 d s
9 0 -d V9
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Jns 3abe3nedeHHs OPTOroHAIBHOCTI TulaHy (cyma MoOyTKiB BiATIOBITHIX

€JIeMEHTIB OyAb-IKHX JIBOX CTOBOIIIB TOBHHHA [OPIBHIOBATH HYJIO) B

piBasHHA (10.10) BBOAATHCS HACTYNHI 3aMiHU by = (ﬁo + AZﬁl bjj) Ta
!

Xj = sz — A, 1 BOHO mpuiiMa€e BUTJIS!

k k k
= =1

j<u

Marpuns TuiaHyBaHHsI ekcnepuMeHTy 3 Tabmumi 10.3 3 ypaxyBaHHAM
BEKTOP-CTOBOIIIB i1 PO3PaxXyHKy IMPHIME BUTIISA MOKa3aHWW B TaOJHIIi
10.4.

Hesigomi — A Ta d BU3HAYarOTHCS 3 YMOB 3a0€3ICUYCHHS OPTOTOHAIBHOCTI
CTOBOLIIB:

d= %[W — zk—p] (10.15)

_2kP 4242
B N

Jeski 3HaueHHS A Ta d B 3aJIe)KHOCTI BiJl KIJTBKOCTI PaKTOPIB Ta sapa
eKcriepuMeHTy HaseJieHi B Taou. 10.5
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Tabnuns 10.4 — OpToroHa bHUN IIEHTPATBHUN KOMITO3HUIIIHHUI I1aH
22 4+ 1 + 2+ 2 B 3araJbHOMY BUIJIA/I 3 BEKTOP-CTOBOIAMHU JIJIsl PO3PaXyHKIB

N X0 X X2 X1 X3 T y
=xf | =x
-1 -1
1 +1 +1 +1 1-1 1-4 + / Vi
2 +1 -1 +1 1-1 1-A -1 )
3 +1 +1 -1 1- 1-4 -1 V3
4 +1 -1 -1 1-A 1-A +7 V4
5 +1 0 0 -A -A 0 Vs
6 +1 +d 0 - ) -1 0 Vs
7 +1 -d 0 - ) -A 0 V7
8 +1 0 +d -] ey 0 Vs
9 +1 0 -d ) - 0 V9

Koedinientn perpecii neperBopenoro piBHsHHs (10.14) BU3HAYaOTHCS
HACTYITHUM YHHOM [36]:

1 N
Ti=1

He C; - cyma KBaJpaTiB €JIEMEHTIB KO)KHOTO BEKTOP-CTOBOLIS:

N
Cj= Zxﬁ- (10.17)
i=1
Buxomstan 3 Tabi. 10.5 mnan HaBenenwuii B Ta6:1.10.4 y 3araasHOMY
BUTIIsAL TIpescTaBieHo B Ta6i.10.6 B HIDKHbOMY PSAKY SIKOi HABEACHA CyMa
KBaJIPaTiB €JIEMEHTIB KOXKHOTO BEKTOP-CTOBOIIS — C -
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Tabmuns 10.5 — Xapakrepuctuku aeskux OLIKIT

KinLKic?L Slrse KiJ‘IBK.iC.TL
¢dakTopiB | p nocninie | Ilmede excrm. d A 1-4 a’- A
k TUIaHY N
2 0 22 9 110,667 | 0,333 | 0,333
3 0 23 15 1,215 0,730 | 0,270 | 0,746
4 0 24 25 1,414 | 0,800 | 0,200 | 1,199
5 0 23 43 1,596 | 0,863 | 0,137 | 1,684
5 1 25! 27 1,547 | 0,770 | 0,230 | 1,623
6 0 26 77 1,761 | 0,912 | 0,088 | 2,189
6 1 261 45 1,724 | 0,843 | 0,157 | 2,129
6 2| 262 29 1,664 | 0,743 | 0,257 | 2,026
7 0 27 143 1,909 | 0,946 | 0,054 | 2,698
7 1 27 79 1,885 | 0,900 | 0,100 | 2,653
7 2| 272 47 1,841 | 0,825 | 0,175 | 2,564
7 3 273 31 1,771 | 0,718 | 0,282 | 2,418
Tabmums 10.6 — OpToroHanbHAN HEHTPATbHAN KOMITO3UIIHHUI IDTaH
224+41+2-2

N | Enementu | x X1 X2 X1 5% X1X y

TUTaHY = x{ = x5

-1 -1

1 +1 +1 +1 0,333 0,333 +1 Vi
2 Sapo +1 -1 +1 0,333 0,333 -1 )2
3 +1 +1 -1 0,333 0,333 -1 V3
4 +1 -1 -1 0,333 0,333 +1 Y4
5 Hentp +1 0 0 -0,667 | -0,667 0 Vs
6 +1 +1 0 0,333 -0,667 0 V6
7 3opsHi +1 -1 0 0,333 -0,667 0 V7
8 TOYKH +1 0 +1 | -0,667 | 0,333 0 Vs
9 +1 0 -1 -0,667 0,333 0 Y9

N

¢ = Z x2 o | 6 | 6 2 2 4
i=1
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3a Bizomux koedinieHTiB piBHAHHA (10.14), MOXKHA 3HAWTH BUIBHUH
yneH BuxigHoro piBHsAHHA (10.10):

k

Bo = bo — Az bj; (10.18)

j=1

10.3. IInanyBaHHS eKCIIePUMEHTY Ta ONTHMI3anis 3a koHuenuiero Taryui

Konnenmis 6yna BucynyTa n-pom ['enidi Tarydi B Toit yac KoJH BiH
npamoBaB B Jlaboparopii Enextpuunoro 3B’s3xy (ECL), 3acHoBaHiii B
Snownii micnms apyroi cBiTOBOiI BilHH. 3alMalOYHECh ONTHMI3AIIEI0
TUTaHYBaHHS €KCIIEPUMEHTIB BiH 3alIpONOHYBaB IUIAHH MPH SIKUX KIJIBKICTH
JAOCJTiTiB 3HAYHO CKOPOYYETHCS 10 BiTHOIICHHIO J0 TPAIUIIHHUX IUIaHIB
0coONMMBO TIPU BeNMKiH KibKocTi QakropiB. IlopiBHSHHS KiTBKOCTI
HEOOXiAHUX JOCIiiB IPU MPOBEACHHI MOBHOTO (PaKTOPHOTO EKCTIEPUMEHTY
1 3a koH1emnmieo Tarydi HaBeneHo B Tabm. 10.7.

Tabmums 10.7 - [TopiBHSIHHS KiTBKOCTI HEOOX1THUX JOCIIIIB UII TOBHOTO
(haKTOPHOTO EKCIIEPUMEHTY Ta 3a TutaHaMu Tarydi

Kinekicts mociimis
daxTopiB PiBHiB Tosnuit .
(hakTopHUi IInan Tarydi

CKCIIEPUMEHT

2 2 4 4

3 2 8 4

4 2 16 8

7 2 128 8

15 2 32768 16
4 3 81 9

[loyatkoBUM  mpHU3HAYEHHSM MJaHiB  Oyno  3a0e3nedeHHs
MOKAa3HMKIB SIKOCTI MpOAyKLii Ta KepyBaHHi HHMMH. Mertonuka Taryui
noyana IUPOKo 3acTocoByBaTucs B Crionyyenux Lltarax Ha mouatky 80-x
pokiB XX cTopivyusi Ta MpUHECTa CYTTEBI 3MIHH B THXEHEPIIO SKOCTI Ta



81

3a0e3rneynsia Bpakarodi pe3ysbTaTH, IO Aaj0 JIEKOMY MpPHBIJ BBa)KaTH
3aMpOINOHOBAaHUHN TMiAXiJ HAHOUTBII 3HAYYIIUM BKJIAJOM B CTaTHCTUYHI
METOJIU YIIPABIIiHHS SKICTIO 32 JICKUIbKA OCTaHHIX JICCSITUPIYb.

[MpunnunoBo miaxix A0 mnaHyBaHHA ekcniepuMmeHTy (Design of
experiment - DOE) mnpakTuuHO He BiApi3HAETBCA Bia OaraTodakToOpHUX
eKCIIePIMEHTIB, PO3TJISIHYTHX BHINE — IOCHIJOBHICTh TOCHiAIB € Halip
pi3HMX KOMOiHai# piBHIB (hakTopiB. [ImanyBaHHS 371IICHIOETECS HA OCHOBI
TUTaHIB y BUTJISI CTaHOAPTHU30BAaHUX OpTOroHambHUX MacuBiB (Orthogonal
Arrays - OA). PesymbraToM 3acTOCYBaHHS METOJIWKHA € IIOIIYK
ONTUMAaJILHOTO CITiBBITHOLIEHHS (haKTOPiB, 10 3a0e3Mnedye MiHiMaJbHe 200
MaKcUMAaJbHe 3HAYEHHS BiIryKy a0o pe3y/bTyI0uoro moKa3HHKa. AJe
€ JIesiKl BIIMIHHOCTI:

oKinbKicTh piBHIB (haKTOPiB MOXKeE OyTH OYIb-SIKUM;

oKiNbKICTB PiBHIB AJ1s pi3HUX (PaKTOPiB MOXKE OYTH Pi3HHIM;

eDaKTOPH MOAUISIOTHECS HA Ti SKAMH MOXXHA KepyBaTh ab0 306HiLHIl
Macug 1 Ti IKUMHU KepyBaTH HE MOXHA — @HympiwHitl mMacug. ®akTopu,
BHYTPIlIHHOT0 MAaCHBY MAalOTh Ha3By HIyMOBHMX. HasBHICTH mIymiB
MPHU3BOJUTH 10 BIIXHMIIEHHS POOOTH CUCTEMH Bij ifeanpHOI. B cBOIO Wepry
(akTopu BHYTPIIIHEOTO MACHBY MOXHA IMOAUTUTH HA Ti IO IMiIIAFOTHCS
KOHTPOIII0O Ta BUMIPIOBAaHHIO 1 BUMAJKOBI Bapiamii. IcHye Tpu kareropii
(baxTopiB mIymy:

a) 3oBHIIIHSA cepena (BOJIOTiCTh, TEMIEpaTypa Ta iH.);

0) CrapiHHs Ta 3MiHa BIACTUBOCTEH 00’€KTa B Uyaci,

B) BupoOHuui Bapiarii.

oJlesiki (akTOpu 3 BHYTPIIIHHOIO MAacCHUBY - Ti, 3HAUCHHA SIKUX
MIJTAI0TBCS. KOHTPOIIO Ta BUMIPIOBAHHIO MOXYTh BBOJHUTHCS JIO TUIAHY
excriepuMeHTy. KifbKicTb piBHIB 47151 TakuX (DaKTOPIB SIK IPABUIIO JOPIBHIOE
2 (HampuKJaJ BUILE YU HUOKYE JESIKOTO IIOPOTrOBOTO 3HAYCHHS);

oB pesynbTaTi €KCIEPUMEHTY MOEIb 00’e€kTy abo mpoiecy He
OyayeTbesl, a TUIBKM BHM3HAYAETHhCS ONTHMAJbHE IOEIHAHHS 3HAYCHb
¢dakTopiB. ONTUMATBFHIM TIOEHAHHSAM BBAXKAETHCS TaKe, 10 3a0e3revye
MiHIMalbHe a00 MaKCHMaJIbHE 3HAYEHHS Pe3yJbTYHOUOro IIOKa3HHUKa.
Buxonsun 3 1poro, 30iIbIIEHHS KIIBKOCTI PIBHIB IMIJBHUINYE TOYHICTh
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BU3HAUEHHS ONTHMAJIBHOTO PillIeHHs, ayie 30i1blIye HeOOXiAHY KiIbKiCTb
JOCIIi/IIB.

eOnTrMagbHe TOEAHAHHS 3HA4YeHb (DAKTOpiB, BU3HAUEHE B XOJIi
eKCIIePIMEHTY Ta IIIIXOM HECKJIaJHOTO PO3PAXyHKY, $#K MPaBHJIO He
cniBMaja€ 3 THMHU, [0 BUKOPUCTOBYBAJTUCH /s MPOBeIeHHs JA0C/TiAiB.
e minkom 3po3ymizo, 0o maru Tarydi € gumie MaleHbKUM (parMeHTOM
MOBHOTO (DaKTOPHOTO eKCIepUMEHTY. Takuil pe3ynbrar € nmepegdadeHnmM, a
HE TakuM 1110 OyB OTpUMaHWA B XOJdi EKCIEPUMEHTY. SIKImo Tak,
000B’SI3KOBUM €JIECMEHTOM KOHIIemIii Taryui € HeoOXigHiCTh MPOBeIeHHs
nepeBipoYHOro A0CJiNy Ha BH3HAYCHIA ONTHUMAalIbHIA KOMOIHAI pPiBHIB
(hakTopi..
PisHnng y Bukopuctani niaxoay Tarydi 1o ynpapiiHHS SKiCTIO Ta
JI0 onTHMi3amii Oy/b-SKUX (PI3UUHUX MOKA3HUKIB OyJie MOJSTaTH TIIbKU B
TOMY, II0 BHKOPHCTOBYETHCS B SIKOCTi Pe3yJbTYIOUOI0 NMOKA3ZHUKA.
Sxu1o MoBa e Mpo ONTHUMI3aLilo K TaKy, TO PE3yJIbTYIOYHM MOKa3HUKOM
Oyne Oynmb-skuii (Qi3WYHMN TOKAa3HHWK Mporecy abo BHpoOy, HANPUKIIAT
BEJIMYWHA 3HOCY PIKYy4dOro iHCTPYMEHTY ab0 HOoro CTiHKiCTh, crja pi3aHHS
Ta iH. Takuit BiAryKk MOXKe SIK MiHIMI3yBaTHCh TaK i MakCUMi3yBaTuch. llpun
OIIHII SKOCTI PE3yNLTYIOUNMHU MOKa3HUKAMH € CITiBBiIHOIIEHHS CHUTHAI-
myM — SN, [mo XapakTepu3ylOThb pO3CilOBaHHs (AucHepciio) uu
PO3MOIICHHST PE3yJIbTYIOUOT0 IMOKa3HHWKA BITHOCHO HOMIiHATY (TyT He
PO3TIISIIal0THCS).

Mu Ttakox He OyaeMo TyT pO3IJISIaTH SK CaMe TeHEepYIOTHCS
OpTOTOHANBHI MacuBM Tarydi. 3 I[i€l0 METOI0 MOXHa KOPUCTYBaTHCS
CrelnialbHUM MPOrpaMHUM 3a0e3nedeHHsIM, Tabnuisamu Ta iH. [lo3HadaroTsh
MacHBH HacTyMHUM YUHOM: OAy(s™) ne N — KiNbKiCTh JIOCIiIIB B MacHBi, §
— KUIBKICTh PIBHIB, M — KUIBKICTh (akTopiB. KO JUIsi pi3HUX (aKTOpiB
BCTaHOBJICHA Pi3HA KiJBKICTH PiBHIB, TO MO3HAYEHHS OyJe MaTH BUIJISI:
OAN(sIn 1 x sgn 2 ) PiBHI uacTilre I103HAYarOTHCS MHOCIINOBHICTIO [, 2,
3,..,saboinoni 0, 1, 2, 3, ..., s-1.

Heski 3 OA 3 0IHAKOBOIO KUIBKICTIO PIBHIB Ul BCiX (akToOpiB
HaBesieHi B Ta0m.10.8. Ilpukmagun OA 3 pi3HOIO KUIBKICTIO PiBHIB HaBEJEHI
B Tabm. 10.9, 10.10. Tpeba 3a3naunTH, 1m0 Oyap kUil OA SIKHii BIaIITOBY€E
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3a KUIBKICTIO PIBHIB MOXHa BHUKOPHCTOBYBaTH MJISi MEHIIOI KUTBKOCTI

(hakTopiB, BIAKUHYBIIY 3aiiBi CTOBOIII.

Tabmuns 10.8 — [Ipukiaau opTOroHaIbHUX MacHBIB 3 0IHAKOBOIO

KUTBKICTIO piBHIB
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Ta6muus 10.9 — Oproronanshuii macus 0A;5(61 x 3°)

Xy

Xe

Xs

X4

X3

X

Xi

10

11

12
13
14
15

16
17
18
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Ta6nuus 10.10 — Oproronanshuil Macus 0A;¢(2 x 37)

N Xi X2 X3 X4 Xs Xs X7 X3
1 1 1 1 1 1 1 1 1
2 1 1 2 2 2 2 2 2
3 1 1 3 3 3 3 3 3
4 1 2 1 1 2 2 3 3
5 1 2 2 2 3 3 1 1
6 1 2 3 3 1 1 2 2
7 1 3 1 2 1 3 2 3
8 1 3 2 3 2 1 3 1
9 1 3 3 1 3 2 1 2
10 2 1 1 3 3 2 2 1
11 2 1 2 1 1 3 3 2
12 2 1 3 2 2 1 1 3
13 2 2 1 2 3 1 3 2
14 2 2 2 3 1 2 1 3
15 2 2 3 1 2 3 2 1
16 2 3 1 3 2 3 1 2
17 2 3 2 1 3 1 2 3
18 2 3 3 2 1 2 3 1

MerToto aHami3y pe3yIbTaTiB eKCIIepUMEHTY 3a Taryui e mepi 3a Bce
TMIOIITYK BiAMOBii HA TPY KIFOYOBUX MMATAHHS:

1. SIxi yMOBH € ONITUMAIIEHUMU?

2. SIxi QaxTopw BIUIMBAIOTh Ha BapiabelbHICTh pPE3yNbTATIB 1 K
CHJIBHO?

3. Sxuit Oyne ouikyBaHMH pe3ysbTaT MPH ONTHMAIBHUX yMOBax i
HACKUIBKH CHJIBHO KOXeH (DakTop BIUIMBAE HA TIOJNIMIICHHS
pe3yNIbTaTIB

Jis  BimmoBimi Ha IIi TUTaHHA Ha OCHOBI OTPUMaHHX 3a
pe3ylbTaTaMi EKCIEPUMEHTY pe3yJbTaTiB Ta CaMOro OPTOTOHAIBHOTO
MacHUBY PO3PaxOBYETHCS CepeHiil epeKT KOxKHOTro (hakTopy I KOKHOTO 3
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piBHIB. Po3paxyHok cepenHporo edexrty ¢aktopy X; Ha piBHI [ -
X! BUKOHY€ThCS HACTYITHHM YHHOM:

X} = r{HX — z (10.19)

IXU—l}

Tyt r{l | X; = [} — xinbkicTs piBHiB / y BiAmoBigHOMY CTOBOLI X;
N j=1 Yj- cyma 3HaueHb pe3yJIbTYHOUMX MOKA3HUKIB Y ISl SKHX
ixy=1
PiBEHB y BiMOBIAHOMY PSAAKY j cTOBOI X; JOPiBHIOE /
OnTuMansHUM pillleHHAM Oyzae KoMOiHamisi piBHIB (hakTOpiB, IO
3a0e3meuyroTh MiHiMalbHI 200 MakCUMallbHI eeKTH (B 3aJIe)KHOCTI Bif
notpebu). PosrnsiHeMo npukiaa po3paxyHKy cepeiHiX eeKTiB.

IHpuxkaaa

Posrnsnemo man excniepumenty OA4(2?) Ta Horo pesynbraTu
(Tabxn. 10.11). Pesynpryrounii moka3HUK Y OTPUMAHO 3a pe3yJIbTaTaMHu
TPHOX MapalleNbHUX ITOCIIIIB (7 = 3) Ta HOro MOTPiOHO MiHIMI3yBaTH.

Ta6muns 10.11 - Ilnan Tarydai OA4(2°) Ta Horo pe3ynsTaTn

N dakTopu Pesynprar
Xi X2 X3 Y;
1 1 1 1 30
2 1 2 2 25
3 2 1 2 34
4 2 2 1 27

Pospaxyemo edextn GaxkTopiB A KOKHOTO 3 PiBHIB 32 POPMYIIOI0
(10.18):

_, 1 1
Xt :E(Yl +Y,) =§(30 +25) = 27,5
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_ 1 1

X2==(Y3+Y,) =§(34+ 27) = 30,5
1 1

X} =§(Y1 +Y) =§(30 + 34) = 32,0
1 1

X2 =§(Y2 +7Y,) =§(25 +27) = 26,0
1 1

1 1
X2==(Y,+Y,) 25(25 +34) = 29,5

Ha ocHOBi BHKOHAHOTO pO3paxyHKy OyAyIOTH Jiarpamu e(eKTiB
(Puc. 10.4). Buxoasiuu 3 yMOBOIO MiHiMi3allii BUOMpaeMO 3Ha4eHHS PiBHIB
(axTopis, sKi 3a0€3Me4yI0Th MiHIMaTbHUHN cepeaHii epexT — Tadmn. 10.12

33
32

32

31 30,5

30 29,5

» ZV.

28 27,

27

26
26
25
X1-1 X1-2 X2-1 X2-2 X3-1 X3-2
Pucynoxk 10.4 — [liarpama edexriB
Tabmnns 10.12 — PiBHi ¢akTOpiB 3 MiHIMATEHAM CEpEeIHIM ePEeKTOM

daxTop Xi X X3
PiBenb 1 2 1




88

Sk Buano 3 Tabm. 10.12 piBHi (hakTOPiB HE CITIBINAAAIOTH Hi 3 OIHIEIO
KOMOiHamiero yMOB jgocmifiB, BusHaueHuXx OA B Tabn. 10.11. B mpomy
BUMAAKy 3a KOHIemiero Tarydi 0OOB’S3KOBO HEOOXIHO MPOBECTH
NepeBipouHuil gochmixz 3a yMoB 3a3HaueHux B Tabm. 10.12 s
MiATBEP/PKEHHS a00 CPOCTYBaHHS OTPUMAHOTO PE3YJbTaTy.

HomatkoBo 3a meromoMm Tarydi, BUKOPHCTOBYIOYH OTpHMaHi
pe3yNbTaTH, IS OIIHKHU CTYTICHIO BIUTHBY (DAKTOPiB Ha BIATYK MPOBOANUTHCS
cnerudivanii mucnepciiamii anamz — ANOVA (Analysis of variance) — Tyt
He posrsinaeTbess. OKpiM TOTO ITUTaHYBaHHS 3a KOHIemmiero Tarydi
JIO3BOJISIE BU3HAUATH B3a€MOJII0 (aKTOPiB, a TAKOX PO3MIp JOMYCKY Ha
(hakTop IO MOCTIKYETHCS, BUXOASYH 3 BiJIOMHX BUTpPAT HA BUIPABICHHS
Opaky (TyT HE pO3IIIAIAETHCS).

IuTanus aa8 camonepeBipku

1. Slka TOCHITOBHICTh TIONIYKY ONTHMAJIBHOTO pIMIEHHS TMPH

eKCTIEPUMEHTAIBHUX JTOCIIPKSHHAX ?

o Take iHTepHOSIIis?

Ilo Take excrpamosiis?

SIKi BuAM MOJielTi IPUIHMAaIOThCS TIPH TUIAHYBaHHI €KCIIEPUMEHTY?

Skt BUA MoIeNi NPUUMAETHCS IPH TMOBHOMY (hDaKTOPHOMY

€KCIIEPUMEHTY?

Slke mpu3HAYEHHS MOJENi IPH ONTHMI3allil 32 MOBHUM (DaKTOPHUM

eKCIIepUMEHTOM?

o Take «piBeHBN?

Ilo Take iHTEpBa BapirOBaHHS?

9. Sk oTpuUMYIOTH «BEpXHiil piBeHB»?

10. Sk OTpUMYIOTh «HWXKHIH piBEHbY»?

11. o Take «OCHOBHHUI» a00 «HYJIBOBUIY PIBEHB?

12. Sk~ Oynmyerbcss TuiaH  (MaTpullsd) TMOBHOTO  (DaKTOPHOTO
€KCIIEPHMEHTY?

13. SIx BH3HA4alOTHCS 3HAYEHHS KOe(DIIiEHTIB perpecii Mpu MOBHOMY
(aKkTOPHOMY €KCTIEPUMEHTi?

14. 1o Take anpiopHa iHpopmaris?

15. SIxum BHpa30M 3amucy€eThcs B3aeMOJIis hakTopis?

nh W

o

® N



16.

17.

18.

19.

20.

21.
22.

23.
24.

25.
26.
27.
28.
29.
30.
31.
32.
33.

34.

35.
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Sk moB’s3aHUN TOPSAAOK B3aemomii (akTopiB 3 IMOBIpHICTIO ii
BUHUKHEHHS?

Sk BU3HAYAETHCA KUIBKICTH JOCHIIB MPU MOBHOMY (haKTOPHOMY
EKCIIEpUMEHTI?

SIki mii mocmimHWKa Tepen0adaroThCs MPH MOTPAIUITHHI B Maike
CTaIfioHapHy 00JIacTh?

Mo mpuiiMaeThCS B SIKOCTI MOJEN NP TUIAHYBaHHI €KCIIEPUMEHTY
3a OLIKII?

Slk  BH3HawaeTbCcA  KIMBKICTH  JOCTIAIB TPH  IUIaHYBaHHI
ekcrnepumenty 3a OLIKTII?

Ska ctpykTtypa OLIKII?

B sxomy Bumaaky OyBae HEOOXiIHWUM IUTaHYBaHHS €KCIIEPUMEHTY
3a OLIKTI?

o 3a0e3meuye OPTOrOHAIBHOCTI IJIAHY SKCIIEPUMEHTY ?

B domy mepeBara mwianiB Tary4i y TOpIBHSHHI 3 IOBHHM
(akTOPHUM E€KCIIEPUMEHTOM?

SIki ocoGnuBocCTi MianiB Taryui?

Ilo Take hakTOpU BHYTPIIIIHEOTO MACHUBY?

Io Take hakTOpU 30BHIIIIHEOTO MACHUBY?

Jist ikuX 1ineit BUKOPUCTOBYIOThCS Miianu Tarydi?

o € mranoM ekcriepuMenTy 3a Taryui?

Sk mo3HauaroThCs TaHu 3a Tarydi?

Ilo € MeTOrO aHaMi3y pe3y/bTaTiB eKCIIEPUMEHTY 3a Tarydi?

Slk BU3Ha4aeThCs cepeniit edekt pakropy 3a Taryui?

Uu OyayeThcst MOJIENb TIPH IUIAHYBaHHI eKCepuMeHTy 3a Tarydi i
SKILO TaK, TO B SIKOMY BUTJISI?

Ske pinreHHs MPUEMAETHCS 3a Pe3yIbTaTaMU PO3PAXYHKY CepelHiX
edexTiB akTopin?

o moTpiOHO poOUTH SIKIO KOMOIHALsI piBHIB MOTPiOHMX eeKTiB
HE CITIBIIAJIA€E Hi 3 OJHUM 3 3aIUIAHOBAHUX JIOCIIiAIB?



90

JITEPATYPA

MopenroBaHHS Ta onTHMI3amist cucteM: minpy4dauk /[JyboBoit B.
M., Keeramii P. H., MuxamsoB O. 1., A.B.Ycor A. B.] —Binau:
TIIT «T/ «EnensBeiicy, 2017. — 804 c.

Kannak, M.L., Tpuyc, F0.B. OcHoBH Teopii i METOIIB ONTHMI3AIlil:
HaB4yanpHUH mocioamnk / M.I. XKampak, }O.B. Tpuyc. — Uepkacu:
Bpama-VYkpaina, 2005. — 608 c.

MeTtoar OAHOBUMIPHOI ONTHUMI3alil: MPAaKTUKyM 3 AWUCHMILTIHA
«ocmimkenns onepariii» [ EnekrponHuii pecypc|: HaBd. mocio. s
ctyn. cnemianbHocTi 113 «[IpukinagHa MmaTeMaTukay, criemiatizarii
«Hayka mpo mani ta MmarematmudHe woxemroBaHHs» / T. C.
Jlagory6eup, O. [I. ®@inorenos; KIII im. Irops Cikopcbkoro. —
Enextponni texcroBi mani (1 daiim: 453 Koaiit). — Kuis: KIII im.
Irops Cixopcrkoro, 2020. — 47 c.

Onrtumizaniiiai Metonu ta Mojeni: migpyunuk / B.C. 'puropkis,
M.B. I'puropkis. — Uepnisui : YepHiBenbkwuii Hall. yH-T, 2016. — 400
c.

Bhati, M. A. Practical Optimization Methods with Mathematica
Applications. New York: Springer-Verlag, 2000.

Polak, E. Computational Methods in Optimization. New York:
Academic Press, 1971.

Roy, Ranjit K. A primer on Taguchi method [Tekct] // Ranjit K Roj.
— Dearborn, MI: SME, 2010 — 336 p.

Kaker, Raghu N. Taguchi’s orthogonal arrays are classical designs
of experiments [Tekct] // Raghu N Kaker, Eric S. Lagergren, James
L. Filliben / Journal of Research of the National Institute of
Standards and Technology. — 1991. — Vol.96, Ne 5. — P.577 — 591.



