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INTRODUCTION

The offered written tests on higher mathematics and methodical
instructions for their performance correspond to the course "Higher
Mathematics" taught to students majoring in Power Engineering, Electrical
Engineering and Electrical Mechanics full-time in the third module of the
two-semester course. This set of tasks can also be used for students in other
technical majors who study higher mathematics in a two-semester course.

The manual contains tasks for two written tests and methodical
instructions for their performance (fully solved standard options with all the
necessary explanations). Each test is composed of ten options.

Written Test Nel covers the following topics of the third module of

the course, namely: complex numbers and arithmetic operations on them,
the geometry of the complex plane, the functions of the complex variable,
elements of the theory of analytical functions. Written Test Ne2 covers the
following topics of the third module of the course, namely: elementary
differential equations, first-order linear differential equations, linear
differential equations with constant coefficients, higher-order differential
equations that allow order reduction.
At the end there is a list of recommended literature for preparation. It
includes author's textbooks, as well as manuals on the performance of
calculation tasks executed by students during the semester as homework. In
addition to the methodological instructions for solving problems and
examples of solutions, manual [12] also contains the necessary theoretical
information and reference material (tables, literature, etc.).

Students perform each written test at the end of the study of the
relevant module of the course. Written test is performed during classroom
classes, it is designed for two academic hours.

The student chooses the option (the number of the variant) according
to his number in the register list. The work is done in English in writing,
preferably in a notebook in a cell. Note fields must be left blank. The name
of the subject, major, group and course, surname, first name and
patronymic of the student, name of the teacher who accepts the work
should be indicated on the title page of the work.



While performing the work, the student should solve the offered
tasks by the methods specified in the tasks, as well as make all the
necessary drawings (graphical solutions). The student must show the
acquired theoretical knowledge of the course.

When evaluating a work, the indicator of its quality is, first of all,
how the student independently and correctly solved the tasks and
understood the content of the obtained solutions. After checking the work
by teacher the student receives a certain number of rating points.

After checking and evaluating the work, solutions are analyzed and
discussed. Thus, these tests are an important part of students' independent
classroom work in practical classes; they help students assess their current
level of knowledge. In addition, for the teacher these works is a method of
diagnosis and control of learning material by students.

The materials of this manual can also be used for practical
illustration of theoretical positions during the presentation of lecture
material, during practical classes, as well as for modular control (its
classroom part).



1 WRITTEN TEST Nel

1.1 Methodical instructions for performance of Written Test Nel
(solution of a standard option)

Option 0

1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:

A
Z_i+4+(l+1) .

Solution. To reduce the fraction to the rectangular form, we multiply
the numerator and denominator by the value conjugated to the denominator.
In our case, this value is 4 —1i:

4—i_ (4-if _16-8i—1_15-8i

i+4 (i+4f4-i) 16+1 17
Then
(i +1) =[((i+1)2)2j (v 2i41Pf = (@R = (4P =16.
So, we have

zZ =

4—i +(i+1)8:15_& 16— 287 —8i :287_ﬁ'
i+4 17 17 17 17

It’s the rectangular form of z .
We find the modulus and the argument of the number z. The

287

number z Dbelongs to the IV quadrant because x=——>0,

17

8
=——<0;
AT



(-

-—— | = ~16.9;
17 17

17
i

8 o
=arct =—arctg——~ -2 .
R R T

287 8i
Answer: z = ————
17 17
_ ¥82433 ~16.9; (/)=—arctgiz -2°.
17 287

2) Solve the equation: 22 —42+40=0.
Solution. It's a quadratic equation. Let's find its discriminant:

D=(-4) -4-40=-144.
We have the roots of this equation:
4++-144 4112

2 2

21,2: :2i6l

Answer: z), =21 6i.

3) Find the set of points on the complex plane defined by the
following condition: |Z - 2| > ‘1 - 22‘ . Make a graph.

Solution. Let z = x +1y . Then the inequality has the form:

|(x - 2) + iy| > |(1 - 2x) + 2iy| .
By definition of modulus we have:
\/(x—2)2 +y% > \/(1—2x)2 +4y%
Solving the inequality we get:
(x—Z)2 +y2 2(1—2x)2 +4y2,
x° —4x+4+y2 >1—4x+4x* +4y2,
3x2+3y2 <3,




x? + y2 <l1.
This is the inner domain of the unit circle, including the boundary (fig. 1.1).

Figure 1.1

2

Answer: the unit circle x“ + y2 <I.

4) Find the analytic function f (z) having its real part
u(x,y)=x2 —y2 +5x.
Solution. Since the function f (Z) is analytic, then its imaginary and

real parts satisfy the Cauchy-Riemann conditions. Using the first condition,
we obtain:

au_ov
ox Oy
(xz—y2+5x)x :@,
y

2x+5=@,
oy

>

v(x,y)= J(2x +5)dy +w(x)=2xy + 5y +y(x).



From the second condition we obtain equality:

ou__ov
oy ox’
(xz —y2 +5x)y = —(2xy+ 5y+l//(X)),x,
—2y=-2y-y'(x),

from which we get l//'(x) =0 and l//(x) = C. Consequently:
v(x,y):2xy+5y+C;
f(z) = u(x,y)+ iv(x,y) =
= (x2 —y2 +5x)+i(2xy+5y+C):
= (x2 + 2ixy — y2)+ (Sx + 5iy)+ iC=
= (x+iy)2 +5(x+iy)+iC =

=22 +5z+iC.
We finally have:
f(z)=22 +5z+iC.

Answer: f(z)= 22 +5z+iC.

1.2 Options of Written Test Nel

Option 1

1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:

2—1i 4
z= +(-1)".
i+2 ( )
2) Solve the equation: 22 +6z+13=0.
3) Find the set of points on the complex plane defined by the

following condition: Im(g)z < 3. Make a graph.
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4) Find the analytic function f (Z) having its real part
u(x,y):xz—y2+3x.

Option 2

1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:

2+1 .3
= 2i—1).
z 3i—1+(l )

2) Solve the equation: 22 +4z413=0.
3) Find the set of points on the complex plane defined by the
following condition: | z | = Rez+3. Make a graph.

4) Find the analytic function f (Z) having its real part
u(x,y):xz—y2+2x.

Option 3

1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:

(2-if
(i+2)
2) Solve the equation: z2—6z+13=0.

3) Find the set of points on the complex plane defined by the
following condition: 3| z | — Rez =12 . Make a graph.

zZ =

+2i+3.

4) Find the analytic function f (Z) having its real part
u(x,y)=x2—y2—x.

Option 4
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1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:
-7 2-3i
z=—-- .
i+1 1-2i
2) Solve the equation: z2—4z+413=0.
3) Find the set of points on the complex plane defined by the

following condition: | z | = Rez +1. Make a graph.
4) Find the analytic function f (z) having its real part
u(x,y)=x2 —y? —3x.

Option 5

1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:

(1—1)(2+3z)+l,12‘
2i+1
2) Solve the equation: 22 +22410=0.
3) Find the set of points on the complex plane defined by the

following condition: Im(;)z > 2. Make a graph.
4) Find the analytic function f (Z) having its real part

u(x,y)=x2 —y?—2x.

Option 6

1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:

Z:(4—i)('2i+1)+l,21'
1

2) Solve the equation: 2 +4z48=0.
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3) Find the set of points on the complex plane defined by the
following condition: | Z| = Imz+3. Make a graph.

4) Find the analytic function f (z) having its imaginary part
v(x,y)=2xy+3y.

Option 7
1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:

24i .
@+i)3+5i) 32
2i—1
2) Solve the equation: z2-2z410=0.
3) Find the set of points on the complex plane defined by the

following condition: 3| z | —Imz =12 . Make a graph.
4) Find the analytic function f (Z) having its imaginary part
v(x,y): 2xy+2y.

Option 8
1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:

o 2—1i B 3-4i
i+2 2-3i
2) Solve the equation: 22 —4748=0.
3) Find the set of points on the complex plane defined by the

following condition: | z | = Imz +1. Make a graph.
4) Find the analytic function f (z ) having its imaginary part
v(x,y)z 2xy—-3y.

Option 9
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1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:

447 . 3
= =-2F.
z 4i—1+(l )

2) Solve the equation: 22 42245=0.
3) Find the set of points on the complex plane defined by the

following condition: | z | = Rez —1. Make a graph.
4) Find the analytic function f (Z) having its imaginary part
v(x,y): 2xy—2y.

Option 10
1) Calculate (express the complex number z in a rectangular form).
Find the modulus and the argument of the complex number:

(4—1)(2+51)+i51'
3i+1
2) Solve the equation: z2-2z45=0.
3) Find the set of points on the complex plane defined by the

following condition: | z | = Imz—1. Make a graph.
4) Find the analytic function f (z) having its imaginary part
v(x,y) =2xy—y.
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2 WRITTEN TEST Ne2

2.1 Methodical instructions for performance of Written Test Ne2
(solution of a standard option)

Option 0

1) Find the general solution of the differential equation:
(x=3)'—y* =25

Solution. 1t’s an equations with separable variables. We separate the
variables and integrate this equation:

(r=3)Y 25447,
dx

dy  dx
y 425 x-3
dy ¢ dx
eyl I
y° +25 x-3

%arctg% = In(x —3)+ C.

Answer: %arctg% =In(x-3)+C.

2) Find the general solution of the differential equation:

' =y—+/y?—ox?.

Solution. Write the equation in the normal form:

2
y=t- [zj 9.
X X
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2
This equation is homogeneous because the function Y (Z] -9 isa

X X
homogeneous function of zero degree.

Let's make the substitution u =~ ,then y=ux, y'=u+xu'. We
X

have:
u+xu' =u-— u2—9,
du  dx
u2—9 x

dx

[— r -
lnu+\/u —9‘=—ln|x|+lnC,

u+u —9—£
X

In the last expression, we return to the variable y :

y+4/y?-9x* =C.
Answer: y+ﬂy2 —9x? =C.

3) Find the general solution of the differential equation:

y'—%y:yz(cosx+x2).

Solution. This is Bernoulli's equation. We make Bernoulli's
substitution: y = uv, then
2
u'v+vu—"uv=u*v*cosx + x|,
X

2v
u’v+u(v’—— = u*v?|cosx + x*).
X
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’ 2 d 2
Step 1: % __v=0 = —v——v=0,
X dx x
dv 2
—v:—dx,
vV X
d d
_VZQJ‘_X’
v X
and we get v=x2.
d
Step 2: u'x? :u2x4(c0sx+x2) = d—uzuzxz(cosx+x2),
x
d
M—Z=x2(cosx+x2)dx,
d
—Z:J(xzcosx+x4)dx.
u

We integrate _[ x* cos xdx twice by parts:
_[xz cos xdx = (x2 — 2)sin x+2xcosx,

1 1
and we get —— = (x2 —2)sinx+ 2xcosx+§x5 e or:
u

5
‘e C- 5()62 - 2)Sinx —10xcosx—x°
Thus, the general solution of this equation is:
_ 5x°
S C- S(x2 - 2)sinx —10xcosx—x°
5x2
C- 5()62 - 2)sinx —10xcosx—x>

y=uy

Answer: y =

4) Find the general solution of the differential equation:
V' =3y +2y =2x> —6x+4+sin2x.
Solution. Find the roots of the characteristic equation:

2 -31+2=0,
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A4 =1, H=2.
Solution of homogeneous equation:

Vo = Cie* + Cpe®™.

For the given equation a particular solution looks like this:
Voh = Ax* + Bx+C + Dcos2x + E sin2x.
Let's find y,; and y;,:
Voup =2Ax+ B+2Ecos2x —2Dsin2x,
yop =2A—4Dcos2x —4E sin2x.
We substitute y;, and y,, into the original equation:
(24 —4Dcos2x — 4E sin2x)—3(2Ax + B + 2E cos 2x — 2D sin2x) +

+2(Ax2 +Bx—i-C+Dcos2x-|—Esin2x):2x2 —6x+4+sin2x.

Equating the coefficients at cos2x, sin2x, x? , x' and x° in the left-

hand side and the right-hand side of the last equality, we obtain a system of
algebraic equations with respectto 4, B, C, D and E:

cos 2Xx —2D-6E =0,
sin2x ~2E+6D =1,
2
X 24=2,
x! —64+2B=—6,
+° 24-3B+2C =4.
From the obtained system we find that 4=1, B=0, C=1, D :210,
E:—L.So,
20

Yo =x"+1+ icos 2x —Lsin 2x.
20 20

The general solution of the equation:
y=Yot+Yu =
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3 1
=Ce" + Cye™ + x> +1+—cos2x ——sin2x
X 2x 2 3 1 .
Answer: y=Cie” + Cye™ +x" +1+—cos2x ——sin2x.

5) Solve the Cauchy problem using the operational method:
x"+x=6cost; x(0)= 0, x'(O)z 4;

Solution. Let x(t) <> X ( p), then by the differentiation theorem for
the original we have:

x'(¢) > pX(p)-x(0)= pX(p),
¥'(t) > p*X(p)- px(0)-¥(0)= p>X(p)-4.

In addition, we find in the table cost <> zp T We get the operator
p +

equation:

2 6p
p*X(p)-4+X(p)=—"—
p-+1
We solve the equation and find the unknown function X ( p):

(P +1)x(p)=—22 14,

p2 +1
6p 4
X ( p) = +t——.
This is an operator solution. Let's find the original function for it. We
find according to the table (see Appendix D):

1 . 2p :
2—(—)Slnt, —2(—>tsmt.
p+l1 (p2+1)
So, X(p) <> 3tsint +4sint = (3t +4)sint = x(t).
Answer: x(l‘) = (3t + 4)Sint.
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2.2 Options of Written Test No2

Option 1

Find the general solution of the differential equation:

1) y +9dx = 2(x+3)ydy,

2) (x—ycoszjdx+xcoszdy =0;
X X

3) 0 +2y+x°ye” =0;

4) y"-9y=x.
Solve the Cauchy problem using the operational method:

5 x"=1, x(0)=0, x'(0)=1.

Option 2
Find the general solution of the differential equation:
dx d
H &by,

y x>

2) xy+2y° = (x2 + xy)y’ ;
d

3) LI,
dx x

4) y"—4y=x.

Solve the Cauchy problem using the operational method:
5)x"=t, x(0)=0, x'(0)=1.
Option 3

Find the general solution of the differential equation:

1) ye'dx =1Inydy;
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2) x(x—y)y' =2y -2y%;
3) 2x(x2 +y)dx =dy;
4) y'—y=x.
Solve the Cauchy problem using the operational method:
5y x"=¢t, x(0)=1, x'(0)=1.

Option 4

Find the general solution of the differential equation:

Dy =37

2) Xy = y(x+y);
3) y= x(y’—xcosx);

4) y"-25y=x.
Solve the Cauchy problem using the operational method:
5) x"=t+1, x(0)=0, x'(0)=1.

Option 5

Find the general solution of the differential equation:
d
1) ctgx—y =ylny;
dx
1.2 2 .
2) yx“4+xy+y°=0;
3) (xy'—1)Inx=2y;
4) y"—16y=x.
Solve the Cauchy problem using the operational method:
5 x"=t+2,  x(0)=0, x'(0)=3.

Option 6
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Find the general solution of the differential equation:

1) d—y—(Sx—2)ctgy:O;
dx

2) (x—ytgljdx+xtgldy =0;
X X

3) xy2y12x2+y3;
4) y"-9y=—x.
Solve the Cauchy problem using the operational method:

5)x"=t+3,  x(0)=2, x'(0)=0.

Option 7

Find the general solution of the differential equation:

2 dy 2
) \x*+16)—+4y~ =0;
) (124162 4y
2)xyy'=5x2+y2;
3) x2)' =2xp+3;

4) y"—4y=—x.
Solve the Cauchy problem using the operational method:
5 x"=t+3,  x(0)=2, x'(0)=1.

Option 8
Find the general solution of the differential equation:

1) tgxﬂzy+3;
dx

2) (x—ysinZdeersinZdy =0;
X X
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x2

3) d—y+2xy =xe
dx

4) y'—y=-x.
Solve the Cauchy problem using the operational method:

5)x"=t-2,  x(0)=1, x'(0)=1.

Option 9

Find the general solution of the differential equation:

1) yV1-x* —1gy=0;

2) xy' = yin(y/x)+y;

1
3) y'+ytgx = ;
COS X

4) y"-16y =—x.
Solve the Cauchy problem using the operational method:
5 x"=t-3,  x(0)=3, x'(0)=0.

Option 10

Find the general solution of the differential equation:
D oxy'=y+4;

2) (y2 —3x2)dy+2xydx= 0;
3) xy' =2y =2x%;
4) y"=25y=—x;

Solve the Cauchy problem using the operational method:

5)x"=t+5,  x(0)=0, x'(0)=1.
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Appendix A
Table of the derivatives

In the table u = u(x) is a differentiable function

(tgu)

(ctgu)

(arcsinu)

(arccosu)

!

a" -lna-u',a = const (arctgu)

arcctgu) = — :
( & ) 1+u’
' 1 , (shu) =chu-u'

(lOgaI/l) = U
u-lna

!

(Inu) =l-u'
u

(Sinu) =cosu-u' (thu)' =

(chu) =shu-u'

!

(cosu) =—sinu-u' (cthu) = —
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Appendix B
Table of the basic indefinite integrals

In the table u = u(x) is a differentiable function

Ictgu du=In |Sin u| +C

u
I 5 =tgu+C
cos” u

Ina

Ie“du:e”+C Ishudu:chu+C

jsinudu:—cosu+C Ichudu:shu+C

=thu+C

Icosu du =sinu+C J‘ du

Itgu du:—ln|cosu|+C — —cthu+C
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= arcsm +C

o

=In u+\/u2ia2 +C

J~ du
\/u2 ia2
I\/az —u’du= %u\/az —u’® +%a2 aVCSl.VlZ-i‘C
a
_[ u’+a’du = %u\/u2 +a? i%azlnu+\/u2ia2 +C
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Appendix C

Properties of the Laplace transformation

Property

The calculation formula

Linearity

S A fi () &> S A F(p)
k=1

k=1

Delay theorem

ft=1)-nt-1)e PF(p)

Shifting theorem

e f(H)o F(p-a)

Similarity theorem

flat) o> éF(fj

Differentiation of
original

1) & pF(p) - f(0),

() e p"F(p)-3 " 7 00)
k=1

Differentiation of
image

1) o ()" F(p)
dp

Integration of
original

jf(r)dr (_)(_p)
0 P

Integration of
image

IO & [Fpap

4

Convolution
theorem

t
[@O* £, =] /i) f2(t =T)dT > Fi(p)- Fy(p)
0
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Appendix D
Table of Laplace transforms

Original Laplace transform Original Laplace transform
function function

/() /()
n()

t".neN

e™ -sin wt

e .chwt

e™ -shwt

t-coswt

t -sin wt

t-chot

t-sh ot




