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INTRODUCTION

One of the types of unaided work of students is the execution of
calculation tasks during the semester. Their purpose is to develop practical
skills. They are designed to help students more deeply capture theoretical
material and learn how to apply the acquired knowledge to solve practical
problems. The offered workshop with examples of calculation tasks
corresponds to the course "Higher Mathematics" taught to students
majoring in Power Engineering, Electrical Engineering and Electrical
Mechanics full-time in the third module of the two-semester course. This
workbook can also be used for students in other technical majors who study
higher mathematics in a two-semester course.

This workbook covers virtually all major sections of the third module
of the course on higher mathematics; it contains the necessary theoretical
information, methodological instructions for completing the tasks, and
examples of solving problems with a detailed explanation. A list of
recommended literature is also provided. The manual also contains the
necessary background material (tables, etc.). For ease of use, in this manual
the numbering of examples corresponds to the numbering of tasks in the
task book [12].

Calculation tasks are executed during the semester, which provides
students with a systematic study of the course. In carrying out these tasks,
students work with recommended textbooks and manuals, independently
search for necessary literary sources and materials, analyze them and
summarize, independently research and make written presentation of
practical assignments.

The materials of this practicum can be considered as part of a
synopsis of lectures on higher mathematics, in which the theoretical
statements are illustrated in practical examples. That is why the materials in
this manual can be used not only in the performance of calculation tasks,
but also in preparation for the exam.



1 FUNCTIONS OF COMPLEX VARIABLE

There are several forms of writing a complex number:
Z = X+1y — rectangular form;

7=re'? —power form;

z = r(cos ¢ +isin @) — trigonometric form,
where Xx=Rez, y=Imz (Cartesian coordinates), r :‘z|,
@ =arg z (polar coordinates). There are the following relations:

Q= arctgl , iIf Z belongs to the I or IV quadrants,
X
Q= arctgl + 7, if Z belongs to the II or IIT quadrants, (1.1)
X
r=yx?+y?, (1.2)
X=rcose, y =rsing.

Raising a complex number z=r(cos@ +isSing) to a power
are given by DeMoivre’s law:
z" =r"(cosng +isinng). (1.3)
The root of degree n of a complex number z has n different
values, which are calculated by the formula

M :W(COSM_'_iSin ¢+2ﬂkj, k :O,..., n-1. (14)
n n

The points on the complex plane corresponding to the values Vz are
the vertices of a regular n -sided polygon inscribed in a circle of radius

R =¥r centered at the origin.

Task 1.1. Express a complex number in trigonometric and power
forms. Make a graph.

a) z=-1-+/3i;



by z=-77;

c) z=6i.

Solution. a) We find the modulus and the argument of the number
z. Number z belongs to the III quadrants because X=-1<0,

y=—/3<0;

2
r=-02 +(V5f -2,
Q= arctg_—\/1§+7z :arctg\/§+7z:%+7z :4?”.
Therefore, the number z can be represented as:
osgvisnge)
z=2/cos—m+isin—r |;
3 3
i—7
z7=2e3 .
Fig. 1.1 shows complex number and all calculated quantities.

Imza

AN

Figure 1.1

b) r= 7‘ﬁ, @ =, because radius-vector forms an angle 7z with
the positive direction of the axis OX . So,



2=7""(cosz +isinx);

7=7VT¢i7.
Fig. 1.2 shows complex number and all calculated quantities.

Imza
p=r
Z r=7J7 |0 Rez
Figure 1.2

c¢) We find the modulus and the argument of the number z. ¢ = %

because radius-vector forms an angle % with the positive direction of the

axis OX . Further,, r =1Y6. Therefore, the number z can be represented
in trigonometric and power forms as:

i
z:l%(cosgﬂsingj; z="6e 2.

Fig. 1.3 shows complex number and all calculated quantities.



Imza

r=96

Figure 1.3

4 .. 4 z
Answer: a) z = 2 COS§7Z'+ISI|’1§7Z' =23 ;

b) 23 =7"7 (cosz +isinz)=7""¢'";
c) 22—1\/_(0032+|sm j l\/_e2

Task 1.2. Express a complex number in rectangular form a +ib.
Make a graph.

a) w=(L+iv3)-i-1)

1-2i
O W=7—7
—_——
3 2
B) W' +1=0.

Solution. a) We perform multiplication:
—[+iV3)—i-1)=-i-1+43-iv3 = (3-1)-i[V3+1).

Here we have taken into account that i-i =-1.

Fig. 1.4 shows all complex numbers.



Imz
|,\/§ """ '? 21:1+|\/§
-1 J3-1! R
! 1 Rez
22_—1—||*---_--- .
| NERY P
Figure 1.4

b) To reduce the fraction to the rectangular form, we multiply the
numerator and denominator by the value conjugated to the denominator. In

. 1 1.
our case, this value is = — E| :

N1 1. 1 1. 2.
. 1-2i) === T Tti_ci
W:1—2|:( )(3 2)=3 2' 3' 1=

1 1. (1 1.1 1. 1 1
sl B IR bl B R —+—
3 2 3 2 \3 2 9 4
L2 7
3 6 _ 24 42
13 13 13
36

Fig. 1.5 shows all complex numbers.
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Imz A ]
24 i Z —1+I
=4 —
- T 3 2
13 2|, X
| 111 Rez
| 3
i —2i [---- ‘ 21:1—2i
i 42,
W] 13
Figure 1.5

c) We use the formula (1.4). As w*+1=0, then w=4-1;
-1 =1, arg(-1)=r. According to the formula (1.4) there are four
roots:

w:cos”+2ﬂk+isin”+2ﬂk, k=0123.
4 4
_ z 2 \/_
k=0: wl_cos—+|sm—:—+|
4 4 2 2
_ 37 37 N2 A2
k=1: Ww,=cos—+isin—=———+1—:;
4 4 2 2
) oS S V2o 2
k=2: wz;=cos—+isin—=—-————1—;
4 4 2 2
_ T Tz N2 2
k=3: w;=cos—+isin—=——-i—.
4 4 2 2

Geometrically numbers w, are the vertices of a square inscribed in a
unit circle. (fig. 1.6).
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Figure 1.6
Answer: a) (\/5 —1)— I(\/§ +1);
)—%—4—21,
13 13
J2 2 V2o N2 2 2
C) —+1—, -, ——1 ,
2 2 2 2 2
V2 V2
2 2

Task 1.3. Using DeMoivre’s law compute the given quantity:
C1si3)°.

Solution. We express a complex number z=-1+i-/3 in

. . _— 2r
trigonometric form (taking into account that |z/ = 2, argz = ?):

—1+i-/3= 2(c052;r+isin2;j.

Applying DeMoivre’s low (1.3) gives:
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(—1+ i\/§>60 = 260(005(60-2{) +i sin(GO-%”D _

= 2%%(cos 407 +isin407)=2%.
Answer: 2%
Task 1.4. Find the set of points on complex plane defined by the

condition < . Make a graph.

1
Z__
2

117
2

Solution. Let z = x +1iy . Then the inequality has the form:

(x—ijﬂy (l—lx}riiy
2 2 2

By definition of modulus we have:

2 2
1 ) 1 1,
X——| +y° <, |1-=Xx| +=Yy°.
J( 2) g \/( ZJ 5’

A
&

-1

<

Figure 1.7

Solving the inequality we get:
X2 + y2 <1
This is the inner domain of the unit circle, including the boundary (fig. 1.7).
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Answer: unit circle X2 + y2 <1

When solving problems, you can use the Euler's identity:

e'? =cosz+isinz, (1.5)
from which it follows:
iz —iz iz —iz
. e’ —e e’ +e
SNz =————, C0SZ=—7-—7—. (1.6)
2i 2
We also give the definition of another elementary function Lnz :
Lnz =Injz|+iargz+27ki, ke Z. (1.7)

The function w = f(z) maps the points of the complex z -plane
to the corresponding points of the complex W-plane. Let z = X +1y

and W=uU-+iv. Then the dependency w= f(z) can be described
using two real functions U and v of two real variables x and y :

u=u(x,y
v=v(x,y)
The Cauchy-Riemann conditions are used to investigate the

analytic function:
ou_ ov au ov

x oy oy  ox
The existence of partial derivatives of the functions u(x,y) and
V(x, y), as well as the fulfillment of the equations (1.8) is a necessary
condition for the analyticity of the function f(z), and with the
additional requirement of differentiability of functions u(x,y) and
v(x,y) we get a sufficient condition of analyticity of the function

f(z2).

Task 1.5. Find the analytic function f(z) having its imaginary part

(1.8)

v(x,y)=2cos x chy — x? +y? if £(0)=2.
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Solution. If the function f(z) is analytic, then its imaginary and real

parts satisfy the Cauchy-Riemann conditions (1.8). Using the first
condition, we obtain:

u(x,y)= J‘gdx +y(y)= I(Z cos xshy + 2y)dx +w(y) =

= 2sin xshy + 2xy +w(y).
From the second condition we obtain equality:
2sin xchy + 2x +y'(y) = —(~ 2 sin xchy — 2x),
from which we get '(y)=0 and y(y)=C . Consequently:
u(x,y) = 2sin xshy +2xy + C ;
f(z)=2sin xshy + 2xy + C + i(2cos xchy — x? + y2)=
= 2i(cos xcosiy —sin xsiniy) - i(x2 +2xyi — y2)+ C=
= 2icos(x +iy)—i(x+iy)> +C =2icosz—iz? +C.
We find the constant C from the condition f(0)=2: 2i+C =2, then
C =2-2i. We finally have:
f(z)=2i(cosz -1)—iz* +2.
Answer: f(z)=2i(cosz-1)—iz® +2.
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2 DIFFERENTIAL EQUATIONS

The equation of the next forms

fl(x)' gl(y)dx + fz(x)' gz(y)dy =0. (2-1)
or

Y' = fl(x)fz(Y)- (2.2)

are called equations with separable variables.
To solve equation (3.1), we separate the variables so that dx is
multiplied by the function of X alone, and dy is multiplied by the

function of y alone. For this (2.1) is divided by g,(y)- f,(x)
(f,(x)=0,9,(y)#0). We get
L) gy, 920 gy g
00 gy
The general integral of the equation (2.1) is:
J‘ fl(x) dX+J. gZ(y)dy -C.
9 (

f,(x) y)

To solve equation (2.2) we separate the variables, assuming that
f,(y)=0:

% = f1(X)f2(y)’

dy
f,(y)

The general integral of the equation (2.2):
Ii—j f,(x)dx+C.

f,(y)

Task 2.1. Find the general solution of the separable differential
equations.

= f,(x)dx.
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2) (x +4)y —y? =16;
3) (y+yx2)dx+(x—xy2)dy:0.
)Y -

Solution. 1) (x+1 vl

We separate the variables and integrate this equation:

dy  dx
y+2 x+1'
| dy _ ﬂ+InC,
y+2 X+1
Iny + 2| = Injx+1]+In[C]|,
y+2=C(x+1),
y=C(x+1)-2.

2) (x2 +4)y’— y> =16.
We separate the variables and integrate this equation:

(x-+®gy_16+y

dy  dx J _I
y?+16 x> +4 2+16 x2+4°
1arctglzlarctg—+c.

4 4 2 2

3) (y+ yxz)dx+(x—xy2)dy =0.
We separate the variables and integrate this equation:

x(y2 —1)dy = y(1+ xz)dx,

R S

2 2
y7—In|y|:ln|x|+x7+c,
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r\J|,\,

Answer: 1) y C(x+1)-2;
y 1 X
2 arct ~==arctg—+C;
)4 g4 2 g2
2 2
y X
3) =—=Inxy|+—+C.
) 2 | y| 2

A function f(x,y) is called a homogeneous function of the m-
th degree with respect to arguments X and y if equality is satisfied

f(txty)=t"f(x,y) VteR, a eR.
Differential equation in a norrmal form
y'=f(xy)
is called homogeneous with respect to variables X and Y, if function
f(x,y) is a homogeneous function of zero degree with respect to its

arguments.
Differential equation in a differential form

P(x, y)dx +Q(x, y)dy =0
is homogeneous one, if functions P(x,y), Q(X,y) are homogeneous

functions of the same degree «, ie. P(tx,ty)=t*P(x,y),
Qltx,ty) =t*Q(x,y).
Homogeneous equations by substitution

u= y , Yy=U-X,
X
y'=u+xu’
can be reduced to equations with separable variables with respect to a
new function u = u(x).

Task 2.2. Find the general solution of the homogeneous differential
equation.
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1) Xy’ = y++/4x> +y?;
2) (y2 +x2)dx+(xy—2x2)dy=0.

Solution. 1) Xy’ =y ++/4x* +y?.

Write the equation in the normal form:

2
y' :X+1f4+(lj .
X X
2
This equation is homogeneous because the function y +.|4+ (Xj is a
X X

homogeneous function of zero degree.

Let's make the substitution u = Y ,then y=ux, y'=u+xu’. We
X

have:

U+xu' =u++4+u?,

—-% =T
4vu? X 4 +y? X
In‘u+ 4+u®|=Inx|+InC,

U++4+u® =Cx.

In the last expression, we return to the variable y :
Y +4/4x* +y? =Cx>°.
2) (y2 + xz)dx+(xy—2x2)dy =0.
Functions y? + x* and Xy —2x* are homogeneous function of two

degree. Therefore, this equation is homogeneous one. Let's make the

y

substitution u == ,then y=ux, y'=u+xu’'. We have



, us+1
uXx+u=-— ,
u-—2
—ZU_Z du=—%.
2u°—-2u+1 X

We integrate the left-hand part of the equation separately:
— — — 2 —
[ U2 gl (4u-2)-6 du:gjd(zu 2u+l)
2u

2_ou+1l 47207 —2u+1 47 202 _2u+1
1

Loz 3 _
du_4ln‘2u 2u+]4 4I(u—]/2)2+]/4du

= %In‘Zu2 —2u +]4 —%arctg(Zu -1).

__I;
27 2u% —2u+1

The general integral of the equation is:
%In‘Zu2 ~2u +ﬂ —garctg(Zu ~1)=—Inx/+C.

In the last expression, we return to the variable y :

2
lIn|2y —2;<y+x | arctg(—y—j ~In|x/+C.
4 2

o

Answer: 1) y ++/4x° +y? =Cx?;

2)_| %2y —2;<y+x |

arctg[—y— j =—Inx/+C.
X 2 X

A first-order differential equation is called linear if it can be
written in the form

y'+P(x)y =Q(x), (2.3)
where P(x), Q(x) are defined functions.
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Bernoulli's method of solving first-order linear differential
equations. Equation (2.3) can be reduced to two differential equations
with separable variables by substitution y=uv (Bernoulli's

substitution), where U = u(x) and v = v(x) are some function. Then:
u'v+uv' + P(x)uv = Q(x),
u'v+ulv' + P(xv]= Q(x). (2.4)
Let us choose a function v:v(x) such as the expression in square

brackets be equal to zero:
V' +P(xV=0.

We find the particular solution of this equation v(x):efjp(x)dx,

substitute it in the equation (2.4) and obtain the second differential
equation with separable variables (with respect to the function u(x)):

u'v=Q(x), ie u = Q(x)ejp(x)dx (2.5)
We find the general solution of the equation (2.5)

u(x)= '[Q(x)ejp(x)dxdx+C. Therefore, we find the general solution
of the original equation (2.3):

y=e 1P0 [ [Qx)el ™ ax + c} .

Differential equation

y' +P(x)y = Q(x)y*,
where a =const e R, a #1, a # 0, is called Bernoulli's equation.
It can also be solved with the Bernoulli's substitution.

Task 2.3. Find the general solution of the linear differential equation
of the first order or Bernoulli’s equation.

1) xy'—2y:§;

2) y'—%y: yZ(Inx+x).
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. 1
Solution. 1) xy'—2y ==
X
This equation is linear of the first order. We divide the equation by
x (x#0):

L (P(x)z—é,Q(X):izj'

X X
We make Bernoulli's substitution: y = uv, then

1, i 2 _
uv+vu——uv=—r,

X )(2
) (, ZVJ 1
uv+ul v ——|=—.
X x2
Step 1: v’—&:O = Q—Q:O,
X dx X
U Y 3
vV o X v X
and we get v = x°.
1 du 1
Step 2: uxl=— = —=—,
P x? dx  x*
1 1
du=—-dx, du=|—dx,
" Jdu=[3
andweget u=———+C.
3x3

Thus, the general solution of this equation is:

1
=uv=—-—+Cx>.
Y 3X

1
2) Y —=y=y*(Inx+x).
X
This is Bernoulli's equation. We make Bernoulli's substitution:
y =uv, then
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1
u'v+vu—=uv=u?*(Inx+x),

X
u’v+u(v’—xj:u2v2(lnx+x).
X
Step 1: V'—!=O = ﬂ—!:O,
X dx x
w1, v ax
vVooX v oYX
and we get v =X.
Step 2: ux =ux*(Inx+x) = Z—U:uzx(lnx+x),
X
S—g:x(lnx+x)dx, j'j—l;:jx(lnx+x)dx,
and we get —lzllenx—lxzj&x?’—g,or:
u 2 4 3 12
12
u

C-6x%Inx+3x2—4x3’
Thus, the general solution of this equation is:
12x
C-6x%Inx+3x% —4x®
Answer: 1) y = Cx? —i;
3X
12x

C-6x%Inx+3x% —4x%

2)y=

Differential equation of the first order
P(x, y)dx +Q(x,y)dy =0.

functions P(x, y), Q(X, y) equality holds
oP(x,y) _ Q(x.y)
oy OX

(2.6)

is called exact differential equation, if in the domain of definition of

(2.7)




23

The general integral of the equation (2.6) is determined by one
of the next formulas:

X y
f P(X, Y, )dx+ IQ(x, y)dy=C, (2.8)
Xo Yo

X y

JP(X, y)dx + IQ(XO, y)dy=C, (2.9)
Xo Yo

where (X,;Y,)e D.

Task 2.4. Find the general solution of the exact differential equation
(2x—4y2 +6xy2)dx+(2—8xy+6x2y)dy =0.
Solution. Let's check the condition (2.7):
P(x,y)=2x-4y* +6xy”; Q(x,y)=2-8xy+6x’y.
P _ -8y +12xy, Qx.y) =-8y+12xy.
oy OX
Condition (2.7) is satisfied, so this equation is the exact differential
equation. The solution of this equation can be found by the formulas (2.8)
or (2.9). The point (XO; yo)e D should be selected so that the functions

P(x,y), Q(x,y) are as simple as possible. Take the point (0;0) as a point

(%3 Yo)-
According to the formula (2.8) we get:

X y
I(Zx—4-0+6x-0)dx+j(2—8xy+6x2y)dy=C,
0 0

x> +2y—4xy* +3x°y* =C.
Answer: X° +2y —4xy® +3x*y? =C.

Differential equations of order higher than the first.
Reduction of order.
1) Differential equation
y™ = £(x) (2.10)
can be solved by sequential integration n times. The general solution of
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the equation (2.10):
x (1) x(1-2)
y =¢(x)+C, (n—l)!+C2 (n—2)!+”'+cn'
2) If we have the equation of the form
Flx, y®,y*, ., y")=0, (2.12)
which does not contain explicitly the unknown function and its
derivatives up to the (k —1)-th order, then in order to reduce the order of
equation (2.11), a substitution y* =z(x) must be made, and
y = z2(x), ..., y™=z"%(x). Equation (2.11) reduces to the
(n—k)-th order equation with respect to the function z(x):
F(x,z',2",...,2%)=0.
3) If we have the equation of the form
F(y, yLy'..., y(”))z 0, (2.12)
which does not contain explicitly independent variable X, then in order
to reduce the order of equation (2.12), a substitution y’ = p(y) must be
made. Further we get

o 90
dp)"  d?p
" N2 "
y —p{[d—yj +p~dy2J—p((p) +p-p)

and so on.
We obtain the equation of the form:

dp d? d -y
Fly, p,—p, f (n_f)) =0.
dy dy dy

Task 2.5. Find the general solution of the differential equation of
order higher than the first.

1) y"=x*+2;
2) X2y”:2y!2;
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3) 1+y'?-2yy"=0.
Solution. 1) y" = x> +2.

This equation is of the type (2.10). We integrate the given equation
three times by the variable X:

y” :I(x3 +2)dx :XT:+2x+Cl,

5

r_ X4 _X 2
y _J.(7+2x+cl]dx_2—o+x +C,x+C,,

X6 3

5
X 5 x* 1 5
=|| —=+x"+Cx+C, [dx=—+—+=C,x" +C,x+C,.
yj(zo ' Zj 120 3 2 T
2) X2yrr — 2y!2.
This equation is of the type (2.11), it does not contain explicitly the
unknown function y(x). Let us reduce its order. Let z =y’, then z' = y" .

We have:

x?.7'=2z° (2.13)
Separate variable equation is obtained. Let's find his solution:
X2~$=222, XZ-Q:ZZZ,
dx dx
dz 2 1 2
BRI R
z X z X
X
Z= :
2+Cx

Since z=Yy',then y' =

. We integrate:
+Cx

—j L2 dx:i x—iln|2+C1x| +C,,
2+Cix C 2+Cyx C, C,

if C, =0,

xdx 1
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xdx X2 .
y= > =2 +C,ifC; =0
3)1+y'?—2yy"=0.
This equation is of the type (2.12), it does not contain explicitly
independent variable x. Let us reduce its order. Let y'= p(y), then

y" = pp’. We have:

1+p®-2ypp’' =0, 2ypp’ = p* +1,
2 pdp ::gx I 2pdp Idy
PP+l y p?+1
In‘p2 +q=ln|y|+InC1, p>=C,y-1,
y’:i\lcly_l’ LZidX,
C,y-1
[—— _J_rjdx, i,/cly—l:J_rx+C2
‘\’Cly Cl
6 3
Answer: 1) y_X—+X—+1C x* +C,x+C;
120 3 2

1 2
2) y=—| Xx——Inl+Cx |+C, (C; #0),
)y Cl[ C1 | 1|j 2( 1 )

X2

=—+C;
Y 4

3) Ci,/CIy—l =1x+C,.

1

Task 2.6. Solve the Cauchy's problem.

1 3 1
Dy = y1)=> y)=-=.
)Y =55 y(1) 2 y'(@) >

2) 2y(y')' +y"=0, y(0)=0, y'(0)=-2;
3) y' —xy' _2(1+x y"), y1)=3, y(1)=2.



Solution. 1) " = Xi y(1)- g y)=-1.

We integrate the given equation:
, 1 1
y :J.Fdxz—y‘i‘cl.
Using the second initial condition we find C;:
, 1 1
y (1):—§+C1 =-5:C.=0.

Given that C, =0, we get

Using the first initial condition we find C, :
1 3
1)=—+C,=—,C, =1.
y)=2+C, =, C,
Finally we get the solution of the Cauchy's problem:

1
=—+1.
y 2X

2) 2y(y')’ +y"=0, y(0)=0, y'(0)=-2.
This equation is of the type (2.12), it does not contain explicitly
independent variable x. Let y' = p(y), then y" = pp’. We have

2yp® + pp’ =0, p'=-2yp?, p'=-2yp?,

d d

P 2yp?, %P~ —2yay,

dy p
d 1

[ 2% = 2] ydy, -==-y’+C,
p p
1 )
- ==-y*+C,. (2.14)

Using the both initial conditions we find C;:

—izz—o%cl, 01:%-
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. 1.
Let's substitute C, = > in (2.14):

1, 1 .2
vV Ve
(yz—ljdy:dx, j(yZ_l}dy:J‘dX,
2 2

y—3—X=X+C2.
3

Using the first initial condition we find C, = 0.

Solution of the Cauchy's problem:
3

y Y_

3 2

3) y'—xy" =20+ x%y"), y(1)=3, y'(1)=2.
This equation is of the type (2.11), it does not contain explicitly the
unknown function y(x). Let z=y’, then z' = y". We have

dz  dx
z-2  x(2x+1)’

dz dx dz (1 2 J
= , —=[|=- dx,
z2-2  x(2x+1) 7-2 X 2x+1
In|z -2 = In|x| - In|2x + 1]+ InC, LIy
2x+1

z'(2x2 +x): 7-2,

Let's return to the variable y :
y' = C,x
2x+1
Using the second initial condition we find C, =0, then
y'=2,y=2x+C,.
Using the first initial condition we find C, :
y1)=2+C, =3, C,=1.
Finally we get the solution of the Cauchy's problem:

+2.
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y=2x+1.

Answer: 1) y = i+1;
2X

2 LYoy
3 2
3) y=2x+1,

Differential equation
y™ 4 a vy 4 a,y( 24y = f(x), (2.15)
(where a,, a,, ..., a, are constants, f(x) is a given continuous

function) is called non-homogeneous linear differential equation
(NLDE) of the n™ order with constant coefficients.
Differential equation

y"+ay"™+ay"? . +a,y=0, (2.16)
(where a,, a,, ..., a, are constants) is called homogeneous linear
differential equation (HLDE) of the n™ order with constant
coefficients.
Solution of HLDE of the n™ order with constant coefficients.
We construct a characteristic equation and find its roots:
AMralt+a," %+ +a, =0. (2.17)
1) If all the roots of equation (2.17) are real and simple
(different), then we write the general solution of equation (2.16) as:
y=Ce"* +Ce' +...+C e"*.
2) If all the roots of the equation (2.17) are real, but among them
there are the roots of multiplicities m (m >1), then each simple root

A corresponds to a particular solution €™, and each root 1 of

multiplicity m corresponds to m particular solutions

e xe™, x%eM™, ..., x™ e,

3) If among the roots of equation (2.17) there are complex
conjugated ones, then each pair of simple roots « =i corresponds to

two particular solutions e® cos fSx, e sin A, and each pair of
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conjugated roots « +if of multiplicity m corresponds to 2m
particular solutions:
e™cos A, x-e™cos fx, x*-e™cosPx, ..., X"t -e® cos fx,
e™ sin Ax, x-e™ sin Ax, x%-e®sin S, ..., x™ - e® sin .
The structure of the general solution NLDE of the n ™ order.

The general solution of (2.15) consists of the sum of particular solution
Ynn Of non-homogeneous equation and the general solution Yy, of the

corresponding homogeneous equation.

NLDE of the n™ order with constant coefficients and the
right-hand side of the special form. Let the right part of the NLDE
(2.15) have a special form:

f(x) = e*(P,(x)cosbx + Q, (x)sin bx), (2.18)
where Pr(x), Qs(x) are polynomials of degrees r and S

respectively, a, b are any numbers.
For differential equations with the right-hand side of the form
(2.18), the partial solution has a similar structure:

Yon = X<e® (Ism (x)cosbx +Q,, (x)sin bx),
where ISm (x) Qm (x) are polynomials of degree m = max{r, S}, k —
the number of roots of the characteristic equation (given their

multiplicities), which coincide with the number z = a +ib. We define
the structure of the general solution of equation (2.15), in which only

the coefficients of polynomials P, (x), Q. (x) are unknown, then we

substitute the particular solution y,, and its derivatives in equation

(2.15), and equate the coefficients of similar terms on the left-hand side
and right-hand side. We obtain the required number of linear algebraic
equations to find the unknown coefficients.

Superposition principle. If the right-hand side of equation (2.15)

is the sum of two functions f(x): fl(x)+ fz(x), and Yinn, Yonn are
particular solutions of the equations
yWray"ra,y"? 4 ray=f,(x),

yWray"ra,y™? 4 ray=f,(x),
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then the function Y, = Y1nn + Yonn IS the solution of the equation
(2.15).

Task 2.7. Find the general solutions of the linear differential
equations using method of undetermined coefficients.

1) y"+2y' +2y =40e* cosx;
2) y"+2y" = (2x+1)cos 2x +sin 2x ;
3) y"V +8y"+16y = 2x> + 4x® +3x +1;
4) y"—6y"+9y =e¥((2x +1)cos x +sin x);
5) y"—4y'+5y =xe* +sin 2x.
Solution. 1) y"+2y'+2y = 40e* cos x.
Find the roots of the characteristic equation:

M +20+2=0,

Ay, =-1£i.
Solution of homogeneous equation: y, =™ (C1 cosx+C, sin x).

For a given equation we have a=3, b=1, z=3+1, therefore
k = 0. A particular solution looks like this:

Yon = e¥*(Acos x + Bsinx).
Let's find yn, and Yo
yin = e*((3A+B)cos x+ (- A+3B)sinx),
yr =e>*((8A+6B)cos x + (- 6A+8B)sin ).
We substitute Yy, and ypy, into the original equation and divide both parts

of the equation by e**, then we obtain:
(16 A+8B)cos x +(—8A+16B)sin x = 40cos X .
Equating the coefficients at cosx and sin x in the left-hand side and the
right-hand side of the last equality, we obtain a system of algebraic
equations with respectto A and B :
COS X 16 A+ 8B = 40,

sin X —-8A+16B =0.
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Wehave A=2, B=1.50, y,, =e*(2cosx+sinx).
The general solution of the equation:
y =e7*(C, cos x + C, sin x)+e**(2cos x +sin x).
2) y"+2y" = (2x+1)cos 2x +sin 2x.
Find the roots of the characteristic equation:
A2 +20 =0,
A =0, A,=-2.
Solution of homogeneous equation: y, = C, +C,e™*.
For a given equation we have a=0, b=2, z=2i, therefore
k = 0. A particular solution looks like this:
y. = (A + B)cos 2x + (Cx + D)sin 2x.
Let's find y,, and Ypp:
yhn = (2C x+ A+2D)cos 2x + (- 2Ax — 2B + C)sin 2x,
yin = (—4Ax—4B +4C)cos 2x + (— 4Cx — 4A—4D)sin 2x
We substitute y;,, and Yy, into the original equation:
((-4A+C)x+2A—4B +4C +4D)cos 2x + ((— 4A—-4C)x —
—4A—4B +2C —4D)sin 2x = (2x +1)cos 2x +sin 2x .

Equating the coefficients at cosx, sin x, Xcosx and xsin X in the left-
hand side and the right-hand side of the last equality, we obtain a system of
algebraic equations with respectto A, B, C and D:

X COS2X -4A+C =2,
COS2X 2A-4B +4C +4D =1,
Xsin 2x —4A-4C =0,
sin 2x —~4A-4B+2C-4D =1.
From the obtained system we find that A:—%, B=0, C :1, D:%.

SO, Ynh :—lxc052x+ 1x+1 sin2x.
4 4 8

The general solution of the equation:
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y=C, +C,e™ _Lycosax+ | x+Llsinox.
4 4 8

3) y"V +8y"+16y =2x° +4x® +3x +1.
Find the roots of the characteristic equation:
A +8)M +16=0,
Ay, =20, Nyy =—2i.
Solution of homogeneous equation:
Y, = (C, +C,x)cos 2x + (C, + C,x)sin 2x.

For a given equation we have a=0, b=0, z=0, therefore

k = 0. A particular solution looks like this:

Ynh = ACG +Bx? +Cx+D,
Yin =3Ax? +2Bx+C,
yrn =6AX+B, yr =6A, y"V o =0.

We substitute ynh'V and Yypp, into the original equation, then we obtain:

8(6AX + B)+16 (Ax® + Bx? + Cx + D)= 2x° + 4x? +3x +1.
We equate the coefficients at equal degrees of X in the left-hand side and
the right-hand side of the last equality, so we obtain a system of algebraic
equations with respectto A, B, C and D:

x3 16A =2,
X2 16B =4,
xt 48A +16C =3,
x° 16B+16D =1.
we find that Azl, Bzi, CzDz—i. So,
8 4 16
ynh =£X3 +1X2 _ix_i

8 4 16 16
The general solution of the equation:

y =(C, +C,x)cos2x + (C, +C,x)sin 2x+%x3 +%x R



34

4) y"—6y'+9y =e¥((2x +1)cos x +sin x).
Find the roots of the characteristic equation:
A2 -64+9=0,
A, =3.
Solution of homogeneous equation: y, = (C, +C, x)e®*.

For a given equation we have a=3, b=1, z=3+1, therefore
k = 0. A particular solution looks like this:

Yon =¥ ((Ax + B)cos x + (Cx + D)sin ).
Let's find yp, and Ypp:
yin =e>X((BA+C)x+ A+3B+D)cos x +
+((- A+3C)x-B+C +3D)sin x),
yrn =e¥((BA+6C)x+6A+8B+2C +6D)cos x +
+((-6A+8C)x—2A—-6B+6C +8D)sin x).
We substitute Yy, and ypy, into the original equation and divide both parts

of the equation by e**, then we obtain:
(-2Ax =B +2C)cos x + (— Cx — 2A— D)sin x =(2x +1)cos X +sin x.
Equating the coefficients at coSX, Sin X, XC0osX and Xsin X in the left-

hand side and the right-hand side of the last equality, we obtain a system of
algebraic equations with respectto A, B, C and D:

X COS X -A=2,
COS X -B+2C =l,
XSin X —-C =0,
sin X -2A-D=1.

We have A=-2, B=-1, C=0, D=3. So,
Yon = €3%((- 2x —1)cos x + 3sin x).
The general solution of the equation:
y =e¥(C, + C,x)+e>((- 2x —1)cos x + 3sin x).
5) y"—4y'+5y =xe* +sin 2x.
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Find the roots of the characteristic equation:
A —40+5=0,
Ay, =2%0.

Solution of homogeneous equation: y, =€°*(C, cos x + C, sin x).
According to the superposition principle, a particular solution has a

form: Ynn = Yinn + Yonn -
a) f(x)=xe*,a=1,b=0,2=1,k=0, yy, = (Ax+B)e*.

b) f,(x)=sin2x, a=0, b=2, z=2i, k=0,

Yonn = Csin2x+ Dcos 2x .

A particular solution looks like this:
Yo = (AX + B)e* + C sin 2x + D cos 2x.

Let's find y,, and Ypp:
yin = (Ax+ A+ B)e* — 2C sin 2x + 2D cos 2x,

yrn = (AX +2A+ B)e* — 4C sin 2x — 4D cos 2x.
We substitute y;,, and Yy, into the original equation:
(2Ax —2A+2B)e* +(C +8D)sin 2x +(~8C + D)cos 2x =
= xe* +sin 2x.

Equating the coefficients at xe*, e*, cos2x and sin 2x in the left-hand
side and the right-hand side of the last identity, we obtain a system of

algebraic equations with respectto A, B, C and D:

xe* 2A=1,
e* —-2A+2B =0,
sin 2x C+8D =1,

C0S2X -8C+D=0.
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We have A=B==, C=

1. 1) 4 1. 8
Yoh =| =X+—= @7 +—5sINn2X+ —C0S2X.
2 2 65 65

The general solution of the equation:
) . 1 1), 1. 8
y =e”*(C,cosx+C,sinx)+| =x+= [e* +—-sin 2x + — C0s2X.
2 2 65 65
Answer: 1) y =e™*(C, cos x + C, sin x)+e**(2cos x +sin x);
2) y=C,+Ce™™ _ L ycosax+| Lx+ Llsin 2X;
4 4" 8

3) y =(C; +C,x)cos 2x + (C3 + Cyx)sin 2x +
151, 3 3
4 16 16

4) y =e>(C, +C,x+(~2x—1)cos x + 3sin x);

5) y =e?*(C, cosx+C, sinx)+ex+%)ex +

+isin2x+£50032x.

Task 2.8. Find the general solutions of the linear differential
equations using method of undetermined coefficients (without finding the
numerical values of the coefficients).

1) y" +4y" +3y’ =e* (xcos2x —sin 2x);

2 A8

2) y"-16y'+64 =5x°e”* + xsin X ;
3) 4y" -5y’ +y =5x* + X+ 2+ COSX.
Solution. 1) y” +4y”" +3y’ = e* (xcos 2x —sin 2x).
Find the roots of the characteristic equation:
X +4) +30=0,
A, =0, A,=-1, A;=-3.
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Solution of homogeneous equation: y, =C, +C,e ™ +C,e~**.

Since a=1, b=2,then z=1+2i, k =0. A particular solution
looks like this:

Yon = €% ((Ax + B)cos 2x + (A x + B; )sin 2x).
So, we obtain:
y=C, +C,e ™ +C,e ™ +e*((Ax + B)cos2x + (A x + B, )cos 2x).
2) y"—16Y’' +64 =5x*e® + xsin x.
Find the roots of the characteristic equation:
M —16L+64=0,
A=A, =8.
Solution of homogeneous equation: y, = (C, +C,x)e®*.
Using the principle of superposition, we get that a particular solution
has the form: Y,n = Y1nh + Yonh -
a) f(x)=5x%*, a=8, b=0, z=8, k=2,
Yinh = xz(sz + Bx +C)98X.
b) f,(x)=xsinx, a=0, b=1, z=i, k=0,
Yonn = (A + By )sin x + (A, x + B, )cos x.
The general solution of the equation:
Y =Yg+ Y =(Cy +Cyx)e®* + xz(sz + Bx+C)aSX +
+( Ax+B,)sinx+(Ax+B,)cosx.
3) 4y" -5y’ +y =5x* + X+ 24 COSX.
Find the roots of the characteristic equation:
4)* -50L+1=0,
1

}\,1:1, }\,2 :Z

Solution of homogeneous equation: y, = C, e* + C,e*.
Particular solution:



a) f(x)=5x>+x+2, a=0, b=0, z=0, k=0,
ylnh:Ax2+Bx+C.

b)  f,(x)=cosx, a=0, b=1, z=i, k=0,
Yonn = Dsinx+ Ecosx.

The general solution of the equation:

Y =Yo+ Yy =Cy ¥ +Cre¥* + Ax? + Bx+C + Dsinx+ Ecos .
Answer: 1) y = C; +C,e ¥ +Cqe X +
+e*((Ax + B)cos 2x + (A x + B, )cos 2x);
2) y=(Cy+Cpx)e®* + XZ(AXZ + Bx+C)58X +
+( Ax+By)sin x+ (Ayx + B, )cos X ;
3) y=C,e*+C,e¥* + Ax? + Bx+C +
+ Dsinx+ Ecosx.
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3 OPERATIONAL CALCULUS

When finding Laplace transforms by given originals, we usually
use Laplace transforms table for elementary functions. This is given in
Appendix D. You can also use the Laplace transformation properties.
They are listed in Appendix C.

Task 3.1. Find a Laplace transforms for a given functions.
1) f(t)=sin3tcos5t;

2) f(t)=(t-3Yn(t-3).
Solution. 1) f(t)=sin3tcos5t .
Let's make trigonometric transformations:

f(t) = sin3tcos5t = %sin 8t —%sin 2t .

We find according to the table (see Appendix D):

sin 2t <> 22 , sin8t <> 28 .
pe+4 p°+64
Using the linearity of the Laplace transformation (see Appendix C), we
obtain:

f(t):lsin8t—£sin2t<—>
2 2
1.8 1 2 4 1
p? +64 2p +4 p2+64 P’ +4

2
2) f(t)=(t-3)°n(t-3).
For the function t277(t) we have (see Appendix D):

tzn(t)eé.

=F(p).

By the delay theorem (see Appendix C) for the function (t —3)?7(t — 3)we
have:
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(t-3Pn(t-3) > e % ~F(p).

In this case it is important that we look for the transform exactly for
function (t—3)%7(t—3), that is, it is a function that is zero if t <3,
However, if you consider the function (t —3)2 n(t), i e. (t2 -6t + 9)7(t),
that using the linearity of the Laplace transformation we get:

2 6 9
(t—3)277(t):(t2—6t+9)>7(t)<—>—3——2+—.
p p p
4 1
Answer: 1) F = — X
) F(p) p>+64 p?+4
3p 2

In addition to using tables the following technique can be used to
find the original f(t) for a given Laplace transform F(p). If

F(p) = %p; is a rational fraction, then it is decomposed into the sum
P

of partial fractions and we can find original for each partial fraction,

using the Laplace transformation properties and tables (see Appendices

C, D).

Task 3.2. Find an original functions for a given Laplace transforms.

1 .
b Fle)- p(p-2)p?+4)
2) F(p)= 5:1

1

p(p—-2)p° +4)
We decompose F(p) into the sum of partial fractions:

Solution. 1) F(p)=



41

1 A B Cp+D
5 =—+ +— =,
p(p—Z)(p +4) P P-2 p°+4
A(p—2)p? + 4)+ Bp(p? + 4)+ (Cp+ D)p(p—2)
p(p—2)\p?+4)
_(A+B+C)p®+(-2A-2C+D)p® +(4A+4B-2D)p—8A
p(p-2)p? +4)
We equate the coefficients at equal degrees of p in numerators, so we

obtain a system of algebraic equations with respectto A, B, C and D.
We get:

a-leileilp !

So,
I:()_1111+1p11

8p 16p-2 16 p? 4 8 p?+4
The originals for each partial fraction of the right-hand side of
equality are given in the tables (see Appendix D). Using the linearity
property of the Laplace transformation, we obtain:

f(t):—£+ie2t + L cosat—Lsinat.
8 16 16 16

e 4P

2) F(p)= Tl

The presence of the multiplier e P indicates the need to apply the

17t

delay theorem. We have 7 =4, e

T , therefore:
p+

—4p
m <> e_17(t_4)77(t - 4)

Answer: 1) f(t):—%+%62t +%C032t—%sin 2t

2) f(t)=e 4y -4),
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The operating method allows solving Cauchy's problems for
ordinary differential equations with constant coefficients. This uses,
in particular, the original differentiation theorem (see Appendix C).

Task 3.3. Solve the Cauchy's problem.
x"+x=2cost; x(0)=0, x'(0)=-1;
Solution. Let x(t)<—> X (p) then by the differentiation theorem for
the original we have:
X(t) & pX(p)-x(0)= pX(p),
X'(t) & p*X(p)- px(0)-x'(0)= p*X (p)+1.
Y

2

p-+1

In addition, we find in the tables cost <> . We get the operator

equation:
PX(p)+1+ X (p) = .
pe+1
We solve the equation and find the unknown function X (p):

2 _2p .
(p? +1)X (p)= il 1,

2p 1
X(p)= -
(p2 +1)2 p*+1
This is an operator solution. Let's find the original function for it. We
find according to the tables (see Appendix D):
;— <> sint, izetsint.
So, X(p) <> tsint—sint = (t —1)sint = x(t).
Answer: x(t)=(t-1)sint.
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Appendix A
Table of the derivatives

In the table u = u(x) is a differentiable function

(C)’ =0, C =const (tgu)'

(x) =1 (ctgu)

(U”) (arcsinu) =

(\/U ) (arccosu) = —

(a“) =a"-Ina-u’,a =const (arctgu) =
1+u

(S ) (arcctgu) =—

1+u?

' 1 shu) =chu-u’
(1og, u) - o)

(Inu)’ % (chu) =shu-u

!

(sinu) =cosu-u’ (thu) = 12
ch?u

!

(cosu) =-—sinu-u’ (cthu) = —
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Appendix B
Table of the basic indefinite integrals

In the table u = u(x) is a differentiable function

[ctgu du =Insinu[+C

| dl; =tgu+C
cos’ u

je”du:e”+C fshudu:chu+C

jsinudu:—cosu+C fchudu:shu+C

jcosudu:smu+C d_l;:thquC

ch“u

[tgu du =—Injcosu|+C J':_g:—cthu+C
sh“u
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=—arcth+C

J- du 1
u’+a a a

Izduzzll u-— a+C
uc —a 2a u+a

u
= arcsm +C

-

= In‘u +\/u2 ia2‘+C

J du
Ju? +a?

I a’ —u?du = %u\/a2 —u? +%a2 arcsine +C

a

j uziazdu=%u u? +

1
izazln‘u ++u®+a?

+C
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Appendix C

Properties of the Laplace transformation

Property

The calculation formula

Linearity

2 A fi () © 2 AR (p)

k=1 k=1

Delay theorem

ft—7)-nt-7) e ™F(p)

Shifting theorem

e f(t) o F(p-a)

Similarity theorem

f(at)eEF(Bj

a a

Differentiation of
original

f'(t) < pF(p) - 1(0),

n
fM(t) o p"F(p)- p*tf&D(0)
k=1

Differentiation of
image

t"f (1) & ()" I:(IO)
dIO

Integration of
original

j f(r)dr fop)

Integration of
image

O jF(p)dp

Convolution
theorem

f (t) = fz(t)=f fi (O (t-7)dz & F(p)- F2(p)
0
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Appendix D
Table of Laplace transforms

Original Laplace transform Original Laplace transform
function function

f(t) f(t)

1
n(t) P sh ot

t" neN e® . cos wt

t?,B>-1 e .sin ot

e? .ch ot

e? .sh ot

t-cos wt

t-sin wt

t-ch ot

t-sh wt




