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 4 

INTRODUCTION 

 

 

 

 

 One of the types of unaided work of students is the execution of 

calculation tasks during the semester. Their purpose is to develop practical 

skills. They are designed to help students more deeply capture theoretical 

material and learn how to apply the acquired knowledge to solve practical 

problems. The offered workshop with examples of calculation tasks 

corresponds to the course "Higher Mathematics" taught to students 

majoring in Power Engineering, Electrical Engineering and  Electrical 

Mechanics full-time in the third module of the two-semester course. This 

workbook can also be used for students in other technical majors who study 

higher mathematics in a two-semester course. 

 This workbook covers virtually all major sections of the third module 

of the course on higher mathematics; it contains the necessary theoretical 

information, methodological instructions for completing the tasks, and 

examples of solving problems with a detailed explanation. A list of 

recommended literature is also provided. The manual also contains the 

necessary background material (tables, etc.). For ease of use, in this manual 

the numbering of examples corresponds to the numbering of tasks in the 

task book [12]. 

 Calculation tasks are executed during the semester, which provides 

students with a systematic study of the course. In carrying out these tasks, 

students work with recommended textbooks and manuals, independently 

search for necessary literary sources and materials, analyze them and 

summarize, independently research and make written presentation of 

practical assignments. 

 The materials of this practicum can be considered as part of a 

synopsis of lectures on higher mathematics, in which the theoretical 

statements are illustrated in practical examples. That is why the materials in 

this manual can be used not only in the performance of calculation tasks, 

but also in preparation for the exam. 
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1 FUNCTIONS OF COMPLEX VARIABLE  
 

 

 

 

 There are several forms of writing a complex number: 

  iyxz +=  – rectangular form; 

  
irez =  –power form; 

  ( ) sinicosrz +=  – trigonometric form, 

where zRex = , zImy =  (Cartesian coordinates), ,zr =  

zarg=  (polar coordinates). There are the following relations: 

         
x

y
arctg= , if z  belongs to the І or ІV quadrants, 

 =
x

y
arctg , if z  belongs to the ІІ or ІІІ quadrants,   (1.1) 

22 yxr += ,    (1.2) 

cosrx = , .sinry =  

Raising a complex number )sini(cosrz  +=  to a power 

are given by DeMoivre’s law: 

).nsinin(cosrz nn  +=    (1.3) 

The root of degree n  of a complex number z  has n  different 

values, which are calculated by the formula 

10
22

−=






 +
+

+
= n...,,k,

n

k
sini

n

k
cosrz nn 

.  (1.4) 

The points on the complex plane corresponding to the values 
n z  are 

the vertices of a regular n -sided polygon inscribed in a circle of radius 
n rR =  centered at the origin. 

 

 Task 1.1. Express a complex number in trigonometric and power 

forms. Make a graph. 

 a) iz 31−−= ; 
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 b) 
77−=z ; 

 c) iz 10 6= . 

 Solution. a) We find the modulus and the argument of the number 

z . Number z  belongs to the ІІІ quadrants because 01−=x , 

03 −=y ; 

( ) ( ) 231
22
=−+−=r ; 

3

4

3
3

1

3 



 =+=+=+

−

−
= arctgarctg . 

Therefore, the number z  can be represented as: 









+= 

3

4

3

4
2 sinicosz ; 


3

4

2
i

ez = . 

 Fig. 1.1 shows complex number and all calculated quantities. 

 

 
Figure 1.1 

 

 b) ,,r  == 77  because radius-vector forms an angle   with 

the positive direction of the axis OX . So, 

zIm  

zRe  

z  

3

4
 =  

2=r  

1−  

3i−  
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( ) sinicosz += 77 ; 

iez 77= . 

 Fig. 1.2 shows complex number and all calculated quantities. 

 

 
Figure 1.2 

 

 c) We find the modulus and the argument of the number z . ,
2


 =  

because radius-vector forms an angle 
2


 with the positive direction of the 

axis OX . Further,, 10 6.r =  Therefore, the number z  can be represented 

in trigonometric and power forms as: 









+=

22
610 

sinicosz ;           .ez
i
210 6



=  

 Fig. 1.3 shows complex number and all calculated quantities. 

 

zIm  

zRe  z  

 =  

77=r  

77−  

0  
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Figure 1.3 

 

 Answer: а) 


 3

4

2
3

4

3

4
2

i

esinicosz =







+= ; 

        b) ( )  iesinicosz 77
3 77 =+= ; 

        c) 21010
2 6

22
6


 i

esinicosz =







+= . 

 

 Task 1.2. Express a complex number in rectangular form іbа + . 

Make a graph. 

 а) ( )( )131 −−+= iiw ; 

 б) 

i

i
w

2

1

3

1

21

+

−
= ; 

 в) 014 =+w . 

 Solution. a) We perform multiplication: 

( )( ) ( ) ( )1313331131 +−−=−+−−=−−+= iiiiiw . 

Here we have taken into account that 1−= ii . 

 Fig. 1.4 shows all complex numbers. 

 

zIm  

zRe  

z  

2


 =  

10 6=r  

 i10 6  

0  
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Figure 1.4 

 

 b) To reduce the fraction to the rectangular form, we multiply the 

numerator and denominator by the value conjugated to the denominator. In 

our case, this value is i
2

1

3

1
− : 

( )
=

+

−−−

=









−








+









−−

=

+

−
=

4

1

9

1

1
3

2

2

1

3

1

2

1

3

1

2

1

3

1

2

1

3

1
21

2

1

3

1

21
ii

ii

ii

i

i
w  

i

i

13

42

13

24

36

13
6

7

3

2

−−=

−−

= . 

 Fig. 1.5 shows all complex numbers. 

 

311 iz +=  

iz −−= 12  

zIm  

zRe  1  

3i  

13 −  1−  

i−  

( )13 +− i  w  
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Figure 1.5 

 

 c) We use the formula (1.4). As 014 =+w , then 4 1−=w ; 

11 =− , ( ) =−1arg . According to the formula (1.4) there are four 

roots: 

3210
4

2

4

2
,,,k,

k
sini

k
cosw =

+
+

+
=


. 

 
2

2

2

2

44
0 1 isinicosw:k +=+==


; 

 
2

2

2

2

4

3

4

3
1 2 isinicosw:k +−=+==


; 

 
2

2

2

2

4

5

4

5
2 3 isinicosw:k −−=+==


; 

 
2

2

2

2

4

7

4

7
3 4 isinicosw:k −=+==


. 

 Geometrically numbers kw  are the vertices of a square inscribed in a 

unit circle. (fig. 1.6). 

zIm  

zRe  1  

2

i
 

13

24
−  

i2−  

i
13

42
−  

iz 211 −=  

23

1
2

i
z +=  

w  

3

1
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Figure 1.6 

 

 Answer: а) ( ) ( )1313 +−− i ; 

       b) i
13

42

13

24
−− ; 

       c) 
2

2

2

2
i+ ,  

2

2

2

2
i+− , 

2

2

2

2
i− , 

         
2

2

2

2
i−− . 

 

 Task 1.3. Using DeMoivre’s law compute the given quantity: 

( )60
31 i+− . 

 Solution. We express a complex number 31 iz +−=  in 

trigonometric form (taking into account that 2=z , 
3

2
=zarg ): 









+=+−

3

2

3

2
231


sinicosi . 

Applying DeMoivre’s low (1.3) gives: 

zIm

 
2w

 
1w

 

zRe

 

3w

 
4w
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( ) =















+








=+−

3

2
60

3

2
60231 6060 

sinicosi  

( ) 6060 240402 =+=  sinicos . 

 Answer: 
602 . 

 

 Task 1.4. Find the set of points on complex plane defined by the 

condition zz
2

1
1

2

1
−− . Make a graph. 

 Solution. Let iyxz += . Then the inequality has the form: 

iyxiyx
2

1

2

1
1

2

1
+








−+








− . 

By definition of modulus we have: 

2
2

2
2

4

1

2

1
1

2

1
yxyx +








−+








− . 

 

 

Solving the inequality we get: 

122 + yx . 

This is the inner domain of the unit circle, including the boundary (fig. 1.7). 

zIm  

zRe  

1  1−  

Figure 1.7 

1−  

1  



 13 

 Answer: unit circle 122 + yx . 

 

 When solving problems, you can use the Euler's identity: 

zsinizcoseiz += ,   (1.5) 

from which it follows: 

i

ee
zsin

iziz

2

−−
=  , 

2

iziz ee
zcos

−+
= . (1.6) 

We also give the definition of another elementary function Lnz : 

kizargizlnLnz 2++= , k .   (1.7) 

 The function ( )zfw =  maps the points of the complex z -plane 

to the corresponding points of the complex w -plane. Let iyxz +=  

and ivuw += . Then the dependency ( )zfw =  can be described 

using two real functions u  and v  of two real variables x  and y : 

( )
( )




=

=

y,xvv

y,xuu
. 

 The Cauchy-Riemann conditions are used to investigate the 

analytic function: 

y

v

x

u




=




, 

x

v

y

u




−=




.   (1.8) 

The existence of partial derivatives of the functions ( )y,xu  and 

( )y,xv , as well as the fulfillment of the equations (1.8) is a necessary 

condition for the analyticity of the function ( )zf , and with the 

additional requirement of differentiability of functions ( )y,xu  and 

( )y,xv  we get a sufficient condition of analyticity of the function 

( )zf . 

 

 Task 1.5. Find the analytic function ( )zf  having its imaginary part 

( ) 222 yxchyxcosy,xv +−= , if ( ) 20 =f . 
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 Solution. If the function ( )zf  is analytic, then its imaginary and real 

parts satisfy the Cauchy-Riemann conditions (1.8). Using the first 

condition, we obtain:  

( ) ( ) ( ) ( )  =++=+



= ydxyxshycosydx

y

v
y,xu  22  

( )yxyxshysin ++= 22 . 

From the second condition we obtain equality: 

( ) ( )xxchysinyxxchysin 2222 −−−=++  , 

from which we get ( ) 0= y  and ( ) Cy = . Consequently: 

( ) Cxyxshysiny,xu ++= 22 ; 

( ) ( )=+−+++= 22222 yxxchycosiCxyxshysinzf  

( ) ( ) =+−+−−= Cyxyixiiyxiyxi 22 2sinsincoscos2  

( ) ( ) CizzcosiCiyxiiyxcosi +−=++−+= 22
22 . 

We find the constant C  from the condition  ( ) 20 =f : 22 =+Ci , then 

iC 22 −= . We finally have: 

( ) ( ) 21cos2 2 +−−= izzizf . 

 Answer: ( ) ( ) 21cos2 2 +−−= izzizf . 
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2 DIFFERENTIAL EQUATIONS 

 
 

 

 

 The equation of the next forms 

( ) ( ) ( ) ( ) 02211 =+ dyygxfdxygxf .  (2.1) 

or  

( ) ( )yfxfy 21= .   (2.2) 

are called equations with separable variables. 

 To solve equation (3.1), we separate the variables so that dx  is 

multiplied by the function of x  alone, and dy  is multiplied by the 

function of y  alone. For this (2.1)  is divided by ( ) ( )xfyg 21   

( ( ) 02 xf , ( ) 01 yg ). We get 

( )
( )

( )
( )

0
1

2

2

1 =+ dy
yg

yg
dx

xf

xf
. 

The general integral of the equation (2.1) is: 

( )
( )

( )
( )

Cdy
yg

yg
dx

xf

xf
=+ 

1

2

2

1 . 

 To solve equation (2.2) we separate the variables, assuming that 

( ) 02 yf : 

( ) ( )yfxf
dx

dy
21= , 

( )
( )dxxf

yf

dy
1

2

= . 

The general integral of the equation (2.2):  

( )
( ) Cdxxf

yf

dy
+=  1

2

. 

 

 Task 2.1. Find the general solution of the separable differential 

equations. 
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 1) ( ) 21 +=+ y
dx

dy
x ; 

 2) ( ) 164 22 =−+ yyx ; 

 3) ( ) ( ) 022 =−++ dyxyxdxyxy . 

 Solution. 1) ( ) 21 +=+ y
dx

dy
x . 

 We separate the variables and integrate this equation: 

12 +
=

+ x

dx

y

dy
, 

Cln
x

dx

y

dy
+

+
=

+


12
, 

Clnxlnyln ++=+ 12 , 

( )12 +=+ xCy , 

( ) 21 −+= xCy . 

 2) ( ) 164 22 =−+ yyx . 

 We separate the variables and integrate this equation: 

( ) 22 164 y
dx

dy
x +=+ , 

416 22 +
=

+ x

dx

y

dy
,  

+
=

+ 416 22 x

dx

y

dy
, 

C
x

arctg
y

arctg +=
22

1

44

1
. 

 3) ( ) ( ) 022 =−++ dyxyxdxyxy .  

 We separate the variables and integrate this equation: 

( ) ( )dxxydyyx 22 11 +=− , 

dxx
x

dy
y

y 







+=








−

11
,   








+=








− dxx

x
dy

y
y

11
, 

C
x

xlnyln
y

++=−
22

22

, 
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C
x

yxln
y

++=
22

22

. 

 Answer: 1) ( ) 21 −+= xCy ; 

       2) C
x

arctg
y

arctg +=
22

1

44

1
; 

       3) C
x

yxln
y

++=
22

22

. 

 

 A function ( )yxf ,  is called a homogeneous function of the m-

th degree with respect to arguments x  and y  if equality is satisfied  

( ) ( )y,xftty,txf m=  Rt  , R . 

 Differential equation in a norrmal form 

( )yxfy ,=  

is called homogeneous with respect to variables x  and y , if function 

( )yxf ,  is a homogeneous function of zero degree with respect to its 

arguments. 

 Differential equation in a differential form 

( ) ( ) 0,, =+ dyyxQdxyxP  

is homogeneous one, if functions ( )yxP , , ( )yxQ ,  are homogeneous 

functions of the same degree  , i.e. ( ) ( )y,xPtty,txP = , 

( ) ( )y,xQtty,txQ = . 

 Homogeneous equations by substitution 

x

y
u = , xuy = , 

uxuy +=  

can be reduced to equations with separable variables with respect to a 

new function ( )xuu = . 

 

 Task 2.2. Find the general solution of the homogeneous differential 

equation. 
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 1) 
224 yxyyx ++= ; 

 2) ( ) ( ) 02 222 =−++ dyxxydxxy . 

 Solution. 1) 
224 yxyyx ++= . 

 Write the equation in the normal form: 

2

4 







++=

x

y

x

y
y . 

This equation is homogeneous because the function 

2

4 







++

x

y

x

y
 is a 

homogeneous function of zero degree. 

 Let's make the substitution 
x

y
u = , then xuy = , uxuy += . We 

have: 

24 uuuxu ++=+ , 

x

dx

u

du
=

+ 24
,   =

+ x

dx

u

du

24

, 

Clnxlnuuln +=++ 24 , 

Cxuu =++ 24 . 

In the last expression, we return to the variable y : 

2224 Cxyxy =++ . 

 2) ( ) ( ) 02 222 =−++ dyxxydxxy . 

 Functions 
22 xy +  and 

22xxy −  are homogeneous function of two 

degree. Therefore, this equation is homogeneous one. Let's make the 

substitution 
x

y
u = , then xuy = , uxuy += . We have 
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2

1

2

2

2

22

−

+








−=
−

+
−=

x

y

x

y

xxy

xy
y , 

2

12

−

+
−=+

u

u
uxu , 

x

dx
du

uu

u
−=

+−

−

122

2
2

. 

We integrate the left-hand part of the equation separately: 

( ) ( )
−

+−

+−
=

+−

−−
=

+−

−
 122

122

4

1

122

624

4

1

122

2
2

2

22 uu

uud
du

uu

u
du

uu

u
 

( )
=

+−
−+−=

+−
−  du

u
uulndu

uu 4121

1

4

3
122

4

1

122

1

2

3
2

2

2
 

( )12
2

3
122

4

1 2 −−+−= uarctguuln . 

The general integral of the equation  is: 

( ) Cxlnuarctguuln +−=−−+− 12
2

3
122

4

1 2
. 

In the last expression, we return to the variable y :  

Cxln
x

y
arctg

x

xxyy
ln +−=








−−

+−
1

2

2

322

4

1
2

22

. 

 Answer: 1) 
2224 Cxyxy =++ ; 

       2) Cxln
x

y
arctg

x

xxyy
ln +−=








−−

+−
1

2

2

322

4

1
2

22

. 

 

 A first-order differential equation is called linear if it can be 

written in the form 

( ) ( )xQyxPy =+ ,    (2.3) 

where ( )xP , ( )xQ  are defined functions. 
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 Bernoulli's method of solving first-order linear differential 

equations. Equation (2.3) can be reduced to two differential equations 

with separable variables by substitution uvy =  (Bernoulli's 

substitution), where ( )xuu =  and ( )xvv =  are some function. Then: 

( ) ( )xQuvxPvuvu =++ , 

( )  ( )xQvxPvuvu =++ .     (2.4) 

Let us choose a function ( )xvv =  such as the expression in square 

brackets be equal to zero: 

( ) 0=+ vxPv . 

We find the particular solution of this equation ( )
( )=

− dxxP
exv , 

substitute it in the equation (2.4) and obtain the second differential 

equation with separable variables (with respect to the function ( )xu ): 

( )xQvu = ,  i.e. ( )
( )=

dxxP
exQu   (2.5) 

We find the general solution of the equation (2.5) 

( ) ( )
( )

 += CdxexQxu
dxxP

. Therefore, we find the general solution 

of the original equation (2.3): 

( )
( )

( )







+= 

−
CdxexQey

dxxPdxxP
. 

 Differential equation 

( ) ( ) yxQyxPy =+ , 

where Rconst = , 1 , 0 , is called Bernoulli's equation. 

It can also be solved with the Bernoulli's substitution. 

 

 Task 2.3. Find the general solution of the linear differential equation 

of the first order or Bernoulli’s equation. 

 1) 
x

yyx
1

2 =− ; 

 2) ( )xxlnyy
x

y +=− 21
. 
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 Solution. 1) 
x

yyx
1

2 =− . 

 This equation is linear of the first order. We divide the equation by 

( )0xx : 

( ) ( ) 







=−==−

22

1212

x
xQ,

x
xP

xx

y
y . 

We make Bernoulli's substitution: uvy = , then 

2

12

x
uv

x
uvvu =−+ , 

2

12

xx

v
vuvu =








−+ . 

Step 1: 0
2

0
2

=−=−
x

v

dx

dv

x

v
v , 

  dx
xv

dv 2
= ,   =

x

dx

v

dv
2 , 

and we get 
2xv = . 

Step 2: 
42

2 11

xdx

du

x
xu == , 

  dx
x

du
4

1
= ,   = dx

x
du

4

1
, 

and we get C
x

u +−=
33

1
. 

 Thus, the general solution of this equation is: 

2

3

1
Cx

x
uvy +−== . 

 2) ( )xxlnyy
x

y +=− 21
.  

 This is Bernoulli's equation. We make Bernoulli's substitution: 
uvy = , then 
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( )xxlnvuuv
x

uvvu +=−+ 221
, 

( )xxlnvu
x

v
vuvu +=








−+ 22

. 

Step 1: 00 =−=−
x

v

dx

dv

x

v
v , 

  dx
xv

dv 1
= ,    =

x

dx

v

dv
, 

and we get xv = . 

Step 2: ( ) ( )xxlnxu
dx

du
xxlnxuxu +=+= 222

, 

  ( )dxxxlnx
u

du
+=

2
,  ( ) += dxxxlnx

u

du
2

, 

and we get 
123

1

4

1

2

11 322 C
xxxlnx

u
−+−=− , or: 

322 436

12

xxxlnxC
u

−+−
= . 

 Thus, the general solution of this equation is: 

322 436

12

xxxlnxC

x
uvy

−+−
== . 

 Answer: 1) 
x

Cxy
3

12 −= ; 

      2) 
322 436

12

xxxlnxC

x
y

−+−
= . 

 

 Differential equation of the first order 

( ) ( ) 0,, =+ dyyxQdxyxP .   (2.6) 

is called exact differential equation, if in the domain of definition of 

functions ( )yxP , , ( )yxQ ,  equality holds 

( ) ( )
x

yxQ

y

yxP




=



 ,,
.    (2.7) 
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 The general integral of the equation (2.6) is determined by one 

of the next formulas: 

( ) ( ) CdyyxQdxyxP

y

y

x

x

=+ 
00

,, 0
,  (2.8) 

( ) ( ) CdyyxQdxyxP

y

y

x

x

=+ 
00

,, 0
,  (2.9) 

where ( ) Dyx 00 ; . 

 

 Task 2.4. Find the general solution of the exact differential equation 

( ) ( ) 0682642 222 =+−++− dyyxxydxxyyx . 

 Solution. Let's check the condition (2.7): 

( ) 22 642, xyyxyxP +−= ; ( ) yxxyyxQ 2682, +−= . 

xyy
y

P
128 +−=




,  

( )
xyy

x

yxQ
128

,
+−=




. 

Condition (2.7) is satisfied, so this equation is the exact differential 

equation. The solution of this equation can be found by the formulas (2.8) 

or (2.9). The point ( ) Dyx 00 ;  should be selected so that the functions 

( )yxP , , ( )yxQ ,  are as simple as possible. Take the point ( )0;0  as a point 

( )00 ; yx . 

 According to the formula (2.8) we get: 

( ) ( ) Cdyyxxyxdxx

yx

=+−++− 
0

2

0

68206042 , 

Cyxxyyx =+−+ 2222 342 . 

 Answer: Cyxxyyx =+−+ 2222 342 . 

 

Differential equations of order higher than the first. 

Reduction of order. 

1) Differential equation 
( ) ( )xfy n =      (2.10) 

can be solved by sequential integration n  times. The general solution of 
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the equation (2.10): 

( )
( )

( )

( )

( ) n

nn

C
n

x
C

n

x
Cxy ++

−
+

−
+=

−−


!2!1

2

2

1

1 . 

2) If we have the equation of the form 
( ) ( ) ( )( ) 0,,,, 1 =+ nkk yyyxF  ,    (2.11) 

which does not contain explicitly the unknown function and its 

derivatives up to the ( )1−k -th order, then in order to reduce the order of 

equation (2.11), a substitution 
( ) ( )xzy k =  must be made, and 

( ) ( )xzy k =+1
, …, 

( ) ( ) ( )xzy knn −= . Equation (2.11) reduces to the 

( )kn − -th order equation with respect to the function ( )xz : 

( )( ) 0,,,, = −knzzzxF  . 

3) If we have the equation of the form 
( )( ) 0,,,, = nyyyyF  ,  (2.12) 

which does not contain explicitly independent variable x , then in order 

to reduce the order of equation (2.12), a substitution ( )ypy =  must be 

made. Further we get 

pp
dy

dp
py == , 

=













+








=

2

22

dy

pd
p

dy

dp
py ( )( )pppp + 2

 

and so on. 

We obtain the equation of the form: 
( )

( )
0,,,,,

1

1

2

2

=







−

−

n

n

dy

pd

dy

pd

dy

dp
pyF  . 

 

 Task 2.5. Find the general solution of the differential equation of 

order higher than the first. 

 1) 23 += xy ; 

 2) 
22 2yyx = ; 
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 3) 021 2 =−+ yyy . 

 Solution. 1) 23 += xy . 

 This equation is of the type (2.10). We integrate the given equation 

three times by the variable x : 

( ) 1

4
3 2

4
2 Cx

x
dxxy ++=+=  , 

21

2
5

1

4

20
2

4
CxCx

x
dxCx

x
y +++=








++=  , 

32

2

1

36

21

2
5

2

1

312020
CxCxC

xx
dxCxCx

x
y ++++=








+++=  . 

 2) 
22 2yyx = . 

 This equation is of the type (2.11), it does not contain explicitly the 

unknown function ( )xy . Let us reduce its order. Let yz = , then yz = . 

We have: 
22 2zzx =     (2.13) 

Separate variable equation is obtained. Let's find his solution: 

22 2z
dx

dz
x = ,  

22 2z
dx

dz
x = , 

 = dx
xz

dz
22

2
,   1

21
C

xz
−−=− , 

xC

x
z

12 +
= . 

Since yz = , then 
xC

x
y

12 +
= . We integrate: 

21
11111

2ln
21

2

2
1

1

2
CxC

C
x

C
xd

xCCxC

xdx
y +








+−=









+
−=

+
=  , 

if 01 C , 
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C
xxdx

y +== 
42

2

, if 01 =C  

 3) 021 2 =−+ yyy . 

 This equation is of the type (2.12), it does not contain explicitly 

independent variable x . Let us reduce its order. Let ( )ypy = , then 

ppy = . We have: 

021 2 =−+ pypp ,  12 2 += ppyp , 

y

dy

p

pdp
=

+1

2
2

,    =
+ y

dy

p

pdp

1

2
2

, 

1
2 1 Clnylnpln +=+ ,  11

2 −= yCp , 

11 −= yCy ,  dx
yC

dy
=

−11

, 

 =
−

dx
yC

dy

11

,  21

1

1
2

CxyC
C

+=−  

 Answer: 1) 32

2

1

36

2

1

3120
CxCxC

xx
y ++++= ; 

       2) 21

11

1ln
21

CxC
C

x
C

y +







+−=  ( 01 C ), 

   C
x

y +=
4

2

; 

       3) 21

1

1
2

CxyC
C

+=− . 

 

 Task 2.6. Solve the Cauchy's problem. 

 1) 
3

1

x
y = , ( )

2

3
1 =y , ( )

2

1
1 −=y . 

 2) ( ) 02
3

=+ yyy , ( ) 00 =y , ( ) 20 −=y ; 

 3) ( )yxyxy +=− 212 , ( ) 31 =y , ( ) 21 =y . 
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 Solution. 1) 
3

1

x
y = , ( )

2

3
1 =y , ( )

2

1
1 −=y . 

We integrate the given equation: 

123 2

11
C

x
dx

x
y +−==  . 

Using the second initial condition we find 1C : 

( )
2

1

2

1
1 1 −=+−= Cy , 01 =C . 

Given that 01 =C , we get 

22 2

1

2

1
C

x
dx

x
y +=−=  . 

Using the first initial condition we find 2C : 

( )
2

3

2

1
1 2 =+= Cy , 12 =C . 

 Finally we get the solution of the Cauchy's problem: 

1
2

1
+=

x
y . 

 2) ( ) 02
3

=+ yyy , ( ) 00 =y , ( ) 20 −=y . 

 This equation is of the type (2.12), it does not contain explicitly 

independent variable x . Let ( )ypy = , then ppy = . We have 

02 3 =+ ppyp ,  
22ypp −= ,  

22ypp −= ,  

22yp
dy

dp
−= ,  ydy

p

dp
2

2
−= , 

 −= ydy
p

dp
2

2
,  1

21
Cy

p
+−=− , 

1

21
Cy

y
+−=


− .     (2.14) 

Using the both initial conditions we find 1C : 

1

20
2

1
C+−=

−
− , 

2

1
1 =C . 
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Let's substitute 
2

1
1 =C  in (2.14): 

2

11 2 −=


y
y

,  
12

2
2 −

=
y

y , 

dxdyy =







−

2

12
,   =








− dxydy

2

12
, 

2

3

23
Cx

yy
+=− . 

Using the first initial condition we find 02 =C . 

 Solution of the Cauchy's problem: 

x
yy
=−

23

3

. 

 3) ( )yxyxy +=− 212 , ( ) 31 =y , ( ) 21 =y . 

 This equation is of the type (2.11), it does not contain explicitly the 

unknown function ( )xy . Let yz = , then yz = . We have 

( ) 22 2 −=+ zxxz ,  
( )122 +

=
− xx

dx

z

dz
, 

( )122 +
=

− xx

dx

z

dz
,   









+
−=

−
dx

xxz

dz

12

21

2
, 

1ln12lnln2ln Cxxz ++−=− ,   2
12

1 +
+

=
x

xC
z . 

 Let's return to the variable y : 

2
12

1 +
+

=
x

xC
y . 

Using the second initial condition we find 01 =C , then 

2=y , 22 Cxy += . 

Using the first initial condition we find 2C : 

( ) 321 2 =+= Cy , 12 =C . 

Finally we get the solution of the Cauchy's problem:  
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12 += xy . 

 Answer: 1) 1
2

1
+=

x
y ; 

      2) x
yy
=−

23

3

; 

      3) 12 += xy ,  

 

 Differential equation 
( ) ( ) ( ) ( )xfyayayay n

nnn =++++ −− 2
2

1
1 ,  (2.15) 

(where 1a , 2a , …, na  are constants, ( )xf  is a given continuous 

function) is called non-homogeneous linear differential equation 

(NLDE) of the n th order with constant coefficients. 

 Differential equation 
( ) ( ) ( ) 02

2

1

1 =++++ −− yayayay n

nnn  ,  (2.16) 

(where 1a , 2a , …, na  are constants) is called homogeneous linear 

differential equation (HLDE) of the n th order with constant 

coefficients. 

 Solution of HLDE of the n th order with constant coefficients. 

We construct a characteristic equation and find its roots: 

02
2

1
1 =++++ −−

n
nnn aaa  .  (2.17) 

 1) If all the roots of equation (2.17) are real and simple 

(different), then we write the general solution of equation (2.16) as: 
x

n

xx neCeCeCy


+++= 21

21 . 

 2) If all the roots of the equation (2.17) are real, but among them 

there are the roots of multiplicities m  ( )1m , then each simple root 

  corresponds to a particular solution 
xe

, and each root   of 

multiplicity m  corresponds to m  particular solutions 
xe

, 
xxe

, 
xex 2
, …, 

xm ex −1
. 

 3) If among the roots of equation (2.17) there are complex 

conjugated ones, then each pair of simple roots  i  corresponds to 

two particular solutions xcose x 
, xsine x 

, and each pair of 
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conjugated roots  i  of multiplicity m  corresponds to m2  

particular solutions: 

xcose x 
, xcosex x  , xex x   cos2

, …, xcosex xm −1
, 

xsine x 
, xsinex x  , xsinex x 2

, …, xsinex xm −1
. 

 The structure of the general solution NLDE of the n  th order. 

The general solution of (2.15) consists of the sum of particular solution 

nhy  of non-homogeneous equation and the general solution 0y  of the 

corresponding homogeneous equation. 

 NLDE of the n th order with constant coefficients and the 

right-hand side of the special form. Let the right part of the NLDE 

(2.15) have a special form: 

( ) ( ) ( )( )bxxQbxxPexf s

ax sincosr += ,  (2.18) 

where ( )xPr , ( )xQs  are polynomials of degrees r  and s  

respectively, a , b  are any numbers. 

 For differential equations with the right-hand side of the form 

(2.18), the partial solution has a similar structure: 

( ) ( )( )bxsinxQ
~

bxcosxP
~

exy mm
axk

nh += , 

where ( )xPm

~
, ( )xQm

~
 are polynomials of degree  srm ,max= , k  – 

the number of roots of the characteristic equation (given their 

multiplicities), which coincide with the number ibaz += . We define 

the structure of the general solution of equation (2.15), in which only 

the coefficients of polynomials ( )xPm

~
, ( )xQm

~
 are unknown, then we 

substitute the particular solution nhy  and its derivatives in equation 

(2.15), and equate the coefficients of similar terms on the left-hand side 

and right-hand side. We obtain the required number of linear algebraic 

equations to find the unknown coefficients. 

 Superposition principle. If the right-hand side of equation (2.15) 

is the sum of two functions ( ) ( ) ( )xfxfxf 21 += , аnd nhy1 , nhy2  are  

particular solutions of the equations 
( ) ( ) ( ) ( )xfyayayay n

nnn

1

2

2

1

1 =++++ −−  , 

( ) ( ) ( ) ( )xfyayayay n

nnn

2

2

2

1

1 =++++ −−  , 
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then the function 2nh1nhnh yyy +=  is the solution of the equation 

(2.15). 

 
 Task 2.7. Find the general solutions of the linear differential 

equations using method of undetermined coefficients. 

 1) xeyyy x cos4022 3=++ ; 

 2) ( ) xxxyy 2sin2cos122 ++=+ ; 

 3) 1342168 23 +++=++ xxxyyy IV
; 

 4) ( )( )xxxeyyy x sincos1296 3 ++=+− ; 

 5) xexyyy x 2sin54 +=+− . 

 Solution. 1) xeyyy x cos4022 3=++ . 

 Find the roots of the characteristic equation: 

0222 =++ , 

i−= 12,1 . 

Solution of homogeneous equation: ( )xCxCey x sincos 210 += −
. 

 For a given equation we have 3=a , 1=b , iz += 3 , therefore 

0=k . A particular solution looks like this: 

( )xsinBxcosAey x
nh += 3

. 

Let's find nhy  and nhy  : 

( ) ( )( )xsinBAxcosBAey x
nh 333 +−++= , 

( ) ( )( )xsinBAxcosBAey x
nh 86683 +−++= . 

We substitute nhy  and nhy   into the original equation and divide both parts 

of the equation by 
xe3
, then we obtain: 

( ) ( ) xxBAxBA cos40sin168cos816 =+−++ . 

Equating the coefficients at xcos  and xsin  in the left-hand side and the 

right-hand side of the last equality, we obtain a system of algebraic 

equations with respect to A  and B : 

.0168

,40816

sin

cos

=+−

=+

BA

BA

x

x
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We have 2=A , 1=B . So, ( )xsinxcosey x
nh += 23

.  

 The general solution of the equation: 

( ) ( )xxexCxCey xx sincos2sincos 3

21 +++= −
. 

 2) ( ) xxxyy 2sin2cos122 ++=+ . 

 Find the roots of the characteristic equation: 

022 =+ , 

01 = , 22 −= . 

Solution of homogeneous equation: 
xeCCy 2

210

−+= . 

 For a given equation we have 0=a , 2=b , iz 2= , therefore 

0=k . A particular solution looks like this: 

( ) ( ) xDCxxBAxy÷ 2sin2cos +++= . 

Let's find nhy  and nhy  : 

( ) ( ) xsinCBAxxcosDAxCynh 222222 +−−+++= , 

( ) ( ) xsinDACxxcosCBxAynh 24442444 −−−++−−= . 

We substitute nhy  and nhy   into the original equation: 

( )( ) ( )( −−−+++−++− xCAxDCBAxCA 442cos44424

) ( ) xxxxDCBA 2sin2cos122sin4244 ++=−+−− . 

Equating the coefficients at xcos , xsin , xxcos  and xx sin  in the left-

hand side and the right-hand side of the last equality, we obtain a system of 

algebraic equations with respect to A , B , C  and D : 

.14244

,044

,14442

,24

2sin

2sin

2cos

2cos

=−+−−

=−−

=++−

=+−

DCBA

CA

DCBA

CA

x

xx

x

xx

 

From the obtained system we find that 
4

1
−=A , 0=B , 

4

1
=C , 

8

1
=D . 

So, xsinxxcosxynh 2
8

1

4

1
2

4

1








++−= .  

 The general solution of the equation: 
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xxxxeCCy x 2sin
8

1

4

1
2cos

4

12

21 







++−+= −

. 

 3) 1342168 23 +++=++ xxxyyy IV
. 

 Find the roots of the characteristic equation: 

0168 24 =++ , 

i22,1 = ,  i24,3 −= . 

Solution of homogeneous equation: 

( ) ( ) xxCCxxCCy 2sin2cos 43210 +++= . 

 For a given equation we have 0=a , 0=b , 0=z , therefore 

0=k . A particular solution looks like this: 

DCxBxAxynh +++= 23
, 

CBxAxynh ++= 23 2
, 

BAxynh += 6 , Aynh 6= , 0=nh
IVy . 

We substitute 
IV

nhy  and nhy   into the original equation, then we obtain: 

( ) ( ) 13421668 2323 +++=+++++ xxxDCxBxAxBAx . 

We equate the coefficients at equal degrees of x  in the left-hand side and 

the right-hand side of the last equality, so we obtain a system of algebraic 

equations with respect to A , B , C  and D : 

.11616

,31648

,416

,216

0

1

2

3

=+

=+

=

=

DB

CA

B

A

x

x

x

x

 

we find that 
8

1
=A , 

4

1
=B , 

16

3
−== DC . So, 

16

3

16

3

4

1

8

1 23 −−+= xxxynh . 

 The general solution of the equation: 

( ) ( )
16

3

16

3

4

1

8

1
2sin2cos 23

4321 −−+++++= xxxxxCCxxCCy . 
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 4) ( )( )xxxeyyy x sincos1296 3 ++=+− . 

 Find the roots of the characteristic equation: 

0962 =+−  , 

32,1 = . 

Solution of homogeneous equation: ( ) xexCCy 3

210 += . 

 For a given equation we have 3=a , 1=b , iz += 3 , therefore 

0=k . A particular solution looks like this: 

( ) ( )( )xsinDCxxcosBAxey x
nh +++= 3

. 

Let's find nhy  and nhy  : 

( )( )( +++++= xcosDBAxCAey x
nh 333

 

( )( ) )xDCBxCA sin33 ++−+−+ , 

( )( )( ++++++= xcosDCBAxCAey x
nh 6286683

( )( ) )xDCBAxCA sin866286 ++−−+−+ . 

We substitute nhy  and nhy   into the original equation and divide both parts 

of the equation by 
xe3
, then we obtain: 

( ) ( ) ( ) xxxxDACxxCBAx sincos12sin2cos22 ++=−−−++−− . 

Equating the coefficients at xcos , xsin , xxcos  and xx sin  in the left-

hand side and the right-hand side of the last equality, we obtain a system of 

algebraic equations with respect to A , B , C  and D : 

.12

,0

,12

,2

sin

sin

cos

cos

=−−

=−

=+−

=−

DA

C

CB

A

x

xx

x

xx

 

We have 2−=A , 1−=B , 0=C , 3=D . So, 

( )( )xsinxcosxey x
nh 3123 +−−= . 

 The general solution of the equation: 

( ) ( )( )xxxexCCey xx sin3cos123

21

3 +−−++= . 

 5) xexyyy x 2sin54 +=+− . 
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 Find the roots of the characteristic equation: 

0542 =+− , 

i= 22,1 . 

Solution of homogeneous equation: ( )xCxCey x sincos 21

2

0 += . 

 According to the superposition principle, a particular solution has a 

form: 2nh1nhnh yyy += . 

 а) ( ) xxexf =1 , 1=a , 0=b , 1=z , 0=k , ( ) x
nh eBxAy +=1 . 

 b) ( ) xxf 2sin2 = , 0=a , 2=b , iz 2= , 0=k , 

xcosDxsinCy nh 222 += . 

A particular solution looks like this: 

( ) xcosDxsinCeBAxy x
nh 22 +++= . 

Let's find nhy  and nhy  : 

( ) xcosDxsinCeBAAxy x
nh 2222 +−++= , 

( ) xcosDxsinCeBAAxy x
nh 24242 −−++= . 

We substitute nhy  and nhy   into the original equation: 

( ) ( ) ( ) =+−++++− xcosDCxsinDCeBAAx x 2828222  

xsinex x 2+= . 

Equating the coefficients at 
xxe , 

xe , x2cos  and x2sin  in the left-hand 

side and the right-hand side of the last identity, we obtain a system of 

algebraic equations with respect to A , B , C  and D : 

.08

,18

,022

,12

2cos

2sin

=+−

=+

=+−

=

DC

DC

BA

A

x

x

e

ex

x

x
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We have 
2

1
== BA , 

65

1
=C , 

65

8
=D . So, 

xcosxsinexy x
nh 2

65

8
2

65

1

2

1

2

1
++








+= . 

 The general solution of the equation: 

( ) xxexxCxCey xx 2cos
65

8
2sin

65

1

2

1

2

1
sincos 21

2 ++







+++= . 

 Answer: 1) ( ) ( )xxexCxCey xx sincos2sincos 3

21 +++= −
; 

      2) xxxxeCCy x 2sin
8

1

4

1
2cos

4

12

21 







++−+= −

; 

      3) ( ) ( ) ++++= xsinxCCxcosxCCy 22 4321  

       
16

3

16

3

4

1

8

1 23 −−++ xxx ; 

      4) ( )( )xxxxCCey x sin3cos1221

3 +−−++= ; 

      5) ( ) +







+++= xx exxsinCxcosCey

2

1

2

1
21

2
 

       xcosxsin 2
65

8
2

65

1
++ . 

 

 Task 2.8. Find the general solutions of the linear differential 

equations using method of undetermined coefficients (without finding the 

numerical values of the coefficients). 

 1) ( )xxxeyyy x 2sin2cos34 −=++ ; 

 2) xxexyy x sin56416 82 +=+− ; 

 3) xxxyyy cos2554 2 +++=+− . 

 Solution. 1) ( )xxxeyyy x 2sin2cos34 −=++ . 

 Find the roots of the characteristic equation: 

034 23 =++ , 

01 = , 12 −= , 33 −= . 
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Solution of homogeneous equation: 
xx eCeCCy 3

3210

−− ++= . 

 Since 1=a , 2=b , then iz 21+= , 0=k . A particular solution 

looks like this: 

( ) ( )( )xsinBxAxcosBAxey x
nh 22 11 +++= . 

 So, we obtain: 

( ) ( )( )xBxAxBAxeeCeCCy xxx 2cos2cos 11

3

321 ++++++= −−
. 

 2) xxexyy x sin56416 82 +=+− . 

 Find the roots of the characteristic equation: 

064162 =+− , 

821 == . 

Solution of homogeneous equation: ( ) xexCCy 8

210 += . 

 Using the principle of superposition, we get that a particular solution 

has the form: 2nh1nhnh yyy += . 

 а) ( ) xexxf 82

1 5= , 8=a , 0=b , 8=z , 2=k , 

( ) x
nh eCBxxAxy 822

1 ++= . 

 b) ( ) xxxf sin2 = , 0=a , 1=b , iz = , 0=k , 

( ) ( ) xcosBxAxsinBxAy nh 22112 +++= . 

 The general solution of the equation: 

( ) ( ) +++++=+= xx
nh eCBxxAxexCCyyy 8228

210  

( ) ( ) xBxAxBxA cossin 2211 ++++ . 

 3) xxxyyy cos2554 2 +++=+− . 

 Find the roots of the characteristic equation: 

0154 2 =+− ,  

11 = , 
4

1
2 = . 

Solution of homogeneous equation: 
4

210

xx eCeCy += . 

 Particular solution: 
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 а) ( ) 25 2

1 ++= xxxf , 0=a , 0=b , 0=z , 0=k , 

CBxxAy nh ++= 2
1 . 

 b) ( ) xxf cos2 = , 0=a , 1=b , iz = , 0=k , 

xcosExsinDy nh +=2 . 

 The general solution of the equation: 

xcosExsinDCBxxAeCeCyyy xx
nh ++++++=+= 24

210 . 

 Answer: 1) +++= −− xx eCeCCy 3
321  

    ( ) ( )( )xcosBxAxcosBAxex 22 11 ++++ ; 

      2) ( ) ( ) +++++= xx eCBxxAxexCCy 8228
21  

     ( ) ( ) xcosBxAxsinBxA 2211 ++++ ; 

      3) +++++= CBxxAeCeCy xx 24
21  

        xcosExsinD ++ . 
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3 OPERATIONAL CALCULUS 
 

 

 

 

 When finding Laplace transforms by given originals, we usually 

use Laplace transforms table for elementary functions. This is given in 

Appendix D. You can also use the Laplace transformation properties. 

They are listed in Appendix C. 

 

 Task 3.1. Find a Laplace transforms for a given functions. 

 1) ( ) tttf 5cos3sin= ; 

 2) ( ) ( ) ( )33
2

−−= tttf  . 

 Solution. 1) ( ) tcostsintf 53= . 

 Let's make trigonometric transformations: 

( ) tttttf 2sin
2

1
8sin

2

1
5cos3sin −== . 

We find according to the table (see Appendix D): 

4

2
2sin

2 +


p
t ,   

64

8
8sin

2 +


p
t . 

Using the linearity of the Laplace transformation (see Appendix C), we 

obtain: 

( ) −= tttf 2sin
2

1
8sin

2

1
 

( )pF
pppp

=
+

−
+

=
+

−
+


4

1

64

4

4

2

2

1

64

8

2

1
2222

. 

 2) ( ) ( ) ( )33
2

−−= tttf  . 

 For the function ( )tt 2  we have (see Appendix D):  

( )
3

2 2

p
tt  . 

By the delay theorem (see Appendix C) for the function ( ) ( )33
2

−− tt  we 

have: 
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( ) ( ) ( )pF
p

ett p =−− −

3

32 2
33  . 

 In this case it is important that we look for the transform exactly for 

function ( ) ( )33
2

−− tt  , that is, it is a function that is zero if 3t . 

However, if you consider the function ( ) ( )tt 
2

3− , i. e. ( ) ( )ttt 962 +− , 

that using the linearity of the Laplace transformation we get: 

: 

( ) ( ) ( ) ( )
ppp

ttttt
962

963
23

22
+−+−=−  . 

 Answer: 1) ( )
4

1

64

4
22 +

−
+

=
pp

pF ; 

       2) ( )
3

3 2

p
epF p−= . 

 

 In addition to using tables the following technique can be used to 

find the original ( )tf  for a given Laplace transform ( )pF . If  

( )
( )
( )pR

pQ
pF = is a rational fraction, then it is decomposed into the sum 

of partial fractions and we can find original for each partial fraction, 

using the Laplace transformation properties and tables (see Appendices 

C, D).  

 

 Task 3.2. Find an original functions for a given Laplace transforms. 

 1) ( )
( )( )42

1
2 +−

=
ppp

pF ; 

 2) ( )
1+

=
−

p

e
pF

p

. 

 Solution. 1) ( )
( )( )42

1
2 +−

=
ppp

pF . 

 We decompose ( )pF  into the sum of partial fractions: 
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( )( )
=

+

+
+

−
+=

+− 4242

1
22 p

DCp

p

B

p

A

ppp
. 

( )( ) ( ) ( ) ( )

( )( )
=

+−

−+++++−
=

42

2442
2

22

ppp

ppDCppBpppA
 

( ) ( ) ( )

( )( )42

824422
2

23

+−

−−+++−−+++
=

ppp

ApDBApDCApCBA
. 

We equate the coefficients at equal degrees of p  in numerators, so we 

obtain a system of algebraic equations with respect to A , B , C  and D . 

We get: 

8

1

16

1

16

1

8

1
−===−= D,C,B,A . 

So, 

( )
4

1

8

1

416

1

2

1

16

11

8

1
22 +

−
+

+
−

+−=
pp

p

pp
pF . 

 The originals for each partial fraction of the right-hand side of 

equality are given in the tables (see Appendix D). Using the linearity 

property of the Laplace transformation, we obtain: 

( ) tsintcosetf t 2
16

1
2

16

1

16

1

8

1 2 −++−= . 

 2) ( )
17

4

+
=

−

p

e
pF

p

. 

 The presence of the multiplier 
pe 4−

 indicates the need to apply the 

delay theorem. We have 4= , 
te

p

17

17

1 −
+

, therefore: 

( ) ( )4
17

417
4

−
+

−−
−

te
p

e t
p

 . 

 Answer: 1) ( ) tsintcosetf t 2
16

1
2

16

1

16

1

8

1 2 −++−= ; 

      2) ( ) ( ) ( )4417 −= −− tetf t  . 



 42 

 

 The operating method allows solving Cauchy's problems for 

ordinary differential equations with constant coefficients. This uses, 

in particular, the original differentiation theorem (see Appendix C). 

 

 Task 3.3. Solve the Cauchy's problem. 

tcosxx 2=+ ;  ( ) 00 =x , ( ) 10 −=x ; 

 Solution. Let ( ) ( )pXtx  , then by the differentiation theorem for 

the original we have: 

( ) ( ) ( ) ( )ppXxppXtx =− 0 , 

( ) ( ) ( ) ( ) ( ) 100 22 +=−− pXpxpxpXptx . 

In addition, we find in the tables 
12 +


p

p
tcos . We get the operator 

equation: 

( ) ( )
1

2
1

2

2

+
=++

p

p
pXpXp . 

We solve the equation and find the  unknown function ( )pX : 

( ) ( ) 1
1

2
1

2

2 −
+

=+
p

p
pXp , 

( )
( ) 1

1

1

2
222 +

−
+

=
pp

p
pX . 

 This is an operator solution. Let's find the original function for it. We 

find according to the tables (see Appendix D): 

tsin
p


+1

1
2

,  

( )
tsint

p

p


+
22 1

2
. 

So, ( ) ( ) ( )txtsinttsintsintpX =−=− 1 .  

 Answer: ( ) ( ) tsinttx 1−= . 
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Appendix A 

Table of the derivatives 

 

 In the table ( )xuu =  is a differentiable function 

 

1 ( ) 0=


C , constC =  
11 

( ) u
ucos

tgu =


2

1
 

2 ( ) 1=


x  
12 

( ) u
usin

ctgu −=


2

1
 

3 ( ) uunu nn =
 −1

 
13 

( ) u
u

u 
−

=


21

1
arcsin  

4 ( ) u
u

u =


2

1
 

14 
( ) u

u
u 

−
−=


21

1
arccos  

5 ( ) consta,ualnaa uu ==


 
15 

( ) u
u

arctgu 
+

=


21

1
 

6 ( ) uee uu =


 
16 

( ) u
u

arcctgu 
+

−=


21

1
 

7 
( ) u

alnu
uloga 


=

 1
 

17 uuchush =)(  

8 
( ) u

u
u =
 1

ln  
18 uushuch =)(  

9 ( ) uucosusin =


 
19 

u
uch

uth =
2

1
)(  

10 ( ) uusinucos −=


 
20 

u
ush

ucth −=
2

1
)(  
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Appendix B 

Table of the basic indefinite integrals 

 

 In the table ( )xuu =  is a differentiable function 

 

1  += Cudu  10 Cusin lnductgu +=  

2 

 +
+

=
+

C
u

duu
1

1






, 

1−  

11 
 += Cu tg

ucos

du
2

 

3 

 += Cu
u

du
2  

12 
 +−= Cu ctg 

usin

du
2

 

4 
 += Cu ln

u

du
 

13 

 += C
u

tg ln
usin

du

2
 

5 

 += C
aln

a
dua

u
u

 
14 

 +







+= C

u
tg ln

ucos

du

42


 

6  += Cedue uu
 15 Cuchduush +=  

7  +−= Cuduu cossin  16  += Cushduuch  

8 Cusinduucos +=  17 
 += Cuth

uch

du
2

 

9  +−= Cucos lndutgu  18 
Cucth

ush

du
+−=  

2
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19 
 +=

+
C

a

u
arctg

aau

du 1
22

 

20 

 +
+

−
=

−
C

au

au
 ln

aau

du

2

1
22

 

21 
 =

− 22 ua

du
C

a

u
arcsin +  

22 
 =

 22 au

du
Cauu ln ++ 22

 

23 
=− duua 22 22

2

1
uau − C

a

u
arcsina ++ 2

2

1
 

24 
 = duau 22 22

2

1
auu  Cauunla ++ 222

2

1
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Appendix C 

Properties of the Laplace transformation 

 

Property 

 

The calculation formula 

 

Linearity 
==


n

k
kk

n

k
kk pFtf

11

)()(   

Delay theorem   

)()()( pFettf p −−−  

Shifting theorem  

)()( apFfe tat −  

Similarity theorem 
( ) 










a

p
F

a
atf

1
 

 

Differentiation of  

original 

)0()()( fppFtf − , 


=

−−−
n

k

kknn fppFptf
1

)1(1)( )0()()(  

 

Differentiation of  

image 

)()1()( pF
dp

d
tft

n

n
nn −  

 

Integration of  

original p

pF
df

t
)(

)(

0

   

 

Integration of  

image 





p

dppF
t

tf
)(

)(
 

 

Convolution 

theorem 

)()()()()()( 212

0

121 pFpFdtftftftf
t

−=    
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Appendix D 

Table of Laplace transforms 

 

Original 

function  

( )tf  

Laplace transform 

( )pF  

Original 

function  

( )tf  

Laplace transform 

( )pF  

 

)(t  
p

1
 

 

tsh  22 



−p
 

 
nt , Nn  1

!
+np

n
 

 

te t  cos  ( ) 22 



+−

−

p

p
 

 
t , 1−  

( )
1

1
+

+




p
 

 

te t  sin  ( ) 22




+−p
 

 
te  −p

1
 

 

te t  ch  ( ) 22




−−

−

p

p
 

 
tnet  , Nn  ( ) 1

!
+

−
n

p

n


 

 

te t  sh  ( ) 22




−−p
 

 
tet  , Nn  

( )

( ) 1

1
+

−

+




p

!
 

 
tt cos  

( )222

22





+

−

p

p
 

 

tsin  22 



+p
 

 

tt sin  ( )222

2





+p

p
 

 
tcos  22 +p

p
 

 

tt ch  

( )222

22





−

+

p

p
 

 

tch  22 −p

p
 

 

tt sh  ( )222

2





−p

p
 

 


