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IHEPEIMOBA

HaBuanpHuii mMOCiOHMK po3paxoOBaHWK Ha 37100yBadiB BHIIOT
OCBITH (CTY/IEHTIB) HEMEXaHIYHHUX CHENiaJbHOCTEeH 1 MICTUTh HE0O-
XigHUN 0o0CAT 3HAaHB BIAMOBIAHO MporpamMu A0 auctuiiinu «Teope-
THUYHA Ta MPUKIIAJIHA MEXaHIKay.

[Totpeba y CTBOpeHI HaBYAJBbHOTO ITOCIOHMKAa HEBEIMKOTO
00’eMy BHHHKJIA TOMY, IO CTYJICHTH HEMEXaHIYHUX CIEIiaTbHOCTEH
3aKJIajiiB BUIIOI OCBITH MpH BUBYEHHI «TeopeTnyHoi Ta NMpuKIaaHol
MEXaHIKW» BUMYIICHI KOPUCTYBATHUCS BEIMKOIO KUIBKICTIO JKEped,
10 YCKJIaHIOE POOOTY 1 pO3MOPOIIIYE iX yBary npu BUBUEHH1 JOCUTh
CKJIQ/THOT TeXHIYHOI JUCIIUILUTIHH.

CTyeHTH MAaTUMyThb B CBOEMY PO3MOPSKEHHI JOCTATHBO
KOMIIAKTHUH TOCIOHHUK, B IKOMY 00’€JHaHI OCHOBHI NPUHIUIIH JOC-
JDKSHHS Ta PO3paxyHKy Ha MIIHICTh €JIEMEHTIB MaIllMH Ta MeXaHi-
3MiB, IO BiANOBifae mporpami aucuuruiing «TeopeTnyHa Ta MpHK-
JaHa MEXaHiKa» JJis CTYJICHTIB HEMEXaHIYHHMX CIeIialbHOCTEH.
3rigHo 1i€l mporpaMu CTYJCHTH MOBHHHI OBOJIOJIITH OCHOBAMH 3ara-
JHHOTHKEHEpHHUX AucHUILTIH: «TeopeTnyna MmexaHikay, «Teopis me-
XaHi3MiB 1 MamuH», «Omnip MarepianiB» Ta «lerani mammny. Biamno-
BIJIHO MMOCIOHMK CKJIAIAETHCA 3 4-X 4aCTHH.

[Tepmia yacTuHa MigPyYHUKA 3 OCHOB TEOPETUYHOI MEXaHIKU
MICTHTh HEOOXiIHI s (POpMyBaHHS 1H)KECHEPHOT'O MHUCJICHHS 3ara-
JTHHOTEOPETUYHI PO3JILIU: OCHOBH CTATUKU Ta KIHEMATHKH, a0CTpaK-
THI IIOHATTS Ta MOJEJI] SBUILL.

B crannaprax Bumoi ocBitn YKpainu cepen 6araTbox KoMIie-
TEHTHOCTEH Ta MPOTpaMHHUX pPE3yJbTaTiB HaBYAHHS 3a3HAYEHO, IO
BUITYCKHUKH 3aKJIaJ(iB BUIIOI OCBITH MalOTh BOJIOHITH 1HO3EMHOIO
MOBOIO, SIKa JJO3BOJISI€ BUIBHO CIUJIKYBaTUCS 3 MPOQECiiiHUX MUTaHb
YCHO 1 MUCHMOBO SIK JIEP>)KaBHOIO TaK 1 1HO3EMHOIO MOBaMH, BKITIO-
Yyaro4M 3HaHHS CIel1ajdbHOI TEPMIHOJIOrIT Ta HABUYKU MI1XKOCOOUCTI-
CHOT'O CIIJIKYBaHHS, OOTOBOPIOBATH PE3yJIbTaTH MPOoQeCciifHOT Tisiib-
HOCTI 3 (haxiBisIMU. Buxonsuu 3 1bOro, BUKJIAJaHHS TaHOI JUCITUTI-
JIHU TUTAHYEThCSI HABYAILHOIO MPOrPaMol0 YKPATHCHKOI MOBOIO Ta
AHTIICHKOIO, SIK MIKHAPOIHOIO MOBOIO.
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BCTYII

Hucuumuiina «TeopeTndyHa Ta MpHUKIagHA MEXaHIKa» MpeicTa-
BJIsIE COOOI0 KypC, MeTa SIKOTO — BHUBUYEHHS pyXy Ta HaIpy>KEHOTO
CTaHy €JIEMEHTIB MallWH Ta OyIiBEJbHUX KOHCTPYKIIH Mif Ji€l0
MpHUKIaeHuX 10 HuX cui. [lepiia yacTuHa 1IbOTO MiIPYYHUKA € TEO-
peTnyHOI0 0a3010 I iHIIUX TphoX yacTuH: «Teopis MexaHi3MiB i
Mamuny», «Onip MarepianiBy, «Jletam mammay. MexaHiky Mmoiis-
I0Th Ha TEOPETUYHY Ta MPHUKJIAAHY. B TeopeTnuHiii mexaHimi BcTa-
HOBJIIOIOTh 3arajibHi 3aKOHOMIPHOCTI MEXaHIYHOTO PyXy TiJ He3aje-
HO BiJl IXHPOTO KOHCTPYKTMBHOTO mNpu3HaueHHs. [lin TepmiHOM
«TPUKIAJHA MEXaHIKa» PO3yMIiIOTh 00JIaCTh MEXaHIKH, IPUCBSUEHY
BUBYCHHIO pPyXy Ta HANpyKEHOI0 CTaHy peaJbHUX TEXHIYHUX
00’€KTIB — KOHCTPYKIIi MamiH, poOOTOTEXHIYHUX CHUCTEM, TOIIO 3
ypaxyBaHHSIM OCHOBHHX 3aKOHOMIpPHOCTEW, BCTAHOBJIECHUX B TEOpe-
THYHIA MexaHimi. [IpukinagHa MexaHika MOXE TaKOXK PO3TIISIATHCh
SIK YaCTHHA O1IBII 3arajibHOi 001aCcTi HAYKH — MAallTHHO3HABCTBA, KA
BKJIFOYA€E KPIM MEXaHIKH TEOPII0 MPOEKTYBAHHS Ta TEXHOJIOTIIO BH-
TOTOBJICHHS MAIIIKH.

B ubomy nociOnuky kypc «TeopeTnuHa Ta npukiajHa MexaHi-
Ka» TPEACTaBICHO B CKOPOYEHOMY BUIJISAL, L0 MependadeHo Ha-
BYAJIBHOIO MPOrPaMOI0 sl HEMEXaHIYHHUX crerianbHocTeil. O0’em
JTUCIUIUTIHA PO3PaXxOBaHUW Ha Te, 00 HaJaTH MallOyTHIM iH)XXEHe-
pam JocTaTHi 3HAHHS B 00JACTi 3arajbHOiI MEXaHIKM MAllUH B IH-
TaHHAX MAIIMHOOYAIBHOTO NMPOEKTYBAHHS, a TAKOX CIy>KUTH 3ara-
JHLHOTEXHIYHOIO 023010 MPU BUBUEHHI MEXaHIYHUX PO3JLUIIB CIEIIHU-
CIIUILIIH HA BUIIHUX Kypcax.

BuHUKHEHHS 1 PO3BUTOK MEXaHIKH SIK HAyKU MOB’S13aHO 3 1CTO-
pi€to pO3BUTKY BUPOOHMYMX CHJI CYCHUJILCTBA Ta PIBHEM TEXHIKU Ha
KO)KHOMY €Tarli I[bOr0 PO3BHUTKY. B cTapojaBHiI yacu pO3BUTOK MeXa-
HIKHM 3BOJIMBCA 10 3aJ0BOJIEHHS MOTpeO OyiBEIbHOI TEXHIKH, & cCaMe:
JI0 BUBUEHHSI TaK 3BaHUX HAUTIPOCTININX MAIHH — OJIOK, BaXK1J1b, HAXU-
JIeHa IUTOIIMHA Ta YMOB PIBHOBAru Til (CTaTHKA).



INTRODUCTION

Discipline “Theoretical and applied mechanics” is a course
whose purpose is to study the motion and stress state of machine
elements and building structures under the action of forces applied to
them. The first part of this textbook is the theoretical basis for the
other three parts: "Theory of Mechanisms and machines","Strength
of materials","Machine parts". Mechanics is divided into theoretical
and applied. In theoretical mechanics, the general laws of mechanical
motion of bodies are established, regardless of their constructive
purpose. The term "applied mechanics" means the field of
mechanics, devoted to the study of motion and stress of real technical
objects — machine structures, robotic systems, etc., taking into
account the basic laws established in theoretical mechanics. Applied
mechanics can also be considered as part of a more general field of
science — mechanical engineering, which includes in addition to
mechanics, design theory and technology of machine manufacturing.

In this textbook, the course "Theoretical and Applied
Mechanics" is presented in abbreviated form, which is provided by
the curriculum for non-mechanical specialties. The scope of the
discipline is designed to provide future engineers with sufficient
knowledge in the field of general machine mechanics and in
mechanical engineering design, as well as to serve as a general
technical basis for studying the mechanical sections of special
disciplines in higher courses.

The emergence and development of mechanics as a science is
associated with the history of the development of the productive
forces of society and the level of technology at each stage of this
development. In ancient times, the development of mechanics was
reduced to meeting the needs of construction equipment, namely: to
study the so-called simplest machines — block, lever, inclined plane
and equilibrium conditions of bodies (statics).



OOrpyHTYBaHHSI OCHOB CTaTUKU MICTHTBCS YK€ B TIpaIlsIX BUIAT-
HOTO BYCHOTO cTaponaBHocTi Apximena (287 — 217 p. no H.e.). Po3Bu-
TOK JTMHAMIKH IMOYMHAETLCSA 3HAYHO mi3Hime — B XY — XVYI cTomTrsx,
10 MOB’S13aHO 3 MIIHECEHHSIM TOPTiBIIl, peMeces, MOperIaBaHHs, a Ta-
KOX 3 BOKIMBUMHU aCTPOHOMIYHMMH BiIKPUTTAMH. | OJIOBHI 3aciIyr B
CTBOPECHHI OCHOB JIMHAMIKH HaJIS)KaTh T€HIAIBHUM JociiaHukam [ ami-
neo [amineto (1564 — 1642) ta Icaaky Hetorony (1643 — 1727). B XVI-
II cTOMTTI MOYMHAETHCS IHTCHCUBHUN PO3BUTOK B MEXaHIIll aHAJITHY-
HUX METOJIB, TOOTO METO/[iB, OCHOBAaHHMX HA 3aCTOCYBaHHI JU(EPEHIIi-
QIBHOTO Ta 1HTErpaJbHOrO oOuucieHHs. JlocmimHukamMu B Mil Tramy3i
oymu Jleonapn Eiinep (1707 — 1783), XKak Jlepon Jamambep (1717 —
1783), XKozed Jlyi Jlarpamxk (1736 — 1813). Kinemaruka, sik okpeMuit
PO3Mi MEXaHiKH, BUIUIMIACH JIMIIE B MEpIIiid moioBuHi 19 cromitTs
M1 BIUTMBOM TOMUTY MAaIIMHOOYAYBaHHS, sIKE IMOoYasio OypXJIMBO PO3-
BUBATHCSL.

1 OCcHOBHI NOHATTA TEOPETHYHOI MEXaHIKH

Teopemuuna mexanixa NPeACTaBIsiE COOOI0 Ty YAaCTHHY Me-
XaHIKH, B AKii BUBYAIOTHCS HAMOIJIBII 3arajibHi 3aKOHU MEXaHIYHOTO
pyxy. Pyx € ocHOBHa BiacTuBiCTh MaTepii il popma 11 icHyBaHHS.

Mexaniunum pyxom HaA3ueacmvca Haunpocmiwa gopma py-
Xy mamepii, a came 3MiHA 63AEMHO20 NOJIOHCEHHA PIZUUHUX Min Y
npocmopi 3 uacom.

MexaHiuHu# pyX - HE €quHa (hopMa pyXy, IO ICHY€E B IPUPO/II.
Bynp-ski 3MiHH, 10 BiAOYBAIOTHCS B MPHUPOJII, HA3UBAIOTH PYXOM.
111, Ginbn ckiaaHi GopMH pyXy MaTepii, HAPHUKIAMI, TEIJIOBI, Xi-
Mi4Hi, 010JIOT14HI, Ay’K€ PI3HOMaHITHI. Y HaIIOMy Kypci BOHU HE pO-
3TIISIa0ThCSL.

VY TeopeTnyHiil MeXaHiLl MOHATTS PyXy HEPO3PUBHO IOB'sI3aHE
3 MOHATTAM NpocTopy Ta yacy. IIpoctip 1 yac € popmaMu iCHyBaHHS
Marepii.

OcHOBH KJTaCMYHOI MEXaHIKH, SKi MPEACTaBIEH] B I[bOMY IMif-
PYUYHUKY, OCHOBaH1 Ha 3akoHax HpioroHa. O/HaK 111 3aKOHU CIpaBe-
JUIMBI B MEXaX IIBHIKOCTEH 3HAYHO MEHIIWX IIBHIKOCTI CBiTIa
(c = 300000 xm/c).



The substantiation of the basics of statics is already contained
in the works of the eminent scientist of antiquity Archimedes (287 —
217 BC). The development of dynamics begins much later — in the
XV — XVI centuries, which is associated with the rise of trade, crafts,
navigation, as well as important astronomical discoveries. The main
merits in creating the foundations of dynamics belong to the genius
researchers Galileo Galilei (1564 — 1642) and Isaac Newton (1643 —
1727). In the eighteenth century began the intensive development of
the mechanics of analytical methods, ie methods based on the
application of differential and integral calculus. Researchers in this
field were Leonard Euler (1707 — 1783), Jacques Leron D'Alembert
(1717 — 1783), Joseph Louis Lagrange (1736 — 1813). Kinematics, as
a separate branch of mechanics, stood out only in the first half of the
19th century under the influence of the demand for mechanical
engineering, which began to develop rapidly.

1 Basic concepts of theoretical mechanics

Theoretical mechanics is the part of mechanics in which the
most general laws of mechanical motion are studied. Movement is
the main property of matter and the form of its existence.

Mechanical motion is the simplest form of motion of matter,
namely the change in the relative position of physical bodies in
space over time.

Mechanical motion is not the only form of motion that exists in
nature. Any changes that occur in nature are called movement. Other,
more complex forms of motion of matter, such as thermal, chemical,
biological, are very diverse. They are not considered in our course.

In theoretical mechanics, the concept of motion is indissoluble
linked with the concept of space and time. Space and time are forms
of existence of matter.

The basics of classical mechanics presented in this textbook are
based on Newton's laws. However, these laws are valid within speeds
much lower than the speed of light (c = 300000 km/s).



Knacnuna mexaHika MoOK€ pO3IJISIATHUCh SK Biome HaOIH-
KEHHS 10 Teopii BITHOCHOCTI, OJIHAK JOCTATHE JUIsl OMHMCYBaHHS TO-
PIBHSHO MOBUTBHUX PYXIB Yy TeXHili. 3a KIACHYHOIO MEXaHIKOIO 3a-
JMIIAI0THCA i TIepeBard - BeJIMKa Po3poOJIEHICTh Ta MPOCTOTA MpakK-
TUYHOTO PO3PAaXyHKY IMPU JTOCTaTHHO XOPOLIiil TOYHOCTI 30iry OTpH-
MYBaHHX PE3yJIbTATIB 3 JOCIIIOM.

B teopernuHiii MexaHilli BUXiTHOIO TOYKOIO JOCIIHKEHb € CIIO-
CTEpEKEHHS, JTOCBiJl, MpaKTUKa. AJle BUBYAIOUM Oy/b-siKe SBUIIE He-
MOYKJIMBO BiJIpa3y OXOIUTH WOTO y BCii pi3HOOIYHOCTI. ToMy nOBO-
JTUTHCSI BUJILJISITH B HHOMY TUIBKM HAWOUTBIN CYTTERI M1l HBOTO PHCH,
abcTparyroumch BiJ] TOTO, IO BUSBISETHCSI MEHII BaXIMBUM. Lleit me-
To11 (METOJT aOCTpaKIlii) € OCHOBHUM 1 B TEOPETHYHIA MEXaHiIli, e a0-
CTpaKILisIMU € a0COITIOTHO TBEP/IE TLJIO Ta MaTepiajibHa TOYKA.

BinBomikarouuch TpU CIOCTEPEKEHHI Ta BHUBUYEHHI OKPEMHX
SIBUIII BiJl yCHOTO TMOOAMHOKOTO i BUITAIKOBOTO, MU OTPUMYEMO MOXK-
JMBICTh YCTAHOBIIIOBATH 3arajbHi 3aKOHOMIPHOCTI Ta 3aKOHH. 3aCTO-
COBYIOUHM METO][ a0CTpaKIlii MOXKHA YCTAaHOBUTH JIESIKI TIPOCTI 3aKOHH,
SIK1 CJTy>KaTh OCHOBOIO BCIX MOJIOXEHb KIacH4HOi MexaHiku. Lli ocHo-
BHI 3aKOHH TPAlOTh POJIb IMOCTYJATIB 200 aKcioM. 3a CBOEIO CTPYKTY-
POI0 TEOpeTUYHAa MEXaHika Haragye reomeTpito. B ocHOBI ii nexarb
aKCiOMH, TIPY BUKOPUCTAHHI SKUX JOBOISTHCS TEOPEMHU

Tino, pyx abo piBHOBara sSIkOro BUBYA€TLCS B TEOPETHUHIA Me-
XaHiIl, PO3MIIANAEThCS K aOCONIOTHO TBepHae. AOconiomuo meep-
OuM HA3UBAEMBCA MINO, Y AKOMY GIOCHMAHb MIXC 0Y0b-AKUMU 060-
Ma MOYKAMU 3A6M4COU 3ATUMLAECMBCA HEZMIHHOI).

AOCONIOTHO TBEPAUX TN y AIMCHOCTI HE ICHYE, ajie OCKLIbKH
nedopmarii peaqbHUX TBEPAUX T y MPAKTUYHUX YMOBAX HEBEJHKI,
€ MOXKJIUBICTh LIUMH AeQOpMallisiMU 3HEXTYBaTH, HE BHOCSYH CYTTeE-
BUX ITOMMJIOK Y PO3PaxyHKH.

VY psal BUNAnKiB BUSBISETHCS OUIBLI 3pyYHUM BUBYATH TLJIO,
po3Mipu siKoro gyxe maini. Take Tino, MpuilMaloTh 3a MaTepialbHy
TOUKy. MamepianbHol MOUKOIO HA3UBAEMbCA MOUKA, Y AKIll 30Ce-
peodicena susnauena Kinvkicms mamepii. OTxe, MaTepiajibHa TOUKA
- [Ie TUJI0, PO3MipaMH SIKOTO MOKHA 3HEXTYBAaTH.

10



Classical mechanics can be considered as a well-known ap-
proximation to the theory of relativity, but it is sufficient to describe
relatively slow motions in engineering. Classical mechanics has its
advantages - great development and simplicity of practical calcula-
tion with a good enough accuracy of coincidence of the obtained re-
sults with the experiment.

In theoretical mechanics the starting point of research is observa-
tion, experience, practice. But studying any phenomenon, it is impos-
sible to immediately cover it in all its diversity. Therefore it is neces-
sary to allocate in it only the most essential for it features, abstracting
from that appears less important. This method (the method of ab-
straction) is the main one in theoretical mechanics, where abstrac-
tions are an absolutely rigid body and a material point.

Distracting from the observation and study of individual phe-
nomena from all the lonely and accidental, we get the opportunity to
establish general patterns and laws. Applying the method of abstrac-
tion we can establish some simple laws that form the basis of all the
provisions of classical mechanics. These basic laws play the role of
postulates or axioms. In its structure, theoretical mechanics resem-
bles geometry. It is based on axioms, which use theorems.

A body whose motion or equilibrium is studied in theoretical
mechanics is considered to be absolutely rigid. Absolutely rigid is a
body in which the distance between any two points always remains
the same.

Absolutely rigid bodies do not really exist, but since the de-
formations of real rigid bodies are small in practical conditions, it is
possible to ignore these deformations without making significant er-
rors in the calculations.

In some cases, it is more convenient to study the body, the size
of which is very small. Such a body is taken as a material point. 4
material point is a point at which a certain amount of matter is
concentrated. Thus, a material point means a body, the size of which
can be neglected in some tasks.

11



Cucmemoro mamepianpbHux MO40K HA3UBAETHCSA CYKYIHICTh
MaTepialbHUX TOYOK, MOJIOKEHHSI Ta pyX SKHUX B3aEMHO IOB'S3aH1
MiX c00010.

Jlo ymucina OCHOBHUX TOHATH MEXAHIKM BITHOCHUTHCS MOHSTTS
CHIIH.

Cuitoro pUKIAACHOO JI0 TiJIa, BBAXKAIOTh TaKy Jii0 3 OOKy 1H-
IIOTO TijNa, Y pe3yJIbTaTi sIKOi 3MIHIOETBCS PyX JAHOTO Tijia. 3HAIOUU
3MIHEHHsI pyXy TiJla, MOKHa BU3HAUMUTHU Ji0uy cuily. Tomy cuna €
6E/IUYUHOI0, U0 XAPAKMEPU3YE MEXAHIYHY 63AEMOOII0 Mamepiaib-
HUX mijl, BUCMYnAc AK KibKicha mipa yiei 63aemooii.

Sk mokasye JOCBif, /i CUJIM HA JJaHE TUIO MOBHICTIO BU3HAYA-
€TbCSI TAKUMU TpboMa (PakTOpamMH: TOUKOIO MPHUKIAJEHHS, HaIps-
MOM, iHTEHCUBHICTIO (BEJIMYMHOIO — YHCIOBUM 3HAUCHHSIM).

Toukorw npukiadenna cuiu HA3UBAETHCS TOYKA JTAHOTO TiNa,
Ha SIKY IS CHJIa JIi€.

Hanpsamom cunu Ha3UBaIOTh HAMPSIMOK TOTO PYXYy, SKUAN
OTpUMY€E TOYKa Mija aieto cud. [Ipsima, B3ZOBXK SKOI Ji€ cuia, Ha3H-
BA€THCA JIIHIEN Oif cunu.

V cucremi Cl ogunnnero cuu € 1 aproron (H), I1H = 0.102 kre.

Cuna, sk Qi3uyHa BeIMUMHA XapaKTePU3YEThCS HE TUIBKH CBO-
iM 4MCIOBUM 3HAUEHHSIM, a00 MOJyJieM, ajie i HampsMoM, a OTXKE €
BEJIMUMHOIO @ekmopnoto. Cuiy 300paxyioTb BekTopoMm (puc. 1.1).
[Touatok BekTOopa A BU3HAYAa€ TOUKY NPUKIANEHHS CHJIM 10 Tija,
fioro mampsMoxk AB — niniro iz
Iii, a CTpiJIKa — HAMPSIM CHJIH.

Jopxuna BekTopa (Y
NEBHOMY MaciTadi) BUpaxae
YHUCJIOBE 3HAYCHHS (MOIYJIb)

JAHOT CUJIH.

Cykynnicms cun, npu-
Kl1aodenux 00 mouku (mina)
Ha3ueaecmuycs cucmemoio
cu.

B

Puc. 1.1. lis cunm Ha TiJIO
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A system of material points is a set of material points, the
positions and motion of which are interconnected.

Among the basic concepts of mechanics is the concept of force.

A force applied to a body is considered to be such an action on
the part of another body, as a result of which the movement of the
given body changes. Knowing the change in body motion, you can
determine the force. Therefore, force is a quantity that characterizes
the mechanical interaction of material bodies, acts as a quantitative
measure of this interaction.

Experience shows that the effect of force on a given body is
completely determined by the following three factors: the point of
application, direction, intensity (value — a numerical value).

The point of application of a force is the point of a given body
on which this force acts.

The direction of force is called the direction of the movement,
which receives the point of application of force under the action of
force. The line along which the force acts is called the line of force.

In the SI system, the unit of force is 1 Newton (H), 1H = 0.102
kgf.

Force, as a physical quantity, is characterized not only by its
numerical value or modulus, but also by its direction, and is therefore
a vector quantity. The force is represented by a vector (Fig. 1.1).

The beginning of the vector 4 determines the point of applica-
tion of force to the body, its
direction AB — the line of ac- P
tion, and the arrow — the di- B
rection of force.

The length of the vector
(to a certain scale) expresses
the numerical value (modu-
lus) of a given force.

The set of forces ap-
plied to a point (body) is
called a system of forces. Fig. 1.1. The action of force on

the body
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SIKImo mix Ai€r0 MPUKIAJECHUX CWI TIIO MO BiJHOIIECHHIO 10
OTOYYIOUHX TUT 3HAXOJUTHCS B CTIIOKOIO 200 PYXa€eThCsl MPSIMOJIIHIIHO
1 pIBHOMIPHO, TO II0 CUCTEMY CHJI Ha3UBAIOTh 3Pi6HOBAICEHOI0, A TA-
KW CTaH TU1a — CIHAMUYHON PIBHOBAZOI0.

S0 ogHy cucTeMy CHJI, IPUKIIAJICHUX JI0 JAHOTO TiJla, MOXK-
Ha 3aMIHUTH 1HIIOIO, HE MOPYLIYIOUU MIPH LIbOMY CTaHy pyXy Tijia, TO
TaKli 1Bl CHUCTEMM Ha3HMBAIOThCS eK@lgajeHmHumu. 3BUYANHO, Bl
CHUCTEMH, IO €KBIBAJICHTHI TPETiH, - €KBiBaJIeHTHI MiXk cobOor. Ta-
KHM YHUHOM, JIBi CHCTEMH CHJI € €KBIBAJIGHTHUMH, SIKIIO KOXKHA 3 HUX
OKPEMO 3pIBHOBAXKYE OAHY U Ty K TPETIO CUCTEMY CHJI.

SIKIO JaHa cUCTeMa €KBIBAJIEHTHA OXHIM CHIIl, TO TaKa CHJIa
HA3UBAETHCS PIGHOOIIOYOI0 11I€1 CUCTEMH, a CUJIH, CYMICHY IO SIKUX
MO>KHA 3aMIHUTH PIBHOJIIOYOI0, HA3UBAIOTHCSA 11 CKIA006UMU.

B ocHOBI TeopeTH4HOT MEXaHIKH JIe)KaTh CUCTEMa aKCiOM CTa-
TUKH Ta 3akoHU HploTOHA, BUKIaAeHI HUM B 1687 pori y kam3i «Ma-
TEMaTUYHI 3acaJy MPUPOIHUYOT Pimocodiin.

2 Akciomu cratuku. 3akonn HeioTona

Axkcioma 1 (po aGCONIOTHO TBEPIE TiJIO).

Jlsi cunu, npuxnadeni 00 abCoNOMHO Meepoo2o mind, Ymeo-
PIOIOMb 3PIBHOBANCEH) CUCEMY, AKWO 80HU DIBHI 34 MOOYleM, Ha-
npasieni no 0OHill npAMIl ma npomunexcti 3a Hanpsamom (puc. 1.2).

[{ro yMOBY piBHOBaru MOHa 3aIlucaTu TaK

P,=-P a6o P, +P=0.

Akcioma 2 (po npueaHaHHS 200 BUKIIOUCHHS 3P1BHOBAXKEHOT
CUCTEMH CHJ)

Ilpueonanns abo 8i0KUOAHHS CU, B3AEMHO 3DIBHOBAICEHUX, He
3MIHIOE PiBHOBA2U YU PYXY MEepO020 Mid.

3 mepioi Ta Apyroi akcioM BUTIKA€ HACIIOK.

He 3miHroroun nii cuiim Ha TBepJie Ti10, il MOXKHA NEePEHOCUTH
B3I0BX JIHII 11 111 B Oyb-sIKy TOUKY.

Cuny, sSKi MOXHa TIEPEHOCHUTH B3JIOBXK JiHIT 1X i1, HA3UBAIOTh-
Csl KOB3alOUMMU BekTopaMu. OTKe, cuia € Ko83aruum 6eKmopom.

14



If under the action of applied forces the body in relation to the
surrounding bodies is at rest or moves in a straight line and evenly,
then this system of forces is called balanced, and this state of the
body — static equilibrium.

If one system of forces applied to a given body can be replaced
by another without disturbing the state of motion of the body, then
such two systems are called equivalent. Of course, two systems that
are equivalent to the third are equivalent to each other. Thus, two
systems of forces are equivalent if each of them separately balances
the same third system of forces.

If a given system is equivalent to one force, then such a force is
called resultant of this system, and forces, the combined action of
which can be replaced by resultant, are called its components.

Theoretical mechanics is based on the system of axioms of stat-
ics and Newton's laws, set out by him in 1687 in the book "Mathe-
matical Principles of Natural Philosophy".

2 Axioms of statics. Newton's laws

Axiom 1 (about an absolutely rigid body).

Two forces applied to an absolutely solid body form a balanced
system if they are equal in modulus, directed in one straight line and
opposite in direction (Fig. 1.2).

This equilibrium condition can be written as follows

—P1 or P2+F1:0.

[\S)

Axiom 2 (on joining or excluding a balanced system of forces).

Joining or rejecting forces that are mutually balanced does not
change the balance or motion of a solid body.

From the first and second axioms follows a consequence.

Without changing the action of force on a solid body, it can be
transferred along the line of its action to any point.

The forces that can be transferred along the line of action are
called sliding vectors. Therefore, the force is a sliding vector.

15



Puc. 1.2. 3piBHOBa)keHa Puc. 1.3. Cuna — koB3arouuii
CUCTEMA CHJI BEKTOP

Akcioma 3 (akcioma mpo mapajiesorpam Cui)

Pignooioua 06ox cun, npukiadenux 6 0OHill mouyi nio Kymom
00HA 00 00HOI, OO0PIBHIOE IXHIill 6eKMOPHIll cymi, MOOMO eupaxica-
EMbCAL 30 MOOYIeM U HANPAMOM
OlaeoHaIl0 napanenospama, no-
0y008aH020 HA YUX CUNLAX.

Skmo mo3Hauutu uepes R
piBHogitouy aBox cun B i P

(puc. 1.4), TO mnpomec 3Haxo- >

JUKCHHS iX PIBHOZIIOWOI 3pO3yMi-  pyc. 1.4, [Tapanenorpam cun
JIUH 3 PUCYHKA.

R* =P+ P’ —2PP cos(180' — )= B’ + P’ + 2RP, cosp.

e cos(180° — (p) =—CcosQ.

Axkcioma 4 (akcioMa Tpo 3BITbHEHHS BiJ B'si3€l)

He 3minwoiouu pyxy, a maxodc pienosacu cucmemu (meepooco
Mina) KOJCHY 8's13b, HAKIAOeHY Ha cucmemy (meepoe mino), MO*CHA
BIOKUHYMU, 3aMiHUGWU il Oit0 Oi€I0 CUll, CNIBNAOANYUX 3 PeaKyiamu
BIOKUHYMOT 8'513I.

Akcioma 5 (akcioma Ipo HaKJIAJACHHS HOBUX B'A3€i).

Axwo mino abo cucmema nepebysac 8 pisHoeasi, mo pieHoeaza
He NOPYWUMbCS NPU HAKIAOEHHT Ha Mino abo cucmemy HOBUX 36 S3KI6.

16



Fig. 1.2. Balanced
system of forces

Axiom 3 (axiom about the parallelogram of forces).
The resultant of two forces applied at one point at an angle to
each other is equal to their vector sum, ie expressed in modulus and

Fig. 1.3. Force — sliding vector

direction by the diagonal of the
parallelogram constructed on these
forces.

If we denote R by the
resultant of two forces B and P

(Fig. 1.4), then the process of >
finding their resultant is clear from Fig. 1.4. Parallelogram of forces

the figure.
R*=P’+P’ —2PP cos(180"—¢) =B+ P’ + 2BP,cos .

e cos(180° —(p) =—CosQ.

Axiom 4 (axiom about liberation from restraints).

Without changing the motion and balance of the system (solid
body), each restraint imposed on the system (solid body) can be
discarded, replacing its action by the action of forces coinciding with
the reactions of the rejected restraint.

Axiom 5 (axiom about the imposition of new restraints).

If the body or system is in equilibrium, the equilibrium will not
be breaked when new restraints are imposed on the body or system.

17



Hampuknan, skimo cTisiels, o CToiTh Ha Miiio3i, nepedyBac B
pIBHOBa3i, TO piBHOBara CTUIBISI HE MOPYIIUTHCS, SKIIO HIKKH CTi-
JBIIS PUKPITUTH O0JITaMU A0 TiJIOTH.

Akcioma 6 (akcioma Ipo 3aTBEpIIHHS).

Axwo mino, wo modice deghopmysamucs, nepedysac 6 pieHosa-
31, MO pPIBHOBA2A YbO20 MINA HE NOPYWUMbCA, AKUWO, HE 3MIHIOOYU
c8o€i’ hopmu, po3mipie, NONONHCEHHA 6 NPOCMOpI, 80HO Nepemeo-
pumuvcsi 8 aOCONOMHO meepoe miio, moomo 3ameepoie.

3arBepiHHS TYT MOKHA PO3TIISIATH SIK PE3yIbTaT HAKIIAACHHS
Ha YacTKH TiJIa HOBUX B's3eii. MoBa He #je npo (izuyHe 3aTBEpIiH-
HS, @ TUIBKH TIPO YSBIIOBAHE MEPETBOPEHHS PEATBLHOTO IMPYKHOTO
Tijla Ha abCcTpakTHE aOCONFOTHO TBEP/IC.

3axkonnu Hvromona

IHepwuii 3axon (3aKoH 1HepIl). AKkwo Ha MamepianvbHy MoOUKy
Jie 3pigHOBadcena cucmema cul, mo ys mouka nepebdyeae 8 cmami
NnOK0I0 ab0 PyXaemvcs PiGHOMIPHO U1l NPAMOJIHIUHO 8IOHOCHO IHepyi-
anbHOI cucmemu 8iOJiKY.

Lle momoxeHHsT MOKHA C(hOPMYITIOBATH H TaK: i301608AHA MA-
mepianbHa mouxa 30epi2ae c6010 WEUOKICIb.

OTtxe, 130Jp0BaHa MaTepiajbHa TOYKAa HE MOXE cama Mo co0i
3MIHUTH CBOIO IIBUAKICTh, TOOTO cama co0i Ha/laTu MPUIIBHIYCHHS:
BOHA MOTpeOye i 1bOTO 30BHIMIHBOI [ii. 3a3HaueHa BIACTUBICTH
130JIbOBaHOT MaTepialbHOI TOYKHM 30epiraTé CBOIO IIBUJAKICTH Ha3H-
BA€THCSI [Hepmuicmio abo iHepyieto. Pyx npamoninitinuil i pigHomip-
HUL HA3UBAEMbCS PYXOM NO [Hepyii 1 BIATOBITHO MO LIBOTO MEPIINil
3akOH Hbpl0TOHA HAa3UBAIOTh 3AKOHOM IHEpYii.

VY npupoai Mu He 3yCTpidaeMo Tl 130J1bOBAaHUX, TOOTO HE Mif-
JMaHuX i AKUX-HEeOyab CWJ, 1 TPaKTUYHO PyX MO 1HEpIi BigOyBa-
€THCSI TIPU 1111 3pIBHOBAXKEHUX CUCTEM CHIL.

Jlpyeuit 3axkon. Cuna, wo 0ie Ha mamepiaibHy MOUYKY, HAOAE
Yiu mouyi NPUUBUOYEHHS, W0 MAE HANPSAM CUU U 3a MOOYIeM NpO-
nopyitine MOOY0 CUNU.

Lle monokeHHs Moxe OyTH 3allMcaHe Yy BUIJISAI BEKTOPHOTO
PIBHSIHHS
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For example, if the chair standing on the floor is in balance, the
balance of the chair will not be breaked if the legs of the chair are
bolted to the floor.

Axiom 6 (axiom about hardening).

If a body that can be deformed (elastic body) is in equilibrium,
the equilibrium of this body will not be breaked, if, without changing
its shape, size, position in space, it becomes an absolutely rigid body,
ie hardens.

The hardening here can be considered as the result of the
imposition of new restraints on the body parts. We are not talking
about physical hardening, but only about the imaginary trans-
?ormation of a real elastic body into an abstract absolutely rigid.

Newton's laws

The first law (the law of inertia). If a balanced system of forces
acts on a material point, then this point is at quiescency or moves
uniformly and rectilinearly with respect to the inertial frame of
reference.

This position can be formulated as follows: an isolated mat?-
?al point retains its velocity.

Thus, an isolated material point cannot in itself change its
velocity, that is, give itself acceleration: it requires external action.
This property of an isolated material point to maintain its velocity is
called inertness or inertia. Rectilinear and uniform motion is called
motion by inertia, and accordingly Newton's first law is called the
law of inertia.

In nature, we do not meet bodies of isolated, ie not subject to
the action of any forces, and in practice the motion of inertia occurs
under the action of balanced systems of forces.

The second law. The force acting on a material point gives this
point an acceleration that has a direction of force and is modulo
proportional to the modulus of force.

This position can be written as a vector equation
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ma =P, (1.1)
Jie M — Maca MaTepiajJbHOT TOUKH;
( — NIPUIIBUTICHHS;

P — nitoua cuna, a6o piBHOII0YA AEKITEKOX MPUKIAAECHUX CHIL
PiBustnus (1.1) HA3UBAETHCA OCHOBHUM PIGHAHHAM OUHAMIKU.
Horo MoxHa MpeACTaBUTH TAKOX Y BUTIISIL

av -
—=P. 1.2
m— (1.2)

JlocBin mokasye, 10 IJis pi3HUX MaTepiadbHUX TOYOK Maca M

Ma€ pi3Hi 3HaYCHHs, 1 UMM Oinblie 771, TUM OUbILy cuity TpeOa mpu-
KJIaCTU J10 MaTepiaibHOI TOUYKH, 1100 HaAaTH ii 3aJaHe MPUILBHI-
YEHHS.

3 cydacHUX HayKOBHUX IMO3UIIN Macy CIiJ TIyMauuTH TaK, L0
BOHA BJIACTHBA BCIM O0'€KTaM 1 € OJHIE€I0 3 HAWBAXJIMBIIIMX Xapak-
TEPUCTUK IHEPTHUX 1 TPaBITAIITHUX BIIACTUBOCTEH MaTepii.

Maca mamepianvhoi mouku npeocmaene cooorw CKanapHy, 0o-
oamuy i 6 meopemuyHill Mexaniyi cmaay 011 OaHoi mamepianbHol
MOYKU 6eIUYUHY, W0 3ATTUUIAEMbCA HE3MIHHOI0 npU 0Y0b-AKOMY PyCi
yiei mouxu. Tomy piBHsHHSA (1.2) MOXKHA ITPEJCTABUTH Y BUTIISII

d(mV) -
T—P, (1.3)

ne mV — kinvkicmo pyxy mamepianvnoi mouxu.
Ha mincrasi piBastHHSA (1.2) oTprMy€eMO

P
m=—.
a

3 10CBiqy BiIOMO, L0 IIPU BUIBHOMY MaJiHHI Tijla HA HBOT'O /i€
CWJIa Baru ¥ 110 B JAHOMY IYHKTI 3€MHOi KyJii BCl TUIa MajgaloTh y
MOPOXKHEY1 3 OJJHAM 1 TUM CaMUM NPHUIIBUIYEHHSIM g, 10 JOPIBHIOE,
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ma=P, (1.1)
where m — the mass of the material point;
a — acceleration;

P- acting force, or resultant force of several applied forces.
Equation (1.1) is called the basic equation of dynamics. It can
also be represented as

m—="P, 12
” (1.2)

Experience shows that for different material points the mass m

has different values, and the more m, the more the force must be
applied to the material point to give it a given acceleration.

From modern scientific points of view, mass should be
interpreted so that it is inherent in all objects and is one of the most
important characteristics of the inert and gravitational properties of
matter.

The maca of a material point is a scalar, positive, and in
theoretical mechanics constant value for a given material point,
which remains unchanged at any motion of this point. Therefore,
equation (1.2) can be represented as

d(mV) =
T_P’ (1.3)

where mJ” — the amount of motion of a material point.
Based on equation (1.2) we obtain

m=—.
a

It is known from experience that when a body falls freely, the
force of gravity acts on it and that at a given point of the globe all

bodies fall in a void with the same acceleration g, equal,
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HANIPUKIA, I cepenix mmpot 9.81 m/c. SIKIIO MO3HAYMTH Bary

MatepianbHoi Touky yepes (7, TO Ha MmiACTaBi MONEPEaHBOT PIBHOCTI
OTPUMAEMO

m=—. (1.4)
g

Lliero popmynoro OyaeMo KOpUCTYBAaTHCS JUIsl BU3HAUEHHS Mac
TiJI IEBHOT Barw.

Onunaniero macd B cuctemi Cl € Xr — OCHOBHA OOWHMIA i€l
CHCTEMH.

Tpemiit 3akon (3aK0H TIPO PIBHICTH 1ii ¥ npotuAdil). Beaka 0is
BUKIUKAE DIGHY U NPOMULEHCHO CHpAMOSany npomudiro. SIkmo nsa
Tina crukaoTses B Touri O (puc. 1.5), to cuna P, tucky tina A Ha

: e T e e T
B nopisuioe 3a wucnosmm - ~ - ~
SHAYEHHAM i mpoTunexua /b, 0 s,
32  HanmpaAMOM  CHI
P, tucky tina B Ha A. y 3

Takum umHOM, Tpe-
TIH 3aKOH YCTaHOBIIOE,
[0 B TPUPOII HE MOXKE
OyTu oaHOO14HOT Aii cvnu. HeoOXimHO Bi3HAYMTH, 1O Aisl ¥ IPOTH-
Jisl TIPEACTABISAIOTh COOOI0 JBI CHJIM, MPHUKIAACHI 0 BOX PI3HUX
Tin. ToMy He MOXHaA BBaXkaTH, IO LI JBI CUJIM 3pIBHOBAXXYIOThCS B
TOMY CEHCI, K 1€ TOBOPSITh MPO JBI YHCEIbHO PIBHI CHJIM, IPUKIIA-
JIeH1 10 OJIHOTO M TOro camoro Tija (AuB. mepury akciomy). Bunimns-
I0UM 3 JAEKUIbKOX B3a€EMOJIIOYUX TUI OJHE i BUBYAIOUM MUTAHHS PO
JII0 CHJI Ha 1€ TiJI0, MU TMOBHUHHI YiTKO PO3MEKOBYBATH MPUKIIAJCH]
JI0 BUJIIJICHOTO TiJIa «[I1i» HAa HHOTO 1HIIMX TUI BiJ «IIPOTHUIII» PO3T-
JSHYTOTO TiJa, MPUKIAACHHUX J0 IIUX Til.

Yemeepmuil 3akon (3aKOH PO HE3ATEKHICTD M1i cwit). AKkuyo
Ha mamepianbHy MouKy Oilomb 0eKilbKa CUl, MO NPUULBUOYEHHS MO-
YKU OOPIBHIOE GEKMOPHILL CYMI NPUUBUOYEHb, WO HAOAIOMb MOYY]
KOJCHA 13 YUX CUJl.

Puc. 1.5. [lis Ta mpotumis cun
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for example, to average latitudes of 9.81 m/s>. If we denote the

weight of a material point by G, then on the basis of the previous
equality we obtain

m=—. (1.4)
g

We will use this formula to determine the masses of bodies of a

certain weight.
The unit of mass in the SI system is kg — the basic unit of this

system.

The third law (the law of equality of action and counteraction).
Every action provokes an equal and oppositely directed

counteraction. If two bodies contact at point O (Fig. 1.5), then the

force PAB of pressure of body 4 on B is equal in numerical value

and opposite in direction to

o e

© e < -
the force Py, of pressure / Py 0 Py
of body B on A.
Thus, the third law 4 -~ B

establishes that in nature
there can be no one-sided
action of force. It should
be noted that action and counteraction are two forces applied to two
different bodies. Therefore, we cannot assume that these two forces
are balanced in the sense of two numerically equal forces applied to
the same body (see the first axiom). By distinguishing one from sev-
eral interacting bodies and studying the question of the action of
forces on this body, we must clearly distinguish the “actions” of oth-
er bodies applied to the selected body from the "counteractions" of
the body in question applied to these bodies.

The fourth law (the law on the independence of forces ac-
tions). If several forces act on a material point, then the acceleration
of the point is equal to the vector sum of the accelerations given to
the point by each of these forces.

Fig. 1.5. Action and counteraction
of forces
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I3 1bOro 3aKOHY BHILIMBAE, IO MPU OJHOYACHIH Mii AEKITBKOX
CHJI, MaTepiajbHa TOUKA OJIEPIKY€E TaKe NMPHUIIBUIYCHHS, SIKE 1i Hamae
piBHOJII0YA PUKIIAJICHUX CHIL.

JliticHo, sKIIO Ha MaTepianbHy Touky M macu m Ait0Th CHIH

B, P, ... P 1o pisroxitoua P nopiBHioe ixHiii BeKTOpHi Cymi.
3a piBasHHAM (1.1) Mmaemo

ma=P=P+P +..+

Sav]
Nae]

[\S)

abo
ma =ma, + ma, +...+ma, .

Orxe, a=a +a,+..+a,.

BimoMo, 110 BCSKMI MEXaHIYHUN PyX € 8iOHOCHUM 1 TO HOTO
MO’KHa CIIOCTEpIraTH ¥ BUBYATH TUILKW IO BITHOIICHHIO 10 BHOpaHOT
CHCTEMH BiyTiKy. ToMy B TUHaMIlll BUHUKA€E JJOCUTh BAXITBE MPUHIIU-
MOBE TIUTaHHS, a caMe: Y SKIi CHUCTeMI BiIJTIKy 3aCTOCOBHI JI0 MEXaHI4-
Horo pyxy 3akoHu Herotona? L[i 3axonu cnpaseonuéi 6 inepyianvhiii
cucmemi KOOpOUHAmM, w0 Pyxaemvcsi BIOHOCHO aOCOIIOMHO20 NPOCMO-
Py NOCMYNANbHO, NPAMONIHIUHO Ma pieHOMIpHO. SIK TIOKa3ylOTh CIIO-
CTEpEKEHHS Ta JOCBiJ, y OUIBIIOCTI 3a/1a4 TMHAMIKHU 33 CUCTEMY BiTi-
Ky MOKHA IIPUIMATH CUCTEMY OCEH, TIOB'SI3aHHX 13 3eMJIeIO.

24



It follows from this law that with the simultaneous action of
several forces, the material point receives such an acceleration,
which the resultant of the applied forces gives it.

Indeed, if forces B, P, ... P, act on a material point M of

mass 71, then the resaltant force P is equal to their vector sum. By
equation (1.1) we have

ma=P=

:UI

+..+

S

or
ma =ma, + ma, +...+ma, .

So, a=a +ta,+..+a, .

It is known from kinematics that any mechanical motion is
relative and that it can be observed and studied only in relation to the
selected frame of reference. Therefore, in the dynamics there is a
very important fundamental question, namely: in which frame of
reference are Newton's laws applicable to mechanical motion? These
laws are valid in an inertial coordinate system that moves relative to
absolute space translationally, rectilinearly, and uniformly. Observa-
tions and experience show that in most problems of dynamics, the
frame of reference can be taken as a system of axes associated with
the Earth.
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1 CTATHUKA
1.1 Buau B'a3eii

B'a33io nazuearomo 36’°a3Ku, wio ooMexncyrome pyx mina, wjo
PO321A0aEMbCA, AKI 30iUCHIOOMb IHWT MamepianbHi 00°ckmu.

B'si3siMu € MatepiasibHi TiNa, TBEpi ado rHyuki. HampsmMoxk pe-
aKIii B's31 3aBXKIM MPOTHICKHUN HANIPSIMKY TOTO PyXy, IO BimiOpa-
HO B TiJla JaHOKO B’s13310. Peakilis € Ti€ro MpOTUAIE0, [0 BUHUKAE 3
OOKy Bs131 mpu Jii TiIa Ha B's3b. TOMy Jis Tijla HA B’S3b 1 peakiis
B/S131 — 1€ CHJIM, PiBHI 32 MOJYJIEM i MPOTUIIEKHO CIPSMOBAHI.

Peakiiii BUHMKAIOTh y pe3yJbTaTi Jii Ha TUTO 30BHIMIHIX CHI 1
nepenadi ix Ha B's3i. [Ipu BiicyTHOCTI 30BHILIHIX cuil OyayTh BiaCy-
THI ¥ CWJIM peakiii. BinmoBimHO 0 1IbOTO peakuii 6'a3eil Hasuea-
I0MbCs CUNAMU NACUGHUMU HA BIIMIHY BIJl 306HIUMHIX, NPUKIAde-
HUX (AKMUGHUX) CU], O BUKIUKAIOTh CBOEIO TI€I0 BUHUKHEHHS
MPULIBUIYCHb TOYOK CUCTEMH I peaxiiiil B'sa3ei.

HaiinpoctimuM BUIoM B's131 € oropa, 1o 3A1HCHIOEThCs Oe3moce-
PEIHIM 3ITKHEHHSIM TIOBEPXOHb TiJl.

3aJIe’)KHO BiJI XapaKTepy 3aKpilyIeHHs Ti1a abo BiJa BUAY OMOPH
MOJKHA BKa3aTH HACTYIIHI OCHOBHI THUITH B'SI3€Hl.

I'naoka onopna nogepxua (puc. 1.6 a, 6); peakiisi cpsMoBa-
Ha M0 HOpMaJIi 0 MOBEPXHI — L€ MOJIOKEHHSI CIPaBEAINBO MPH Bij-
CYTHOCTI TEPTSI MK TIJIOM 1 OTIOPHOIO TIOBEpXHE0. Y OUIBIIOCTI BH-
MAJIKIB JIIEI0 CHJI TEPTS B CTATHII HEXTYIOTh.

Onopna mouka (puc. 1.6, 8); peaxiiisi cipgMoBaHa 110 HOpMaJTi
JI0 TIOBEPXHi, 1110 ONUPAETHCS HA ITI0 TOUKY.

Koe3zaroua my¢pma a6o migmunauk (puc. 1.6, 2); peakitis po3-
TAIIOBYEThCSI B TUIOIIMHI, HOPMAJIbHIA /10 HAIMpPaBISIFOYOi OCi, ane
HaIpPsIMOK i B M1}l TUTOIITUH] HEB1IOMUM.

Hepyxoma mouka, nanpuxiaj, wapHip (puc. 1.6, 0), nign'sar-
HUK (puc.l.6, e), mapoBuii mapHip (puc. 1.6, oc); peaxitis Mpoxo-
JIUTh Yepe3 L0 TOUKY, aje ii HanpsMOK HEBIIOMUIA.
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1 STATICS

1.1 Types of constraints

Constraint is called connections that restrict the movement of
the body in question and are carried out by other material objects.

Constraints are material bodies, rigid or flexible. The direction
of the constraint reaction is always opposite to the direction of the
movement taken from the body by the given constraint. The reaction
is the counteraction that arises from the constraint when the body
acts on the constraint. Therefore, the action of the body on the
constraint and the reaction of the constraint are forces equal in
modulus and opposite.

Reactions occur as a result of the action of external forces on
the body and their transfer to the constraints. Accordingly, the con-
straints reactions are called passive forces in contrast to the exter-
nal (active) forces that cause the accelerations of the points of the
system and the constraints reactions.

The simplest type of constraint is support, which is carried out
by direct touching of the surfaces of the bodies.

Depending on the type of body fastening or on the type of
support, you can specify the following main types of constraints.

Smooth supporting surface (Fig. 1.6 a, 6) the reaction is di-
rected normally to the surface - this position is valid in the absence of
friction between the body and the support surface. In most cases, the
action of friction forces in statics is neglected.

Supporting point ((Fig. 1.6, g); the reaction is directed along
the normal to the surface that leans on this point.

Sliding coupling or bearing (Fig.1.6, 2); the reaction is located
in a plane normal to the guide axis, but its direction in this plane is
unknown.

Motionless point, for example, a hinge (Fig.1.6, 0), thrust
bearing (Fig.1.6, e), ball joint (Fig.1.6, oc); the reaction passes
through this point, but its direction is unknown.
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Puc. 1.6. Hammpsimok peakuiii B’si3eit

JKopcmkuii cmpuosicens 3 NBOUIIAPHIPHUM KPIIUIEHHSM KiHIIIB
(puc. 1.6, 3); AKIIIO HABAaHTAXKCHHS HA CTPWIKEHD JIIOTh TUIBKHU B II1a-
pHipax, TO peakiii CpsMOBaHi MO 0Ci, 10 3'€THY€ MAPHIPH.

I'nyuka 6'a3p — nanmror, HUTKA (puc. 1.6, x); peaxitis crupsmMo-
BaHa 10 OCi 3B'sI3Ky (IO HUTI, JAHIOTY i T.1.). Lls B’s13b mpairoe
TUTBKH Ha PO3TSTaHHS.

[Ipu npakTHYHUX pO3paxXyHKAX HAWYACTIIIE 3aCTOCOBYIOTh TPH
BUJIM OTOp: MIApHIpHO pyxoma omopa (1.7, a), mapHipHO HEpyxoma
onopa (puc. 1.7, 6) Ta ;xopcTke 3aTucHeHHs (puc. 1.8).
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Fig. 1.6. Direction of restraints reactions

Hard rod with two-hinged fastening of the ends (Fig.1.6, 3); if
the loads on the rod act only in the hinges, the reactions are directed
along the axis connecting the hinges.

Flexible restraint — chain, thread (Fig.1.6, k); the reaction is
directed along the axis of connection (thread, chain, etc.). This
constraint only works in tension.

In practical calculations, three types of supports are most often
used: hinge movable support (Fig. 1.7, a), hinge fixed support (Fig.
1.7, b) and rigid fastening (Fig. 1.8).
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MA el H A
—>
A
a o
Puc. 1.7. lllapuipHi onopu Puc. 1.8. XopcTke 3aTuCHEHHS

1.2 Cucrema 301KHHAX CHJI

Cucmema cun, 1inii Oii AKUX nepemuHaOmvca 6 OOHIl moyuyi,
Hazueaemoca cucmemoro 30ixcnux cun. OCKUIBKM TOYKH TNPHKIIA-
JEHHS 301KHUX CHJI MO>KHA TIEPEHECTH TIO JIIHIAX i1 BIAMOBIAHUX CHJI
y TOYKY MEpPETHHY BCIX IUX JiHI{, TO CUCTEMY 301KHUX CHJI 3aBXKIU
MO>KHA 3aMIHUTH CUCTEMOIO CHJI, MPUKJIAJICHUX B OJHIM TOYIII.

3Haxo0xcennn pieHOOiOUOT cucmemu 30iHcHUX cui zpagiu-
HUM Memooom

3acTOCOBYIOUM MOCIAOBHO MPABUJIO MapaliejorpaMa Cuil, Mo-
’KHA 3HAUTH PIBHOII0UY Oy/1b-5IKOT KIIBKOCTI CHII

Hexait tpe6a nomatu orupu cunu By, P, P,, P, npuxnaneni
B touni 4 (puc. 1.9). Cxnagemo criouarky cwm B 1 P, nmo6ymnysa-
B napainenorpam ABCK, niaronans sxkoro AC = R, i Gyne pis-
HOJIOYOI0 JIBOX Mepumx cuil. [1oTiM, o0y LyBaBIny apaienorpam
ACDL, 3naiinemo AD = R,, sxa npexcrapisge co60r0 piBHOAIOUY
cun P, P, P,. Hapewri, 3 napanenorpama ADEM 3uaiinemo

AE = R , mo i 6yne piBHOAII0OYOIO BCi€T 3a1aHOT CUCTEMM.
Slkimo npoaHaizyBaTa pucyHoOK 1.9, To Jlerko JiiTH BUCHOBKY,

1o pe3ynbrar, 10010 Bektop AE , Moke GyTr OTpUMaHUH MPOCTi-
M nuisixom. Crpasil, piBHOI0YA Oy/ie BU3HAYEHA, SKILO MU
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Fig. 1.7. Hinged supports Fig. 1.8. Rigid fastening

1.2 The system of converging forces

A system of forces whose lines of action intersect at one point
is called a system of converging forces. Since the points of
application of converging forces can be transferred along the lines of
action of the corresponding forces to the point of intersection of all
these lines, the system of converging forces can always be replaced
by a system of forces applied at one point.

Finding a resultant force of system of converging forces by
the graphical method.

By consistently applying the rule of parallelograms of forces,
you can find an resultant force of any number of forces.

Suppose we add the four forces F, P, B, P, applied at point

A (Fig. 1.9). We first add up forces F} and P, constructing a

parallelogram ABCK, the diagonal of which R‘:R will be
resultant force of the first two forces. Then, constructing a paral-
?elogram ACDL, we find 4D = 1_32, which is a resultant force of the

P

2

forces P

B B Finally, from the parallelogram ADEM we find

AE =R that will be resultant force of the whole given system.
If we analyze the obtained figure, it is easy to conclude that the

result, ie the vector E, can be obtained in a simpler way. In fact,
the resultant force will be determined if we
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3HANIEMO TIOJOKEHHS TOUKH F. 3HalTH 1F0 TOYKY MOKHA IIOCTIi10B-

Ho0 o0y 0Boo i3 Touku A Binpiskis AB, BC, CD, DE .

Ane
_ D L
B=F; '
BC-B,;
CD = B; C
. M
DE=P,. B B
Omxe, MoxkHa Puc. 1.9. JlonaBaHHs cHI
3Haiitn Bektop AE, rpaiuHAM METOIOM

moOyAyBaBIIK JlaMa-

HY, 1[0 CKJIQIA€ThCS 3 BEKTOPIB,

pPIBHMX 3a/JlaHMM CHJIaM, 1 3a- P
3 '

o

MKHyBIIM ii Bekropom AE .
Taka moOynoBa Moxe OyTH BU-
KOHaHa OCTOPOHB BiJI OCHOBHO- 2
ro pUCYHKa Tia, HaBaHTakeHo- 12 B
ro cwiamu. Hanpukman, B ne-
axii Toumi O (puc. 1.10).
OTtpumana ¢irypa Ha3UBAETHCS CUIOGUM OAAMOKYMHUKOM, & BEK-

Puc. 1.10. Cunosuii 6araToKy THUK

top ON , mo 3'eHy€e MOYATOK MEPIIOi CKIAJ0BOI 3 KiHIIEM OCTaH-
HBOT 1 cpsAMOBaHUM il HA3yCTpIY, — 3AMUKaAOYUM 8eKmopom (3a-
MHUKAIOY0I0 CTOPOHOIO0). BCi BEKTOPU-CKIIA/IOBI MAIOTh 3A2d/IbH) Mie-
yito (HampsIMOK MO MEepUMeTpy 0araTOKyTHHKA), a BEKTOP 3aMHUKaIO-
YUW — 3yCMPIUHY.

Otxe, pienodiroua cucmemu 30IHCHUX CUTI 6USHAYACMBCA 3d
6eIUYUHOI) I HANPAMOM 3AMUKAIOYUO0I0 CHOPOHOI0 CUNI08020 Oa-
2amMOKYmMHUKA, no0y006aH020 HA 3A0AHUX CUNAX, AK HA CK1A00-
eux.
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find the position of point E£. You can find this point by seque-
?tial construction f?-
rom point A4 of D E

segments I?, %,

CD, DE.
But:
AB=P; C™
- _ M
BC=P; B A
CD = E; Fig. 1.9. Addition of forces graphically
DE=P,

Therefore, you can find a vector AE by constructing a broken
line consisting of vectors equal to the given forces, and closing it

with a vector AE . This construc -
ion can be performed away from
the main figure of the body loaded
with forces, for example, at some

point O (Fig. 1.10). The resulting
figure is called a force polygon,

and the vector ON connecting the
beginning of the first component
with the end of the last and
directed towards it - the closing
vector  (closing  side). All
component vectors have a common flow (direction along the perim-
?ter of the polygon), and the closing vector has a countercurrent.

Thus, the resultant force of a system of converging forces is
determined by the magnitude and direction of the closing side of
the force polygon, built on given forces as components.

Fig. 1.10. Force polygon
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Hinia 0ii pienoditouoi npoxooums uepe3 mMoyKy nepemumy
JUHIT Ol CKN1adosux cuJ.

JlomaBaHHs CHJI 3a MPABWJIOM CHIJIOBOTO 0araTOKyTHHKa Ha3u-
BA€THCA 2paghiuHum 000asanHsam 1 301raeTbes 13 3aralIbHUM MaTeMa-
TUYHHUM [IPABUIIOM JIOJABAHHS BEKTOPIB.

Omnepatio 101aBaHHS CUJI MOXKHA 3aUCATH TaK:

R=B+P+P+..=) P.

3aBJaHHs BUSHAYCHHS 3PI6HOGAMCYI0UOI CUICTEMU 301KHUX CUIT
BUPINIYETHCS aHAJIOTIYHO 3HAXO/KEHHIO PIBHOIIOYOI, ajieé OTpUMa-
HUI BeKTOp Tpeba HampaBUTU B MPOTUIEKHHUH OiK, TOMY 110, SIK Bi-
JIOMO, 3pIBHOBaXKyI0o4a M PIBHOII0YA TAHOT CHCTEMH YHCEIIbHO PiBHI
OJIHa OJ/IHIH{, ajie CIIPSIMOBAHI 10 OAHINA NPAMIN Yy IPOTUIIEKH] OOKH.

Ilpoexyia cunu na gico

[Tepu Hi>k BUKIACTU aHATITUYHUNA METOJ 3HAXOKEHHS PIBHO-
JI0Y01, 3rafla€EMo, SIK BUBHAYAETHCS MPOEKITIS CUITU HA BICh.

Hexaii € Bekrop-cuna AB =P Ta neska Hepyxoma Bich X
(puc. 1.11), 1o Toro >x BEKTOp 1 BiCh HE JIeXKaTh B OAHIN mutomuHi. Ye-
pe3s nouatok A u kxineus B BexTopa nposogumo miomunu 11 u 11,
MepneHIuKysipHi oci X. L1 mionmuHu nepeTuHaroTh Bich Y TOUKaxX d
it b, sxi npeacTaBnsA0Th co60r0 npoekuii Touok A u B Ha Bick. JloB-
’KUHA Bifpi3ka ab, y3aTa 3 BiNOBIIHUM 3HAKOM, HA3UBAETLCS MPOE-

Kuieto éexmopa AB na gico X.
Ilpoekyia eexmopa Ha 8ico
npedcmasise coboio aneeopaiumy
CKANAPHY 6eUYUHY 31 3HAK NJIOC
abo MiHyC 3anedcHo 8i0 moeo, Hu
3bicacmucs siopizox ab y ceoemy _
HAanpsAMKy 3 O000aMHUM HANPAM-

K | X. . .
oM oct X Puc. 1.11. Ilpoekuis cunu Ha BI1ICh
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The line of action of the resultant force passes through the
point of intersection of the lines of action of the component forces.

The addition of forces by the rule of a force polygon is called a
graphical addition and coincides with the general mathematical rule
of adding vectors.

The addition operation can be written as follows:

R=B+B+P+..=) P.

The problem of determining the balancing force of system of
convergent forces is solved analogously to finding a resultant force,
but the resulting vector must be directed in the opposite direction,
because, as we know, the balancing and resultant forces of this

system are numerically equal to each other, but directed in one
stright in opposite directions.

Projection of force on the axis
Before set out the analytical method of finding an resultant
force, let us recall how the projection of force is determined. Suppose

there is a vector-force AB =P and some fixed x-axis (Fig. 1.11),
and the vector and the axis do not lie in the same plane. Through the
beginning 4 and the end B of the vector we draw the planes // and
11, perpendicular to the x-axis. These planes intersect the axis at
points @ and b, which are the projections of points A and B on the
axis. The length of the segment ab, taken with the corresponding
sign, is called the projection of

the vector AB on the x-axis.
The projection of the vector
onto the axis is an algebraic
scalar with a plus or minus sign,
depending on  whether the

segment ab coincides in its

direction  with  the  positive Fig. 1.11. Projection of force on axis
direction of the x-axis.
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Ile 3anmucyeTbcs Tak
P.=*ab,
a 1HOZl TaK

X ==xab.

Jlist oziepKaHHs TPOEKIii BEKTOpa MOXKHAa W He OyjayBaTw
wiomwun /1, I1;. Tocuts i3 Touok A u B onyctuTn neprnenaukyispu
Aa i Bé na Bics.

[Tposenemo uepe3 TouKy A mpsAMy, mapaneibHy OCi X MpPO€eK-
uiit. s npsma neperne miommny /11 y Touni C. 13 mpsaMoKyTHOTO
tpuxythuka ABC, y sxomy @ — xyT mix BexkropoM P 1 Biccio X,
OTPUMYEMO

AC=AB-cosa
abo

X =Pcosa. (1.5)

[TpuxoauMO, TAKUM YHHOM, JI0 BUCHOBKY: HPOEKUIA 6eKMOPA—
CUIU HA 8ICb NPEOCMABIAE CO00I0 an2eOPaiyHy CKANAPHY eTUYU-
HY, W0 OOPIGHIOE 000YMKY MOOYNA 6EKMOpPA HA KOCUHYC Kyma
MIXHC YUM 6eKMOPOM | 000AMHUM HANPAMKOM OCi RPOEKYIIL.

Posrimstaemo JBa OKpEMUX BHUIIAJKU:

1) Bekrop napanensuuii oci. Y upomy Bunaaky oo = 0 abo a =
180°, orxe
P.=P a6o P.=-P.
2) Bektop mnepneHauKyIsIpHUN ocl. Y IbOMY BUIAAKY O =
90°, cos 90° =0, oxe P, = 0.

O4eBHUIHO, MPOEKIIISI BEKTOPA Ha BICh HE 3MIHUTHCS, SKIIO Be-
KTOp NMEPEHOCUTH MapaJielbHO caMoMy co01 abo, SIKIIO MPOELIIOBATH
fioro Ha pi3Hi, ajie mapajeibHi i 0IHAKOBO CIPSMOBAaHI OCI.
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This is written as follows
P.=+ab,
and sometimes SO

X ==xab.

To obtain the projection of the vector, it is possible not to
construct planes /7, I1;. It is enough to lower the perpendiculars 4a
and Bé from the points A and B on axis.

Draw a straight line through point A, parallel to the axis x of
the projections; this line intersects the plane 1/, at point C. From the

right triangle ABC, in which « is the angle between the vector P
and the x-axis, we obtain

AC =AB-cosa
or

X=Pcosa . (1.5)

We thus come to the conclusion that the projection of the
vector-force on the axis is an algebraic scalar quantity equal to the
product of the modulus of the vector on the cosine of the angle
between this vector and the positive direction of the axis of the
projections.

Consider two separate cases:

1) Vector parallel to the axis. In this case, o = 0 or 180°, then
P.=P or P.=—P.

2) Vector is perpendicular to the axis. In this case o0 = 90°,

cos 90° =0, then P,= 0.

Obviously, the projection of the vector on the axis will not
change if the vector is transferred parallel to itself or if it is projected
on different but parallel and equally directed axes.
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Ipoekuii cunu na oci koopounam

Hexait € cuna P npuknanena B Touni A Ta npsMoKyTHa cuc-

TéMa KOOPAUWHATHHUX OCEH A
z z

Oxyz. Tlonoxenus i Ha- 1
IPAMOK BEKTOpa B MPOC- P
TOpi BM3HAYAETHCA KOOP- 7

JMHATAMU  HOTO  TOYKH 4 B

npuknanenns A u Kyramu o

a, f, v mix Bexkropom P
1 BIAMOBIHO OCSIMH X, V),

Z (puc. 1.12). Ilpu Toumi
A nobynyemo mapaneme- %
minen, Ui SKOro BEKTOp

P 6yne niaromammo, a

Puc. 1.12. Ilpoexiist cuim Ha oci

pebpa crpsiMoBaHI MapajienbHO OcsM KoopauHaT. OYeBUAHO, JOB-
KUHU pedep MpEeNCTaBIAIOTh COOOI0 YHMCENbHI 3HAUYCHHS MPOEKIIII

P waocix, y, z. Nosnauusum ix Py, P, ta P,, orpumaemo

2 2 2
P=\|P?+P}+P?,
ne P.=Pcosa,P,=Pcosfi, P.=Pcosy.

3BijcH
COS(F, z’_):cosa = b ;
JPE+ P+ P
COS(F, ]_')ZCOS,B = i ;

JP + P!+ P’

Zz

P>+ P>+ P>

cos(ﬁ,l?)zcosy:
N
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Projections of force on the coordinate axes

Suppose there is a force P applied at point 4 and some
rectangular coordinate
system Oxyz. The position z 4 z
and direction of the vector in (
space is determined by the
coordinates of its point of J
application 4 and the angles A >

< >y
a, B, 7 between the vector /

P and the axes x, y, z, X
respectively (Fig. 1.12). At O ’_y
s

point A we construct a
parallelepiped for which the

~l

Fig.1.12. Projection of force on

vector P will be a diagonal, the axes

and the ribs are directed

parallel to the coordinate axes. Obviously, the lengths of the ribs are
the numerical values of the projections P on the axes X, ), Zz.
Denoting them Py, P, and P,, we obtain

_ 2 2 2

P=\P*+P’+P?, (1.6)
where P, =Pcosa, P,=Pcos B, P,=Pcosy.
From here
cos(ﬁ, i_):cosa = 5 ;
JP + P+ P}

— P

COS(P,j):cosﬁ: Y : (1.7)

JP + P+ P}

cos(ﬁ,l?):cosyz \/P2+];2+P2.
x v z
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Tomy mo Momyib BekTopa P — Benuuuna nopartsa, To 'y dop-
mynax (1.6) 1 (1.7) nepexn paaukanom ciij OpaT 3HaK IUTIOC.

®opmynu (1.6) Ta (1.7) naroTb MOXKIUBICTH 3HAWTH aHAITHY-
HUM METOJIOM MOJIyJIb Ta HAIPsIM BEKTOPA CHIIM 33 TPhOMa 3aJaHIMU
HOTro MPOEKIISAIMU Ha KOOPAMHATHI Oci. AJle pOo€eKIii He BU3HAYAIOTh
TOYKHW MPUKIIAJICHHS CHIIM, BOHA IOBUHHA OyTH 3a/1aHa CBOIMHU KOOP-
JMHATaMH.

IIpoexuyia cunu na nnowuny

Hpoekyicro cunu P na 4

naowuny OXy HA3UBAEMbCA GEK-
mop, uio MiCIUmMbCA MIXHC NPOCK-
UiaMu nouamKy ma KiHys cuiu

P na yro nnowuny (puc. 1.13).
Otxe, Ha 6iOMiHY 6I0 Npoek-
yii cunu Ha Bicb, NPOEKYISA CUTU HA
NIOWUHY € BelUYUHA BeKMOpPHA,
OCKUJTbKM BOHA XapaKTEePHU3YETHCS
HE TUIBKM CBOIM 4YHCJIOBUM 3Ha-

z

YeHHSIM, ajle U HampsMoOM B ILIO- Puc. 1.13. HpO€KHi$I CUJIN
uni Oxy. Ha IUIOLIMHY
3a MoayseM
P, = Pcosf,

ne - xyT mix HanpamoM cumu P Ta i npoekiiero ny.

VY neskux BHUNaaKax JJisi 3HAXOJKCHHS MPOEKII CHIM Ha BiCh
3py4YHO 3HAWTH CIIOYATKY il MPOEKIIIO0 Ha IUIOIIMHY, B AKiM L Bich
JI€KUTh, a MOTIM CIPOEIIIOBATH 3HAWCHY MPOEKIII0 HA TUIOIIUHY —
Ha JIaHy BIiCh.

B nanomy Bumnanky

P, =P cosp=Pcosfcosp;
P =P sinp=Pcosfsing.
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Because the modulus of the vector P is a positive value, in
formulas (1.6) and (1.7) before the radical should take a plus sign.

Formulas (1.6) and (1.7) make it possible to find by analytical
method the modulus and direction of the force vector by its three
given projections on the coordinate axes. But the projections do not
determine the point of application of force, it must be given by its
coordinates.

Projection of force on the plane

The projection of the force
= z
P on the plane Oxy is the vector

contained between the projections
of the beginning and end of the

force P on this plane (Fig. 1.13).

Thus, in contrast to the
projection of the force on the axis,
the projection of the force on the
plane is a vector magnitude,
because it is characterized not only
by its numerical value, but also by
the direction in the plane Oxy.

Behind the module

P, = Pcosp,

Fig. 1.13. Projection of force
on the plane

where [ — the angle between the direction of force P and its
projection P, .

In some cases, to find the projection of the force on the axis, it
is convenient to first find its projection on the plane in which this
axis lies, and then project the found projection on the plane — on this
axis. In this case

P =P, cosp=Pcosfcosp;
P, =P sinp=Pcospsing.
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CK1a0o6i cunu no ocax Koopounam
Y peskiii Tourmi (puc.

1.14) npuxnagena cuma P .
[IpuiiMeMoO 10 TOYKY 3a IO-
YaTOK CHCTEMH KOOpAMHAT-
HUX Oced XVZ 1 mpH LiH Touwi
noOynyemMo  mapaiesemnines,

nns skoro Bektop P Gyne mi-
aroHayuTio0, a pebdpa crapsMo-
BaHI MO KOOPIUHATHUX OCSX
(puc. 1.14). Iiero moOya0BOIO

Puc. 1.14. CxiamoBi cuiy Mo ocsax
PO3KJIaIEMO BEKTOP-CUITY P KOOD/MHAT

Ha TPU B3a€MHO INEPIEHIUKY-
nspui cknanosi X , Y, Z , 1m0 36irarotees 3 KOOpAMHATHUME OCSMHU,
1, BUXOJUTb,

P=X+Y+Z. (1.8)

YucnoBe 3HaYECHHS KOXKHOI CKJIaJJOBOi TOPIBHIOE MPOEKIIIT CHITH
Ha BiAMOBiIHY Bick. CitiJ 3BepHYTH OCOOJIMBY yBary Ha Pi3HHUIIIO MK
CKIA008010 6eKMOpa no 0ci Ta Npoekyicio 1o2o Ha yio eice CKIagoBa
BEKTOPA € TAKOXK 6eKMOp, a IOTO MPOEKIIis Ha BICh — CKA/IAD.

SIKIIO B3ATH 10 yBard OpTH — OAWHUYHI BEKTOPH KOOpAWHAT-

HUX oceli 1, j , kK ,T0 MOKHa 3amucaTy:

X=iX, Y=jY, Z=kZ, (1.9)
ne X=P,Y=P,Z=P.

[TincraBuBmm Bupas (1.9) y piBaicts (1.8), ogepkumo Gopmy-
Ty pO3KJIalaHHs BEKTOP-CHJIM Ha KOOPAWHATHI BicCi:

P=iX+jY+ikZ. (1.10)
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Components of force along the coordinate axes

1.14) a force P is applied. Let
us take this point as the
beginning of the coordinate
system Xxyz. At this point we
construct a parallelepiped for

At some point (Fig. ZT

~I
<

which the vector P will be a
diagonal, and the ribs are
directed along the coordinate Xx /
axes. With this construction

we decompose the vector- Flg 1.14. Components Of force along
the axes

force P into three mutually
perpendicular components X, Y, Z, that coincide with the
coordinate axes, and, consequently,

P=X+Y+Z. (1.8)

The numerical value of each component is equal to the proje-
?tion of the force on the corresponding axis. Particular attention
should be paid to the difference between the component of the vector
along the axis and its projection on this axis. The component of the
vector is also a vector, and its projection on the axis is a scalar.

If we take into account orts — unit vectors of coordinate axes I ,
J » k we can write:

X=iX; Y=jY
where X =P, Y=Py, Z=P.
Substituting expression (1.9) into equation (1.8), we obtain the

formula for the decomposition of the vector-force into coordinate
axes:

. Z=kZ, (1.9)

P

X+ Y +kZ (1.10)



3HAX00#CceHHA PIBHOOIIOYOT cucmemu 30iHCHUX CUTL
AHAIMUYHUM MEMOOOM

B

Hexaii 3aJaHa
cucTeMa, IO CKJIaja-
€THCA 13 TPhOX 301KHUX
cun B, P, P.V 3a-
rajJbHOMY BHIIQJKy Il
CHIJIM HE PO3TalllOBaHI B
onHii tiommHi. [To0y-

. ]
IyeMO CWIOBHIA Oara- ] 'y '
TOKyTHHK  (mpoctopo- __ 4 3 ‘b : £ X
BHH) JUIS Ii€1 CHCTEMH
i 3HaiinemMo piBHOMIIO-
gy R (puc. 1.15).
Crpoerroemo BC1 CHJIH Ha BiCh X

B =ab; P _=bc; Py=-cd; R =ab.

P

Puc. 1.15. Ilpoekiis Ha Bich piBHOAIIO-
Y40l cUCTEMU 301)KHUX CHJT

CkJaBIIy nepiii TPy piBHOCTI, OTPUMAEMO
P +P +PF =ab+bc—cd,
aJie, sIKk BUJIHO 3 PHCYHKa,

Plx +P2x +133x :Rx’
abo Rx:ZPix

OTXe, npoexyis pieHoOitouoi cucmemu 30IHCHUX CUTL HA SKY—
HeOyOb 6icb OOpIBHIOE aneeOpaiunitl cCymi NPOEKYIll 6CIX CKIAO0BUX
CUJI HA MY JIC BICh.

Hexait € cuctema 301kHHX cHJl. 3a/1aHO MPOEKITIT BCiX 11 CHJI Ha
KOOpJMHATHI OC1
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Finding the resultant force of a system of converging forces
by analytical method

Suppose a given _ B
system consisting of
three converging

forces 1_31,1_32,1_33.In A

the general case, these
forces are not located

in the same plane. Let
us construct a power

el

olygon (spatial) for 1 \ 1
?hisysg}’ste(mpand %md a T 4 + d < ad
— Fig. 1.15. Projection on the axis of
resultant force R the resultant force of the system of converging
(Fig.1.15). forces

Let's project all
forces on the x-axis

B_=ab; P_=bc;, Px=-cd;, R =ab.
Adding the first three equations, we obtain
B +P +P =ab+bc—cd,
but, as can be seen from the figure,

131x+132x+1)3x:Rx’

or R, :ZPix'

Therefore, the projection of the resultant force of the system of
convergent forces on any axis is equal to the algebraic sum of the
projections of all components of the forces on the same axis.

Let there be a system of converging forces. The projections of
all its forces on the coordinate axes are given
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[ToTpiGHO 3HAWTH MOIYJb 1 HampsAM PIBHOAIOYOI. SIK TUIBKU
110 T0BEJEHO,

Rx:ZBr’ Ry:Zsz’ Rz:ZPzz
Monynb piBHOIFOYOT BUBHAYUTHCS 32 POPMYIIOH0:

R=\(Z)+(Zn) +(ZR)

Hanpsm R 3HaiinemMo, BU3HAUMBIIK KyTH MK PiBHOAIIOYOO i
KOOpIMHATHUMHU ocsMu. CkopucTtaeMocs GopMylIamMH JUIS HarpsM-
HUX KOCHHYCIB

cos(ﬁ,?)zcosa: - sz 2 2 :
JZR)+(ZR) +(ZR)

cos(R.7) =05 p = et
ey +(ZR) +(2R)

COS(E,];)ZCOS]/: ZP,Z

(Ze)y+(Ze)+(Zn)

Sxmo cucrema 301KHUX CHJI pO3TalllOBaHa B OIHIN IJIOUIUHI
(puc. 1.16), To

. (1.11)

r=ZeyH(Ze)y.
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You need to find the module and the direction of the resultant
force. Once proven,

Rx :z])m ) Ry :Zsz ) Rz :ZPZZ :

The resultant force module will be determined by the formula:

R=\(Xn) +(ZR) +(ZE) -

We find the direction R by determining the angles between the
resultant force and coordinate axes. Let's use formulas for directing
cosines:

AT 2.5 .
cos(R,z ):cosaz - - =>
(Zn)+(Zr) <(Zn)
cos(ﬁ, j)zcosﬂz = iy = - ; (1.11)
(Zr)+(Za) +(Zn)
cos(E, /;):cosyz ZEZ

JZey+(Eay+(ze)

If the system of converging forces is located in one plane

(Fig. 1.16), then
RefZeyH(Ee)y. o
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Puc. 1.16. Ilpoekuii Ha BiCh KOOpAMHAT
PIBHOIIFOYO1 TJIOCKOT CHCTEMH 301KHUX CHIT
Kpim toro, oueBuaHO
cos B =sina
1 HaTpsAM PIBHOIIFOUOT MOXe OyTH 3HAWICHO 3 BUPaA3y

- _ P
tg(R, i ) =tga = %fz

P

abo cos(ﬁ, I ):cosaz

=y +(Za)

(1.13)

Ymoea pienosazu cucmemu 36ixcrnux cun y epagpiunii ghopmi

OCKUIbKH Y BUINIQJKy PIBHOBAru MPHUILBUIYEHHS d TOUKH J0OPi-

BHIOE HYJIIO, TO Ha MiCTaBl Ipyroro 3akoHy HeioroHa

R=0,

TOOTO, PIBHOIII0YA CUCTEMHU CHJI, MPUKIIAJEHUX 0 TOYKH, JOPIBHIOE
Hymo. Llg ymMoBa € HEOOXiHOIO 1 JOCTATHHOIO YMOBOIO PiBHOBAru

cucTeMHu 30kHuX cui. OTKe,
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R.=>X

Fig. 1.16. Projections on the coordinate axis of the
resultant of plane system of converging forces

Also, obviously
cos f=sina

and the direction of the equivalent can be found from the expression

ZR’Y (1.13)

tg(ﬁ, 7) =tga = SP

> P,

or cos(R,T):cosa = :

(Zey+(zn)

Equilibrium condition of a system of converging forces in
graphical form

Since in the case of equilibrium the acceleration a of point is
zero, then on the basis of Newton's second law

R=0,

that is, the resultant force of the system of forces applied to the point
is zero. This condition is a necessary and sufficient condition for the
equilibrium of the system of converging forces. So,
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> P=0. (1.14)

I'padiuno s ymo-
Ba BHPAXAETbCI BUMO-
rolo, o6 KiHEIb
OCTaHHBOTO BEKTOpa B
CHJIOBOMY  0araTokyT-
HUKY CHIBIIaJIaB 3 mMoya-
TKOM TIEepIIOro, TOOTO —
00 BCl CHJIM CUCTEMU p P,
YTBOPIOBAJIM  3AMKHY- 4
muil 6a2amoKymHuk 1, Puc. 1.17. CunoBuii 6araToKyTHUK
3BMYAilHO, 3 3arajJbHOIO JUIs1 3pIBHOBAXKEHOT CUCTEMH CHUII
tediero (puc. 1.17).

Otxe, 6 epagpiunin popmi ymoea pienosazu cucmemu 30ixc-
HUX CUNl NONAZAE 6 MOMY, W0 CUNOGUI OA2AMOKYMHUK NOGUHEH
Oymu 3aMKHymum.

el

as]
SO

Ymoeu pienosazu cucmemu 36ixncnux cun 6 ananimuynii gpopmi

Sk Oyno mokaszaHoO BHIIIE, SKIO CUCTeMa 301KHUX CHJI 3HAXO-
JTUTHCSI B pIBHOBA31, TO ii pIBHO/I1I0YA JOPIBHIOE HYJIIO

R=0.

AJe SKII0 BEKTOp JOPIBHIOE HYJIIO, TO JOPIBHIOIOTH HYJIIO HO-
'O TPOEKIIi Ha OC1 KOOPIUHAT:

R.=0; R=0; R=0

D P.=0; Y PB=0; > P=0. (1.15)

L{i yMOBM piBHOBaru, 10 Ha3UBalOTh TAKOX PIGHAHHAMU Pig-
HOgazu MOXHA JIETKO OJEp)KATH, SKIIO CKOPHUCTATHCA PIBHSIHHAM
(1.1). Tomy 1m0 y BHMAAKy PIBHOBArk NPUIIBHIYCHHS ( TOPIBHIOE
HYJIIO, @ OT’KE€ M Mpoekwii NPUIIBUIYEHHS Ha OCl KOOpJIUHAT JOpiB-
HIOIOTh HYJIIO:

abo
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> P=0. (1.14)

Graphically, this P
condition is expressed !
by the requirement that
the end of the last vector
in the force polygon
coincides  with  the
beginning of the first, ie —
that all forces of the P P,
system form a closed 4
polygon and, of course,
with the general flow
(Fig. 1.17).

Therefore, in graphical form, the condition of equilibrium of
the system of converging forces is that the force polygon must be
closed.

]
]

Fig. 1.17. Force polygon for a bal?-
ced system of forces

Equilibrium conditions of a system of converging forces in
analytical form

As shown above, if the system of convergent forces is in
equilibrium, then its resultant force is zero

R=0.
But if the vector is zero, then zero is its projection on the
coordinate axis:

X

2.B.=0: B =0 X P=0 (1.15)

These equilibrium conditions, also called equilibrium equat-
2ons, can be easily obtained by using equation (1.1). Because in the
case of equilibrium the acceleration a is zero, and hence the
projections of the acceleration on the coordinate axis are zero:

R.=0; R =0; R=0

or
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OTtxe,

Takum 4MHOM, OJIEP’)KUMO YMOBH PIBHOBAr'M MaTepiaibHOI TOUKH.

Skmo maTepianbHa TOYKA HEBUIbHA, TO 3aCTOCOBYIOUH aKCIOMY
PO 3BUIBHEHHS BiJ B’s3€W, MOXKEMO ii pO3IJISAaTH SK BUIbHY, IO
3HAXOUTKCS T AIEI0 33/IaHUX (aKTUBHHX ) CHJI T PEAKIIii B’ SI3€H.

OTxe, 0na pisnosazu cucmemu 30idCHUX CUTL HEOOXIOHO i 0OC-
Mmammuvo, wob cymu npoeKyitl 6Cix Cul cucmemu Ha mpu KOOpOUHa-
MHI 0Ci OKpeMO OOPIGHI08ANIU HYTIO.

PosrisiHemMo 1Ba OKpeMUX BHUIIAIKH.
1. Bcei cunu cuctemu JiexaTh B OJHIN miomuHi. Po3ramryemo

oci X Ta y B 1iil mouuHi. Toxi Tpere 13 piBHAHB (1.15) 3a10BONBHA-
€THCS MPU OyAb—SIKUX 3HAYCHHSIX CHJI, 1 YMOB PIBHOBArd 3aJIUIIA€Th-

cs TUIBKH IBi:
ZPix = O’ ZPly = O’

TOOTO 07151 pigHOBA2U NIOCKOI cUcmeMu 30IHCHUX CUNl HeOOXIOHO I 00-
CMAamHvo, Wob cymu NPOEKYIll 8CIX CUL CUCIEMU HA O8] KOOPOUHAMHI
OCl, WO J1excams 8 NJIOWUHI CUCmeMU, OKPemo OOPIBHIOBANU HYTIO.
2. Bci cunu cucteMu Ji0Th MO ofHii npsmiit. [Ipuiimemo i-
HIIO Jii CHJT CUCTEMHU 3a Bich X. ToJii 13 TpbOX YMOB pIBHOBAru 3aju-
MIAETHCS TITBKHA OJHA
P, =o0.

na pignogacu cucmemu cun, wjo Oitoms nO OOHIU NPAMil, He-
00XiOHO [ docmamubo, wob cyma NPOEKYil 8CIX CUN CUCeEMU Ha
gich, Wo cnisnadae 3 ainicto Oii cun abo it napanenvHy, 00pieHI08ANA
HYTIO.
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a =0; a . =0; a =0.

X y z

So, Y PR =0, >P=0; >P=0

Thus, we obtain the equilibrium conditions of the material
point.

If the material point is not free, then applying the axiom of
liberation from the restraints, we can consider it as free, which is
under the action of given (active) forces and reactions of the
restraints. Therefore, for the equilibrium of the system of converging
forces it is necessary and sufficient that the sums of the projections of
all the forces of the system on the three coordinate axes separately
are equal to zero. Consider two separate cases..

1. All the forces of the system lie in one plane. We arrange the
X and y axes in this plane. Then the third of equations (1.15) is
satisfied for any values of forces, and equilibrium conditions only

two remain:
> B.=0; PR =0,

that is, for the equilibrium of a planar system of convergent forces, it
is necessary and sufficient that the sums of the projections of all the
forces of the system on the two coordinate axes lying in the plane of
the system are separately equal to zero.

2. All forces of the system act on one line. Take the line of
action of the system forces along the x-axis. Then only one of the
three equilibrium conditions remains

> B.=0.

For the equilibrium of a system of forces acting along one line,
it is necessary and sufficient that the sum of the projections of all the
forces of the system on the axis coinciding with the line of forces or
parallel to it is equal to zero.
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OTtpumaHi yMOBHU PiBHOBAarM BUKOPUCTOBYIOTHCS B CTATHIIL, 5K
anreOpaiyHi pIBHSHHA, 3 SKUX BU3HAYAIOTHCS HEBIIOMI CHIIH, IO
BXOJIATh B CUCTEMY. B OLIBIIIOCTI 33124 CTATHKH 110 JACSIKUM 33JJaHUM
(akTUBHHMM) cuWJaM, MPHUKIAICHUM JI0 MaTepiajabHOI TOYKH abo 0
TBEPJOTO TiJIa, JOBOAUTHCS BU3HAYATH HEBIJIOMI peakii B’si3ei, BU-
XOJITUM 13 YMOB piBHOBaru. KibKicTh HEBIIOMHUX, SIKi TpeOa BHU3Ha-
YUTU TPU PilIEHH] 3334 MpO piBHOBAry Tija, HE NOBUHHA TEPEBU-
ITyBaTH KUIBKOCTI PIBHSHB PIBHOBArv, TOOTO TPhOX — JJIS IIPOCTOPO-
BOI cucTeMH 301KHUX CHUJI, ABOX — JJIS IJIOCKOI Ta OJTHOT'O — JIJISI CHC-
TEMH CHUJI, 1110 JIFOTh MO OJHIN MPSAMIH.

1.3 IlousiTTs mapu cuji. MOMeHT CHJIM BIITHOCHO TOYKH

[lepen TUM, SIK BBECTH MOHSTTS y C B
Mapy CWI Ta ii MOMEHTY, PO3TJITHEMO
MpaBWiia JOJaBaHHS JBOX Mapaselb-
HUX CHIL.

Y eunaoxy 0ii 06ox napanens- 151 ‘
HUX CUTI 00HO20 HANPAMKY RPUKIA-
O0eHux 00 adconomuo meepoo2o mi- —
aa (puc. 1.18) ix pienoodiroua napa- R
aenvHa yum cunam i oiec ¢ moiu nce Puc. 1.18. PiBHoAit0o4a 780X
0iK; MO0y pieHoOiIOUOl 00pieHIOE napajeabHUX CHIL,
cymi MoOyie 000aHKiG cujl, a NiHiA  CHPSIMOBAaHUX B OJHH OiK
it 0ii nodinae eHympiwiHiM YUHOM
8i0Cmansy Mixc mouKamu NPUKIAOCHHA OAHUX CUNl HA GIOPI3KU
00epHeHo nponopuiiiHi MOOYIAM YUX CUJL.

>0l

Orxe, R=PF+P;
¢A4_B
CB P

Tenep PO3MIIHEMO CHCTEMy JABOX mapanenshux cwi i P

(E >P ) , CIIPSIMOBAHMX y TIPOTHIIEXkHI 00k (puc. 1.19).
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The obtained equilibrium conditions are used in statics as
algebraic equations, from which the unknown forces included in the
system are determined. In most tasks of statics on some given
(active) forces applied to a material point or to a solid body, it is
necessary to determine the unknown reactions of the restraints, based
on the conditions of equilibrium. The number of unknowns to be
determined when solving equilibrium problems of the body should
not exceed the number of equilibrium equations, ie three — for a
spatial system of convergent forces, two — for a plane and one — for a
system of forces acting along one line.

1.3 The concept of a pair of forces. Moment of force
relative to a point
Before introducing the concept of a pair of forces and its mo-
ment, consider the rules of addition of two parallel forces.
In the case of two parallel

forces of the same direction applied A c B

to an absolutely solid body

(Fig. 1.18), their resultant force P
5 2

parallel to these forces and acts in
the same direction; the module of
the resultant force is equal to the I
sum of the modules of the terms of -
the forces, and its line of action  Fig. 1.18. Resultant force of
divides internally the distance two parallel forces directed in
between the points of application of one direction
these forces into segments inversely
proportional to the modules of these
forces.

So,  R=R+p; Y_L

CB P

Now consider a system of two parallel forces Fl and f_)z

(E > Pz) directed in opposite directions (Fig. 1.19).
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Pisnooirvua oeox napa-
J1eIbHUX HEPIGHUX CUjl, Cnps-
MOBAHUX Y NPOMUTIENHCHI DOKU,
cnpamosana y OiKk Oinvuior 3
HUX; MO00YJIb Pi6HOOI0Y0I 00-
PI6HIOE pi3HUYI cul, w0 CKIa-
oaromocA, a it 1inia Oii noodinae
306HIWHIM YUHOM GIOCMAHb
MidE MOUKaMU NPUKIAOAHHA Puc. 1.19. PiBHOAIT09a 1BOX
3a0aHux cun na 6iopisku, ode-  MAPAICIBHUX CUJI, CHIPAMOBAHNX
PHEHO RNPONOPUIIIHI MOOYIAM B POTHICXKHI O0KH
yux cun

R=P1—P2. (116)

CA P,

CB P
Posraaemo TCIICP BUIIAAOK JBOX piBHI/IX 3a MOJYJIEM Iapajlic-
JIbHUX CHUJI, CIIPIMOBAHUX Y HpOTI/IJIe)KHi ooku. 3 OTpUMaHHUX piBHOC-

(1.17)

teit (1.16) i (1.17) BumnuBae, mwo skmo F, mpsMye Mo MO0 10

P, to piBHOzitoua ix npsimye 10 Hyis, a Bigpisok CA HeoOMexeHO

3pocrae. TakuM YMHOM, BUSBIISETHCS, 10 YUCIOBE 3HAYECHHS PIBHO-
J1I0401 IBOX PIBHUX MapajesibHUX CHUJI, COPSIMOBAaHUX Y MPOTUIIEKHI,
OOKHU NepeTBOPIOETHCS B HYJIb, @ TOUKA 11 MPUKIAACHHS BIIIANAETHCS
B HECKIHYEHHICTb, TOOTO (PAKTUYHO PIBHOJIIOYOT TaKOI CUCTEMHU CHJI
B3arajii He icHye. Cucmema 060X pisHUX NAPAIEIbHUX CUT, CRPA-
MOGAHUX 6 NPOMUJIEHCHI DOKU, HA3UBACMbCA NAPOI0 CUll i npeo-
cmaense 306cim ocoonugy cucmemy. Crpapjii, mapy Cui HE MOXKHA
3aMIHUTH OJHIEI0 CHJIOKO, 1l €KBIBAJIEHTHONO: Mapa HE Ma€ PIBHOJI-
10401 — 3BIJICH BUIUIUBAE, 10 RAPY He MOXMCHA 3PI6HOBANCUMU OOHI-
€10 Cunoio.

I'eomeTpruHa cyma Cuil, IO CKJIaJalOTh Hapy, JOPIBHIOE HY-
JF0, aJie pa3oM 3 THM, Mapa CHJI HE MPEJICTABIISE€ CUCTEMH, CTATHYHO
€KBIBAJICHTHOI HYJIIO.

56



The resultant force 1 P,
of two parallel unequal A C
forces directed in opposite B
directions, is directed —
towards to side the larger R
of them; the module of the P
resultant force is equal to :
the difference of the Fig. 1.19. Resultant force
forces, and its line of of two parallel forces directed
action externally divides in opposite directions

the distance between the
points of application of the given forces into segments inversely
proportional to the modules of these forces

R=P,—P. (1.16)
CA_h (1.17)
CB P

Let us now consider the case of two equal modulo parallel
forces directed in opposite directions. From the obtained equations

(1.16) and (1.17) it follows that if 1_)2 goes modulo to P1 , then their

resultant force goes to zero, and the segment CA increases indef-
"nitely. Thus, it turns out that the numerical value of the resultant
force of two equal parallel forces directed in opposite directions turns
into zero, and the point of its application is removed to infinity, that
is, in fact, the resultant force of such system of forces does not exist
at all. A4 system of two equal parallel forces directed in opposite
directions is called a pair of forces and represents a very special
system. In fact, a pair of forces cannot be replaced by one force
equivalent to it: the pair has no resultant force — it also follows that
the pair cannot be balanced by one force.

The geometric sum of the forces that make up paper is zero,
but at the same time, the pair of forces does not represent a system
statically equivalent to zero.
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byoyuu npuxnadenoro 0o meepoozco mina, napa cun 3mMiHUmMb
CMawH CnoKkoio abo pyxy yb02o miia — Ha0acms miiy 0bepmosuil pyx.

Ha puc. 1.20 nokaszana mapa cui (13 R P ') IIPUKIIAJCHUX B

toukax A u B, —

10 JIeXKaTh B P

OJIHIN IUIOIIU- . A B
Hi. [ mio- _20 e e

IIUHY Ha3MBa- ¥ _

IOTb  IUIOIIH- A4 P

HOIO [ii mapwu

P , P Puc. 1.20. ITnommuna aii mapu cui

Biocmanv h mixc cknadosumu napu, eumipana no nepne-
ouKynapy 00 ninii 0ii cun, Hazueaemuyca niaevem napu. llapu cun
Ha PUCYHKY SIK IPaBUJIO 300paXKyIOTh TaK, 1100
o0HU/IBl CHJIM Majld CBOIMHU TOYKAaMH MpHUKIa- P’
nennst toukn C i D, wo nexars Ha saranpHo- (N
My MepneHauMKynIspi A 100 CKIagoBUX NapH D
(puc. 1.21). EdexktuBHicTh Al Ha TLIO Hapu
CHJI, 1110 HaJjae HoMy 0OepTOBUH PyX, BU3HAYaA- P
€TbCA HE TUILKM BEMMUMHOIO CKIAIOBUX MApH o ) 5 Ilapa

CHJI, aJI€ U B1ACTAaHHIO h MK HUMH — IIJICYEM CIJI Ha HJ'IOH_[I/IHi

Mapu.

Xapakmepucmukoro 0ii napu Ha mino € ii Momenm, w0
npeocmaensac 000ymoKk Mooyis OOHI€l i3 CK1A008UX HA 008HCUHY
niaeua. MOMEHT Mapu BUMIPIOETHCS B OJUHUIISIX CUITU, TOMHOXKEHUX
Ha OJUHHMINO JOBKHUHH, TOOTO B cricteMi CI B H - M.

MowmeHT Oyne dodammuum, SIKIO mMapa o0epTae TUIO MPOTH TO-
JTUHHUKOBOI CTPUIKH, 1 Gi0EMHUM — y TIPOTHIICKHOMY BHIIAIKY
(puc. 1.22). Tlosmawaroum momeHT mnapu vepes M aGo uepes

M(F, p'), MaeMo
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When applied to a solid body, a pair of forces will change the
state of rest or movement of this body — will give the body a
rotational motion.

In fig. 1.20 shows a pair of forces (P P ) applied at points 4

/

h  between  the  gig |20, The plane of action of a pair of forces
components of the

pair, measured perpendicular to the line of action of forces, is
called the arm of the pair. The pairs of forces in the figure are
usually depicted so that both forces have their

points of application points C and D, which P

and B lying in one
plane. This plane is
called the plane of
action of the pair
PP

The distance

lie on the common perpendicular 4 to the ( h
components of the pair (Fig. 1.21). The p=======
efficiency of action of a pair of forces on the
body, which gives it a rotational motion, is P
determined not only by the magnitude of the Fig. 1.21. A pair of
components of the pair of forces, but also the
distance /1 between them — the arm of the pair.

The characteristic of the action of the pair on the body is its
moment, which is the product of the modulus of one of the
components on the length of the arm. The moment of the pair is
measured in units of force multiplied by a unit of length, ie in the SI
system in N - m.

The moment will be positive if the pair rotates the body
counterclockwise, and negative - otherwise (Fig. 1.22). Denoting the

moment of the pair through M or through M (f_) , P ') , we have

forces
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M

,P')=M =+Ph. (1.18)
PP

(P

[ I A
/e )I
P P
Puc. 1.22. 3nak MomMeHTY mapu

3 puc. 1.23 umiuBae, mo adbcoto- |
THa BennumHa MoMeHTy napu nopisrioe y  C '

. /W'/// 0 7 D

BIJIMOBIAHOMY MacITadl MOJBOEHOI TIJIO- : //////Q/////;///z
1l TPUKYTHHKA, 110 Ma€ OCHOBOIO OJIHY 13 | '///// % _
CKJIaJIOBHX TIapH, a BEPIIUHOIO — OYIb-IKY | %/4/// P’
touky (Hanpuxian C), 1o NeXUTh Ha JIi- h //2
Hii 1ii Apyroi cKnamgoBoi A== ===

M(P,P')=2nx. 4 BDC. 5 B

BnactuBocti napu

1. He 3minHroroun aii mapu Ha TBep- Puc. 1.23. ITapa cun

JIe TUTO, Mapy CWJI MOYKHA MEPCHOCUTH B Ha IUTOITMHI
TUIOUIHHI 11 1111 B Oy/Ib-5IKE MOJIOKEHHSI.

2. He mopyuryrouun MeXaHIYHOTO CTaHy Tila, MOXKHA SIK 3a-
BrOJTHO 3MIHIOBaTH BEJIMYMHY CHWIIM 1 TUIEYe MapH, TITbKU O MOMEHT
Tapy 3aJIUIIABCS HE3MIHHUM.

IHonammsa momenma cuiu 6i0HOCHO uenmpa

PosrnsitHemMo TBepae TiNO , sIKE MOXKEe 00epTaTHCh HaBKOJIO He-
pPyXoMoi oci, 0 MepreHANKYJIsIpHa A0 IJIOIMHU PUCYHKA il mepe-
tuHae o miomuHy B Touni O (puc. 1.24). B Touni 4 B miomusi,
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M(P,P')=M =+Ph. (1.18)

Fig. 1.22. Pair moment sign

From Fig.1.23 it follows that the
absolute value of the moment of the pair
is equal to the corresponding scale of the
doubled area of the triangle, which has a
base of one of the components of the pair,
and the apex — any point (eg C) lying on
the line of the second component

M(P,P')=2 nn. A BDC.

Fig. 1.23. A pair of

Pair properties. forces on the plane

1. Without changing the action of
pair on a solid body, a pair of forces can be transferred in the plane
of its action in any position.

2. Without violating the mechanical state of the body, you can
arbitrarily change the magnitude of the force and arm of the pair, if
only the moment of the pair remained unchanged.

The concept of the moment of force relative to the center

Consider a rigid body 7, which can rotate around a fixed axis
perpendicular to the plane of the figure and intersects this plane at

point O (Fig. 1.24). At point 4 in a plane
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nepnenukyispain oci O,
70 Tia TPHUKIAJICHO CHITY
P, mo namaraernscs 006ep-
TATH TIJI0 HABKOJIO IIi€l OCI.
Sk Bimomo 3 10cBidy, edek-
TUBHICTG A1l CWJIM BHA3HAYa-
€THCSI B IIbOMY BHUIIAJKy HE
TUIBKA BEJIUYUHOIO CHIIH, Puc. 1.24. MoMeHT cuu
ane 1 11 TOJIOKEHHAM 1010 BIZIHOCHO LIEHTpa

touku O, BifacTannio A miHii Aii cumu Bix miei Touku. Xapakrepuc-
TUKOIO 00epTaibHOI Ail CHUIM BUSBISAETHCS 1i MOMEHT, TOOTO BEJIH-
YHHa, 10 BPaXOBY€E K YUCEJIbHE 3HAYEHHS CUJIM, TaK 1 ii MOJIOKEH-
HA. I1i0 momenmom cunu 6iOHOCHO AKOI-HedyOb mouku (yenmpa)
Ppo3ymitome @3amuil 3i 3HAKOM RJIKOC ADO MIHYC 000YMOK MO0y
Cunu HA 006MHCUHY NEPREHOUKYNAPA, ONYULEHO20 i3 Ub020 UeHmpa
Ha Ninito Oii cunu.

Takuii yenmp HA3UBAEMBCA UEHMPOM MOMEHNLY, A O0BHCUHA
nepnenouxynapa h — naewem. SIko Momynb CUIM BUPAKECHHH B
HBIOTOHAX, a IJIeYe — B METPaX, TO MOMEHT BUMIPIOETHCS HBIOTOHO-
Merpamu — H - M.

Mowment cumu P oo nentpa O GyseMo MO3HAYATH TAKUM
YUHOM:

M(P)=M,=+Ph. (1.19)

3HaK MOMEHTY BKa3ye Ha HamNpsSMOK OOepTaHHS. 3HAK niwc
eionogioac 00epmanHio nPomu 200UHHUKOBOT CMPIIKU, 3HAK MIHYC
— Y 360pOmMHOMY.

Sxmo 3'eqnaru nouatok A i ximeup B Bexropa-cumum P i3
nentpoM MomenTy (J, TO MOABOEHA IUIOMIA OTPUMAHOTO TPUKYTHHKA
ABQ vy Bignosiznomy maciuTabi BU3HAYa€ BETUYUHY MOMEHTY CHIIH
BignocHo uentpa O (puc. 1.25). Cpasai
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perpendicular to the axis O,

a force P is applied to the
body that tries to rotate the
body around this axis. As is
known from experience, the
effectiveness of the force is
determined in this case not
only by the magnitude of the
force, but also its position

relative to the point O, the

Fig. 1.24. Moment of force
relative to the center

distance /1 of the line of action of the force from this point. The
characteristic of the rotational action of a force is its moment, ie a
quantity that takes into account both the numerical value of the force
and its position. Under the moment of force relative to any point
(center) are understanding (taken with a plus or minus sign) the
product of the modulus of force on the length of the perpendicular
was put down from this center to the line action of force.

Such a center is called the center of the moment, and the
length of the perpendicular h is called the arm. If the modulus of
force is expressed in Newtons, and the arm — in meters, the moment
is measured in Newton-meters — N - m.

The moment of force P relative to the center O will be denot-

ed as follows:
M(P)=M,=+Ph. (1.19)
The moment sign indicates the direction of rotation. The plus

sign corresponds to the counterclockwise rotation, the minus sign —
clockwise.

If we connect the beginning A and the end B of the vector-
force P with the center of the moment O, then the doubled area of
the obtained triangle ABO in the appropriate scale determines the

magnitude of the moment of force relative to the center O (Fig.1.25).
Really
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M, (P)=Ph; HH.AAOB:%}’.

B Buxoautn,

M,(P)=2n1.440B.

>

.
7
7
%
%

OTXe, MOMEHT CH-

JIM BiTHOCHO TOYKH JOpi-

BHIOE TIOJIBOEHIN TLJIOMII

TPUKYTHHKA, TOOYI0Ba-

HOTO Ha CHUJi ¥ ULEeHTpl

MOMEHTY. VY uvomy no-

Puc. 1.25. BusHaueHHsI MOMEHTY CUIIM  JIA2AE 2€0OMEMPUYHA iH-

BiJIHOCHO IICHTpa mepnpemauina MoMeHmy

cuu iOHOCHO MOYKU.

Momenm cunu 8iOHOCHO yeHmpa OOPIBHIOE HYNIO 8 GUNAOKY,

KO JIHIsL Oli CUnu npoxooums yepes YeHmp MOMEHN).

1.4 Cucrema cuji, poO3TAlIOBAHMX B OAHIA IUIOIIMHI.
I'os10BHMI BEKTOP TA rOJIOBHUI MOMEHT IJIOCKOI CHCTEMHU CHJI

PosrnsHemMo Teopemy mOpoO MNpPHUBENEHHS CHIM IO JIE€SIKOTrO
IIEHTPA, KA 9acTO 3aCTOCOBYETHCS MPH PO3B’SI3aHHI 337a4 CTATHKH.
Cuny, SK BIiIOMO, MOXHA TMEPEHOCUTU B AKY 3aBTOJAHO TOYKY, IO
JSKUATH Ha 11 JiHii Ail. PO3rIsITHEMO MOXIHBICTH MEPEHOCY CHIIU B
OyIlb-SIKy TOYKY, 1110 HE BiJMOBIA€E M1l BUMO3I.

Teopema. He 3muinwowuu 0ii
cunu Ha mino, ii MOJCHA nepexec-
mu napaneivbHo camii codi 8 Oe-
SKY MOYKY, NPUEOHABUU NAPY CUI.

Hexaii gana cuia P, MPUK-
nazgena B touni A (puc. 1.26). Io-
TpiOHO MEPEHECTH L0 CUITy B TOU-

ky O. Ilpuknazemo B wiii Toumi Puc. 1.26. Ilepenoc cunmn
B OyIb-IKy TOUKY
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M,(P)="Ph; nn.AAOBZ%h.
it turns out,

0

Fig. 1.25. Determining the moment of
force relative to the center

_

-

=

M, (P)=2n1.440B.

Thus, the moment
of force relative to a point
is equal to twice the area
of a triangle built on the
force and the center of the
moment. This is the
geometric interpretation
of the moment of force
relative to the point.

The moment of force relative to the center is zero in the case
where the line of force passes through the center of the moment.

1.4 System of forces located in one plane. The main vector
and the main moment of a flat system of forces

Consider the theorem on the bringing of force to a certain
center, which is often used in solving statics problems. Force, as we
know, can be transferred to any point lying on its line of action.
Consider the possibility of transferring force to any point that does

not meet this requirement.

Theorem. Without changing
the action of force on the body, it
can be transferred parallel to itself
at some point, joining a pair of
forces.

Let the given force P applied
in point A (Fig. 1.26). It is necessary

to transfer this force to point O. We
will apply at this point
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. . D - D
AB1 B3a€EMHO-3P1BHOBAXKCHUX CUJINU P 1 P , IpPIOMY

P=P=-pP".

Tenep mMu Oaunmo, 10 JaHa CHUIiA P saminena cunoo P’ i
apoxo (F, ﬁ") . A Tomy 110
P'=P,
TO CHJIY P' moxua PO3IIISAAATH K 3aJ[aHy CHITY P, ane Bxe nepe-
Heceny B Touky O.
Ormxe, 3aauy MEPEHOCY CHIM MOXKHA BBaXKATH BHPILICHOIO,

OJIHaK 3 TUM YCKJIQJHEHHSIM, 1110 MPU NEPEHOC] CHJIU JOBOJUTHCS J10-
JlaBaTu AEsKy mapy.

3aminy manoi cuin P, npukiagenoi B Touni A, Takow x CH-
11010, puknagenoro B Touni (O, i BiAmoBigHOO Maporo, OyaeMo Ha3u-
BaTH npueedennam oanoi cunu 0o mouxu Q. Ilapy, ooepycany npu

npueedenni cuiu, Ha3uUeamb npucOnanoio napoio, a Touxy O —
UEeHMPOM NPUGEOEHH.
3HaiiIeMO MOMEHT NpUEHAHOI apu. SIK BUIHO 13 pUCYHKA,

M(F, 13") =+Ph,

ane no6yTok +Ph nopiBHIOE TakoK MOMEHTY 3aiaHoi cunu P Bin-
HOCHO IICHTPa MPUBEICHHS

M, (P)=+Ph, (1.20)
BUXOIUTB,

M(P,P")=M,(P),

TOOTO, MOMEHmM NPUEOHAHOI nApU, 00ePIHCYBAHOT NPU NPUBEOEHHI
cuiu 00 0aH020 yeHmpa, OOPiGHIOE MOMEHMY 3A0aAHOT CUIU BIOHO-
CHO UEeHmMpPAa NPUGEOEeHH .

Cucremy cwi, JiHIT 1T SKUX pO3TAIIOBaHI SIK 3aBIOJTHO B OJHIHI
IUTIOIIKHI, Oy/1IeMO Ha3UBaTU HAOCKOI0 CUCIEMHOI CUIL.
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two mutually balanced forces P and P’ , and
P=P=-P".
Now we see that this force P is replaced by force P’ and pair

(I_), I_)") . And because

P=P,
then the force P’ can be considered as a given force P, but already
transferred to the point O.

Therefore, the task of force transfer can be considered solved,
but with the complication that when transferring force you have to
add some pair.

The replacement of a given force P applied at point 4 by the
same force applied at point O and by the corresponding pair will be
called the bringing of this force to point Q. The pair obtained by

bringing the force is called the attached pair, and point O is called
the center of bringing.

Let’s find the moment of the attached pair. As you can see
from the picture,

M(F, F") =+Ph,

but the product +P# is also equal to the moment of a given force P
relative to the center of bringing

M,(P)=+Ph, (1.20)
it turns out,
— —
M(P,P")=M,(P),
that is, the moment of the attached pair obtained by bringing the
force to a given center is equal to the moment of a given force
relative to the center of bringing.

A system of forces, the lines of action of which are located ar-
bitrarily in one plane, will be called flat system of forces.
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Teopema. [Inocky cucmemy cuil MOXNCHA NpUBecmu 8 3a2dilb-
HOMY 6UNaoKy 00 OOHICI cuiu, NpukiadeHoi 8 008LIbHO GUOPAaHIl
mouyi niowunl, i 00 0OHIEI napu, wo Oi€ 8 miil e NAOUYUH.
Hexaii Ham 3ajaHa IUIocKa cucrema cuin ), P P Y
npukiaaneHux B toukax A, Ay, As, ..., A,. Sxmo ug cucrema He €
CUCTEMOIO 3PIBHOBA)KEHOIO, TO 3aCTOCOBYIOUM METOJI IOCITiIOBHOTO
JOJIaBaHHs CWJI, 11 3aBXKIW MOYXKHA MIPUBECTH JIO0 OJHIET PiBHOIII0UOT
cunu abo mapu. OpHaK TakWil CHOCIO CHpPOINEHHS CHUCTEMH Majo
3pYyYHUH 1 IPU BEJIUKIN KUTBKOCTI CHJI CTA€ IYKE TPOMI3IIKHIM.

Binpmr 3py4HuM 1O CBOiM YHIBEpCAIBHOCTI BHSBISETHCS CIIO-
ci6 3ampononoBanmii JI. Ilyanco B 1803 p. Ile#t cnoci6 momsirae B

NPUBE/ICHHI 33/IaHOT CHCTEMH 10 TIEBHOTO LieHTpa. PosriisHeMo cnc-
TEMY CHII P1 P P NpUKIAAeHuX B Toukax A;, A, As (puc. 1.27).

Touxy O npuiiMeMo 3a LEHTp MpUBEAEHHs. [IepeHeceMo B L0 TOUKY
BCi CHJIM CHUCTEMU, KOPUCTYIOUUCH TOTIEPETHIMH BUKJIAIKAMHU.

1y

Puc. 1.27. JlonaBaaus cun
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Theorem. A4 flat system of forces can be brought in the general
case to one force applied at an arbitrarily selected point of the plane,
and to one pair acting in the same plane.

Let us be given a flat system of forces P1 , 1_)2, 1_)3 oo P

n

applied at points Ay, A,, As, ..., A,. If this system is not a balanced
system, then using the method of sequential addition of forces, it can
always be brought to one resultant force or pair. However, this
method of simplifying the system is not very convenient and with a
large amount of forces becomes very cumbersome.

More convenient in its versatility and relative simplicity is the
method proposed by L. Poinso in 1803. This method is to bring a

given system to a certain center. Consider the system of forces E ,

P,, B applied at points 4, A5, A3 (Fig. 1.27). We take point O as

the center of bringing. Let's carry over to this point all the forces of
the system, using the previously stated.

y

Fig. 1.27. Adding of forces
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. = = = .
Otpumaemo B uentpi O cumu F, , P, P, i npuennani mapu
(P1 , Pl'), (PZ, P2"), (P3, P3"). Omxe, 3a1aHa CHCTEMA CHUJI, IIPUKIIA-

JEHUX Y TOYKax Aj, 3aMIHIOETbCS CUCTEMOIO, IO CKIAAETHCS 3 TUX
K€ CHJL, ane Bke npuknanennx y uenrpi O, i npueaHanux nap.

=y ey g J
Cumu B, P, P, MoxHa ckiacTH 3a IIPaBHIOM CHIIOBOTO Oa-
raTOKyTHHMKa. BEKTOpHA CyMa IMX CHJI HA3UBAETLCSH 20106HUM GeK-
mopom R (puc. 1.28). Takum unnOM,

R=P+P+P,
abo
R=P+P+P,
1HaKIIe
R=>P (1.21)

[Ipuennani mapu TakoX MOXKHA CKJIa-
CTH, OJEpXaBIIU NPH LIBOMY pPIBHOAIIOUY
napy 3 MOMeHTOM L, 110 Ha3UBAETHCA 20-
noenum momenmom. oro Bemmunna

Puc. 1.28. Buznauenus

rOJIOBHOTO BEKTOPA _
I p Ly=>M, . (1.22)
IUIOCKOi CUCTEMHU l
30DKHUX CHIT ne Mp. — MOMEHT KOXHOI mpHeHa-
Ol

HOI MapH, piBHUM, SK BiTOMO, MOMEHTY CH-
JI, IO TIPUBOUTHCS, BITHOCHO IIEHTPA MPHUBEICHHS.

MOi:Pi'hi.

TeopeMa, TaKUM YMHOM, JTOBEJICHA.

OTtpumanuii pe3ynbTaT MoKHa c(HOPMYJTIOBATH TaK: HIOCKY CU-
cmemy cuil MO}CHA NPUGECU 8 3A2ATIbHOMY 6UNAOKY 00 OOHI€N cu-
JUu, NPUKIAOCHOT 8 006IIbHO 00paniil Mouyi, W0 OOPIGHIOE 207106-
HOMY 6eKmOpy cucmemu, i 00 0OHI€ci napu, MOMeHm AKOT
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We obtain in the center O the forces B, FZ', f’; and the
attached pairs (E, l?), ([_)2,}_)2"), (E,f_);') Therefore, the given

system of forces applied at points A; is replaced by a system
consisting of the same forces, but already applied in the center O,
and attached pairs.

Forces E’, 152' , 153’ can be added according to the rule of a

force polygon. The vector sum of these forces is called the main
vector R (Fig. 1.28). So,

~
~

R= 1,+ , t 15
or
R=P+P+P,
otherwise
R=>P (1.21)

The attached pairs can also be added
to obtain an resultant pair with the moment

L,, which is called the main moment. Its
Fig. 1.28. Determination magnitude

of the main vector of a L,= ZMO- , (1.22)

plane system of conve-
?gent forces

where MOi — the moment of each

attached pair, equal to the moment of the
brought force, relatively the center of
bringing.
M 0; =P i'hi.
The theorem is thus proved.
The result can be formulated as follows: a flat system of forces

can be brought in the general case to one force applied at an
arbitrarily chosen point and equal to the main vector of the system,
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O00PIGHIOE 207106HOMY MOMEHMY CUCHEMU BIOHOCHO UEHmMpPA npuee-
O€HH1.

HeoOXiaHo BiAMITUTH, 10 TOJIOBHUIA BEKTOp R , npuknageHuit
y IEHTP1 MPUBEIACHHS, HE € PIBHOAIIOYOIO 3a7aHOI CUCTEMH CHUJI, TO-

My ILO Ll CHCTEMA HE €KBiBaJleHTHA OnHil cuiai R ; BoHa exBiBaneH-

THA CUCTEMI, 110 CKIAIa€eThes i3 cykynHocti R u Lo.

OCKUIbKH, TOJIOBHUH BEKTOp JOPIBHIOE BEKTOPHIH CyMmi BCiX
3aJJaHUX CHJI CHCTEMH, TO Hi MOIYJb HOTO, Hi HAaIpsM HE 3aJIeXKaTh
BiJ BUOOpy 1ieHTpa npuseneHHs. LLlo k cTocyeTbesi TOJI0BHOTO MO-
MEHTY, TO WOTO 3HAYCHHS B 3arajJlbHOMY BHIIQJIKY 3aJICKUTh BiJl BH-
00Opy LEHTpa MPUBEIEHHS, OCKIIBKU 31 3MIHOIO IIEHTPa 3MIHIOIOTHCS
JIOBXXHHH TUTeYEH IPUETHAHUX T1ap.

Bu3znaunmo Moaysb 1 HanmpsIMOK TOJIOBHOTO BEKTOpA aHAJIITH-
YHUM MIISTXOM.

IpoBenemo uepe3 uentp npusenenns () xoopmuuarai oci OX i
Oy (puc. 1.27). Hexaii npoeKuii CHl 3a1aHOT CCTEMH Ha I1i 0Ci Oy/LyTh:

B B By
P:P :P:

ly> 22y> 7 3y>

Rx:Rx+P2x+f)3x:ZPix;
Ry:Ry+P2y+1)3y:ZPiy

OT)KC MO)Iy.]'II) 1 HaHpHMOK TOJOBHOTI'O BCKTOpa BHU3HAYAKOTHCS
R=,R*+FR’ (1.23)
X y 2 *

tg(R.7)=1ga=—", (1.24)

~ |

JIe 0. — KYT MK TOJIOBHUM BEKTOPOM 1 BICCIO X.

72



and to one pair whose moment is equal to the main moment of the
system relative to the center of bringing.

It should be noted that the main vector R applied in the center
of the bringing is not resultant force of a given system of forces,

because this system is not equivalent to one force R; it is equivalent

to a system consisting of the aggregate R and L,

Since the main vector is equal to the vector sum of all given
forces of the system, neither its modulus nor direction does not
depend on the choice of the center of bringing. As for the main
moment, its value in the general case depends on the choice of the
center of bringing, because with the change of the center changes the
length of the arms of the attached pairs.

Let's determine the modulus and direction of the main vector
analytically.

Draw through the center of reduction O coordinate axes Ox and

Oy (Fig.1.27). Let the projections of the forces of a given system on
these axes be:

P P By
P.P :P:

ly> “2y> 7 3y>°
Rx :P1x+P2x+P3xZPix;
Ry :Ply +P2Y+P3y :ZPiy ’

Therefore, the module and direction of the main vector will be:

R=JR*+ R, (1.23)

BTt
tg(R,l )—tga— Ri, (1.24)

where o — the angle between the main vector and the x-axis.
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Sk Oyio Moka3aHo BUINE, Y PE3YJIbTATI MPUBEICHHS JOBLIBHOT
IUIOCKOT CHCTEMH CHJI JIO JIESKOTO LEHTPY OTpuMyeMo cuiy R, 1o
Ha3UBAETHCS TOJIOBHUM BEKTOPOM, 1 Tapy CHJI, MOMEHT sikoi Lo Ha-
3MBA€THCS TOJIOBHUM MOMEHTOM CHCTEMH CHJI BITHOCHO NMPUHHSATOTO
nentpa. [Tokaxkemo, 110 M0 CUCTEMY, SIKa CKJIAIA€ThCS 13 CHIIM 1 Tia-
P, MOKHA MPHUBECTU IO PIBHOMIIOYOI CHIIM. 3a BEIMYMHOIO W Ha-
MPSIMKOM L PIBHOJIIOYA JOPIBHIOE TOJIOBHOMY BEKTOpY, ajie JiHisg
Iii i B 3araJbHOMY BUIQJIKy HE IPOXOJIUTh Yepe3 LEHTpP MpHUBEICH-
Hf, a BiICTOITH Bifl HLOTO Ha BijcTaHi A, piBHIl yacTi Bix JineHHS
BEJIMYMHHU TOJIOBHOIO MOMEHTY L Ha BEIMYMHY FOJOBHOIO BEKTOPA
R, T00TO

L
h=-"2. 1.25
R (1.25)

JlilicHO, B LEHTp1 NpHuBe-
nenHs ) MaeMo TOJIOBHUI Bek-
top R i ronosuuit moment Lg
(puc. 1.29, a). 3aminumo roio-

BHMI MOMeHT Lo maporo cui,
R 0 CKJIAJAa€ThCs 13 CHII, 3a Be-
Y JUYUHOIO PIBHUX TOJOBHOMY

a 6 sekropy R . Ilnede mapu Oyme
L .
Puc. 1.29. [lpuBenenns cunm EO (puc. 1.29, 6). V touui O

cum R i —R B3aemuo BPIBHOBaXXYIOThCS I 3aJIMIIA€THCS OJHA CH-
Ja — piBHOIIF0YA R', npuKnajgeHa B HoBii Touni A Ha Bigcrani /1 Big
LIEHTpa NPUBEICHHS.

Pi3Hi BUMagky MpUBEACHHS, 110 MOXKYTh 3yCTPITHUCS B MPAKTH-
1M, TaKi:

1. R=0;Lo=0 - cucrema 3HaX0MTHCS B piBHOBA3I.

2. R=0;Lo# 0 - cucrema npuBOaUTHECS 10 OHIET TApH.
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As shown above, as a result of bringing an arbitrary flat

system of forces to some center, we obtain a force R called the main

vector and a pair of forces, the moment of which L, is called the
main moment of the system of forces relative to the accepted center.
We show that this system, which consists of force and pair, can be
brought to a resultant force. In magnitude and direction this resultant
force is equal to the main vector, but its line of action in the general
case does not pass through the center of bringing, and is from it at a

distance /4 equal to the quotient of the division of the magnitude of

the main moment L, by the magnitude of the main vector R, ie

a b
Fig. 1.29. Bringing of force

L
h=—2%. 1.25
2 (1.25)

Indeed, in the center of
bringing O we have the main

vector R and the main moment
L, (Fig. 1.29, a). We replace
the main moment L, with a pair

of forces consisting of forces
equal in magnitude to the main

vector R. The arm of the pair

L
will be KO (Fig. 1.29, b). At

point O, the forces R and —R

are mutually balanced and there remains one force — resultant R,
applied at the new point 4 at a distance / from the center of bring-

ng.

Various cases of bringing that may occur in practice are:
1. R =0; Lpo= 0 — the system is in equilibrium.
2. R=0; Lo # 0 — the system is brought to one pair.
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PiBHOMIrOYOI cUIM cucTEMA HE MAc.
3. R # 0; Lo = 0 — cucrema npuBOANTECS 10 PiBHOAIIOYOI,
1110 TPOXOJUTH Yepe3 LEHTP IPUBEICHHS.

4. R # 0; Lp # 0 — zaransunii Bunagok. Cucrema mnpuso-
TUThCS 10 cuid Ta napu. Cuna i mapa MOXyTh OyTH 3aMiHEHI piB-
HOJIIFOYOIO 3 JIIHI€I0 Aii, 1110 He IPOXOAUTh Yepe3 LEHTP MPUBEACHHS.

Teopema npo momenm pieHooiouoi cunu

JloBeneMo Ttenep meopemy npo momenm pieHoOilOuol cunu,
110 HA3UBAETHCS meopemoro Bapunvona. Sk Bumno 3 puc. 1.29. 6,
MoMeHT piBHOAir0401 R’ BinnocHo touxkn O nopisnioe RA. Ha minc-
taBi popmynu (1.20)

Rh = L,
oTKe M, (E')zLO.
Aune BignosigHo dopmydi (1.22)
Ly=)> M, .
OTXKE
M,(R)=>.M, . (1.26)

TOOTO MOMenm pi6HOOII0UO0I cunu 8i0HOCHO 0esK020 Yenmpa Oopis-
HIOE aneeOpaiyHi cymi MOMeHmi6 CKAA008UX CUTL BIOHOCHO MO20 JHC
yenmpa.

Ha ocHoBi Teopemu BapruHboHa MO>XKHa BUBECTH YMOBY PiBHO-

Baru Baxkens. Hexail no Baxens AB npuxnaneni cumu P i Q Tou-
K010 onopu #oro € Touka O (puc. 1.30). Baxinb 3HaX0IUTHCA B PiB-

HoBasi. PieHozitoua R napajebHUX CHUIT P i O nopiBHIOE iX cymi
R=P+0Q

i mpuxnanena B Touni onopu (), B sKili BOHA 3piBHOBAXYETLCS PEaK-
miero V.
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There is no resultant force of the system.
3. R # 0; Lo = 0 — the system is brought to a resultant
force, that passing through the center of bringing.

4. R # 0; Lo # 0 — general case. The system is brought to
force and pair. Force and pair can be replaced by a resultant force
with the line of action not passing through the center of bringing.

Theorem on the moment of resultant force

We now prove the theorem on the moment of resultant force,
which is called Varignon's theorem. As can be seen from Fig. 1.29.

b, the moment of resultant force R’ relative to the point O is equal to
Rh. Based on the formula (1.20)
Rh = Lo,
SO M, (E’) =L,.
But according to the formula (1.22)

%:ZM”

M,(R)=>M, (1.26)
that is, the moment of resultant force relatively to some center is
equal to the algebraic sum of the moments of the component forces
relatively to the same center.

Based on Varignon's theorem, we can derive the equilibrium

SO

condition of the lever. Let the forces P and Q are applied to the
lever AB; its fulcrum is the point O (Fig. 1.30). The lever is in

balance. The resultant force R of parallel forces P and Q is equal
to their sum.

R=P+Q
and is applied in the fulcrum O, at which it is balanced by the reac?-
ion V.
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3a Teopemoro BapuaboHa A N
M,(R)=M,(P)+M,(0Q).
Ane M, (E)=0, % 0

7

ockinbku cuna R mpuknageHa B wii
touri. OTxKe, P

M, (P)+M,(0)=0 \ B
abo Puc. 1.30. PiBHOBara Baxkens
P-AO — Q-OB =0.

OTxe, Ons pignosacu 8adicenss HeOOXIOHO Ul QOCMAMHbLO, W00
aneebpaiuna cyma MOMeHmi6 Cujl, NPUKIAOEHUX 00 HbO20, 8IOHOCHO
MOYKU ONOPU OOPIBHIOBANA HYTIIO.

7

1.5 YmoBHM Ta piBHAAHHSI PiBHOBAru MJI0CKOI CHCTEMH CHJI

SIK110 pO3IIIIHYTH TBEPJAE T110, 1110 nepedyBae MijJ JI€H0 MI0C-
KOT CUCTEMH CHUJI, TO, OYEBU/IHO, 1€ T1JIO Oyae 3HAXOTUTHUCH B PIBHO-

Ba3i JIMIIE B TOMY BHIIAJKY, SKIIO W TOJOBHUI BeKTOp R cucremu
cuit i ii ronoBHuit MoMeHT Lo Gy1yTh JOPIBHIOIOTE HYJTIO

EZO; LOZO.

I{i piBHOCTI € MEXaHIYHHUMH YMOBaMH PIBHOBAru JIOBLIBHOT
tockoi cuctemu cuil. Tomy 1o 3a piBHsHEAMH (1.22) 1 (1.23):

L,=YM,: R=\R}+R,

TO JIJIsl TOTO, 00 TOJOBHUN BEKTOP 1 TOJIOBHUN MOMEHT IEPETBOPIO-
BaJIUCh B HYJIb, HEOOX1THO ¥ JOCTATHBHO, 100 MM MICIIE PIBHSHHS:

> P=0; P =0 >M,=0. (1.27)
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By Varignon's theorem AN

M,(R)=M,(P)+M,(0)-

Bu M, (R)=0, A AO A
since the force R is applied at this 1 Q ;
point. So, P

M,(P)+M,(0)=0 YR
Fig. 1.30. Equilibrium of the
or lever

P-40 — Q-OB = 0.

Thus, for the equilibrium of the lever, it is necessary and

sufficient that the algebraic sum of the moments of the forces applied
to it relatively to the fulcrum be equal to zero.

1.5 Conditions and equations of equilibrium of a flat system
of forces

If we consider a solid body under the action of a flat system of
forces, then, obviously, this body will be in equilibrium only if both

the main vector R of the system of forces and its main moment L
will be equal to zero
R= O; L() = 0.
These equations are mechanical conditions for the equilibrium
of an arbitrary plane system of forces. Because by equations (1.22)

and (1.23):
L,=>M,: R=\|R+R,

then in order for the main vector and the main moment to become
zero, it is necessary and sufficient that the equations take place:

Y P.=0; P =0 >M,=0. (1.27)
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s pisnosazu niockoi cucmemu cui HeoOXiOHO U OOCMAMHbBO,
wWob cymu NPoEKYItl 8CiX CUL CUCTNEMU HA KOJICHY I3 080X KOOPOUHA-
MHUX Ocell, W0 N1excams 8 NJIOWUHI cucmemu, Nopi3HO OOPIGHIOBAIU
HYIO © oo cyma iXHix MOMeHmMi8 BIOHOCHO O0BLILHO 8UOPAHOI MOU-
KU NAOWUHU MAKONC OOPIGHIOBANA HYTIO.

i piBHOCTI B aHANMITHYHIN (HOpMI BUPAKAIOTh YMOBU PiBHOBA-
T'H IOBLJIBHOI IJTIOCKOT cucTeMu cvil. YMOBH (1.27) Ha3uBarOTh TaKOXK
PIBHAHHAMU PIBHOBA2U OOBIILHOI NIOCKOI CUCEMU CUL.

SIK oci KOOpAMHAT, TaK 1 LIEHTP MOMEHTIB JIEXKaTh y IUIOIIMHI
Iii cucTeMH ¥ MOXKyTh OyTH 00paHi 30BCIM JTOBUIBLHO. J[J1s 3pydyHOCTI
MIPOEKTYBAHHS CHJI 3aCTOCOBYIOThH JEKapTOBY CUCTEMY KOOPIMHAT.

Crin 3a3Ha4uTH, IO OTpUMaHa (opma piBHSIHBL piBHOBAru (JaBa
PIBHSHHS IPOEKIIiH 1 OHE PIBHAHHS MOMEHTIB) HE € €IUHO MOXKIIH-
BOIO. PIBHSIHHS MO’KHA CKJIaJaTH H 1HIIMMH CIIOCOOAMH, OJHAK KiJb-
KICTB 1X 3aBXKIU JOPIBHIOE TPHOM.

s MosiCHEHHsSI LIbOTO JIOBEIEMO HACTYIHY TEOPEMY: AKUYO
CyMa MOMEHMI8 BCIX CUNl NJIOCKOI cucmemu BiOHOCHO KOMCHO2O I3
MPbLOX YEHMPIB Y Yill NIOWUHI, He 1eHcaqux Ha 0OHIU NpaMmill, 0opis-
HIOE HYTIIO, MO CUCMEMA BUABTIAEMbCS, 3PIBHOBANCEHOTO.

Hexait A, B i C Gynyts tpu nanux uentpu, a F, P, E , ,]3"
— CHJIH TJIOCKOI CHCTEMU.

Skmo
DM, =0; > My=0; Y M.=0, (1.28)

TO, Ha MiJICTaBi TeopeMu BaprHbOHA, MOMEHT piBHOJIOUOT R i€l cuc-
TEMU BiJIHOCHO KOXHOI 13 Tphox T040K A, B 1 C Takox K0piBHIOE HYJIIO.

MoOMEeHT piBHOAIIOYOI BiTHOCHO OYIb—SIKO1 TOYKH TUIBKH TOI1
JOPIBHIOE HYJIIO, SIKIIO:

1) piBHOAIIOYA TOPIBHIOE HYJIIO;

2) niHis Aii pIBHOMIIOYOT MPOXOJUTH Yepe3 L0 TOUKY.
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For the equilibrium of a flat system of forces it is necessary
and sufficient that the sums of projections of all forces of the system
on each of the two coordinate axes lying in the plane of the system
are equal to zero and that the sum of their moments relative to an
arbitrarily chosen point of the plane is also zero.

These equations in analytical form express the equilibrium
conditions of an arbitrary flat system of forces. Conditions (1.27) are
also called equilibrium equations of an arbitrary flat system of
forces.

Both the coordinate axes and the center of the moments lie in
the plane of action of the system and can be chosen completely arb?-
rarily. A rectangular Cartesian coordinate system is used for the
convenience of force design.

It should be noted that the obtained form of equilibrium
equations (two equations of projections and one equation of
moments) is not the only possible one. Equations can be composed in
other ways, but their number is always equal to three.

To explain this, we prove the following theorem: if the sum of
the moments of all the forces of a flat system relatively to each of the
three centers in this plane, not lying on one line, is zero, then the
system is balanced.

Let A, B and C be three data centers, and E, P, }_g, e E
let be the forces of a plane system.

If
dM,=0; Y M,=0; Y M.=0, (1.28)
then, on the basis of Varignon's theorem, the moment of resultant

force R of this system relatively to each of the three points 4, B,
and Cis also equal to zero.

The moment of the resultant force relatively to any point is
zero only if:

1) the resultant force is equal to zero;

2) the line of action of the resultant force passes through this
point.
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Sxmo piBHOJIIIOYA JOPIBHIOE HYJIO, TO CUCTeMa NepedyBae B
piBHOBa31 i HEOOXigHE JTOBEEHO. AJle, SIKIO PIBHOJIIOYA HE JOPiB-
HIOE HYJIIO, TO Y BUTIQJIKy PiBHOBAard BOHA MOBHHHA OJHOYACHO IPO-
xoautH uepes Bei sragani Touku A, B, C. Ane, 0CKibKH, 32 YMOBOIO
11l TOYKH HE JISKATh HA OAHIN MPSAMIiA, TO IPOUTH Yepe3 BCl1 TPU TOU-
KM PIBHOJIIF0OYA HE MOXKE, 1, OTXKE, MOKIIMBUN TUTHKU TEPIIHA BHIIA-
JIOK, a came, 110 PIBHOJIIF0Ya TIOPIBHIOE HYJIIO.

Takum umHOM, Teopema noBeneHa W piBHsSHHS (1.28) Takox
MPECTaBIIsiE COOOI0 YMOBH PIBHOBArH TUIOCKOT CUCTEMH CHIIL.

PiBHsAHHS piBHOBaru MOXKIIUBI 1 y Takiid ¢popmi:

Sp=0,
> M, =0; (1.29)

D> My=0.

OTxe, piBHIHHS PIBHOBAru IIOCKOi CHCTEMHU CHIJI MOXKYTb Oy-
TH NIPEJICTaBJIEH] B TAKUX TPHOX (popmax.

1. JIBa piBHAHHS IPOEKIIii 1 OJJHE PIBHSIHHI MOMEHTIB.

2. OmHe pIBHSHHSA MPOEKIINA 1 Ba PIBHSHHSI MOMEHTIB — BICh
MIPOEKIIIN HE MePIICHANKYJIISIPHA MPSMIH, 10 3'€IHY€ IIEHTPH MOMEHTIB.

3. Tpu piBHSHHS MOMEHTIB — LIEHTPH MOMEHTIB HE JIeKaThb Ha
OJTHIN TIPSIMIiA.

OTtpumMaHi Tpu piBHAHHS PIBHOBArd BiJNOBIAAIOTH IUIOCKIH CH-
CTeMI CWJI y 3arajbHOMY BHIAJKy. AJjie, SK BiZIOMO, MOXJIUBI U
OKpeMi BUIIAJKH TaKUX CUCTEM. B okpeMux BUMajakax AesKl pIBHSIH-
HSl pIBHOBAaru NepeTBOPIOIOTHCS B TOTOKHOCTI, IO 3aI0BOJIBHAIOTHCS
npu Oyab-SKUX 3HAYEHHAX CWJI cucTeMH. Taki piBHSAHHSA, IPUPOJIHO,
BTPAvyaroTh 3MICT YMOB piBHOBaru. Tak, HAPUKIA, sl TUIOCKOI CH-
CTeMH TMapajelbHUX CHJI CyMa IMPOEKIi BCIX CHJI HA BiCh, MEPICH-
JTUKYJSIPHY CHUJaM, NpHU Oylb-sIKUX JaHUX 3aBXAU JOPIBHIOE HYIIIO.
ToMy B okpeMHUX BHMAaJKaX KUIbKICTh PIBHSHb PIBHOBaru JJisi KOX-
HOi cucTeMu Oyzie MEHILe TPhOX.
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If the resultant force is zero, then the system is in equilibrium
and the necessary is proved. But, if the resultant force is not equal to
zero, then in the case of equilibrium it must simultaneously pass

through all the mentioned points 4, B, C. But, since, provided that
these points do not lie on one line, the resultant force cannot pass
through all three points, and, therefore, only the first case is possible,
namely, that the resultant force is zero. Thus, the theorem is proved
and equation (1.28) also represents the equilibrium conditions of a
flat system of forces. Equilibrium equations are also possible in the
following form:

> M,=0; (1.29)
> M,=0.

Therefore, the equilibrium equations of a flat system of forces
can be represented in the following three forms.

1. Two equations of projections and one equation of moments.

2. One equation of projections and two equations of moments —
the axis of projections is not perpendicular to the line connecting the
centers of moments.

3. Three equations of moments — the centers of moments do not
lie on one line.

The obtained three equilibrium equations correspond to a flat
system of forces in the general case. But, as is known, some cases of
such systems are also possible. In some cases, some equilibrium
equations are transformed into identities that are satisfied at any
values of the forces of the system. Such equations, of course, lose the
meaning of equilibrium conditions. For example, for a planar system
of parallel forces, the sum of the projections of all forces on the axis
perpendicular to the forces, for any data, is always zero. Therefore, in
some cases, the number of equilibrium equations for each system
will be less than three.
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YMOBU piBHOBAr JUist pi3HUX BHIIB IJIOCKUX CHCTEM HaBEJCHI
B Tabi. 1.1.

Tabmuus 1.1

YMoBHU piBHOBaru

N > P=0
Cunu Ha oiHIN psAMIN
Bich x napasienbHa cuiam

36iXHi CHJIM HA TUIOIHHI Zf; =0; ZPy =0

[TapanenbHi cuiv Ha TUIOLTUHI

Iepma popma Hpyra popma

dYP=0; >M,=0 D M,=0; > M,=0

Bice y mapanenbHa cuiam OA ne napanensna cunam

I[OBiJ'ILHa IIJIOCKa CUCTCMA CUJI

ITepura popma Hpyra popma Tperst hpopma
> P=0 > P=0 > M,=0
> P =0 > M, =0 > M, =0

> M,=0 > M, =0 > M,=0

OA ve nepuienmu- | O, A, B ue nexarp Ha
KyJISIpHA OCi X OJTH1N TpsAMIif

PiBHSIHHSI pIBHOBar" 3aCTOCOBYIOThCSI TOJIOBHUM YHHOM Y THX
BHITQJIKaX, KOJIM, PO3TJISIA0YN TiJIO MMiJl €K MEBHOT CUCTEMH CHII,
JOBOJUTBCS IO JEAKHX 3aJaHUX CHJIaX, MPUKIAJACHHUX JIO Tijla, BH-
3HAa4YaTH HEBIIOMI peaKilii 3B'13KiB, 30KpeMa OMOPHI peakii.
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Equilibrium conditions for different types of flat systems are
given in table. 1.1.

Table 1.1

Equilibrium conditions

P =0
Forces on one line Z *
The x-axis is parallel to the forces

Convergent forces on the plane ZRC =0; ZPy =0

Parallel forces on the plane

The first form The second form

> P =0, >M,=0 dM,=0; > M,=0

The y-axis is parallel to the
forces

OA is not parallel to the forces

Arbitrary flat system of forces

The first form The second form The third form
> P=0 > P=0 > M,=0
> P =0 > M, =0 > M, =0

> M,=0 DM, =0 D M,=0

OA is not perpendicular | O, A4, B do not lie on
to the x-axis one line

Equilibrium equations are used mainly in those cases when,
considering the body under the action of a certain system of forces, it
1s necessary to determine unknown reactions of restraints, in parti-
?ular support reactions.
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3araqpHUM aHATITHYHUNA METO PillleHHS i€l 3a1a4i MiCTHUTbCS
B HacTynmHoMY. OCKIUIBKH, pO3IIsiAyBaHe TUIO mepedyBae B piBHOBa-
31, TO BCl MPUKIIAJCHI CHIIM, BKJIFOUAIOUW U peakilii 3B's3KiB, MOBUHHI
3aJI0OBOJIGHSATH yMOBaM piBHOBaru. CKIABIIM IIi YMOBH PiBHOBAarw,
OJICPKUMO PIBHSHHS, y SKi, KPIM 3aJaHUX CWJ, YBIMIYTh 1 HEBIOMI
peakii. Po3B's13y104M OTpUMaHy CHCTEMY DPiBHSHbB, 3HAHIEMO 3 HHMX
HEBIZOMi CHJIH.

CrpoIieHHsl CUCTEM PiBHSHb PIBHOBArM MOXKHA JIOCATTH TIpa-
BWJIBHUM BHOOPOM (pOpMHU piBHSIHB, MOJIOKEHHS OCEH 1 IIEHTPIB MO-
MEHTIB.

KoxxHoMy BHIy TUIOCKOT CHCTEMH CHJI BiAMIOBIJA€ IITIKOM ITEBHA
KUIBKICTh PIBHSHB PIBHOBArv. 3pO3yMiJo, MO KUIBKICTh HEBIAOMHUX
CHJI, SIKI MOJKHA 3HAWTH 3 PO3PaxyHKY, HE MEPEBUILY€ KITBKOCTI CKJIa-
JICHUX PIBHsHB. SIKIINO KUIBKICTh HEBIIOMHUX CHJI HE OLTbINA KUTHKOCTI
PIBHSIHB, a OTXKe, PIBHSIHHS MOKHA PO3B'sI3aTH , TO TaKa 3a/1a4ya Ha3M-
BAETHCSI CMAMUYHO BU3HAYEHON, a BIINOBITHA CHCTEMa CHII — CMda-
MUYHO 8U3HA4Y8aHoto. Y TIPOTUBHOMY BHUIIAJIKY 3aJa4ya CTaE Crmamuy-
HO Hesu3HaueHolo (CUCTEMA CHII — CIMAMUYHO HeGUIHAYYBAHOK) 1 Me-
TOJ[AMH CTaTUKU PO3B’s13aHa OyTH HE MOJXKeE.
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The general analytical method for solving this problem is as
follows. Since the body in question is in equilibrium, all the applied
forces, including the reactions of the restraints, must satisfy the
conditions of equilibrium. Adding these equilibrium conditions, we
obtain equations, which, in addition to given forces, will include
unknown reactions. Solving the obtained system of equations, we
find unknown forces from them.

Simplification of systems of equilibrium equations can be
achieved by choosing the right form of equations, positions of axes
and centers of moments.

Each type of flat system of forces corresponds to a certain
number of equilibrium equations. It is clear that the number of
unknown forces that can be found from the calculation does not
exceed the number of compound equations. If the number of
unknown forces is not greater than the number of equations, and
therefore the equation can be solved, then such a problem is called
statically definite, and the corresponding system of forces is called
statically determinable. Otherwise, the problem becomes statically
indeterminate and cannot be solved by static methods.
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2 KIHEMATHKA

Kinemamuka — ye po3oin meopemuyHnoi mexaniku, ¢ AKOMYy
eusuacmvca pyx min 0e3 ypaxyeamnsa ix inepmuocmi ma Oirouux
Ha Hux cun. KineMaTuky 1HOJI Ha3UBaKOTh ,,reoMeTpieto pyxy”. Jlii-
CHO, JI0 OCHOBHHX IIOHSTH T€OMETpii — TOUKa, JiHisl, IOBEPXHS B Ki-
HEMAaTHIll JI01a€ThCS TUIbKU OJIHAa HOBA, He3ajlekHa 3MiHHA — Yac. B
KJIAaCHYHIM MEeXaHIlli Yac BBAXKAIOTh OJHAKOBUM ISl OyAb-SKUX CHC-
TEeM BIJIIKY, IO € HAOJMKEHHSIM JI0 AIMCHOCTI, TOCTAaTHBO TOYHHM,
SIKIIIO IIBHJIKOCTI MaJli B TOPIBHSIHHI 31 IIBUIKICTIO CBITIIA.

Ha BigmiHy BiJl CTaTHKH, sSKa 3apOJMJIACH I1I¢ B aHTUYHI YacH B
3B’3Ky 3 OYIIBHHMLITBOM PI3HHMX CHOpPYH, KIHEMaTHKa BUIUINIACH B
CaMOCTIHHUN PO31LI, TOCUTH Mi3HO — Ha movaTtky 19 cromirrs. [Ipu-
YHHOIO TOCITY>KUB OYPXJIMBUH PO3BUTOK MAIIMHOOYyBaHHS, IIUPO-
K€ 3aCTOCyBaHHS 0araTb0X MEXaHi3MiB, TaKMX, HAIIPUKIA[, K KpHU-
BOIIMIHO-TIOB3YHHMHA. @paHiy3bkuii BueHuid (izuk Ammep (1775 —
1836 p.p.) Buepie 3anpononyBaB B 1834 porli BUIIIUTH PO3/IiaI Me-
XaHIKH, 110 BUBYA€ 3aKOHHU PYXy TOYKH 1 TBEpAOro Tija, 6€3 Bpaxy-
BaHHS MPUYUH, 110 HOr0 CIMIOHYKAIOTh B OKPEMHUN PO3JLT TEOpPEeTHY-
HO{ MEXaHIKH 1 3aIPOIIOHYBaB HAa3BaTH MOTO KIHEMAaTHKOIO.

VY kiHeMaTulll BUBYCHHS PYXy TUT MOXKJIUBO TUIBKH BIJHOCHO
iHImoro Tina. B gpisnyHOMY NOHATTI pyX Ma€ BIJHOCHUH XapakTep, 110
1 BUKJIMKA€e HEOOXiAHICTh YCTAHOBJICHHS TIOHATTS ,,CHCTEMa BIJTIKY .
3a cucteMy BiIJTIKY PUIMAIOTh AESKY MaTepiajibHy CHCTEMY, CTOCO-
BHO SIKO1 BHU3HAUAETHCS IMOJIOKEHHS AaHoro Tina. [lonoxkeHHs Tina B
MPOCTOPl BU3HAYMTHCS B TOMY BHUIMAJIKY, SKIIO Oyne BiIOMO TOJIO-
KEHHA BCIX Horo To4yok. Tak, HampuKiIa/, MOJIOKEHHS KOKHOI TOYKU
TiJIa B IPOCTOPI MOXKHA XapaKTepU3yBaTH TPhOMa KOOPAWHATAMHU.

Ilio cucmemoro 6i0niKy po3ymilome 0eaKy cucmemy Koopou-
HAMHUX oceil, Ne6HUM, 3A0AHUM YUHOM DO3MAULOGAHUX Y NPOC-
mopi. Hanpukinaza, npy BUBUYEHHI 3€MHUX PYXIB 32 CUCTEMY BIJJIIKY
MOJKHA MPUHHATH CUCTEMY OCEH, MOB'sI3aHUX 13 3eMIIelO.

Bapro matu Ha yBasi, 10 OJUH 1 TOH caMHil MEXaHIYHUHA pyX
Tina Oyze mo-pisHOMY BU3HA4YEHO B PI3HUX cHUcTeMax Biuliky. Tomy,
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2 KINEMATICS

Kinematics is a section of theoretical mechanics that studies
the motion of bodies without taking into account their inertia
(mass) and the forces acting on them. Kinematics are sometimes
called "geometry of motion". Indeed, to the basic concepts of
geometry — point, line, surface in kinematics, only one new,
independent variable is added — time. In classical mechanics, time is
considered the same for all reference frames, which is an appro-
?imation to reality, quite accurate if the speeds are small compared to
the speed of light.

Unlike statics, which originated in ancient times in connection
with the construction of various structures, kinematics stood out in a
separate section, quite late — in the early 19th century. The reason
was the rapid development of mechanical engineering, the
widespread use of many mechanisms, such as crank-slider. The
French physicist Ampere (1775 — 1836) first proposed in 1834 to
allocate a section of mechanics that studies the laws of motion of a
point and a rigid body, without taking into account the reasons that
motivate it, into a separate section of theoretical mechanics and
proposed to call it kinematics.

In kinematics, the study of the motion of bodies is possible
only in relation to another body. In the physical concept, motion has
a relative character, which necessitates the establishment of the
concept of "frame of reference". A certain material system is taken as
a frame of reference, in relation to which the position of a given body
is determined. The position of the body in space will be determined if
the position of all its points is known. So, for example, the position
of each point of the body in space can be characterized by three
coordinates.

Under the frame of reference understand some system of
coordinate axes, in a certain, given way located in space.

For example, in the study of terrestrial motions, the frame of
reference can be taken as a system of axes associated with the Earth.

&9



3a/1al0uu PyX Tijla, BapTO 3aBXKIW BKAa3yBaTH, SIKIH CHCTEMi BIIIIKY
1le 3aBAaHHs BiAmoBigae. Tak, HApUKIIA, TPEAMET, IO JCKUTh Ha
nay6i KopabJs, siKkuil pyxaerbcs, Oyne nepedyBaTé B CTaHi CIIOKOIO
CTOCOBHO CHCTEMH BiTIKY, MOB'sI3aHO1 3 MaTy00r0 Kopabiis, 1 B cTaHi
PYXY — CTOCOBHO CHCTEMH, TIOB'A3aHO] 13 3eMIero.

VY TeopeTruHii MEXaHiIll MPOCTip, Y IKOMY BiOYBa€TbCs Pyx
TLJI, PO3TIIAAETHCS SIK TPUBUMIPHUHN €BKJIiI0BHI npocTip. Tomy Bra-
CTHBOCTI TPOCTOPY BH3HAYAIOTHCS CHCTEMOIO aKCiOM 1 TEOpeM reo-
MeTpii EBkiina. B TeopeTnuHiii MexaHili yac BBaXaeThCS OJHAKO-
BUM y OyIb—KMX CHCTEMax BIJUIIKYy W HE3aJIeKHUM BiJl PyXy IUX
CHCTEM OJIHA BITHOCHO OJTHOI.

[[{o6 BUMipsATH Yac, MOTPIOHO PO3TISHYTH SKY-HEOYIb MOCIIi-
JIOBHICTh MOJIN y 4Yaci. 3a OAMHUIIIO Yacy 3BHYAHO NPHUIMAIOThH
TPUBAJICTh OJHOTO 00epTy 3eMJi HAaBKOJIO OCi, Ha3BaHy 30PSHOIO
no0oro0. Y KiHeMaTulll 4ac Mo3HauyalTh OYKBOIO [ 1 PO3IIISAAI0Th K
HETNIepEPBHO 3MIHIOBaHY BEJIMYMHY.

[Ipyu BUMIpIOBaHHI Yacy HaM JOBEICThCS 3yCTPIYATUCS 3 TO-

HATTSIMH <HPOMINHCOK uacy t,,_,» i «momenm uacy t,».

Ilpomixnckom uacy t,,_, HaA3UBAETHCS YaC, IO MPOTIKAE MIXK
nBoMa (PI3MYHUMH SBHUILAMU

tm—n = tn_ tm.

Momenmom uacy Ha3UBAE€THCSA TPAHUL MK JBOMA CyMIKHHU-
MU NpOMiXKKaMH dacy. Ilouamkoeum momenmom Ha3UBAIOTh 4yac, 3
SIKOTO TIOYMHAIOTH BIJUTIK Yacy.

Kinemamuxy Oiname Ha KiHemMamuxky MOYKU U KIHEMAMUKY
meepooco mia.

2.1 KinemaTuka TOYKH

Cnocobu eusnauenHs pyxy mouxu

Jinia, onucana ¢ npocmopi moukow, w0 pyxaemscs, Ha3u-
6acmuvca mpaekmopieto mouku. Y BUNIAKY, KOIU TPAEKTOPIsS Mpe-
CTaBIIsiE COOOIO TIOCKY KPHUBY, PYX TOUKH HA3UBAETHCS MAOCKUM,
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The same mechanical motion of a body will be differently
defined in different frames of reference. Therefore, when setting the
movement of the body, it is always worthwhile to indicate which
frame of reference this task corresponds to.

In theoretical mechanics, the space in which bodies move is
considered a three-dimensional Euclidean space. Therefore, the
properties of space are determined by a system of axioms and
theorems of Euclidean geometry. Time is considered to be the same
in any frame of reference and independent of the motion of these
systems relative to each other.

To measure time, you need to consider some sequence of
events over time. The unit of time is usually taken to be the duration
of one revolution of the Earth around an axis called the stellar day.

In kinematics, time is denoted by the letter # and is considered
as a continuously variable quantity.

The time interval t,,_, is the time that elapses between two
physical phenomena

tm—n = tn - tm.

The moment of time t, is the boundary between two adjacent
time intervals. The initial moment is the time from which the
counting of time begins.

Kinematics is divided into kinematics of a point and kinematics
of a rigid body.

2.1 Kinematics of a point
Ways to determine the motion of a point.

A line described in space by a moving point is called the
trajectory of the point. In the case where the trajectory is a flat curve,
the motion of the point is called flat, otherwise — spatial. If the
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y TPOTHJIICKHOMY BHIIAAKY — HPOCHMOPOSUM. SIKIIO TpaekTopis —
npsama, To pyx 0yne npsAamoniniiinum, sIKIIO X TPAEKTOPIs — Kpusd, TO
— KPUBONIHILIHUM.

Pyx Touku B mpocrtopi OyJae KiHEMaTUYHO BU3HAYEHO B TOMY
BUIMAJIKY, SIKIIO € MOXIJIUBICTh BKa3aTH MOJOXEHHS TOYKH B OYIIb-
KM MOMEHT 4yacy. MU pO3IJISIHEMO TpH CIIOCOOM BU3HAYEHHS, 3a-
JaBaHHSA, pyXy TOUKU: HATYPaJIbHUN, BEKTOPHUHN 1 KOOPIMHATHUIA.

Hamypanvnuit cnocié 3anaBanis pyxy Touku. Hexail Touka
M pyxaerbest mo 3amaniit Tpaektopii (puc. 2.1). [y BU3HaAYEHHS T10-
JIOKEHHSI TOYKH B TPOCTOPI B OKpEMi MOMEHTH 4Yacy Tpeba 3HaTu
MIOJIO’KEHHS TOYKU HA TPAEKTOPIT B 11l MOMEHTH.

Y MoMeHTH 4acy £,
4, b, t; ... Touka M 3a-
Mae Ha TpaekTopii Bij-
noBigHO Tonokennst M,
Ml, M3, M2 HprI-
MEMO Ha TPAEKTOPIi J10-
BibHY Touky O 3a mova-
TOK BimIiKy. Tomi KoX-
HOMY IIOJIOKEHHIO TOYKH

M 6yne Binnosinatu ne-
BHE 3HAYEHHS JyrOBOI

KOOpAMHATH O, JOJAaTHE

Puc. 2.1. Harypanpshuii crioci6 abo BimT'eMHE, 3aJIEKHO

3ajJ[aBaHHs PyXy TOUKH Bi/I IPUHHATOTO HANPSM-

Ky BLIJTIKY IyT. 3aJaBIIn

3HaueHHs 0y, 01, 02, 03 ... , BABHAYMMO He pyXx Touku M y npoctopi, a

JIMIIIE OKpeMi NO0JICeHHs: TOUKU Ha ii TpaeKTopii B TICBHI MOMEHTH Ya-

cy. l{o6 3amatu pyx, TOOTO OJEpKATU MOXKIUBICTh BU3HAYUTH IIOJIO-

KEHHSI TOUKU B OyJb-SIKMIi MOMEHT 4acy, BapTO 3aJaTH 3aKOH 3MiHH
JyTOBOI KOOPAMHATH B Yaci, 331aTH (PYHKIIiO

o=1(t). (1.30)
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trajectory is straight, then the motion will be rectilinear, if the
trajectory is curved, then it will be curvilinear.

The motion of a point in space will be kinematically
determined if it is possible to specify the position of the point at any
time. We will consider three ways of definition, setting, movement of
a point: natural, vector and coordinate.

A natural way to set the motion of a point. Let the point M
move along a given trajectory (Fig. 2.1). To determine the position of
a point in space at certain moments in time you need to know the
position of a point on the trajectory at these times.

At times ty, 1, b,

t3 .. the point M
-~ occupies the positions
__::;r Mo, M], M3, Mz ... On
the trajectory, respe-
tively. Let us take an
arbitrary point O on the
trajectory as the starting
point. Then each position
of the point M will
correspond to a certain
value of the arc
coordinate o, positive or
negative, depending on
the accepted direction of
count of the arcs. Given

2,

Fig. 2.1. A natural way to set the motion
of a point

the values of oy, 01, 02, 03 ..., we determine not the motion of the

point M in space, but only the individual positions of the point on its
trajectory at certain moments in time. To set the motion, ie to be able
to determine the position of a point at any time, you should set the
law, change the arc coordinate in time, set the function

o=1(t). (1.30)
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Oyukis (1.30) HA3UBAETHCS PIGHAHHAM PYXy MOYKU NO MPAE-
Kmopii a00 PiGHAHHAM PYXy 6 HAMYPAIbHI opMmi.

Pesromyroun oTpuMaHUM pe3yJbTaT, MOKHA CKa3aTH, IO pyx
mouku 6yoe 3a0ano0 HamypaabHUM CROCOOOM, AKULO 8I00MI:

1) mpaekmopia mouku;

2) nouamox 6i0niKy Ha mpackmopii i3 3a3HayeHHAM 000am-
HO20 ma 8i0'€EMHO20 HANPAMIE BLOJIIKY;

3) 3akon pyxy mouku no mpackmopii.

I[Tpu nepexoi Touku, Hanpukia, 3 nonoxenns My B My, mo
BiOYBCs 3a NPOMIKOK 4acy ?1 o, Touka M nepeminryerbes Ha Bijc-
taub MM, npuaomy

UMM, =0, -o0,.

Ll BiACTaHB 3BETHCS 0082CUHOI0 WXy (200, CKOPOUYEHO, TIPO-
CTO LUISIX), MPOMIEHOTO TOYKOIO 32 MPOMIDKOK 4acy /i, 1 MO3Haua-

€TbCA S1_p. BUMIpIOETBCS § B OIMHUIIX TOBXHUHHU, TOOTO B METpax.
JloBKMHA IPOKIEHOTO LUIAXY € BEJIMYMHA JI0AaTHA, TaK IO,
HaIpUKIAL,

S, :‘0'3 —0'2‘:02 -0;.

PosrnsineMo eexmopnuit cnocié 3anaBaHHs pyxy Touku. He-
xait Touka M pyxaerscs B mpOCTOpi Mo sAKikich TpaekTopii i y jaBa
MOCIIITOBHAX MOMEHTH 4acy I 1 [, 3aiiMa€e BIAMOBITHO MOJOXEHHS
M] 1M2 (pI/IC. 132)

3 nosinbHo 06panoi Touku O nposenemo B Touku M i M, pa-
niycu-Bekropu 7, i 7,. Ilonoxenns touku M y npocropi B maHumii

MOMEHT yacy Oy/ie BU3HAU€HO, SIKIIO 33JaHO 32 MOJYJIEM Ta Harpsi-
MOM BiIMOBIAHUAHN paiiyc-BeKTOp. PyX ke TOYKM BU3HAYAETHCS B TO-
My BUNAJIKY, SKIIO PajiiyC-BEKTOp 3a/1aHO B HOTO 3MIHIOBaHHI 3a 4a-
coM, TOOTO, SIKIIIO 331aHO BEKTOPHY (PYHKIIIIO

7=1(t). (131)
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Function (1.30) is called the equation of motion of a point on a
trajectory or the equation of motion in natural form.

Summarizing the result obtained, we can say that the
movement of a point will be set in a natural way if the following are
known:

1) the trajectory of the point;

2) the account start on the trajectory indicating the positive
and negative directions of the counting;

3) the law of motion of a point along the trajectory.

When moving a point, for example, from the position M; to
M,, which occurred during the time #,_,, the point M moves to the
distance MM, and

UMM, =0, -0,.

This distance is called the length of the path (or, in abbreviated
form, just the path) traversed by the point in the time interval #;_, and
is denoted by §1_». S is measured in units of length, that is, in meters.

The length of the distance traveled is always understood as a
positive value, so, for example,

S273 =

03—(72‘2(72—0'3.

Consider a vector way to set the motion of a point. Let the
point M move in space along some trajectory and at two consecutive
times fand 7, occupies the positions M, and M, respectively (Fig.
1.32).

From an arbitrarily chosen point O, we draw radius-vectors 7;
and 7, at points M) and M,. The position of the point M in space at

a given moment in time will be determined if the corresponding radi-
us-vector is given by modulus and direction. The motion of a point is
determined if the radius-vector is given in its change over time, that
is, if a vector function is given

F=7(0). (1.31)

95



Puc. 2.2. Pyx Touku no TpaekTopii

PiBusinns (1.31) npencrasisie cOO0I0 piHAHHA PyXy MOYKU Y
eexmopHiil ¢popmi. OTxKe, pyX TOYKH 33/1aHO BEKTOPHUM CIIOCOOOM,
SKILO 33J1aHO PaJlyCc-BEKTOP TOUKH SIK QYHKIIIS dacy.

Bekropna ¢opma 3amaBaHHS pyXy TOYKH BHKOPHCTOBYETHCS
JMILE 71 TEOPETUYHHUX BUKJIAI0K 1 HE MOXe OyTH 3aCTOCOBaHa JUIsl
pillIeHHS MPaKTUYHUX 3a7a4.

[lepexoquMo 10 KOOpOUHAmMHO20 CHOCOOY 33aJaBAHHS PYXY

TOYKH. PO3IJIssHEMO pyX TOYKM IO TpaekTopii i ii momoxxenns M, i
M, (puc. 2.2) y momenTH Yacy ? i ;. Bubepemo HepyXoMy cucTeMy
koopauHaTHuX oceil Oxyz. TIoNOKEHHs TOUKH B TIPOCTOPi BU3HAYA-
€TbCsI 11 KOOPAMHATAMU, HAIPUKIIAJ, KOOpAUHATAMHU X1, V1, Z] Y MO-
MEHT yacy f; abo KOOpAMHATaMH X3, V2, Z2 Y MOMEHT . [Ipu pyci
touku M 110 TpaekTopii I1i KOOpAMHATH GE3MEPEPBHO 3MIHIOIOTHCS B
yaci i, OTKe, € OJTHO3HAYHUMHU 1 HENEepepBHUMHU (DYHKIIISIMU 4acy !

TOOTO
x=f(1); y=£(t); z=1(1). (1.32)

L{i piBHsHHS 1 OYIyTh PI6HAHHAMU PYXYy MOYKU Y KOOPOUHA-
mHiil ¢popmi; BOHM BUKOPUCTOBYIOTHCS MPH aHAIITUYHOMY PILICHHI
3a/1a4 KIHEMaTHKH.
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Fig. 2.2. The movement of a point on a trajectory

Equation (1.31) is the equation of motion of a point in vector
Sform. Therefore, the motion of a point is given in a vector way, if the
radius-vector of a point is given as a function of time.

The vector form of setting the motion of a point is used only
for theoretical calculations and cannot be used to solve practical
tasks.

We turn to the coordinate method of setting the motion of a
point. Consider the motion of a point on the trajectory and its
position M, and M, (Fig. 2.2) at times ¢; and #,. Choose a fixed co-
ordinate system Oxyz. The position of a point in space is determined
by its coordinates, for example, coordinates X1, V1, z1 at time | or
coordinates X;, V5, z at time #,. When the point M moves along the
trajectory, these coordinates continuously change in time and, there-
fore, are single-valued i continuous functions of time 7 is

x=£4(t); y=£(t); z=£(1). (1.32)

These equations will be the equations of motion of a point in
coordinate form; they are used in the analytical solution of
kinematics tasks.
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Axmo ¢yskuii f1, 2 1 f3 Bigomi, To 3 piBHAHHA (1.32) MOXKHa
3HAHUTH KOOPAMHATH TOYKH, IIIO PYXAETHCS, U OYIb-SIKOTO MOMEHTY
9acy, TOOTO BUSHAYUTH IOJOKEHHS TOYKHU B IIPOCTOPI.

PiBHSIHHS pyXy TOYKH € B TOH K€ 4Yac 1 piBHAHHIMH il TPAEKTO-
pii B mapamerpuyHiii popmi. BukmounBmm napamerp f, oaepXxumMo
PIBHSHHS TPAEKTOPIi TOUKH, IO PyXA€ThCs, B IBHIH (hopMmi.

SIKIIO TPAa€EKTOPIEI0 TOYKM € IUIOCKA KpUBA, TO PyX BU3HAUa-
€THCS IBOMA PiBHSIHHSIMHU:

x=f(1); y=1(1). (1.33)

VY Bumnaaxy npsMONiHIHHOTO pyXy MO>KHA NIPUHHATH NPSAMY, 110

AKIM pyXa€eThCsl TOUKA, 32 KOOPAWHATHY BICh X, 1 UUCIIO PIBHSHB PyXY
B I[bOMY BHIIAJIKy CKOPOTHUTHCS JI0 OJHOTO

x=f(1). (1.34)

PiBHAHHS pyXy TOYKH y BEKTOPHIN (hOpMi MOXKHA NEPETBOPUTH
tak. 3 puc. 1.32 BUAHO, IO MPOEKIIIT pajiiyca-BeKTOpa TOYKH Ha OC1
KOOpJWHAT y BUIAJKY, KOJH PajlyC-BEeKTOP MPOBOIUTHCS 3 MOYATKY
KOOPJAMHAT, MPEACTABISIIOTE COO0I0 BIAMOBIIHI KOOPJAMHATH TOYKH.
OT1xe, MOZIyJb pajiilyc-BEKTOpa

r:«/x2+y2+22 , (1.35)

e r=X; r=Y; r=z.

X

HanpsiMoxk paziyca-BeKTopa BU3HAYAETHCA 32 HAPSIMHUMHU KO-
CHUHYyCaMu

_ = X
cos(r,z)z

(1.36)

cos(?, ]_) = \/m ;
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If the functions f, f> and f3 are known, then from equation
(1.32) we can find the coordinates of a moving point for any moment
in time, ie determine the position of a point in space.

The equations of motion of a point are at the same time the
equations of its trajectory in parametric form. Excluding the
parameter f, we obtain the equation of the trajectory of a moving
point in explicit form.

If the trajectory of a point is a flat curve, then the motion is
determined by two equations:

x=f(t);  y=1(1). (1.33)

In the case of rectilinear motion, you can take the line along
which the point moves, for the axis x, and the number of equations of
motion in this case will be reduced to one

x=f(1). (1.34)

The equation of motion of a point in vector form can be
transformed as follows. From fig. 1.32 it is seen that the projections
of the radius-vector of the point on the coordinate axes in the case
when the radius-vector is drawn from the origin, are the corre-
?ponding coordinates of the point. Therefore, the modulus of the

radius-vector
r:\/x2+yz+z2 , (1.35)

where 7 =Xx; r,=Ys r,=z.
The direction of the radius-vector is determined by the direc-
?ion cosines

_ = X
cos(r,z ):

(1.36)

cos(r,])=\/m;



cos(?, l?) z

Jx+y 42
a00 MM X 3aJI€KHOCTSIMH Y BEKTOPHIN (opmi
F=ix+ jy+kz, (1.37)

ne i, ]_', k — opru abo oqMHMYHI BEKTOPH, KOOPAMHATHHX OCEil
(puc. 2.3).

2.2 BeKTOp MIBUAKOCTI TOYKHU

OmHi€0 3 OCHOBHUX KiHEMa-
TUYHUX XAPAKTEPUCTHK PyXy TOY-
KM € BEKTOpHa BEJIMYMHA, 10 Ha-
3UBAETHCS  WIGUOKICHIIO MOUKU.
BBenemo crouaTky MOHSTTA PO
CEpeIHIO0 IIBUIKICTh TOYKH 34
SIKAH-HEOYIb MTPOMIKOK Yacy.

Hexaii Touka, 1110 pyxaeThcs,

nepedyBae y MOMEHT 4acy ! y mo-

noxenni M, o BusHauaeThes pa-
JlyCOM-BEKTOPOM 7, a B MOMEHT
{1 npuxoauTh y mnonoxenus M,
II0  BHU3HAYA€TbCAd  pajlycoM-
BEKTOpOM 7; (puc. 2.4). Toal nepemillieHHs TOYKH 3a IPOMDKOK 4acy

Puc. 2.3. Optu KOOpAMHATHUX
ocen

At =t, —t Busnauaerbcs Bektopom MM, sxuii Gynemo HasuBaTH

6EKMoOpom nepemimemm mouKu.

Le#t BekTOp CHpsIMOBAHHUMA MO XOpPAi, SIKIIO TOYKA PYXa€ThCs,
KpUBOJIIHIMHO (pHC. 2.4, @), 1 y30BXK caMOi TPAEKTOPii, KOJIH PyX €
npsaMostiHiiinum (puc. 2.4, 6). I3 tpuxytauka OMM,| Buano,

wo 7 + MM, =7, orxe,
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- z

cos(?, k) = \/m

or the same dependencies in vector form

F=ix+ jy+kz, (1.37)

where 1, 7 , k — orts or unit vectors, coordinate axes (Fig.2.3).

2.2 Vector of the velocity of a point

One of the main kinematic
characteristics of the motion of a
point is a vector quantity called the
velocity of the point. We first
introduce the concept of the
average velocity of a point over a
period of time.

Let the moving point be at the
time # in the position M, which is
determined by the radius-vector 7,
and at the moment #; come to the

Fig. 2.3. Orts of coordinate
axes

position M;, which is determined
by the radius-vector 7 (Fig. 2.4). Then the displacement of the point

over time Af =¢, —¢ is determined by a vector MM , which we will

call the vector of displacement of the point.
This vector is directed along the chord if the point moves,
curvilinearly (Fig. 2.4, a), and along the trajectory itself, when the

motion is rectilinear (Fig. 2.4,b). From the triangle OMM, it is seen
that 7 + MM, =7, ; therefore,
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a 0

Puc. 2.4. BekTop MIBUJIKOCTI TOUKU

MM, =7 —F = AF .

BinHoreHHs: BeKTopa nepeMilieHHss TOYKU 10 BIAMOBITHOTO Ipo-
MDKKY 9acy Ja€ BEKTOPHY BEJIMUMHY, L0 HA3UBAETHCS CEPETHBOIO 32
MOJIYJIEM 1 HATIPSIMOM IIBHJIKICTIO TOYKH 3 IIPOMIXKOK yacy Af

MM, _ &7

7o
A A

(1.38)

Cnpsivosanui Bextop V,, Tak camo, sik i Bekrop MM TobTO

npy KpuBoOIiHiiiHOMY pyci y3mosx xopau MM, y Gix pyxy Touku, a
MIpU TPSMOJIIHIHHOMY pyCi — y3[I0BXK caMoi TpaekTopii (BiJ IiTeHHS
Ha Af HaNPAMOK BEKTOPA HE 3MIHIOETHCS).

OdeBuIHO, 1110 YMM MeHIIEe Oy1e mpoMixkok vacy Af , s sxo-

ro oOuucieHa cepeiHs MBUAKICTh, TUM BEITUYHUHA ch Oyze TouHiIe

XapaktepusyBaTu pyx Touku. [1[00 onmepkaTu TOYHY XapaKTEepPHCTU-
KY PyXY, BBOJSTh MOHATTS MPO UUBUOKICIb MOYKU 8 OAHUL MOMEHM
yacy.
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a b

Fig. 2.4. Vector of the velocity of a point

MM, =7 —F = AF.

The ratio of the point displacement vector to the corresponding
time interval gives a vector value called the mean modulo and the
direction of the velocity of the point over time At

, MM, _ &
Ca oA

(1.38)

The directional vector sz is the same as the vector MM, ie

in the case of curvilinear motion along the chord MM, in the
direction of point motion, and in the case of rectilinear motion —
along the trajectory itself (from division on Af¢ the direction of the
vector does not change).

Obviously, the smaller the time interval Af for which the

average speed is calculated, the more accurately the value ch will

characterize the motion of the point. To obtain an accurate descr-
?ption of the movement, introduce the concept of velocity of a point
at a given time.
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Llleuokicmio mouku ¢ 0anuil MomMenm yacy Ha3UBAETbCS Be-

KTOpHa Benmunua V', 710 sikoi mpsimye cepenns wBHaKicTs V, npn

HaOMKeHH] mpoMikky vacy Af no nyss

7 = lim(7.p) = tim 2.

At—0 At—0 At

I'panung Bignomenns Ar / At npu At — 0 npexacrapnse
co0010 TIEepIITy MOXiJHY BiJl BEKTOpPa 7 10 apryMeHTy f i OCTaTOYHO
OTPHMYEMO

— dr
V=—:. 1.39
” (1.39)

OTxe, 6eKmop wieuUOKOCmi mMoO4KU 6 OAHUIL MOMEHMm Yacy
00pisHI0€E nepuiiilt NOXIOHIN 8i0 padiyca-6eKmopa mouKu 3a Yacom.

Ockinbku rpanngHuM HanpsiMkoM ciaroi MM € notnuna, mo
6€KmMOp WGUOKOCHI MOYKU 6 OAHUIL MOMEHM YACy CRPAMOBAHUN
no 00MuYHil 00 MPAECKMOpPIi Mo4YKu 60IK pyxy.

®opmyna (1.39) nokasye Takox, o0 BEKTOpP mWBUAKOCTI V' 10~
PiBHIOE BiJHOLIEHHIO €JIEMEHTAPHOIO MEPEMillleHHs TOYKU dF
CHPSIMOBAHOTO IO AOTHYHIN O TPAEKTOPIi, 10 BiNOBITHOTO MPOMi-
KKy "acy dr.

[Ipu npsiMostiHiliHOMY pyci BekTop mBuakocti V' yBech yac
CTIIPSIMOBAHUHN Y37I0BXK MPSIMOI, MO SIKIH PyXaeThCsl TOYKA, 1 MOXeE
3MIHIOBATHUCS JIMILIE YUCEIbHO; MPU KPUBOJIHIHHOMY pycCi KpiM 4uC-
JIOBOTO 3HAYEHHS BECh Yac 3MIHIOETHCS 1 HAIPSIMOK BEKTOpa IIBHJ-
KocTi Toukd. IIIBUIKICTh BUMIPIOETHCA B OAMHHIISIX JOBXKUHU TOJi-
JIEHUX Ha 4vac , TOOTO M/cC.

1lleuoxicme mouku npu RPAMOIIHIIHOMY pYCi

Posrisinemo pyx TOYKHM 1O MPSMOJTIHINHINA TpaekTopii. Pyx nei
Moxke OyTu abo piBHOMIpHHUM, ab0 HEpiBHOMIpHUM. Pignomiphum,
HA3U6AEMbCA MAKUIL PYX MOYKU, NPU AKOMY 3Q PIGHI NRPOMINHCKU

uacy npoxooamucs pieHi 6i0CMaHi §.
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The velocity of a point at a given moment in time is a vector
quantity V" to which the average velocity goes ch when the time

interval At is directed to zero:

= . (= . Ar
V= llm(VCP) = lim —.
At—0 A0 At
The boundary of the ratio A7 / At at At — 0 represents the

first derivative from the vector 7 by the argument ¢ and is finally
obtained

F-ar
dt

Therefore, the vector of the velocity of a point at a given point
in time is equal to the first derivative from the radius-vector of the
point in time.

Since the boundary direction of the secant MM, is a tangent,
the velocity vector of the point at a given time is directed along the
tangent to the trajectory of the point in the direction of motion.

(1.39)

Formula (1.39) also shows that the velocity vector V' is equal
to the ratio of the elementary displacement of the point d7 directed
along the tangent to the trajectory to the corresponding time interval

dt.

In rectilinear motion, the velocity vector V' is constantly
directed along the line along which the point moves, and can change
only numerically; during curvilinear motion, in addition to the
numerical value, the direction of the velocity vector of the point also
changes all the time. Speed is measured in units of length divided by
time, ic m/s.

Velocity of a point at rectilinear motion

Consider the motion of a point on a rectilinear trajectory. This
movement can be either uniform or uneven. Uniform is a motion of

a point at which equal distances S pass at equal intervals of time.
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Toxi mBHIKICTE PIBHOMIPHOTO W TPSMOJIIHIHHOTO PYyXy BH-
3HAYAETHCS 3a BITIOMOIO (hOPMYJIOIO

s
V=—.
t
SIxmo
V # const,

TO IIBHJIKICTh BUSBIISETHCS BEIMUMHOIO 3MIHHOIO M TaKUH PyX Ha3H-
BAETHCSI HEPIBHOMIPHUM.

SIKIIO B3ATH BiTHOIICHHS NUISAXY S, MPOWICHOTO TOYKOK TPHU
HEPIBHOMIPHOMY pYCi, JO MPOMDKKY 4Yacy f, MpOTSIrOM SKOTO Iiei
NUISX TPOWJICHHUN, TO TaKe BiIHOIICHHS NACTh CEPEIHIO MIBUJKICTDH
3a JaHUH MPOMIXKOK yacy (abo Ha TaHOMY LUIAXY)

V . S
P

Cepeonvoro weuoKicmio HepiGHOMIPHO20 PYXY HA3UBAIOMb MdA-
KV WBUOKICMb, MAIOYU AK) MOYKA NPOXOOUmMb NPU PIBHOMIPDHOMY pY-
cl Mot Jice WX 3a MO JHce 4ac, Wo Ut NPU po32asiHYmMoM) HepiGHO-
MIpHOMY pYCI.

VY TexHIYHHX po3paxyHKaxX OUTbII BaKJIMBUM BUSBISIETHCS T10-
HATTS MUTTEBOI (ICTUHHO{) IIBHJKOCTI TOYKH, 200 IIBHAKOCTI B Ja-
HUW MOMEHT 4acy. 3a3BH4Yaii MUTTEBY HMIBUAKICTh HA3UBAIOTh MPOCTO
MIBUIKICTIO TOUKH I MO3HAYAIOTh V.

Hexait y 3amanuii Mo- Q M M’
MEHT 4Yacy / Touka, 10 pyxa-
€TbCS, 3aiiMae Ha TpaekTopil X Ax
nonoxenns M (puc. 2.5).
Uepes manuii MPOMIKOK 4acy ’
At , T06T0 B MOMEHT ¢ + At , <

A
A 4
A

v !
Touka 3aiime nonoxenns M. PV
Ok 3aMME TOJIoe Puc. 2.5. IIpsamoniHiiiHui pyx
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Then the speed of uniform and rectilinear motion is determined
by the known formula

s
V=-—.
t
If
V # const,

then the velocity is a variable and such motion is called non-
uniform.

If we take the ratio of the path s traversed by a point in non-

uniform motion to the time interval ¢ during which this path is
traversed, then this ratio will give the average speed for a given
period of time (or on this path)

S
Ve =—.
P

The average speed of non-uniform motion is called such speed,
having which point passes at uniform movement the same way for the
same time, as at the considered uneven movement.

In technical calculations, the concept of instantaneous (true)
velocity of a point, or velocity at a given point in time, is more
important. Usually the instantaneous velocity is simply called the
velocity of a point and is denoted by V.

Suppose that at a given

moment in time f, a moving [0, M M’
point occupies the position M —P

on the trajectory (Fig. 2.5). X Ax

After a short period of [¢ > >

time Af, ie at the moment
t + At the point will occupy X
the position M.

Fig. 2.5. Rectilinear motion
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[TpuiiMaeMO TPa€eKTOPIIO TO YKH 3a BIiCh X 1 BiIMi4aeMo, IO IOJIO-
xenusM M i M’ touku, mo pyxaeTbes, BiANOBiIAI0OTh KOOPAMHATH X
i x'. Ipolinenuii 3a uac Af TOYKOIO ILIAX

s=x"—x.
Pisnuis X'—x mpexcrasise co00K0 3MiHy KOODAMHATH TOYKH,
1m0 pyxaerbes. [Toznaunmo foro Ax
s=Ax.
CepenHs mBUAKICTL TOUKH 3a yac Af

Ax
Vep=—.
At
SIKIo HeOOMEKEHO 3MEHIIYBAaTH MPOMXKOK dacy Af, To me-
kKa, 10 SKOI MPSMY€E CepeHs MBHUIKICTh, 1 Oy/e MBUIKICTIO TOYKHU B
JaHWH MOMEHT

A
V=I[mV., =Ilim =
At—0 A4—-0 At
abo
dx
V=—. 1.40
” (1.40)

ko g noxigHa dodamua, To abcuuca TOUYKH 3 4aCOM 30i1b-
wyemucs, a 0OTKE pyX BIIOYBAETHCS B 000AMHOMY HANPAMK)Y OCL X.
3BOpOTHOIO OyjAe KapTHHA NPU BiA'€MHINA MOXiAHIA. TakuMm 4rHOM,
MU IOPUXOJIMMO 10 BUCHOBKY, IIO IIBHJKICTH MPSMOIIHIKHOTO PyXy
Ma€ MEBHUH 3HaK, IKUN 1 BKA3y€ HaANpAMOK pyxXy TOUKH.

OCKIiJIbKM TPOHIEHUH TOUKOI 3a HpOMikOK wacy Af muisax
AS 4KMCenbHO TOPIBHIOE 3MiHI a0CIECH TOUKH, TOOTO

As = ‘Ax

b
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Take the trajectory of the point along the axis X and note that the
positions M and M' of the moving point correspond to the coord-
?nates x and x'. The path traveled in time A¢ by a point

s=x—x.

The difference x—x is a change in the coordinate of a moving
point. Let's mark it Ax

s=Ax.

Average speed of a point for time Af
Ax

s
If you reduce the time period Af indefinitely, then the limit to
which the average speed goes, and will be the speed of the point at
the moment

. . Ax
il
or
dx
V=—. 1.40
” (1.40)

If this derivative is positive, then the abscissa of the point
increases with time, and therefore the motion occurs in the positive
direction of the x-axis. The opposite will be the case with a negative
derivative. Thus, we come to the conclusion that the speed of recti-
?inear motion has a certain sign, which indicates the direction of
motion of the point.

Since the path As traversed by the point over time Af is
numerically equal to the change in the abscissa of the point, ie

As = ‘Ax

9
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TO BEIMYUHY (aje He 3Hak!) , IBUAKOCTI MOXKHA 3HANTH 3 PIBHSAHHS
ds
V]|=— (1.41)
dt

y TOMY BHUIAJKY, KOJH BiJOMHI 3aKOH 3MiHM B 4aci MPOHIEHOr0 TOY-
KOIO LIUISIXY, TOOTO (hyHKIIist
s=f (t) :

Xoua 3anexHicts (1.41) He gae MOBHOTO pilIeHHS 3aAa4i TPo
3HAXOJDKEHHS IIBUIKOCTI TOYKH, MPOTE BOHA YAaCTO BUKOPHUCTOBY-
€ThCSI B TIPAKTHYHUX PO3paxyHKax, TOMy IO HANpPSIMOK pyXy B Oi-
JBIIOCTI BUMAAKIB BIZIOMO 3 IHIIIUX MipKyBaHb.

2.3 BekTOp NpumBUIYEHHSA TOYKH

Tpuwsuouennsam mouKku HA3UBAEMbCA BEKMOPHA BeIUYUHA,
Wo Xapakmepusye 3MIHEHHsL 3 4ACOM MOOYJISL U HANPAMKY UBUOKO-
cmi mouKu.

Hexann y nedxuit M V
MOMEHT 4acy [ TOuKa, IO
pyXaeThcs, mepedyBae B
nonoxkeHdi M 1 mae mBH-

nxictes V', a B MoMmeHT £
MPUXOAUTH B TOJIO)KEHHS

M, i mae mBuakicts V]

(puc. 2.6). Toxai 3a mpomi-
koK uwacy A=t —t

Puc. 2.6. BexTop npumBua4eHHs

IIBHIKICTH TOUKH OJEPIKYE
npupomensss AV =V, —V . [ins noGynosu Bexropa AV Binkiane-

Mo Bix Touku M Bektop, piBHuii V,, i moGymyemo mapasenorpam, y

siIkOMy AiaroHautio 6yne V| a oxwiei 3i cropin V. Togi, ouesnaHo,
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then the magnitude (but not the sign!) of the velocity can be found
from the equation
M=%
dt
in the case when the law of change in time of the way passed by a
point, ie function is known

s=f (t)
Although the dependence (1.41) does not give a complete
solution to the problem of finding the velocity of a point, but it is

often used in practical calculations, because the direction of motion
in most cases is known for other reasons.

(1.41)

2.3 Vector of the acceleration of a point

The acceleration of a point is a vector quantity that chara-
?terizes the change in modulus time and direction of the velocity of
the point.

Suppose that at M 14
some point in time 7 the
moving point is in the
position M and has a

velocity V', and at the
moment 7 it comes to
the position M; and has

a velocity ¥V, (Fig. 2.6).
Then over time Fig. 2.6. Acceleration vector

At =t —1 the velocity

of the point increases AV =V, =V . To construct a vector AV, we

set aside from the point M a vector equal to V], and construct a

parallelogram in which the diagonal is 171 and of one of the sides V.
Then, obviously,
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apyra cropona i 6yze 306paxaru Bektop AV . Biamitumo, 1m0 Bek-
top AV 3aBxau cipsMoBaHuii yOiK YTHYTOCTI TPA€EKTOPIi.
Binnourenns npupomenns Bexropa msuakocti AV no igmo-

BiHOTO NMpPOMiKKY yacy Af BU3HAuae 6exmop cepeonbo2o npuueU-
OYeHHSI MOYKU 3a Yeli NPOMINHCOK Hacy.

a ,=AV /A, (1.42)

BekTop cepenHbOro MPUIIBUAYEHHS Ma€ TOH K€ HAIMPSIMOK,
wo i Bektop AV, T06T0 cipsiMoBaHuii y GiK yrHYTOCTI TPAEKTOPIi.

HpI/IH_IBI/II[‘ICHHHM TOYKH B ,I[aHI/Ifl MOMCHT 4acCy t Ha3UBAETHCS
BCKTOpPHA BCIIMYMHA C_l, JI0 K01 npsamMye CepCaHe IMPUIIBHIYCHHA

Ecp [pH IPAMYBaHHI IPOMiKKY yacy Af mo nyss

_ AV AV
a=Ilim—=—
A0 At dt
a00, 3 ypaxyBanHsaM piBHocTi (1.39),
a= d—V = d’r (1.43)
dr  dt*’ '

OTxe, 6eKmop npuwieUOUYeHHA MOYKU 6 OAHUI MOMEHM Ya-
¢y 00pieHIO€ neputiii nNOXIOHIN 8i0 6eKmMopa wieuoKocmi ado opyeii
nOXIOHII 810 padiyca-e6eKmopa mo4Kku 3a 4acom.

PosmipHicts npumsuagaenns L/ T 2 T06T0 HOBKMHA / (aac)’; B
cucremi CI oquHALSIME BUMIpY € M/c”.

3 ¢opmynu (1.43) BUTIIMBAE TAKOX, IO BEKTOP MPHUIIBUIYCH-
HSI TOYKH (I JOPIBHIOE BiIHOUICHHIO €JIEMCHTAPHOTO MPHUPOIICHHSI
BekTopa mwBKakocTi dV 10 BianosigHOro npoMixky 4acy dt.

3HaiiIeMO, K PO3TALIOBYETHCSI BEKTOP (I MO BiJHOMICHHIO JI0
Tpaektopii Touku. [Ipu npsiMoniHiitHOMY pyci BEKTOp @ CHpsSMOBa-
HUH y3[0BX NpsAMIiH, 1O SIKill pyXaeTbcs TOYKA. SIKIIO TpaeKToOpiero
TOYKH € TUIOCKA KPHUBA, TO BEKTOP MPHUIIBHIYCHHS d , TAK CAMO SIK i
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the other side will represent the vector AV . Note that the vector AV
is always directed towards the concavity of the trajectory.

The ratio of the increment of the velocity vector AV to the
corresponding time interval A¢ determines the vector of the average
acceleration of the point for this time interval.

a = /A, (1.42)

The vector of average acceleration has the same direction as

the vector AV, ie directed towards the concavity of the trajectory.
The acceleration of a point at a given moment in time 7 is
called the vector quantity a to which the average acceleration c_lcp

goes when directing the time interval At to zero

A AV
a=lim—=—
A0 At dt
or, taking into account equality (1.39),
_ .
5:iK:dZ. (1.43)
dt dt

Therefore, the acceleration vector of the point at a given time
is equal to the first derivative of the velocity vector or the second
derivative of the radius-vector of the point in time.

The dimension of acceleration L /T, ie length / (time)?; in the
SI system the units are m/s.

From the formula (1.43) it also follows that the acceleration
vector of the point a is equal to the ratio of the elementary

increment of the velocity vector dV to the corresponding time
interval dft.

Find how the vector a 1is positioned relative to the trajectory
of the point. In rectilinear motion, the vector a is directed along the
line along which the point moves. If the trajectory of a point is a flat
curve, then the acceleration vector a , as well as
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BEKTOp d, p » JIOKUTD B IUTOUIMHI 1i€1 KpUBOi ¥ cpsiIMOBaHUHN YOIK ii

YTHYTOCTI.
SIKmo TpaexkTopis He € IUIOCKOI KPHUBOIO, TO BEKTOp .,

CIIPSIMOBAHUHN YOIK YBITHYTOCTI TPA€KTOPIi i JICKUTH y TUIOLTUHI, 110
HPOXOJMTH Yepe3 JOTHYHY 10 Tpaektopii B Touui M i npsmy, napa-
JIENbHY JIOTHYHIN y cycinnii Touni M (puc. 2.6). Y Mexu, Koau To-
uka M| npsmye no M, ug miomuna 3aiiMae IOJI0KEHHS TaK 3BaHOL
cmuyHoi naowuHu, TOOTO IJIOLIUHY, Y SIKIH B1IOYBa€TbCSI HECKIH-
YEHHO MaJluil TOBOPOT TOTUYHOI /IO TPAEKTOPIi P eIEMEHTaPHOMY
MepeMillieHH] TOYKH, 110 pyXaeTbes. OTke, y 3aralbHOMY BUIAIKY
8EKMODP NPUMMBUOUEHHA (I NeHCUMb Y CUYHIN RIOWUHI 1l cnp:-
MOGanuil yOiK yeicHymocmi Kpueoi.

2.4 BuzHayeHHs] IBUIKOCTI Ta MPUIIBUIYEHHS TOYKH MPHU
KOOPIAMHATHOMY T4 HATYPAJIbHOMY CIIOC00aX 3aaBAHHSA PYXY

3HaiiieMo, SK OOYMCIIOIOTHCA MIBUAKICTH 1 MPHUIIBUIYCHHS
TOYKH, SKIIO i1 pyX 3aJaHUi PIBHAHHAMU

x=f£(t); y=£(1); z=£(1)

abo
xzfl(t); yzfz(t).
o 7 dr = dv  dr
opMVyJIin = — 1 == , IO BHU3HA4YarOTh 3HA-
Py dt dt  dt?

yenns V' i @, mictars nmoxinui 3a wacom Bix Bextopis 7 i V.V pi-
BHOCTSIX, III0 MICTSITh TIOX1/IHI B/l BEKTOPIB, MEPEXiJ IO 3aJIEKHOCTEH
MDK TXHIMH TIPOEKIISIMH 3IIMCHIOETBCS 3a JIOMOMOTOI0 HACTYITHOT
TEOPEMU: NPOEKYIs NOXIOHIL 8i0 8eKMOPA HA BiCb, HEPYXOMY 8 OAHill
cucmemi 8i0iKY, 00PIBHIOE NOXIOHIL 8I0 NPOEKYIL Yb0o20 8eKMOpa HA
my Jic 8icb, TOOTO, SIKIIO
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the vector a, > lies in the plane of this curve and is directed towards

its concavity.
If the trajectory is not a flat curve, then the vector a, p 18

directed towards the concavity of the trajectory and lies in a plane
passing through the tangent to the trajectory at the point M and a line
parallel to the tangent at the neighboring point M, (Fig. 2.6). At the

limit when the point M, goes to M, this plane occupies the position
of the so-called contact plane, ie the plane in which there is an
infinitesimal rotation of the tangent to the trajectory during the
elementary movement of the moving point. Thus, in the general case,
the acceleration vector a lies in the contact plane and is directed
towards the concavity of the curve.

2.4 Determination the velocity and acceleration of a point at
coordinate and natural ways of setting of the movement

Find how the velocity and acceleration of a point are calculated
if its motion is given by equations:

x=fi(t); y=£(1); z=£(1)

xzfl(t); yzfz(t).
dr d17_d27 =

Formulas V' =—— and a =—= , defining values V'
dt dt dr’

and @, contain time derivatives of the vectors 7 and V. In
equations containing derivatives of vectors, the transition to the
dependences between their projections is carried out using the
following theorem: the projection derived from a vector on an axis
fixed in this frame of reference is equal to the derivative of the
projection of this vector on the same axis, ie if

or
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52@, 0 ¢, =ﬂ ; 4, 2@ 5 q. :@, (1.44)

dt dt

1. BusnauenHsa weuoKocmi mouku.

BeKTOp MIBUIKOCTI TOYKH V =dr / dt . 3sincu Ha mincrasi
opmyu (1.44), BpaxoBytouu, wo 7, =X , ¥, =) , ¥, =z 1 06epy4n
710 yBaru piBHSHHS

3HAUAEMO
=L oy oy lE
dt Yoodt dt
abo V.=x; V.=y; V.=z.

(1.45)

Takum YUHOM, HPOEKYIT WBUOKOCHI MOYKU, HA KOOPOUHAMHI
oci 0opieHIolOMb nEPUIUM NOXIOHUM 6i0 6IONOGIOHUX KOOPOUHAM
MOYKU 34 Yacom.

3Ha04M NpOoEKLii MBUAKOCTI, 3HaIEMO i1 MOAYIb 1 HAIIPSIMOK
(To6T0 KYTH OO, B, V, 5IKi BeKTOp V' yTBOPIOE 3 KOOPAMHATHUMH OCS-
MH) 3a hopMyIamMu

2 2 2
V=W Viev2;
cosa=V./V; cosB=V /V; cosy=V./V. (146)

2. Busnauennsa npuuieud4eHua mo4uKu.

Bekrop npuwmBsnuenns Touku @ =dV / dt. 3sixcn Ha miac-
taBi popmy (1.44) orpumyemo:

A _&x o, W Ay AV _d

9 ) az
“Tu Tar T dr T dr dt  df’
A0o

(1.47)
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dp dp dp, dp
—_, x:—x; :—; Z:—Z. 144
dt o4 dt 1 dt 1 dt (144)

1. Determining the velocity of a point.

672

BekTop mBUAKOCTI TOYKH 17 =dr /dt. 3sincu na mincrasi
Gopmy (1.44), BpaxoByrouu, mo », = X , r=Yy.,r =z 1 Oepyun
710 yBaru piBHSAHHS

F=ix+ jy+kz,
we find:
dx d dz
dt dt dt
or V.=x; Vy=y; V.=z.

(1.45)

Thus, the projections of the velocity of the point on the coor-
inate axes are equal to the first derivative of the corresponding
coordinates of the point in time.

Knowing the velocity projections, we find its modulus and

direction (ie the angles a, ﬁ, ¥, which the vector 17 forms with the
coordinate axes) by the formulas

V=V Viev2;
cosa=V, /V; cosB=V,/V; cosy=V_/V. (146

2. Determination the acceleration of point.

Vector acceleration point a =dV / dt. From here on the
basis of formulas (1.44) we receive:
dv. d’x dv, d’y dv. d’z
a=—>==—73 a,=—==—75 a =——=—> (147)
Yodt df dt dt dt dt

or
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ax:va:x’ ay:l/y:y’ az:VZ:Z’
TOOTO, NPOEKUIT NPULEUOUEHHA MOYKU HA KOOPOUHAmHI oci 0opi-
GHIOIOMb NEPUIUM NOXIOHUM 8I0 NPOEKUI WieUOKOCcmi ado Opyzux
nOXIOHUX 6i0 6i0N0GIOHUX KOOPOUHAmM MOYKU 3a yacom. Monynb 1
HaIpsIMOK MPUIITBUTICHHS BU3HAYAIOTHCA 32 GOpMyIaMu

a=.la+a, +a.;
cosa,=a_/a, cosﬂlzay/a; cosy,=a_/a, (1.48)

ne ay, B1, Y1 — KyTH, YTBOPEHi BEKTOPOM TPULIBMIYEHHS 3 KOOD/IH-
HAaTHUMU OCSIMHU.

OTxe, SKIIO PyX TOYKH 33aJaHHUH y JEKApTOBHX KOOPIUHATAX,
TO MIBUAKICTH TOYKH BH3HadaeThes 3a popmynax (1.45) i (1.46), a
npuiBUIYeHHS — 3a Gopmynax (1.47) 1 (1.48). Ilpu upomy y Bunan-
Ky pyXy, 110 Bi10OyBa€eThCsl B OJHIN IUIOLIMHI, Y BCIX (opMyax mo-
BUHHA OyTH BIJJKMHYTa MTPOEKIIiS HA BICh Z.

Y BUMNAIKY X OPSIMOJIHIHHOTO pyXy, IO 33Ja€ThCSI OAHUM Pi-

BHSHHIM X = f (t ) , Oyne
2
V zﬁ; axdexzd—f.
dt dt

PiBHocTi (1.49) 1 BU3HAYarOTh 3HAYEHHS IIBHIKOCTI M MpPHII-
BUIYEHHS TOYKH B I[bOMY BHIIAJIKY.
SIKmo pyx sadano nHamypanohum cnocobom, ToOTO TPAEKTOPI-

€10 11 pIBHAHHAM
o=/(t).

TO BU3HAUMUTH BEKTOP LIBUAKOCTI MOXKHA 3 TaKuX MipKyBaHb. Ha min-
crasi popmynu (1.39)

(1.49)

7o
dt
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ax:I/x:x; ay:Vy:y’ aZ:V;:Z,

that is, the projections of the acceleration of the point on the
coordinate axes are equal to the first derivative of the velocity
projections or the second derivatives of the corresponding coord-
?nates of the point in time. The modulus and direction of accelera -
ion are determined by formulas

a=.lal+a, +a’;
cosa,=a,/a; cosP=a,/a; cosy,=a,/a, (148)

where a, B, y1 — angles formed by the acceleration vector with
coordinate axes.

Therefore, if the motion of a point is given in Cartesian
rectangular coordinates, then the velocity of the point is determined
by formulas (1.45) and (1.46), and the acceleration is determined by
formulas (1.47) and (1.48). In the case of motion occurring in one
plane, the projection on the z axis must be rejected in all formulas.

In the case of rectilinear motion, given by one equation

x=f(t) will be
dx av. d’x
Vx = —, ax = = > -
dt dt dt
Equations (1.49) determine the values of wvelocity and

acceleration of the point in this case.
If the motion is given in a natural way, ie by a trajectory and an

equation
o=f (t)

then the velocity vector can be determined for the following reasons.
Based on the formula (1.39)

(1.49)

e
dt
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260 godr do (1.50)
do dt
. dr N
Sk BimoMo 3 MaTeMaTuku, Moayis (—| =1, a cipsmoBanwmii eit
(o2
N dr -
BEKTOP 110 JIOTHYHIH; OT)KEe, —— € OpT J0TUYHOI. BiH no3HavaeThest Oy-
(o2
kBOIO 7 (puc. 2.7)
dr _
—=T.
M do
TaxkuM auHOM,
— _do
V=7T—
dt

Puc. 2.7. BusHaueHHsI IBUIKOCTI abo _
TOYKH IIPH HATYPATBHOMY CITOCO01 V=710, (1.51)

3aJaBaHHA X .
A Pyxy A€ O — HAa3UBAETHCSA

HpO€KI_[i€IO IJ_IBI/IIlKOCTi Ha HalIpsAMOK JOTHYHOI 1 TO3HAYAETHCS I/r

V.=6.
Orxe,
V=1V, (1.52)
a TOMY 110
V=06= d—a, (1.53)
dt

TO MOKHA CKa3aTH, IO MPOEKIIS MBUAKOCTI HA JOTUYHY JAOPIBHIOE
NepuIiil moxXiJHii BiJ TyroBOi KOOPIUHATH 32 YACOM.

2.5 PiBHOMipHMIi Ta PIBHO3MIHHHI PyX TOYKH

Hexaii 3amana Touka, 10 pyXaeThCcsl HEPIBHOMIPHO MO TPSIMO-
JiHIAHIA TpaekTopii (puc. 2.8).
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or

g_dr do (1.50)
do dt
. . dr
As is known from mathematics, the module d_ =1, and
o

directed this vector tangent; hence, ——is an ort tangent. It is

do
denoted by the letter 7 (Fig. 2.7)

ar _
—=T.
do
So,
= _do
V=7—
dt
fveloc or
Fig. 2.7. Determination of velocity e
of a point at natural way of V=7, (151
setting the movement

where V' is called the

velocity projection on the
tangent direction and is denoted V,
V =0.
Therefore, V= v, (1.52)
but because
. do
T = O- = 2

1.53
7 (1.53)

then we can say that the velocity projection on the tangent is equal to
the first derivative of the arc coordinate in time.

2.5 Uniform and equal-variable motion of a point

Let a given point move unevenly along a straight trajectory
(Fig. 2.8).

121



\ 4 YJ
!

[i TpaexTopito mpuiimaemo 3a M7 M
BICh X, @ PYX 33/Ia€MO PIBHSHHSIM — i
X= f(t) Puc. 2.8. BuzHaueHHs

IIPUILBUYEHHS [IPU
OPSIMOJIIHIHHOMY PyCl TOUKH

v

B momenT wvacy ¢ Touka me-
pebyBae B mojokeHHI M 1 Mae
wBKaKicTs V. Yepes manmii mpo-
mikok wacy Af , T06t0 B Moment f + Af, Touka mepebyBae B 10JI0-
xenni M i 1i mBuakicts Tenep yxe 6yne V' .

Sk Bimomo (piBHICTH 1.43)

dv .
a="—=V, (1.54)
dt
dx .
Ale ToMy 10 V=—=x,
dt
a d’x X (1.55)
TO =——=X. )
dr’
) dv . ..
[pumBUIIEHHS — NOXiaHA E — Ma€ MEeBHUM 3HAK, 1 CIHiB-

BIIHOIICHHS 3HAKIB MIBUIKOCTI ¥ MPUINIBUIYEHHS BU3HAYAE XapaK-
TEp PYXy TOUYKHU. SIKIIO HIBUJKICTB 1 MPUIIBUAYCHHS MAIOTh 0OHAKO-
6i 3HaKu, TO MBUJIKICTh 13 4aCOM 3a a0COJIFOTHOIO BEJIMYUHOIO 3pOC-
mae (Takuii pyX HA3UBAIOTh HPUMEUOUEHUM), SKILO K IIBUIKICTH 1
MPUILBUIYECHHS MalOTh Pi3Hi 3HaAKU, TO IUBUKICTH 13 4acOM 3a abco-
JIOTHOIO BEJIMYUHOIO 3MeHuiyemupca (TakUid pyx HA3UBAIOTh CHOGI-
abHenum). OUEBUIHO, NIPU NPUIIBUAYEHHI, PI6HOMY HY/I0, TIBUJ-
KICTb CcTaja i pyx pienomipnuil.

K110 NpUILIBUIYEHHS cmaje, TO TaKUM pyX Ha3UBAETHCS pi-
Ho3minnum. Bin Moxe Oytu abo pienonpuwieuduennum, abo pie-
HocnogineHenum. OCKUIBKY 111 BUIU PYXY € JOCUTHh PO3MOBCIOKE-
HUMH, 3yIUHUMOCS Ha HUX JTOKJIAJHIIIE.
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the axis x, and the motion is
given by the equation

X = f (t) . Fig. 2.8. Determination of acceleration
in rectilinear motion of a point

. . _ _
Its trajectory is taken as M7 M 14 X

At time 7, the point is in
position M and has a velocity
V. After a short period of time At , ie at time ¢ + Af, the point is in

position M" and its speed will now be V.
As you know (equation 1.43)

dv .
a= (1.54)
dt
But because VZQZJ'C,
dt
th g dx g (1.55)
en = =X. )
dr’

. . dr L
Acceleration — a derivative 7 — has a certain sign, and the
t

ratio of signs of velocity and acceleration determines the nature of
the motion of a point. If velocity and acceleration have the same
signs, then velocity increases with absolute value over time (such
motion is called accelerated), if velocity and acceleration have
different signs, then velocity decreases with absolute value over
time (such motion is called slowed down). Obviously, at an accel-
?ration equal to zero, the velocity is constant and the motion is
uniform.

If the acceleration is constant, then such a motion is called
equal-variable. 1t can be either uniformly accelerated or uniformly
decelerated. Since these types of movement are quite common, we
will dwell on them in more detail.
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Po3srnsiHeMO piBHO3MIHHUE PyX TOYKH, IO 31HCHIOETHCS TPO-
TATOM NPOMDKKY 4acy /. Ha moyatky mboro mpoMixky TOYKa Mae
wBHAKicTs V, Hanpukinui #ioro V. Pyx BinGyBaeTbcs 3 mOCTiiHUM

MPULIBUIYCHHAM ¢, 1 TOUKA 32 PO3TISTHYTHI MPOMIKOK Yacy MpoXo-
JUTh HUISX S.

dVv
3 piBHOCTI @ = Y otpumyemo dV =a-dt .
t

[HTErpyroun 1o piBHICTH y BiIMOBITHUX MEKaX, 3HAXOAUMO

V t
jdV:ja-dt;
Vy 0

V=V +at. (1.56)
. . ds
[Ticis mepeTBOpeHHs i iHTErpyBaHHS (HOpMyITH ‘V‘ = ?, ne
t
V' —abconroTHa BeNMYMHA MIBUIKOCTI TOYKH, OTPMYEMO
ds=V-dt;
N t t
[ds=[v-dt=[(V,+at)t;
0 0 0
at’
S:I/Ol"i‘?. (1.57)

IIpu piBHOCHOBiIBEHEHOMY pyci V' i @ maroTh pisHi 3Haku i
TOMY JIOJIaHKH, 110 CTOATH Yy mpaBiii yacTuHi popmyi (1.56) 1 (1.57),
BUSIBIIATHCS TAKOXK 3 PI3SHUMH 3HAKAMHU.

®opmynu (1.56) 1 (1.57) mokasyroTh, MO N'ATh KIHEMAaTUYHUX
napametpiB piBHo3Mminzoro pyxy V,, V', t, a, s mos'szani nBoma
3anexxHocTsaMu. OTxe, Ui OBHOTO PO3PAaXyHKY TaKOTO pyXy IIO-
BHUHHI OyTH 3aJ1aH1 TPH 13 IIUX MapaMeTpiB.
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Consider the equal-variable motion of a point carried out over a
period of time 7. At the beginning of this interval, the point has a
velocity V at the end of it J". The motion occurs with a constant

acceleration @, and the point for the considered period of time passes
the path s.

From equality g = CZ—V we receive dV =a-dt.
t

Integrating this equality within the corresponding limits, we
find

Tdeja-dt;
7, 0

V=V,+at. (1.56)
S

After conversion and integration of the formula ‘V‘ = z , where V
t

— the absolute value of the velocity of the point, we obtain

ds=V-dt;
st=JV-dt:j(V0 +at )dt
0 0 0
at’
s:VOt+7. (1.57)

With uniformly decelerated motion, V' and a have different
signs, and therefore the terms in the right-hand side of formulas
(1.56) and (1.57) will also appear with different signs.

Formulas (1.56) and (1.57) show that the five kinematic
parameters of equal-variable motion V,, V,t,a,s are related by
two dependencies. Therefore, to fully calculate such motion, three of
these parameters must be specified.
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Bupa3s (1.57) MmoxxHa npeicTaBUTH 1 Tak
t
s = 5(21/0 + at)

abo, 6epyuu 10 yBaru piBHICTH (1.56),

Vo +V
s = t. (1.58)
2
_ VvV o
Hpi6 MpeAcTaBsie cOO0I0 CEPETHIO MIBUIAKICTh PIBHO-

3MIHHOTO PYXY

Vo= . (1.59)

2.6 Ilpoexuii npuIIBUIYEHHS HA HATYPAJIbHI oci

Po3risiHeMo pyx TOUKH IO MJIOCKIM TpaekTopii. Y MOMEHTH 4yacy
tit+ At Touxa 3aiimae monoxenns signosinno M i M' (puc. 2.9).

3mina ayrosoi koopauHartu Toukn M 3a npomikok yacy Af mosua-
yumo uepes Ao .

AT 47
At ¢

Puc. 2.9. BuzHaueHHs IPUIIBUIYCHHS
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Expression (1.57) can be represented as follows
t
s = E(ZVO + at)

or, taking into account equality (1.56),
Vo+V
2

s = . (1.58)

V,+V
The quantity —2

is obviously the average velocity of equal-

variable motion

Vo= . (1.59)

2.6 Projections of acceleration on natural axes

Consider the motion of a point on a flat trajectory. At times ¢
and ¢+ At the point occupies the position of M and M, respectively
(Fig. 2.9). The change in the arc coordinate of the point M over time
At is denoted by Ao .

S|

ar
At

Fig. 2.9. Determination of acceleration
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Skmo V' mpexncrasnse cobor0 IBHAKICTE TOYKA B MOMEHT £,
TO MOYKHA 3aIMCcaTH

V=TV,
jie T — OpT JAOTHYHOI 110 TPAEKTOPii, mpoBeaeHoi B Touri M,
V., — npoexiiis BEKTOpa MIBUAKOCTI HA JOTUYHY.

HanpsiMok oci 7 30iraeThcs 3 HAMPSIMKOM IIBHIKOCTI.
JndepeHIirordn 3a 4acoM IIf0 PiBHICTh, OTPUMYEMO

_ _av. _ dt
a=7t +V —.

dt dt
IMpu mudepeHiiroBaHHI BApTO MaTH Ha yBasi, 10 OPT 7 Mpej-

CTaBJIsie COO0I0 BEKTOP, 3MIHHHIM 3a HAIIPSIMKOM, TOMY 110 HAIPSMKHU
ocl TOTUYHOI OyTyTh PI3HUMHU B PI3HUX TOUKAaX TPAEKTOPI].

dr

VY Bupa3 (1.60) BXOAUTH BEKTOP 7, 10 HE 3yCTpivyaBcs 10
t

(1.60)

1ux mip. BusHaunmo #oro HammpsiMoK 1 MOy JIb.

OCKUIBKH
dt AT
— = llm E—
dt At—0 At
TO JUISI TIOJICTIICHHS TTOCTABIICHOTO 3aBJIAHHS 3HAWIEMO CIIEpIy Ha-
AT
MPSIMOK ——.
At

Io6yyemo opt notrdroi 7 B Touri M, mepenecemo ueﬁ Be-
ktop y Touky M i moBymyemo napasenorpam Mabc y skoMy 7 Oyne
miaronawmo, a 7 — oxmiei 3i cropin. Toni Mc= AT, tomy wo

AT
Mc =7 —7 . Posnimusum AT na Af , ofep uMO BEKTOP 5 110
t

JIEKUTh Y TUIOIMHI TPAEKTOPIT i cripsiMoBanuii mo npsimiii Mc.
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If V' itis the velocity of a point at a time 7, you can write:

V=1V,
where T — ort tangent to the trajectory drawn at point M;
V. — projection of the velocity vector on the tangent.
The direction of the axis 7 1is taken to coincide with the

direction of velocity.
Differentiating this equality over time, we obtain

dv. dt
SV —.

dt dt
When differentiating, it should be borne in mind that the ort 7

1s a vector that varies in direction, because the directions of the
tangent axis will be different at different points in the trajectory.

a=1 (1.60)

Expression (1.60) includes a vector 2T that has not been

dt
encountered so far. Define its direction and module.
Because
dt . AT
—=lim—
dt A—0 At

AT
then to facilitate the task, we first find the direction ——

Construct the ort of the tangent T at the point M, transfer
this vector to the point M and construct a parallelogram Mabc, in
which 7 will be a diagonal, and 7 — one of the sides. Then
Mc = AT | because Mc =7 —T . Dividing AT by At, we obtain

T
a vector 71‘ that lies in the plane of the trajectory and is directed

along the line Mc.
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V mexi npu At —> 0 Touka M’ HeoOMexkeHO HAOMMKAECTHCS
1m0 M, xyr A@ mix Bextopamu 7' i T mpsmye g0 Hyns, a kyT cMa
— 1o 90°.

_ b
AT
Otxe, BEeKTOp ——
At
y MEXH, TOOTO BEKTOp

dt n

——, MNEpPHEHAUKYISAPHUN
t

Cmuyna /

NOTUYHIN, a oTXke, 30ira- naowuna -

€TbCA 3 000amHUM Ha- |
NPSIMKOM HOpMalll 1 110 7 /

Tpaektopii B Touui M (3a Puc. 2.10. CtuuHa mwiommHa
JOAATHUWA  TPUUMAETHCS

HaNPsMOK 10 YeHmpa KpususHu mpackmopii, To0To yOiK yBIrHyTOC-

. . T . . .
Ti KpuBoi). Hampsmox 7 30iraeThCsi, BIAMOBIIHO, 3 HAMPSIMKOM
t

opta A oci HopMaJi.
Oci 7 i1 Ha3HBAIOTHCS HAMYPAALHUMU OCSIME. Y BHIIAJIKY [IPO-
CTOPOBOI KPUBOI HAMYpaibHUMU OCSMH € NOTHYHA T, TOJOBHA HOP-

Maitb 71 i 6inopmans b (puc. 2.10). [lnomuHa, y sAKii gexath oci 7 i 7,
Ha3UBAETHCS CMUYHOIO NIOUUHOIO.

dt

3Hai1IeMoO MOAYJIb BEKTOpa 7 3 piBHOOEIPEHOTO TPUKYT-
t

nuka aMb (puc. 2.9)
At /2 g Ap

9

T

AT = 2rsin%= 2Masin%;
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In the boundary at Af — 0 the point M’ is indefinitely close
to M, the angle A¢ between vectors 7 and T goes to zero, and the

angle cMa — up to 90°. bt
AT

Therefore, the vector ——
At

in the boundary, ie the n

T
vector —— perpendicular
dt

Cmuyna
to the tangent, and NnIOWUHA //
therefore coincides with i
the T /

positive direction of the
normal 7 to the trajectory

at the point M (the positive is the direction to the center of curvature
of the trajectory, ie towards the concavity of the curve). The direc-
dt
tion 7 coincides, respectively, with the direction of the ort 7 axis
t
of the normal.
Axes T and n are called natural axes. In the case of a spatial
curve, the natural axes are tangent 7, principal normal #, and

binormal b (Fig. 2.10). The plane in which the axes 7 and 7 lie is
called the contact plane.

Fig. 2.10. Contact plane

Find the modulus of the wvector CZ—T From the isosceles
t

triangle aMb (Fig. 2.9):
At /2 g A

b

T

AT = 21Sin4‘2—(p= 2Masin%;
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‘Aﬂ =ab =2Ma sin Ag

b

a TOMy 1110 Ma:‘z_"zl,
TO ‘Az_" =2$inﬂ
2
Az_'| 2Sinﬂ
abo =
At] A

IMepexoasuy 10 TPAHUYHOTO 3HAYEHHS i MOMHOXKHUBIIM B Ipa-
Biii yacTHHi yKcenbHUK i 3HaMeHHUK Ha AQ - AT, oTpumyemo

— Sin—-
av|_yml 2 Ae Ao\ i A2 iAo
dt| a0 Ap Ao At 4650 Ag 40 Af
2
Sk Bigomo,
lim ﬂ: ! ,
400 Ao Yo,

lim——=V,
A0 At
dr| V dr  _V
OTXKE, —_— = - =n—.
dt| p dt yo,

[TincTaBuMO OTpUMaHy 3aNeXKHICTh Y hopmyiy (1.60)
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|AT|=ab = 2MasinAz—(p,

but because Ma = ‘ZT‘ =1,
then ‘AZ_" = ZSin%
2
AP
N |Af| _ 2sin >
At A

Going to the limit value and multiplying in the right part of the
numerator and denominator by A¢- Ao, we obtain

Sinﬂ
90| — 240 A9y i A2 i AT
dt| 2> A9 Ao At 4050 Ag 4—0 At
2
As you know,
iim A2 -1
4050 Ao yo,

and

lim—=V,
A4—-0 At
dt| V dt _V
therefore, —yf=— and —=n—.
dt| p dt yo,

Substitute the obtained dependence into the formula (1.60)
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+n—, (1.61)

ne V:=V2,

Llel Bupa3 nae po3kiIagaHHS NPUIIBHIYEHHS TOYKH, 110 pyXa-
€TbCS, 110 TOTUYHIM Ta HOpMaJi 10 TPaeKTopii.

VY BUMAIKy, KON TPAEKTOPIEIO € MPOCTOPOBA KPUBA, TIPHIIBH/I-
YEeHHS TOUYKU PO3KIIAJAETHCS MO0 HANPSMKY JOTUYHOI 1 TOJIOBHOI HO-
pMaii, To0To nmepedyBae B CTUYHIHN TUIONINHI.

Bektop 7 —- — cmps-

(v} LX) M
MOBAaHUN MO JOTUYHINA 710 Tpa-
€KTOpIi, 1 HA3UBAETHCA dOMuUY-
Hum  abo  maHeeHyianbHUM
npumBHIUeHHSIM (puc. 2.11), 1
MI03HAYAETHCA

__arv \
a =7 . ,
dt Puc. 2.11. CxnaoBi npumBrI4eHHS
2
BekTop 1 —— — cnpsMOBaHUiA IO HOPMAJI JI0 TPAEKTOpIi, Ha-

3UBAETHCSI HOPMAIbHUM, A00 OOUeHmpPosuUM TIPUILIBUAYEHHSM, 1 110-

V2

3HA4Ya€TbhCA an =n—.
P

OT)KC, MO’KHa 3alrcaTtu BHpPA3 AJId MMOBHOTO MPUIIBUAYCHHIA
TOYKH TaK

a=a,-+a,. (1.62)

Ilogne npuwiguouennna mouku OOPiGHIOE 2eOMemMpPUUHIil ado
6eKMOPHIIL CyMi OOMUYUHO20 1l HOPMATIbHO20 NPUULEUOUEHD.
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_ _av. _v?
a=7——+n—-, (1.61)
dt yo,

where V' = Vrz.

This expression gives the decomposition of the acceleration of
a moving point along the tangent and normal to the trajectory.

In the case where the trajectory is a spatial curve, the accel-
?ration of the point decomposes in the direction of the tangent and
principal normal, ie is in the
contact plane.

T

dt
directed along the tangent to
the trajectory, and is called
the tangent or tangential
acceleration (Fig. 2.11), and
is denoted

1S

The vector T

=T dVr Fig.2.11. Components of acceleration
’ dt
2
Vector n — — directed along the normal to the trajectory, is
yo,
called mormal, or centripetal acceleration, and 1is denoted
2
a, =n—.
Yo,

You can, therefore, write an expression to fully accelerate the
point as follows

a=a +a,. (1.62)

The total acceleration of a point is equal to the geometric or
vector sum of tangential and normal accelerations.
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[poexuii npUIIBUAYCHHS HA JOTHYHY ¥ HOPMaJb 3alUIIy ThCS

TakK
a,def =V =6, (1.63)
dt
V2
a =—. (1.64)
0

IIpoexuis MOBHOrO NPULIBMAYEHHS HA OIHOpPMalb (I, JOPIBHIOE
HyJ110. MOJTyJ1b TOBHOTO MPUIIBUIYEHHS BU3HAYAETHCS IO (hopmyIi

a=.la. +a, = (1.65)
HaHpHMOK IMOBHOT'O NPUIIBUTYCHHS
a
tga =—=%, (1.66)

a

n

1€ O — KYyT M)XK TIOBHUM MIPHUIIBUTYCHHSIM 1 HOPMAJLTIO.

SKI10 MOAYJ b MIBUIKOCTI TOYKH 3 HACOM 3pOCTAE, TOOTO SAKILIO
TOYKA PYXa€TbCS MPHUIIBUAYEHO, TO BEKTOpP JOTUYHOTO MPHUIIBUI-
YEHHsSI CIIPSIMOBAHUH y motl dce OiK, O W BEKTOP MIBUAKOCTI. Y BH-
MajKy CIHOBUILHEHOTO PYXYy BEKTOp JOTUYHOTO MPUIIBHIYCHHS
cpsiIMOBaHUM YOIK, npomunexcruti HampsIMKy BEKTOpa IIBUIKOCTI.

1o & CTOCYETbCS HOPMANLHO2O NPUUBUOUEHHS, TO HOTO BEK-
TOP 3a82#cOu CTIPSIMOBAHUN 10 YeHmMpy KpUBU3HU MPAEKMOPIi no pa-
0iycy KpUU3Hu.

3HaueHHs] MPUIIBUIYEHb B OKPEMHX BHUIAJKaX PyXy TOUKH
3BeJieHi B Tabm. 2.1.
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Projections of acceleration on tangent and normal will be
written down so

afde’ =V =6, (1.63)
dt
VZ
a =-—. (1.64)
0

The projection of full acceleration on the binormal a, is zero.
The modulus of full acceleration is determined by the formula

a=4/a_ +a = (1.65)
Direction of full acceleration
a

tga =—=X, (1.66)

a

n

where a — the angle between full acceleration and normal.

If the modulus of velocity of a point increases with time, ie if
the point moves accelerating, then the vector of tangent acceleration
is directed in the same direction as the velocity vector. In the case of
slow motion, the tangent acceleration vector is directed in the
direction opposite to the direction of the velocity vector.

As for the normal acceleration, its vector is always directed to
the center of curvature of the trajectory along the radius of
curvature. The values of accelerations in some cases of point motion
are summarized in table 2.1.
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Taomuus 2.1

[TpumBuueHHS
Bun pyxy JOTHYHE | HOPMAIBHE | [oBHe
a, a, a
PiBHOMipHUI, IpAMOITIHIHHHIA =0 =0 =0
PiBHOMIpHUIA, KPUBOIIHIHHHI =0 #0 =a,
HepisHomipuuii, npsamomniniiiauii|  # () =0 =a,
HepiBHoMipHwMii, kpuBomiHidHMiA | # () #0 =a_ta,

TakuM YUHOM, domuute NPUUEUOYeHHs UHUKAE B THX BUTIA]-
Kax, KOJH 3MIHIOETBCS MOOY1b WEUOKOCMIE, TOOTO TIPH HEPIBHOMIp-
HOMY PYCi, a HOpMalbHe NpuueuoYeHHs — y TOMY BUNAJAKY, KOJH
3MIHIOETHCSI HAMIPSIMOK MIBUAKOCTI. JIOTUYHE TIPUIIBUIICHHS XapaK-
TEepHU3y€e 3MIHY IIBUAKOCTI 32 BEJIMYMHOIO, & HOPMAaJIbHE MPHIIBH]I-
YeHHS — 3a HaMpsIMKOM. Y 3arajlLHOMY BHIIQJKy PyXy IOTHYHE
MPUIIBHIYCHHS MEPETBOPIOETHCS B HYJIb Y THX TOYKAX TPAEKTOPIi,
Je MIBUIAKICTh NpUiiMae MakcuMaibHe a00 MiHIMalbHE 3HAYCHHS

v, _

” =0 |. HopmasbHe NpUIIBUIYEHHS TOPIBHIOE HYJIIO B TOYKAX
t

MEPETUHY TPAEKTOPIl ( p= OO), a TaKoX y THUX TOYKax, J€ 3MiHIO-

eTbest Hanpsamok pyxy (V= 0).

Skimo domuune npuwieuouenHs TPU KPUBOJIHIHHOMY pyci
3AMUMAEMbCA CIMANUM, TO TAKUHA PYX HA3UBAETHCS PIBHO3MIHHUM
(pienonpuwieuouenum abo pienocnosinbHeHum), i GOPMyIH IJIS
BHU3HAYCHHS MIBUAKOCTI Ta MPOUICHOTO MIISAXY 3aMUITYTHCS B IIbOMY
BUTIAJIKY TaK

V=V+at, (1.67)
2
s=Vit+ afzt . (1.68)
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Table 2.1

Acceleration
Type of movement tangential| normal full
a, a, a
Uniform, rectilinear =0 =0 =0
Uniform, curvilinear =0 #0 =a,
Uneven, rectilinear #0 =0 =a,
Uneven, curvilinear +0 + () =a_,ta,

Thus, tangential acceleration occurs when the modulus of ve-
locity changes, ie with uneven motion, and normal acceleration oc-
curs when the direction of velocity changes.

The tangential acceleration characterizes the change in velocity
in magnitude, and the normal acceleration - in the direction. In the
general case of motion, the tangential acceleration becomes zero at
those points of the trajectory where the velocity takes a maximum or

.. dv, _ :
minimum value (—’ =0 |. Normal acceleration is zero at the points

dt
of inflection of the trajectory ( P = OO), as well as at those points

where the direction of movement changes (V' = 0).

If the tangential acceleration in curvilinear motion remains
constant, then such motion is called equal-variable (uniformly
accelerated or uniformly slowed down), and the formulas for
determining the velocity and distance traveled will be written in this
case as follows

V=V +at, (1.67)
t2
s=Vit+ afz . (1.68)
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2.7 KinemaTtuka TBepa0ro Tijia

HaBenemo TeopeMy, sika Mokasye, 0 MPpH MOCTYHAIBHOMY py-
Cl TBEpIOTO TiJla 3aja4ya KiHEMATHKH TBEPJOTO TiJIa 3BOAUTHCS [0
3a1a4l KIHEMATHKHU TOYKH.

Ilocmynanbhum Ha3UBAETHCSA TaKUW PyX TBEPAOTO Tijia, MPHU
KoMy OyJlb-siKa IpsiMa, NMPOBEJEHA B TiJl, 3aJUIIAETbCA BECh Yac
[apaJIeNbHOI CBOEMY ITOYATKOBOMY IIOJIOKEHHIO.

Teopema. IIpu nocmynanvhomy pyci meepoo2o mina 6ci 1o2o
MOYKU ONUCYIOMb 0OHAKOBI MPAEKMOPIT 1l Y KOMCHUL OAHUL MOMEHM
uacy maromo pieHi 3a MOOYieM i HanpAMOM WEUOKOCMI Ma NPUULEU-
OUeHHs.

PosrissHeMo Tino, Mo pyxaeTbes nmocTynainsHo (puc. 2.12). Bi-
3bMEMO B TiJIi ABi J0BinbHO 0Opani Touku A i B i nobymyemo pasmiyc-

BEKTOpH 77, Ta 7 LHMX TOYOK, WO WAyTh i3 Hepyxomoro ueHrpa O.

o6y myBaBum BekTop AB =¥, ycTaHOBIIOEMO, 11O, Bi/IIIOBIHO 10
BHU3HAUEHHS MOCTYMAJIBHOTO PYXY, L€ BEKTOp MPH PycCl Tila 3aiu-
IIAE€THCS ITOCTIHHMM, OCKUIBKHM Hi
MOJyJb, Hi HaNpsMOK HOTO HE
3MIHIOIOThCS.
3 piBHOCTI
Ry =Ty T

MM 3aKJI04a€EMoO, IO Tpa€KTOpiI-O

Touku B nicranemo i3 Tpaektopii

Toukn A TapanensHUM TIEpeHe-
CeHHAM ii Ha NOCTIMHMK 3a BemM- Puc. 2.12. [locTynaneHuii pyx
YMHOIO if HAIPSIMOM BEKTOp 7° .

Otxe, TpaeKkTOpii TOUOK TBEPAOTO TiNa, IO PyXa€ThCs MOCTY-
MAJIBHO, MPEJICTABIISAIOTH OJHAKOBI KPHUBI, SIKI OTPUMYIOTh OJIHA 3 OJI-
HOI IapayeIbHIM TIEPEHECCHHSIM.
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2.7 Kinematics of a rigid body

We give a theorem that shows that at the translational motion
of a rigid body the problem of the kinematics of a rigid body is
reduced to the task of the kinematics of a point.

Translational is the motion of a rigid body in which any line
drawn in the body remains parallel to its initial position at all times.

Theorem. In the translational motion of a rigid body, all its
points describe the same trajectories and at each given moment of
time have equal modulus and direction of velocity and acceleration.

Consider a body moving translationally (Fig. 2.12). Take in

the body two arbitrarily chosen points 4 and B and construct radius-
vectors 77, and 7, these points coming from the fixed center O.

Having constructed the vector AB = 7', we establish that, according
to the definition of translational motion, this vector remains constant
when the body moves, because no
module , nor its direction does not
change.

From equality

— —
Fa=r,+T

we conclude that we obtain the
trajectory of point B from the

trajectory of point A by trans-
?erring it in parallel to a constant
in magnitude and direction vector 7 .

Therefore, the trajectories of the points of a rigid body moving
translationally represent the same curves, which are obtained from
each other by parallel transfer.

Fig. 2.12. Translational motion
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Judepenuioroun OTpUMaHy PIBHICTh 3a 4acoM 1 Oepydu 10
: —
yBaru CTajicTh BEKTOpa 7 , 3HAXOJIUMO

dry _ dr,
dt dt
abo
Ty =1y
OTxe,
V,=V,. (1.69)
Judepenuirorouu 1o piBHICTb, OJEPKUMO
av, dv
abo B——4,
dt dt
Orxe, 2=V,
a,=a,. (1.70)

Takum 9ynHOM, TEOpeMa JIOBE/ICHA. 3 Hel BUILUIMBAE, IO MOCTY-
NalbHUN pyxX Tia OyJie MOBHICTIO BU3HAYEHO, SKIIO BIIOMHUU pyX
BCHOTO OJIHI€T SIKOT-HEOYIb HOTO TOYKH. TOMYy BUBYCHHS MOCTYATb-
HOTO PYXy TBEPIOTO Tijia 3BOJUTKCS 10 BUBUCHHS PyXy OJHIET HOTO
TOYKH, TOOTO 0 3a7a4l KIHEMAaTHKH TOYKH.

Obepmanshuil pyx meepoozo mina HA6KOJI10 HEPyXomoi oci

SIK1io TBepae TUIO PYXa€eTbCs TaKUM YMHOM, IIO Bl SIKi-HEOY b
HOTro TOYKH 3aJIMIIAIOTHCS HEPYXOMHUMH, TO Yepe3, LI TOUKU MOXKHA
IIPOBECTH MPSIMY, SIKA TAKOXK BUSBUTHCS HEPYXOMOIO TPH PYCl Tija.

Obepmanvrum pyxom meepoo2o mina HaéKkoI0 HepyxXomoi oci Ha-
3UBAEMbCS MAKULL 1020 PYX, NPU AKOMY SAKI-HEeOYOb 08I 1020 MOYKU 3a-
Juwaomvcs nio Yac pyxy mepyxomumu. llpama, wo npoxooums uepes
Yi MOYKU HAZUBAEMBCSL BICCIO 0ODEPMAHHSL.
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Differentiating the obtained equality over time and taking into
account the constancy of the vector 7', we find

dry _dr,
dt dt
or
s =Ty
Therefore,
V,=V,. (1.69)
Differentiating this equality, we obtain
dv, dv,
or =—.
dt dt
Therefore, VB = VA;
ay=4a,. (1.70)

Thus, the theorem is proved. It follows that the translational
motion of a body will be completely determined if the motion of only
one of its points is known. Therefore, the study of the translational
motion of a rigid body is reduced to the study of the motion of one of
its points, ie, to the task of the kinematics of a point.

Rotational motion of a solid body around a fixed axis

If a rigid body moves in such a way that any two of its points
remain stationary, then through these points you can draw a straight
line, which will also be stationary when the body moves.

The rotational motion of a rigid body around a fixed axis is its
motion in which any two of its points remain motionless during
motion. The line passing through these points is called the axis of
rotation.
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OO0epTaHHs BBAXKAETHCA 000amHUM, SKIIO, TUBISYUCH 13 OOKY
CTPUJIKH, MPUBJIACHEHIH OC1 00epTaHHs, MU OyJIeMO 0aYUTH TOBOPOT
TiJIa IPOTHU TOAMHHUKOBOI CTPLJIKH.

Hexait Ti10 06epTaeThcst HaBKO-
JO OCl Z Yy HampsMKy, 3a3HaU€HOMY
ctpinkoro (puc. 2.13). [IpoBenemo ue-

pe3 wio Bick Hepyxomy oy I/H

i, kpim Toro, ruiomuny //n, He3minHO
MOB'I3aHy 3 TUIOM 1, OTXKE, TaKy, IO
obepraeTscsi pazoMm 3 HUM. KyT Mix
UMW TUJIOLUMHAMHY, BiIJIIYyBaHUHA Y
HampsIMKy OOepTaHHS Ti1a BiA HEpy-

XOMO1 IUIOIIWHU, ITIO3HAYHUMO (. Bu-

MIps€TbCA KyT () y paniaHax. Bemu-
YMHAa LBOT0 KyTa, II0 HAa3UBAETHCA
Kymom nogopomy, IIIKOM BH3HAYa€e

nonoxenns mwiomunu 1/n y mpocro-

pi, a omke, 1 obeprosoro Tina. Ilpu  Pyc. 2.13. O6epranpHuii
o0epTaHHI TiJla HABKOJIO OC1 Z KYT () € pyx
HETIePEePBHOIO 1 OJHO3HAYHOIO (PYHKIII€I0 Yacy

p=1(t). (1.71)

Bupa3s (1.71) Ha3uBa€eThCS PIBHAHHAM 00epMAIbHOZ0 PYXy mina.
Kymoea wieuoxicmeo

Hexaii y sskuiice MOMEHT 4acy / KyT IOBOPOTY Tija CKJIaje (), a

B MoMeHT ¢ + Af — mae 3nauenns @' . Toni pisaung @' — @ =A@

HpEJCTaBiIsAe cO00K 3MiHY KyTa IIOBOPOTY 3a IpOMiKOK uacy Af .
BigHomeHHs 11i€l 3MiHM KyTa J0 BiJIMTOBIHOTO MPOMIXKY Yacy Xxa-
pakTepu3y€e MIBUAKICTh 3pOCTaHHS KyTa IMOBOPOTY TiJIa B 4aci il Ha-
3UBAETHCSI CEPEOHbOIO KYM OG0 WEUOKICHIO TiNa, 10 00ePTAETHCS.
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Rotation is considered positive if, looking from the side of the
arrow assigned to the axis of rotation, we see a counterclockwise
rotation.

Let the body rotate around the z
axis in the direction indicated by the
arrow (Fig. 2.13). Draw through this
axis a fixed plane //1 and, in addition,

the plane //n, invariably connected
with the body and, therefore, one that
rotates with it. The angle between
these planes, calculated in the direc-
?ion of rotation of the body from the

stationary plane, is denoted by ¢. The

angle ¢ in radians is measured.

The magnitude of this angle,
called the angle of rotation,
completely determines the position of
the plane //n in space, and hence the  Fig. 2.13. Rotational motion
rotating body. When the body rotates
around the z axis, the angle ¢ is a continuous and unambiguous
function of time

p=1(t). (1.71)
Expression (1.71) is called the equation of rotational motion
of a body.
Angular velocity
Let at some point in time ¢ the angle of rotation of the body be

@, and at the moment ¢+ Af — it matters ¢ . Then the difference

@ —@=Ag is a change in the angle of rotation over time At . The
ratio of this change in angle to the corresponding period of time
characterizes the rate of increase of the angle of rotation of the body

in time and is called the average angular velocity of the rotating
body.
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OCKUTBbKH 1[I XapaKTePUCTUKA 3HAlJIeHA 3a KIHIICBHH MPOMi-
OK yacy, TO OTpUMaHe 3HaYCHHs KyTOBOiI LIBHJKOCTI Oynae cepen-
HiM Ha POMiXKy yacy Af, i, Mo3HaYar04u KyTOBY IIBHAKICTH YEPE3
(0, MO>KHA 3aIHCATH

Ag
a)cp = E .

3Ha4yeHHs1 KyTOBOT IMIBUJKOCTI (0 Y JaHUH MOMEHT 4acy BU3Ha-

YUTHCS TaK

) A
o=Ilimow. =Ilim 29
a—0 P a0 Af

_d¢
dt

ITpu BUMIpi KyTa @ y pajiaHax KyTOBa IIBUAKICTb BUMIPIOETh-
Ccs pajiiaHaM¥ B CEKYH/TY.

abo 0] =¢. (1.72)

SIKIo Tino o0epTaeThes B HAPSAMKY 3pPOCTaHHSA (), TOOTO Mpo-

TH TOJAWHHUKOBOI CTPUIKH, TO TOXiTHA @, a BHXOJIUTh, 1 KyTOBa
dt
HIBHJKICTh, Oy/ie JOAaTHA; Y IPOTHUIC)KHOMY BUIIAJIKy KyTOBa IIBH/I-
KicTh BifeMHA. TakuM YWHOM, 3HAK KYMOB0i WEUOKOCHI 8U3HAYAE
HanpsimMox 0OepmanHsi miia HasKko10 0aHoi OCi.
SIK1o KyTOBa MIBUKICTh TiJTa MOCTiKHA, TO TaKe 0OepTaHHS Ha-
3UBAETHCS PIBHOMIPHUM, Y TIPOTUBHOMY BUTIAIKY — HEPIGHOMIPHUM.
J11s1 piIBHOMIPHOTO PyXY, OUE€BUIHO

) t
o = const ; J.dgozj‘a)dt,
0 0
oTKE (P = Wi,

=

e (1.73)
t

i€ () — KyT IOBOPOTY Tisa 3a yac f.
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Since this characteristic is found for a finite period of time, the
obtained value of the angular velocity will be the average over the

period of time At and, denoting the angular velocity by @, we can
write

A
)
At
The value of the angular velocity @ at this time is defined as
follows

. . A
o=Ilimw_ =Ilim 29
A0 P a0 Af

dp .
or W=—=0Q. (1.72)
dt
When measuring the angle ¢ in radians, the angular velocity is
measured in radians per second.

If the body rotates in the direction of growth ¢, ie count-
. N :
?rclockwise, then the derivative d_gto , and hence the angular velocity,

will be positive; otherwise the angular velocity is negative. Thus, the
sign of the angular velocity determines the direction of rotation of
the body around this axis.

If the angular velocity of the body is constant, then such
rotation is called uniform, otherwise — uneven.

For uniform movement, it is obvious

1) t
w = const ; Ia’go = Ia)dt,
0 0
therefore ¢ = wt ,
w="L, (1.73)

t
where ¢ — the angle of rotation of the body over time .
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VY TexHIYHHX poO3paxyHKaxX MMBUAKICTH HPU PIBHOMIPHOMY
o0epTaHHI Tijla YAaCTO OLIIHIOETHCS TI€I0 KUIBKICTIO 71 TIOBHUX 00ep-
TiB, 5IKI T1I0 pOOUTH 32 OJJHY XBHJIMHY. 3HA/1EMO 3aJI€KHICTh MK (U
Ta n.

SIKmio Tino pobuts 77 00epTiB Yy XBUWIKHY, TO 32 OJHY XBUJIHHY
BOHO MOBEPHETHCS HA KYT (V] x4

., =27n.
KyToBa mBuIKiCTh TiJIa IPH [ILOMY (U PaJ/C 1, BUXOIUTb,
¢, =00w,
3BIIKHU
n
w=—-n=r0.1n. (1.74)
30

[Ipu HepiBHOMipHOMY OOepTaHHi, KOJM KyTOBa IIBUJIKICThH €
BEJIMYMHOIO 3MIHHOIO, XapaKTEPUCTUKOK 3MIHM KYTOBOI IIBHJKOCTI

B Yaci CIy)KUTh KyTOBE MPHUIIBHIYCHHS €. SIKIIO B MOMEHT 4acy [
KyTOBa MIBUKICTH Tijla JOpiBHIOE (1, a B MOMeHT ! + Af BoHa nopi-
BHIOE (@, To pisEuuA @ — @ = A@ TpescTaBnse co600 3MiHY Ky-
TOBOI IIBUIKOCTI 3a poMixok uacy Af . Omxe,

. Aw
&= lim—,
A4—-0 At
TOOTO
&= do _ @ (1.75)
dt '
abo
d’e .
&= =Q. 1.76
7 ® (1.76)
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In technical calculations, the velocity of uniform rotation of the
body is often estimated by the number of 7 total revolutions that the
body makes in one minute. Find the relationship between @ and 7.

If the body makes 7 revolutions per minute, then in one minute
it will return to the angle @ 4

@, =2rn.
The angular velocity of the body while @ rad / s and, it turns
out,
¢1x@ = 60(0 ’
whence
n
w=—=0.1n. (1.74)
30

In non-uniform rotation, when the angular velocity is a
variable, the characteristic of the change in angular velocity over

time is the angular acceleration &. If at time ¢ the angular velocity of
the body is equal to @, and at time ¢+ Af it is equal @', then the

difference @ —w=Aw is the change in angular velocity over
ime At . Therefore,

. Aw
&= lim—,
A0 Af
that is
do .
E=—=0@ (1.75)
dt
or
d’p .
E= =0Q. 1.76
a2 Q (1.76)
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o -2
PO3MIpHICTIO KyTOBOTO IIPUILIBUAYEHHS € C .

[ToxigHa 7 MoOKe OyTH SIK JJOJAaTHOIO, Tak i BigemHoro. Jlo-
t

IMyCTUMO, III0 TLIO 00EPTAETHCS B JOJIATHOMY HAIPSIMKY, TOOTO (U >
0, Toni, axmo € > (0, KyToBa IBHAKICTH 3pOCTaE B 9aci i 0OepTanHs
Tina 6yne npuwsuduenum; axmo & < 0, To KyToBa IBHUAKICTH 3MEH-
HIy€eThcs — 00epTaHHS CHOBUIbHEHE. SIKINO K oOepTaHHA Tijia BiOy-
BAETLCS B Bi'EMHOMY HanmpsaMKy , omke, i @ < 0, to pu & > 0 ab-
COJIIOTHA BEJIMYMHA KyTOBOI HIBUAKOCTI B Yacl 3MEHIIYEThCS — TLIO
obepraeThes cropinbHeHo; npu € < () 4mcioBe 3HaYEHHSA KyTOBOI
HIBUAKOCTI 3pocTae — 00epTaHHs Oy1e npuuieuoueHum.

TakuM 4YHMHOM, SKIIO (U 1 € MaAOMb 0OHAKOGI 3HAKU, TO TiJIO
00epTaETbCS NPUUIBUOUEHO; SKILO (U 1 & Maroms pi3Hi 3HaKu, 00ep-
TaHHsA Tina Oyne cnosinbrenum. Ipu pisHOMipHOMY 06epTanHi &€ = (.

Skuo KyTOoBEe NPUIUBUIYEHHS cmane (€ = CONSt), TO Takui
PYX Ha3UBAETHCS Pi6HO3MIHHUM OOEPTAHHAM (pigHONpULIEUOUEHUM
a0o pieHoCnoBiIbHEHUM).

Hexaii Tino oGepraroduch i3 NOCTIHHUM NPUIIBUAYEHHSM &, 32
IPOMIXKOK 4acy / MOBEpHyJIocs Ha KyT (. [lo3HaYMMO KyTOBY IIBUJI-
KICTh TijJla Ha MOYATKy LbOTO MPOMIXKKY 4acy — IOYAaTKOBY KYTOBY
IIBUAKICTh — Y€pe3 (W, HAMPHUKIHII HOTO — KIHIIEBY KYTOBY IIBH]I-
KicTb — uepes @. 3 popmynu (1.75) Burikae dw =¢& - dt .

[TpoinTerpyemo el Bupa3 3a MPOMDKOK yacy [, Oepyuyd 10
yBar, mo & = const

Tda): 8jdt;
@ 0

w=w,+ét. (1.77)
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. . . .2
The dimension of angular acceleration is s™.

. . do . .
The derivative 7 can be both positive and negative. Assume
t

that the body rotates in the positive direction, ie @ > 0; then, if € > 0,
the angular velocity increases in time and the rotation of the body

will be accelerated; if € < 0, then the angular velocity decreases - the
rotation is slowed down. If the rotation of the body occurs in the
negative direction, hence @ < 0, then at & > 0 the absolute value of
the angular velocity decreases in time — the body rotates slowly; at &

< 0 the numerical value of the angular velocity increases — the
rotation will be accelerated.

Thus, if @ and & have the same signs, then the body rotates
accelerated; if (v and ¢ have different signs, the rotation of the body
will be slowed down. At uniform rotation & = 0.

If the angular acceleration is constant (¢ = const), then such a
motion is called equal-variable rotation (uniformly accelerated or
uniformly decelerated).

Let the body, rotating with constant acceleration &, return to the
angle @ over the period of time . Let us denote the angular velocity
of the body at the beginning of this period of time — the initial
angular velocity — by @y, at the end of it - the final angular velocity —
by @. From formula (1.75) it follows: dw =& - dt .

Integrate this expression over time 7, taking into account that
g = const

[0 t

jda): 8Idl‘;

o 0

w=w,+ét. (1.77)
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d

: 4
3aMiHAIOUH (V) Yepe3 7 , OTPUMYEMO
t

@za)(ﬁ-gt;
dt
dp=aw,-dt+¢&t-dt.

[Ticnst iHTErpyBaHHS
2

&
(Dza)ot—k?. (178)
®opmyiy (1.78) MOKHA IPEACTAaBUTH i Y TAKOMY BHI
t
7 :E(a)‘) +a, + &)
a6o, Ha miacrtasi popmymnu (1.77),
_ W, +
2

®opmyu (1.77) 1 (1.78), mo BupakaroTh KyTOBY IMIBHIKICTH 1
KyT MOBOPOTY TiJIa 3aJIE)KHO BiJl 4acy NMpu piBHO3MIHHOMY OOepTaH-
Hi, IiIKOM aHanoriuni ¢popmynam (1.67) 1 (1.68) mist mBUaKOCTI i
MPOIIEHOTO NUISAXY MPHU PIBHOSMIHHOMY PYCl TOUKH.

. (1.79)

Tpaekmopii, wieuokocmi, npuUIGUOYEHHA MOYUOK mina,
W0 00epmMacmvbCcsa HABKOL0 HEPYXoMoi oci

Hexait TBepae Tiio o0epTaeTbcs HABKOJIO HEPYXOMOI OCi Z 3
KyTOBOIO IIBUAKICTIO (0 ¥ KYTOBMM HpUIIBHIYEHHS & (puc. 2.14).
BisbMeMmo siky-HeOyap Touky M, mo Hanexuth npoMmy Tiny. Ilpu

oOepranHi Tina Touka M, sk i Oyab-sKa iHIIa, 010 HE JEXKUTH Ha OCi
o0epTaHHsI, OMUCYE KOJIO, PO3TALIOBAHE B IUIOIIMHI, NEPIEHAUKYIIS-
pHilt oci oOepTanHs. LleHTp 1pOro Kosa JeXUTh Ha 0cl 00epTaHHs, a

ii pagiyc R nopisHioe Bigcrani Bix touku M 1o oci oGepranus.
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d
Substituting @ through d—¢ , we obtain

d
a9 =, +&t;
dt
dp=w,-dt+¢&t-dt.
After integration
2

&t
€0=wot+7- (1.78)

Formula (1.78) can be represented as follows

(pzé(a)o + @, + &t)

or, based on formula (1.77),
o, to
2
Formulas (1.77) and (1.78), which express the angular velocity
and the angle of rotation of the body as a function of time at equal-

variable rotation, are quite similar to formulas (1.67) and (1.68) for
velocity and path traveled at equal-variable movement of a point.

‘. (1.79)

Trajectories, velocities, accelerations of points of a body
rotating around a fixed axis

Let a rigid rotate around a fixed axis z with an angular velocity
@ and an angular acceleration & (Fig. 2.14). Take any point M

belonging to this body. When the body rotates, the point M, like any
other that does not lie on the axis of rotation, describes a circle
located in a plane perpendicular to the axis of rotation. The center of

this circle lies on the axis of rotation, and its radius R is equal to the
distance of the point M from the axis of rotation.
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BekTop MIBHAKOCTI TOYKH
JISKHUTH B TUIOMIMHI TPAEKTOPIi, Ha-
HaNpaBICHUH TMEPHEHIUKYISPHO
paziycy obepranns R y Bigmosia-
Hii To4Il YOIk 0OepTaHHS Tiia.

3HaiiieMo MOJyJIb BEKTOpa
muakocti rouku M. Ha puc. 2.15
MIPEJCTaBICHA TPAEKTOPIs LI€T TO-
uku. 3a mpomixok wacy Af Tino
noBepHyJocs Ha KyT A, a Touka

M nepemictunacs B IOJOKEHHS

M’ , ommcapmm mo TpaexTopii -
ry Ao . Ilpu upomy

Puc. 2.14. O6epraHHs TBEpIOTO
Tina

Aoc=R-Agp,

3BIIKH, PO3AUIMBIIN OOUABL
vacturu Ha Af , oTpumyemo

d0_pdo
Puc. 2.15. Bu3HaueHHs MIBUIKOCTI At At
TO4IKH PosranyBmu nen Bupas
B Mexu, koma Af — 0, orpumyemo
lim 4o =R lim A
A0 Af 40 At
abo
V=wR. (1.80)
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The velocity vector of the
point lies in the plane of the
trajectory, directed perpendicular
to the radius of rotation R at the
corresponding point towards the
rotation of the body.

Find the modulus of the
velocity vector of point M. Figure
2.15 shows the trajectory of this
point. Over time Af, the body
returned to an angle Ag, and the

point M moved to position M',
describing the trajectory of the arc
Ao . Wherein

Fig. 2.14. Rotation of a rigid
body

Ac=R-Agp,

whence, having divided both
parts on At , we will receive

AG_RA¢
Fig. 2.15. Determination of the velocity jt = jt .
of a noint

Considering this expression in the limit when Af — 0, we obtain
. Ao . A
lim 22 = Rlim 22
A—0 At A—0 At
or

V=wR. (1.80)
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L5t mBHIKICTH TOYKM HA3UBAETHCA JIIHINHOI0 wieuoKicmio. SIk
BUIHO 3 Bupasy (1.80), MBUIKOCTI TOYOK MPOMOPIIIKHI X BiICTaHAM
1o oci obeprauus. Jliniiina wieudKicms nanpaeneHa nepneHOUKy-
JAAPHO paodiycy yoiKk odepmanns.

VY TexHIYHUX PO3paxyHKaX 4YacTO JOBOIUTHCS BU3HAYATH JIi-
HIHY MIBUAKICTh TOYKH, KA JIGKUTh Ha IMMOBEPXHI 00EPTOBOIO Tija,
HAIMPHKIIAJl, MaXOBOTO KoJieca 1, OTXKe, HAMOIIbII BialeHa Bi OCi
oOepraHHs Tina. Taka MIBUIKICT HA3WBAETHCS KOJI080H WIBUOKIC-
mio Tina.

Hexaii Tino, mo mae giamerp DD metpiB, 06epraeThes 3 KyTo-

BOIO IIBUAKICTIO /7 00epTiB y XBuiuHY. Tozai Ha minctaBi (opmyi
(1.74) 1 (1.80)

y =P (1.81)
60

Bapro mamsrartu, 1o
V 1yt BUpaxkeHo B MeTpax y

CEKYH/Y.
BuzHaunmo mpuIiBu-

yenns touku M (puc. 2.16).

Sk Bizmomo,
dv_
Puc. 2.16. IlpumBudeHHS TOYKH a =—+= VT )
dt
Toxi no popmyui (1.80)

d dw

a, = —(a)R) =R—
dt dt

abo
a =¢&R. (1.82)
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This velocity of a point is called the linear velocity. As can be
seen from expression (1.80), the velocities of the points are
proportional to their distances to the axis of rotation. The linear
velocity is directed perpendicular to the radius towards the rotation.

In technical calculations, it is often necessary to determine the
linear velocity of a point that lies on the surface of a rotating body
having the shape of a body of rotation (eg, a flywheel), and therefore
the furthest from the axis of rotation of the body. This speed is called
the circular velocity of the body.

Let a body having a diameter of [D meters rotate at an angular

velocity of 7 revolutions per minute. Then based on formulas (1.74)
and (1.80)

or
wDn

(1.81)

V' is expressed in
meters per second.

Determine the
acceleration of the point M
(Fig. 2.16).
As you know,
dav.
Fig. 2.16. Acceleration of the point a, = dt = Vr .
Then by the formula (1.80)
o, =L (wR)=R%®
dt dt
or

a =¢&R. (1.82)
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Otxe, notuyHe (TaHTeHIIAJIbHE) NPUIIBHIYCHHS JOPIBHIOE

100yTKy KyTOBOIO NPHUIIBUIYECHHS € HA pajiyc oOepTanus R.
HopmanbHe npumBuadeHHs

_ 7 _(oR)

p P

a OCKLUJIbKH B PO3MIISHYTOMY BUTIaAKy O = R, 10

a

a,=w’R (1.83)

HOpMaJIbHE (JIOIEHTPOBE) MPUIIBUIYEHHS TOPIBHIOE TOOYTKY KBa-
paTa KyTOBOI IIBUIKOCTI ( Ha pajiyc oOepranns R.

Jlii MoyJisl MOBHOTO MPUIIBUIUEHHS 3HANIEMO HACTyIHUN BH-
pa3

a=\(eR) +(’R) :

a=RVe +o" . (1.84)

Hampsimok npuIIBUIYEHHS BUSHAYUTHCS KyTOM O/ MIX BEKTO-
POM IPUIIBHIYCHHS 1 HOPMAIBHUM NMPUIIBUAIYECHHAM. OTpUMaeMo

a eR_

tga =—= ;
a @R

n

&
tea = —— (1.85)

5 -

B okpemomy BHMangKy, KOJIH TiJIO OOEPTAETHCS PIBHOMIPHO
(mpu w = constie =0),
a=w'R;: a=0.
3 dopmym (1.80), (1.81), (1.83), (1.84) 1 (1.85) BurmuBae, 1o
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Therefore, the tangent (tangential) acceleration is equal to the

product of the angular acceleration & and the radius of rotation R.
Normal acceleration

and since in this case © = R, then
a,=w'R (1.83)

normal (centripetal) acceleration is equal to the product of the square
of the angular velocity @ and the radius of rotation R.

For the module of full acceleration we find the following
expression

a= \/(5R)2 +(0)2R)2 ;
a=RVJs*+o" . (1.84)

The direction of acceleration will be determined by the angle
O between the acceleration vector and the normal acceleration. We
obtain

ga=o R
& a ®°R

n

3

&
ga=—. (1.85)
(0]

In the special case when the body rotates uniformly
(at @ = const and € = 0),

a=w’'R; a=0.

From formulas (1.80), (1.81), (1.83), (1.84) and (1.85) it
follows that
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B KOKHUM MOMEHT 4acy YHCEeIbHI 3HAUEHHS MIBUIKOCTEH 1 MIPHIIBU-
JTYEHBb TOUYOK 00EPTOBOTO TijIa #pONOpYitiHi BIICTAHAM IIMX TOYOK Bif
oci 00epTaHHs, a KyTH MK BEKTOpaMH IMOBHUX MPHUIIBUIYCHb TOUOK
00epTOBOTO TiJIa i HOPMAJISIMH, NMPOBEJACHUMH 10 TPAEKTOPIH y BiJ-
MOBIHUX TOYKAX, MAIOTh T€ CaMe 3HAYCHHSI.

2.8 IliiockonapanenbHuil pyx Tijia

Busznauenna wieuoxocmeii mouok niockoi ¢izypu

Inockonapanenvrum abo niockum Ha3UBAIOTh TaKUW PyX TBe-
pOTO TiNa, IPU SKOMY BCi HOTO TOYKH MEPEMIIIYIOTCS MMapaieibHO
nesiKii iKcoBaHIN TUIONTHHI.

[Tnockwii pyx 4acTo 31iCHIOIOTh YaCTHHU MEXaHI3MIB 1 MaIllvH,
HaIpUKJIaa, KOJIECOo, 10 KOTHTHCS MO MPSIMOMIHIAHIN JUISHIN MUIIXY,
[IaTyH B KPHBOILIHUITHO-IIATYHHOMY MeXaHi3Mi Ta iH. OKpeMHM BUIIaI-
KOM IUIOCKOIapalieIbHOTO PyXy € 00epTalbHUIl pyX TBEpAOro Tila.

Pyx mnockoi ¢irypu MokHa po3risiiaTH SK TaKWid, 10 CKIIaa-
€TbCS 3 TIOCTYMAIBHOTO PyXY, MPH SIKOMY BCl TOUKU (PIrypH pyXaroTh-

cst 31 mBnakicrio V), momoca A, i 3 06epToBOro pyxy HaBKOJO L(bOTO
nomoca. Ilokaxkemo, L0 IIBUAKICTE Oyab-gkoi Touku M ¢irypu
CKJIaJIa€ThCSl TEOMETPUYHO 31 IIBUIKOCTEH, SIKI TOUKA OJEPKYE B KOXK-
HOMy i3 mux pyxis. Crpasi, mooxenHs Oyab-1Kkoi Touku M dirypu
BU3HAYAETHCA CTOCOBHO OCEH ,
Oxy pajiilycoM-BEKTOPOM Y M
o —

r=r,+r (puc. 2.17), ne

¥, — Pajalyc-BEKTOp MOJICca

—
A, ¥ =AM — Bextop, mo
BU3HAYAE TOJIOKCHHS TOYKH
~ !
M mono oceit Ax'y', mo ne- ¢
PEMIIIAIOTECST Pa30M 3 TIOJIIO-
com A moctynansrO (pyx (}i-
TYpHU 1O BiIHOUICHHIO 0 IMX

Puc. 2.17. IInockonapanenbHui
pyx

ocell mpeacTapise co0or obepranns HaBkoo nomoca A). Toxi
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at each moment the numerical values of velocities and accelerations
of the points of the rotating body are proportional to the distances of
these points from the axis of rotation, and the angles between the
vectors of full accelerations points of a rotating body and the normals
drawn to the trajectories at the corresponding points have the same
meaning.

2.8 Plane-parallel motion of the body

Determination of velocities of points of a flat figure

Plane-parallel or flat is a motion of a rigid body in which all
its points move parallel to some fixed plane.

Flat movement is often carried out by parts of mechanisms and
machines, for example, a wheel rolling on a straight section of the
road, a connecting rod in a crank mechanism, and others. A special
case of plane-parallel motion is the rotational motion of a rigid body.

The motion of a flat figure can be considered as consisting of a
translational motion in which all points of the figure move with the

speed I7A of the pole A4, and

the rotational motion around
this pole. We show that the

velocity of any point M of the
figure consists geometrically
of the velocities that the point
receives in each of these 0
motions. In fact, the position ¢
of any point M of the figure is
determined relative to the
axes Oxy by the radius-vector 7 =7, + 7 (Fig. 2.17), where 7, is

the radius vector of the pole A, ¥ =AM is the vector that

!

y

Fig. 2.17. Plane-parallel motion

determines the position of the point M relative to the axes Ax'y
moving together with pole A4 translationally (the movement of the
figure relative to these axes is a rotation around the pole A). Then
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_ dF dF, dF
=01, 2
dt— dr  drt

B orpumaniii piHocti Benmuuna dr, / dt =V, € mBuakicrio
nomoca A; Benuumna x dr’ / dt popismioe wBumkocti V), AKy

touka M otpumye npu 7, = const, To6T0 BigHOCHO oceii Ax'y’, abo,

iHaKIe Kaxyuu, npu obepmanni gizypu nasxono nomoca A. Taxum
YHHOM, 3 MTOTIEPETHBOI PIBHOCTI BUILJIMBAE, 110

V,=V,+V,,. (1.86)

Ipu upomy mBuaKicts V), ,, sky Touka M onepxye npu obep-

TauHi Qirypyu HaBKoJI0 nomoca A, 6yne
V,, =o-MA (Vu LMA),  (187)

Je (1 — KyTOBa MBHUAKICTH Pirypwu.

TakuMm YWHOM, IIBHIKICTE OYIb-
sxoi Touku M mnockoi ¢irypu reomer-
PUYHO CKJIAQIAEThCA 13 MIBUAKOCTI SIKOi-
HeOy b 1HIIOT Touku A, IpUIHATOT 3a Ho-
JOC, i IBUAKOCTI, Ky Touka M onepxye
npu obepTaHHl (HIrypu HABKOJO IHOTO
nositoca. Moaynb 1 HampsSMOK IIBHI-
kocti V), Bu3HauaroThCSA MOGYIOBOIO
BiJIMOBIAHOTO Tapasnenorpama.

[Inocke mepemimienHss ¢irypu
Puc. 2.18. Teomerpuune ~ MOXKE OyTH 6y,£['B-$IKI/IM, ajne Horo 3as-
J0/IaBAHHS MIBUAKOCTeH KIM MOXKHA 3aMIHMTH JIBOMA IIPOCTUMH

IUIOCKUMH TIEPEeMIIIEHHSIMU — TOCTY-

MaJbHUM Ta 00€pTaTHLHUM.
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dt
In the obtained equality, the value dFA /dt = VA is the velocity
of the pole A4; the value dr'/dt is equal to the speed VMA that the

g o_dr
dt

M_

dr, dF
— +
dt

point M receives at 7, = const, ie relative to the axes Axy’, or, in

other words, when the figure rotates around the pole A. Thus, it
follows from the previous equality that

V,=V,+V,,. (1.86)

Wherein the speed V), that the point M receives when
rotating the figure around the pole 4 will be

Vi =@-MA (VMA _LMZ) , (1.87)

where @ — angular velocity of the figure.

Thus, the speed of any point M
of a flat figure geometrically consists
of the speed of any other point A,
taken as a pole, and the speed that
point M receives when the figure
rotates around this pole. The modulus

and direction of velocity V), are

determined by constructing the
corresponding parallelogram.

The flat movement of the figure
can be any, but it can always be
Fig. 2.18. Geometric addition replaced by two simple flat

of velocities movements —  translational and
rotational.
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[Ipu npoMy mocTynanbHuil pyx Qirypu pazom 3 sikoro-HeOyab
il TOYKOIO € MIEPEHOCHUM PYyXOM IUTOCKOi (irypu, a odbepTaHHs (iry-
pPY HABKOJIO OCI MEPNEeHAMKYJSIPHOI IUIOMMHI (irypu i Takii, 1o
MIPOXOJIUTH Yepe3 BUOPaHy TOUYKY, — BITHOCHUM PYXOM.

[MoctymanpHe mepemilieHHs 3aJeXuTh Bl BHOOpPY TOUYKU (i-
rypu (ToJdroca), a KyT MOBOPOTY HABKOJIO IIBOTO IOJIFOCA HE 3alie-
KHTb BiJl BHOOPY CaMOro MOJIOCY.

[Tnockuit pyx TBEpAOro Tijia Ma€ BEIMKE 3HAYCHHS B TEXHII,
OCKIJIBKY JIAHITIOTH OLIBIIOCTI MEXaHI3MIB Ta MAIIWH, SIKI 3aCTOCO-
BYIOTBCS B TEXHIIll, 3IHCHIOIOTh TUIOCKUH PyX.
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In this case, the translational motion of the figure together with
any of its points is a figurative motion of a flat figure, and the
rotation of the figure around the axis perpendicular to the plane of
the figure and passing through the selected point — relative motion.

The translational movement depends on the choice of the point
of the figure (pole), and the angle of rotation around this pole does
not depend on the choice of the pole itself.

Flat motion of a solid body is of great importance in
technology, because the chains of most mechanisms and machines
used in technology, make a flat motion.
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JOJATOK A

Ilnomi i meHTpH Baru miuockux ¢giryp

Tabmums A.1
dirypa [Tmoma [lenTp Baru
Tpukymnux BO =0C ;
1
F=—ah, 3
enTp Baru —
B TOYIII MMEPETUHY
MeiaH
Pienooiunuii
1,
MPUKYMHUK F=—ah=—a ﬁ ;
VY i 1 1
! TO=—h=—av3
h 'T 5 1 3 36 a3
=—a
v 0, 2
N
Keaopam
A :p F= a2 = luz s
a Ve 2 Llentp Baru —
1IN a=0.707lu = ﬁ ; B TOYI[i IEPETUHY
v ! oceli i giaronanen
U |u=1414a=1414/F
IIpamokymnuuk
] :T F=ab=a\u’—a’ = et parn
| _
b| 1--- N =bVu’ —b*; B TOYIIl IEPETUHY
i oceil 1 giaroHanei
! P u=+a +b
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Appendix A

Squares and centers of gravity of flat figures

Table A.1
Figure Area Center of gravity
Triangle BO =0C ;
1
F=—ah, 3
2 Center of gravity -
at the point of intersection
median
Equilateral
_:‘rzangle F=—ah=—a*\3 X
‘ ! 1,1
h :T 1 70 = gh = ga\/g
VLA | reeh
JECEN
Square , 1,
! F=a =—u"; )
T 2 Center of gravity -
- . at the point of
| a=0.707=F ; intersection of axes
! g w=1414a—1414F and diagonals
Rectangle
:T F=ab=aVu’—a" =| Center of gravity -
| N 2 2. at the point of
! =bvut=b7 intersection of axes
; ! _ ]2 d di 1
- p - u=~a>+b and diagonals
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[Iponosxenns Tadbmuii A.1

dirypa [Tnoma HenTp Baru
Ilapanenozpam
T Ilentp Baru —
h F=zh B TOUII[I IEPETUHY OCeH
1 miaroHanen
Z »
Tpaneuyin
Z Z
0] * p_Ath, r0-1,22%2%
T h 3 z+z
|
: Y
Zz=< le >
Ilpagunvnuii 3 )
WeCmuKymHuK F=2598la"=
; ~ )
=3.4641p% [lentp Baru —
) y LEHTpI
r=a=11547p; IIECTUKY THUKA
£ =0.8660a
Ilpasunvruii
N-KymHUuK Fola g, 360° _
n LlenTp Baru — y ueHTpi
,, 180° 0araTokyTHHKa, TOOTO
=nplg——= .
n y TOYIIl IEPETHHY
2 180° oceil 1 niaroHanei
=n—oclg
n
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Continuation of table A.1

Figure Area Center of gravity
Parallelogram
Center of gravity -
T at the point of inter-
F=zh .
k z ?ection of axes and
diagonals
< Z »
Trapezium
zZ, z,
o\ 1 FoAthy, ro=1p2atn
f h 3 z+z,
|
! Y
=Zz= ¢ le -
F =2.5981a’ =
— 2 .
=3.4641p% Center of gravity -
) in the center
r=a=1.1547p; hexagon
£ =0.8660a
n-angle F="12n 360" _ The center of gravity is
n in the center
o, 1807 polygon, ie
=npig n at the point of inter-
&2 180° ?ectipn
=n—cig , axes and diagonals
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[Iponorxenns Tabmuii A.1

dirypa

ITmoma

LenTp Baru

Kono

F=m*=3.1416/* =

= %ﬁdz =0.7854d*;

LlenTp Barm —
y LIEHTpi KoJIa,
TOOTO B TOYII

[IEPUMETD:
: p p MepeTuHy oceit
2mr° =6.2832r = (I[iaMeTpiB)
=md =3.1416d.
Haniekono
P/ U
F = = d =
- =" TO:;‘_” = 0.4244r
0 =0.393d> "
Kpyzoeuii cekmop Singo
¢ — LIEHTPaIbHHI T0="rsin—2 =
T ! sr 1 o'’ %
a — JOBXWHA ~57 7360 ’
XopAau ? 260 2ra_ra
7 3y 3F
S=rg ——= 3 3F
) ? 180 ’ :
= 0.01745r¢"; sin
=38.197rsin (,2
. 57.296s ?
N7 T 2
X TTou ’ = 900 .
2F  57.296s e
pol 202 TO = 0.6007;
K 4
HpH QD = 60c :
TO =0.6366 7 .
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Continuation of table A.1

Figure Area Center of gravity
Circle F=m?*=3.1416/* =
Center of gravity -
= lmﬂ =0.78544*] 1n the center of the
4 circle,

[CpUMETp: that is, at the point
2 =6.2832r = intersection of axes
—md=314164.|  (diameters)
Semicircle
ot 1,
F=" =
T 2 8 TO=:—F=0.4244;"
0 —0.393d> 4
e
Circular sector Sin :
@ — central corner; TO=—rsin p =
a —length =lSI’=L§0 2, ?
chord 2 360 5
2ra r°a
s:r(o"iz 25?:3_F:
S 180 )
=0.01745r¢"; sin?-
—38.197rsin—2
. 57.296s P
NZ 9 = ; 5
a r
At @ =90":
2F 57.296s
F=—= . TO =0.600r;
s Q
At @ =60":
7O =0.6366r .
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[Iponorxenns Tabmuii A.1

Qirypa [Tnoma HenTp Baru
r(s - a) +ah 3
Kpyzoeuii ceemenm F= T, T70="%_ _
. 12F
¢ — LIeHTPaHLHI/IH a=2 /h(2r—h) : s
KyT, | 2, sin ey
. 2 2 =—7r
h=r ) Var-—a 3 F

F:rz(ﬂ+sin¢)—ﬂ]:r2n

180
é 0.1{0.2{03(0.4]0.5[{0.6(0.7/0.8/0.9
710.410.79|1.18|1.56/1.912.25[2.55(2.81(3.02
[lenTp Baru —
F = ;;(Rz - rz): y LEHTPI Ki, 110
1 00MEXYIOTh
= Ziz(D2 —d 2)= KPYIOB€ KiJblIe,

=0.7854(D> - d?)

TOOTO B TOYII
NIEPETUHY OCeH
(miameTpiB)

F=r-a-b=3.1416a-b=
=3.1416x

x\/2(a2+b2)

(a—b)

2.2

Ilentp Baru —y
CepeauHi enirnca,
TOOTO B TOYII
MIEPETUHY KOro
oceit
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Continuation of table A.1

Figure Area Center of gravity
r(s—a)+ah
Circular segment F= 5 TO = ICZZ;“ -
¢ — central corner; a=2h2r—h); s
sin” —
1 _2 5 2
h=r—5-\/4r2—a2 3 T F

F =r? 7+ sin —ﬂ =?
( v 180) 7

0.1/0.2(03(04]0.5/0.6/0.7]/0.8/0.9

I (]~

0.410.79|1.18|1.56{1.912.25[2.55(2.81|3.02

Center of gravity -
in the center of the

_(p2_,2)_

F=r (R -r )— bounding circles
1 2 2\ circular ring,
4 ”(D d )_ that is, at the point

_ 0.7854(D2 _ dz) intersection of
axes

(diameters)

The center of
F=rz-a-b=3.1416a-b=| gravity is in the

=3.1416x middle of the
5 ellipse, ie ata
X\/z(aZ +b2)(a_b) point
2.2 intersection of its
axes
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[Iponorxenns Tabnuii A.1

dirypa

ITnoma

enTp Baru

Cexmop
Kpy206020 Kinbuys

F:%(Rz—rz):

OT =38.197 x

(R3 — r3)sin%

X

a
=0.00873(R> - ). (R? =7 )5
[pu a =180° Ipn o =180°
2 2
F:7Z'(R r)= OF - 4R3—r3)=
2 2 2
37\R™—r
=1.5708(R> - ?). R
=0.424 5
—-r
[Tnorma eninTuaHOrO
Eninmuunuii cerMeHTa
cezmenm BH3HAYAETHCS Llentp Baru
00y TKOM eJIIIITUYHOTO

BiTHOIIEHHS a/r Ha

TUIONTY BiZTOBIZTHOTO
KPYTOBOTO CErMEHTa

CerMeHTa CIiBIaaae
3 IEHTPOM Baru
KPYTOBOT'O CErMEHTa
upu d =2b

AHarnoriuHe MpaBuIO COPaBEIHBO 1 IS
eJincoiga obepTaHHs
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Continuation of table A.1

Figure Area Center of gravity
OT =38.197 x
Sector
circular ring _ar (Rz —r2)= (R3 - r3)sm—
360 x -
=0.00873(R> - ). (R*-r?)
Ipn o =180 Tlpu & =180
F:7Z'(R2_r2>: o7 4R3—V3)=
2 2_ 2
3r\R" —r
=1.5708(R> - ?). R
=0.424 5
R —r

Elliptic segment

R

The area of the ellip-
?ical segment
is determined
product
ratio to the area of

Center of gravity
elliptical
segment coincides
with the center of

the corresponding gravity of the
circular segment circular segment
a at d =2b
F,=—F,
r

A similar rule applies to the ellipsoid of
rotation
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[Iponorxenns Tadmuii A.1

Qirypa [Tnoma LlenTp Barn
KOOPJMHATH IEHTPA
Keaopanm F —nnoma Barv KBaJIpaHTa:
(ueTBepTHHA) enirnca KBaJIpaHTa: o 4 ba e 4 b
F= 1 b 3 3 7’
X X, 4 '
<~ /~—>, KOOPJMHATH IEHTPA
I . | pr_ wIoma Baru JOIOBHEHHS 10
%T i b—% /T T NoToBHeHHs 0 | KBaApaHTa:
0 Y 0 KBaJIpaHTa: a AN
a a N=c|1=-7 ]
F'= ab[l - —j )
4 ) = b 1- T
Yool 4
BiJICTaHb IICHTpA
Ilapaboniunuii Baru napaboIiyHoro
naniecezmenm HamiBCErMeHTa Bif
BEPILIUHU:
3 3
! ) a=_x;b=—y;
F= gxy 5 8
blI T1 yI LEHTpP Baru
~ T‘:\ bE v JIOTIOBHEHHS JI0
TTZ napaboIigHOTO
a — HamiBCErMeHTa:
X a,=03x; b, =0.75y.

CrpaBeIMBO TaKOX 1 JJIS1 BUIIA/IKY, KOJIH
XOpJia YTBOPIOE 13 BICCIO KOCHIl KYT.
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Continuation of table A.1

Figure Area Center of gravity
coordinates of the
uadrant ter of itv of th
( ugrter) ellipse |7 —area Cende e YO
q p uadrant: quadrant:
R _4ba 4D
F:lizab. 3 ﬂ’y 3’
4 coordinates of the
F' —area center of gravity of the
addition to the  (@ddition to the
quadrant: quadrant:

F':ab(l—zl.
4

a T
x=2l1-2|;
6 4

_é[l_zj
Ars

Parabolic
semi-segment

hy T\;xj

=

center distance

the weight of the
parabolic half-segment
from the top:

3 3

a=—x;b==y;
8)’

center of gravity
addition to parabolic
half segment:

a,=0.3x; b, =0.75y.

It is also true for the case when the chord
forms an oblique angle with the axis.
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TOJATOK B

Mi:kHApPOAHA MEeTPUYHA CHCTEMA OIMHUIb

Mipu n10B:XUHH

) Binnomenus
Hasga CkopoueHe Bemumna BigHOILIEHHS 110 OCHOBHOT
IMMO3HAYCHHJ] 0 CM .
ONUHUTII (M)
ITikometp nm 0.001 1u 1077 107"
Hanomerp HM 0.001 mx 107 107
Mikpon 0.000001 = 0.001 P P
. MK 10 10
(MiKpOMETD) MM
Minimerp MM 1000 mx 107! 107
Cautumerp |  cm 0.01 =10 mm 1 107
A m=10cmu=100
Heuumerp oM 0-1u o 10 107!
MM
100 cm = )
Mertp M 1000 atas 10 1
1000 . = 1 000 000
Kinometp KM M 10° 10°
MM
Meramerp Mwu 1000 000 10° 10°
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Appendix B

International metric system of units

Measures of length

) ) Relation to
Name Abbrev‘lated Magnitude Relation to the basic
notation cm .
unit (m)
Picometer pm 0.001 nm 107" 107"
Nanometer nm 0.001 u 107 107
Micron 0.000001 m = 1074 10°6
(micrometer) K 0.001 mm
Millimeter mm 1000 mm 10" 107
Centimeter cm 001 m=10mm 1 1072
Decimetre dm 0-1m =10 cm = 10 107
100 mm
Meter m 100 cm = 1000 mm| ~ 10? 1
. 1000 m = 5 3
Kilometer km 1000 000 mm 10 10
Megameter Mm 1000000 m 10° 10°
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JOIAATOK B

I'eomeTpH4Hi XapaKTepHCTHKHU IUVIOCKHUX Nepepi3iB

dopma [To3HaueHHs TeOMETPUYHUX XaPAKTEPUCTUK
nepepizy F I, |1, | 1, I, s w,
VA
A |
i lx 3 3 2 2
I O L5 T N LV
vl | 12 112 6 6
<b~
yﬂ
hI bh bk |hb* | bR - B -
LNy 2 1212 | 24
i b
VA
!
hT; bh bk’ |hb* |-b*R*| | -
N\ 2 36|36 | 72
:br
i
A
4 /LA L A N (2 L
oo\ 2 36 | 48 24 | 24
< b >
VA
Ny A oAy | A Al
dl,’ 4 64 32 32 16
A
A
D d
(O i) o )Pl ha
7] | 4 64 32 32 16
a=d/D
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Appendix C

Geometric characteristics of flat sections

Form Designation of geometrical characteristics
Cross
section F Ix ]y 1 xy ]p x Wy Wp
4
A |
i lx 3 3 2 2
A LI I Vi Ul B
vl 12 | 12 6 | 6
<b~
yﬂ
hI bh bk’ | Wb’ | B’h’ 3 | B
1 X2 12 12| 24
1 b
%
[
i bh bk’ |hb’ |- bk’
hl i\ x| — - - | - -
N> 2 36 |36 | 72
:br
YA
A
4 /LA L 0 B B (2 L
oo\ 2 36 | 48 24 | 24
¢ b -
yA 2 4 4 3 3
1 N 7 0 . d md
dl,’ 4 64 32 32 16
A
Y
D ed
IO i) 0 e e
ﬂ 4 64 32 32 16
a=d/D
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18.

JOJATOK I
KoHTpobHI NUTaHHA

Jlat BHU3HaueHHsS AUCUUIUTIHU “TeopeTMyHa MexaHika’ Ta Ha-
3BaTH il MAPO3ALUIH.

[Io BUBYAETHCS B CTATHUILI?

Jlati BU3HAYEeHHS CUJIM, Ha3BaTH, SKUMHU (paKTOpamMy BOHA BHU3HA-
YaETHCSL.

[I{o Take piBHOMIIOUA Ta 3pIBHOBAXKYOYA CHIIA?

CdopmyntoBaty akCiOMU CTaTUKH Ta HACHIJIKH 3 HUX.

[llo Ha3uBa€ETHCA B’ 53310, HAKIIAICHOO HA T110?

HazBatu Bugu B’s13eil.

Jlat BU3HAUeHHs peakiiii B’s31 Ta BKa3aTW OCHOBHI BHUMAIKH
BU3HAUEHHS HAIPSMKY peaKiliii B’ a3ei.

[{o o3Hauae po3KJIACTH CHITy Ha JIBI CKJIAJIOBI, MPHUKJIA/ICH] B OMHIN
TOouri?

[Ilo o3Ha4ae ckimactu ABl a00 JEKUIbKa CHJI, IPUKJIAICHUX B OTHIN
TOouI?

[I{o Ha3uBa€eTHCS MPOESKINIEIO CHIIA HA BiCh; K BU3HAYAETHCS BE-
JIMYMHA 1 3HAK MPOEKIIiT CUIIM Ha 0C1 KOOpAUHAT?

B sixoMy BUIIaIKy TTPOEKITisS CUITK HA BICh TOPIBHIOE HYJIIO?

SIk BU3HAYa€THCs BEJIMUYMHA 1 HANPSIM CHJIM TO 11 MPOEKLisM Ha
oci KoopauHar?

CdopmymoBaTi TeOMETpUYHY YMOBY PIBHOBAaru IUIOCKOI CHC-
TEeMU 301’KHHUX CHIL

CdopmymoBaTi aHaNITUYHY YMOBY pPIBHOBaru CHUCTEMH 301%k-
HUX CHJL.

3anucary piBHSHHS PIBHOBAr IJIOCKOI CUCTEMH 301KHUX CHIL.
Jlati BU3HAUEHHS Mapu CWI. SIKy Jif0 BOHAa YMHHUTH HA TBEpPIC
Ti10?

o Ha3WBaeThCSI MOMEHTOM TMAapH; MPABWIO 3HAKIB JUIA TMapH
cun?
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Appendix D

Control questions

. Define the discipline "Theoretical Mechanics" and name its sub-

sections.

. What is studied in statics?

. Give a definition of force, name what factors determine it.

. What is resultant and balancing force?

. Formulate axioms of statics and their consequences.

. What is called a restraint applied to the body?

. What are the types of restraints.

. Give a definition of the reaction of the restraint and indicate the

main cases of determining the direction of the reactions of the
restraint.

9. What does it mean to decompose a force into two components applied

at one point?

10. What does it mean to add two or more forces applied at one point?

I1.

12.

13.

14.

15.

16.

17.

18.

What is called the projection of force on the axis; how is the
magnitude and sign of the projection of the force on the
coordinate axis determined?

In which case the projection of the force on the axis is zero?

How to determine the magnitude and direction of force on its
projections on the coordinate axis?

Formulate the geometric condition of equilibrium of a plane
system of converging forces.

Formulate an analytical condition for the equilibrium of a system
of convergent forces.
Write the equation of equilibrium of a plane system of convergent
forces.

Give a definition of a pair of forces.What effect does it have on a
solid body?

What is called the moment of steam; rule of signs for a pair of
forces?
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19.

20.
21.
22.
23.

24.
25.

[Ilo Ha3MBa€THCI MOMEHTOM CHJIM BIJHOCHO TOYKH? SIKi ¥MOro
3HAKHU 1 PO3MIPHICTH?

B sixoMy BHINaIKy MOMEHT CHJIM BiTHOCHO TOUKH JIOPIBHIOE HYITIO?
[Ilo o3Hauae MpUBECTU CHITY 0 AAHOI TOUKH?

YoMy 10piBHIOE MOMEHT NPUEAHAHOT Tapu?

o Ha3uBa€eThCS TOJOBHHUM BEKTOPOM 1 TFOJIOBHUM MOMEHTOM
TUIOCKOI CHCTEMH CHJI Ta SIK BOHU BU3HAYAIOTHCs?
CdopmymoBaru Teopemy BapuaboHa.

3anucaty piBHSHHS PIBHOBAIrd IJIOCKOI CHCTEMH CHJII (TPH BUJIA).
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19. What is the moment of force relative to a point? What are its
signs and dimensions?

20. In which case the moment of force relative to the point is zero?

21. What does it mean to bring force to this point?

22. Why is the moment of the connected pair?

23. What is the main vector and main moment of a plane system
of forces and how are they determined?

24. Formulate Varignon's theorem.

25. Write the equation of equilibrium of a plane system of forces

(three types).

187



Hasuanvue suoanns

[IleBuenko Bonoaumup I'puropoBuy
@ypcina Anna J[MuTpiBHa
[Iymukin Cepriit OnexcanapoBud
Kpyxnosa Csitiana FOpiiBHa

TEOPETUYHA TA NPUKJJIAJHA MEXAHIKA
YacTruna 1
Teoperuuna MexaHika

THEORETICAL AND APPLIED MECHANICS
Part 1
Theoretical mechanics

Hasuanvnuii nocibnux

Bunasuunrso «IIpocBita»
Tupax 50 npum.



