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Preface 

It is my pleasure to present you the proceedings of The Sixth International Workshop 
on Computer Modeling and Intelligent Systems (CMIS-2023), held in Zaporizhzhia, 
Ukraine on 3 of May 2023.  

The CMIS workshop was held in 2023 for the sixth time at the National University 
"Zaporizhzhia Polytechnic" (http://www.zp.edu.ua), which is the largest and oldest 
regional center for science and higher education in the Zaporizhzhia region of South-
Eastern Ukraine.  

The main purpose of the CMIS-2023 workshop is a discussion of the recent re-
search results in all areas of Computer Sciences and Information Technologies.  

The workshop is soliciting literature review, survey and research papers including, 
whilst not limited to, the following areas of interest:  

– Artificial Intelligence; 
– Computer Science Methods for Modeling; 
– Info-Communication Technologies for Data Analysis and Applications for Engi-

neering, Medicine and Education. 
There CMIS-2023 workshop countries of PC members and authors of submitted 

papers are: Algeria, Belgium, Canada, China, Egypt, Finland, Germany, Israel, Lat-
via, Malasia, Netherlands, Poland, Portugal, Slovak Republic, Spain, Ukraine, and 
USA. The number of countries of CMIS-2023 authors and PC members is 17. 

The language of CMIS-2023 Workshop is English. The workshop took the form of 
oral presentations of peer-reviewed regular papers. The video of presentations is 
available at https://www.facebook.com/groups/cmis.workshop/. 

The CMIS-2023 Organizing Committee have received 129 paper submissions, out 
of which 22 were accepted for presentation as a regular papers in the result of review-
ing process, where the editor, program committee members, external and peer re-
viewers sought to ensure a high scientific level, as well as a high-quality presentation 
of the selected papers. The paper acceptance ratio in 2023 is 17%. These papers were 
published in this volume of CMIS-2023 proceedings.  

The workshop would not have been possible without the support of many people. 
I would like to thank the Workshop Program Committee Members, organization staff, 
and external reviewers for their excellent and tireless work. I sincerely wish that all 
attendees benefited scientifically from the workshop and wish them every success in 
their research. It is the humble wish of the workshop organizers that the professional 
dialogue among the researchers, scientists, and engineers continues beyond the event 
and that the friendships and collaborations forged will linger and prosper for many 
years to come. 
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Abstract 
The paper is dedicated to the elaboration of the principal theoretical provisions for the 
optimal governing of the intelligent air transportation management system. Subjective 
entropy maximum principle developed for active systems control is an initial postulate. The 
optimization theory of the subjective individuals’ preferences is the working hypothesis. 
Based upon the Jaynes’ principle of the entropy maximum the preferences functions are 
being found in the explicit view. Conditional optimization of the subjective preferences 
functions entropy, as the uncertainty measure modeling the available operational multi-
alternativeness, allows organizing some rational air transportation system’s managerial 
efforts. Illustrative example simulation is performed. Necessary diagrams are plotted. 
 
Keywords  1 
Entropy, preferences, uncertainty, air transport, optimization, variation, management, 
concept, objective functional. 

1. Introduction 

Air transportation management operates in conditions with a rather uncertainty degree. On one 
hand there must be all necessary aircraft maintenance and repair procedures performed [1] including 
the most complex airplane structural parts such as the aircraft powerplants [2]. The due course 
airplane maintenance carried out in the due scope and due time scheduled ensures the aeronautical 
engineering operational reliability and decreases the risks of the probable aviation incidents and 
accidents happening [3, 4]. 

It is undoubtedly that the air transportation management chasing the goals of their business 
profitable running considers expected utilities of such kind of activity [5]. The complexity of this 
operational situation makes an impact upon the individual choice behavior [6]. 

The famous Jaynes’ principle of the entropy maximum [7 – 9] allows taking into account the 
uncertainty degree in not only purely physical systems, and the entropy based research penetrated all 
spheres of science [10], but the entropy paradigm is also applicable to economic activity studies [11] 
in the context of the subjective analysis of active systems [12]. 

The scientific gap of the art-on-the-day investigations contains the lack of the uncertainty degree 
conditional optimization problem settings that relate with the statistical estimations in the aviation 
radio equipment reliability parameters monitoring [13], novelty smart materials creation [14], neural 
network modelling targeted at the transportation challenging tasks performance prediction [15]. The 
entropy ideas could be applicable to the neuro-fuzzy network synthesis [16] optimization as well. 

Thus, the ideology of an entropy based theoretical research stream [7 – 10, 12, 17 – 20] should be 
prolonged further with the help of the previously elaborated provisions of [12], which has already 
been successfully implemented in [12, 17 – 20]. 
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2. Theoretical contemplations 

In order to simulate functioning of some air transportation management intelligent system it is 
proposed to use the entropy approach [7 – 9] developed for the active systems modeling [12]. 

2.1. Active systems concept 

Considering an intelligent air transportation management system as an active one it is proposed to 
compile the objective functional in the view of [7 – 9, 12, 17 – 20]: 

N  H ,  (1) 

where  ,  , and   are corresponding structure parameters that can be considered at different 
problems settings as the uncertain Lagrange multipliers, some coefficients or weight coefficients. 
Here they are interpreted as the internal intelligent air transportation management system’s parameters 
dealing with the intelligent artificial subject’s “estimation” of the effectiveness of the alternatives 
available at the operational situation. H  is entropy of the alternatives preferences  ;   is a function 

of the effectiveness that together with the alternatives preferences entropy H  determines conditions 

of the attainable alternative preferences   distribution optimality; N  is normalizing condition. 
It is important to realize that the regularities of the artificial subject’s intelligence existence and 

functioning have to resemble the natural intellectual properties of the individual responsible for 
making the managerial decisions in the considered sphere of the activity. 

Therefore, the structure parameters of  ,  , and   introduced in the objective intelligent air 
transportation management system functional (1), in some respect, could be defined as endogenous 
parameters reflecting certain features and properties of psych [12]. 

One of the active system’s peculiarities is the system’s controllability (being managed conditions) 
through the active element and by the active element of that active system. In particular, in the 
aviation and air transportation field of industry, it is the uncertainty of the operational situations that 
can lead to some dangerous states and conditions. That is why the active element (an individual or a 
subject making the responsible controlling or managerial decisions) is forced to the take actions in the 
conditions of some multi-alternativeness and conflicts. It happens because of the necessity to act at 
the presence of the lack of the resources (such as, for example, the deficiency of time, limitations of 
the altitudes, distances etc.). 

There is no doubt that safety in aviation is the top priority. Thus, it is obvious that there is great 
urgency, importance, and actuality in studies touching the directions related with the influence of the 
notorious human factor upon safety. Such problematic is important also because the stated problems 
solutions require expressing individuals’ subjective preferences functions with the help of some 
functions taken in the explicit view. 

The systematic fundamental research of the multi-alternativeness in the framework of the approach 
connected with the concept of the problem-resource situation development has been apparently 
initiated in the monograph [12]. There, it has been considered mainly two adjacent problems of the 
general formulation; for the presented theoretical study those problems are coupled with the objective 
intelligent air transportation management system functional (1), [12]: 

2.1.1. Conditional extremum of entropy 

This formulation following [12] deals with the necessity to obtain the optimal distribution of the 
subjective preferences functions of the active element of the active system (individual’s subjective 
preferences functions)  i ; at the set of the achievable for the individual’s goals alternatives of i , 

Ni ,...,1 , where N  is the number of the attainable for the individual’s goals alternatives; that 

are delivering a conditional extremum value to the entropy H  of the subjective preferences functions 

of  i , [12]: 



  0...,,  U ;            0AP  ;           
  


 extrextr arg ,  (2) 

where   is a corresponding function of the subjective effectiveness; U  is a corresponding function of 
the subjective utility; 0  is “isoperimetric constraints” for the function of the subjective effectiveness 

of  ;  P  is a certain subjective “perimetric function” for the functions of the subjective 

preferences of  i ; 0A  is “isoperimetric constraints” for the subjective “perimetric function” of 

 P ;   is the class of the subjective preferences functions of  i , at which the extremal 

distribution of the  extr  functions is chosen. 

2.1.2. Conditional extremum of effectiveness 

The second formulation is also after [12]; and it is about the counter problem setting: to find the 
distribution of the subjective preferences functions of   , delivering the conditional extremal value 

to the function of the subjective effectiveness of  ...,, U , subject to the “isoperimetric” 
constraints, [12]: 

0HH  ;            0AP  ;           
  


 extrextr arg ,  (3) 

where 0H  is a corresponding “isoperimetric constraints” for the subjective entropy of H . 
Thus, in the view of the above formulations of the expressions of (2) and (3), it is postulated in the 

framework of the subjective analysis [12] (the theory of subjective preferences, or the entropy 
paradigm of the subjective individuals’ preferences functions with respect to the available alternatives 
effectiveness functions, or the theory of active systems) that, for the active (in the presented case 
intelligent) control or management of the intelligent air transportation management system, the 
optimized objective functional could be constructed in the rather general form of (1), [12]. 

2.1.3. Generalization 

As the kind of the variational problem generalization in regards to the objective intelligent air 
transportation management system functional (1), [12], the attempt has been made in the view of the 
integral form of the objective functional. The objective functional of the type of (1) in the sense of the 
problem setting of (2) could be represented for some research cases in the view of 
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where t  is time; 

   



N

i
ii tt

1

ln , 
(5) 

is entropy H  of the subjective preferences functions of  ti ; where  ,   are the structural 
parameters, analogous to those ones introduced above in the objective intelligent air transportation 
management system functional of (1); but here, they are already reduced by  ; and the previously 
introduced designations for such parameters therefore are just deliberately kept the same for the 
conceptual perceptions easiness; iF  is the function of the subjective effectiveness of the i -th 
available alternative taken for the set of the alternatives consideration on the purpose of the subjective 
preferences functions entropy conditional optimization; here, these are the elements which correspond 
with the utility functions, but with a specific meaning related to the particular case problem setting; 
the final under-integral member linked with: 

  1
1




N

i
i t , 

(6) 

of the identity to zero value of the normalizing condition, is one more of the conventional constrains 
described above. 



Now, the objective intelligent air transportation management system functional constructed in the 
integral form view of (4), comprising such under-integral members as those of the expressions 
represented in (5) and (6), encompasses the properties of both subjective analysis postulated form (1) 
and dynamical optimization characteristics through the time developing processes as it is stated with 
the form described by (4). 

Also, some of the particular cases, for the problem settings in the dynamical framework of the 
variational problem, could be considering the intensive and extensive parameters optimizations; 
which is a constantly urgent problematic for the rational intelligent air transportation management 
system functioning too. 

For a simplest variational problem setting, it could be taken into account such intensive and 
extensive parameters as, for instance,  tx  and  tx . 

Where 

 
dt

dx
tx  , 

(7) 

is an intelligent air transportation management system effectiveness controlling function (the first 
derivative with respect to time) of the controlled parameter of  tx . 

In case of (4) – (7), the functions of  tx  and  tx , as the functions of the subjective effectiveness 
of the two attainable alternatives, should have the corresponding subjective preferences functions of 
the active elements (subjects or individuals responsible for making the intelligent air transportation 
management system governing decisions):  t1 ,  t2 . 

As to the modifications of the objective intelligent air transportation management system 
functional with the elements of both intensive and extensive parameters, it could be proposed a model 
based upon, let us say, a combinations of the functions of  tx  and  tx , for example, one of such 
construction might be as follows: 
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(8) 

where 2 , 3 , and 4  are the coefficients that take into account the differences in the measurement 
units and dimensions for the corresponding elementary functions, pertaining to the achievable 
alternatives effectiveness functions, described with the expressions of the introduced for the 
consideration combinations: 

 tx ,           tx ,             txtx           and         
 
 tx

tx
. 

(9) 

For the objective intelligent air transportation management system functional (8) with the elements 
of (9), there might be 11 particular cases of the (9) expressions combinations assessing some 
preferable properties. 

2.1.4. Subjective optimality postulate 

Formulation of the subjective optimality postulate is based upon the vision of the active systems 
governing and management [12]. In the considered problematic interpretation this is the intelligent air 
transportation system reasonable management. 

If the controlled information income flow is processed effectively and adequately enough, then the 
participants of the intelligent air transportation system managerial process (the air transportation 
system operation, economical activity processes etc.) have a possibility, taking into their own 
consideration the resources (for example, technical, financial and so on) required for the given 
process, their own business running, to choose one or another attainable alternative at the available 
problem-resource situation that has been formed. 



Along with this, following the theoretical contemplations and the theories of the described above 
ideas, traced with the expressions of (1) – (9), the active element of either artificial or natural 
intelligent governing system (the subject, individual, person responsible for the decision making, key-
element of the active system) forms her/his own alternative preferences functions distributions for the 
achievable for her/his own purposes alternatives with the application of the objective functional taken 
in the fairly general view (1), [12]. 

Remarkable here is that constructing the objective intelligent air transportation management 
system functional in the view of, [12]: 
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(10) 

where  i  is a corresponding negative subjective individual’s preference function of the 

responsible decision making person;  iL   is the corresponding function of the personally estimated 
losses related with the available alternatives; the individual distinguishes a certain one-sided attitude 
to the managerial process. 

On the contrary, formulating the objective functional as, [12]: 
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(11) 

where  i  is a corresponding positive subjective individual’s preference function of the 

responsible decision making person;  iU   is the corresponding function of the personally estimated 
utility related with the available alternatives; the individual distinguishes a certain second-sided 
attitude to the managerial process. 

Both formulation of (10) and (11) that is both the negative (losses, harmfulness) and positive 
(utility, usefulness) estimations are possible. 

And the both-sided estimated managerial process of (10) and (11) is extremized with the use of the 
necessary conditions for the subjective preferences functions entropy conditional optimization in the 
view of 
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For both senses of (10) and (11) the conditions of (12) yield the so-called canonical distributions 
of the subjective preferences functions [12]. 

In cases of the object (item, thing) subjective preferences these canonical distributions of the 
preferences functions are conventionally called: the subjective preferences functions distributions of 
the first kind [12]. 

The optimal distributions are as follows, [12]: 
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where L  and L  are corresponding coefficients with the subscript for the objective intelligent air 
transportation management system functional of (10) having related with the negative sense 
alternatives i  effectiveness estimations; and U  and U  are corresponding coefficients if the 
subjective attention is drawn to the positive features, in generally speaking terms to the same set of 
the alternatives. 

2.2. Simulation 

An example of the calculations results with the data of 
1000 ,          009.0L ,             101L ,             152L ,             203L ,  (14) 

is illustrated in the Figures 1 – 4. 



The designations in the Figure 1 are obvious. The diagrams of the losses functions of the Figure 1 
are plotted for the calculations with the first equation of (13) and by the last three equations of the 
data set supposed with (14). 
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Figure 1: Example figure for losses functions 

 
The subjective preferences functions diagrams (see the Figure 2) are plotted by the corresponding 

losses calculations with the first equation of (13); the designations in the Figure 2 are also easily 
identified and readable. The subjective preferences functions normalizing condition expressed with 
the equation (6) is visible in the Figure 2 too. 
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Figure 2: Example figure for preferences functions 

 
Similarly to the diagrams shown in the Figure 2, one can notice (see the Figure 3) the equivalent 

character of the phase portraits (phase diagrams) of the subjective individuals’ preferences functions 
with respect to the other phase coordinate of the corresponding losses (harmfulness) functions. The 
designations used in the Figure 3 are the same as those ones of the Figures 1 and 2. Hence, there is no 
necessity to dwell to much on the phase curves designations; as well as the normalizing condition (6) 
is illustrated in the Figure 3. 

At last in the Figure 4, it is represented the subjective entropy computed by formula (5). The 
maximal value of the subjective individuals’ preferences uncertainty degree (subjective entropy), 
which equals 

 3lnH ,  (15) 

for the modeled three-alternative case, is shown in the Figure 4 as well. 
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Figure 3: Example figure for preferences over losses functions 
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Figure 4: Example figure for preferences functions entropy 

 
The simplicity of the example modeled with the formula (5), first equation of (13), and the data of 

(14) demonstrates the standard character of the dependencies in the abstract three-alternative case 
when the maximal preferences are allotted to the lowest losses. 

In theoretical aspects the computational results shown in the Figures 1 – 4 are emphasizing the 
differences to the theoretical contemplations discussed in [12]; therefore, it might be considered a 
theoretical development in the understanding of the concept. 

A bit different example of the calculations results with the differing data of 
  600101 L ,            200152 L ,  (16) 

is illustrated in the Figures 5 – 8. 
The designations in the Figures 5 – 8 are kept the same as those ones implemented for the 

diagrams shown in the Figures 1 – 4. 
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Figure 5: Example figure for modified losses functions 
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Figure 6: Example figure for modified preferences functions 
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Figure 7: Example figure for modified preferences over losses functions 
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Figure 8: Example figure for modified preferences functions entropy 

 

3. Discussion 

The models based upon the second equation of (13) should provide greater subjective individuals’ 
preferences functions values to the greater values of the utility (usefulness) functions. This is logically 
explainable. 

As a whole, the entropy approach modeled with the linear combination for the objective intelligent 
air transportation management system functional (1) might include a much greater number of 
constraints than it has been described herewith. 



Moreover, the normalization conditions for “one”, introduced with relation of (6), are not so 
obligatory. Sometimes these conditions could be considered as the subsidiary constraints 
supplementing the specified problem setting for the perceptual easiness. 

Endogenous parameters implemented in the presented study entropy paradigm models are 
presupposed to be predetermined as some external factors impact. Their influence is simplified in 
principle. Although, such parameters might drastically change the optimal distributions provided the 
parameters are different and interrelating. 

The isoperimetric functions described with the expressions of (2) and (3) might ensure some 
extremal value (either maximum or minimum) to the objective functional or not because the solutions 
in the view of the canonical distributions of the subjective individuals’ preferences functions (13) are 
being obtain just based upon the first order (necessary) extremum existence conditions (12). In order 
to clarify that issue (the deliverance of either maximum or minimum to the objective functional value 
by the found distributions of the subjective individuals’ preferences functions) some additional 
research should be conducted. 

The entropy member, described with the expression (5), of the objective functionals may have the 
same optimal “point” with the objective functionals themselves and may be not. That depends upon 
the specific cases modeled in different problem formulations. 

As for the integral form of the objective functionals themselves, there are endless numbers of the 
problems stated in the framework of the calculus of variations that could be solved with the help of 
the Euler-Lagrange theory. However, the noted with the intensive versus extensive parameters models 
of equations indicated above as (7) and (8), as well as with the expressions of (9), allow conducting 
dynamical modeling. 

The mean value of the uncertainty for the period of consideration is proposed to be estimated in 
the ideology of the equation of (8) mathematical statement. 

The losses versus utilities dilemmas expressed with (10) and (11), as well as the simplest 
illustrated simulations results represented in the Figures 1 – 8, show the prospects of the entropy 
paradigm approach. 

Nonetheless, the simplified problem setting discussed herewith is brightly highlighting the most 
important features: theoretical considerations for the optimization of the intelligent air transportation 
management system in conditions of the operational multi-alternativeness; and the caused because of 
the operational multi-alternativeness the operational situation of uncertainty measured with the 
entropy of the subjective preferences. 

4. Conclusion 

Computer modelling with the application of the subjective entropy paradigm implemented to an air 
transportation management intelligent system makes it possible to conduct a reasonably optimal 
governing activity based upon the theoretically substantiated provisions and results. 

Aviation transport management rational organization should take into account the uncertainty of 
the decision making responsible individuals’ preferences related with the alternatives of the air 
transportation means operation. 

Specifically the theoretical developments covered herein are proposed to be used in the field of 
transport, management, and logistics. 

Further research endeavours are envisaged to be taken in the studies dealing with the necessity of 
the systems intellectual potential optimal growth findings. 
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Abstract 
A methodology for developing the digital twin mathematical model for a cyber-physical 
system in the air heating process form using an electric heater is proposed. At the passive 
identification expense, the technique gives possibility of synthesis and adaptation of the 
digital twin discrete mathematical model by the air heating measured data in the operating 
electric heater. The influence of analytical model uncertain parameters of the electric heater 
on the calculation’s accuracy is considered. The quality criterion for assessing the 
mathematical model adequacy to a physical dynamic process is proposed. The algorithm of 
passive identification the mathematical model uncertain parameters is developed, in which 
the deviations of calculated model variables from measured values in the process of air 
heating are minimized. A numerical study of the considered method has been carried out. It is 
shown that the passive identification of the uncertain model parameters belongs to the one-
extreme optimization problem. The considered simulation examples prove that the proposed 
methodology for the digital twin development using MatLAB software is an effective and 
convenient tool for the rational creation of a digital twin for cyber-physical systems. 
 
Keywords  1 
Cyber-physical system, digital twin, mathematical model, identification, uncertain 
parameters, optimization, electric heater 

1. Introduction 

Modem IT technology has advanced a great deal and is making it possible to increase the 
efficiency of industrial production to a great extent. Experts around the world predict the final arrival 
of the digital age in the near future. The prospect of digitalization looks attractive, progressive and 
efficient. The basic technological unit of digital production is the cyber-physical system (CPS) [1]. 
There are different interpretations of CPS concept because these systems are simultaneously located 
at the different spheres intersection of human activity. The main characteristic of these systems is the 
interaction between physical and computational processes. The interaction mechanisms are provided 
by a network structure known as the Industrial Internet of Things (IIoT). 

Fig. 1 (a) shows a classic production control hierarchy. Here PLC are program logic controllers, 
SCADA is Supervisory Control and Data Acquisition (dispatching system and management), MES is 
Manufacturing Execution System (production management system), ERP is Enterprise Resource 
Planning (enterprise resource management system). However, this structure does not meet the modem 
production requirements. Today, production management requires Industry 4.0 competences, which 
are relatively new and largely IT-related. Thus, the classic hierarchical pyramid of production 
management is being transformed into a system with an IIoT (see Fig. 1, b). 

Changing the concept of cyber production management dictates the need to develop new methods 
for the analysis and synthesis of such systems. The main characteristics of CPS are its heterogeneity, 
uncertainty of different nature, multidisciplinary nature, and provision of functioning guaranteed 
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strategy throughout system life cycle [2]. CPS should be able to analyze multidimensional data, taking 
into account the latent factors of production. Based on this data, it can autonomously solve 
optimization problems and make the right decisions. A key unit in the CPS maintenance and 
management process is the digital twins. 

 

 
Figure 1: Technological production processes; a) classic production management hierarchy;  

b) managing production as a cyber‐physical system 
 
The digital twin concept as a basic prerequisite for managing a physical object throughout its life 

cycle (design, implementation, operation maintenance and disposal) has been proposed by Michael 
Grieves [3]. The digital twin concept is part of the fourth industrial revolution and is designed to help 
enterprises detect physical problems faster, predict their results more accurately, and produce better 
products. The use of a digital twin during the creation phase allows the entire life cycle of the 
intended object to be modelled and simulated. The digital twin use makes it possible to simulate the 
entire life cycle of the intended object [4]. Most often, digital twins are created to simulate objects 
directly related to industrial production or being an important element of technical systems [5]. The 
first practical definition of a digital twin was given by NASA in an attempt to improve the modelling 
of physical spacecraft models in 2010 [6]. 

According to the Industrial Internet Consortium (IIC) [7], a digital twin is a formal digital 
representation of some asset, process or system that captures attributes and behaviors of that entity 
suitable for communication, storage, interpretation or processing within a certain context. Researchers 
point out that digital twin’s design is based on the use of simulation methods that provide the most 
realistic representation of a physical object in the virtual world [8]. Mathematical representation of 
digital twins can be obtained applying methods: statistical modeling, using machine learning or 
analytical modeling, which uses a mathematical description the physical processes laws. 

Statistical analysis methods can be divided into three groups: regression analysis models, 
classification models and anomaly detection models [9]. The machine learning method choice 
depends on the size, quality and data nature, as well as the problems type to be solved. In [10], the 
authors point out that the analytical model’s determinism in engineering is a valuable property that 
should be exploited in CPS. In [11], CPS development using deterministic models, which have proven 
to be extremely useful, is discussed. Deterministic mathematical models of CPS are based on 
differential equations and include synchronous numerical logic and single threaded imperative 
programs. However, CPS combine these models in such a way that determinism is not preserved. 

The development of digital twins is taking place within the concept of IIoT, which encourages 
developers in the standardization direction. One of the fundamental works on digital twins’ 
standardization is the Industrial Internet Reference Architecture (IIRA) reference model proposed by 
IIC. The document describes guidelines for the development of systems, solutions and applications 



using the Internet of Things in industry and infrastructure solutions. This architecture is abstract, and 
provides general and consistent definitions for different stakeholders, system decomposition, design 
patterns, and terms glossary. 

The IIRA model for the IIoT identifies at least four stakeholder perspectives: business, use, 
function, implementation. Each perspective focuses on the functional components of the IIoT, their 
structure and relationships, the interfaces and interactions between them, and the relationship and 
interaction of the system with external elements of the environment to support the use and CPS 
operation. These features are of particular interest to CPS architects, developers and integrators. 
Based on the IIRA model, digital twin information includes (but is not limited to) a combination of 
the following categories [7]: physical model and data; analytical model and data; temporal variable 
archives; transactional data; master data; visual models and calculations. Based on the IIRA model, 
digital twins are mainly created for commercial use using simulation and optimization techniques, 
databases, etc. to implement rational real-time production management and support strategic and 
operational decision making. The concept of a digital twin has a multifaceted architecture and 
correspondingly complex mathematical support for its implementation. The development of a digital 
twin mathematical model, which after machine learning or identification gives the ability to follow 
and predict the physical process behavior, is the subject of many scientific discussions. In this paper 
the approach to develop a mathematical model of a digital twin, taking into account its fractional-
rational uncertainty is proposed.  

2. Research problem statement 

The aim of the publication is to develop digital twin mathematical model of CPS for 
manufacturing plants, taking into account the parametric uncertainties of the physical process 
mathematical description. The application of the mathematical model synthesis methodology for the 
electric heater digital twin is given. 

3. Electric heater model uncertainty analysis 

Let's consider a mathematical model of the air heating process on an electric heater 
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Mathematical model (1) and its thermophysical parameters are considered in detail in work [12]. 
On the analysis basis of mathematical model parameters numerical values, it can be stated that 
thermophysical values of material flows and structural materials of electric heater are determined with 
high accuracy from reference books on thermophysical properties of substances and materials [13]. 

However, the heat transfer coefficient 0  depends on many factors. Its numerical value can vary 

several times depending on: the heating element temperature E ; temperature A , humidity Ad  and 

air expense AG ; heat exchange surface design features and other factors. This parameter is the subject 
of thermal engineering research. Numerous papers have been published on methods for calculating 
the heat transfer coefficient, which are based on experimental studies and similarity theory [13]. The 
parameters ET , AT , 0k , 2 4k k  of model (1) depend on the heat transfer coefficient 0 . 



The linear properties of the mathematical model must also be taken into account. The linearization 
of model (1) was carried out in the basic static mode region of the heater. Therefore, the variable 
parameters include coefficients characterizing the basic static mode, namely: air flow rate GA; air 
temperature θA0 and humidity dA0 at the input to the electric heater; air temperature θA and humidity dA 
at the output to the electric heater. The basic static mode variables affect parameters AT , dT , 2 4k k , 

6k  of model (1). In Fig. 2 the classification of mathematical model parameters (1) is proposed. 

Formally for model (1) there are six changing physical quantities 0 , GA, θA0, θA, dA0, dA on which all 
coefficients of mathematical model (1) depend. 

 

 
Figure 2: Classification of the electric heater model parameters 
 

It is convenient to use Laplace transforms to find a solution to (1). Consider an implementation of 
model (1) in the form of transfer functions: 
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The mathematical model (2) can be represented by multidimensional model in the Laplace 
domain: 
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Applying the inverse Laplace transform, it is easy to find an analytical solution (2), (3) for the 
influence channels. 

Let's analyze variable parameters influence of mathematical model (3) on electric heater HE 36/2 
dynamic properties, simulation of which is considered in [12]. Let's assume that the electric heater 
basic static mode parameters θA0, θA, dA0, dA are determined using CFS sensors readings. Suppose, for 
model (3), due to reduction of heated air flow rate from 0.43AG kg s  to 0.2AG kg s  (the new 



nominal operating mode of the heater, all other conditions being equal) the heat exchange coefficient 

is changed from 0 2
161

о

W

m С
   to 0 2
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о

W

m С
  . At the same time, the model (3) matrix transfer 

function parameters will change 
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The numerical values of the transfer matrices (4) and (5) differ significantly. Fig. 3 shows the 
transient simulation results. In this figure and further on the symbols are used: the output vector Y   
 

 
a) 

 
b) 

 
c) 

 
d) 

Figure 3: The heat transfer coefficient  0  influence on the dynamic properties of the heater model 

HE 36/2 through the action channels  X Y (the graphs shows output variables received 

increments as the result of changing  0 ); 

а) 0A  Y ,  0 1A  оС; b) 0Ad  Y ,  0 1Ad   g/kg;  

c) 0AG  Y ,  0 0.1AG   kg/s; d) EN  Y ,  1EN  kW 

 



for the reference mathematical model with the transfer matrix (4) where the initial values of 

parameters 0  and AG  were used; the output vector Y  for the model with the transfer matrix (5) 

where the new values of parameters 0  and AG  were used. The output vectors Y  and Y  contain the 

variables: A  and A  are heated air temperature; Ad  and Ad  are heated air moisture content. In 
transients’ simulation for HE 36/2 electric heater a control action X was used by successive stepwise 
changes in the input variables. The input vector X contains the variables: 0A , 0Ad  are temperature 

and humidity of electric heater input air; AG  is air flow through the electric heater; EN  is electric 
power supplied to the electric heater elements. 

The heat transfer coefficient 0  affects the numerical values of the matrix transfer function of the 
model (3). The dynamic characteristics of the air heating process are significantly influenced by this 
parameter, as demonstrated in the simulation graphs (see Fig. 3). For these reasons, specialists in the 
field of heat exchange processes simulation should determine this parameter quite accurately, since its 
numerical value significantly affects the investigated process properties. 

In paper [14] mathematical models uncertainties classification in the control of organizational and 
technological objects is considered. In general terms, the electric heater mathematical model can be 
represented by the input-output relation 

     , ,p q p q pY W X ,      (6) 

here          , , ,p q p p q p p q          W A A B B  is transfer matrix,  ,p qA  and  ,p qB  

are numerator and denominator of perturbation, p is Laplace operator, q is vector of uncertain 
parameters. According to the proposed classification, the electric heater mathematical model has 
fractional-rational uncertainty, which is proposed to be identified by numerical methods. 

4. Identification of mathematical model parameters 

The electric heater mathematical model (3) is developed on the basis of theoretical laws for a 
specific physical process. Therefore, the analytical model requires specification of some parameters. 
Formally for model (3) there are six changing parameters 0 , GA, θA0, θA, dA0, dA (see Fig. 2). In the 

process of identification, it is necessary to determine two parameters 0 , GA, parameters of the basic 
static mode θA0, θA, dA0, dA can be estimated, using CFS sensors readings or with sufficient accuracy 
these parameters can be determined from the data sheet of the electric heater. 

Model (3) parameters identification is proposed to be performed in the passive experiment 
operation by measured signals values of electric heater input vectors X and output vectors Y. As the 
identification criterion we use the least squares criterion, which is defined as the measured values 
error square of the physical process Y and the estimates of the identified model (3) output vector Y  at 
the same input action X 
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 Y Y Q Y Y ,     (7) 

here t0 is the initial trend time, tf is the trend duration, Q is the unit square matrix, T is the matrix 
transpose operator, M is the mathematical expectation operator, which takes into account industrial 
perturbations when measuring variables by sensors. The general structural diagram of parameters 
identification of the electric heater mathematical model is shown in Fig. 4. 

It is recommended to use numerical zero-order optimization methods to identify the mathematical 
model parameters [15], since the search function is not set analytically and is calculated directly 
during the search algorithm implementation. Given the substantial computational resources to 
implement numerical methods, passive identification can be implemented at the enterprise 
management middle level within a decision support system (DSS) [16]. 

 



 
Figure 4: Schematic diagram of the heater parameter passive identification 

 
The algorithm for identifying the parameters of a mathematical model consists of steps. 
1. The CFS sensors monitor the input vector X(t) and the output state Y(t) of the heater in real 
time and the data is processed in the DSS, thus forming the time base of the physical process 
trends. 
2. The output state  tY  of the identifiable model (3) with the parameters initial values 0 , AG  

is estimated from the time trends of the input action X(t) on the electric heater. 
3. Based on the values of the output Y(t) vectors and the identifiable  tY  states, the 

identification quality criterion (7) is determined. 
4. According to criterion (7), the parameters 0 , AG  of the identified model (3) are optimized 
using numerical optimization methods. 
5. If the minimum of criterion (7) is found, move on to the development of the digital twin 
mathematical model, else move on to step 2 and continue the process of identifying model 
parameters. 
During the identification process, the optimization method (7) can have its own specific features 

that need to be taken into account. For qualitative identification, the time interval tf must be several 
times longer than the duration of transients in the heater. Also, it is necessary to set the parameter 
variation limits 0  and AG , based on the physical feasibility of the duct heater model. 

The proposed identification algorithm was implemented using MatLAB software package. The 
reference model with transfer matrix (4) was used to form time trends X(t) and Y(t) of the functioning 
electric heater. The random signal with amplitude ±0.2 was added to the reference output variables in 
order to simulate production disturbances in DSS measurement channels. In the identified model the 
initial values of parameters 0 , AG  differed significantly from the reference values 0 , AG . The 

MatLAB function fminsearch(...) was used for parametric identification of 0  and AG  with the Nelder-
Meade simplex optimization method. The main results of the numerical study are presented in Fig. 5. 
and Fig. 6. 

Fig. 5 shows the case where the initial values of the identification parameters are as follows: 

0 161  , 0.43AG  ; 0 120  , 0.65AG  . With a step change in the input action vector 

   T1, 1, 0.2, 1t  X , produces the transients for the output of the reference  tY  and the 

identifiable  tY  model, which are shown in Fig. 5 (a).  

The difference between the output values of vectors  tY  and  tY  is significant. In Fig. 5 (b) 

shows the surface isolines of criterion (7) and its minimization trajectory. From Fig. 5 (b) shows that 
the quality criterion has one extremum in the area of identification parameters. Identification 
parameters 0 143.7  , 0.428AG   were determined using the above algorithm. The numerical value 0  

was found with low accuracy, while AG  was determined quite accurately. Identification results 

obtained can be explained by weak sensitivity of criterion (7) to parameter 0 , that can be seen from 

curves of isolines in Fig. 5 (b). Fig. 5 (c) shows the output time characteristics of the reference  tY  

Electric heater 

Model (3) 

min, 

search ,  

X(t) Y(t) 

𝐘ഥ(t) 



and the identified  tY  model after identification. In the graph, the variables of the identified model 

output vector  tY  are in the region of the reference model vector  tY  with random perturbation. It 

can be concluded that the proposed identification algorithm has good convergence in the stepped 
input influences case. 

 

 
а) 

 
b) 

 
c) 

 
 
Figure 5: Identification of parameters  0  and 

AG  with the input     T1, 1, 0.2, 1t  X ; 

а) Transients modelling before identification; 

b) Optimization trajectory  0  and  AG  according 

to criterion (7); 

c) Transients modelling after identification  0  

and  AG  

 
However, under real-world conditions, the input can be of any shape. Consider the more complex 

case where the input signal has a harmonic component. In this case, the input action 

   T1, 1 0.2sin(0.2 ), 0.2 0.1sin(0.3 ), 0.5 0.5sin(0.1 )t t t t    X  is applied to both models. Fig. 6 (a) 

shows the simulation case when the parameters of the identified model 0 300  , 0.25AG   differ 

significantly from the reference ones 0 161  , 0.43AG  . Fig. 6 (b) shows surface isolines of criterion 

(7) and its minimization trajectory. In the process of identification parameters values 0 161.9  , 

0.426AG   are optimized. Numerical values of identification parameters are sufficiently close to 

reference ones. Fig. 6 (c) shows temporal characteristics of the reference vector  tY  and identifiable 

 tY  model after identification under harmonic change X(t). It can be concluded from the simulation 

results that the proposed passive identification algorithm has good convergence in the harmonic 
component presence the vector  tX  and the random noise presence. 

 



a)  b) 

c) 

 
 
Figure 6: Parametric identification  0  and  AG  

under harmonic variation of the input vector 

 tX ; 

а) Transients modelling before identification; 

b) Optimization trajectory  0  and  AG  according 

to criterion (7); 

c)  Transients  modelling  after  identification  0  

and  AG  

5. Application of mathematical model for the electric heater digital twin 

The development of the digital twin mathematical model will be based on the continuous model 
(3), which previously passed the uncertain parameters identification stage using control samples of 
trends X(t) and Y(t) for the operating electric heater. The digital twin model must reflect the physical 
process dynamics in real time. To ensure this condition, the mathematical model must be discrete, 
with the sampling time ensuring the information distribution over CFS network. 

The transition from the continuous model (3) to the discrete analogue can be obtained by using z-
transformations [17] 

 ( ) ( )z z zY W X ,      (8) 

here 
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z Z
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W  is the discrete transfer matrix of the multidimensional system, where 

the multiplier 
1z

z


 indicates the presence of zero-order extrapolator for fixing the signal between 

quantization moments KVT . 
Thus, the application of mathematical model for s digital twin for electric heater consists of steps. 
1. The uncertain parameters ( 0  and AG ) identification of electric heater mathematical model (3) 

by the considered algorithm. 
2. Transition from continuous model (3) to discrete model (8), which is digital twin. 



3. If during operation, the digital twin accuracy has deteriorated due to the non-stationarity of 
the physical process, it is necessary to go to step 1 to determine the model parameters. 

In accordance with the proposed methodology, the digital twin mathematical model simulation of 
the electric heater was carried out using the MatLAB software package. The reference model (3) with 
transfer matrix (4) was used as a basic model. The function c2d(...) of the MatLAB software package 
was used to calculate the matrix ( )zW  of digital twin (8). The simulation results are shown in Fig. 7. 

 

a) 
 

b) 

c) d) 
Figure 7: Modeling the stages of digital twin synthesis for electric heater;  

a) Transients before identification; b) Optimization trajectory  0  and  AG ;  

c) Transients after identification  0  and  AG ; d) Transients for model (3) and digital twin (8) 

 
In Fig. 7 (a) simulates the case with initial conditions for the reference model 0 161,   0.43AG   and 

the identifiable model 0 120  , 0.22AG   and at the input step action 

   T1 0.5sin(0.15 ) 1 0.2sin(0.15 ) 0.2 0.1sin(0.3 ) 0.2 0.8sin(0.05 )t t t t t     X . In Fig. 7 (b) shows the 

surface isolines of criterion (7) and parameters minimization trajectory 0 , AG , resulting in 0 154  , 

0.428AG  . From these parameters the model transfer matrix being identified is calculated 



 
2 2 2

5.9 1 54.7 9.3 0.0023
0

2.5 6.9 1 2.5 6.9 1 2.5 6.9 1

1
0 0 0

10.426

p p

p p p p p p

p

p

 

     



  
 
 
 
 

W , 

its numerical values are close to the reference transfer matrix (4). Next, using MatLAB function 
c2d(...), the discrete transfer matrix (8) for the sampling period is found 2KVT   
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Fig. 7 (d) shows the time characteristics of the reference model output vector Y  and the digital twin 

Y . Based on the simulation results, it can be concluded that the proposed methodology makes it 
possible to implement sufficiently exact the digital twin of air heating. 

A distinctive feature of the proposed digital synthesis technique is the model parameters 
identification that are imprecisely defined at the model development stage and are refined in the 
passive identification process. As a rule, in modern identification methods, the model structure is 
specified and all parameters are determined from its dynamics [17, 18]. In the classical case, more 
software resources are required for identification, and the identification result may be unsatisfactory if 
the model structure is incorrect. In the proposed methodology, the model structure is known, for 
which only uncertain parameters are identified and not the model as a whole. 

6. Conclusions 

The introduction of real-time industrial control systems leads to the complex mathematical models 
use with uncertain parameters and the complexity of their identification tasks. As an example, the 
methodology of analytical model passive identification of electric heater with subsequent digital twin 
synthesis for CFS is considered. For the considered model changing parameters analysis is made and 
their influence on modelling results is demonstrated. An algorithm for passive identification of the 
mathematical model uncertain parameters is proposed that uses criterion (7) to numerically optimize 
the uncertain model coefficients values using the accumulated trend base of the physical process. 

Several examples of parameter identification 0  and AG  for the analytical model (3) are 
demonstrated. The examples show that the uncertain model coefficients identification should be 
classified as a one-extremes optimization problem. Application of the mathematical model for the 
electric heater digital twin CPS is proposed and numerically investigated. The simulation results 
confirmed the effectiveness of the considered digital twin design methodology using MatLAB 
application package. In the future, using available data trends of reference model (3), it is supposed to 
synthesize electric heater digital twin based on ARCS model and analyze the obtained results. 

The use of digital twins in CPS makes it possible to identify process bottlenecks, improve product 
quality, and reduce the risks of abnormal operation throughout its equipment lifecycle. Digital twins 
can be used to optimize equipment modes, predict and detect faults, and find-modifications to the 
structure of a real physical system based on its observed effects in the future. This approach provides 
a highly accurate assessment of a plant's production capacity when drawing up a production program. 
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Abstract  
In this work, we present our research on efficiency of single-core execution of agent-based 
epidemiological models with contact-tracing transmission. We performed an analysis of 
existing epidemiological agent-based modeling tools from the perspective of their 
performance, which reflects computational time needed to perform a single simulation step of 
a model with fixed number of agents. 
We developed several simulation algorithms, based on different model types, and showed 
some optimizations to maximize the performance of them. 
We designed a metric to compare simulation step execution times on a single CPU core and 
used to estimate a performance of underlying simulation algorithms in the existing methods 
with developed one. Even though, as it will be discussed below, it is very difficult to estimate 
an execution time of some algorithm without actual access to it, we present the results of our 
method on both modern and old CPU.  
 
Keywords  1 
Modeling, epidemiology, agent-based models, individual-based models, IBMs, infectious 
disease spread modeling, performance, single-thread, optimization  

1. Introduction 

Global epidemilogical events can make significant damage to global economy [1]. In order to 
reduce both epidemiological and economic impact, active measures must be considered. They include, 
but not limited to full or partial quarantine, obligatory face mask regime, vaccinations etc. However, 
even though some measures like full quarantine can significantly lower disease spread rate by 
flattening the curve of new cases, economic impact can be unbearable for certain communities. This is 
why a good balance between epidemiological and economic risks must be hold. But, determining the 
exact threshold of disease spread countermeasures severity is problematic without modeling particular 
epidemics. 

First research in the field of infectious disease spread modeling is dated early XX century. In their 
work, Anderson McKendrick and Willian Kermack [2] considered modeling an epidemic by splitting 
the population into several compartments with different stages of a disease. These stages can be, for 
example: (S)usceptible — individuals, who can be infected in the future, (I)nfectious — individuals, 
who were infected, show symptoms and can infect others. After assigning the initial number of 
individuals in each compartment, the dynamics of its change can be modeled as a system of 
differential equations. 

Work of McKendrick and Kermack served as the foundation for the research and development of 
compartmental epidemiological models, which are used these days to model various diseases like 
dengue fever, COVID-19, etc [3-11]. 

                                                      
1The Sixth International Workshop on Computer Modeling and Intelligent Systems (CMIS-2023), May 3, 2023, Zaporizhzhia, Ukraine 
EMAIL: vladysarn@protonmail.com (V. Sarnatskyi); iaa@ukr.net (I. Baklan)  
ORCID: 0000−0001−5231−6136 (V. Sarnatskyi); 0000−0002−5274−5261 (I. Baklan) 

 
©  2023 Copyright for this paper by its authors. 
Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0). 

 CEUR Workshop Proceedings (CEUR-WS.org) Proceedings 

 



With the invention of computers and increase in available computation power, another type of 
epidemiological model appeared — agent- or individual-based. This type bears some resemblance to 
compartmental by considering the number of individuals in each compartment. But, instead of 
modeling it via equations, each individual is modeled separately. It means, that each individual is a 
separate entity, which can move inside an environment and spread the disease by contacting other 
individuals. Such significant increase in model granularity allows the users to model complex 
stochastic behaviors, common for the real world. But, on the other hand, required computational 
resources, needed to run the model, also increased rapidly. This can be explained easily by the 
following example: in a community of  individuals, which can be considered a medium-sized model, a 
single simulation step requires computation of  agent-to-agent contact events. 

In this work, we explore the possibilities to optimize both time and space algorithmic complexity 
of simulation algorithm. 

2. Problem statement 

The present study aims to address the challenges of infectious disease modeling through the 
development of a mathematical framework for a generalized agent-based epidemiological model. As 
opposed to compartmental epidemiological modeling, agent-based considers modeling population as a 
set of distinct entities – agents. These agents can perform some activities and interact with each other. 
This agent-to-agent interaction is the main way of infection disease transmission. However, analysis 
of it requires iterating through all of agents pairs, making its algorithmic complexity quadratic, which 
is a problem for a large models with significant number of agents. For example, single simulation of 
FluTE model with number of agents equal to the population of United States of America takes about 6 
hours to run on a cluster with 32x CPUs [12]. The ultimate goal of this research is to enhance the 
computational efficiency of this process. Specifically, the study has the following objectives: 

Firstly, we aim to formulate a mathematical apparatus for a general agent-based epidemiological 
model. To achieve this, we will identify critical factors that influence disease transmission and 
develop a mathematical framework that accurately captures these dynamics. 

Secondly, we aim to explore ways to optimize the complexity of the simulation algorithm, which 
can be computationally expensive, especially when dealing with large populations. The optimization 
of the simulation algorithm will involve identifying ways to reduce its computational complexity 
while maintaining its accuracy. 

Thirdly, we aim to compare the performance of the model, based on optimized algorithm with 
previously developed models. By conducting a comparative analysis, we aim to demonstrate the 
effectiveness of the proposed optimization strategies in enhancing the efficiency of simulations. We 
will use standard evaluation metrics, such as the time required for simulation, to compare the 
performance of the optimized model with that of existing models. 

3. Literature review 

In this section, we describe our findings on existing tools and methods of agent-based 
epidemiological modeling. These tools can be divided into three distinct groups: 
 

 Programming language modules/libraries; 
 General-purpose modeling environments; 
 Specialized software for epidemiological modeling. 

We review each group separately. 

3.1. Programming language modules/libraries 

Swarm [13] is a set of libraries for Java programming languages which defines a model as a set of 
interacting agents, dynamics of their evolution and the schedule of events. This package is no longer 
maintained and has its successor — Ascape [14], which was simplified from the perspective of 



programming interface. Ascape also delivers a simple graphical interface for model adjustments and 
inspection and spreadsheet data export. 

3.2. General‐purpose modeling environments 

NetLogo [15] is modeling environment, consisting of the following elements: 
 Subject-oriented programming language, used for describing agents behavior, their inner 

states evolution and interactions between each other; 
 Tool set for the analysis of experiments data as the result of modeling. 

Overall, NetLogo allows one to flexibly define models, but this flexibility comes with certain 
limitations. First of all, as showed in [16], the overall performance of NetLogo simulation engine is 
significantly lower, compared to similar models implemented using other tools. NetLogo features 
fixed modeling space geometry in the form of rectangular grid, where each agent is ``attached'' to a 
certain cell of it and can interact with agent on adjacent cells. Despite the interaction of agents 
positioned far from each other can be implemented, it is not supported internally, can be cumbersome 
and limits computational performance of a simulation. 

RePast [17] is a software tool set, designed for modeling of complex systems. There are several 
implementations of it, based on different programming languages such as Java, C++. Repast also 
features an implementation, suitable for high-parallel environments [18]. 

3.3. Specialized software for epidemiological modeling 

As each model with software implementation can be viewed as specialized software for 
epidemiological modeling, we review only those, offering some amount of configurability. 

A Framework for Reconstructing Epidemic Dynamics (FRED) [19] is a software for agent-based 
epidemiological modeling, which uses a synthetic population database to represent every individual in 
a specific geographic region. The database contains geographically located synthetic households, 
group quarters, schools, and workplaces that reflect the actual spatial distribution of the area. Each 
agent has associated demographic and socioeconomic information and locations for their activities. 
The synthetic population closely matches the available census data for the United States with high 
spatial resolution. The model runs a discrete-time simulation with a time step of one day, allowing 
agents to interact with other agents at their shared activity locations, potentially transmitting diseases. 
The simulation records each infection transmission event to evaluate control measures and their 
impact on sub-populations. Agents can dynamically alter their daily activities. The fixed simulation 
step of 1 day allows for performance optimizations and is not a severe limitation for diseases with 
long latency periods, but it may be a limitation for diseases with short latency and infectious periods 
or short-term interventions. FRED was originally developed to study influenza, but it can be 
customized to investigate other infectious diseases, such as measles, by making adjustments to the 
configuration files that describe the natural history of the disease. 

Unfortunately, to our knowledge, standalone software for agent-based epidemiological modeling 
with wide range of configurability options similar to GLEaMviz [20] doesn't exist. 

4. Method 
4.1. General notation 

In this subsection, we describe a general mathematical apparatus of agent behavior within an 
epidemiological model with contact-tracing transmission. 

Simulation is done in discrete steps, which can be, for example, days. These steps form the 

simulation step set 𝑇 ൌ 1 …𝑁
¯

். 
Agents, representing individuals, who are somehow related to a modeled disease (can be infected, 

serve as vectors etc.) create the finite set A. Each agent has its schedule, dictating the geographical 
position of it. This position shouldn't be though of as coordinates in some space, as it would limit the 



model, but rather an occupancy of some entity, for example the household or the school. In order to 
model the change of agents' location during the day, we split each simulation step into a finite number 

of smaller time steps from the set 𝐻 ൌ 1 …𝑁
¯

ு. Thus, the schedule function can be defined as: 
𝜙:𝐴 ൈ 𝑇 ൈ 𝐻 → 𝑃,  (1) 

where P is a finite set of possible agents' location2 (henceforth, we assume each function can 
depend on some external model parameters, even though it's not displayed in the notation). 

Instead of using the compartments, agent-based models assign infection states to each agent, often 
mirroring respective compartments of compartmental models. This assignment can be expressed as 
infection state function: 

𝜉:𝐴 ൈ 𝑇 → 𝑆,  (2) 
where S is a finite set of infection states. 
Naturally, the infection state of an agent can change by two separate processes: intrinsic and 

extrinsic. Intrinsic one considers events, occurring inside the organism, which is modeled by the 
agent. These events can be driven by an immunological response or nature of the disease. We call this 
process infection progress. Extrinsic process involves inter-agent communication and majorly 
represents the transmission of a disease. We call this process infection spread. 

Mathematically, these processes can be described by infection progress (Equation 3) and infection 
transmission (Equation 4) functions. 

𝛷௣:𝐴 ൈ 𝑆 → ሾ0,1ሿ  (3) 
 

𝛷௧:𝐴ଶ ൈ 𝑆 → ሾ0,1ሿ  (4) 

For a given agent 𝑎 ∈ 𝐴 and infection state 𝑠 ∈ 𝑆, Φp describes the probability, that at next 
simulations step agent's a infection state will become equal to s as the result of intra-agent processes. 

Similarly, for given agents 𝑟,𝑑 ∈ 𝑆 and infection state 𝑠 ∈ 𝑆, Φt describes the probability, that at 
next simulation step agent's r infection state will become equal to s as the result of inter-agent 
communication with agent d. Discussing transmission function Φt, we refer to r as recipient, to d as 
donor. 

Thus, the goal of an agent-based epidemiological model at simulation step 𝑡 ∈ 𝑇 is to estimate 
𝜉ሺ𝑎, 𝑡 ൅ 1ሻ,∀𝑎 ∈ 𝐴  (5) 

This can be done by evaluating the probability of each agent 𝑎 ∈ 𝐴 to change its state to 𝑠 ∈ 𝑆, 𝑠 ്
𝜉ሺ𝑎, 𝑡ሻ3, which can be expressed by the following expression: 

𝑃𝑟
௧
ሺ𝜉ሺ𝑎, 𝑡 ൅ 1ሻ ൌ 𝑠ሻ ൌ 1 െ ቀ1 െ𝛷௣ሺ𝑎, 𝑠ሻቁෑ ෑ ൫1 െ𝛷௧ሺ𝑎,𝑑, 𝑠ሻ൯

ௗ∈஺:థሺ௔,௧,௛ሻୀథሺௗ,௧,௛ሻ௛∈ு

  (6) 

Given this equation, a trivial algorithm for computing 𝑃𝑟௧ሺ𝜉ሺ𝑎, 𝑡 ൅ 1ሻ ൌ 𝑠ሻ is presented in 
Algorithm 1. As one may notice, this evaluation involves iteration over A, which has to be done for 
each agent as nested loop. Optimization of computation of this expression is the main concern of this 
work. 

4.2. Optimizations 

A significant part of literature discuss models, with transmission function independent of donor's 
and recipient's inner states, which can be formulated as following constraints of function Φt: 

∀𝑎,𝑎ଵ,𝑎ଶ ∈ 𝐴, 𝑠 ∈ 𝑆: 𝜉ሺ𝑎ଵ, 𝑡ሻ ൌ 𝜉ሺ𝑎ଶ, 𝑡ሻ ⇒
𝛷௧ሺ𝑎,𝑎ଵ, 𝑠ሻ ൌ 𝛷௧ሺ𝑎,𝑎ଶ, 𝑠ሻ ∧ 𝛷௧ሺ𝑎ଵ,𝑎, 𝑠ሻ ൌ 𝛷௧ሺ𝑎ଶ,𝑎, 𝑠ሻ

  (7) 

This assumption can be used to perform a significant optimization. The main idea of it is to 
estimate «contagiousness» of each location at each time step by tracking infectious agents' 
movements, which is defined as: 

∀𝑡 ∈ 𝑇: 𝐼ሺ𝑝, ℎ, 𝑠ଵ, 𝑠ଶሻ ൌ 1 െ ෑ ቀ1 െ𝛷௧ሺ𝑠ଵ, 𝜉ሺ𝑎, 𝑡ሻ, 𝑠ଶሻቁ
௔∈஺,థሺ௔,௧,௛ሻୀ௣

,  (8) 

                                                      
2Henceforth, we assume each function can depend on some external model parameters, even though it’s not displayed in the notation 
3𝑃௧൫𝜉ሺ𝑎, 𝑡 ൅ 1ሻ ൌ 𝜉ሺ𝑎, 𝑡ሻ൯ can be computed as 1 െ ∑ 𝑃𝑟௧௦∈ௌ,௦ஷకሺ௔,௧ሻ ሺ𝜉ሺ𝑎, 𝑡 ൅ 1ሻ ൌ 𝑠ሻ 



where: 
∀𝑟,𝑑 ∈ 𝐴, 𝑠 ∈ 𝑆, 𝑡 ∈ 𝑇:𝛷௧ሺ𝑟,𝑑, 𝑠ሻ ൌ 𝛷௧ሺ𝜉ሺ𝑟, 𝑡ሻ, 𝜉ሺ𝑑, 𝑡ሻ, 𝑠ሻ  (9) 

 

Figure 1: Description of a trivial algorithm for computation of 𝑃௧ሺ𝜉ሺ𝑎, 𝑡 ൅ 1ሻ ൌ 𝑠ሻ. 
 
Subsequently, susceptible agents' movements are used together with these estimates to compute 

the probabilities of their state change: 

∀𝑡 ∈ 𝑇,𝑃𝑟
௧
ሺ𝜉ሺ𝑎, 𝑡 ൅ 1ሻ ൌ 𝑠ሻ ൌ 1 െ ቀ1 െ𝛷௣ሺ𝑎, 𝑠ሻቁෑ൫1 െ 𝐼ሺ𝜙ሺ𝑎, 𝑡, ℎሻ, ℎ, 𝜉ሺ𝑎, 𝑡ሻ, 𝑠ሻ൯

௛∈ு

  (10) 

Even though, there are no evidence that Equation 7 holds for real world, it can be slightly adjusted, 
so that the scope of possible use cases of this model increases. If Φt can be decomposed into functions 
Φtr, Φtd so that: 

∀𝑟 ∈ 𝐴, 𝑠 ∈ 𝑆:ෑ൫1 െ 𝛷௧ሺ𝑎,𝑑, 𝑠ሻ൯
ௗ∈஺

ൌ 𝛷௧௥ ൭𝑟,ෑ൫1 െ 𝛷௧ௗሺ𝑑, 𝑠ሻ൯
ௗ∈஺

, 𝑠൱,  (11) 

the Algorithm 2 can be used. 
We don't try to solve this equation in the scope of this work, but the following solution is used in 

our experiments: 
∀𝑓:𝐴 → 𝑅ା,𝛷௧௥ሺ𝑟, 𝑥, 𝑠ሻ ൌ 𝑥௙ሺ௫ሻ

∀𝛷௧ௗሺ𝑑, 𝑠ሻ:𝐴 ൈ 𝑆 → ሾ0,1ሿ
  (12) 



Figure 2: Description of a linear algorithm for computation of 𝑃௧ሺ𝜉ሺ𝑎, 𝑡 ൅ 1ሻ ൌ 𝑠ሻ. 
In a general case, when Algorithm 2 cannot be applied, there is still room for an optimization. 

Algorithm 1 considers iterating over all possible pairs of agents, even though most of them weren't 
even in contact. By iterating over pairs of agents, which are in the same contact group, the overall 
number of computation can be decreased. Here, a contact group is a subset of the agent set A, which 
were at the same location at a specified simulation step t and time step h: 

∀𝑎ଵ,𝑎ଶ ∈ 𝐺௧,௛,௜ ⊆ 𝐴:𝜙ሺ𝑎ଵ, 𝑡, ℎሻ ൌ 𝜙ሺ𝑎ଶ, 𝑡, ℎሻ  (13) 
This computational optimization can be explained by the following: 

෍෍ห𝐺௧,௛,௜ห
௜௛∈ு

ൌ |𝐴 ൈ 𝐻|

෍෍ห𝐺௧,௛,௜ห
ଶ

௜௛∈ு

൑ |𝐴 ൈ 𝐻|ଶ
  (14) 



Figure 3: Description of a grouping-based algorithm for computation of 𝑃௧ሺ𝜉ሺ𝑎, 𝑡 ൅ 1ሻ ൌ 𝑠ሻ . 
As one may notice, the worst-case computational complexity of Algorithm 3 is O(n2), depending 

on the number of agents when |P|=1. But, when using with real-world models, it's easy to show that 
it's equal to O(n). In the case of real world, we can assume, the number of places is proportional to the 
number of agents: 

|𝐴| ∝ |𝑃|  (15) 
This can be explained by the fact, that, for example, the average number of residents of a household is 
independent of the total number of agents in the model4. 

Given this assumption, the model can be divided into a set of contact groups types, where i-th type 
has a number of associated contact groups, proportional to the number of agent's with coefficient ki 
and number of agents in each group equal to xi from some probability distribution Xi. Given this, 
computational complexity of Algorithm 3 can be estimated as: 

𝑂൭𝑔்ሺ𝑛ሻ ൅ 𝐸 ൥෍𝑛
௜

𝑘௜𝑥௜
ଶ൩൱ ൌ 𝑂 ൭𝑔்ሺ𝑛ሻ ൅ 𝑛෍𝑘௜

௜

𝐸ൣ𝑥௜
ଶ൧൱ ൌ 𝑂ሺ𝑔்ሺ𝑛ሻ ൅ 𝑛ሻ,  (16) 

where gT(n) is algorithmic complexity of the grouping algorithm itself. 
Both space and time complexity of the grouping algorithm depends on the choice and 

implementation of the underlying data structure which holds values of function Φ. It must support the 
following operations: 

 Add tuple ሺ𝑎, ℎ,𝑝ሻ into collection (𝑎 ∈ 𝐴, ℎ ∈ 𝐻, 𝑝 ∈ 𝑃); 

 For tuple ሺℎ,𝑝ሻ return all 𝑎௜, so that ሺ𝑎௜ , ℎ, 𝑝ሻ was added into collection before; 

 Clear all data from the collection. 

                                                      
4There can be some variation for the models, differing in size by orders of magnitude. For 

example, rural settlement with population of 103 cannot be modeled by scaling down the model of a 
large city with 106 citizens — the economical and sociodemographic gap will be too significant. 



Moreover, the following constraints are present: 

 Overall number of tuples ሺ𝑎, ℎ, 𝑝ሻ is equal to |𝐻| ⋅ |𝐴|; 

 Number of unique tuples ሺℎ,𝑝ሻ in the collection is at most |𝐻| ⋅ |𝑃|; 

 For a given tuple ሺℎ,𝑝ሻ, maximum number of 𝑎௜, so that ሺ𝑎௜ ,ℎ,𝑝ሻ was added into the 
collection is at most |𝐴|. 

Such a data structure is a multimap, which is an extension of the associative array for the case of 
storing several values by one key. Being an abstract data type, a multimap can be implemented in 
several different ways, however, having a common feature: dividing the structure into two 
components. The first component is a data structure that maps a key to a reference to a container 
containing a list of values; the second is the type of this container. So, for example, the first data 
structure can be a hash table [21], and the second — a linked list [22]. Based on this, the 
computational algorithm complexity 𝑔் can be given as: 

𝑔்ሺ𝑛ሻ ൌ 𝑔்ଵሺ𝑛ሻ ൅ 𝑔்ଶሺ𝑛ሻ

𝑔்ଵሺ𝑛ሻ ൌ 𝑂൫𝑛 ⋅ 𝑖𝑛𝑑ଵሺ𝑛ሻ𝑖𝑛𝑠ଶሺ𝑛ሻ൯

𝑔்ଶሺ𝑛ሻ ൌ 𝑂൫𝑖𝑡𝑟ଵሺ𝑛ሻ𝑖𝑡𝑟ଶሺ𝑛ሻ൯,
  (17) 

where ind1 is the algorithmic complexity of searching by the index in the first data structure, ins2 is 
the algorithmic complexity of inserting at the end of the second data structure, itr1,itr2 is the 
algorithmic complexity of iterating the elements of the first and second data structures, respectively. 

Based on the aforementioned constraints and the fact that all keys can be numbered from 1 to |𝑃| ⋅
|𝐻|, the obvious candidates for the first data structure are the static array and the list because it is 
valid for them: ind1(n)=O(1),itr1(n)=O(n). However, due to the use of the CPU cache, in practice the 
use of a static array is more efficient (Figure 4). 

Figure  4:  Comparison  of  container  iteration  speed.  Cargo  1.56.0  compiler,  compilation 
optimizations disabled 

In addition to implementing a multiset using a container of containers, an approach based on hash 
tables can be used. In this case, it involves two data structures, the first of which maps the value of the 
key to the number of elements by this key stored in the structure, and the second - the key and the 
index of the element to its value. 

This approach is appropriate, because the operations of adding and obtaining a value by key in 
such a structure will have an algorithmic complexity equal to O(1). This is justified due to the fact that 



similar operations on the hash table also have a constant complexity (in the absence of collisions) 
[23]. 

 To evaluate the time performance of each approach, a number of experiments were conducted, 
which involved the calculation of the execution time of the grouping algorithm for each approach with 
different numbers of agents and the ratio of the number of agents to the number of places. The results 
are shown in figures 5, 6, 7. 

 
Figure 5: The execution time of the grouping algorithm for the average ratio of the number of 

agents to the number of places equal 16:1 

 
Figure 6: The execution time of the grouping algorithm for the average ratio of the number of 

agents to the number of places equal 256:1 



 
Figure 7: The execution  time of  the grouping algorithm  for  the average  ratio of  the number of 

agents to the number of places equal 4096:1 
The results show that the implementation of a multiset through a vector of vectors is much more 

effective. This can be explained by the fact that the number of memory allocation can be reduced to a 
minimum with an optimally configured schedule for changing the size of the vector. And although it 
is impossible to predict the number of elements for each key in advance without having prior 
information about it, in the case of using a multiset to count visits of agents to places in the 
framework of infection modeling, it can be assumed that this number remains approximately the 
same. That is: 

∀𝑝 ∈ 𝑃,∀𝑡 ∈ 𝑇,∀ℎ ∈ 𝐻:෍ 1
௔

൫𝑝 ൌ 𝜙ሺ𝑎, 𝑡, ℎሻ൯ ൎ෍ 1
௔

൫𝑝 ൌ 𝜙ሺ𝑎, 𝑡 ൅ 1,ℎሻ൯  (18) 

Obviously, in the real world, this statement is generally not true. For example, it is valid to assume 
that the number of visitors of shopping malls increases significantly on Saturdays, compared to 
Fridays in countries where the working week ends on Friday. However, this can be partially solved by 
keeping the size of the buffers equal to at least the last number of elements multiplied by some 
constant. 

In the general case, one can achieve a minimum number of memory allocations equal to zero if set 
the size of each buffer equal to the number of agents. However, due to the assumption 15, the number 
of buffers is proportional to the number of agents. This makes the space complexity of such an 
algorithm equal to O(n2), which is unacceptable. 

Apart from aforementioned algorithmic optimizations, computational optimizations can also be 
applied. One may notice, the evaluation of state change probabilities involves large amount of 
multiplication operations if the form: 

𝑥ଵ𝑥ଵ … 𝑥ଵᇣᇧᇧᇤᇧᇧᇥ
௣భ

. . . 𝑥௡𝑥௡ … 𝑥௡ᇣᇧᇧᇤᇧᇧᇥ
௣೙

 
(19) 

Computation of such expression can be reformulated as: 

ෑ𝑥௜
௣೔

௡

௜ୀଵ

ൌ 𝑒𝑥𝑝 ൭෍𝑝௜𝑙𝑛𝑥௜

௡

௜ୀଵ

൱  (20) 

If we denote by 𝑡௫ , 𝑡ା,𝑡௘௫௣, 𝑡௟௡ the calculation time of the product, sum, exponential function, and 
natural algorithm, respectively, the calculation time of the left part will be equal to 𝑡௫ሺ∑𝑝௜ െ 1ሻ, the 
right one - ሺ𝑡௟௡ ൅ 𝑡൅ሻ∑𝑝௜ െ 𝑡൅ ൅ 𝑡௘௫௣. In the general case, the latter value is greater because the 
calculation of the natural logarithm is a time-consuming operation. However, in the case where the 
values of xi are constants known during the compilation, the computation time of the right-hand side 



will be equal to 𝑡൅ሺ∑ 𝑝௜ െ 1ሻ ൅ 𝑡௘௫௣. Because computing the product of two floating-point numbers 
requires more CPU cycles (for most architectures) than computing the sum [24], computing the 
optimized version is more efficient when: 

𝑡* െ 𝑡൅ ൐
𝑡௘௫௣

∑ 𝑝௜ െ 1
,  (21) 

which is valid for sufficiently large values of ∑𝑝௜. Thus, if the disease distribution function 
depends only on the resulting state and the recipient and donor states, the specified optimization can 
be used. To check the effect of this optimization, an experiment was conducted, during which 
execution times with and without it were measured for various model sizes. We observed some 
difference between optimized and default approach on the experimental machine for small number of 
agents (Fig. 5). As, the test was done on a single machine with Intel Core i7-8700K, for more general 
results, additional experiments should be performed. We leave this problem for a future research. 

 
 

Figure 8: Simulation step performance  increase (higher values are better). White areas correspond 
to absent data points. 

4.3. Performance estimation 

Comparing the performance of algorithms across different machines is not a trivial task. Modern 
CPUs are able to reach significant performance boost by using caching, instruction pipelines and other 
technologies, the impact of which on a specific algorithm is difficult to predict [25]. So, to compare 
out approach to existing ones, we perform two sets of measurements: first one on a desktop machine 
with Intel Core i7-8700K and second — on a 12 years old laptop with Intel Core i3-2330M. 

In order to account for various model sizes and CPU core numbers, we use the following metric: 



𝑇
10ି଺𝑁௔ ∗ 𝑁ௗ ∗ 𝑁௦ ∗ 𝑁௖

,  (22) 

where T - simulation execution time in seconds, Na,Nd,Ns - number of agents, simulation steps and 
time steps in a model respectively, Nc - number of CPU cores. This metric is only suitable for 
algorithms with linear computational complexity as function of number of agents. 

5. Results 

We compared several models and their implementation approaches with CTrace [26] modeling 
language, whose translator implements aforementioned algorithms. Our test model didn’t captured all 
details of each model, but instead was based around their common features like agent activity 
scheduling, several different place types, etc. To compute the aforementioned metric for it, a number 
of experiments were conducted with various model sizes. 
 
Table 1 
Performance comparison of various agent‐based epidemiological models/approaches 

Method  Metric, s  Hardware 

FluTe[12]  4.00 — 13.71 32x Intel Core2 Duo T9400 
AvilovNetLogo[16]  511.36 — 10960.15 

Intel Core i3 330M 2.13Ghz 
AvilovOracle[16]  5.75 — 13.71 
FRED[19]  1.20 — 7.29 SGI Altix UV supercomputer 
MontañolaNetLogo[27]  2.47 — 24.71 Intel Core i5 3.20 GHz 
GiacopelliLombardy[28]  240 AMD 3900X 12-core 

CTrace[26] 
0.67 Intel Core i7-8700K 3.70 GHz 

1.38 Intel Core i3-2330M 2.20 GHz 

To be able to compare the developed approach to previously developed, we measured it’s 
performance on both modern CPU and 12-years old one. Even though, the CPU generation range is 
significantly wide, we can assume that our approach is at least as performant as previously developed, 
offering the most flexible model specification. This flexibility is explained by CTrace’s independence 
of modeling space structure, number and types of places (and other modeling entities), dynamics of a 
disease, etc.  Given these results, we can conclude that usage of the aforementioned optimization 
approaches can provide significant benefits for agent-based epidemiological model computational 
performance on a single CPU core. 

6. Conclusions 

This paper presents a discussion of the challenges encountered in the implementation of agent-
based modeling for infectious diseases. Specifically, the focus is on the time complexity of the 
simulation algorithm, which is identified as a key issue. To address this problem, a mathematical 
framework for agent-based epidemiological modeling is developed. This framework enables 
exploration of various optimization techniques for the simulation process. Several algorithms for 
contact tracing, which have linear time complexity, are proposed, depending on the nature of the 
infectious disease being modeled. These algorithms are tested and compared with existing models. 
Results demonstrate that the proposed approach is at least as effective as other implementations, while 
offering increased model flexibility through the use of the CTrace language interface. Described 
approach scales up by running multiple models, each per CPU core, which is often desirable for this 
kind of models as it leads to statistically more significant results. The question of single model 
parallelization we leave for a future research 
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Abstract  
The present paper is devoted to the linear regression for a fuzzy set of fuzzy data samples. 
This model allows one to take into account the data of different quality. It is shown that 
regression parameters are type-2 fuzzy sets. Furthermore, the corresponding type-2 
membership functions are given. The decomposition approach is used to investigate the 
T2FSs of linear regression parameters. It is shown that each T2FS of regression parameter 
can be decomposed according to secondary membership grades into a finite collection of 
fuzzy numbers. Each of these fuzzy number is the corresponding fuzzy regression parameter 
for a set of data numbers. This set is the corresponding α-cut of the original fuzzy set of fuzzy 
data samples. The illustrative example is given.  
 
Keywords 1 
Linear regression, fuzzy least squares estimator, fuzzy number, type-2 fuzzy set. 

1. Introduction 

The classical regression analysis is based on crisp data and a crisp relationship between the 
dependent variable and the independent variables. In practice, there are many situations in which 
observations cannot be measured as crisp quantities, because the information is often fuzzy, 
incomplete, linguistic or noisy. Fuzzy regression analysis is a non-statistical method based on a fuzzy 
set theory rather than probability theory (see [1]). In a general model of a fuzzy regression both input 
and output are fuzzy. In this regard, the fuzzy regression model contains fuzzy parameters instead of 
error terms. 

 The three main fields can be distinguished in fuzzy regression analysis. These are possibilistic 
regression analysis, fuzzy least squares methods and machine learning techniques. The probabilistic 
approach in fuzzy regression analysis was first proposed by Tanaka et al. [2]. Unlike conventional 
regression analysis, where deviations between observed and predicted values reflect a measurement 
error, deviations in fuzzy regression reflect the uncertainty of the system structure expressed by fuzzy 
parameters of the regression model. Fuzzy parameters of the model are considered to be distributions 
of possibilities and determined by solving a linear programming problem that allows one to minimize 
fuzzy deviations subject to membership degrees constraints. Since the membership functions (MFs) of 
fuzzy sets (FSs) can be viewed as probability distributions, this approach was called ‘possibilistic 
regression analysis.’ The possibilistic approach was explored and improved by many authors. 
Reviews of possibilistic regression analysis can be found in D’Urso [3].  

Fuzzy regression analysis was also considered from the viewpoint of generalizing the classical 
least squares method to the case of fuzzy data. The idea of this approach is to minimize in some sense 
the different distance measures between the predicted fuzzy values and the given fuzzy data. Fuzzy 
least squares methods were first proposed by Celmins [4]. Later, this approach was significantly 
developed by many researchers. In [1] one can find qualitative reviews on the fuzzy least squares and 
fuzzy least absolute methods.  
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Machine learning techniques made it possible to generalize fuzzy regression analysis through the 
use of genetic algorithms, neural networks, and support vector machines. Relevant references can be 
found in Chukhrova and Johannssen [1] and Hastie et al. [5].  

Often, when solving applied problems, data of different quality can be used [6]. For example, 
according to [7], wind tunnel experiments provide high simulation accuracy (a source of high-fidelity 
data). Also, experiments based on computational physical models have a higher error (source of low 
fidelity data). In some applications, a significantly more accurate regression model can be built if low-
precision data are also used. In this case, the problem arises of constructing a regression based on data 
of different quality.  

Using data of different quality with the aim of improving model accuracy is not a new concept. 
For instance, Hevesi et al. [8] predict average annual precipitation values near a potential nuclear 
waste disposal site using a set of precipitation measurements from the region along with more easily 
obtainable elevation map of the area. Kennedy and O’Hagan [9] approach the subject from the 
perspective of model construction using data resulting from computational simulations of varying 
fidelities and costs. In [7], to construct a Gaussian regression model, the problem of planning an 
experiment is solved with the choice of the ratio between the sizes of samples of low-precision and 
high-precision data. Also, to process data with a variable degree of certainty the methods of transfer 
learning [10], space mapping [11], and others [12] are used.  

Data quality (degree of usability of data) is a complex concept. It is characterized by objectivity, 
integrity, relevance, measurability, controllability, etc. In some cases, the quality of data may not be 
crisp defined [13]. According to [14], where using data without expert knowledge, the choice of a 
representative sample becomes an NP-complete problem. Therefore, samples have to be found within 
a reasonable time, and this justifies the use of fuzzy methods that formalize expert knowledge 
expressed in natural language words. For instance, in the framework of quality control fuzzy expert 
assessments are used in [15] to construct acceptance sampling plans (how many units can be selected 
from a consignment and how many defective units are allowed in this sample).  

In this article, we intend to investigate the method of constructing a fuzzy linear regression in the 
case when fuzzy data samples are of different qualities. Furthermore, the degrees of membership to a 
FS are known for these samples. This leads to a possibility that the regression takes into account 
fuzziness of the quality assessments of different samples, rather than just uncertainty of data. 
Examples of such FSs data samples could be: ‘High quality data samples’, ‘Questionable data 
samples’, ‘Actual data samples’, etc.  

The main result of the article justifies the fact that a FS of different quality samples of type-1 fuzzy 
data generates a type-2 fuzzy regression model. In this model, the regression parameters are T2FSs on 
the real line with constant secondary grades. Although, in general, a T2FS is a rather complicated 
mathematical object, T2FSs with constant secondary grades are simple enough for practical use. This 
feature allows us to decompose this set by secondary grades into a collection of corresponding fuzzy 
numbers. Each of them represents the corresponding fuzzy regression parameter for a crisp set of data 
samples. The set in the focus is the α-cut of the original fuzzy set of data samples. We note that the 
well-known type 2 fuzzy regression models use crisp collections of type 2 data sets, while the model 
proposed in the article uses a fuzzy collection of type 1 fuzzy data samples. This is a principal 
difference between them. It should also be added that this article continues the line of research in the 
field of mathematical operations with a fuzzy set of operands, first introduced in the context of 
intersections and unions of fuzzy sets [16, 17]. 

2. Materials and Methods 

In this section, we briefly review some existing theories and definitions. 

2.1. Linear  regression  analysis  for  fuzzy  input  and  output  data  using  the 
extension principle 



The article focuses on a linear regression in the case when data samples form a FS. We stress that 
one could have exploited different known methods of constructing a linear regression for fuzzy data. 
As an alternative, we intend to modify the method [18] based on the extension principle.  

Let {1,..., }K K  be the set of indices of data samples 1{ , ,..., }i i ipy x x , i K , where K  is the 

cardinality of K . A crisp statistical linear regression has the form 
( ( ))T

i i iy x K   ,  i K ,  (1) 

where for each i K , iy  is the dependent variable; 1(1, ,..., )i i ipx x x  is the vector of independent 

variables (factors, regressors) ,  1,...,ilx l p ; i  is the independent normal random variable. The 

symbol T  denotes the transpose, p  is the number of independent variables, 

0 0,...,( ) ( ( ),..., ( )) ( ( ))p l l pK K K K       is the vector of regression parameters. Let 

( ) ( )( ( )) ( )Ty K X K K K    be the matrix notation of equations (1) with , 0,...( ) { }is i K s pX K x    and 

0 1ix   for all i K , ( ) ( )T
i i Ky K y   and ( ) ( )T

i i KK   . For the convenience of presentation, the set 
K  of sample indices is indicated hereinafter as a parameter in these formulae. According to the least 
squares method, the estimate 0,...,ˆ ˆ( ) ( ( ))l l pK K    of the parameter vector 0,...,( ) ( ( ))l l pK K    has 

the form 
1ˆ( ) [ ( ) ( )] ( ) ( )T TK X K X K X K y K  .  (2) 

Assume that the data is fuzzy. To generalize formula (2) we denote by 
ˆ( ( ), ( )) ( )l lf X K y K K   (3) 

the l -th element, 0,...,l p  of the estimate ˆ( )K . We also denote by 

, 0,...( ) { }is i K s pX K x    ,  ( ) ( )T
i i Ky K y     (4) 

the matrix of independent variables and the vector of dependent variables, respectively, where for 
each i K , 0 1ix   is the crisp number which is equal to 1; isx ,  1,...,s p  and iy  are fuzzy numbers 

(FNs) with the MFs ( )
isx isx  , isx � , 1,...,s p  and ( )

iy iy  , iy � ,  i K , respectively. Here, �  

is the real line. 
Remark 1. Recall that a FN is a normal FS on �  with the upper semicontinuous and quasi-

concave MF (for example, see [19]). 
The vector 0,...,( ) ( ( ))l l pK K     of fuzzy parameters of the regression has the form 

1( ) [ ( ) ( )] ( ) ( )T TK X K X K X K y K       according to the least squares method [18]. For each 0,...,l p , 

( )( ) ( ( ), ( )) {( , ( )) : }
ll l KK f X K y K r r r   

  �  is the FN with the MF 

( )
, 0,...,( ), ( )

; 0,...,

( ) max { min { ( ), ( )}:  ( ( ), ( )),

( ) { } , ( ) { } }

l is iK x is y i li K s pX K y K

p K K
is i K s p i i K

r x y r f X K y K

X K x y K y

  
 

  

 

   

  

� �
  (5) 

by Zadeh’s extension principle [20]. Here, ( ( ), ( ))lf X K y K  is the l-th element of the vector 
1ˆ( ) [ ( ) ( )] ( ) ( )T TK X K X K X K y K   by (2) and (3). According to Remark 1, the maximum in (5) 

exists. As shown in [21], the representation of FNs by u -cuts is simpler for calculations than the 
functional approach. Therefore, for each 0,...,l p , we represent the MF of the FN ( )l K  in the 
form 

( ) [ ( )]
[0,1]

( ) max 1 ( )
l l uK K

u
r u r 


  ,  (6) 

where [ ( )]l uK  is the u -cut of the FN ( )l K . This u -cut is the set ( )[ ( )] { : ( ) }
ll u KK r r u    �  

with the MF   

[ ( )]

1, [ ( )] ;
1 ( )

0, [ ( )] ;l u

l u
K

l u

r K
r

r K





  






  (7) 

r� , [0,1]u . According to [18] and Remark 1, formula (5) implies that u -cut [ ( )]l uK  of the FN 

( )l K  has the form 



[ ( )] { ( ( ), ( )) : [ ] , 0,..., ;  [ ] ,  }l u l is is u i i uK f X K y K x x s p y y i K        ,  (8) 

where for each i K , the u -cuts of the FNs ,  0,...isx s p  and iy  are closed intervals 

 [ ] [[ ] ,[ ] ],  0,...,D H
il u is u is ux x x s p     and [ ] [[ ] ,[ ] ]D H

i u i u i uy y y   ,  (9) 

respectively, of the real line � . Since ( )l K  is a FN, then its u -cut [ ( )]l uK  is the interval 

[ ( )] [[ ( )] ,[ ( )] ]D H
l u l u l uK K K      �  too.  Equality (8) entails 

[ ( )] min{ ( ( ), ( )) :  [ ] , 0,..., ;   [ ] ,  }D
l u l is is u i i uK f X K y K x x s p y y i K        ,  (10) 

[ ( )] max{ ( ( ), ( )) :  [ ] ,  , 0,..., ;  [ ] ,  }H
l u l is is u i i uK f X K y K x x s p y y i K        .  (11) 

Thus, (6) ensures that formula (5) and the FN ( )l K  have the forms 

( ) ( ) max{ [0,1]:  [ ( )] [ ( )] }
l

D H
K l u l ur u K r K        ,  r� ,  (12) 

( ) {( , ) : [[ ( )] ,[ ( )] ], [0,1]} {([[ ( )] ,[ ( )] ], ) : [0,1]}L H L H
l l u l u l u l uK r u r K K u K K u u             , 

respectively. Problems (10) and (11) are rather complicated. In view of this, it is suggested in [18] to 
use, for 0,...,l p , the approximate value of the l -th fuzzy parameter 

( ) {([[ ( )] ,[ ( )] ], ) : [0,1]}L H
l l u l uK K K u u      ,  (13) 

with the MF   

( )
( ) max{ [0,1]:  [ ( )] [ ( )] }

l

D H
l u l uK

r u K r K     
  ,  r� ,  (14) 

where 
[ ( )] min{ ([ ( )] ,[ ( )] ), ([ ( )] ,[ ( )] ,

([ ( )] ,[ ( )] ), ([ ( )] ,[ ( )] )},

D D D D H
l u l u u l u u

H D H H
l u u l u u

K f X K y K f X K y K

f X K y K f X K y K

    

  
  (15) 

[ ( )] max{ ([ ( )] ,[ ( )] ), ([ ( )] ,[ ( )] ,

([ ( )] ,[ ( )] ), ([ ( )] ,[ ( )] )}.

H D D D H
l u l u u l u u

H D H H
l u u l u u

K f X K y K f X K y K

f X K y K f X K y K

    

  
  (16) 

Here, the matrices [ ( )] ,  [ ( )]D H
u uX K X K   and the vectors [ ( )] ,  [ ( )]D H

u uy K y K   are comprised in of the 

elements [ ] ,[ ] ,  0,..., ;  [ ] ,[ ] ,  D H D H
is u is u i u i ux x s p y y i K     , respectively (see (9)). It is clear that 

[ ( )] [ ( )]D D
l u l uK K   , [ ( )] [ ( )]H H

l u l uK K   . Therefore, the inclusion [ ( )] [ ( )]l u l uK K    is hold for 

the closed interval [ ( )] [[ ( )] ,[ ( )] ]D H
l u l u l uK K K     . This entails ( )( )

( ) ( )
ll

KK
r r    and thereupon 

the value 
( )

( )
l K

r   is a lower bound of ( ) ( )
l K r   for r� . 

2.2. Type‐2 fuzzy sets 

Zadeh [22] introduced the notion of type-2 fuzzy set (T2FS) as a generalization of type-1 fuzzy set 
(T1FS) (that is, an ordinary FS). Unlike a T1FS, the membership degree of elements in a T2FS is a FS 
on closed interval [0, 1]. Based on the ideas of Karnik and Mendel [23], Mendel and John [24] gave a 

different definition. The T2FS C  on a set X  is the collection 

{(( , ), ( , )) :  ,  [0,1]}xC
C x u x u x X u J   
 ,  (17) 

where ( , )
C

x u   is a type-2 membership function (T2MF), xJ  is the set of primary membership 

degrees u  of x X  to C . The value ( , )
C

x u   is a crisp number from the closed interval [0, 1] which 

is called the secondary grade of the pair  ( , )x u . 
Remark 2. According to the comments of Harding et al. [25] and Aisbett et al. [26], one has to 

define the T2MF ( , )
C

x u   for all x X  and [0,1]u . To this end, one should put ( , ) 0
C

x u   for all 

xu J , x X .  
Remark 3. The primary membership degree u is deemed as the degree of manifestation of some 

property (which determines the given FS) of x X . According to [27], we interpret the secondary 
grade ( , )

C
x u   as the degree of truth of the corresponding primary degree u of this property for x. 

Following [24], we define embedded T2FSs and T1FSs for a T2FS 



{(( , ), ( , )) : , [0,1]}
C

C x u x u x X u  
 . Assume that 1 ( ) [0,1]ex C

u x   is a unique primary degree of 

membership, for each x X , where 1 ( )eC
x , x X  is the MF of the T1FS 

1

1 {( , ( )) : }.e

e

C
C x x x X   This T1FS is called embedded in the T2FS C . We define the embedded 

T2FS 2eC  in C  in the form  2

2 {(( , ), ( , )) : }e

e
x xC

C x u x u x X 
  with 2 1( , )) ( , ( )))e ex CC C

x u x x     for 

all x X . 
Remark 4. According to [24], each element of the type-2 fuzzy collection 

{(( , ), ( , )) : , [0,1]}
C

C x u x u x X u  
  is interpreted as a subset. Thus, the collection is represented as 

the classical union of its elements in the sense of T1FSs. In [24], Mendel and John stated that each 
T2FS can be represented as a collection of all possible embedded T2FSs. 

2.3. Collections of T2FSs with constant secondary grades 

We shall need one special case of a T2FS to be defined according to [28, 29, 30]. Let 
{ ( , ) : ( , ) 0, , [0,1]}

C C
A x u x u x X u      be the set of all possible positive values of secondary 

grades for the T2FS {(( , ), ( , )) :  ,  [0,1]}
C

C x u x u x X u  
 . Assume that the set A is finite. 

Definition 1. We say that an embedded T2FS 2

2

( )
( ) {(( , ), ( , )) : }e

e
x xC

C x u x u x X


  
  in the T2FS 

C  has a constant secondary grade A  if, for each x X , the unique primary degree 

1 ( )
( ) [0,1]ex C

u x


   exists for which 2 ( )
( , )e xC
x u


  , i.e. 1

2

( )
( ) {(( , ( )), ) :  }e

e

C
C x x x X


    .  

Here  1 ( )
( )eC
x


 , x X  is the MF of the embedded T1FS 1

1

( )
( ) {( , ( )) : }e

e

C
C x x x X


    in the 

T2FS C . 

Remark 5. Obviously, for the T2FS C  and each A , there is the unique embedded T1FS 

1

1

( )
( ) {( , ( )) :  }e

e

C
C x x x X


    which is corresponding to the embedded T2FS 2 ( )eC   with 

constant secondary grade  . Hence, 1

2 1

( )
( ) {( ( ), )} {({( , ( )) :  }, )}e

e e

C
C C x x x X


         

1 ( )
{(( , ( )), ) :  }eC

x x x X


   . 

3. Formulation of the problem and the main idea 

Let {1,..., }N n  be the set of indices of fuzzy data samples 1{ , ,..., },  i i ipy x x i N    in the form of 

FNs with the MFs ( )
isx isx  , isx � , 1,...,s p , ( )

iy iy  , iy � , i N , respectively. The matrix 

( )X N  of independent variables and the vector ( )y N  of dependent variables are given by formula 

(4). Assume that qualities of data samples 1{ , ,..., },  i i ipy x x i N    are different. Furthermore, the 

degrees ( ),I j j N   of membership to the FS {( , ( )) : }II j j j N   of data samples indices are 
known. The following question arises: ‘what are linear regression parameters in the case when fuzzy 
data samples are involved in the calculation with the corresponding degrees ( )I j ,  j N  of 
membership?’ In other words: ‘what are the fuzzy parameters of the regression for the FS I  of the 
data samples indices? We investigate this problem for the l -th regression parameter. First, we 
generalize formula (12) for the case of an arbitrary subset K N  of sample indices and represent it 

in a convenient form for us. For each r� , we consider the mapping : 2 [0,1]r N
lU   given by 

( ) max{ [0,1]:  [ ( )] [ ( )] },  r D H
l l u l uU K u K r K K N       .  (18) 

According to (12), the mapping r
lU  associates each subset K N  of data sample indices with the 

value of the MF 
( )

( )
l K

r   of the fuzzy parameter ( )l K  (see (13)). The latter is the FN 



( )
( ) {( , ( )) : }

l
l K

K r r r  
 � ,  (19) 

with the MF 

( )
( ) ( )

l

r
lK

r U K  ,   supp( ( )) { : ( ) 0}r
l lr K r U K    � ,  (20) 

where supp( ( ))l K  is the support of the FN ( )l K . Next, we generalize formulae (19) and (20) to 

the case of the FS I  of sample indices. We denote by lB  the l -th regression parameter, and by 

( )
lB

M r , r�  its MF for the FS I  of data samples indices. In this case, the value of the MF ( )
lB

M r  

for each fixed *r r  coincides with the image * ( )r
lU I  of the FS I  under *r

lU , i.e. *( *) ( )
l

r
lB

M r U I

. According to Zadeh’s extension principle [20], the image of the FS I  under the mapping 
* : 2 [0,1]r N

lU   (see (18)) is the FS  *

*

( )
( ) {( , ( )) : [0,1]}r

l

r
l U I

U I u u u   with the MF  

*

*

( )
( ) max{ [0,1]:  ( ( ))}r

l

r
lU I

u u U I     ,  [0,1]u .  (21) 

Here, ( ) { : ( ) }II j N j      is the  -cut, [0,1]  of the FS {( , ( )) :  }II j j j N   of sample 
indices; 

*
( ( ))

( ( )) ( *)
l

r
l I

U I r    ,  (22) 

is the image of the  -cut ( )I  , [0,1]  of the FS I  of the samples indices in the mapping *r
lU  (see 

(18)). The value * ( ( ))r
lU I   is equal to the MF value 

( ( ))
( *)

l I
r    of the l -th fuzzy parameter 

( ( ))l I   for the set ( )I   of sample indices. 

Remark 6. Let { ( ) :  }IA j j N   be the set of membership degrees values of the fuzzy set 

{( , ( )) :  }II j j j N   of sample indices. Note that the cardinality of the set A is |A| ≤ n. The 

situation |A| < n may occur if the degrees of membership ( )I j  coincide for different indices  j N  

of samples. It is clear that while obtaining  -cuts ( ) { : ( ) }II j N j       of the fuzzy set I  

we can assume that A  rather than [0,1] .  

Thus, according to (20) and (21), for fixed *r r , values of ( *)
lB

M r  form the T1FS 

( *){( , ( )) : [0,1]}
Bl

M ru u u 


 on [0, 1] with the MF  *

*
( *) ( )

( ) ( ) max{ : ( ( ))}r
B ll

r
M r lU I

u u A u U I      


,  

*supp( ( *)) { [0,1]:  ( ( )),  }
l

r
lB

u M r u u U I A      . Then (22) entails 

( *) ( ( ))
( ) max{ :  ( *)},

B ll
M r I

u A u r     
    (23) 

where 
( ( ))

supp( ( *)) { [0,1]:  ( *),  }
l lB I

u M r u u r A        . Therefore, we conclude that lB  is a 

FS on �  with the MF whose values form T1FS on [0,1] . Then, according to [22], lB  is the T2FS on 

� . In the manner of vertical slices [27] the T2FS lB  on �  has the form: 

( ){( , ( )) : } {( ,{( , ( )) :  }) :  }
Bl l

l M r rB
B r M r r R r u u u J r    


 � ,  (24) 

where ( ) ( )
Bl

M r u


, [0,1]u  is the MF of the T1FS ( )( ) {{( , ( )) :  [0,1]}
Bl l

M rB
M r u u u 

  of values of 

fuzzy degree of membership of the element r�  to the T2FS lB  and supp( ( ))
l

r B
J M r   is the set of 

primary membership degrees, where supp( ( ))
lB

M r  is the support of the T1FS ( )
lB

M r  for r� . 

According to Section 2.2, we can also characterize the T2FS lB  of the l -th regression parameter by 

means of the T2MF ( )( , ) ( ),  
Bl l

M r rB
r u u u J  

  and ( , ) 0,  
l

rB
r u u J   . This conclusion allows us 

to introduce the following notion. 
Definition 2. By the regression parameter with index 0,...,l p  for the FS I  of sample indices is 

meant the T2FS  
{(( , ), ( , )) :  [0,1],  }

ll B
B r u r u u r  
 � ,  (25) 

with the T2MF 



( ( ))
max{ :  ( )},  ;

( , )
.0,

l

l

I r

B
r

A u r u J
r u

u J
  


    



   (26) 

Here, 
  

( ( ))
{ [0,1]:  ( ),  }

l
r I

J u u r A      ,  (27) 

is the set of primary membership degrees [0,1]u  with strictly positive secondary grades ( , )
lB

r u   

which coincides with the support supp( ( ))
lB

M r  (see (23)) of the T1FS ( )
lB

M r  of fuzzy membership 

degrees of the element r� ; 

( ( ))
( ) max{ [0,1]:  [ ( ( ))] [ ( ( ))] }

l

D H
l u l uI

r u I r I        
  ,  (28) 

is the MF of the l -th fuzzy parameter  

( ( ))
( ( )) {( , ( )) : }

l
l I

I r r r    
 � ,  (29) 

for the set ( )I   of sample indices (see (19)-(20) for ( )K I  ); 

[ ( ( ))] min{ ([ ( ( ))] ,[ ( ( ))] ), ([ ( ( ))] ,[ ( ( ))] ,

([ ( ( ))] ,[ ( ( ))] ), ([ ( ( ))] ,[ ( ( ))] )}

D D D D H
l u l u u l u u

H D H H
l u u l u u

I f X I y I f X I y I

f X I y I f X I y I

   

  

     

   
  (30) 

and 
[ ( ( ))] max{ ([ ( ( ))] ,[ ( ( ))] ), ([ ( ( ))] ,[ ( ( ))] ,

([ ( ( ))] ,[ ( ( ))] ), ([ ( ( ))] ,[ ( ( ))] )}

H D D D H
l u l u u l u u

H D H H
l u u l u u

I f X I y I f X I y I

f X I y I f X I y I

   

  

     

   
  (31) 

are the estimates of the lower and upper bounds (see (15)-(16) for ( )K I  ) of the u -cut 

[ ( ( ))]l uI   of the FN ( ( ))l I  ; 

( ) { : ( ) }II j N j       (32) 

is the  -cut of the FS I  of sample indices;  
A  is the set of the membership degrees values ( ),I j j N   of the FS {( , ( )) : }II j j j N   of 

sample indices (see Remark 6). According to (26), the set A  includes all possible positive values of 
secondary grades for the T2FS lB  of the l -th regression parameter. 

4. Regression for a fuzzy set of sample indices 
4.1. Decomposition of T2FSs of regression parameters 

For each l -th regression parameter, 0,...,l p , we apply a decomposition approach to represent 

the T2FS lB  in a more convenient form. Theorem 1 justifies the representation of the T2FS lB  in the 
form of a collection of the embedded T2FSs with constant secondary grades. 

Theorem 1. The T2FS lB  of the l -th regression parameter is represented in the form of the 

collection 2{ ( ( )) :  }e
l lB B I A     of embedded T2FSs 

2 ( ( )) {( ( ( )), ))}e
l lB I I     ,   (33) 

with the constant secondary grades A . For each A , the embedded T1FS 

( ( ))
( ( )) {( , ( )) : }

l
l I

I r r r    
 �  is the FN which is the l -th fuzzy parameter for the set 

( ) { : ( ) }II j N j      of sample indices, with the MF 
( ( ))

( )
l I

r    in form (28). 

Proof. According to (25), the T2FS of the regression parameter with the index 0,...,l p  has the 

form {(( , ), ( , )) :  [0,1],  }
ll B

B r u r u u r  
 � . Hence,  

( ( ))
{{(( , ),max{ :  ( )}) :  } {(( , ),0) :  }:  }

l
l r rI

B r u A u r u J r u u J r       
  � ,   (34) 

by (26). Remark 4 allows us to ignore the pairs ( , )r u  that have secondary grades equal to 0. Thus, 



( ( ))
{(( , ),max{ :  ( )}) :  ,  }

l
l xI

B r u A u r u J r      
 � ,   (35) 

and thereupon  
( ( ))

{(( , ( )) :  ) :  }
l

l I
B r r A r    
 �  by (27). Note that the collection 

( ( ))
{( ( ), ) :  }

l I
r A      is the T1FS which is formed by the unique value 

( ( ))
( )

l I
u r    of the fuzzy 

degree of membership of .r�  The different values A  may correspond to 
( ( ))

( )
l I

u r   . 

Therefore, the equality 
( ( ))

{( ( ), ) : }
l I

r A      ( ( )) 
{( ,max{ :  ( )})}

l IA
u u r 

 


   holds true. Further, 

regrouping elements yields 
 

( ( )) ( ( ))
{( ,( ( ), )) : , } {{(( , ( )), ) : }: }

l l
l I I

B r r A r r r r A              
 � � .  (36) 

Finally, by virtue of formula (29) we conclude that {( ( ( )), ) :  }l lB I A     . 
The proof of Theorem 1 is complete. 

4.2. Calculation of T2FSs of regression parameters 

First, we construct the set { ( ) : }IA j j N   of membership degrees values of the FS 

{( , ( )) :  }II j j j N   of sample indices. For each A , according to (32), we construct the  -cut 

( ) { : ( ) }II j N j      of the FS I . Further, for each 0,...,l p , we use the representation of the 

T2FS lB  in the form of a collection of embedded T2FSs with constant secondary grades (see 

Theorem 1). This leads to the following sequence of calculations for each A .  

We construct the embedded T1FS 
( ( ))

( ( )) {( , ( )) : }
l

l I
I r r r    

 � . This is the FN, which is the 

l -th fuzzy parameter of the regression for the set ( )I   of sample indices. To construct the FN 

( ( ))l I   one can use any known methods. An application of the method worked out in Section 2.1 of 

[18] yields ( ( )) {([[ ( ( ))] ,[ ( ( ))] ], ) : [0,1]}D H
l l u l uI I I u u          (see (13), (30), (31) for ( )K I  ) 

with the MF  

( ( ))
( ) max{ [0,1]:  [ ( ( ))] [ ( ( ))] }

l

D H
l l u l l uI

r u I r I        
  ,  lr � .  (37) 

Formula (37) is justified by (14) with ( )K I  . Then, the corresponding embedded T2FS with the 

constant secondary grade   has the form 2 ( ( )) {( ( ( )), ))}e
l lB I I      according to (33). 

Once all embedded T2FSs 2 ( ( ))e
lB I   with constant secondary grades A  have been obtained, 

the resulting T2FS of the l -th regression parameter has the form 
2{ ( ( )) :  } {( ( ( )), )) :  }e

l l lB B I A I A           by Theorem 1. According to Remark 3, the T2FSs 

lB  can be interpreted as follows. For fuzzy data of different quality, the l -th regression parameter lB  

is equal to the l -th  parameter ( ( ))l I   of the regression for the corresponding crisp set ( )I   of data 

samples  with the degree of truth being equal to  , A . 

5. Illustration and discussion 
5.1. Example 

This example is devised to illustrate our approach. We stress that this example does not use real 
data. All data are given to the second decimal place.  

To conduct the historical research, we need to find out the dependence of weight of a middle-aged 
person on he or her tall in the 10th century. The data borrowed from four authentic historical 
documents are located in lines 1-4 of Table 1. There is a reason to believe that the values in line 3 are 
slightly less reliable than the rest. We assume that in those days the height and the weight were 
measured with an accuracy to ±1Kg and ±5%, respectively. We denote by ( , , )L C Ua a a a  a 
‘triangular’ FN with the MF 



( ) / ( ), [ ];

( ) ( ) / ( ), [ ];

0, otherwise.

L C L L C

R R C C R
a

r a a a r a a

r a r a a r a a

    
    



   (38) 

Table 1 contains the fuzzy data in forms of the ‘triangular’ FNs 1 1 1 1( , , )L C U
i i i ix x x x  and 

1 ( , , )L C U
i i i iy y y y , {1,...,4}i . The fuzzy data 1ix  and iy  be denoted as 1 1( )C

i ix appr x  and 

( )C
i iy appr y , and can be interpreted as ‘approximately 1

C
ix  and C

iy ’, respectively. The dependence 
of the weight on the height for majority of data in rows 1-4 of Table 1 may seem strange, since weight 
gain decreases as the height increases. We assume that this can be explained by the small sample size 
and its non-representativeness. 
Table 1 
Weight depending on height 

i    Height  1ix   Weight  iy  

1    (149,150,151)  (55,1;58,60,9) 
2    (159,160,161)  (63,65;67;70,35) 
3    (169,170,171)  (63,65;67;70,35) 
4    (189,190,191)  (80,75;85;89,25) 
5    150  50 
6    160  60 
7    170  70 
8    180  80 

 
To solve this problem, we supplement the data sample. We know from the medical sources [31] that 
the Broca’s formula for determining the height and the optimal weight has the form W = H − 100, 
where H is the height in cm and W is the optimal weight in Kg. According to this formula, we 
calculate the optimal weights for four different heights and place these data in rows 5-8 of Table 1. 
Thus, we have three sources of data of different quality. The high-quality source is historical, which 
we fully trust. We evaluate the degree of reliability of data from this source. The results which are 
located in rows 1,2,4 of Table 1 have the values of the degree of reliability are equal to 1. The degree 
of less reliable data from the second source of historical data which are located in line 3 of Table 1 is 
estimated at 0,9. The third source of data is medical. It is known that modern persons are taller than 
persons living in the 10th century and having the same weight. As a consequence, the degree of 
reliability of data from a medical source is not very high (for example, we estimate it as 0,7), since 
this source only provides information on the ratio of the weight and the height for modern people. 
Thus, we construct the FS ‘Reliable data samples’ 

{(1;1),(2;1),(3;0,9),(4;1),(5;0,7),(6;0,7),(7;0,7),(8;0,7)}I   on the set {1,...,8}N   of data sample 

indexes with the MF values (1) (2) (4) 1I I I     , (3) 0,9I   и (5) ... (8) 0,7I I    .   
In view of Remark 6, the set of membership degrees values of the FS I  takes the form 
{0,7;0,9;1}.A   For 1,0  ; 0,9   and 0,7  ,  according to (32), we construct the 

corresponding α-cuts (1) {1,2,4}I  , (0,9) {1,...,4}I   and (0,7) {1,...,8}I   of the FS I  of data 
samples indices. Next, we construct FNs of parameters of linear least-squares regressions (see Section 
2.1). In Example 1, these FNs are of the ‘triangular’ type (in general case, this is not necessary). Here, 
these FNs are of the ‘triangular’ type (in general case, this is not necessary). 

For 1  , we get embedded T1FSs 0 ( (1)) ( 86,51; 82,2; 79,6) ( 82,2)I appr        and  

1( (1)) (0,88;0,91;0,94) (0,91)I appr    in the T2FSs 2
0 0( (1)) {( ( (1)),1))}eB I I   and 

2
1 1( (1)) {( ( (1)),1))}eB I I  , respectively, with the constant secondary grade (the degree of truth) being 

equal to 1. 

For 0,9  , we get embedded T1FSs   0 ( (0,9)) ( 68,47; 64,4; 60,41) ( 64,4)I appr        and  

1( (0,9)) (0,77;0,81;0,85) (0,81)I appr    in the T2FSs 2
0 0( (0,9)) {( ( (0,9));0,9))}eB I I   and 



2
1 1( (0,9)) {( ( (0,9));0,9))}eB I I  , respectively, with the degree of truth being equal to 0,9. 

For 0,7  , we get embedded T1FSs 0 ( (0,7)) ( 81,79; 77; 72,3) ( 77)I appr        and 

1( (0,7)) (0,85;0,9;0,95) (0,9)I appr    in the T2FSs 2
0 0( (0,7)) {( ( (0,7));0,7))}eB I I   and 

2
1 1( (0,7)) {( ( (0,7));0,7))}eB I I  , respectively, with the degree of truth) being equal to 0,7. 

According to Theorem 1, the resulting T2FSs of regression parameters have the forms 

0 {( ( 82,2);1), ( ( 64,4);0,9), ( ( 77);0,7)}B appr appr appr    ,  (39) 

1 {( (0,91);1), ( (0,81);0,9), ( (0,9);0,7)}B appr appr appr .  (40) 

 
 
Figure 1. The lines of the levels   0,7  ;   0,9   and  1,0   of the T2MF 
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Figure 2. The lines of the levels   0,7  ;   0,9   and  1,0   of the 
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r u   and 

1
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B
r u   can be calculated with the help of formulae (26) and (27). Their 

levels {0,7;0,9;1}A   are represented by solid (for 1  ), dashed (for 0,9  ) and dotted (for 

0,7  ) lines in Figure 1 for 
0
( , )

B
r u   and in Figure 2 for 

1
( , )

B
r u  . 

The obtained T2FSs can be interpreted as follows. For fuzzy data of different quality, the T2FSs 

0B  and 1B  of fuzzy regression parameters values are equal to: 

 the FNs 0 ( (0,7)) ( 77)I appr    and 1( (0,7)) (0,9)I appr  , respectively, for the crisp set 

(0,7) {1,...,8}I   of data sample indices with the degree of truth being equal to 0,7; 

 the FNs 0 ( (0,9)) ( 64,4)I appr    and 1( (0,9)) (0,81)I appr  , respectively, for the crisp set 

(0,9) {1,...,4}I   of data sample indices with the degree of truth being equal to 0,9 and 

 the FNs 0 ( (1)) ( 82,2)I appr    and 1( (1)) (0,91)I appr  , respectively, for the crisp set 

(1) {1,2,4}I   of data sample indices with the degree of truth being equal to 1. 

5.2. The discussion of the results 

Let us consider a graphical interpretation obtained regression with T2FSs parameters. On Figure 3 
thin solid lines demonstrate the graphs of the regression functions 

1 0 0 0( ( (1)) ( ( (1)) 86,51 0,88L Ly I I x x       ,  (41) 

1 0 0 0( ( (1))) ( ( (1))) 79,6 0,94H Hy I I x x         (42) 

with parameters which correspond to the lower and upper bounds of the 0-cuts 

0 0 0 0[( ( (1)) ,( ( (1)) ] [ 86,51; 79,6]L HI I       and 1 0 1 1[( ( (1)) ,( ( (1)) ] [0,88;0,94]L HI I     of the FNs 

0 ( (1)) ( 82,2)I appr    and 1( (1)) (0,91)I appr  , respectively. These FNs are corresponding  

 



 
 

Figure 3. The illustration of the regression with the parameter T2FSs 
 
parameters of the fuzzy linear regression for crisp set (1) {1,2,4}I   of data sample indices. For the 

same set of sample indices, the thick solid line shows the graph of the regression function  

1 1 0 1( ( (1)) ( ( (1)) 82,2 0,91L Ly I I x x        with parameters which correspond to the 1-cuts 

[ 82,2; 82,2]   and [0,91;0,91]  of the FNs 0 ( (1)) ( 82,2)I appr    and 1( (1)) (0,91)I appr  , 

respectively. For the crisp set (0,9) {1,...,4}I   of data sample indices, the dashed lines demonstrate the 

graphs of the regression functions 1 0 0 0( ( (0,9)) ( ( (0,9)) 68,47 0,77L Ly I I x x        and 

1 0 0 0( ( (0,9)) ( ( (0,9)) 60,4 0,85H Hy I I x x         (43) 

(thin lines), and  

1 1 0 1( ( (0,9)) ( ( (0,9)) 64,4 0,81L Ly I I x x         (44) 

(a thick line). For the crisp set (0,7) {1,...,8}I   of data sample indices, the dotted lines demonstrate the 

graphs of the regression functions 1 0 0 0( ( (0,7)) ( ( (0,7)) 81,79 0,85L Ly I I x x        and  

1 0 0 0( ( (0,7)) ( ( (0,7)) 72,3 0,95H Hy I I x x         (45) 

(thin lines), and  

1 0 0 0( ( (1))) ( ( (1))) 79,6 0,94H Hy I I x x         (46) 

(a thick line).  
Figure 3 allows us to draw the following conclusions. Regressions corresponding to data of 

different quality may differ from each other and express a different relationship between the 
independent variables and predicted output. Therefore, the resulting regression with T2FSs of 
parameters should be taken as a whole as a collection of regressions corresponding to  -cuts 

( ),  [0,1]I    of the FS I  of data sample indices. Only in this case we get an idea about 

dependence between the regression and the quality of the data used. Sometimes understanding this is 
important. 

 If we need some ‘maximizing’ regression, which has parameters values  with the primary 
membership degrees equal to 1, then it should be considered as a collection of regressions 



corresponding to  -cuts ( ),  [0,1]I    of the FS I  of data sample indices. For these regressions, 
we take the parameters values with the membership degrees equal to 1.  In Example 1, these are 
regressions with graphs depicted by thick lines in Figure 3.  

The regression for fuzzy data of different quality can be represented as a set of fuzzy regressions 
with the degree of truth A . These fuzzy regressions correspond to data samples of different 
quality with indices belonging to  -cuts ( ),  I A  of the FS I . Thus, the degree of truth of the 
regression is determined by the quality of the data for which it is constructed. The higher the quality 
of data samples, the greater the degree of membership of their indices to the FS I  and the higher the 
degree of truth of the corresponding fuzzy regression in the collection that forms the regression for 
fuzzy data of different quality. On the other hand, increasing the amount of low-quality data reduces 
the degree of truth of the corresponding fuzzy regression in the collection. 

6. Conclusion 

According to the proposed approach, the linear regression parameters for fuzzy data of different 
quality are T2FSs with constant secondary grades. Although, in general, a T2FS is a rather 
complicated mathematical object, T2FSs with constant secondary grades are simple enough for 
practical use. Therefore, to represent these sets in a form which is convenient for understanding and 
applications, we have used a decomposition method. The results obtained have allowed us to 
decompose the T2FSs of linear regression parameters according to secondary grades into finite sets of 
FNs. These are fuzzy parameters of the regressions which correspond to different  -cuts of FSs of 
data sample indices. One direction of future investigation of regressions with a fuzzy set of data 
sample indices may be related to the development of a similar approach for possibilistic regression 
analysis. 
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Abstract  
The aim of the work is to develop theoretical foundations aimed at improving efficiency of 
detecting hazard factors related to natural and man-made disasters based on the results a 
seismic observation. An analysis of seismic monitoring equipment operated by the Main 
Center for Special Control of State Space Agency of Ukraine and methods of seismic data 
processing was carried out. Various components of seismic signals from events with 
epicenters in the regional zone was analyzed. A relationship was established between 
location of seismic event location relative to seismic observation station and angular 
characteristics of main seismic signal components for events with regional epicenters. In 
order to reduce the time of providing preliminary information to users about the fact of a 
seismic event and its seismic source parameters, it is proposed to move from a search task of 
determining focal point location to remote monitoring of potential sources of natural and 
man-made disasters. In order to realize continuous remote monitoring for potential sources of 
emergency events, a polarization-time model was proposed for expected seismic signal from 
an event with a focal point in a controlled area (object). Results of applying the proposed 
approach for detecting seismic signals from earthquakes with foci in the regional zone are 
presented. Relative simplicity of implementing our approach allows monitoring potential 
sources an emergency events in a time mode close to real time. Parameters of a polarization-
time model of seismic signals for nuclear power plants in Ukraine and hydraulic structures of 
the Dnipro cascade are presented. At the same time, this work is included in a broader set of 
studies aimed at improving existing and creating new theoretical foundations for detecting 
seismic hazards of natural and man-made origin. In addition, this research covers processes 
of occurrence and propagation of seismic emergencies that may threaten society's vital 
activity. 
Keywords 1 
Emergency events, Earthquake, seismic signal, three-component seismic station, signal 
detection, seismic waves, polarization-time model of seismic signal, seismic monitoring, 
automatically controlled monitoring system, source of emergency  

1. Introduction 

The interaction of natural, technological, and social systems on Earth leads to the emergence of 
numerous emergency situations that can have natural, technological, or military origins. Among these 
emergencies, the most dangerous for the Earth's biosphere are earthquakes, floods, hurricanes, 
accidents at nuclear power facilities, military actions, and others that can have a serious impact on 
human life and the ecological balance of the planet.  
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Recently, disasters have become global in nature. Population growth increases the scale of 
consequences from natural disasters as more and more people are forced to live in dangerous places, 
which are located in areas of flooding, landslides, earthquakes, etc. Examples of this are catastrophic 
consequences of powerful earthquakes in recent decades – China (2008), Japan (1995, 2011), Haiti 
(2010), Indonesia (2004), Turkey (1999, 2023), and others.  

Ukraine is no exception. In certain regions of Ukraine with a high population density, there are 
high-risk facilities, which dramatically increases risk of possible natural disasters, accidents and 
catastrophes. Every year, natural and technological ES occur in our country, leading to loss of life and 
significant material damage [1-4]. Hostilities as a result of Russia’s armed aggression increase risks at 
potentially hazardous facilities, such as nuclear power plants, dams of the Dnipro cascade, and others. 
In addition, earthquakes are one of the hazardous natural phenomena that can occur on Ukrainian 
territory and lead to an emergency. Earthquakes cover large areas and are characterized by destruction 
of buildings and structures, massive fires and industrial accidents, as well as negative psychological 
impact. 

Tendency of sharp increase in numbers and destructive force caused by disasters of different 
nature causes deterioration of social, economic and environmental consequences and points to the 
need to develop effective measures for prevention and elimination of disasters of different nature. 
Therefore, an urgent way to solve this problem is to develop an effective system for detecting hazards 
at stage of their inception, establishing causes of their manifestation and impact on them in order to 
prevent disasters and reduce their consequences.  

In order to organize and ensure protection of citizens from the consequences of disasters, Civil 
Protection System (CPS) was created in Ukraine [1,2]. Tasks of the CPS are: prevention of 
emergencies and elimination their consequences; warning population about threat and occurrence of 
emergencies; protection of population from consequences thereof. A main component of qualitative 
fulfillment of tasks assigned to the CPS is timely receipt of information about disasters and their 
consequences, for which purpose a disaster monitoring system (DMNS) is created. At same time, the 
task of enhancing capabilities of the CPS by expanding monitoring methods becomes urgent. 

One of these methods is seismic, its main advantages being high efficiency of establishing fact of a 
seismic event and ability to simultaneously monitor several potentially hazardous objects (areas) 
remotely, which reduces risk for technical means of observation and service personnel. 

One of information segments of the DMNS is the Main Center for Special Monitoring (MCSM) of 
the State Space Agency (SSA) of Ukraine, which, through National Seismic Observation System and 
Governmental Information and Analytical System for Emergency Situations, provides information to 
the CPS on seismic situation in Ukraine and neighboring countries [5]. The seismic observation 
network (SON) of MCSM includes three-component seismic stations (TCSS), a seismic grouping 
system (SGS), which was included in the International Seismic Monitoring Network as PS45 station, 
and a National Data Center (Figure 1).  

 
Figure 1: Network of seismic observation MCSM SSA of Ukraine 

 
Seismic data processing is performed in manual and automatic modes. Decision on the parameters 

a seismic event and possible consequences is made by the operational duty officer of the MCSM 
based on results of analysis information on seismic signal parameters (time arrival of main types a 
seismic wave, their amplitude and period) received from each observation point [6].  



Methods of seismic data processing currently implemented in the MCSM allow providing 
preliminary information to users about seismic event parameters and possible consequences in 15 
minutes, and final information in 40 minutes after event occurrence [6,7]. 

Modernization of seismic observation equipment, transmission and processing of measurement 
data, transition to digital information processing, which is carried out at the MCSM within the 
framework of national and international programs, allows to move to a qualitatively new level of 
seismic monitoring. However, these capabilities are currently used to a limited extent, since seismic 
data processing methods implemented in the MCSM are based on algorithms for “manual” processing 
of seismograms by operators. At the same time, time limits for providing information to users are 
caused primarily by capabilities of existing approaches to processing seismic detection data. 

2. Review of the literature 

At present, in international and national data centers other countries, the main trend in detecting a 
seismic event in automatic mode is to use relatively simple measurement data processing procedures 
(such as STA/LTA), which allow for rapid data analysis and detection of seismic signals, but at the 
same time increase the density of the seismic observation network [6,8]. Territorial limitations of the 
seismic observation network of the MCSM, especially after temporary loss of observation stations 
“Sevastopol” and “Yevpatoriya” due to the occupation of the Crimea by the Russian Federation, 
necessitates development of methodological principles for solving seismic monitoring tasks by 
individual observation stations (OS) and TCSS. 

Polarization analysis apparatus is used to process TCSS measurement data, but usually to 
determine angular characteristics of seismic wave exit to ground surface of seismic recording 
sections, which are defined as a signal based on preliminary detection results [6]. Another approach to 
applying the polarization analysis apparatus is polarization filtering, which consists in increasing 
signal to noise ratio of seismic vibrations from a certain direction [9]. Application of this approach 
makes it possible to detect seismic signals from sources with cells along a propagation path (beam), 
which is determined by angular characteristics – azimuth α and angle of arrival at daylight surface γ, 
but does not determine position of source within beam [10]. 

For analyzing data from seismic grouping system measurements, a method of controlled 
directional reception is used [6]. However, its application allows detecting signals over entire area 
covered by a generated beam (maximum of the seismic grouping system radiation pattern formed by 
time delays for each element of a seismic group for a corresponding area of Eart’s surface), and also 
doesn’t allow determining position of a seismic source within a beam. 

Development of theoretical foundations for continuous remote monitoring potential sources of 
emergencies (PSE) natural and man-made disasters based on observations by a separate TCSS is one 
possible way to overcome this problem. In addition, such a need is caused by problem of ensuring the 
functional stability of seismic observation network as a whole, especially in cases when it is 
impossible to use seismic data from several stations (equipment failure, communication interruption, 
maintenance, etc.). Another prerequisite for improving seismic data processing methods is 
modernization of the MCSM seismic observation network, which is being carried out within 
international and national projects. Therefore, development as well as improvement of the existing 
theoretical foundations for automated processing of seismic signals recorded by a separate TCSS is a 
relevant issue.  

Aim of the work is development of methodological principles for implementing continuous remote 
monitoring a potential source on natural and man-made emergencies based on results of observations 
by a three-component seismic station, taking into account kinematic and dynamic features, seismic 
component of signal from events centered in regional area. 

3. Research methods 

Reducing time for providing preliminary information to users about a seismic event and its 
parameters can be realized by moving from a search task of determining location a seismic source in 
absence of a priori information to remote monitoring potential sources by natural and man-made 
hazards. 



PSE include potentially dangerous objects (civilian and military) and seismically active zones, 
earthquakes with centers in which pose a real potential threat to territory of Ukraine. Therefore, 
consideration of developing appropriate methodological principles for implementing continuous 
remote monitoring of PSE is important. 

Problem of PSE monitoring by seismic means consists in detecting seismic signal, identifying 
main types of seismic waves, determining parameters a seismic signal components and making a 
decision on whether the detected signal belongs to a source from controlled area (facility).  

Nowadays, the main direction for solving problems of PSE monitoring based on the results on 
seismic observations is to determine compliance of adopted implementation with previously 
registered seismic signals from events in controlled area [6]. Main problem in applying existing 
approaches is lack of reference signals for each of monitoring objects. So, to implement continuous 
remote monitoring of PSE, it is necessary to use additional information criteria due to seismic signals 
peculiarities. Such criteria can be used as dynamic (polarization of soil particle oscillations) and 
kinematic (propagation time) properties of seismic signal components. 

3.1. Polarization properties of seismic signal components 

Solving seismic monitoring tasks by a single observation point (OP) consists of following stages: 
seismic signal detection, identification, a seismic signal component (seismic wave types 
identification), seismic event center location, seismic source parameters estimation. In case a single-
position observation is used, the last three stages are solved if the problem of determining the main 
components a seismic record is confidently solved. So, when analyzing existing methods of seismic 
data detection and processing, the main attention will be paid to possibility of solving this problem. 
Another criterion should be simplicity of software and algorithmic implementation for processing 
methods, which in turn will ensure possibility real-time processing a measurement data. 

Currently, most of implemented approaches to detecting seismic signals based on TCSS 
observations use a criterion for exceeding amplitude thresholds (such as STA/LTA) [11], which is 
quite effective at an energy signal-to-noise ratio of at least 2÷3. However, using this approach leads to 
a limitation of magnitude sensitivity of a seismic station. In addition, this method doesn't allow to 
accurately determine components of seismic signal, since the arrival of next seismic wave occurs 
against a background of tail part of previous one. On the Figure 2 shows results of processing seismic 
signals from earthquakes in Ukraine using STA/LTA detection method. An example of numbered list 
is as following. 
 

 
a) 

 
b) 

Figure 2: Results processing of seismic signals from earthquakes on territory of Ukraine, using 
STA/LTA detection method: a – earthquake with center in Chernivtsi region (January 16, 2020, 
M=2.4); b – earthquake with center in Poltava region (February 3, 2015, M=4.6) 



Applying a detection method based on amplitude criterion doesn’t always allow to determine 
seismic signal components, since the arrival of a next seismic wave occurs against a background of a 
tail part from the previous one (Figure 2b, several sections a seismic record after seismic signal arrival 
for which the STA/LTA ratio exceeds threshold).  

After a seismic event, such as an earthquake or explosion, elastic ground vibrations begin to spread 
in all directions from the epicenter. These vibrations can travel significant distances from epicenter 
and provide an important source for determining parameters of a seismic event. Depending on ground 
motion during seismic wave propagation, seismic waves can be classified into volumetric 
(longitudinal P-waves and transverse S-waves) and surface (Rayleigh waves and Love waves). 

P-waves cause compression and rarefaction of soil particles along a direction of wave propagation, 
as shown in Figure 3. Arrows in this figure show areas of compression and rarefaction. In case of S-
waves, soil displacement occurs perpendicular to direction of wave propagation. In addition to bulk 
waves, surface waves can also propagate across the Earth's surface. These waves are divided into two 

types: Rayleigh ( rL ) and Love ( qL ). In a Rayleigh wave, soil particles move in a vertical plane that 

is directed along a wave propagation direction, and their trajectories form ellipses. In a Lova wave, 
particles move in a horizontal plane perpendicular to the wave propagation direction. 

 
Figure 3: The nature of soil displacement for different types of seismic waves  

 
Taking into account specific features of soil particle displacement for each main type of seismic 

waves in an event with centers in regional areas, angle characteristics of such waves will be related to 
the position of the seismic source relative to the OP as follows [10]: 

– P-wave – since oscillation of particles in soil occurs along seismic wave propagation direction, 
the calculated angular characteristics coincide with position of seismic event center relative to the OP 
(αP=αsec,γP=γsec); 

– S-wave – due to soil oscillation occurs perpendicular to direction of wave propagation at this 
phase, angular characteristics are calculated (αS, γS) will be different from direction to seismic event 
center relative to OP at 90; 

– Lr-wave – a superficial wave with elliptical polarization focused perpendicular to propagation 
direction, so its calculated azimuth will be different from input azimuth one on 90,that is PLr   ; 

– Lq-wave is a surface wave with an elliptical polarization in direction of propagation, so the 
calculated azimuth will coincide with actual azimuth to seismic source (αLq=αP). 



After determining types of seismic waves and estimating their arrival time, distance from OP to 
seismic event center is estimated using a difference hodograph. In Figure 4, hodograph – shows a 
graph of dependence of time of propagation from source to seismic wave receiver on epicentral 
distance for regional zone [6,10]. 

 
Figure 4: Hodograph of different types of seismic waves for regional zone 

 
Slight differences occurring over short distances can cause each subsequent phase of a seismic 

signal to overlap the previous one, making it difficult for automatic identification of individual 
seismic signal components. Therefore, to determine a seismic event center in a regional area, it is 
sufficient to limit detection and identification to only the volume waves – P- and S-waves. At the 
same time, the time of obtaining measurement data necessary for detecting a seismic event and 
determining its parameters is limited by time of arrival second component a seismic signal (S-wave) 
for a separate TCSS, or time of arrival of one component (P-wave) to the observation points of SON. 

Based on soil particle displacement features for bulk waves (Figure 3), S-wave detection can be 
realized as a result of using (taking into account) peculiarities of their angular characteristics, as a 
search for seismic signal recording areas for which the following conditions are met 

),(),( SSPP   . 

On Figure 5 shows a seismic vertical component of recording from earthquake signal with center 
in Chernivtsi region (16.01.2020, M=2.4), registered by seismic station “Malyn” (Zhytomyr region), 
and results obtained from calculations on angular characteristics for recording sections corresponding 
to background, P- and S-waves. As shown previously, volume waves, in contrast to background 
waves, have grouping of their angular characteristics around a certain azimuth and angle of exit 
(direction). 

As value of the angular characteristics of P- and S-waves, arithmetic mean seismic wave azimuth 
and exit angle to day surface   is used, which is defined as [7,10]. 
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where N – is a sample size, N = 40, which corresponds to 1 s, at a sampling rate of fD = 40 Hz; 
Azi, Axi, Ayi – a displacements of soil particles in the vertical and horizontal (north-south and east-

west) channels, respectively. 
An angle between position of P- and S-wave angular characteristics is defined as [8]. 

spspsp zzyyxx cos .  (3) 

where {xр, yр, zр} and {xs, ys, zs} coordinates of single vectors for P- and S-wave angular 
characteristics. 

Coordinates of single vectors of angular characteristics of P- and S-waves are related to arithmetic 
mean azimuth index  and exit angle  of corresponding seismic wave types as: 
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Values of determined angular characteristics for seismic recording of a signal from an earthquake 
with a center in Chernivtsi region (Figure 5c-b) are respectively for P-wave P = 217º and P = 37º, 

for S-wave 
S = 293º and 

S = 4º. Values of angular characteristics of seismic signal components 

were determined at levels of 76º. 

а) b) 

c) d) 

 ‐ actual value  ‐ calculated value 

Figure 5: Seismic signal vertical component from an earthquake with center in Chernivtsi region (a) 
and angular characteristics for background (b), P‐wave (c) and S‐wave (d) recording sites 

 
Difference obtained between the angles between the directions of the bulk wave exit from the 

normal (from 90º) is due to the fact that expressions (1,2) use only angular indicators, while not taking 
into account amplitude features. 

3.2. Polarization analysis of a three‐component seismic record 

Another approach to determining angular characteristics is polarization analysis apparatus (PA) 
[8]. Trajectory of soil particles during seismic wave propagation has a shape of a strongly elongated 
ellipsoid, and for background it is close to a sphere. Main purpose of existing approaches to 
polarization analysis, regardless of implementation of solving function, is to assess degree of linearity 
in oscillations and determine angular position of large ellipsoidal axis. 

In [6], a degree of linearity of a three-component seismic record },,{ iii enz  is determined by a 

calculation of covariance matrix K 

),cov(),cov(),cov(

),cov(),cov(),cov(

),cov(),cov(),cov(

zzeznz

zeeene

znennn

K  .  (6) 

A quadratic shape (ellipsoid) defined by this matrix is reduced to the major axes. Major axis of 
ellipsoid characterizes orientation in space of full seismic wave displacement vector by angles – 
azimuth α and angle of exit to bottom surface γ. 

Linearity coefficient G  (0< G <1) adopted implementation three-component recording is defined 
as: 



c

b
G  1 .  (7) 

where, b and c are values of smallest and largest semi-axis of ellipsoid, respectively. 
Other approaches to determining a degree of linearity of a three-component seismic record are 

approximation of trajectory for soil particles by an ellipsoid, sequential polarization filtering, etc. 
[12]. 

Despite different methodological foundations, main goal of known (existing) approaches to 
polarization analysis is to determine how close oscillations of current (recorded) sample in three-
component seismic record are to a certain direction (direction is determined by azimuth and angle of 
seismic signal component output). 

Values of determined angular characteristics for seismic recording of a signal from an earthquake 
with a center in Chernivtsi region (Figure 5a) using the APA (6) are, respectively, for the P-wave  
αP = 210º and γP = 34º, for the S-wave αS = 313º and γS = 14º. According to determined angular 
characteristics of seismic signal components, angle value is 92º, which corresponds to conditions on 
orthogonality of oscillation by soil particles for bulk waves, in contrast to case on using arithmetic 
mean azimuth and angle on seismic wave exit to the day surface. However, using polarization 
analysis apparatus requires significant computational costs and is usually used in post-processing of 
measurement data of three-component seismic recordings. 

3.3. S‐wave detection and focal point determination 

For implementation of remote monitoring by seismic means in real time, it is necessary to use 
additional criteria that take into account particularities of seismic signal components from sources in 
regional area.  

Monitoring potential sources of emergencies requires availability of a priori information - position 
of monitoring object relative to observation point where TCSS is located. Availability of such input 
data makes it possible to determine angles of seismic wave arrival at surface from an event at a 
monitored object (object for which continuous remote monitoring by seismic means is implemented) 
and difference of arrival time between seismic signal components. 

Taking into account above-mentioned dynamic (polarization of soil particle oscillations) and 
kinematic (seismic wave propagation time) features of the main components in seismic signals from 
sources with foci in regional area, continuous remote monitoring of the PSE based on observations of 
a TCSS is proposed to be realized by applying coordinated polarization-time filtering, for which a 
polarization-time model of expected seismic signal from an event with a center in a controlled area 
(object) is used. 

Input data for forming the polarization-time model of expected seismic signal are: expected 
angular characteristics of first arrival of seismic signal (P-wave) on day surface and distance between 
observation point and monitored object (area). 

Polarization-time model of seismic signal from events with a center in a controlled potential 
source of emergencies for a three-component seismic station has following general form: 

),,(),,(),,,()( PSSSSPPPPSPP ttttF   ,  (8) 

where,  PP  ,  – expected azimuth and angle of first component seismic signal (P-wave) exit to daily 

surface, which are determined by position of the PSE relative to OP; 

SS  , – expected azimuth and angle of S-wave exit to the daytime surface, which are determined 

by condition of orthogonality to expected direction of P-wave exit to daytime surface; 

PS – time difference between the arrivals of seismic signal components (volume waves), which is 

determined from information on distance between PSE and OP using a hodograph (Figure 4); 
),,( tPPP   and ),,( PSPPS t    – estimation of degree a linearity of sections in the three-

component seismic record corresponding to P- and S-waves, respectively. 
In order to assess degree of linearity and their compliance with controlled directions of seismic 

signal components exit to ground surface, it is proposed to define as the ratio between projection of 
ground vibrations to selected direction and total value of soil particles displacement for accepted 
realization. 

To detect the first arrival of seismic signal (P-wave), decisive function has following form: 
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where, 
iR  is modulus of soil particle displacement vector 
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iii enz ,, – displacement of soil particles in vertical and horizontal (north-south and east-west) 

channels, respectively; 

i – angle between expected direction of seismic wave exit and current position of ground 

displacement vector. 
Detection of a seismic record section corresponding to an S-wave is carried out under condition of 

orthogonal oscillations by soil particles relative a direction towards first arrival of seismic signal on 
day surface ),(),( SSPP   . For S-wave detection, a decisive function is defined as: 
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On Figure 6 shows results of applying proposed approach by detecting seismic signal from 

earthquake with center in Chernivtsi region (16.01.2020, M=2.4).  
Input data for formation of polarization-time model a seismic signal are:  
– distance to seismic event center 281 km, which, in accordance with seismic wave hodograph for 

regional zone (Figure 4), corresponds to 30 seconds difference in arrival time between P- and S-waves 
– angles of seismic wave exit on the daily surface are respectively αP = 210º та γP = 34º. 

 
a) 

 
b) 



 
с) 

Figure 6: Results application of polarization‐time model of the picked seismic signal from earthquake 
with a center in controlled area: a – seismic signal vertical component from an earthquake with 
center in Chernivtsi region; b – values of decisive functions for detecting volume waves; c – values of 
decisive function for detecting seismic event from controlled area 

As can be seen from above results, maximums of solving functions for seismic signal components 
ΩP and ΩS correspond to arrivals of P- and S-waves, respectively. Maximum of solving function F(t) 
corresponds to first arrival of seismic signal P-wave.  

On Figure 7 shows a histogram of distribution values for the solving functions proposed by the 
method p(F) and to the first arrival a seismic signal from the direction corresponding to a monitored 
object p(ΩP). Due to small sampling of earthquake signals from monitoring area, it is proposed to 
assess signal presence at a probability of false signal detection error at level α=0.001: 
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Under these conditions, threshold for detecting a signal from a seismic event with a center in 
monitoring area using polarization-time model of expected signal is hF=0,64. At first arrival of 
seismic signal coming from direction corresponding to monitoring object hΩp=0,81. 

 
Figure 7: Histogram of distribution values using decision function for polarization‐time model 
application of peaked seismic signal p(F), and for first seismic signal arrival corresponding to 
direction of monitoring object p(ΩP) 

 
In Figure 8 shows results of applying polarization-time model with parameters for the earthquake 

with a center in Chernivtsi region relative to Malyn observation point for processing a three-
component seismic signal record from earthquake with a center in Vrancea seismically active zone 
(Romanian part of the Carpathian Mountains). 

A special feature of seismic signals from these areas is proximity in values for the first seismic 
signal arrival at the daytime surface. Figure 8a, shows arrival of S*-wave for signal from earthquake 
with a center in Vrancea zone. Values of solving functions for seismic signal components ΩP and ΩS 
correspond to arrival only for the P-wave arrival (Figure 8b). At the same time, values of decision 
function for the first arrival of ΩP in some areas exceed the threshold value (Figure 8b). A value of 
decision function F(t) at the time of P-wave arrival is 0.53 (Figure 8c), which doesn't exceed threshold 
value according to condition (12).  



In summary, this approach to processing measured data from a separate three-component seismic 
station allows detecting seismic signals from events with centers in controlled potentially hazardous 
objects (areas) by implementing their continuous remote monitoring. 

At the same time, time for establishing a fact of an event in the controlled area (at the controlled 
facility) based on TСSS observations is limited by the propagation time of the S*-wave (Figure 4).  
For MCSM observation network, using polarization-time model of the detected signal will reduce 
time for establishing a fact of an emergency event within Ukraine from 15 to 3 minutes. 

In order to form a polarization-time model of expected seismic signal from a possible event with a 
center in a controlled area (object), information on azimuth on the monitoring object relative an 
observation point where three-component seismic station is deployed, distance between observation 
point and remote monitoring station is required. 

Table 1 shows parameters of polarization-time model seismic signals from the most hazardous 
facilities (nuclear power plants and hydroelectric facilities of Dnipro cascade) for Malyn observation 
point (Vorsovka village, Malyn district, Zhytomyr region). 

 
a) 

 
b) 

 
c) 

Figure 8: Results of applying polarization‐time model of picked seismic signal from an earthquake 
with a source outside controlled area: a – seismic signal vertical component from an earthquake in 
the Wrench zone; b – values of decisive functions for detecting bulk waves; c – values of decisive 
function for detecting seismic 

 
Table 1. 
Parameters of polarization‐time model  seismic  signals  for nuclear power plants and hydroelectric 
facilities in Dnipro cascade for Malyn observation station 

Monitoring object 
Azimuth of the 

arrival P , ° 

Angle of access 
daylight surface

P , ° 

Difference in 
arrival time of 

bulk waves  PS , s 



South Ukraine Nuclear Power Plant  153,5  37  42 
Khmelnytsky Nuclear Power Plant  256,1  30  23 

Rivne Nuclear Power Plant  286,2  32  28 
Zaporizhzhya Nuclear Power Plant  130,4  44  47 

Chernobyl Nuclear Power Plant  39,4  25  14 
Kyivska Hydroelectric Power Plant  101,3  25  13 

Kanivska Hydroelectric Power Plant  124,8  30  24 
Kremenchuk Hydroelectric Power Plant  121,4  35  38 
Kamianska Hydroelectric Power Plant  120,7  40  53 
Dniprovska Hydroelectric Power Plant  123,9  46  60 

Kakhovka Hydroelectric Power Plant  142,4  46  62 

4. Conclusion 

Prospects for seismic monitoring, as part of fulfilling tasks of information support within civil 
protection system (CPS) on seismic situation, are development and improvement of methodological 
and algorithmic approaches for complex processing seismic measurement data in order to promptly 
provide information on possibility, fact and consequences of a hazardous event.  

One of approaches to solving this problem is implementation a continuous remote monitoring by 
seismic means potential sources of emergency events. 

The present study analyzed components of seismic signals of events with centers in the regional 
area. A relationship is revealed between angular features of main components a seismic signal for 
events with centers in a regional zone and position of seismic source relative to observation point. 
Basics are formed and an approach is proposed for implementing remote monitoring using a three-
component seismic station for potential sources by natural and man-made disasters. Monitoring 
potential sources of emergency events by a three-component seismic station is proposed to be realized 
by applying coordinated polarization-time filtering, for which a polarization-time model of the 
expected seismic signal from an event with a center in a controlled area (object) is proposed. 

Results of applying proposed approach for detecting seismic signals from earthquakes with focal 
points in a regional area are presented. Relative simplicity of proposed approach allows to realize 
monitoring of PSE in real time. Application of this approach to the MCSM seismic observation 
network allows to reduce time to establish a fact of an emergency event within the territory of 
Ukraine from 15 to 3 minutes. 

Parameters of polarization-time model of seismic signals for the most hazardous objects – nuclear 
power plants and hydroelectric facilities of the Dnipro cascade – are presented. 

Main directions of further research are development and improvement a theoretical basis for 
processing seismic data, which will allow: 

1. To identify the nature of a seismic source based on seismic data processing results in an 
automatic mode, taking into account amplitude-frequency differences in signals with different nature 
and seismic background features in a region where monitoring equipment is located; 

2. Form databases of polarization-time models for potential sources of emergency events on the 
territory on Ukraine and neighboring countries;  

3. Investigate variations of seismicity modes in seismically active zones (areas) for the purpose a 
timely detection a change in their state and prompt establishment a fact of an emergency. 

Identified directions will allow solving the scientific and practical problem of detecting hazards 
factors related to man-made and natural emergencies by seismic means. 
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Abstract  
Today, model checking techniques and corresponding tools are widely applied in diverse 
case driven scenarios, the safety critical ones in particular. Addressing current situation in 
Ukraine, an energy domain is among the topical spheres, where safety critical business 
processes take place. To foster the functional safety of corresponding program-algorithmic 
solutions, the model checking techniques and related tools are applied to the formal 
specifications of named solutions. Doing so is not a trivial task: it depends on a particular use 
case scenario determining the architecture (structure and couplings) of the resulting design 
artifact. Moreover, the outcomes of formal techniques and tools application directly depend 
on specification atomicity level chosen – as a tradeoff between the complexity of program-
algorithmic constituent addressed to be represented in formal specification and available 
computational and spatial resources of the computing platform with model checking 
technique implementation – because of an exponential growth of transition system state 
space. To this end, to foster the effectiveness of model checking technique application, with 
respect to a particular case driven scenario, the analysis of broadly applied TLC model 
checker has been conducted on the basis of a role model from energy domain. 
Experimentation has been conducted by addressing two alternative implementations of the 
TLC method. Both – computational and spatial properties – have been covered. To estimate 
also the domain related spatial expenses on verification, with respect to the number of 
software threads utilized, the approximation task has been resolved. 
Keywords  1 
Artifact, formal specification, model checking, safety critical scenario, TLA, TLC, 
verification 

1. Introduction 

Nowadays, the complexity level of modern program-algorithmic solutions addressing the scenarios 
taking place in diverse safety-critical domains, e.g., energy scenarios (Finnish nuclear industry [1]), 
avionics (satellite operational mode management scenarios [2]), safety critical software as a part of 
railway control systems [3], etc., typically exceeds the limitations of computational and spatial 
resources required to successfully apply time-proven formal verification techniques and 
corresponding instruments in one-to-one manner – due to the exponential growth of transition system 
state space to be traversed through during an automated formal verification by way of model checking 
[4]. For instance, considering the avionics scenarios, an exponential growth of both spatial [5] and 
computational [6] expenses has been faced. To diminish named effect, different approaches have been 
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proposed previously. Among those, there is an attempt to vary the atomicity level to be applied in 
formal specification by coupling the specified properties into the groups, i.e., the “hyper-properties”, 
expressing the relations between the constituents; to this end, the broadly applied Temporal Logic of 
Actions (TLA; by Leslie Lamport) and the corresponding TLA Checker (TLC) have been brought to 
the use [7]. Alternatively, the decomposition based approach can be applied: formal specification is 
decomposed into sub-specifications to be subsequently verified with the time proven Event-B method 
[8]. Yet another promising direction to proceed is to decrease the model checking related 
computational expenses via a mu-calculus based abstraction reduction technique implementation [2]. 
In addition, the bounded model checking approach can be applied, e.g., by bringing the mathematical 
apparatus of the discrete time Markov chains (DTMC), paired with the probabilistic computation tree 
logic (PCTL) and probabilistic symbolic model checker (PRISM) [9]. Moreover, to diminish the 
effect of transition system state space exponential growth, the Reduced Ordered Binary Decision 

Diagrams (ROBDDs) are shown to be the proven instrument – more than 2010  states can be 
encompassed [10]. 

Thus, it can be seen that the problem of an exponential growth of the transition system state space 
is multi-dimensional, and can be approached diversely. At the same time, it can be noted that 
implementation related aspects taking place during the model checking are still lacking the attention 
of the research community – in terms of the influence of a particular implementation on the related 
computational and spatial expenses on certain case driven model checking task resolving. 

In our work, the TLC model checker has been chosen to be the instrument to be applied during the 
case study – because of its wide usage in diverse safety critical scenarios: the grounding is provided 
below (in the Section 3). 

Rest of the paper is organized as follows: in the Section 2, the problem statement is made; 
Section 3 is devoted to the related work analysis; in the Section 4, the case study addressing the 
scenario from the energy domain is described; Section 5 contains the conclusion and thoughts on the 
future work; the acknowledgments are given in the Section 6; in the Section 7, the references are 
provided. 

2. Problem statement 

Taking into consideration the aforesaid, paper addresses the problem of an exponential growth of 
the transition system state space – in terms of the corresponding computational and spatial expenses. 
An attempt to estimate named expenses, with respect to a case driven scenario from the energy 
domain has been made. To this end, the broadly used TLC model checker (method) has been utilized 
as an instrument. Two alternative implementations of the TLC have been investigated in terms of the 
related computational and spatial expenses: the BFS (Breadth-first Search) one – implemented by the 
default; the alternative DFS (Depth-first Search) implementation. As it can be seen from the naming, 
these implementations differ by the method applied to traverse through the states of a transition 
system. 

Let the model checking task is formalized as follows [4]: 
 

|,bM ,      (1) 
 
where M  – the transition system – Kripke structure over a set of the atomic prepositions AP ; b  – 

“behavior” – as a sequence of states to be traversed through during the model checking with the TLC 
method;   – temporal formula, in TLA+ syntax, prescribed in the formal specification. To positively 

state regarding specification consistency,   has to be “true” for each element of b . 
In given paper, the model checking task has been resolved with respect to a case driven scenario 

taking place in energy domain, and specified with a role model of European identification codes 
registry update process. 

The idea is to estimate and compare different implementations of the TLC method, by grounding 
on a particular case driven scenario – with respect to corresponding computational and spatial 
expenses that take place during the model checking. This approach is an attempt to discover and 



assess the factors – e.g., the architecture (structure and couplings) specified in the formal model, 
number of state variables, etc. – affecting the computational and spatial costs of formal verification 
with a particular implementation of certain model checker (the TLC in our case). Moreover, an 
attempt to estimate the outcome of bringing the multithreading to the implementations of the TLC 
method has also been made. 

3. Related work 

When addressing specification atomicity concept, it first needs to be noted that, prior to being 
represented formally, the specified properties are commonly represented in certain textual or 
graphical form, e.g., with BPMN-notation (Business Process Model and Notation). To verify related 
spatial properties, the sBPMN Verification Framework has been proposed [11]: it is based on the TLC 
model checker application to formal specifications written in the TLA+ formalism of the TLA 
temporal logic [12]. The distinctive features of named formalism are the modularity and mathematical 
strictness. It can be addressed as a propositional logic coupled with the temporal operators: X (Next) 
and G (Globally). Because of the fact that model checkers (the implementations of model checking 
techniques) are the instruments to be applied to formal specifications, but not to the initial artifacts 
directly, there is also a necessity to control the adequacy of specifications. It can be accomplished, for 
instance, by comparing the properties of the transition system retrieved from the initial artifact – e.g., 
block-diagram, UML (Unified Modeling Language) activity diagram, etc. – and from the resulting 
formal specification [5]. In addition, to formally check the abstractions applied in specification, a 
deductive verification based technique can be utilized prior to the model checking [13]. Moreover, 
similarly to [11], from the architectural viewpoint, the TLC and corresponding tools have successfully 
been applied to discover the inconsistencies that may occur during the SDN (Software-defined 
Networking) topology and related policies changes [14]. 

As a scenario representing the necessity of chosen specification abstraction level adoption, i.e. 
atomicity level varying, an industrial distributed Taurus database formal specification synthesis and 
verification process can be considered: named TLC model checker has been successfully applied to 
consistency checking task resolving [15]. The obtained results have once again shown the 
effectiveness of model checking technique to be utilized for design flaws discovery at the design stage 
of engineering process, prior to the validation, e.g., testing in particular. In addition, in case there are 
no design flaws that have been discovered while model checking, verification outcome can be 
approached differently: either be treated as the design solution consistency approval, or as an 
indicator that specification atomicity level applied needs to be shifted. Moreover, dealing with the 
processes taking place in the large-scale distributed software systems, the task of eventual consistency 
over the data replicas maintenance arises: formal instruments (TLC, TLA, TLA+) have been utilized 
within the MET (Model Checking-driven Explorative Testing) framework – in an attempt to construct 
the “bridge” between the model checking being applied at the design stage of engineering process and 
the validation by way of testing: to address a tradeoff between the exhaustive nature of model 
checking facing the exponential growth of transition system state space and case-driven testing [16]. 
To diminish the effect of named exponential growth, the compositional model checking techniques 
can be applied, e.g., the Interaction-Preserving Abstraction (IPA) framework addressing the 
specifications written in TLA+ [17]. Moreover, novel TLA+ Debugger utility makes it possible not 
only debug the temporal formulas evaluations, but also inspect states and transitions of transition 
system [18]. 

4. Case study 

As a demonstrative problem domain, where diverse safety-critical scenarios take place, modern 
electricity market of Ukraine [19], adjusted in accordance with the harmonized European electricity 
market model, has been considered [20]. European identification codes registry update process has 
been addressed as a case study (Figure 1). 



Considering the UML (Unified Modeling Language) diagram, depicted in the Figure 1, the TLA+ 
specification atomicity level has been chosen to be applied in “one-to-one” manner. Similar step has 
been made in the previous case study, where the avionics scenario has been approached [5]. 

Among the distinctive features of current case study, there are, in particular, the different type of 
the initial artifact (UML activity diagram instead of block diagram), and also the different problem 
domain. 

 

 



Figure 1:  Fragment of  a  role model  addressing  the European  identification  codes  registry update 
process 

 
In the Figure 1, a fragment of the complete role model is depicted as the UML activity diagram. A 

complete role model encompasses 23 activities, plus 6 conditional operators. Named model is 
approached as an artifact – an entity with the architecture (structure and couplings) and the content 
[21]. These constituents are represented in the formal TLA+ specification with respect to the approach 
described below. 

4.1. Formalization and experimentation 

To synthesize the formal specification suitable for verification in an automated manner, the 
following two staged approach has been applied: 

1. To create the architectural prototype (encompassing both algorithmic structure and the 
couplings; in a pseudo code-like manner) of yet to be synthesized TLA+ specification, the 
PlusCal algorithmic language has been used [22]. An outcome of this stage is an input data 
for the following one. The PlusCal specification is treated as the preliminary artifact. 

2. To generate the resulting artifact – the TLA+ specification – from the PlusCal pseudo code, 
the TLA+ Toolbox IDE (Integrated Development Environment) has been utilized [12]. 

The TLA+ specification is addressed to be the input data for the TLC model checker intended to 
be applied in an automated manner. 

4.1.1. Approach to the PlusCal specification synthesis 

To obtain the preliminary artifact, the following approach has been applied: 
1. Each of the aforementioned activities (Figure 1) has been represented in the PlusCal 

specification with a state variable. Named variables have been grouped within corresponding 
set V  : 23V . 

2. Moreover, additional three state variables have been created to represent conditional 
operators: initial conditional operator, prior the fork construct; group of 4 conditional 
operators after the fork construct (Figure 1); final conditional operator which is out of the 
scope of diagram fragment depicted. As an outcome, the complementary state variables have 
been introduced with the following set: V  : 3V . 

3. Yet another state variable has been used to initiate/terminate the computational process 
formalized in the PlusCal specification. 

Thus, with respect to the approach applied, the resulting state variables set has been obtained as 

follows:   vVVV , where Vv   is the initiate/terminate state variable. 

4.1.2. TLA+ specification synthesis and checking 

It has taken 348 rows of pseudo code to represent the role model in PlusCal. After that, the 
instruments of TLA+ Toolbox IDE have been applied to generate the resulting TLA+ specification 
from the PlusCal representation. As an outcome, the TLA+ specification has been synthesized 
containing 508 rows of code. Thus, it can be seen that the initial PlusCal artifact is significantly more 
concise comparing to the resulting TLA+ specification, while preserving the same architectural 
constituent. 

The consistency of synthesized TLA+ specification has been proven in an automated manner – 
with the TLC applied. To state about the consistency of the initial role model (Figure 1), the 
aforementioned adequacy checking technique has been used [5]. 

Spatial properties of a transition system traversed through during an automated TLC checking can 
be represented with the elements of Kripke structure M  (1) [4], over a set of atomic prepositions 



DVAP  , where, in our case,  1,0D  – set of allowable state variable values, i.e., set of Boolean 

values: LRSSM ,,,0 , where SS 0  – set of initial states; S  – finite set of states; 2SR   – total 

set of transitions:   RssSsSs  ,: ; APSL 2:   – states labeling function. 

4.1.3. Transition system analysis 

In our case,  100 , ssS  , where DVs : :         1,,0,10 vvsLsL  , where VVv   state 
variable represents the group of four identical conditions after the fork construct in the Figure 1. 
Depending on whether the identification code exists initially, we can have either 00 Ss   or 01 Ss   
initial state. 

To form the AP  set, a dichotomy principle has been applied: PAPAAP  , where 
 0 VPA ,  1 VPA . Elements of these subsets have been approached as follows: 

  PAvi 0,  – i-th activity has not been accomplished yet ( 27,...,2,1i );   PAvi 1,  – i-th activity 
has already been accomplished. 

Transition system (TS) spatial properties discovered during an automated formal verification with 
the TLC model checker are as follows: “TS depth” – 28 – number of sequential transitions from 
certain initial state ( 00 Ss   or 01 Ss  ) to the final one; total number of distinct states found – 

290S . These properties have been treated as the indexes of model checking task complexity. 

4.1.4. Experimentation and obtained results 

Experimentation has been conducted on the following platform: CPU – AMD Ryzen R5 2400g; 
RAM – 16 GB; Java Runtime Environment, version “1.8.0_241”; TLC version: 2.14 of 10 July 2019. 

During this, two alternative implementations of the TLC model checker have been encompassed: 
the BFS- and the DFS-based ones. It needs to be noted, though, that the DFS-implementation of the 
TLC is coupled with a significant drawback in terms of the automation – “TS depth” has to be 
discovered first, and then be specified manually. On the contrary, default BFS-implementation does 
not need to be accompanied with the “TS depth” parameter. 

Results of previous experimentations have shown, that, depending on the architectural plane of 
specification, there is a bound, in terms of the number of state variables, when certain TLC 
implementation is more efficient in terms of the corresponding computational expenses [6, 23]. 

Adequacy of the resulting TLA+ specification has been proven with the aforementioned technique 
[5]. Two alternative implementations (BFS and DFS) of the TLC model checker have been applied, in 
both single and multithreaded manner. 

Let 310 2,...,2,2tn  be the number of software threads utilized for the TLC model checking. Let 
 tnf  be the related computational expenses. Let the speedup from multithreading implementation is 

calculated as follows:       tnfftn 1 . Obtained experimental results are provided in the Table 1. 
 
Table 1 
Computational expenses on the automated formal verification with the TLC model checker 

tn    tnf BFS , 

ms 

 tnBFS   
BFSS    tnf DFS , 

ms 

 tnDFS   
DFSS   DFS  

02   1214.000  1.000  336  638.400  1.000  4194.000  1.000 
12   1157.800  1.049  336  632.900  1.009  5382.890  1.283 
22   1149.100  1.056  336  665.300  0.960  7267.050  1.733 
32   1143.800  1.061  336  682.700  0.935  8209.850  1.958 

 



In the Table 1, each numerical value is an arithmetical average of 210  measures;  tnf BFS  – 

computational expenses related with the BFS implementation of the TLC method;  tnf DFS  – 

computational cost of the alternative DFS implementation;  tnBFS  – speedup from bringing 

multithreading to the BFS implementation;  tnDFS  – speedup taking place for the DFS 

implementation of the TLC; constSBFS   – total number of states generated while the BFS model 

checking to construct the resulting transition system with 290S  states; 
DFSS  – average total 

number of states generated with the alternative DFS implementation (an average value has been 
calculated because of the non-deterministic nature of the DFS implementation when the 
multithreading is applied); DFS  – model checking task spatial complexity relative estimation, 

depending on the number of threads utilized; is calculated conceptually similarly to  tn : 






 

tnDFSDFSDFS SS
1

 . 

In the Table 1, it can be seen that the DFS implementation of the TLC method has appeared to be 
significantly more effective in terms of the related computational expenses, when comparing to the 

default BFS alternative: from about 1.902 times (for 02tn ) to about 1.675 times (for 32tn ). It 
does correspond to the results obtained previously [6, 23], and it can be considered as a significantly 
viable argument in favor of the DFS implementation when the iterative approach to verification takes 
place [24]. On the contrary, when addressing the spatial properties of the model checking task 
resolved with a particular TLC implementation, the picture changes drastically – in terms of the ratio 

between the numbers of transition system states generated ( 
BFSS  and 

DFSS  values): 

 24.434;12.482





 

BFSDFS SS . The BFS implementation becomes to be significantly more 

preferable. 
With respect to the multithreading, the BFS implementation once again looks to be having a 

significant advantage in terms of the spatial aspect – because of the constant value of 
BFSS  index, 

regarding the number of software threads utilized. At the same time, when dealing with the alternative 

DFS implementation, the value of 
DFSS  index rises rapidly with the increase of the number of 

concurrently acting threads. 
In an attempt to estimate the growth of the DFS-related spatial expenses (from the number of 

software threads utilized), an approximation task has been resolved on the basis of tn  and DFS  

indexes (Figure 2). As an outcome, the following estimation function  tnDFS   has been obtained: 
 

   tnbatnDFS  1 ,     (2) 
 

where 0.435a , 0.603b ; determination coefficient 0.9862 R . 
 



 
Figure  2:  DFS  related  spatial  expenses  growth  estimation,  with  respect  the  number  of  threads 
utilized 

 
In the Figure 2, confidence intervals have been built for the confidence probability 0.95. 

Expression (2) can be used as an estimation of spatial expenses growth, with the increase of the 
number of concurrently acting threads. 

In terms of the computational expenses, it can be seen, in the Table 1, that bringing multithreading 
to the default BFS implementation does not lead to a significant speedup. Moreover, the major “leap 
ahead” has been faced while shifting from 02tn  to 12tn  – about 5% improvement. These results 
and concluding remarks conform to the ones obtained previously, when an avionics safety critical 
scenario has been addressed [25]. On the contrary, in accordance with the data from the Table 1, when 
dealing with multithreaded DFS implementation, the outcome is contradictory: in case of 12tn , just 
a minor speedup (about 1%) has been faced; at the same time, by further increasing the tn  value, the 
results have appeared to be even worse, an opposite trend has been revealed. On the other hand, 
previously obtained results from the avionics domain have shown a significant positive trend (more 
than two times speedup for the case of 22tn ), with a slight decrease for the case of 32tn  [25]. 
Such contradictory outcomes for different case scenarios prompt an assumption that DFS 
implementation is vastly case sensitive, depending on the number of state variables and the 
architectural plane of formal specification. 

To summarize the distinctive features of both implementations of the TLC method, with respect to 
the energy domain scenario considered, the following conclusions can be formulated: 

1. Default BFS implementation of the TLC model checker can be considered to be the more 
preferable solution in terms of the following aspects: no need to specify the depth of search 
space – a definitive argument in terms of the automation, when comparing to the DFS 
alternative, where named parameter has to be specified manually; constant spatial expenses 
on the model checking tasks resolving, in terms of the multithreaded implementation. 

2. Under proper circumstances, the alternative DFS implementation of the TLC method provides 
a significant verification related time costs reduction. By encompassing also the results of 
previous experimentations (both synthetic and domain related – avionics) [5, 6, 23, 25], these 
circumstances (factors) have been discovered to be the number of state variables and the 
architectural plane of formal specification. 

These concluding thoughts provide the background to further increase the set of case driven 
scenarios with the TLC model checker implementations utilized, in an attempt to work out and 
generalize the rules (recommendations) for a particular TLC implementation practical usage, in terms 
of the related computational and/or spatial expenses decrease. 

5. Conclusion 



Thus, broadly used TLC model checker has been investigated in given paper on the basis of the 
case driven scenario taking place in modern energy domain: a role model describing the European 
identification codes registry update process has been addressed as a design artifact. The consistency 
of corresponding program-algorithmic constituent has been proven with the named method applied. 
To prove the credibility of the results obtained, the adequacy of the resulting formal specification has 
been checked with respect to previously introduced technique. 

Both alternative implementations of the TLC method have been considered, including the 
multithreading aspect: the BFS and the DFS implementations. It has been found out that while the 
BFS-related outcomes conform to the results and assumptions that have been made previously (on the 
basis of synthetic and domain related – avionics – scenarios), the DFS-related ones, on contrary, have 
appeared to be demonstrating just a minor speedup (about 5%) in the case of two threads applied; 
with further increase of the number of threads utilized, even the negative speedup factor has been 
faced. These results have led us to a conclusion that the DFS implementation of the TLC method 
significantly depends on both the number of state variables taking place in formal specification and 
the architectural plane of the latter. At the same time, in general, on the basis of the case study 
conducted, the DFS implementation has appeared to be about 1.675 – 1.902 times more efficient in 
terms of the related time costs, when comparing to the default BFS implementation of the TLC. On 
the contrary, when addressing the spatial aspects (the number of transition system states generated), 
the DFS implementation has appeared to be significantly worse comparing to the BFS alternative: 
from about 12.482 to about 24.434 times. 

With an intention to assess the character of the DFS-related spatial expenses growth, with respect 
to the number of concurrently acting software threads, the approximation task has been resolved, and 
corresponding estimating function has been obtained. 

Future work is focused on an attempt to formulate the recommendations to both TLC 
implementations (the BFS and the DFS) practical usage, depending on the number of state variables 
taking place in the formal specification and on the peculiarities of the architectural plane of the latter. 
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Abstract  
Estimating a level of similarity of two objects is a common problem in pattern recognition, 
clustering, and classification. Among these problems can be reviewer recommendation, 
similar text documents analysis, human pose detection in video, species distribution 
clustering, recommendation in internet-shops etc. In case of categorical attributes an object is 
described as a distribution of membership degrees over categories. Similarity metrics of such 
distributions are usually defined as a superposition of objects’ similarities for each category. 
Most often it is a sum of similarities in separate categories. In addition to that each category 
is considered independently and in isolation from the others. Some practical problems have 
categories that are akin. Therefore, it is expedient to consider objects’ similarity not only 
directly, as a similarity between equivalent categories, but it is also necessary to consider an 
indirect similarity, cross-similarity through akin categories. It is such similarity metric of two 
categorical distributions that accounts for the kinship of different categories is proposed in 
this paper. The metric has two components. The first component is defined as Czekanowski 
metric. It defines a direct similarity of categorical distributions as a sum of intersection of 
distributions’ membership degrees of two objects. After the intersection the remaining 
residuals are accounted for in the second component of the metric. The second metric’s 
component is defined as element-wise product of two matrices: matrix of residuals 
composition from memberships of two categorical distributions and matrix of categories’ 
paired kinship. It is assumed that kinship indices for each pair of categories are known. As a 
result, with a large number of categories the overall noisy contribution from weakly akin 
categories is prominent. Therefore, it is proposed to filter the noise and account only for 
contribution from strongly akin categories. 
 
Keywords  1 
Categorical distribution, akin categories, kinship coefficient, similarity metric, Czekanowski 
metric, topic modeling, reviewer recommendation, generalized Pareto distribution 

1. Introduction 

Topic modeling is a machine learning technology for summarization of huge volumes of 
information [1]. A popularity of topic modeling is increasing drastically over the last decade. Annual 
number of research papers is doubling every 3-4 years. 

Estimating the level of similarity between two objects is a common task in topic modeling. For 
estimating the level of similarity it is necessary to describe each object as a vector of attributes. If 
objects are defined in a metric space, then each attribute is defined in a numerical scale. For example, 
in Fisher’s Iris dataset, each flower is described with four attributes, namely the petal width, the petal 
length, the sepal width, and the sepal length. Object’s attributes can be categorical as well, in this case 
they are defined as a distribution of membership degrees over categories. Such a categorical 
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representation of objects is often used in topic modeling problems. For the Fisher’s Iris dataset, the 
result of flower classification can be represented as a categorical distribution, for example, some 
flower is classified as Iris Setosa with a membership degree of 0.7, as Iris Virginica with a 
membership degree of 0.1, and as Iris Versicolor with a membership degree of 0.2. 

Depending on the type of object representation different metrics of similarity are used. For objects 
defined in a metric space, similarity is defined as a quantity that is inversed to the distance between 
two points. Coordinates of each point are numerical values of the object’s attributes. The smaller the 
distance between the analyzed objects the more similar they are. In paper [2] around 50 different 
metrics are analyzed, the most popular among them are particular cases of Minkowski’s metric: 
Euclidean distance, City Block distance, and Chebyshev metric. The cosine similarity metric is often 
used as well. It calculates the cosine angle between two vectors that start at the origin and end at the 
analyzed objects.  

In categorical space, the similarity between two objects is usually defined as similarity 
superposition of objects over each category. Most often it is the sum of similarities over each 
separated category. For this approach, each category is considered independently and in isolation 
from others. There is also an inversed approach when the object divergence is first found for each 
category and then aggregates to find the overall similarity. One of the popular variants of such a 
metric is proposed in [3] to find the similarity of fuzzy sets. The authors define the divergence of 
objects as a module of membership degree difference. All metrics from the survey paper [2] and other 
relevant publications, for example, [4, 5, 6, 7], do not consider the kinship between categories. But for 
some practical problems, the categories are akin. This leads to the fact that it is better calculate the 
similarity between objects not only directly as the similarity between equivalent categories, but also 
consider indirect cross-similarity through akin categories. Developing of such a metric that 
additionally considers the similarity of objects through akin categories is, therefore, the purpose of 
this paper. 

2. Objects representation in the space of akin categories 

We present here an example of problems in which objects are described in the space of akin 
categories. 

Let us consider task of finding similar researchers, for example, for reviewer recommendation 
system. Based on research papers, each researcher can be categorized into a few research specialties 
(research fields) according to some research classification system. For example, researcher A is 
categorized to System Analysis with a membership degree of 0.4 and to Information Systems and 
Information Technologies with a membership degree of 0.6. Researcher B is categorized to System 
Analysis with a membership degree of 0.7 and to Computer science with a membership degree of 0.2. 
Researcher C is categorized to System Analysis with a membership degree of 0.4 and to Marketing 
with a membership degree of 0.6.  

Finding the similarity between each pair of these researchers using known metrics will only take 
into account their membership degrees to System Analysis. Membership degrees in other categories 
are not taken into account because they are different for each researcher. The similarity between 
researchers A and B is defined only by their membership degrees to System Analysis category, which 
equals 0.4 and 0.7, respectively. If the similarity is defined as the common part of membership 
degrees using min operation, then between researchers A and B, it equals to 

    4.07.0,4.0min, BAFit . By the same reasoning, the similarity between researchers A and C 

equals to     4.04.0,4.0min, CAFit , and between researchers B and C equals to 

    4.04.0,7.0min, CBFit . This shows that the similarity of all pairs of researchers is the same. 
But the research domains are such that Information Systems and Information Technologies is 
significantly closer to Computer Science than to Marketing. Also, Computer Science is significantly 
closer to System Analysis than to Marketing. Therefore, the similarity between researchers A and B 
has to be stronger than the similarity between researchers A and C, or between researchers B and C. 
But the well-known similarity metrics do not take into account the kinship of categories; therefore, it 
is impossible to take into account such peculiarities using them. 



3. The proposed metric for akin categories 

Let us denote the number of categories as m. Then, objects X and Y, the similarity of which is to be 
estimated, we represent with the following membership distributions to categories: 

      XXX m ...,,, 21  and       YYY m ...,,, 21 . The distributions are considered to satisfy 
the following conditions: 

    ;,1,1;0 miXi   

    ;,1,1;0 miYi   

  ;1
,1


 mi

i X  

  .1
,1


 mi

i Y  

The problem is that the level of similarity is to be calculated for objects X and Y. The domain 
research’s peculiarity lies in the fact that some categories are akin. Therefore, it is necessary to 
consider not only the similarity of identical categories but also the similarity of akin categories. Below 
we propose a metric that accounts for the semantic kinship of categories.  

The similarity between two objects X and Y is proposed to be calculated in the following way: 

     YXFYXFYXFit ,,,  ,     (1) 

where  YXF ,  denotes addend that assesses the direct similarity between the objects X and Y over 
identical categories;  

 YXF ,  denotes addend that considers the similarity of objects X and Y over akin categories. 

We calculate the first addend of the formula (1) by the simplified version of Chekanowski metric 
for the case when membership degrees are in the  1;0  and their sum equals 1. The resulting form of 
the first addend in (1) is as follows:  

      



mi

ii YXYXF
,1

,min,      (2) 

where  Xi  denotes membership degree of object X  to the i-th category, mi ,1 ;  

 Yi  denotes membership degree of object Y  to the i-th category, mi ,1 . 
The formula (2) can be interpreted as a sum of membership degrees of intersection of fuzzy sets 

X  and Y . In formula (2), it is implied that the overall similarity of two objects is a sum of their 
similarities by each category. The similarity by category is defined as both objects’ minimum 
memberships to the category. Thereby, one of the objects contributes the entire value of the 
membership degree to a category, and the other one – only a part of it.  

After applying the formula (2) we get the following residuals of membership degrees: 
      YXXr iii   ,0max ; 

       miXYYr iii ,1,,0max   . 
Let us consider the contribution of residuals to the similarity of two objects using kinship of 

categories. We assume that the information about categories’ pair kinship is known, and denote it 
with the following binary relation:  

ijkK , 

where  1;0ijk  denotes the kinship coefficient of the i-th and j-th categories, mi ,1 , mj ,1 . 

The categories are more akin, the higher the kinship coefficient. Kinship relation is symmetric and 
reflexive, therefore, jiij kk   and 1iik . 

We denote the composition of residuals in the form of a matrix as follows: 



ijeE , 

where     YrXre jiij ,min , mi ,1 , mj ,1 . 

The contribution of residuals to metric (1) using paired kinship of categories is calculated as 
follows:  

   
 


mi mj

ijij keYXF
,1 ,1

, .    (3) 

Example. Two objects are defined with the following membership degrees to categories 
 DCBA ,,, :  1.02.03.04.0X  and  1.01.01.07.0Y . Kinship of the categories are 

described by the following matrix: 

0.13.00.00.0

3.00.11.00.0

0.01.00.15.0

0.00.05.00.1

K .  

Let us calculate the similarity between objects X  and Y  using the proposed metric (1). 
To calculate the first addend of the similarity metric (1) let us find the intersection of two 

distributions. The intersection is shown in Figure 1 with a hatch.  
 

 
Figure 1: Intersection of two categorical distributions for calculating   YXF ,  

The numerical value of the first addend is as follows: 
          7.01.01.01.04.01.0,1.0min1.0,2.0min1.0,3.0min7.0,4.0min, YXF . 

Residuals after the intersection are:  

   01.02.00Xe ; 

   0003.0Ye .  

The residuals composition is calculated as 

0.00.00.00.0

0.00.00.01.0

0.00.00.02.0

0.00.00.00.0

E .  



By having performed element-wise product of matrices E  and K , we get the following matrix of 

contributions through akin categories: 

0.00.00.00.0

0.00.00.00.0

0.00.00.01.0

0.00.00.00.0

. From this matrix it is observed, that the 

contribution of kinship of the second and first category equals to 0.1. The kinship contribution of 
other categories is zero.  

The summed contribution of akin categories equals to:   1.0,  YXF . The resulting similarity 

value of objects X  and Y  using formula (1) equals   8.01.07.0, YXF .  

4. Computational Experiments 

In the above example, taking into account the kinship of categories increased the similarity metric 
by 0.1, which is 14% of the initial value obtained by the Chekanowski metric. Let us conduct 
computational experiments to establish how sensitive the proposed metric is to taking into account the 
kinship of categories. 

We perform 18 series of experiments. All the experiments within a series is carried out with the 
same number of categories. The number of categories (m) from series to series increases from 2 to 70 
with a step of 4. In each series, the similarity of 5000 pairs of objects X  and Y  is calculated. 
Attributes of objects X  and Y  as well as the kinship matrix of categories are randomly generated 
using the generalized Pareto law [8]: 

  





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



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1

1
1

)( kxk
xf





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The choice of this law is due to the fact that in topic modeling, the categories’ similarity 
distribution often is similar to the Pareto distribution (see, for example, [9, 10]). For each experiment, 
we firstly randomly generate parameters of the distributions. The shape parameter k  is generated 
from the range  5.0;15.0 , the scale parameter   is generated from the range [0.001; 0.01]; we set 

the bias as zero: 0 . In each experiment, using synthesized distributions, we randomly generate the 
coordinates of the vectors X  and Y , as well as kinship matrix K . In matrix K  the maximum value 
of the elements is limited to 0.4; vectors X  and Y  are normalized by 1. Then, we calculate the 
similarity between X  and Y  using the proposed metric (1). 

The results of the experiments in the form of box-plot diagrams are shown in Figure 2. It can be 
seen from the figure that the similarity values are in the range  1;0 . As the number of categories 

increase, the spread of results decreases. Median of distributions for 6m  does not depend on the 
number of categories. 

On Figure 3 box-plot diagrams of the distribution of the term  YXF ,  are shown, which takes 
into account the similarity of objects X  and Y  over akin categories. The median of this value 
increases from 0.001 to 0.066 with an increase in the number of categories. The spread of the 
distributions also increases, while the number of outliers decreases from 550 to 7. The increase in the 
median probably indicates that as the number of categories increases, a large number of weak ties 
between akin categories make a significant contribution to  YXF , . As the number of categories 
increase, the number of pairs of akin categories increases quadratically. The contribution of many 
pairs of akin categories is tiny. It looks as a noise. But the sum of huge number of noise contributions 
turns out to be large. The decrease of the number of outliers is also a negative factor. The need for a 
new metric is primarily due to the need to identify specific cases with strong cross-over effects due to 
akin categories. Also, the decrease in the number of outliers indicates that noise kinships make it 
difficult to detect such pairs of objects. 

 



 
Figure 2: Similarity distributions according to the proposed metric 
 

 
Figure 3: Distribution of the akin categories’ contribution 

Let us reduce the noise contribution of categories with weak kinship. We assume the kinship to be 
noisy if the kinship coefficient is less than 0.05. Box-plot diagrams of the noise kinship distribution’s 
contribution are shown in Figure 4. It shows that the median noise contribution increases linearly and 
reaches a value of 0.056 for 70 categories. The maximum value of the contribution from noise kinship 
is fixed at the level of 0.122.  

 



 
Figure 4: Distributions of noise contribution from consideration of akin categories 
 

As for the relative noise contribution (shown on Figure 5), its median exceeds 10% in the series of 
experiments for a large number of categories. In each series of experiments, there are numerous cases 
when the noise contribution exceeds 15%. The noise contribution exceeds 25% in 194 cases out of 
90,000 (Figure 6).  
 

 
Figure 5: Distributions of the relative value of the noise contribution from akin categories 

 



Figure 6: Distribution of noise contribution 

 

After noised component elimination, the box-plot diagrams of the akin categories contribution’s 
distribution are shown in Figure 7. The median of this value increases only from 0 to 0.005 as the 
number of categories increases. This is 13 times less than without noise elimination. At the same time, 
a large number of outliers are observed – their number is from 5-20%. This indicates that the metric is 
able to identify cases of strong interaction across akin categories. The box-plots of the proposed 
metric after removing the contribution from the noisy kinship of the categories are shown in Figure 8. 
Median of the refined metric lies in range [0.43; 0.69]. It is still high, especially for cases with large 
number of categories. Probably, it is caused by the noised memberships to many categories in source 
distributions in for X  and Y . Hence, it is better to eliminate the noised memberships before 
assessing the similarity of two categorical distributions. It is reasonable to do so for such topical 
modeling problems when it is known that any object may belong just to a small number of categories.   

 

 
Figure 7: Distributions of the akin categories contribution after noise filtering 

 



 

 
Figure 8: Similarity distributions according to the proposed metric with noise filtering 

5. Conclusions 

A new similarity metric of categorical distributions is proposed. A feature of the proposed metric 
consists of taking into account the kinship of categories. The proposed metric has two components. 
The first component is defined as Chekanowski metric. It calculates the direct similarity of 
distributions by categories as the sum of the intersection of distributions’ membership degrees of two 
objects. The second component of the metric takes into account the similarity of objects through akin 
categories. It is assumed that the kinship coefficients of each pair of categories are known. 

Computational experiments have shown that in the case of Pareto distributions of objects 
memberships to categories and Pareto distributions of kinship coefficients of categories, the proposed 
metric takes values from the interval [0; 1]. It was established that with an increase in the number of 
categories, the contribution to the proposed metric of the term, which takes into account the kinship of 
the categories, strongly increases. This is due to the fact that the number of weak ties between akin 
categories increases quadratically, each of which adds some contribution to the value of the metric. 
And although the contribution from many pairs of akin categories is tiny, roughly speaking - noisy, 
but the sum of the contributions turns out to be large.  

To eliminate the noise impact, we suggest ignoring the noise kinship of the categories. A simple 
filter with kinship coefficient threshold at the level of 0.05 eliminated this drawback. After such noise 
filtering, the distributions of the second component of the metric, which takes into account the kinship 
of the categories, have a significant number of outliers. A significant number of outliers is observed in 
all the series of experiments, both with a small number of categories and with a large one. This fact 
indicates that the proposed metric makes it easy to identify pairs of objects whose similarity is largely 
determined by membership to akin categories. 

The proposed metric can be used for topic modeling tasks, in which, when evaluating the 
similarity of two objects, it is necessary to take into account their membership to akin categories. 
Such tasks can be the selection of reviewers of research papers and theses, the analysis of the 
similarity of text documents, the identification of poses of people in a video stream, the clustering of 
species distribution, the formation of recommendations in online shops, etc. 
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Abstract  
The work is devoted to the development of a neural network method for diagnostics 
(monitoring) helicopters turboshaft engines pre-surge status in real time (at helicopter flight 
mode). The developed method for helicopters turboshaft engines is based on a mathematical 
model of the time distribution of air pressure in the compressor during the transient process, 
which is construct on the basis of the classical theory of the movement of liquids and gases, 
taking into account the features of the thermogas-dynamic flow in the compressor of 
helicopters turboshaft engines. Diagnostics (monitoring) helicopters turboshaft engines in real 
time is carried out using a linear neural network with the optimal number of neurons – 10 or 
more. It is proposed to train a linear neural network on dynamic neurons, which, due to the 
adjustable smoothing parameter from the range from zero to one, made it possible to obtain an 
accuracy of 99.99 % of the task being solved. The developed method can serve as one of the 
blocks of the onboard neural network expert system for the integrated monitoring and operation 
of helicopters turboshaft engines, which automatically decides on helicopters turboshaft 
engines operational status at helicopter flight mode and provides the crew with information 
about the possibility of helicopter further movement.  
 
Keywords  1 
Helicopters turboshaft engines, compressor, neural network, training, thermogas-dynamic 
parameters, diagnostics (monitoring), pre-surge status, signal, pressure, error 

1. Introduction 

At present, a modern aircraft gas turbine engine (GTE) and its control systems are a complex 
dynamic system. The correctness and safety of the operation of aviation gas turbine engines require 
constant and continuous monitoring of its parameters, the effectiveness of which significantly depends 
on the probability of correct recognition of its technical condition, including defects, which directly 
affects the quality of gas turbine operation control systems, which ultimately determines the efficiency 
and safety of flights. 

One of aircraft GTE leading defects is the stall mode of its operation – surge, which is characterized 
by various non-stationary phenomena resulting from the loss of stability of the air flow in the 
compressor. In this case, strong pulsations of the air flow appear, a drop in its pressure, which leads to 
vibrations of the compressor blades and can cause its destruction. Thus, surge is not allowed during 
engine operation [1], which indicates the need for its monitoring (diagnostics). 

The development of approaches to diagnostics aircraft GTE operational status, including helicopters 
turboshaft engines (TE), is proceeding in several directions. Much attention is paid to the improvement 
of algorithmic support, which expands the capabilities of diagnostic models and increases the reliability 
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of diagnostics. In [2, 3], the advantages of using artificial intelligence methods over classical diagnostic 
methods for troubleshooting are shown. It is noted that neural networks are the most effective, since 
they have high adaptive characteristics and can solve complex problems of classification and pattern 
recognition. Existing neural network diagnostic methods are limited by the specificity of the tasks being 
solved, the insufficient development of the theory of their application for TE diagnostics, the lack of 
universal and formalized approaches, and the imperfection of the methods themselves. In this regard, 
an urgent scientific and practical task is the development of a neural network method for monitoring 
(diagnosing) surge (pre-surging state) of TE in helicopter flight conditions, which will significantly 
improve the safety of helicopter flights. 

2. Related Works  

There are known surge diagnostic methods [4, 5], in which the measured parameters are: gas 
temperature in front of the compressor turbine, pressure at the inlet and outlet of the compressor, gas 
generator rotor r.p.m. As is known [6], when a surge occurs, gas temperature in front of the compressor 
turbine increases, gas generator rotor r.p.m. decreases, and the air pressure behind the compressor 
sharply decreases relative to the pressure at the inlet to air inlet section. The conclusion about the 
development of surge in the compressor is made in case of exceeding a predetermined threshold value 
of the ratio of gas temperature in front of the compressor turbine to gas generator rotor r.p.m. 

The disadvantage of the known methods is that the ratio of gas temperature in front of the compressor 
turbine to gas generator rotor r.p.m. can exceed a predetermined threshold value when the engine 
operation mode changes, for example, when throttling, on the basis of which a false conclusion can be 
made about the presence of surge. 

An analysis of published works devoted to the use of neural networks for diagnostics the aircraft 
GTE operational status shows that in [7, 8] the main trends are outlined and the characteristic features 
of solving the problems of diagnostics aircraft GTE based on neural networks are highlighted. 

At the same time, they are mainly devoted to solving particular problems (for example, GTE turbine 
blades operational status diagnostics [9], forming a space of diagnostics signs of aircraft GTE operational 
status to build a neural network classifier [10], indirectly measuring the temperature of gases behind the 
combustion chamber based on neural networks for diagnostics the thermal state of the engine [11]. 
However, they do not contain instructions on the choice of architecture, structure and training algorithms 
for the neural network, there is no engineering methodology for designing neural networks in relation to 
the problems of aircraft GTE operational status diagnostics) of helicopters TE are also missing. 

3. Methods and Materials 

Let ρ(x, t) be the density of the liquid, then applying the law of conservation of mass, we obtain that 
the rate of change of mass in the volume V must be equal to the mass flow crossing the surface S of the 
volume V (fig. 1, a). The mass flow through the surface element dS is equal to –ρvdS [12, 13]: 

.
V S

d VdS
t

  


  �                      (1) 

Applying the Gauss's-Ostrogradsky's theorem, we arrive at the differential equations for 
conservation of mass [12, 13]: 

0.V
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
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Similarly, the equation of motion for the medium can be derived from the condition of conservation 
of pulse. Consider the preservation of the projection of the pulse in the X-direction (fig. 1, b). The X-

component of the total pulse in the volume V is x

V

v d  . Due to pulse convection and the influence 

of pressure p in the X-direction, the X-component of the pulse of the medium in the volume V increases 

with time (ex – unit vector in the X-direction), i.e.,  x x

S

v V pe dS � . Then, from the law of 

conservation of pulse (X-components), we get the equation: 
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Using the Gauss's-Ostrogradsky's theorem, we obtain: 
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Similarly, the equations of motion for the Y- and Z-directions are obtained. Let's combine these 
equations and get: 
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where I – unit tensor. 
Let's draw two cross-sections at any place of the flow in the gas pipeline, let the distance between 

them be dx. 
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      a             b 
Figure 1: Diagram of conservation in the environment: a – mass; b – pulse [12] 
 

Using the pulse theorem, we obtain (fig. 1, b): 
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where ρ – density; p – average pressure in the section; f – cross-sectional area; v – longitudinal velocity 
in the cross-sectional element; t – time; τ – projection of the tangential stress on the pipe wall onto the 
X axis – flow direction – average over the wetted perimeter; χ – wetted perimeter; γ – gas volume unit 
weight; α – elevation angle of the dx element axis above the horizon. 

We reduce this equation to dx, we get: 
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where M – flow rate; I – projection on the X-axis of the amount of movement of the mass M: 

;
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Equation (8) is a general equation that is valid for any gas-dynamic flow in a pipe. 
Consider the mass balance entering and leaving the dx element, using the continuity theorem, we 

obtain the equation: 
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In the general case, the quantity I can be given in the form: 
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where ω – average velocity in the section, β – Coriolis correction for the uneven distribution of 
velocities in the expression of the amount of flow movement due to the average velocity and the average 
density in the section. As is known, in steady motion for a normal distribution of velocities in a turbulent 

flow β ≈ 0, in a parabolic distribution 
1

3
  . In case of unsteady motion, β will naturally be a variable 

value that depends on the nature of the distribution of velocities in the pipe sections. 
Next, we will use the following formula from gas dynamics for the tangential stress τ: 

2;
8
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where λ – resistance coefficient in the Darcy-Weisbach formula for frictional head loss in the pipe. Its 
λ can always be set knowing the roughness of the pipe and the flow rate. 

It is known that λ depends on the roughness of the pipe and the mode of movement (Reynolds 
number). We will accept the following assumption that the resistance characteristics established for 
stationary movements are preserved for non-stationary ones as well. 

Rigorous substantiation of this assumption is quite difficult, although it is confirmed by a rather 
satisfactory agreement between theory and experience. Using the above remarks, equation (8) will be 
rewritten in the form: 
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Since M = ρSω, the equation can be simplified: 
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where δ – hydraulic radius of the section, which is equal to: 
2
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where d is the diameter of the gas pipeline. 
Next, let's return to the inseparability equation (11). For gas compression, let's take S = const and 

use the following formula: 
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where c – gas sound speed, from which we obtain, opening the full differentials dp and dρ: 
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Since the increments of dt and dx are arbitrary, it is necessary that 2

1 p
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. From here we get 

the following equation: 
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As a result, the equation of motion (8) and continuity (11) can be written in the form of the following 
system: 
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The system of equations (20) is a system of two differential equations of the first order in partial 
derivatives of the hyperbolic type, in the general case nonlinear. Dividing both parts of the system by 
S, we get: 
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Let's simplify the system of equations (20). We will show that in equations (8) and (21) it is possible 

to neglect the term   1
I

M
x x

  
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. 

Let us denote sin
dz

dx
  , where z – excess of the center of gravity of the pipe section above an 

arbitrary horizontal plane. It is possible to integrate the first of equations (21) over x from x1 to x2 at a 
fixed t and present the result in the following form: 
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During the movement of gas with subsonic speed, it is always possible to neglect the dynamic 
pressure corresponding to the high-speed pressure, as well as to neglect the hydrostatic pressure of the 

gas due to its low density. It follows that in (21) the last difference      2 2

2 1
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 that the term can be discarded in the first equation of 

system (20). In the future, under pressure p we mean the sum p + γz and omit the term γsinα. As a result, 
we will get the following system: 
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Let's transform system (23) into the form: 
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Equations known in electrical engineering that describe the change in electric potential along an 
electric circuit (dφ/dx) and over time (dφ/dt) have a similar form, if this electric circuit is composed of 
elements that have, per unit length, an ohmic resistance of R0, capacity С0 and inductance L0. These 
equations are known as telegraph equations of a long line and have the form [14, 15]: 
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where p → u, ρω → i, 
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In order to detect surge in the helicopter aircraft TE compressor, an elementary section of its model 
is considered in the form of a long line, which is a sequential RCL-oscillating circuit with a voltage 
source U0 acting on it. The analysis of free oscillations in a sequential oscillating circuit leads to the 
solution of a system of two linear differential equations of the first order with constant coefficients of 
the relative variable state – current in the inductance (blood flow) and the voltage (pressure) on the 
capacity of the circuit. One of the equations is formed as a result of applying Kirchhoff's second law to 
the contour: 

UL + UR + UC – U0 = 0.                                         (26) 
The second equation relates the current in the circuit to the voltage on one of the elements: 
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It is also worth adding two more auxiliary equations describing the voltages on the inductance and 
resistance: 
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Taking into account the above, the system of differential equations according to Kirchhoff's laws 
has the form: 
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Having expressed from system (30) the derivatives of the voltage on the capacitor and the current in 
the inductance, we obtain the equation of state: 
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The unknown state variables in the obtained system of equations (31) are the voltage on the 
capacitors and the current in the inductance. The matrix of system coefficients (31) in this case has the 

form 11 12
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The matrix of free members is determined by the parameters of the active sources in the circuit and 
has the form: 
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The matrix of initial conditions has the form: 
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We determine the eigenvalues of matrix A: 
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λ1 – λ2 = (a + jb) – (a – jb) = 2jb. 
Sylvester's formula is used to calculate eAt, which has the form: 
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where 
1 0

1
0 1

  – diagonal identity matrix of order n for two states iL and UC. Then Sylvester's formula 

takes the form: 
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To calculate the voltage on the capacitor and the current in the inductance, the state equations are 
solved in matrix form: 
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Taking into account L = 1, the voltage on the capacitor is calculated as follows: 
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     (39) 

Expression (39) describes the pressure distribution in the compressor over time. Since surge is 
characterized by a sharp change in pressure at the inlet and outlet of the compressor, an increase in the 
gas temperature in front of the compressor turbine and a decrease in gas generator rotor r.p.m., therefore, 
it is advisable to use expression (39) to monitoring the pre-surge engine status. 

Since the air flow turbulence phenomenon takes place in the compressor of helicopters TE [16, 17], 
we assume that the useful signal UC(t) is mixed with noise δ0 that is not correlated with it. The signal δ is 
set, it is not correlated with UC, but correlates in an unknown way with the interference signal δ0. It is 
assumed that UC, δ0 and δ are statistically stationary, and their average values are equal to zero. The task 
of the neural network is to process the signal δ in such a way that the signal y at the output of the network 
is as close as possible to the noise signal δ0. The error signal ε is determined according to the expression: 

0 .CU y          (40) 
The objective function is presented in the form of the expected value E of the quadratic error: 
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If we take into account that the signal UC does not correlate with the noise signal, then the expected 
value  0 0E y      , and the objective function is simplified to the expression 
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Since the filter does not change the signal UC, minimization of the objective function of the error Z 

is ensured by selecting its parameters in such a way that the value of  2

0 minE y    . Thus, 

reaching the minimum of the objective function Z means the best adaptation of the value of y to the 



noise δ0. The minimum possible value 2
Cx E U     for which y = δ0. In this case, the output signal ε 

corresponds to the useful signal UC completely denoised. 
In the task of monitoring helicopters TE pre-surge status, the input signal and the objective function 

coincide, that is, the training error of the neural network, which must be minimized, is determined 
according to the expression: 
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To solve the task of monitoring helicopters TE pre-surge status, we consider the use of a linear neural 
network (fig. 2), which consists of K neurons located in one layer and connected to R inputs through 
the weight matrix W.  

For a given network and the corresponding set of input and target vectors, it is possible to calculate 
the network output vector and form the difference between the output vector and the target vector, 
which will determine some error [18]. In the training process, it is required to find such values of 
weights and biases so that the sum of the squares of the corresponding errors is minimal. A supervised 
training procedure is proposed that uses a training set of the form      1 1 2 2, , , ,..., ,K Kp t p t p t , where 

p1, p2, …, pK – neural network inputs, t1, t2, …, tK – corresponding target outputs. It is required to 
minimize the following mean square error function: 
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Figure 2: Neural network structure 
 

If signal values at different time intervals are used as an input vector for a neural network, then the 
linear network is a linear adaptive filter with a finite impulse response. The difference equation 
describing the communication between the input and output signals of such a filter has the form [20]: 

       0 1 1 ... ;Py n b x n b x n b x n P         (45) 

where P – filter order; x(n) – input signal; y(n) – output signal; bi – filter coefficients. 
 
For a linear neural network, a recurrent training least squares rule is used; it minimizes the mean 

value of the sum of squares of training errors [19]. You can estimate the total standard error using the 
standard error of one iteration.  

It is known that a standard static neuron implements a non-linear mapping [21, 22]: 
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the synaptic weights  1
,j iw  of which are subject to refinement in the process of training the neural 

network. 
A nonlinear mapping implemented by a dynamic neuron can be written as: 
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To train neural networks on dynamic neurons, according to [23], a gradient procedure is used – the 
back propagation of errors in time. 

According to [23], the one-step training criterion is defined as: 
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where d(k) is the training signal, which in the problem being solved is taken as the current value x(k), 
that is, the signal UC(k). 

According to [23], the procedure for minimizing the training criterion is: 
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where    1 k  – parameter that determines the training convergence rate. 

According to [23], local training error is defined as: 
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The procedure for setting the neurons of the output layer is [23]: 
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The local training error for the hidden layers of the neural network is [23]: 
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An adaptive procedure is written as [23]: 
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where β > 0 – regularizing parameter. 
The procedure for setting up the training process in hidden layers is optimized for speed. Thus, 

taking into account [23], the modified neural network training method has the form: 
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    (54) 

where 0 ≤ α ≤ 1 – smoothing parameter, which is selected within a given interval for the most efficient 
value of the neural network. 

A distinctive feature of the modified neural network training method from the method proposed in 
[23] is the use of a custom smoothing parameter α. The proper choice of the value of the smoothing 
parameter α is critical to the performance of the neural network. Note that the value of α affects the 
quality of restoring the output signal of the neural network. The method has been modified in order to 
impart smoothing properties necessary for processing "noisy" signals, such as UC(t). 

However, a significant limitation [23] is the lack of a description of the criterion for choosing the 
smoothing parameter. In this paper, we propose to select the smoothing parameter for the task 
diagnostics (monitoring) helicopters TE pre-surge status in real time. 

4. Experiment 

In the experimental work, the signal UC(t) obtained according to (39) is used and analyzed for the 
TV3-117 TE, which is part of the power plant of the Mi-8MTV helicopter, according to the data 
obtained on board the helicopter during the flight [24] (table 1). 



Table 1 
Transfer function coefficient values 

Number  λ  ω  δ  с 

1  0.985  0.992  0.973  0.999 
2  0.989  0.991  0.976  0.999 
3  0.987  0.996  0.977  0.999 
4  0.974  0.983  0.971  0.999 
5  0.977  0.982  0.968  0.999 
6  0.972  0.987  0.978  0.999 
7  0.981  0.988  0.973  0.999 
8  0.983  0.993  0.975  0.999 
9  0.992  0.990  0.977  0.999 
…  …  …  …  … 

256  0.985  0.991  0.974  0.999 
 
To conduct experimental researches (test example), the Matlab application package was used. The 

diagram of the dependence of the signal amplitude on time for the signal under study is shown in fig. 
3, where a – signal with noise taken into account, b – simulated area of a sharp pressure drops [12]. On 
fig. 3 input signal values are given in absolute units. Fig. 4 shows a diagram of the probability 
distribution for a noise signal, where a – signal probability distribution (Gaussian form), b – signal 
correlation function. 

 

 
        a              b 

Figure 3: Input signal diagram: a – signal with noise taken into account; b – sudden pressure drop area [12] 
 

 
                                                 a                      b 
Figure 4: Input signal diagram: a – signal probability distribution; b – signal correlation function 

 
To form the training and test subsets, cross-validation [25] was used to estimate the values of TV3-

117 TE parameters, the results of which are shown in fig. 5. 



 
        a              b 

Figure 5: Scatter diagram of input parameters: a – parameter R; b – parameter C 
 

As the input signal UC for the neural network (fig. 2), a sequential sampling of the values of the 
fragment of the noise signal was used. The delay line consists of 10 blocks, that is, a sequence of UC/10 
values is fed to the input of each neuron. The output signal of the network was the sum of the output 
signals of each of the neurons. The network had one layer of neurons with a linear activation function. 
The number of neuron inputs was equal to the sample length of the studied signal. The initial weights of 
neurons were initiated by random values, and the bias was chosen to be the same and equal to b = 0.027. 

A supervised training algorithm was used to train the network, and a sequence of input signal values 
was used as the target vector. The absolute network training error is calculated according to (43): 
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    , where Y(n) – output signal of the network, UC(n) – 

neural network input signal values, N – input vector dimension. The relative error of the output signal 
is determined according to the expression: 
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where σ2 = 0.00028 – neural network input signal variance. 
The neural network was trained on a sample of 100 input values of the UC signal, which is 3Tcor. The 

signal was applied to the input of each of 10 neurons with 10 signal values on the segment [0; 100], the 
neural network training rate was chosen as 0.1 (this value was chosen according to the same principles 
as the number of neurons). Training was carried out at different values of training cycles (depending on 
the experiment, values from 1 to 100 were used). In order to establish the representativeness of the 
training and test samples, a cluster analysis [26] of the initial data was carried out (table 1), during 
which eight classes were identified (fig. 6, a). After the randomization procedure, the actual training 
(control) and test samples were selected (in a ratio of 2:1, that is, 67 % and 33 %). The process of 
clustering the training (fig. 6, b) and test samples shows that they, like the original sample, contain eight 
classes each. The distances between the clusters practically coincide in each of the considered samples, 
therefore, the training and test samples are representative. 

 
    a             b 

Figure 6: Clustering results: a – initial experimental sample (I…V – classes); b – training sample 
 



The assessment of the homogeneity of the training and test samples is carried out using the Fisher-
Pearson χ2 criterion [27] with 1r k   degrees of freedom: 
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where θ – maximum likelihood estimate found from the frequencies m1, …, mr; n – number of elements 
in the sample; pi(θ) – probabilities of elementary outcomes up to some indeterminate k-dimensional 
parameter θ. 

The above-mentioned statistics χ2 permits, under the above assumptions, to check the hypothesis 
about the representability of sample variances and covariance of factors contained in the statistical 
model. The field of hypothesis acceptance is 2

,n m    , where α – significance level of the criterion. 

The results of calculations in accordance with (56) are in table 2. 
Table 2 
Part of the training sample during the helicopters TE operation (on the example of TV3‐117 TE) 

Number  P(λ)  P(ω)  P(δ)  P(с) 

1  0.739  0.784  0.798  0.989 
2  0.742  0.783  0.800  0.989 
3  0.740  0.787  0.801  0.989 
4  0.731  0.776  0.796  0.989 
5  0.733  0.779  0.794  0.989 
6  0.729  0.780  0.802  0.989 
7  0.736  0.781  0.798  0.989 
8  0.738  0.784  0.800  0.989 
9  0.744  0.782  0.801  0.989 
…  …  …  …  … 

256  0.739  0.783  0.799  0.989 
 
Calculation of the χ2 value based on the observed frequencies m1, …, mr (summing line by line the 

probabilities of the outcomes of each measured value) and comparing it with the critical values of the 
distribution χ2 with the number of degrees of freedom r – k –1. In this article, with the number of 
degrees of freedom r – k –1 = 13 and α = 0.05, the random variable χ2 = 3.588 did not exceed the critical 
value from table 4 is 22.362, which means that the hypothesis of the normal distribution law can be 
accepted and the samples are homogeneous. 

5. Results 

Table 3 shows the results of the neural network operation for various values of the smoothing 
parameter. The network teacher is the value 0.989, which is the average value of the input sample 
(table 1). 

 
Table 3 
The results of determining the smoothing parameter 

α = 0.1  α = 0.2  α = 0.3  α = 0.4  α = 0.5  α = 0.6  α = 0.7  α = 0.8  α = 0.9  α = 1.0 
0.9951  0.9945  0.9934  0.9926  0.9921  0.9915  0.9912  0.9889  0.9873  0.9862 

 
The results show that at α = 0.8, the predicted value is closest to the teacher by 99.99 %. 
The neural network training error depending on the number of training cycles is illustrated by the 

diagram in fig. 7 (a – diagram corresponds to 5 training cycles, b – diagram corresponds to training 
cycles), which show the input and output signals of the neural network resulting from training, where 
1 – initial signal UC, 2 – neural network output signal. 



 
    a             b 

Figure 7: Diagram of neural network output and signal versus time 
 

Fig. 7, a corresponds to an absolute error of 0.004717 and a neural network training time of 1.5 
seconds. Fig. 7, b corresponds to an absolute error of 0.000000638 and a neural network training time 
of 11.8 seconds. A diagram of the dependence of the neural network training error on the number of 
training cycles is shown in fig. 8, from which it can be seen that the error decreases with an increase in 
the number of training cycles approximately according to a linear law. The training quality of the neural 
network was also assessed using regression analysis of neural network input and output signals. 

 

 
Figure 8: Diagram of neural network training error dependence on the number of cycles 

 

The dependence of neural network training error on the number of neurons is shown in fig. 9, from 
which it can be seen that the training error decreases with an increase in the number of neurons.  

 

 
Figure 9: Neural network training error versus number of neurons diagram 

 



When the number of neurons is more than 15, it decreases to a minimum and ceases to change. At 
the same time, the training time increases from 3 seconds with 3 neurons to 150 seconds with 15 neurons. 
In further experiments, to increase the training rate, the number of neurons was chosen to be 10. 

To check the independence of the residuals, the Durbin-Watson test, the autocorrelation function, 
etc. are usually used. [28, 29]. To check the normality of the distribution of residuals, a plot of the 
normal distribution of residuals was constructed, that is, the correlation field between the target vector 
UC (input signal values at each point) and the output of the neural network Z after 50 training cycles 
(fig. 9). It can be seen that the distribution is normal – almost all observations follow the line, the points 
are grouped near the straight line in fig. 10. A high value of the correlation coefficient R = 0.999 
indicates that the neural network training algorithm was chosen correctly. 

 

 
Figure 10: Normal distribution diagram of residuals (Regression Analysis) 

6. Discussions 

The neural network input signal and neural network simulated output signal after training on a 
sample with a length of 100 reports (3Tcor) are shown in fig. 11, where 1 – initial signal, 2 neural network 
– output signal. Fig. 11, a show the signals immediately after training the neural network, fig. 11, b – 
after a time interval corresponding to 30 input noise correlation times. From fig. 11 it can be seen that, 
despite the increase in the time interval for diagnosing (monitoring) the neural network, the developed 
method makes it possible to determine the helicopters TE pre-surge status. 

 

 
 a         b 

Figure 11: Diagram of research of TV3‐117 TE pre‐surge status 
 

Fig. 12 shows the results of determining the error in diagnostics (monitoring) of helicopters TE pre-
surge status using the developed neural network, where 1 – initial signal UC error, 2 – upper error limit, 
3 – lower error limit, 4 – trend line. 



As can be seen from fig. 12, a, the maximum error in diagnostics (monitoring) of helicopters TE 
pre-surge status does not exceed 0.3 %, which indicates an accuracy of > 99 % of the developed method. 

To reduce the training time, the neural network went through 3 training cycles, and the error was 
measured at a prediction time of 300Tcor, while the diagnostics (monitoring) error remained unchanged. 
From fig. 12, b it can be seen that with an increase in the length of the input vector, the relative network 
training error decreases significantly. The training time increases with the length of the input vector: 
with a length equal to 3Tco, the training time is 3.5 seconds, and with a length of 100 correlation times 
it increases to 60 seconds. 

 

 
a         b 

Figure 12: Diagram for determining the diagnostics (monitoring) error: a – diagram of the dependence 
of the diagnostics  (monitoring) error on time; b – diagram of diagnostics (monitoring) error versus 
input vector length 
 

Fig. 13 shows the results of modeling helicopters TE surge status. 
 

 
a         b 

 
c         d 

Figure 13: The resulting diagram of monitoring (diagnostics) of helicopters TE surge by a neural network 
 



The research results displayed in fig. 13 are based on the physical processes occurring in the engine 
path – using thermogas-dynamic indicators obtained using a universal mathematical model of the 
engine [30, 31], while taking into account that the surge, as a rule, is accompanied by the following 
phenomena: 

– fluctuations in pressure, velocities and gas flow rates along the path with a pronounced pressure 
drop downstream of the compressor relative to the pressure at its inlet (fig. 13, a); 

– gas generator rotor r.p.m. decrease (nTC) (fig. 13, b); 
– free turbine rotor rotation frequency decrease (nFT) (fig. 13, c); 
– gases temperature in front of the compressor turbine increase (TG) (fig. 13, d). 
Fig. 13 corresponds to: a – diagram of pressure changes behind the compressor during surge; b – 

diagram of the dynamics of gas generator rotor r.p.m. during surge; c – diagram of the dynamics of free 
turbine rotor rotation frequency during surge; d – diagram of changes in gases temperature before the 
compressor turbine during surging. 

According to the results of modeling helicopters TE surge status by a neural network (fig. 13), a 
division into classes of statuses was carried out [25, 32] (I (red) – surge is present; II (green) – there is 
no surge; III (blue) – there is a risk of surge), according to the dynamics of changes in the values of 
engine thermogas-dynamic parameters (Fig. 14). 

 

 
a         b 

 
c         d 

Figure 14: The resulting diagram of helicopters TE classification operational status by a neural network 
 

Fig. 14 corresponds to: a – indicator of pressure changes behind the compressor; b – indicator of gas 
generator rotor r.p.m.; c – indicator of free turbine rotor rotation frequency; d – indicator of gases 
temperature before the compressor turbine. 

A comparative analysis of the accuracy of the classical and neural network methods for diagnostics 
(monitoring) of helicopters TE (using the TV3-117 engine as an example) pre-surge status is given in 
table 4 which displays the probabilities of errors of the 1st and 2nd kind [33, 34] when determining the 
dynamics of changes in engine thermogas-dynamic parameters (according to fig. 13). 



Table 4 
Comparative characteristics of methods 

Method of 
determination 

Probability of error in determining  
By parameter 

UC 
By parameter 

nTC 
By parameter 

nFT 
By parameter 

TG 
Type 
1st 

error 

Type 
2nd 

error 

Type 
1st 

error 

Type 
2nd 

error 

Type 
1st 

error 

Type 
2nd 

error 

Type 
1st 

error 

Type 
2nd 

error 

Classic  1.78  1.61  1.81  1.74  2.05  1.86  1.74  1.55 
Neural Network  0.69  0.62  0.70  0.65  0.80  0.72  0.68  0.60 

7. Conclusions 

1. A mathematical model was further developed that describes the time distribution of pressure in 
helicopters aircraft turboshaft engines compressor, which, by obtaining a universal expression for 
determining the distribution of pressure values in the engine compressor, made it possible to develop a 
neural network method for diagnostics (monitoring) helicopters turboshaft engines pre-surge status in 
real time. 

2. For the first time, a neural network method for diagnostics (monitoring) helicopters turboshaft 
engines pre-surge status in real time was developed, based on a linear neural network trained using a 
modified method with direct transmission of information on dynamic neurons, which makes it possible 
to classify helicopters turboshaft engines statuses in the helicopter flight mode for the presence, absence 
or risk of surge. 

3. The method of training neural networks with direct transmission of information on dynamic 
neurons was further developed, which, due to the adjustable smoothing parameter from the range from 
zero to one, made it possible to obtain the predicted output signal value that is closest to the teacher by 
99.99 %. 

4. It is shown that the errors of the 1st and 2nd kind of the method for diagnostics (monitoring) 
helicopters turboshaft engines pre-surge status using a linear neural network did not exceed 0.80 % and 
0.72 %, respectively, while for the classical method they amounted to 2.05 % and 1.86 %, respectively. 
The obtained results prove that the application of the developed neural network method will make it 
38.77 % more accurate to determine helicopters turboshaft engines current status at helicopter flight 
mode for the presence or development of surge. 

5. The prospect for further research is the implementation of the results of the obtained studies, as 
well as the developed method for diagnostics (monitoring) helicopters turboshaft engines pre-surge 
status, into the onboard neural network expert system for integrated monitoring and operation control 
of helicopters turboshaft engines at helicopter flight mode [35]. 

The prospects for further research are the integration of this method into self-organizing Kohonen 
maps, which will improve the method for detecting engine surge using Kohonen self-organizing maps, 
developed by Viktor Dubrovin and Tetiana Kiprych. 
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Abstract  
The popular intelligent methods for improving the efficiency of energy consumption in a 
home automation system have been investigated in this paper. The intelligent method for 
controlling energy consumption has been developed. It differs from the existing ones in an 
integrated approach based on predicting electricity generation using a Feedforward neural 
network, as well as optimizing the schedule for using electrical appliances based on an 
improved particle swarm optimization algorithm with the proposed system of priorities. The 
intelligent support subsystem has been created, the integration of which into the home 
automation system will allow users to control the processes of generation and consumption of 
electricity, effectively use household appliances and save resources. 
 
Keywords 1 
Home automation system, energy consumption, intelligent method, artificial neural networks, 
forecasting, schedule optimization 

1. Introduction 

In recent years, there has been an active development of intelligent technologies, that are actively 
being implemented in home automation systems (HAS), which allows bringing the standard system to 
a new level of comfort [1]. The implementation of intelligent methods makes it possible to study the 
habits of the residents of the house, predict their behavior and create optimal conditions for life [2]- 
[3]. One of the most important areas of intelligent technologies usage is the saving of resources, in 
particular electricity, which is currently a significant objective, especially in the conditions of the 
unstable economic and political situation in Ukraine. 

A large number of HASs are offered on the market, in particular, the most popular are: OpenHAB, 
HomeAssistant, Majordomo, ioBroker, Domoticz, Jeedom. Their functionality is aimed at monitoring 
and automated management of various processes in houses and apartments. Thus, household equipped 
with such a system offers more comfort, flexibility and security [4]-[5]. But at the same time, the 
existing HASs do not provide intellectual support to users from the point of view of organizing the 
efficient consumption of electricity generated by alternative sources of electricity (solar and wind 
power plants) based on the optimal usage of various electrical devices. This would allow residents to 
gain independence from the external power grid and utility tariffs for electricity and significantly save 
money by using alternative energy sources. 

Thus, the objective of developing a subsystem of intellectual support that will allow considering 
the interests and habits of household residents and saving resources at the same time is urgent. 
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The goal of the work is the research and practical implementation of intelligent methods of energy 
consumption control to increase the efficiency of electrical appliances usage and save electricity in 
HAS that uses alternative sources of electricity. 

2. Related works 

As the conducted studies have shown, today the most popular intelligent methods, algorithms and 
models in the field of efficient energy consumption organization are: particle swarm optimization 
(PSO) algorithm, genetic algorithm (GA), ARIMA model and artificial neural networks. 

In order to reduce electricity costs, researchers suggest using the PSO to optimize the schedule of 
electrical appliances and solve the objective of minimizing the peak load in the power grid [6]-[10]. 
The authors of works [11]-[13] use a GA to increase the efficiency of energy consumption in HAS. In 
the study [14], the authors proposed the usage of the ARIMA method for real-time analysis of 
electricity consumption in HAS and forecasting of future energy consumption. In works [15]-[22], the 
authors apply neural networks to predict electricity consumption, in order to use this data in the future 
to reduce electricity costs and optimize the operation schedule of household electrical appliances. In 
particular, the authors of [22] investigated the issue of using the main types of neural networks to 
solve various objectives in HAS. The method for choosing the optimal type of artificial neural 
network for the same set of historical data was proposed in [22], because of the fact that each artificial 
neural network has certain features and allows predicting some values and processing various types of 
data with different accuracy.  

Thus, as a result of the review, the existing objectives of organizing efficient energy consumption 
in HAS and popular methods of solving them were divided into two main groups (Table 1). 

 
Table 1 
Objectives and methods for their solution 

Objective  Methods 

Particle swarm optimization algorithm [6]‐[10] Optimization of the work schedule of 
household appliances  Genetic algorithm [11]‐[13] 

 
ARIMA [14], [19] 

Long Short‐Term Memory neural network [15]‐[18], [22] 
Recurrent neural network [19], [20], [22] 

Feedforward neural network [17], [22] 

 
 

Forecasting electricity consumption or 
generation 

Convolutional neural network [21] 

 
In the considered works, the objective of optimizing the operation schedule of household 

appliances was solved by automatically scheduling their usage during the period of the day when 
electricity has a low price. It allows solving the objective of minimizing the peak load in the power 
grid and reducing utility costs for electricity. The results obtained in studies [6]-[13] showed that the 
implementation of this approach made it possible to reduce energy costs even up to 55%, which is a 
fairly high indicator. However, the biggest disadvantage of such scheduling optimization is that the 
level of comfort of residents can be significantly reduced, because of the fact that it is recommended 
to use more electrical appliances only at certain times of the day (for example, at night), which is not 
always convenient. In addition, this approach is not justified if a fixed electricity tariff is set. In the 
case when the studied HAS uses alternative energy sources (solar and wind power plants), then the 
objective statement can be changed to optimal planning for the use of electrical appliances during 
periods when electricity generation from alternative sources is maximum. 

Studies have shown that to solve the objective of optimizing the work schedule of household 
appliances, it is suggested to use the PSO and the GA [6]-[13]. In particular, works [9], [12] compared 
these two approaches, and the results showed that based on the usage of the PSO it was possible to 
reduce electricity costs by 8% more than on the basis of the GA, using the same data set. The authors 
of [23] compared the performance of these approaches and showed that the PSO requires fewer 



iterations to find the optimal solution and its accuracy is higher. Thus, it can be concluded that the 
usage of the PSO [24]-[25] is appropriate for achieving the goal of this work. 

The objective of analyzing historical data and forecasting electricity generation assumes that the 
forecasted data will help in the future to develop a plan for economical usage of electrical appliances 
and to reduce electricity consumption in HAS. Research by the authors [15]-[22] showed that the 
highest forecasting accuracy that was achieved is 97%, which is a very high indicator and it allows the 
implementation of the effective energy consumption analysis and forecasting subsystem. If HAS uses 
alternative sources of electricity, the forecasted data about energy generation will be used by the 
optimization algorithm to create an optimal schedule for household appliances, which will allow the 
user to plan the schedule for the upcoming day. 

The conducted studies showed that a number of methods are proposed to be used for forecasting 
electricity generation: ARIMA, Long Short-Term Memory (LSTM) neural network, Recurrent neural 
network (RNN), Feedforward neural network (FNN) and Convolutional neural network (CNN). The 
usage of the ARIMA method and CNN is not advisable, because in studies [19], [21] they showed 
unsatisfactory results in comparison with other methods. Studies [22] show that it is impossible to 
create a universal neural network that will be suitable for various objectives of HAS. Therefore, it is 
necessary to conduct a number of computer experiments and choose a neural network model that will 
provide the highest prediction accuracy for the studied HAS, taking into account its specific features. 

3. Main and anticipated findings 

3.1 Analysis and selection of a neural network model 

The training set comprises the concatenation of input attributes from the weather forecast obtained 
through a weather API and the output parameter, i.e., electricity generation. The resulting dataset 
contains 2,160 records and spans the period from August 8, 2022 to November 13, 2022. 

In the course of this research, the following models were considered: FNN [26], RNN and a neural 
network with LSTM. The implementation of FNN is represented as layers in a sequential order, and 
data is transferred from one layer to another in a given order until they reach the original layer [27]. 
This model should take four parameters: a set of values for the input features of the weather forecast 
(solar radiation power, average temperature, wind speed) and the value of the initial feature (the 
power of electricity generation). Since the original feature is represented as a continuous value, the 
activation function must return a value in the range [0, + ∞). The selection of this particular activation 
function was based on the constraint of electricity generation, which can obtain positive and zero 
values only. The conducted studies have shown that the best forecasting results are obtained by a 
model with the following added layers: 

 Input layer consisting of 3 neurons. 
 Dense layer consisting of 128 neurons and having the ReLU activation function. 
 Dense layer consisting of 24 neurons. 
 Dense (output) layer consisting of one neuron. 
The implementation of RNN is represented by recurrent and dense layers. Unlike the FNN, the 

number of parameters has been increased. Thus, the set of input feature values now includes the de-
scaling time, which has been converted to a zero-based integer. The conducted studies of the 
implementation of this model showed that the best forecasting results are provided by RNN, which 
has the following layers: 

 Input layer consisting of 4 neurons. 
 Simple recurrent layer, which includes 200 neurons and has the ReLU activation function. 
 Dense layer consisting of 100 neurons. 
 Dense (output) layer consisting of one neuron. 
The implementation of the neural network with LSTM has a similar set of features as those used 

for RNN. The conducted studies showed that the best forecasting results are provided by the neural 
network with LSTM, which includes the following layers: 

 Input layer consisting of 4 neurons. 



 LSTM layer, which includes 200 neurons and has the ReLU activation function. 
 Dense layer consisting of 100 neurons and having the ReLU activation function. 
 Dense (output) layer consisting of one neuron. 
Also, for forecasting time series, another network of LSTM was implemented, which has only two 

parameters: date and capacity of electricity generation. Such a model has the following layers: 
 Input layer consisting of 2 neurons. 
 LSTM layer, which includes 100 neurons and has the ReLU activation function. 
 Dense layer consisting of 100 neurons and having the ReLU activation function. 
 Dense (output) layer consisting of one neuron. 
Each neural network model was trained for 100 epochs using the Keras library written in Python. 

The input data set was divided into two parts, where the training sample has a share of 80% of the 
entire set, and the training sample - 20%. The validation set wasn't used because of small dataset. 
Splitting into three sets may result in insufficient data to train the model effectively. 

The sequential model of Keras library was used to implement all the model types, in which the 
network is represented as layers in a sequential order, and data is transferred from one layer to another 
in a given order until they reach the original layer.  

As a result of the training of neural network models, as well as the application of a test sample to 
them, graphs of the dependence of accuracy and costs (during training and during validation) of 
models from epochs were obtained for all types of neural networks. It can be noted that among the 
investigated models, FNN stands out significantly because of the fact that it has the highest value of 
accuracy. To increase the accuracy of forecasting, a number of additional experiments using various 
optimization algorithms were also conducted [26].  

As it is known, gradient methods used to optimize neural networks are among the most popular. 
The used Keras library contains implementations of various algorithms for the optimization of the 
gradient descent method. Three algorithms (AdaGrad, RMSProp, and ADAM) can be identified that 
implement different approaches to make gradient descent more efficient in finding optimal weights. 
However, these algorithms are often used as "black box" optimizers because it is difficult to find 
practical explanations of their strengths and weaknesses [28]. A comparison of the training results and 
the work of the created forecasting models is shown in Table 2. 

To compare the implemented models, RMSE (Root Mean Square Error) metric was used, which 
reflects the root mean square deviation [29]. The obtained results indicate that the developed models 
of RNN and a neural network with LSTM have a rather large forecasting error. Among these models, 
we can single out the neural network with LSTM with five parameters, since the RMSE value for the 
test sample is 635 W.  

This shows that the neural network with LSTM is better suited for time series forecasting than 
RNN, however, the accuracy of such models is not satisfactory. This is explained by the fact that the 
target parameter is based not only on dependent time series, but also on time-independent indicators, 
that is, weather conditions.  

Therefore, to increase the accuracy of forecasting, it is necessary to have a separate set of historical 
data for electricity generation by solar and wind power plants. Also, another solution can be the 
accumulation of historical data for several years, which will make it possible to perform time series 
forecasting depending on the season. 

Realized models based on FNN showed good forecasting results. Among the studied models, the 
one with four parameters and using the ADAM optimizer turned out to be the best. The Z-score 
method was used to normalize the training sample, as it more accurately preserves significant changes 
in indicators. The RMSE value for the test sample is 466 W, which is an acceptable indicator. 
Therefore, it is advisable to use this model to implement a complex intellectual method for increasing 
the efficiency of using electrical appliances. Among the main advantages, we can also highlight the 
speed of training and the small file size of the trained model, which will allow the usage of such a 
model even on low-power computing devices. Since the accuracy of this model is not high enough, to 
improve its implementation it is necessary to have a larger amount of historical data, at least from one 
year.  

Since the intelligent support subsystem has a mechanism for automatic retraining of the neural 
network model, the accuracy of power generation forecasting can be increased after a while. 



Table 2 
Results of training of implemented models 

Criterion of 
comparison 

FNN  RNN 
Neural network with 

LSTM 

Total number of 
layers 

4  4  4  4  4  4 

Number of 
parameters 

4  4  4  5  5  2 

Optimizer  ADAM  RMSprop  AdaGrad  ADAM  ADAM  ADAM 

Error on training 
set (RMSE) 

446,9633  425,1278  812,8156  183,9365  499,6775  1066,8383 

An error on the 
test set (RMSE) 

466,1486  492,0719  831,0850  672,0999  635,0425  1066,8383 

Size of training 
set 

1728  1728  1728  1728  1728  2112 

Size of test set  432  432  432  432  432  48 
The file size of 
the trained 
model 

153,9 Кb  153,9 Кb  153,9 Кb  773,52 Кb  344,8 Кb  166,79 Кb 

Study time  21 s  22 s  21 s  1 min 20 s  4 min 36 s  18 min 22 s 

Number of 
batches 

24  24  24  24  24  24 

Number of 
epochs 

100  100  100  100  100  100 

3.2 Complex intelligent method 

On the basis of the research of popular intelligent methods in the field of organization of optimal 
electricity consumption, a complex intelligent method of energy consumption control was developed, 
using FNN and a basic variant of PSO with some improvements. 

The algorithm of the complex method is given in the form of the UML activity diagram (Fig. 1) 
and involves two main stages: forecasting of electricity generation and creating an optimal hourly 
schedule for the usage of electrical appliances. 

In order to implement a complex intelligent method, the neural network is first trained based on 
the historical data obtained from HAS. They should include the date and time, information on 
electricity generation, as well as data on weather conditions. After successful training, the neural 
network is able to predict the generation of electricity. The input data for the operation of the neural 
network is the hourly weather forecast for the next day, which can be obtained using a weather service 
(for example, Visual Crossing). Thus, the forecasted generation information will help to estimate the 
available electricity for usage and to develop a plan for the efficient application of appliances for the 
next day, making maximum use of alternative sources of electricity. 

The next stage of the implementation of the complex method is the creation of an optimal hourly 
schedule for the usage of electrical appliances using the PSO. The idea is to automatically plan the use 
of electrical appliances during the next day, considering the habits of residents, during periods when 
electricity generation is maximum. However, the operating time of the devices is not limited for the 
comfort of users. The goal of optimization is to create a schedule that will use as much electricity as 
possible from alternative power sources to ensure the operation of all planned household appliances, 
and minimize the consumption of electricity from the external power grid. 



Thus, the user will be able to save money significantly and be less dependent on electricity 
suppliers. Input data for the operation of the optimization algorithm are the forecasted data on 
electricity generation, as well as the list of household appliances that are planned for usage the 
following day. The description of available devices includes the following data: name, nominal power 
(W), planned duration of operation. The user can choose from the list of electrical appliances that he 
plans to use, as well as specify the time intervals of their usage that are convenient for him. 

 

 
Figure 1: UML diagram of the developed complex intelligent method 

 
Since solar and wind power plants provide the generation of a limited amount of electricity, it was 

proposed to improve the PSO by introducing a priority system (Fig. 2). 



 
Figure 2: Particle swarm optimization algorithm with priority system 



Priority is a number that can take a value from one to five, where five means the highest priority. 
This will allow the user to choose the most important household appliances for him, and in case of 
insufficient electricity generation, the algorithm will suggest not to use those with the lowest priority.  

The input data of the PSO is the predicted electricity generation for the next 24 hours and a list of 
household appliances. For each of them the time intervals of use, the number of operation hours and 
the priority are indicated. The PSO also includes some tuning parameters which influences the 
performance of this algorithm. These parameters were set as follow: particle numbers m = 100, the 
max iteration number Tmax = 10000, cognitive parameter c1 = 1.49618, social parameter c2 = 1.49618, 
inertia weight w = 0.7298. As a result of the work, the optimization algorithm will offer the best 
schedule for the use of electrical appliances, adjusting to the requirements and habits of the resident, 
but considering the generation of a certain amount of electricity from alternative sources. 

The developed algorithm for monitoring the operation of the power grid provides round-the-clock 
monitoring of the consumption of electricity generated in the household, as well as supplied from the 
external power grid, which allows the owner to instantly react to situations and take measures to 
improve the energy efficiency of HAS. 

3.3 Software implementation of the intelligent support subsystem 

Based on the developed method and algorithms, an intelligent support subsystem was created, 
which integrates with the OpenHAB home automation platform and is designed to provide 
recommendations to the residents of the house on the efficient usage of electrical appliances with the 
maximum use of energy from alternative sources, as well as with minimal dependence on the external 
power grid. The developed structural/functional diagram of the subsystem includes the following 
modules (Fig. 3): 

 Module of indicators monitoring, which analyzes energy consumption data in real time and 
sends a message to the user in case of exceeding electricity consumption. 
 Module of electrical appliances editing, that allows the user to add, modify, and delete 
electrical appliances from the list of HAS. 
 Module of schedule optimization, that allows to create an optimal hourly schedule for the 
operation of household appliances, using the list of electrical appliances that the user plans to use, 
as well as the forecasted electricity generation. 
 Module of forecasting of electricity generation for the next day using the weather forecast 
downloaded from the weather service and historical energy consumption data stored in the system 
database. The forecasting module is called when necessary, and the forecasting results are used 
during the generation of the optimal schedule. 
The subsystem is implemented as a web application using the Java programming language and the 

Spring framework. The electricity generation forecasting module is developed in the Python 
programming language using the Keras library. All necessary data is stored in the MongoDB 
database, which is suitable for storing large volumes of information. Storage of historical weather 
forecast data, as well as forecasted electricity data, is implemented using CSV files. 

The web application provides the users with a graphical interface through which they can access 
and control all subsystem functions and receive important messages using a browser. Web pages for 
the Spring framework were developed using JSP technology. In the process of creating web pages, the 
jQuery library was used, which provides a wide range of functions for convenient development. The 
Bootstrap library was used to implement an adaptive design that will display well on all devices. The 
FontAwesome library allows to add various icons, which makes the graphical interface more 
understandable and attractive. 

Thus, the developed intelligent support subsystem provides the user with the opportunity to create 
an optimal schedule of household appliances, adapting to the requirements and habits of residents, 
using the forecasted electricity generation for the next day.  

In addition, the subsystem performs round-the-clock control of energy consumption indicators and, 
in case of high consumption of electricity from the external power grid, sends a message to the user 
using a graphical interface. 



 
Figure 3: Structural/functional diagram of the developed subsystem 

4 Discussion 

To date, the developed intelligent support subsystem is at the stage of experimental operation in a 
real HAS and is integrated with the OpenHAB platform [2].  

The studied real HAS is a hybrid system with a hybrid inverter, connection to an external power 
grid, batteries, as well as alternative energy sources (solar and wind power plants).  



Batteries are used as a backup for situations when there is no own generation of electricity, or it is 
impossible to use an external power grid. The rest of the time they are in a charged state in a buffer 
mode.  

In this operating mode, the analysis of consumption from the external power grid, the values of the 
charge/discharge currents of batteries and other parameters related to the consumption of electricity is 
performed.  

The main objective of the developed intelligent support subsystem is to minimize consumption 
from the external power grid, as well as the number of charge / discharge cycles of batteries while 
maximizing the usage of internally generated energy.  

With this mode of operation, there is no deep discharge of the batteries and, accordingly, there is 
no decrease in the number of working cycles of their work.  

However, the system will provide power consumption optimization even in the case when the 
power consumption from the external power grid is zero, and it is also possible to obtain and analyze 
the batteries charge/discharge currents. 

The improved architecture of the real HAS and its interaction with the integrated intelligent 
support subsystem is shown in Fig. 4. 

 

 
Figure 4: Improved architecture of real HAS 

The main component of the investigated real HAS is the OpenHAB platform. Data from the 
PZEM-004T modules, which are designed to measure input voltage, current load consumption and 
calculate power consumption in real time, are received by the MQTT broker, which sends them to 
OpenHAB, which in turn writes them to the database.  

The developed intelligent support subsystem interacts with the local database included in HAS and 
receives all the necessary indicators from the electricity measurement modules, analyzes them in real 
time, and also uses them for neural network training. The list of the used most powerful electrical 
appliances is stored in the same database.  

The remote database uses a replication mechanism and is an optional element of the architecture, 
although it is required to perform subsystem performance testing.  

Using any device, the user can connect to the intelligent support subsystem using only a browser to 
create an optimal hourly schedule for using appliances, monitor energy consumption and generation, 
edit the list of the most powerful electrical appliances, and receive important messages (Fig. 5).  

The conducted software testing showed that the developed software functions correctly and meets 
all the requirements. 



 
Figure 5: The interface of the intelligent support subsystem 

5 Conclusion 

As a result of the conducted research, a complex intelligent method of controlling energy 
consumption in HAS was developed based on forecasting electricity generation with maximum use of 
alternative sources, as well as optimizing the schedule of use of electrical appliances to minimize 
electricity consumption from the external power grid. 

The conducted computer experiments made it possible to choose the best neural network model for 
forecasting electricity generation, as well as to analyze the factors that affected the accuracy of the 
forecast. To train neural network models, a set of historical data of electricity consumption, which 
was accumulated in a real HAS on the OpenHAB platform, was used. 

The developed intelligent support subsystem is designed to provide recommendations to the 
residents of the house on the effective use of electrical appliances in order to minimize energy 
consumption from the external power grid. 

The scientific novelty of the work consists in the development of an intelligent method of energy 
consumption control, which differs from the existing ones by a comprehensive approach based on 
forecasting electricity generation using a Feedforward neural network, as well as optimizing the 
schedule of electrical appliances usage based on the improved PSO with the proposed system of 
priorities. 

The practical significance of the work is that the integration of the developed intelligent support 
subsystem in HAS will allow controlling the processes of electricity generation and consumption, 
increasing the efficiency of using household appliances and saving resources. 

In future work it's planned to enhance the learning algorithms by combining multiple neural 
networks that can improve the overall accuracy of power generation prediction to create a more 
optimized schedule in order to electricity consumption. 

In future work, it is planned to improve the learning algorithms by combining several neural 
networks, that can improve the overall accuracy of electricity generation forecasting to create a more 
optimized schedule to maximize electricity saving. Also, in the future development of this work, it is 



planned to consider more promising architectures of neural networks for solving problems of time 
series forecasting. 
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Abstract  
Time series forecasting is a rapidly growing field of research and provides many 
opportunities for future work not only in the field of forecasting, but also in many other 
areas of life. A large number of interesting and noteworthy projects and technologies 
have already been made in this direction, and various methods of combining forecasting 
models with ANNs have been proposed in the literature. The advantage of the ANN 
methods proposed in this paper is that they provide a methodology to approximate real 
data, i.e., the estimation of the weight vector does not depend on any model. This frees 
one from model-based selection procedures and sample data assumptions. When 
nonlinear systems are still in a state of development, it is possible to conclude that the 
ANN approach offers a competitive and reliable method for system analysis, prediction, 
and control.According to the Scripps Institution of Oceanography, last year the 
concentration of carbon dioxide in the atmosphere reached a maximum level of 416.43 
ppm (parts per million) for the first time in human history. Every year, this number 
grows. Therefore, monitoring and forecasting of this indicator is necessary for timely 
mitigation of the consequences of climate change and ensuring the global climate 
security of mankind. This paper proposes forecasting the level of carbon dioxide in the 
atmosphere based on artificial neural networks, namely: recurrent neural network (RNN) 
and temporal convolutional neural network (TCN). 

Keywords  1 
Сarbon dioxide concentrations, basic recurrent architectures, temporal convolutional 
neural networks, app Jupyter Notebook 

1. Introduction

Climate change is undoubtedly one of the most serious problems facing humanity, which is why
experts consider it an existential threat to our species, that is, one that can lead to irreversible 
consequences. According to climate data from open sources, the increase in the frequency of extreme 
weather events is associated with climate change, and decisive action is needed worldwide to address 
this problem. Otherwise, millions of people will suffer, and their quality of life will decrease 
significantly in the years to come. 

Greenhouse gases such as carbon dioxide (CO2) and methane (CH4) trap heat in the atmosphere, 
thereby keeping our planet warm and friendly to biological species. Despite this, human activities, 
such as fossil fuel burning and energy generation, emit huge amounts of greenhouse gases, resulting 
in excessive increases in the Earth's average global temperature. According to the Scripps 
Oceanographic Institute [1], last year the concentration of carbon dioxide in the atmosphere for the 
first time in human history reached the maximum level - 416.43 ppm (parts per million). This number, 
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unfortunately, increases every year. Therefore, control and forecasting of this indicator is necessary 
for timely mitigation of the consequences of climate change and ensuring the global climate security 
of mankind. 

Considering the urgency of the problem, it was decided to make a comparative prediction of the 
level of carbon dioxide in the atmosphere for 2023 based on artificial neural networks (ANN) [2], 
namely: recurrent neural network (RNN) and temporal convolutional neural network (TCN). After 
that, an analysis was carried out on the subject of which neural network forecasting method from the 
selected ones showed the best results according to the criteria of forecast accuracy [3, 4]. 

The forecast dataset was taken from an open source dataset from the Mauna Loa Observatory 
(MLO), a volcano in Hawaii. It houses a research center that has been monitoring the atmosphere 
since 1950, and its remote location provides ideal conditions for recording climate data. In 1958, 
Charles David Keeling organized a CO2 monitoring program and began recording scientific evidence 
of rapidly increasing CO2 concentrations in the atmosphere. The CO2 dataset was uploaded to Mauna 
Loa from the Scripps Institution of Oceanography and includes monthly atmospheric CO2 
concentrations in parts per million (ppm) from 1958 to 2022. 

2.  Building forecasting models in the Jupyter Notebook environment 

Software implementation, training of neural networks, obtaining graphical and numerical results 
will be performed in the Jupyter Notebook application. 

To begin with, we import a set of libraries required for the project, namely: Pandas [5], 
Mathplotlib, as well as various functions from the darts and statsmodels library [6]. 

After importing the libraries, you need to load the selected CO2 data sample into a Pandas data 
frame (DataFrame), and be sure to apply data preprocessing methods to it, such as removing empty 
lines, setting a monthly date and time index, and removing null values. 

After preprocessing the data set, we use the plot() function to create a simple line graph to look for 
a trend or seasonal pattern. 

Figure 1 shows a graph of a dataset of dates and levels of atmospheric carbon dioxide from March 
1958 to the end of 2022. 

As can be seen from the graph in Figure 1, there is a clear upward trend, which highlights the fact 
that the concentration of CO2 in the atmosphere has been increasing rapidly in recent decades. In 
addition, there is also seasonality due to the planet's natural carbon cycle, as plants absorb and release 
CO2 in different seasons of the year. In particular, when plants begin to grow in the spring, they clean 
the atmosphere of CO2 through photosynthesis. Conversely, when trees lose their leaves in the fall, 
CO2 concentrations increase through respiration. 

In this particular case, we have already identified the components (seasonality, trend) by 
qualitatively analyzing the linear graph (Figure 1), but the seasonal decomposition (Figure 2) helps a 
lot in more complex cases. 

In the next step, the plot_acf() function of the statsmodels library was used to construct the 
autocorrelation function of the time series, linear dependencies between its lag values were 
approximated. Autocorrelation is the correlation of the levels of deviations from the trend with each 
other, that is, the correlation within the same time series, but with different shifts in time. The 
autocorrelation of time series levels, if it is significant, indicates the presence of a trend, that is, it 
serves as one of the methods of trend detection. Programmatically, this is described as follows: 

 
fig, ax = plt.subplots(figsize = (8,5)) 
plot_acf(df, ax = ax) 
plt.show() 

(1) 

 



Figure 1: CO2 concentration in the atmosphere since 1958 
 

Figure 2: Trend, seasonality and residuals based on the data 
 
The autocorrelation technique consists of sequential calculation of the autocorrelation coefficients 

of deviations with different shifts in time. Figure 3 shows the result of the autocorrelation function. 
 



Figure 3: Autocorrelation function 

From the trend of the time series, we can see that the autocorrelation is high for small lags and 
starts to gradually decrease after lag 5. The autocorrelation function should also pick out the seasonal 
component of the time series, but in our case the seasonal component is not noticeable. 

3.  Time series forecasting 

At this stage, training of selected neural network forecasting models [7] was carried out on the 
uploaded data set on the level of CO2 in the atmosphere. After the obtained results, a comparison of 
their effectiveness was performed in order to choose the most accurate model [8, 9] and create a 
forecast for 2023 based on it. 

A number of criteria are used to assess the accuracy of the model. Let's briefly consider each of 
them: 

 Тhe mean absolute error (Mean Absolute Error, MAE) is calculated as the mean absolute 
difference between the values of the model setting (one step ahead in the example forecast) and the 
observed historical data 

 Mean Squared Error (RMSE) is the square root of the MSE metric. It refers to the same scale 
as the observed data values. Any small deviation can significantly affect the error rate 

 Тhe average percentage of errors (Mean Absolute Percent Error, MAPE) is the average 
absolute difference in percentages between the values of the model setting and the values of the 
observed data and the symmetrical average percentage of errors (English: Symmetric Mean Absolute 
Percent Error, SMAPE) 

 Coefficient of determination. In fact, it is a measure of the quality of the model - it is the 
normalized root mean square error. If it is close to one, then the model predicts the data well, if it is 
close to zero, then the quality of forecasts can be compared with linear forecasting [8] 

Let's start the setup process by loading a pandas data frame into a TimeSeries object as required by 
the Darts library: 

 
series = TimeSeries.from_dataframe(df) 
start = pd.Timestamp('123115') 
df_metrics = pd.DataFrame() 

(2) 



 
Additional functions plot_backtest() and print_metrics() will allow you to plot predictions and 

display model accuracy metrics, namely MAE, RMSE, MAPE, SMAPE, and  .  

3.1.  Creation of a temporal convolutional network forecasting model 

We will consider prediction models based on neural networks, namely, we will create an algorithm 
for learning a recurrent neural network and a temporal convolutional neural network. For this task, the 
Darts library is used, which contains standard tools for working with selected neural networks. 
Convolutional neural networks are a promising field in machine and deep learning [10], and the TCN 
model was created for even better data analysis, learning and prediction [11]. Recurrent neural 
networks have become the standard choice in research [12,14] as well as in practical applications [13]. 
Despite this, the temporal convolutional neural model is an alternative architecture that gives 
promising results, so its performance will now be tested in practice [15]. 

First of all, let's set the parameters of the TCN neural network for training: 
 
model = TCNModel( 

....input_chunk_length=24, 

....output_chunk_length=12, 

....n_epochs=100, 

....dropout=0.1, 

....dilation_base=3, 

....weight_norm=True, 

....kernel_size=5, 

....num_filters=3, 

....random_state=0, 
) 

(3) 

 
The history_forecasts() function and other service functions are used to test the temporal 

convolutional network model and display the results. In addition, time series are normalized using the 
Scaler() class. 

The program code describes the given parameters and functions for training and outputting 
graphical results. 

After a series of settings and manipulations with network parameters, training and adjustment of 
results, we get a graph with a forecast based on the TCN model (Figure 4). 

According to the results of the accuracy criteria of this model (Table 1), this model can best predict 
the level of carbon dioxide in the atmosphere for the coming years. It was possible to achieve the ideal 
MAPE and SMAPE of 0.1%. 

 
Table 1 
Accuracy criteria of the TCN neural network 

MAE RMSE MAPE SMAPE  
0.41 0.63 0.1 0.1 0.96 

It cannot be argued that the use of neural networks for forecasting tasks is always the best choice, 
because everything depends on the task and the goal of the research. Each of the methods is 
successful in its own way. For comparison, we will also train a recurrent neural network. 



Figure 4: Prediction graph based on TCN network 

3.2.  Creation of a prediction model based on a recurrent neural network 

Modern networks in which connections between nodes form a certain cycle are called 
backpropagation or recurrent networks. Because of this internal state, the network can exhibit 
dynamic behavior over time. In recurrent networks, communication between neurons can come not 
only from the lower layer to the upper one, but also from the neuron to "itself", more precisely, to the 
previous value of this neuron or other neurons of the same layer. This allows to display the 
dependence of the variable on its eigenvalues at different points in time [14]. 

Recurrent neural networks are often compared to temporal convolutional neural networks due to 
the fact that both are able to learn effectively and are actively used in various tasks, not only in 
prediction, but also in other areas of deep learning. 

The learning process is similar to TCN. Without special skills and programming skills, it is 
possible to get a forecast thanks to machine learning libraries, in our case it is Darts. 

Let's set the parameters for training the RNN network: 
 
model = RNNModel( 
    model="RNN", 
    hidden_dim=40, 
    dropout=0, 
    batch_size=24, 
    n_epochs=50, 
    optimizer_kwargs={"lr": 1e-3}, 
    log_tensorboard=True, 
    random_state=40, 
    training_length=60, 
    input_chunk_length=12, 
    force_reset=True, 
    save_checkpoints=True, 
) 

(4) 



 
The process of selecting the best input parameters of the recurrent neural network took place at the 

expense of theoretical skills, as well as at the expense of repeated testing of network training on 
certain parameters. Sometimes the process of learning the network took up to an hour and the graph 
showed unsuccessful attempts to learn the network, but after optimizing the parameters, the result was 
ready in just 5-10 minutes. Below is the code with the functions for the RNN network. 

 
model_name = 'RNN' 
plt.figure(figsize = (8, 5)) 
scaler = Scaler() 
scaled_series = scaler.fit_transform(series) 
forecast = model.historical_forecasts(scaled_series, start=

start, 
forecast_horizon=12, verbos=True) 
plot_backtest(series, scaler.inverse_transform(forecast), m

odel_name) 
df_dl = print_metrics(series, scaler.inverse_transform(fore

cast), model_name) 
df_metrics = df_metrics.append(df_dl) 
plt.show() 
df_dl 

(5) 

 
The process of learning this network was not easy and required a lot of CPU power. Figure 5 

shows the final result of training the RNN network on input data about the CO2 level in the 
atmosphere. 

 

Figure 5: Prediction graph based on RNN network 
 
As for the accuracy criteria of the model (Table 2), they differ significantly from TCN. 
It can be seen from Table 2 that recurrent neural networks should not be used for forecasting in 

this forecasting problem, since the symmetric average relative error indicator is 0.17%, and the 



coefficient of determination is almost a tenth worse compared to TCN and the exponential smoothing 
method. 

 
Table 2 
Accuracy criteria of a recurrent neural network 

MAE RMSE MAPE SMAPE  
0.72 0.96 0.17 0.17 0.84 

4.  Comparative analysis of the obtained research results 

In order to visually present the effectiveness of the researched methods [16] for solving the 
problem, the results of the accuracy criteria of forecasts for each of them were collected and a 
comparative analysis was carried out. 

Summary Table 3 contains the metrics of forecast accuracy criteria that were used in the work, 
namely: MAE, RMSE, MAPE, SMAPE and, according to each of the forecasting models: two models 
based on ANN.  

 
Table 3 
Metrics of forecast accuracy criteria for each of the studied forecasting methods 

Forecast accuracy criteria Forecasting method 

MAE RMSE MAPE SMAPE  
RNN  0.72 0.96 0.17 0.17 0.84 
TCN  0.41 0.63 0.1 0.1 0.96 

 
The high efficiency of the TCN model is due to its ability to accept a sequence of any length and 

output it as a sequence of the same length as the input, as well as preventing information leakage from 
the future to the past due to the use of causal convolutions. 

Recurrent neural networks are famous for their effectiveness in unsegmented handwriting and 
speech recognition tasks. They are often compared to temporal convolutional neural networks, but 
usually the latter have more advantages over the former. 

5.  Creation of a forecast of the level of carbon dioxide for 2023 

After comparing all the results of forecasting methods used in this work, our forecast of CO2 
concentration in the atmosphere for 2023 will be based on the temporal convolutional neural network, 
because it gave the best results. 

Input parameters for creating a forecast for 2023 are copied from the TCN model. In order to fit 
the model and then display the results, the fit() function is used: 

 
model_name = 'Forecast' 
plt.figure(figsize = (8, 5)) 
scaler = Scaler() 
scaled_series = scaler.fit_transform(series) 
model.fit(scaled_series) 
forecast = model.predict(12) 
plot_backtest(series, scaler.inverse_transform(forecast), 

model_name) 
print(forecast.pd_dataframe()) 

(6) 

 
Figure 6 shows the resulting graph with a forecast for the next year based on a temporal 

convolutional neural network. 



Figure 6: The result of the forecast of the level of CO2 in the atmosphere for 2023 
 
It can be visually observed that the components of the time series were successfully determined by 

the model. Table 4 contains the numerical indicators of the level of CO2 in parts per million 
corresponding to each month of 2023. 

 
Table 4 
Forecast for 2023 created by the TCN model 

Date in year‐month‐day format  CO2 level, (ppm) 

2023‐01‐31 421.836774 
2023‐02‐28 422.576312 
2023‐03‐31 423.262611 
2023‐04‐30 424.778723 
2023‐05‐31 425.581957 
2023‐06‐30 424.922701 
2023‐07‐31 423.185616 
2023‐08‐31 421.267827 
2023‐09‐30 419.635597 
2023‐10‐31 420.052928 
2023‐11‐30 421.851032 
2023‐12‐31 423.111864 

 
Unfortunately, the level of carbon dioxide is constantly increasing, which is a reason to worry and 

take decisive action to save the environment from the consequences. With the help of a customized 
forecasting model based on a temporal convolutional neural network, forecasts can be made several 
years ahead. Undoubtedly, humanity must develop a strategy to reduce CO2 levels in the atmosphere 
in order to prevent further climate change, a negative impact on all living organisms and the planet as 
a whole.  

 
 



6.  Conclusions 

It should be noted that a perfect forecast is impossible due to the presence of a large number of 
factors that are difficult to estimate with a high percentage of accuracy. Therefore, instead of 
searching for an ideal forecast, it is much more important to have good knowledge in the area of 
existing models and their correct application depending on the specifics of the data and subject area, 
the ability to adapt to non-ideal forecasts. 

Due to the fact that the forecast depends on past data, its reliability and accuracy will decrease in 
proportion to how far into the future the task of calculating it is. It is worth noting that the accuracy of 
the forecast and the costs of its implementation are interrelated. The best forecasts are not necessarily 
the most accurate. Factors such as its purpose and data availability play an important role in 
determining the desired level of accuracy. 

The dynamic behavior of most time series in our real life, with its autoregressive and legacy 
moving average terms, makes it difficult to forecast nonlinear time series that contain legacy average 
terms using computational intelligence methodologies such as neural networks. This model method 
allows you to determine specific models at low computational costs. 

The results show that temporal convolutional neural networks convincingly outperform basic 
recurrent architectures in a wide range of sequence modeling tasks. 

At the moment, new approaches to forecasting time series are emerging, the purpose of which is to 
overcome the problems of assessing the state of the market, dimensionality of models, identifying 
signs of higher-level systems, climate, etc. These approaches are based on the application of such 
branches of modern mathematics as: evolution, the theory of stochastic modeling, the theory of 
catastrophes and the theory of self-organizing systems, including genetic algorithms and fuzzy logic. 

This work can be useful in the future for solving the problems of excessive amount of carbon 
dioxide in the ambient atmosphere and the prediction model based on TCN can be optimized due to 
better setting of hyperparameters. This method is more complex and takes more time, but can show 
significant improvements in prediction results. 
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Abstract  
The article describes the developed intellectualization method and model of the complex 
system failures risk technical condition assessment and prediction by diagnostic features. The 
developed model has a relative insensitivity to incomplete data about the system and is 
considered as a conceptual one for an intelligent system for assessing and predicting the 
complex technical systems failures risk on network infrastructures. Developed method and 
model can take into account the hierarchical levels of subsystems (components), intersystem 
(interelement) links when searching for the failures causes. Proposed method and model 
allow us to control the risk of failures in complex technical systems when information about 
failures in their structures is received. In addition, the application of the method and model 
makes it possible to predict trends in the risk of system failures, taking into account changes 
in the risk of failures, in order to further choose a strategy for their recovery. 
  
 
Keywords  
Complex technical system, diagnostics, forecasting, model, intelligent system, Bayesian 
belief network, performance, failure risk assessment.  

1. Introduction 

The diversity of the composition and the increase in the number of complex technical systems 
(CTS), for example, installed on ships, is accompanied by an increase in the failure rate of such 
systems. This leads to the need to repair CTS equipment, which means to ship downtime, so probably 
losses associated with the time spent on repairs and the resources used might be increased 
significantly. The use of intelligent systems for assessing and predicting the technical condition (TC) 
of complex systems can significantly extend the life cycle of CTS, including ships [1]. Estimation, 
prediction of the risk of CTS failures involves the development of methods and technologies of 
artificial intelligence in order to identify and prevent possible failures in the operation of CTS [2]. 
This article is devoted to this problem solution. 

2. Description of Problem 

The operational reliability of recoverable CTSs is effectively achieved by the strategy of operating 
systems with TC control based on technical diagnostic systems [3,4]. When designing, manufacturing 
and operating CTS for various purposes, the following hierarchical structure of the CTS diagnostic 
model is used system (consisting of subsystems); subsystem (functional devices consisting of 
components); component (concentrated structure containing elements); intercomponent 
communication or links (distributed structure containing links between components).  
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Subsystems and components are referred to as functional elements (FE). Intersystem and 
intercomponent links form a group of functional inner-connections (FI) or links.   

In design, manufacture and operation, the reliability of CTS is ensured by methods and means 
specific to each stage of the systems "life cycle". Reliability of ship CTS is estimated based on the 
results of FE and FI TC diagnosing and can be assessed in the failures risk form [5,6,7].  

During CTS operation, prediction of their TC based on diagnostics helps to reduce the risk of 
system failures [8]. At the same time, the CTS shipboard FE and FI failures risk assessment should 
take into account their structure (hierarchy and topology of systems), functional states (operability, 
failure) of their subsystems (components), intersystem (intercomponent) connections, as well as 
systems data incompleteness. 

Studies of ship CTS (energy, electric power, etc.) reliability models show us that the defeat of any 
subsystems, components in systems generates a significant number of possible scenarios and options 
for the development of such systems emergency states, as a result, it leads to possible marine 
accidents.  

Available statistics of marine accidents and incidents related to CTS failures are reflected in the 
well-known databases Global Integrated Shipping Information System - Marine Casualties and 
Incidents [9], Marine Accident Investigation Branch reports [10], Marine Accident Reporting Scheme 
reports [11], National Transportation Safety Board NTSB [12], Casualty and Events [13]. Moreover, 
according to statistics, one of the main CTS - ship power plant (SPP) accounts for 60-80% of all 
failures of ship systems [14]. 

Improving the strategy for the operation and maintenance of ship equipment can be achieved by 
solving the problems of choosing: a rational strategy for servicing CTS equipment; the level of 
diagnosis and structural parameters characterizing its TC; diagnostic methods and diagnostic 
parameters; algorithms for extracting diagnostic information; forecasting methods. 

Currently, the volume of implementation of automation, digitalization and artificial intelligence 
(AI) technologies in various industries continues to grow. Intellectualization of estimation and 
prediction in complex systems failures risk is a task related to the development of methods and 
technologies that allow automatically determining the risk (probability) of failures in CTS and 
predicting their possible consequences.  

Assessing and predicting the risk of CTS failures is a task that requires the ability to process large 
amounts of data, analyze them and find patterns and relationships between various system operation 
parameters. In this case, the use of intelligent technologies can greatly simplify and speed up the 
process of data analysis. 

In accordance with the requirements of the Register of Maritime Navigation, all modern ships 
must be equipped with automation systems for technical means using digital technologies, as well as 
AI technologies [15,16]. So, for example, an AI system for power plants should monitor the state and 
control of engines and their systems, auxiliary mechanisms, power supply systems in accordance with 
the plan for their maintenance and inspection. 

The conceptual basis for the intellectualization of the solution of interrelated problems of CTS TC 
diagnostics and prediction are traditional for the class of unstructured and poorly formalized tasks, 
such as the impossibility of obtaining complete and objective information for making adequate 
decisions and, due to this circumstance, the need to involve informal (subjective, heuristic) 
information; the presence of uncertainty in the initial data, as well as the presence of ambiguity 
(multiple options) in the process of finding a solution; the necessity to develop and justify the desired 
solutions to the problem under severe time constraints determined by the course of controlled 
processes; the necessity to correct and introduce additional information into the process of finding 
solutions, the interactive (dialogue, human-machine) nature of the logical inference of solutions. 
Taking these factors into account forces us to abandon traditional algorithmic methods and decision-
making models and move on to intelligent system technologies [17]. 

To successfully solve the problem of ensuring the reliability of ship CTS, it is necessary to remove 
a number of uncertainties, each of which is quite complex and significant. Such uncertainties include: 
incomplete data on external, internal impacts on systems and on the state of such systems; uncertainty 
in the behavior of systems.  

The removal of the listed uncertainties can be based on solving the problems of assessing the risk 
of CTS failures and its prediction with relative insensitivity to incomplete data on systems [18]. 



Intellectualization of automated diagnostic systems involves solving a number of interrelated tasks 
of a structural, functional, informational and organizational nature, which should be provided at the 
design stage of TC CTS diagnostic systems [17]. 

There are various algorithms, models and methods for predicting TC CTS. AI models are actively 
developing, in particular, neural networks. To solve the problem of classifying TC based on 
diagnostic results, for example, a probabilistic neural network (PNN network - Probabilistic Neural 
Network [19]) is used.  

However, the main problem for the productive operation of a neural network is the need for a 
significant amount of statistical data, which is difficult to obtain in real conditions due to a number of 
reasons (high cost of the systems under study, high costs of testing, limited time, etc.).  

Lack of a clear understanding in the choice of neural network architecture for solving various 
types of problems (pattern recognition, approximation, forecasting, etc.) and areas of application also 
complicates their application. 

In AI, knowledge representation models are actively developing - Bayesian networks [20]. 
Bayesian networks allow us to combine a priori (initial) knowledge about an object with new 
(experimental) data to obtain aposteriori (after experimental) estimates. One of the advantages of 
using Bayesian belief networks (BBN) for TC diagnostics is their ability to work with uncertain and 
incomplete data.  

Instead of using rigid rules and thresholds, which may be ineffective in case of complex and 
ambiguous situations, the BBN might be useful to provide the possible technique for estimation of the 
probability (risk of failures) of various system states based on the available data.  

Using BNN for CTS implementation let us to reduce the probability (risk of failures) of false 
reactions and improves diagnostics accuracy. In addition, the BBN can be used to analyze not only 
individual components of the system with different performance, but also their interactions, 
connections, which allows us to identify both individual faults and their interactions, which can be 
useful in solving complex problems associated with failures in systems.  

To assess the risk of CTS failures based on the BBN, modern and available software technologies 
are used (Microsoft Bayesian Network Editor, Bayes Net Toolbox for Matlab, GeNIe, Smile, 
AgenaRisk, Analytica, Bayes Server, Hugin Expert). In addition, there are ready-made libraries and 
modules for Python, C++, C#, MatLab, R, VB.NET on various operating systems (Windows, Linux, 
macOS).  

Thus, the problems associated with ensuring the reliable operation of the CTS require 
improvement and the search for new methods, models and algorithms implemented in the form of 
problem-oriented programs.  

They should be aimed at prompt detection of emergency conditions of equipment, at solving 
problems of system failures risk assessing and predicting under conditions of relative insensitivity to 
incomplete data on FE and FI, which have different operability.  

Since all modern ships must be equipped with AI-based technology automation systems, the 
implementation of approaches based on such methods, models and algorithms should be aimed at 
ensuring the reliable operation of shipboard CTS.  

So, taking into account the specifics and existing problems in ensuring reliability during the CTS 
shipboard operation, the development and development intellectualization methods, models for 
estimating and predicting the risk of failures of complex systems by diagnostic features are important 
for the new technologies development performance aimed at ensuring complex systems safety and 
reliability. 

Statement of the problem: intellectualization of the CTS TC assessment by diagnostic features, to 
substantiate the forecast failures risk in subsystems (components), intersystem (intercomponent) 
connections of systems with different performance. 

Purpose of the work:  
 ensuring the reliability and safety of work, as well as reducing the risk of CTS failures by 
solving causes determining problem of their failures;  
 formation of principles for the construction and intelligent system operation for assessing and 
predicting the risk of CTS failures with different performance, their constituent FE and FI;  



 intellectualization method and model for the TC estimation and predicting complex systems 
failures risk by diagnostic features development. The results might be used relatively insensitive to 
incomplete data about systems based the priori information about failures that connects the types 
of technical condition FE and FI of complex systems and their diagnostic features. 

3. Intellectualization  method  and  model  of  complex  systems  failures  risk 
technical state estimation and prediction by diagnostic features 

The proposed method is based on a formalized generalized intellectualization model of TC failures 
risk estimation and prediction of complex systems FE and FI by diagnostic features, which can be 
described in the following form: 
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where: )(CS  set FE CTS; 

)( CS II  set FI CTS; 
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CS IICS RR  set of diagnostic failure risk assessments FE and FI CTS; 

G  acyclic directed graph; 
L  mapping relationships between sets )(),( CS IICS and )()( ,

CS IICS RR , based on the fault tree of 

the CTS diagnostic model. 
 
A failures risk diagnostic assessment set of FE and FI CTS 
 









)()(
,

)()(
zaCSImnCS RRR  ,                         (2) 

 
},,1,,1,)(,1)(|{ )()()()()()( )()( CScsCScscscs MmNnCScsrR

mnmn
    

 
},,1,,1,,1|{ )()(

)()()()(
ZzAaIirR CScsiI

zacszacs
     

 

where   )()( mncsr  FE CTS failure risk; 

)()( zacsir FI CTS failure risk; 

)(csn FE CTS number; 

)(csm FE CTS hierarchical level number; 

)(CSN FE CTS quantity; 

)(CSM  FE CTS hierarchical level quantity; 

a intersystem link number;  
z interconnect number; 
A number of interconnections;  
Z number of intercomponent bonds. 
 
Created model for FE, FI failures risk determining: 
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The total failure risk assessment CTS, taking into account the failures risk assessment of FE, FI is 
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The failure probability of FE and FI is determined by the formulas: 
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where    failure rate;  
  distribution parameter, taken according to the test results equal to 0̂/1 T , 0̂T  mean time to 

failure estimate. 
 

Quantifying damage to FE from failure )(mn  subsystem (component) to determine the risk of 
failure 
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where   )()( mncsd damage from subsystem (component) failure CTS. 

 
Quantifying damage FI from failure )(za  intersystem (intercomponent) communication: 
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where   
)()( zacsid damage from failure of intersystem (intercomponent) communication. 



According to the established conditional failure probabilities and damages from failures FE and FI 
according to (4), (5), their risk of failures is determined. 

The intellectualization model of complex systems TC failures risk estimation and prediction by 
diagnostic features using the BBN apparatus is a synthesis of reliability and diagnostic models. In the 
technical condition diagnostics model, the BBN is used to assess the risk of system failure 
(probability).  

To create a diagnostic TC model, it is necessary to determine the risk of failure (conditional 
probabilities) for each node in the network. This data is derived from expert knowledge and analysis 
of historical data.  

After determining the risk of failure (conditional probabilities), the model can be used to estimate 
(predict) the CTS state.  

To do this, the model determines the risk of failure for system’s each state using information about 
the current values of the system’s state and the failures risk determined for each node in the network. 

The technique for building a model based on BBN can be represented as follows: 
1. Building a BBN: 
1.1 Vertices and intersystem (intercomponent) Bayesian networks are created, denote subsystems 

(components) of CTS, according to their TC: 
1.1.1 Each subsystem (component) can be in the following technical condition: 
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communication )(qb  level, where b  number of hierarchical level of system interconnection; q  
number of hierarchical level of component interconnection. 

1.2. The connections between the nodes of the Bayesian network are indicated, denoting 
subsystems (components), intersystem (interelement) CTS connections and diagnostic appropriate 
assessments R. 

2. BBN parameters are specified: 
2.1. Initial failure risk for FE and FI CTS, assuming that they are all operational before the start of 

the CTS 
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2.2. Initial failure risk for FE and FI CTS, assuming that they are all inoperable before the start of 
the CTS 
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2.3. Risk of failure of FE and FI CTS at the current moment of time, provided that some FE and FI 
failed at the previous moment of time 
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2.4. FE and FI CTS failure risk at the current moment of time, while they are in a working state at 

the current moment of time, which also were operable at the previous moment of time 
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2.5. FE and FI CTS failure risk at the current moment of time, subject to failure of FE and FI at the 

current moment of time, provided that it were operational at the previous moment of time 
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4. Experiments and results analysis 

As an example, when modeling the BBN SPP, various failure risk values input element were 
selected and the predicted failures risk values and operability of the FE and FI of the power plant for 
20,000 hours of installation operation were determined. Symbols of subsystems, components of the 
ECS are given in Table 1.  

The purpose of using BBN in assessing how the risk of loss of performance due to the risk of 
failures FE and FI CTS is posteriori.  

The a priori data are dynamically recalculated and form a posterior failure risk estimate, which is a 
priori information, to process the new information. Post hoc inference is based on procedures for 
analyzing data obtained from the use of BBN. 

Failure risk value predicted distributions for blocks and links of the multilevel structure diagnostic 
model (shown in Fig. 1) in BBN with a serial connection, for example, SPP subsystems IE - CAS - 
SPP and interconnections IE-CAS, CAS - SPP and SPP operation for 20,000 hours for SPP shown in 
Fig.2.  

From the given a priori and a posteriori data based on the SPP study results included in the SPP 
multi-level structure, for 20,000 hours of operation for a conditionally accepted SPP failure risk value 
input component of 0.26 and possible failures of IE, CAS and interconnections IE - CAS, CAS - SPP 
according to posterior data, the predicted risk of SPP failure will change from 0.25 to 0.68. 



Table 1 
Symbols of subsystems, components of the SPP 

Sub‐ 
system 

(compo‐
nent) 

number 

)(csn  

Hierar‐
chical 

number 
subsystem 
(compo‐

nent) level 
( )(csm ) 

Subsystem (component) name  Symbol  Subsystem 
(component) 

weight 

)()( mncse  

1  1  Input element  IE  0,26 
2  2  Firefighting system  FFS  0,01 
3  2  Compressed air system  CАS  0,047 
4  2  Main engine manual control   MCME  0,035 
5  3  Control system  CS  0,081 
6  3  Main engine remote automated control system   RACSME  0,01 
7  3  Intermediate component  Р1  0,01 
8  3  Ship power plant  SPP  0,09 
9  4  Main engine  ME  0,16 

10  4  Ballast drainage system  BDS  0,019 
11  4  Emergency  drive  propulsion  and  steering 

complex  
ED PSC  0,01 

12  4  Propulsion and steering complex control system   CSPSC  0,081 
13  4  Boiler plant  BP  0,13 
14  5  Power transfer from main engine to propeller  TPMEP  0,003 
15  5  Intermediate component  Р2  0,01 
16  6  Propulsion and steering complex  PSC  0,01 
17  7  Output component  EXIT  0,26 

 
Similarly, from a retrospective results analysis obtained by modeling SPP, FE and FI are identified 

that affect the overall system performance. 
From the research results, as reflected in the diagnostic model, it follows that the maximum non-

operating state during the operation of the SPP 20000 hours corresponds to the CSPSC subsystem 
directly.  

Since the CSPSC subsystem is dependent in the level of the SPP layered structure, then in the 
future it is necessary to check the subsystem in order to find its failure cause. 

The implementation of the intellectualization method and model for estimation and prediction CTS 
failures risk in the conducted studies, carried out by modeling on a priori and a posteriori data, 
determines the FE and FI SPP that have the greatest impact on the performance of the main engine 
and the operation of the entire system at various points in time.  

Carrying out studies of emergency situations, analysis of incidents in the CTS will determine the 
causes of the accident FE and FI SPP. 

Thus, based on the intellectualization of FE and FI CTS TC estimation by diagnostic features, it is 
possible to substantiate the failure risk prediction for FE and FI systems with a large number of 
variable parameters and with different operability. 

The considered principle of intelligent system functioning (due to its structure) in terms of the 
technical and technological foundations of construction on the SPP example reflected in the method 
and model for assessing and predicting the FE and FI CTS risk failures.  

Method and model implementation with different operability and incomplete data let us to assess 
and predict the risk of CTS failures on network infrastructures with relative insensitivity to 
incomplete data.  

 



 
Figure  1:  Diagnostic  model  of  the  technical  condition  of  the  SPP  using  the  BBN  in  the  GeNIe 
environment 

 

 
Figure 2: A posteriori and a priori estimates of the risk SPP for the  input component failure risk of 
the ECS 0.26 



5. Conclusion 

Intellectualization of the CTS TC assessment by diagnostic features, the failures risk predicted 
values in subsystems (components), intersystem (intercomponent) connections of systems with 
different operability and incomplete data are substantiated. 

In order to ensure the reliability and safety of work, as well as reduce CTS failures risk the all our 
main tasks were solved. It was determining the causes of their failures, we formated of principles for 
the construction and operation of an intelligent system for assessing and predicting CTS risk failures 
with different performance, their constituent FE and FI; development of a method and model for the 
intellectualization TC estimation and predicting complex systems failures risk by diagnostic features 
that are relatively insensitive to incomplete data about systems, based on the use of a priori 
information about failures, linking the types of technical condition FE and FI of complex systems and 
their diagnostic features in the bounce risk form. 

The use of the developed method and model, which takes into account the hierarchical levels of 
subsystems (components), intersystem (interelement) links when searching for the causes of failures 
in complex technical systems, allows us to control the risk of failures in systems when information 
about failures in their structures is received. The application of the method and model makes it 
possible to predict trends in the risk of system failures, with updated changes in the risk of failures of 
individual subsystems (components), intersystem (interelement) links in order to further choose a 
strategy for their recovery. 
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Abstract  
The problem of big data credibilistic fuzzy clustering is considered. This task was interested, 
when data are fed in both batch and online modes and has a lot of the global extremums. To 
find the global extremum of the objective function of plausible fuzzy clustering, a 
modification of the crazy gray wolfs algorithm was introduced, which combines the 
advantages of evolutionary algorithms and global random search. It is shown that different 
search modes are generated by a unified mathematical procedure, special cases of which are 
well-known algorithms for both local and global optimization. 
The proposed approach is quite simple in computational implementation and is characterized 
by high speed and reliability in tasks of multi-extreme fuzzy clustering. 
 
Keywords 1 
Fuzzy clustering, credibilistic fuzzy clustering, adaptive goal function, evolutionary 
algorithms, gray wolf optimization  

1. Introduction 

The task of classification in the mode of self-learning (clusterization) of multidimensional data is 
an important part of traditional intellectual analysis. 

One of the main directions of computational intelligence is the so-called evolutionary algorithms, 
which are mathematical models of the evolution of biological organisms. The problem of clustering 
associated with vector observations often arises in many tasks of intelligent data analysis, such as 
Data Mining, Dynamic Data Mining, Data Stream Mining, Big Data Mining, Web Mining [1, 2] and 
primarily in fuzzy data clustering, when the processing of vector observations with different levels of 
probability, reliability, etc. can belong to more than one class.  

The most effective are Kohonen's self-organizing maps [3] and evolutionary algorithms, which can 
improve data clustering in cases where data is processed in online modes. 

From a computational point of view, the problem of clustering is reduced to finding the optimum 
of multi-extremal functions of a vector argument with the help of gradient procedures, which are 
repeatedly launched from different starting points. For speed up the process of finding extremums by 
using the ideas of evolutionary optimization. 

Evolutionary computation [4] and swarm intelligence are considered the fastest growing 
algorithms that employ computational intelligence to solve optimization problems. The evolutionary 
swarm intelligence includes genetic algorithm [5], biogeography-based optimizer [6], evolutionary 
strategies [7], population-based incremental learning [8], genetic programming [9], and differential 
evolution [10].  

Swarm intelligence [11] is another powerful form of the computational intelligence used to solve 
the optimization problems. Swarm intelligence algorithm using the ideas of evolutionary 
optimization, which includes algorithms inspired by nature, swarm algorithms, population algorithms, 
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and imitate the natural swarms or communities or systems such as fish schools, bird swarms, cat 
swarms, bacterial growth, insect’s colonies and animal herds etc. Evolutionary swarm intelligence 
algorithms include many algorithms such ant colony optimization [12], particle swarm optimization 
(PSO) [13], artificial bee colony [14], ant lion optimizer (ALO) [15], moth-flame optimization, 
dragonfly algorithm, sine cosine algorithm, whale optimization algorithm, multi-verse optimizer, grey 
wolf optimizer (GWO) [16], firefly algorithm, cuckoo search, and many others. 

The purpose of the paper is to consider the problem of data fuzzy clustering that is received for 
processing in both batch and online modes. To find the global optimum of a multi-extremal objective 
function, to develop a method that can find the global extremum of complex functions. 

2. Problem Statement 

Baseline information for solving the tasks of clustering in a batch mode is the sample of 
observations, formed from N  n -dimensional feature vectors 

1 2{ , ,..., } , , 1,2,...,n
N kX x x x R x X k N    . 

The problem of fuzzy clustering of data arrays is considered in the conditions when the formed 
clusters arbitrarily overlap in the space of features. The source information for solving the problem is 
an array of multidimensional data vectors, formed by a set of vector-observations 

( (1), (2),..., ( ),... ( )) nX x x x k x N R   where k  in the general case the observation number in the 

initial array, 1( ) ( ( ),..., ( ),.. ( ))T
i nx k x k x k x n . The result of clustering is the partition of this array on m 

overlapped classes with centroids n
qc R , 1,2,...,q m , and computing of membership levels 

0 ( ) 1qu k   of each vector-observation ( )x k  to every cluster qc . 

3. Credibilistic Fuzzy Clustering Method  

Alternatively, to probabilistic and possibilistic procedures [17,18] it was introduced credibilistic 
fuzzy clustering approach using as its basis the credibility theory [19, 20] and is largely devoid of the 
drawbacks of known methods. 

The most common approach within the framework of probabilistic fuzzy clustering is associated 
with minimizing the goal function [3].  
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                                              (1) 

where ( )qu k  - membership level, qc - centroid, d  - Euclidian metric, β - fuzzifier; 
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Solution of nonlinear programming problem using the method of Lagrange indefinite multipliers 
leads to the well-known result 
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coinciding with 2   with a popular method of Fuzzy C-Means of J. Bezdek (FCM) [21]. 

If the data are fed to processing sequentially, the solution of the nonlinear programming problem 
(1), (2) using the Arrow-Hurwitz-Uzawa algorithm leads to an online procedure: 
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The goal function of credibilistic fuzzy clustering has the form [19, 22] close to (1) 
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with "softer" than (2) constraints: 
0 ( ) 1,  for all  and ,

sup ( ) 0,5,  for all  ,
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It should be noted that the goal functions (1) and (5) are similar and that there are no rigid 
probabilistic constraints in (6) on the sum of the membership in (2). 

In the procedures of credibilistic clustering, there is also the concept of fuzzy membership, which 
is calculated using the neighborhood function of the form 

  ( ) ( ),q q qu k d x k c                                                              (7) 

monotonically decreasing on the interval [0, ]  so that (0) 1, ( ) 0.q q      

Such a function is essentially an empirical similarity measure of [23] related to distance by the 
relation 
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Note also that earlier it was shown in [16] that the first relation (3) for 2   can be rewritten as  

  1
2

2

( ),
( ) 1 ,

q

q
q

d x k c
u k




 
  
 
 

                                                        (9) 

where 
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which is a generalization of the function (8) (for 2 1q   (8) coincides with (10)) and satisfies all the 

conditions for (7). 
In batch form the algorithm of credibilistic fuzzy clustering in the accepted notation can be written 

as [20, 22] 
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and in the online mode, taking into account (9), (10): 
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From the point of view of computational implementation, algorithm (12) is not more complicated 
than procedure (4) and, in the general case, is its generalization to the case of credibilistic approach to 
fuzzy clustering. 

4. Evolutionary Approach of Crazy Wolfs  

To find the global extremum of functions (1) and (5), it is advisable to use bio-inspired 
evolutionary algorithms for particle swarm optimization [24], among which the so-called gray wolf 
algorithm (GWO) can be noted as one of the fastest coding ones [25]. According to the algorithm 
proposed in [25], gray wolves live together and hunt in groups. 

The search and hunting process can be described as follows: 

α 1 α

β 2 β

δ 3 δ

* ( ) ,

* ( ) ,

* ( ) ,
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if the prey is found, they first track, pursue and approach it. 
If the prey runs, then the gray wolves chase, surround and watch the prey until it stops moving, 

which can be written as 
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where GW  ‐ wolf movement function. 
After the prey is found, the attack begins: 
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 
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Figure 1: How  , ,    wolfs are defined in GWO 

In a case, when 1A   - gray wolves flee from dominants, which means that omega wolves will 

flee from prey and explore more space; if 1A   they approach the dominants, which means that δ-

wolves will follow the dominants that approach the prey. 
 

 
 

Figure 2: Exploration and exploitation of wolf in GWO 



To achieve a proper trade-off between scouting and hunting, an improved gray wolf algorithm is 
proposed.  

 
Figure 3: Scheme of operation of the gray wolf algorithm  

The change in the positions of the wolves is described as follows: 
* ( ) ( ) ,PС В X t X t                                                                  (10) 

   1 ( ) * ,PX t X t A C                                                                 (11)  

where PX  - prey position, X  - position of the wolf,    - a random perturbation that introduces an 

additional scan of the search space. 
To increase the reliability of finding exactly the global extremum of the objective function, you 

can use the idea of "crazy cats" - optimization [26, 27], modified by the introduction of a random 
walk, which has proven its effectiveness when solving multi-extremal problems. By introducing, 
according to L. Rastrigin, an additional search perturbation, it is possible to write down the movement 
of the wolf in the form: 

          21 1X t X t H k                                              (12)
 

where   - parameter for correction of disturbance characteristics, 0 1   - self-learning speed 

parameter, 
2 - white noise variance  H  . 

In this way, the probability of finding the global extremum of the adopted objective function 
increases, which ultimately increases the effectiveness of the fuzzy clustering process. 

5. Experimental Research 

The proposed method was tested on well-known multiextremal function such as Ackley's function, 
presented in form (13), Fig. 4:  

 
2 2( ) 20exp( 0.2 0.5( )) exp(0.5cos(2 )) 20.f x x y y e             (13) 



 

Figure 4: Ackley's function 

Pseudocode of proposed method can write in the form of next steps presented in the Table 1: 

Table 1 
Pseudocode of Crazy Wolfs method 

Description  Pseudocode 

Setup options 

Data sampling 
Swarm population 
Control parameter 

Stop criterion 

Initialization  Initial positions of dominant gray wolves 

Search 

If this is not a stopping criterion, then the 
calculation of the new value of the fitness 

function 
Position update 

Restrictions on the positions of wolves 
Update α, β and δ 

Update stop criteria 
End 

 
The behavior of Crazy GWO method can tested on multiextremal Ackley's function. Analyzes 

was provide on 100 iterations. On Fig. 5 demonstrate search history of global extremum of proposed 
function (a), the trajectory of the first variable of the first wolf (b), fitness history of all wolves (c) and 
the parameter A (d)  

 

 

 

 



 

Figure 5: The history work of Crazy GWO method on 100 iterations 

For further validating the searching accuracy of Crazy GWO method (CGWO) with GWO and 
PSO algorithms.  

Table 2 
Numerical statistics results 

Accuracy  CGWO  GWO  PSO 

Best  1.5099e − 017  7.5495e − 013  0.0035 

Ave  1.2204e − 016  1.0048e − 012  0.0055 

Worst  2.2204e − 014  1.4655e − 013  0.0082 

Two swarm intelligence algorithms (PSO algorithm and GWO algorithm) are selected to carry out 
the simulation contrast experiments with the proposed CGWO so as to verify its superiority on the 
convergence velocity and searching precision. The simulation convergence results on the adopted 
testing functions are shown in Fig. 6: 

 

Figure 6: Convergence curves Ackley's function 



6. Discussion 

Analyzing the results of the obtained experimental studies and comparative analysis of the method 
of clustering data arrays based on the crazy gray wolf algorithm with clustering methods based on 
both the classical approach to data clustering and more exotic ones, the proposed method 
demonstrates sufficiently high results. 

The main advantages of the proposed method are the simplicity of mathematical calculations, the 
speed of working with data, regardless of the type, size, and quality of the analyzed sample. It should 
be noted the accuracy of the data clustering method based on the improved gray algorithm and the 
obtained clustering results, which is achieved with the help of the optimization procedure of the 
evolutionary algorithm. 

Conclusion 

The problem of credibilistic fuzzy clustering of data using a crazy gray wolf algorithm is 
considered. The proposed method excludes the possibility of "getting stuck" in local extrema by 
means of a double check of finding the dominant wolf in the extremum and, in comparison with the 
given calculation error, allows to reduce the number of procedures starts. A feature of the proposed 
modified optimization procedure is the possibility of managing random disturbances that determine 
the properties of the modified the random walk, that has proven effectiveness when solving multi-
extremal problems. 

The approach is quite simple in numerical implementation, allows finding global extrema of 
complex functions, which is confirmed by the results of experimental research. 
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Abstract  
In this study the overview of the methods for sign language recognition was done and the 
existing datasets in this area were analyzed. It was shown how based on the real data to 
develop and test different approaches. The models based on the Vision Transformer (ViViT) 
and 3D Convolutions CNN (3dCNN) using different batch sizes were built and compared. It 
was also shown how to learn models on different data sizes and to search the compromise 
between accuracy, speed and overfitting of the models. Our research provides valuable 
insights into the strengths and limitations of different models of the task, not solved tasks and 
offer a direction and possible improvements of existed methods in this area by using vision 
transformers. 
Keywords  1 
Gesture recognition, computer vision, neural networks, deep learning, hand shape 
recognition, sign language interpreter, vision transformers, 3D convolutions. 

1. Introduction 

Sign language is a visual language used by people who are deaf or hard of hearing to communicate 
with each other and with hearing individuals. It involves using a combination of hand gestures, facial 
expressions, and body language to convey meaning. While sign language is an effective mean of 
communication, it can be challenging for non-signers to understand and communicate with sign 
language users. This has led to the development of sign language recognition technology, which uses 
computer algorithms to interpret and translate sign language into spoken or written language. Sign 
language recognition has the potential to improve communication and inclusion for people who are 
deaf or hard of hearing. It also poses unique challenges, such as the necessity for accurate hand shape 
and movement detection, real-time recognition, and dealing with the complexity and variability of 
different sign languages. Advantages and new achievements in machine learning, computer vision, 
and sensor technology give now the possibility to overcome these challenges and make sign language 
recognition more accurate, efficient, and accessible. Machine learning techniques, such as deep 
learning, can then be used to learn a mapping between these visual features and the corresponding 
sign language gestures. While CNNs have limitations in capturing long-term dependencies and global 
context, which are crucial for complex image understanding tasks such as object detection and 
segmentation, special transformers have gained significant popularity in the field of computer vision 
in recent years due to their ability to process sequential data such as images and videos. In this article 
we will compare two approaches for sign language recognition and define for the real practical task 
which of them is more effective and perspective for improvements for next studies. 

2. Sign language recognition problem statement 

Sign language is an essential mode of communication for deaf or hard-of-hearing individuals. Sign 
language recognition (SLR) is a challenging task, as sign languages are highly complex, with a wide 
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range of variations and nuances. SLR involves the hand gestures identification, facial expressions, and 
body movements to interpret the meaning of a sign [1, 2]. The goal of SLR  is to develop systems that 
can recognize and translate sign language into written or spoken language which enable 
communication between hearing and non-hearing individuals. In this research we will discuss the 
problems, limitations, not solved issues, and existing solutions in SLR. 

One of the primary challenges in SLR is the complexity of sign languages. There are over 300 sign 
languages used worldwide, each with its own grammar, vocabulary, and dialects. Furthermore, sign 
languages are highly context-dependent, with the meaning of signs often varying depending on the 
speaker's location, age, gender, and culture. Thus, developing an SLR system that can accurately 
recognize and interpret the nuances of different sign languages is a significant challenge. 

Another challenge in SLR is the variability in signing styles. Signers may use different hand 
shapes, positions, and movements to convey the same message. Moreover, the speed and duration of 
signs can vary, adding further complexity to the task. Thus, SLR systems must be robust to variations 
in signing styles, as well as to variations in lighting conditions and camera angles. To address these 
challenges, researchers have proposed various techniques, such as data augmentation, transfer 
learning, and multi-modal fusion, which combine visual and other modalities such as audio or depth 
information. 

One of the main challenges in sign language recognition is collecting and annotating large datasets 
of sign language gestures, which are required to train and evaluate machine learning models. This can 
be particularly difficult for sign languages that are not widely spoken or documented. A limitation of 
SLR is the lack of large-scale annotated datasets. While there are several datasets available for SLR, 
they are relatively small, limiting the performance of machine learning algorithms. A brief 
comparison of existed datasets for sign recognition task is made in Table 1. Moreover annotating sign 
language data is a time-consuming and challenging task, as it requires the expertise of sign language 
experts. 

 
Table 1 
Sign language recognition datasets comparison 

Id  Name  Country  Classes  Samples  Language 
level 

Availability 

1  DGS Kinect 40  Germany  40  3000  Word  Contact author 
2  RWTH‐PHOENIX‐ 

Weather 
Germany  1200  45760  Sentence  Publicly available 

3  SIGNUM  Germany  450  33210  Sentence  Contact author 
4  GSL 20  Greek  20  ~840  Word  Contact author 
5  Boston ASL LVD  USA  3300+  9800  Word  Publicly available 
6  PSL Kinect 30  Poland  30  300  Word  Publicly available 
7  PSL ToF 84  Poland  84  1680  Word  Publicly available 
8  LSA64  Argentina  64  3200  Word  Publicly available 
9  MSR Gesture 3D  USA  12  336  Word  Publicly available 

10  DEVISIGN‐G  China  36  432  Word  Contact author 
11  DEVISIGN‐D  China  500  6000  Word  Contact author 
12  DEVISIGN‐L  China  2000  24000  Word  Contact author 
13  IIITA‐ROBITA  India  23  unknown  Word  Contact author 
14  Purdue ASL  USA  unknown  unknown  Word/ 

Sentence 
Request DVDs/HD 

15  CUNY ASL  USA  unknown  ~33000  Sentence  Unknown 
16  SignsWorld Atlas  Arabia  multiple 

types 
unknown  Handshape, 

Words, 
Sentences  

Unknown 

17  LSA‐T  Argentina  translation  14880  Sentence  Publicly available 
18  LSFB‐CONT  Belgium  6883  85000+  Word, 

Sentence 
Publicly available 



19  LSFB‐ISOL  Belgium  400  50000+  Word  Publicly available 
20  WLASL  EEUU  2000  21083  Word  Publicly available 

 
Another issue in SLR is the lack of real-time performance. SLR systems often require high 

computational resources, making it challenging to achieve real-time performance on mobile devices 
or in low-resource settings. 

Researchers have proposed various solutions to deal with these challenges and limitations [3‒12]. 
There is an approach that proposes to use different deep learning algorithms, such as convolutional 
neural networks (CNNs) and recurrent neural networks (RNNs), to recognize the signs from video 
sources. These algorithms have shown promising results in SLR, achieving state-of-the-art 
performance on several benchmark datasets. 

Another solution is to use depth sensors, such as Microsoft Kinect, to capture 3D motion data, 
which can be used to recognize signs accurately [8]. Depth sensors are advantageous as they can 
capture the 3D shape and position of the signer's hands, providing more robust and accurate sign 
recognition. 

Furthermore, researchers have proposed the use of transfer learning, where pre-trained models on 
large datasets such as ImageNet are fine-tuned on sign language datasets. This approach has shown to 
improve the performance of SLR models, particularly for low-resource sign language datasets. 

So, the SLR is a challenging task that requires robust and accurate recognition of complex hand 
gestures, facial expressions, and body movements. While several solutions have been proposed to 
address the limitations and challenges of SLR, there are still several unsolved issues, such as real-time 
performance, variability in signing styles, and lack of large-scale annotated datasets. With the 
development of more advanced algorithms and the availability of larger annotated datasets, it is 
hopeful that these challenges can be addressed, enabling better communication between hearing and 
non-hearing individuals. Overall, sign language recognition is still an important problem with 
potential applications in fields such as assistive technologies, education, and communication for deaf 
and hard-of-hearing individuals. 

3. Brief overview of sign language recognition methods 

There are various methods for sign language recognition (SLR) that have been proposed and tested 
over the years. Here are some of the most widespread methods for SLR: 

 
1. Template matching is a simple and intuitive approach where the hand movements of the 

signer are matched against a predefined set of templates to recognize the sign [3, 4]. The 
template matching method involves capturing a series of hand poses and storing them as 
templates. During recognition, the input sequence is compared to each template, and the sign 
is identified based on the closest match. While this method is easy to implement, it is limited 
by the need for manually defining the templates and the inability to handle variations in 
signing styles. 

2. Hidden Markov Models (HMMs) are probabilistic models used in speech recognition as a 
tool that can model the temporal dependencies in sign language by capturing the transitions 
between hand shapes and movements. The method involves training an HMM on a dataset of 
sign language gestures and using it to recognize signs in new sequences [5, 6]. However, 
HMMs can be limited in capturing the complex and context-dependent variations in sign 
language. 

3. Support Vector Machines (SVMs) as a type of machine learning algorithm can classify sign 
language sequences by finding the hyperplane that separates the data points into their 
respective classes [7]. SVMs have been shown to achieve good accuracy in SLR, but they 
require large amounts of training data and may not be robust to variations in signing styles. 

4. 3D Depth Sensors using 3D depth sensors, such as Microsoft Kinect give the possibility to 
capture the 3D shape and position of the signer’s hands. This approach has the advantage of 
being more robust to variations in lighting and camera angles, and it can capture the depth 



information of the hand movements[8, 9]. The depth information can be used to recognize 
signs more accurately. 

5. Deep Learning methods, such as convolutional neural networks (CNNs) and recurrent neural 
networks (RNNs), have been used in SLR and have shown significant improvements in 
performance. CNNs can learn the spatial features of sign language sequences, while RNNs 
can capture the temporal dependencies between hand movements [10, 11]. Additionally, 
attention mechanisms can be used to focus on the most relevant parts of the sequence, 
improving the accuracy of recognition. 
 

Several approaches to deep learning could be defined for the relevant tasks and could be quite 
efficient in the real application. 

PoseTCN is a deep learning model that uses temporal convolutional networks (TCNs) to capture 
the temporal dependencies in sign language gestures. PoseTCN takes as input a sequence of 3D hand 
pose data and outputs the recognized sign. The model uses dilated convolutions to increase the 
receptive field of the network and improve the model's ability to capture long-term dependencies [12, 
13]. 

PoseTGCN is a deep learning model that uses a graph convolutional network (GCN) to capture the 
spatial dependencies between the joints in sign language gestures, and a temporal convolutional 
network (TCN) to capture the temporal dependencies. The model takes as input a sequence of 3D 
joint positions and outputs the recognized sign. The GCN operates on a graph structure where the 
joints are nodes and the edges represent the spatial relationships between them [14, 15]. The TCN 
operates on the resulting feature maps and uses dilated convolutions to capture long-term 
dependencies. 

Inflated 3D ConvNet (I3D): I3D is a deep learning model that uses a 3D convolutional neural 
network (CNN) to extract spatio-temporal features from sign language gestures. The model takes as 
input a sequence of RGB or depth frames and as the outputs gives the recognized sign. The 3D CNN 
is pre-trained on large-scale video datasets, such as Kinetics or Sports-1M, and fine-tuned on the sign 
language recognition task [16, 17]. The pre-training allows the model to learn generalizable features 
that can be applied to sign language gestures. 

Sign Language Transformers (SLT) is a transformer-based model that uses self-attention 
mechanisms to learn the spatial and temporal features of sign language gestures. SLT takes as input a 
sequence of RGB or depth frames and as the outputs the recognized sign. The model uses a pre-
trained backbone network, such as ResNet or EfficientNet, to extract visual features from the frames, 
which are then fed into a transformer encoder-decoder architecture [18, 19]. The attention 
mechanisms in the model allow it to focus on the most relevant parts of the sequence and improve 
recognition accuracy. Now this approach is widely used in continuous sign language translation. 

Transformers were originally designed for natural language processing (NLP) tasks where they 
exceed in capturing long-range dependencies and global context. They achieved this by incorporating 
self-attention mechanisms that allow the model to weigh the importance of different parts of the input 
sequence when making predictions. The same mechanism can be applied to images by treating each 
pixel or patch as a token, allowing the model to attend to different parts of the image when making 
predictions. Another advantage of transformers in computer vision is their ability to handle variable 
input sizes without requiring resizing or cropping. This is important for tasks such as object detection 
and segmentation where the size and aspect ratio of the objects can vary significantly. Additionally, 
transformers can leverage pre-training on large data amounts, allowing them to learn useful 
representations that can be fine-tuned on smaller datasets for specific tasks. Overall, the use of 
transformers in computer vision has shown promising results, outperforming traditional CNN-based 
architectures on various benchmarks and achieving state-of-the-art results on challenging tasks such 
as image captioning and visual question answering. 

In summary, there are various deep learning models that can be used for sign language recognition, 
such as PoseTGCN, I3D, PoseTCN, and Sign Language Transformers (SLT). These models differ in 
their architecture and their ability to capture spatial and temporal dependencies in sign language 
gestures. 

In Ukraine the task of sign recognition is really actual and important in context of the war and 
necessity to develop the special governments to support and provide assist and inclusion in society the 



people who were suffered from the war and have problems with hearing. There are several works of 
national scientists who have investigated the problem of sign recognition and proposed special 
techniques and systems for communication and translating into the sign language [20‒21]. 
Nevertheless, there are still unsolved issues and necessity of new approaches and adapting the existed 
methods is quite high.     

 

4. Practical task of video interpretation for sign language 

The goal in this article was to test mentioned above approaches and to build the simple 
transformer-based model for sign language recognition and compare its efficiency with the standard 
approach of using 3D convolutions. The idea was to clarify and define on a very first level (without 
any neural networks tricks or additional approaches) which approach could be more accurate for our 
task. 

4.1.  Dataset 

For our experiments the LSA64 dataset [22] was used. LSA64 is a dataset for Argentinian Sign 
Language (LSA) and it represents a collection of video sequences designed for the task of sign 
language recognition in the Argentinian Sign Language. The dataset was created by researchers at the 
National University of Córdoba in Argentina, and contains 64 different LSA signs performed by 20 
signers (10 male and 10 female). 

The videos were recorded in a controlled environment using a high-definition camera and have a 
resolution of 1280x720 pixels at 25 frames per second. Each sign was performed five times by each 
signer and results were presented in a total of 6400 video sequences.  

The LSA64 dataset also includes ground-truth annotations for each video, indicating the start and 
end frames of each sign. These annotations were performed manually by experts in LSA sign 
language. 

The LSA64 dataset is quite challenging dataset due to variations in signing speed, camera 
viewpoint, and lighting conditions, making it a valuable resource for researchers working on 
developing robust and accurate sign language recognition algorithms (see some examples on Figure 1 
and Figure 2). 

 

 

 



 

Figure 1: Screenshots of some examples of LSA64 dataset for sign language recognition 

 
Figure 2: Example of one video storyboard 
 

For our experiments firstly we made some labels for the dataset and then clustered them into 3 
logical groups. That was done to have more labels in each of the ground-truth classes. The classes are: 
“colors” signs (consists of the next initial classes: “red”, “green”, “yellow”, “light-blue”), “food” 
signs (consists of the next initial classes: “sweet milk”, “water”, “food”) and “verbs” signs (consists 
of the next initial classes: “help”, “thanks”). The labels were randomly splitted into the train-test sets: 
385 labels went to train and 165 labels - to the test set. Note that for experiments the proportion of 
each class was saved in both train and test sets. The general proportion of classes in data are: 
36,3636% of the first class, 36,3636% of the second class, 27,2727% of the third class. 

4.2.  Used approaches 

In this paragraph the transformer-based and 3D convolution-based models that were used in the 
experiments are described more detailed. 

4.2.1. 3D convolutions 

A neural network that uses 3D convolutions for video analysis typically consists of multiple layers 
of 3D convolutional, pooling, and fully connected layers [23]. 

3D convolutions are a type of convolutional layer that considers the spatial and temporal 
dimensions of the input data. In the case of video analysis, the input is a sequence of frames, and the 
3D convolutional layer applies a kernel to each frame and its neighboring frames in the temporal 
dimension to extract features that capture both spatial and temporal information. This allows the 
model to learn patterns and movements over time, which is crucial for tasks such as action recognition 
and gesture recognition (see Figure 3) [24]. 



 

 
Figure 3: Comparison of 2D (a) and 3D (b) convolutions 

 
After the 3D convolutional layers, pooling layers are often used to downsample the feature maps 

and reduce the spatial dimensionality of the data. This helps to reduce the parameters number in the 
model and prevent overfitting. 

Finally, fully connected layers are used to classify the input video sequence into one or more 
classes. These layers take the flattened feature maps from the convolutional layers and apply a set of 
weights to produce a probability distribution over the possible classes. 
 

4.2.2. Vision transformer 

The approach of Video Vision Transformer (ViViT) [25, 26] involves dividing the video into 
small spatiotemporal regions of interest, called tubelets, and processing them using self-attention 
mechanisms similar to those used in the NLP models. 

Here is a brief overview of how the ViViT model with tubelet embeddings works: 
1. Tubelet Extraction: The first step is to extract tubelets from the input video. This can be done 

using a variety of techniques such as object detection, tracking, or motion analysis. Each 
tubelet is represented as a sequence of T frames, where each frame is a H x W x C tensor 
representing the pixel values of the video frame (see Figure 4). 

 

 
Figure 4: Tubelet embedding 
 

2. Flattening and Linear Projection: Each frame in the tubelet is flattened into a sequence of 
patches, and these patches are then linearly projected into a higher-dimensional embedding 



space of size D using a trainable linear layer. This results in a sequence of patch embeddings 
for each frame in the tubelet. 

3. Multi-Head Self-Attention: The projected sequences are then passed through multi-head self-
attention layers. Each layer computes attention weights between all pairs of patch embeddings 
in the sequence, and uses these weights to compute a weighted sum of the patch embeddings. 
This allows the model to attend to different regions of the tubelet depending on the task at 
hand. 

4. Feedforward Network: After each self-attention layer, the output is passed through a 
feedforward network with a ReLU activation function. This network applies a linear 
transformation to the input, followed by a non-linear activation function. This helps the model 
capture more complex relationships between the patch embeddings in the sequence. 

5. Aggregation: Finally, the output of the last self-attention layer is aggregated across all frames 
in the tubelet to obtain a single vector representation for the tubelet. These vectors are then 
passed through a linear layer to predict the class label for the entire tubelet. 

 
By processing tubelets using self-attention mechanisms, ViViT with tubelet embeddings is able to 

better capture the spatiotemporal relationships between different regions of the video, resulting in 
improved performance on video recognition tasks such as action recognition and video classification. 

5. Modelling & Results 

In our experiments we used the vision transformer (ViViT) and 3D convolutions CNN (3dCNN) 
for comparison on our dataset, which was trained on the different batch sizes (3, 32, 128, 385 (the 
length of train dataset)). Each of the selected models was trained on 30 epochs, with learning rate 
equal to 1e-5, with input size of the videos equal to (25, 64, 64, 3). During the training the history of the 
accuracies is stored, so as a result only those model weights are saved and loaded for that approaches that 
had the best test accuracy. That was done to prevent the possible model overfitting. On Table 2 the models 
comparison table is presented, where top-1 (also known as accuracy) and top-2 are the top-K accuracy 
metrics calculated by the formula 1 below: 
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where 𝑓ప,ఫ෢  is the predicted class for the i-th sample corresponding to the j-th largest predicted score, 𝑦௜ 
is the corresponding true value, k is the number of guesses allowed and 1(x) is the indicator function. 
Top-K accuracy is often used for sign language recognition problems because it is a useful metric for 
evaluating the models performance dealing with a large number of possible signs and variations, as 
well as accounting for the flexibility required in recognizing signs. 
 
Table 2 
Comparison of vision transformer (ViViT) and 3D convolutions CNN (3dCNN) approaches 
 

Approach name  test top‐1  test top‐2  train top‐1  train top‐2 

ViViT/3  69.7%  89.7%  87.01%  89.7% 

ViViT/32  64.85%  90.3%  78.96%  90.3% 

ViViT/128  63.03%  89.09%  63.9%  89.09% 

ViViT/385  60.0%  83.03%  65.97%  83.03% 

3dCNN/32  63.64%  75.76%  58.18%  73.77% 

3dCNN/128  52.12%  72.73%  51.17%  72.73% 
 
In table 2 it is seen that the ViViT models with small batch sizes have higher quality. But having 

in mind the accuracy on training dataset as well we can notice that such models are more easily 



overfitted. That means that ViViT model is faster in training flow to get the high quality (see Figure 
5). On the other hand, for future investigations more approaches for fixing the model overfitting issue 
should be applied (e.g., augmentation), especially by working with small data amounts. Such logic 
could be traced on the plots below (Figures 6-11). Note, that in Figure 6-11 the loss and accuracy are 
normalized to be presented on the same scale, which gives the opportunity to analyze overfitting 
issues there. 

We see that from the 20th epoch the accuracy for 3D convolution network (3dCNN/128) are 
extremely increasing. From the other hand, the accuracy on both training and test datasets for ViViT/3 
and ViViT/32 models (Figure 6-7) as well as test losses are growing up and at the same time the 
losses on training dataset are decreasing. It also confirmed that the model was good learned on 
training dataset but on the test dataset it faced with some troubles. As for 3D convolution networks 
(Figures 10-11) the losses on both training and test datasets are decreasing with similar speed as well 
as accuracy are increasing.  
 

 
Figure 5: Accuracy on a test set for the different models on epochs scale 
 

 
Figure 6: Train and test loss and accuracy comparison of ViViT/3 model on epochs scale 
 

Figure 7: Train and test loss and accuracy comparison of ViViT/32 model on epochs scale 
 



Figure 8: Train and test loss and accuracy comparison of ViViT/128 model on epochs scale 
 

Figure 9: Train and test loss and accuracy comparison of ViViT/385 model on epochs scale 
 

Figure 10: Train and test loss and accuracy comparison of 3dCNN/32 model on epochs scale 
 

 
Figure 11:  Train and test loss and accuracy comparison of 3dCNN/128 model on epochs scale 

6. Conclusion 



In this paper we discussed the most relevant practices and approaches for sign language 
recognition. While significant progress has been made in sign language recognition using modern 
methods, there are still some important issues that remain unsolved: 

1. Large variability in sign language. Sign language can vary widely across different regions, 
cultures, and even individuals. This variability poses a significant challenge for sign language 
recognition systems, which must be robust to these variations. 

2. The availability of large, diverse datasets is crucial for training and evaluating machine 
learning models for sign language recognition. However, there is still a limited availability of such 
datasets, particularly for less widely spoken sign languages. 

3. Real-time sign language recognition is important for many applications, such as assistive 
technology and communication. However, real-time recognition remains a challenge, as it requires 
processing sign language videos in real-time, which can be computationally intensive. 

4. Sign language gestures can be occluded or noisy due to factors such as clothing, lighting, and 
background clutter. Handling these occlusions and noise is still a challenge for sign language 
recognition systems. 

5. Sign language recognition systems are typically trained on a limited set of sign language 
gestures, which can impact their ability to recognize new or rare signs. 

The task of sign recognition in this paper was solved for real dataset. It was shown how to 
implement the existed approaches on different sizes of the existed data and what to do to receive the 
higher accuracy. Our experiments aimed to compare the performance of the Vision Transformer 
(ViViT) and 3D Convolutions CNN (3dCNN) models on sign language recognition. We trained both 
models on different batch sizes and evaluated their accuracy using the Top-K metric. Our analysis 
shows that ViViT models with small batch sizes achieved higher quality, but were more prone to 
overfitting. The best obtained numerical results were 69,7% for ViViT/3 on test-top1 and 89,7% on 
test-top2 and for ViViT/32 were achieved the accuracy 89,7%  on test-top1 and 90,3% for test-top 2. 
To address the issue of overfitting, future investigations should explore approaches such as data 
augmentation to improve the generalization of ViViT models, especially when working with limited 
amounts of data.  

The practical value of this paper is that it was also shown on real dataset how and why it is needed 
to search the compromise between speed, accuracy and overfitting issues as well as between length of 
the dataset and how existed methods needed to improve. 

Overall, our results provide valuable insights into the strengths and limitations of different models 
for sign language recognition, as well as their practical implementation. It was offered in the paper a 
starting point for further research for sign language recognition by using vision transformers and 
additional approaches in conjunction with, for example, pose estimation, hands recognition, etc., with 
vision transformers before classification itself. 
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Abstract  
This paper is devoted to the problem of detecting and classifying anomalies for time series 
data. Some of the important applications of time series anomaly detection are healthcare, 
fraud detection, and system failure recognition. 
Despite scientists extensive experience in detecting anomalies in time series, most methods 
look for individual objects that differ from ordinary objects, but do not take into account the 
specifics of the data sequence [1]. 
In this paper, a method for detecting anomalies and clastering time series based on neuro-
evolutionary approaches is proposed. Prediction-based methods are used to detect anomalies: 
statistical and deep neural networks are used. Classical clustering methods that accept 
statistical parameters of series were used for clustering. 
 
 
Keywords  1 
Forecasting, time series, clustering, neuroevolution, genetic method  

1. Introduction 

Effective operation of complex technological systems requires monitoring and various analytical 
methods that allow you to monitor, manage, and preemptively change parameters. Monitoring is 
usually provided by standard tools (in most cases, a fairly reliable data collection and visualization 
system) [2, 3]. But creating effective analytical tools requires additional research, experiments, and a 
good knowledge of the subject area. As a rule, there are four main types of data analytics [4]: 

 descriptive analytics visualizes accumulated data, including transformations for clarity and 
interpretability. Descriptive analytics is the simplest type of analysis, but also the most important 
one for applying other analysis methods; 
 with the help of diagnostic analytics, they investigate the cause of events in the past, while 
identifying trends, anomalies, the most characteristic features of the described process, looking for 
causes and correlations (relationships); 
 predictive analytics predicts likely outcomes based on identified trends and statistical models 
derived from historical data; 
 administrative analytics allows you to get the optimal solution to a production problem based 
on predictive analytics. For example, it can be optimizing the operation parameters of equipment 
or business processes, or a list of measures to prevent an emergency. 
Modeling methods, including machine learning, are usually used for predictive and prescriptive 

analytics. The effectiveness of these models depends on the high-quality organization of data 
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collection, processing, and preliminary analysis. The listed types of analytics differ both in the 
complexity of the models used and in the degree of human participation [2-6]. 

 

Prescriptive (decision support)

Predictive (forecast, predictive)

Diagnostic

Descriptive

Complexity of the 
model

Human participation 
rate

 
Figure 1: Comparison of model differences based on human participation and the complexity of the 
models themselves 

 
There are a lot of areas of application of analytics tools-information security, banking sector, 

public administration, medicine and many other subject areas. Often, the same method works 
effectively for different subject areas, so developers of analytics systems create universal modules 
containing different algorithms [5]. 

For many technological systems, monitoring results can be represented as time series. The 
properties of the time series are [6]: 

 linking each measurement (sample, discrete) to the time of its occurrence; 
 equal time distance between measurements; 
 ability to restore the behavior of the process in the current and subsequent periods from data 
from the previous period. 
 

 
Figure 2: Example of a time series 
 
Time series can describe more than just numerically measurable processes. The use of various 

methods and model architectures, including deep neural networks, allows you to work with data from 
natural language processing, computer vision tasks, etc. For example, a chat message can be 
converted into numeric vectors (embedding) that appear sequentially at a certain time, and the video is 
nothing more than a matrix of numbers that changes over time [7].  

So, time series are very useful for describing the operation of complex devices and are often used 
for typical tasks: modeling, forecasting, feature selection, classification, clustering, pattern search, 
anomaly search [6]. Examples of such usage include an electrocardiogram, changes in the value of 



shares or currency, weather forecast values, changes in network traffic, engine operation parameters, 
and much more. 

Time series have typical characteristics that accurately describe the nature of the time series [2-6]: 
 period: a time interval of constant length for the entire series, at the ends of which the series 
takes similar values, 
 seasonality: periodicity property (season the same as period), 
 cycle: characteristic changes in a series related to global causes (for example, cycles in the 
economy), there is no constant period, 
 trend: a trend towards a long-term increase or decrease in the values of a series. 
Time series may contain anomalies. An anomaly is a deviation in the standard behavior of a 

process. The method of machine search for anomalies uses data about the operation of the process 
(data sets) [7]. Depending on the subject area, there may be different types of anomalies in the dataset. 
It is customary to distinguish between several types of anomalies [8]. 
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Figure  3:  Examples  of  various  anomalies  in  time  series:  a)  point  1O   and  2O   and  collective  3O  

anomalies  in two‐dimensional data; b) contextual anomaly  in the time series; c) collective anomaly 
in the time series (ECG): arrhythmia 

 
1. Point anomalies. They occur in situations where a single instance of data can be considered as 
absolutely abnormal in relation to others [8]. 
2. Contextual anomalies. They are observed if the instance is abnormal in a certain context, or 
when a certain condition is met (therefore also called conditional) [8]. 



3. Collective anomalies. Occur when a sequence of related data instances (for example, a time 
series graph) is abnormal relative to the rest of the data [8]. 
An individual instance may not be a deviation, but the joint appearance of such instances will be a 

collective anomaly. 

1.1. Anomaly detection strategies 

Detecting point anomalies often requires some kind of system model. If the system does not have a 
deterministic mathematical model or such a model is too difficult to build, then a statistical model 
must be available. Depending on the method of constructing a statistical model, the following 
approaches are distinguished [8-10]. 

1. Recognize anomalies in case supervised learning. This technique requires a full-fledged 
training sample, including enough representatives of the normal and abnormal classes of values. 
The technique is applied in 2 stages: first, training takes place on data that manually indicates 

normal and abnormal points. Then recognition occurs when new data is classified based on the 
constructed model [8-10]. 

It is usually assumed that the statistical properties of the model do not change over time, and such 
a change often requires repeated training. 

The main difficulty of such methods is the formation of data for training. In addition to the 
obvious labor costs, often the abnormal class is also worse represented than the normal one, which 
can lead to inaccuracies in the resulting model [8-10]. 

2. Recognition of anomalies partially supervised learning. Similar to the previous one, but the 
training data represents only a normal class. A system trained in a normal class can determine 
whether data belongs to it, thus identifying abnormal data by exclusion. 
3. Recognition in case unsupervised learning. In the absence of a priori information, this is the 
only possible option. Recognition in unsupervised learning: free mode is based on the assumption 
that abnormal data is quite rare. Therefore, only those that are farthest from the average values are 
indicated as anomalous [8-10]. Applying this technique to streaming data is difficult because it is 
necessary to have an idea of the entire data array to have a good estimate of the average and 
expected deviations. 

1.2. Anomaly recognition methods 

Classification. This method is based on the fact that the normal behavior of a system can be 
determined by one or more classes. Then an instance that does not belong to any of the classes is 
anomalous. This method usually uses the “partially supervised learning” approach. Basic 
mechanisms: neural networks, Bayesian networks, rule-based reference vector method [7, 9]. 

Clustering. This method is based on grouping similar values into clusters, and does not require 
knowledge of the properties of possible deviations. Anomaly detection is based on the following 
assumptions [8, 10]: 

 normal data instances belong to a cluster 
 normal data is closer to the center of the cluster, abnormal data is further away 
 normal data forms large dense clusters, while abnormal data forms small and scattered ones. 
 one of the simplest clustering methods is the k–means algorithm. 
Statistical analysis. Using this approach, a statistical model of the process is constructed, which is 

then compared with the actual behavior. If the actual behavior differs from the model by more than a 
certain threshold, it is concluded that there are anomalies. Statistical analysis methods are divided into 
two groups [7]: 

 parametric methods. Normal data is assumed to have a probability density function   ,x , 

where   is the parameter vector, x  is the data instance (observation); 
 nonparametric method. The model structure is not defined a priori, but is determined from the 
data provided. 



Nearest neighbor method. When using this technique, a metric is introduced (a measure of 
similarity between objects). Then two approaches are possible [10]: 

 distance to the kth-nearest neighbor. Abnormal data is the most distant from all other data; 
 using relative density. Samples in areas with low relative density are evaluated as abnormal. 
(e.g. local emission level method). 
Spectral methods. Based on the spectral (frequency) characteristics of the data, a model is 

constructed that is designed to take into account most of the variability in the data. 
Let's compare the existing methods and present the results as a table. 
 

Table 1 
Comparison of anomaly recognition methods 

Method  Result  Strategy  Classification of 
anomalies 

Classification  Tag  Supervised learning, 
partially supervised 

learning 

Yes 

Clustering  Tag  Supervised learning, 
partially supervised 

learning 

No 

Statistical analysis  Degree  Partially supervised 
learning 

No 

Nearest neighbor  Degree  Unsupervised learning  No 
Spectral methods  Tag  Unsupervised learning, 

partially supervised 
learning 

No 

 
In general, from the comparison of methods, we can conclude that there is an insufficient 

qualitative level of existing methods, because most methods are not able to use all strategies 
(approaches) to machine learning, and also from the results they do not provide an unambiguous 
answer about the assessment of detected anomalies. Moreover, most papers note an insufficient level 
of accuracy when using cool methods with newer model topologies. That is why the task of 
developing new approaches and methods for detecting anomalies in time series remains an urgent 
task. 

2. Related Works 

Point anomalies are most easily recognized-these are individual points where the behavior of the 
process differs dramatically from other points. For example, you can observe a sharp deviation of 
parameter values at a particular point [7-10]. 

Such values are called “outliers”, they strongly influence the statistical indicators of the process 
and are easily detected by setting thresholds for the observed value. 

It is more difficult to detect an anomaly in a situation where the process behaves “normally” at 
each point, but collectively the values at several points behave “strangely”. Such abnormal behavior 
can include, for example, a change in the waveform, a change in statistical indicators (mean, mode, 
median, variance), the appearance of a mutual correlation between two parameters, small or short-
term abnormal changes in the amplitude, and so on. And in this case, the task is to recognize 
abnormal behavior of parameters that cannot be detected by conventional statistical methods [7-10]. 

Finding anomalies is very important. In one situation, data should be cleared of anomalies in order 
to get a more realistic picture, while in another situation, anomalies should be carefully examined, as 
they may indicate a possible rapid transition of the device to emergency mode. 

Finding anomalies in time series is not easy (unclear definition of anomalies, lack of markup, non-
obvious correlation). So far, the Self Organizing Tree Algorithm (SOTA-algorithms) for searching for 
anomalies in time series has a high level of False Positive [7-10]. 



Only a small number of anomalies, mostly point-based, can be detected manually if good data 
visualization is available. Group anomalies are harder to detect manually, especially when it comes to 
large amounts of data and analyzing information about multiple devices. Also difficult to detect is the 
case of an “anomaly in time”, when a normal signal appears at the “wrong” time. Therefore, when 
searching for anomalies in time series, it is advisable to use automation methods [7-10]. 

A big problem in finding anomalies on real data is that the data is usually not marked up, so 
initially it is not strictly defined what an anomaly is, there are no rules for searching. In such 
situations, it is necessary to apply methods of teaching without a teacher (unsupported learning), 
while models independently determine the relationships and characteristic laws in the data. 

The methods used to search for anomalies in time series are usually divided into groups [7-10]: 
 proximity-based: anomaly detection based on proximity parameter information or a sequence 
of fixed-length parameters, suitable for detecting point anomalies and outliers, but will not detect 
changes in the waveform; 
 prediction-based: build a forecast model and compare the forecast and actual value, best 
applied to time series with pronounced periods, cycles, or seasonality; 
 reconstruction-based: methods based on Data Fragment reconstruction use data fragment 
recovery (reconstruction), so it can detect both point anomalies and group anomalies, including 
changes in the waveform. 
Proximity-based methods are focused on finding values that significantly deviate from the 

behavior of all other points. The simplest and most obvious example of implementing this method is 
monitoring whether a given threshold of values is exceeded [8]. 

In prediction-based methods, the main task is to build a qualitative process model in order to 
simulate the signal and compare the obtained simulated values with the original (true) ones. If the 
predicted and true signal are close, then the behavior is considered “normal”, and if the values in the 
model are very different from the true ones, then the behavior of the system in this area is declared 
abnormal [9]. 

The most common time series modeling methods are SARIMA [11] and periodic neural networks. 
The original approach is used in reconstruction-based models - first, the model is taught to encode 

and decode signals from an existing sample, while the encoded signal has a much smaller dimension 
than the original one, so the model has to learn to “compress” information. An example of such 
compression for 32-by-32-pixel images is given in [12]. 

After training, the models give input signals that are segments of the time series under study, and if 
encoding and decoding is successful, then the behavior of the process is considered “normal”, 
otherwise the behavior is declared abnormal. 

One of the newly developed reconstruction-based methods that show good results in detecting 
anomalies is TadGAN [13-15], developed by MIT researchers in late 2020. The TadGAN Method 
Architecture contains elements of an auto-encoder and Generative Adversarial Networks. 

The network   acts as an encoder that translates time series segments x into hidden space vectors 
z, and   is a decoder that recovers time series segments from the hidden z representation. xC  is the 

critic who evaluates the recovery quality of   x , and zC  is the critic who evaluates the similarity 

of the hidden representation of  xz   to white noise. In addition, there is a control of the 
“similarity” of the original and restored samples using the L2 measure according to the “Cycle 
consistency loss” ideology (which ensures the overall similarity of the generated samples to the 
original samples in GAN) [13]. The final objective function is a combination of all metrics for 
evaluating the quality of work of critics xC , zC  and a measure of similarity between the original and 
restored signal. 

  
     
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,,,maxmin 2
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LzZxX
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VCVCV

zx
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To create and train a neural network, you can use various standard packages (for example, 
TensorFlow or PyTorch) that have a high-level API. An example of implementing a TadGAN-like 
architecture using the TensorFlow package for weight training can be found in the repository [14, 15]. 
When training this model, five metrics were optimized: 



 aeLoss is the root-mean-square deviation between the original and restored time series, i.e. 
the difference between x and   x ; 

 cxLoss-binary cross-entropy critique of xC , which determines the difference between a true 
Time Series segment and an artificially generated one, 
 cx_g_loss-binary cross-entropy, oscillator error   x , which characterizes its inability to 

“deceive” the critic xC , 

 czloss-binary cross-entropy critique of zC , which determines the difference between the 
hidden vector generated by the encoder and white noise, provides similarity of the hidden vector ‡ 
(x) to a random vector, preventing the model from “memorizing” individual patterns in the source 
data, 
 cz_g_Loss is a binary cross-entropy, an error of the oscillator  x , which characterizes its 

inability to create hidden vectors similar to random ones, and thus “deceive” the critic zC . 
After training the model, individual segments of the time series under study are reconstructed and 

the original and reconstructed series are compared, which can be performed using one of the 
following methods [13]: 

 streaming comparison; 
 comparison of curve areas in a given area around each sample (area length is a 
hyperparameter); 
 Dynamic Time Warping. 
Quality is evaluated using the f1 metric for the binary classification problem, “positive” (null 

hypothesis): there is an anomaly, “negative” (alternative hypothesis): no anomaly. 
 

Table 2 
Quality is evaluated using the F1 metric for the binary classification problem 

  The anomaly is predicted by 
the model 

The model predicted the 
absence of an anomaly 

There is an anomaly  TP 
correctly predicted anomaly 

FN 
there is an anomaly, but it was 

not found 
There is no anomaly  FP 

predicted an anomaly where it 
doesn't exist 

TN 
there is no anomaly and the 

model does not see it 

 
To demonstrate the operation of the method, we use a synthetic (artificially generated) series 

without anomalies, which is the sum of two sinusoids, the values of which vary in the range from -1 

to 1:      xxxy 8.0sin
2

1
sin

2

1
 . 

 

 
Figure 4: Graph of such a series 

 



It can be seen that the model has quite accurately learned to predict the main patterns in the data. 
Let's try adding various anomalies to the data and then detect them using the tadgan model. First, let's 
add a few point anomalies [13]. 

 

 

 
Figure 5: Spot Anomaly Detection using TadGAN 

 
The graph of the original and predicted signals shows that the model cannot restore the “peaks” of 

anomalous values, which can be used with high accuracy to determine point anomalies. However, in 
such a situation, the crust of the complex TadGAN model is not obvious-such anomalies can also be 
detected by estimating the excess of thresholds [13]. 

Now consider a signal with a different type of anomaly: a periodic signal with an abnormal 
frequency change. In this case, there is no excess of the threshold: from the point of view of 
amplitude, all elements of the series are “normal” values, and the anomaly is detected only in the 
group behavior of several points. In this case, TadGAN also cannot restore the signal (as can be seen 
in the figure) and can be used as a sign of the presence of a group anomaly [13]. 



 
Figure 6: The result of the TadGAN operation on a dataset with an abnormal frequency change. 

 
These two examples illustrate the work of the method. The reader can also try to create their own 

data sets and test the model's capabilities in various situations. 
More complex examples of datasets can be found in the article by the authors of the TadGAN 

Method [13]. There is also a link to the Orion library, which is developed by MIT specialists, which 
uses machine learning to recognize rare anomalies in time series, using the unsupported learning 
approach [14]. 

However, most scientists agree that each case requires its own method of signal reconstruction and 
a conductive method of training the model, which significantly slows down the practical 
implementation. 

3. Proposed method 

The prototype of our solution is shown in Fig. 7, consists of two separate groups of the same 
population. The first is a set of models, and the second is a set of data individuals.  

Each model is a sequence of encoder and decoder levels that describe the input multidimensional 
signal [16]. The framework allows you to create an ensemble model using an approach similar to the 
method based on packaging in packages. A whole ensemble model is a set of sub-models that work 
with subgroups of input signals. Ensemble models form a set. 

The work of the solution begins with generating initial groups of input signals using correlation; 
the system then updates the models and groups using a genetic algorithm [17-19]. In parallel, genetic 
operators optimize individual models in each subgroup by making changes to the topology of neural 
models (for example, model length and layer parameters) [17-19]. The end result of these actions is an 
ensemble model optimized for anomaly detection. The ensemble model is defined as follows. 

A number of papers note that despite different models, it is noticeable that almost all models show 
a similar set of anomalies, despite changes in their hyperparameters [16]. Of course, the results 
differed depending on the hyperparameters, but none of the changes significantly affected detection. 
Because of this, an ensemble model is proposed, based on the simultaneous division of the search 
space into subgroups and the evolution of models for such subgroups. As a result, the models were 
able to identify more specific dependencies and relationships between signals [20-22]. 

Models within each subgroup are optimized by changing their internal structure. The evolution of 
a single model is carried out in five main stages:  

1. clustering the search space [23-25]; 



2. crossing, mutating, and selecting the best models for individual clusters; 
3. syncing solutions; 
4. multi-parent crossover [17-19]; 
5. evaluation of the ensemble solution. 

 
Figure 7: The proposed method 

4. Experimental research 

For the experimental research of proposed method was be used the following as the training and 
testing data: 

 The Secure Water Treatment (SWaT) Dataset [26], [16]. This dataset contains data gathered 
from a scaled-down version of a real water treatment plant. The data were collected for 11 d in two 
modes – 7 d of normal operation of the plant and 4 d during which there were cyber and physical 
attacks executed; 
 The Water Distribution (WADI) Dataset [27], [16]. This dataset contains data from a scaled-
down version of a water distribution network in a city. The collected data contain 14 d of normal 
operation and 2 d during which there were 15 attacks executed.  
The general information about datasets present in Table 3. 
 

Table 3 
General information about datasets 

Datasets 
Number of Input 

Signals 
Number of 
Trainings 

Number of 
Tests 

Number of 
Anomalies 

SWAT  51  49,668  44,981  11.97% 

WADI‐2017  123  1,048,571  172,801  5.99% 
WADI‐2019  123  784,571  172,801  5.77% 

 



The meta-parameters for neuroevolution synthesis of models demonstrate at Table 4. 
 

Table 4 
The meta‐parameters for neuroevolution synthesis 

Metaparameter  Value 

Population size  100 
Elite size  5% 

Activation function (fitness functions)  hyperbolic tangent 
Mutation probability  25% 

Crossover type  uniform 

Types of mutation 

deleting an interneuronal connection 
removing a neuron 

adding interneuronal connection 
adding a neuron 

changing the activation function 
Clustering method  k‐nearest neighbors 
Neighbors number  7 

 
The results of the work present at Table 5. 
 

Table 5 
The work results of proposed method 

Datasets  Precision, %  Recall, %  f1, % 

SWAT  94.41  55.35  0.74 
WADI‐2017  90.28  70.64  0.82 
WADI‐2019  89.53  71.47  0.83 

 

5. Discussions of results 

The experimental results demonstrate that parallel clustering of data and synthesis of a model 
based on the processed data using an ensemble system can significantly increase the efficiency of the 
anomaly detection process. The process of neuroevolution helps to synthesize models and develop 
them in stages based on updated information about input data, without separating the process of data 
preprocessing. Tests based on samples of WADI and SWAT data. In both cases, the results of 
anomaly detection demonstrated satisfactory values, raising the qualitative level of detection. The 
improvements in the WADI dataset were more significant than in the SWAT dataset because there are 
more sensors and samples in the WADI dataset than in the SWAT dataset. 

The article proved that the neuroevolution approach can have a positive impact on the results. Our 
future work will focus on further improvements to the method. A combination of different solution 
topologies can significantly improve the results of the work. 

6. Conclusion 

At the paper a research and comparative analysis of existing strategies and methods solving the 
problem of detecting and classifying anomalies were carried out, and a detection method based on 
neuroevolutionary methods was also proposed. As can be seen from the results of the study, the 
method of detecting anomalies based on neuroevolution has shown much greater effectiveness. The 
proposed method has shown itself to be viable and can be improved. 

The result of the work is not only a comprehensive study and theoretical justification of the theory 
associated with the analysis of time series, but also the proposed solution. His work consists of two 



stages: the separation of the search space and the synthesis of models. At the training stage, the 
method processes and separates data about the behavior of the system. In the synthesis mode, the 
method gradually adjusts the models in order to get the final solution from them in the future. The 
resulting model is synthesized using uniform crossing, which makes it possible to increase the size of 
the parent pool from two individuals to a much larger number. 
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Abstract  
Multiclass image classification is considered a challenging task in computer vision that 
requires correctly classifying an image into one of the multiple distinct groups. In recent 
years, quantum machine learning has emerged as a topic of significant interest among 
researchers. Using quantum concepts such as superposition and entanglement, quantum 
machine learning algorithms provide a more efficient method of processing and classifying 
high-dimensional image data. This paper proposes a new image classification model using 
quantum-inspired convolutional neural network architecture or, shortly, QCNN. The 
proposed model consists of two main phases; pre-processing and classification based on the 
QCNN phase. Seven benchmark datasets with different characteristics are adopted to 
evaluate the performance of the proposed model. The experimental results revealed that the 
proposed QCNN outperformed its classical version. Additionally, the results demonstrated 
the effectiveness of the proposed model compared with the state-of-the-art models.   
 
Keywords  1 
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1. Introduction 

Convolutional neural networks (CNNs) have experienced rapid expansion in the image 
classification and multiclass image classification fields. Which computer vision task requires 
categorizing an image into one of many categories? As the number of classes increases, the task's 
difficulty increases, and it requires identifying fine-grained details that differentiate between distinct 
objects or classes. In recent years, convolutional neural networks (CNNs) have become a popular 
solution to this issue. The CNN architecture is designed to mimic the structure of the visual cortex in 
humans and animals. It consists of multiple layers of interconnected nodes trained to extract and 
identify various image features. The input image is fed to the CNN's first layer, and each successive 
layer extracts increasingly complex features. The class with the highest probability is selected as the 
predicted class based on the probabilities generated by CNN's output layer. 

Although CNNs have been demonstrated to be an effective tool for image classification and 
other computer vision tasks, they may not always perform at their best with small datasets [12]. 
Quantum computing comes into play at this point. Using quantum concepts such as superposition and 
entanglement, quantum computing can potentially improve traditional machine-learning techniques 
[13]. Notably, it has been demonstrated that quantum machine learning algorithms provide superior 
feature selection capabilities than classical methods, enabling more efficient processing and 
classification of high-dimensional data [14]. Consequently, a growing interest has been in developing 
machine-learning models inspired by quantum mechanics, such as quantum-inspired CNNs [15]. 
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These models aim to combine the power of convolutional neural networks (CNNs) with the benefits 
of quantum computing to improve performance on complex image classification tasks [16]. This 
paper proposes a new image classification model based on quantum computing principles, including 
entanglement and superposition, in conjunction with the CNN layer. The proposed model comprises 
two principal phases: pre-processing and the classification-based quantum convolutional neural 
network phase. The original image undergoes image resizing and data normalization during the pre-
processing phase. The processed images are then used as input for the proposed QCNN architecture. 
This paper's primary contribution is summarized in the following points: 

1. A new QCNN architecture is proposed. 
2. The proposed QCNN is applied to the multiclass image classification problem. 
3. Seven benchmark datasets are used to evaluate the proposed model. 
4. A comparative analysis between the proposed model and state-of-the-art models is considered. 

 
The remainder of the paper's format is as follows: Section 2 presents the related work; Section 3 

introduces the overall proposed image classification model based on QCNN in detail; and Section 4 
presents and discusses the results of experiments conducted on various datasets using the proposed 
QCNN architecture. Section 5 concludes with a summary of the paper's key findings, a discussion of 
the limitations of the proposed model, and suggestions for future research directions. 

2. Literature review 

CNNs have demonstrated efficacy in multi-class image classification by extracting higher-level 
image information and outperforming conventional image processing [1]. CNNs' ability to capture 
complex image characteristics has led to significant advances in computer vision tasks such as object 
recognition [4], semantic segmentation [6], and target detection [8]. Recent studies have proposed 
altering CNN's architecture to enhance its performance in multi-class image classification tasks [2]. 
These alterations are intended to improve the network's precision, reduce computational complexity, 
and accelerate the training procedure. These modifications include the addition of skip connections 
[3], the use of various activation functions [4], and the incorporation of attention mechanisms [5]. In 
numerous studies involving computer vision, CNNs have produced outstanding results. For instance, 
some papers [5, 6] focused on target detection. The authors of [5] created a CNN-based infrared dim 
small target detection algorithm that proved effective and precise for detecting small targets in 
infrared images with low SCR and complex scenes. They incorporated spatially finer, target-oriented 
shallow features and semantically more robust deep features. 

In contrast, the authors of [6] presented a depth recognition algorithm for robot vision systems 
used for apple picking. Using deep learning techniques, the algorithm achieved greater recognition 
accuracy and robustness than conventional methods, demonstrating the potential of deep learning in 
agricultural robot applications. Other studies [7, 8] have investigated semantic segmentation. The 
authors of [7] proposed a multi-receptive-field convolutional neural network (MRFNet) to extract rich 
and useful context information from complex and dynamic medical images. On three public medical 
image datasets, including SISS, 3DIRCADb, and SPES, the MRFNet demonstrated exceptional 
performance. In the study [8], the authors introduced a novel network architecture for thermal image 
semantic segmentation called edge-conditioned convolutional neural network (EC-CNN). The end-to-
end-trained EC-CNN generated high-quality segmentation results by incorporating prior edge 
knowledge. In addition, they presented a new benchmark dataset, Segmenting Objects in Day and 
Night (SODA), to facilitate exhaustive evaluations in thermal image semantic segmentation. In 
addition, CNN architectures have demonstrated their effectiveness in image classification, as 
demonstrated in [9, 10–11]. Regarding image classification, the authors of [9] proposed the dilated 
CNN and the HDC models, demonstrating improved training efficiency and accuracy on the MNIST 
dataset and a wide-band remote sensing image dataset. The research in [10] centered on classifying 
biological images using inverted residual blocks to replace some CNN modules to address the 
increased computational time. The method demonstrated promising performance online on five 
benchmark datasets, including two biological IM performances. Lastly, [11] sought to identify an 
appropriate architecture for transfer learning and identified Inception-v3 as such. The retrained 



Inception-v3 model performed significantly better than previous state-of-the-art works on the CIFAR-
10 dataset. This study's findings demonstrated the utility of transfer learning and paved the way for 
future developments in deep neural networks. 

Researchers are investigating the potential benefits of combining CNNs with quantum computing 
techniques in light of the development of quantum computing. The training and application of 
quantum CNNs (QCNNs) have the potential to accelerate significantly. Quantum mechanics enables 
QCNNs to perform specific calculations significantly faster than their classical counterparts. As full-
fledged quantum computation is still a distant prospect, the research in [13] discusses the potential of 
quantum-inspired (QI) algorithms implemented on classical computers to improve existing machine-
learning techniques. Based on the theory of Quantum State Discrimination (QSD), they developed a 
QI algorithm for direct multi-class classification that provides a systematic method for locating sub-
optimal solutions. This strategy enabled them to extend the capabilities of previous QI classifiers, 
which were restricted to binary classification, and address general multi-class datasets. In [14], the 
authors proposed a novel algorithm for feature selection based on a generalized embedding of 
Quadratic Unconstrained Binary Optimization (QUBO), which is executable on both classical and 
quantum hardware. They used mutual information as the basis for measures of importance and 
redundancy, with an interpolation factor serving as a counterbalance. Experiments comparing 
standard feature selection methods and their performance on various machine learning models 
demonstrated the effectiveness of the researchers' framework. In addition, they successfully executed 
one of their experiments on actual quantum hardware, demonstrating the algorithm's viability and 
compatibility with NISQ. Although their experiments were conducted on low-dimensional problems 
due to hardware constraints, the authors anticipate that the algorithm will scale with future quantum 
computing advancements.  

3. The Proposed image classification based on QCNN model 

The two primary phases of the proposed image classification model are the pre-processing phase 
and the classification based on the QCNN phase. The overall design of the proposed image 
classification model is depicted in Figure 1. From this figure, it can be seen that the original images 
are first normalized, after which the normalized images are fed into the quantum convolutional layer, 
after which a series of classical convolutional layers are applied, followed by a fully connected layer 
to obtain the final class. The following sections will go over each part's full description. 

 

 
Figure 1: The architecture of the proposed image classification model 
 
 

3.1. Pre‐processing phase 



Preparing and transforming the raw dataset into a more acceptable format for subsequent analysis 
and modeling is the primary goal of the pre-processing phase. The original images in this study are 
downsized to 28x28, and after that, data normalization is applied to all of the images in the dataset. 
Data normalization is crucial to improve the effectiveness and interpretability of machine learning 
algorithms. Normalization is a method that rescales the input features to a uniform range, usually 
between 0 and 1. This standardized range aids in reducing the influence of data distribution and scale 
differences, which could otherwise result in biased and less-than-ideal model performance. Each pixel 
in the image is normalized in this study by multiplying it by the highest number, 255. Each data point 
in the image is effectively scaled down to a value between 0 and 1 when this procedure is done to the 
entire dataset's image. The model is made to be less sensitive to the input characteristics' absolute 
values and more focused on the underlying patterns and relationships in the data by doing this 
normalization. 

3.2. Classification based on QCNN phase 

This phase feeds the processed image into the quantum convolutional neural network (QCNN). 
The quantum and classical components of the proposed QCNN make up its two main components. 
The proposed creates a powerful and effective classification system by combining the advantages of 
both quantum and conventional methodologies. Next, a detailed description of each part is presented. 

3.2.1. Quantum part  

The quantum part transforms the input data using the capabilities of quantum computing as a pre-
processing layer. Quantum encoding, convolution, and measurement comprise its three main 
components. The block diagram for the quantum part of the proposed QCNN architecture is shown in 
Figure 2. 

 
Figure 2: The block diagram of the quantum part of the proposed QCNN 
 

The input data is first embedded into a quantum state during the quantum encoding stage. Nine 
qubits total are used in this study. The following equation is commonly used to represent a quantum 
state. 

|ψ⟩  ൌ  α|0⟩ ൅ β|1⟩  ൌ αቀ1
0
ቁ ൅  β ቀ0

1
ቁ                       (1) 



 
where |ψ⟩ is the quantum state, α and β are complex coefficients or amplitudes, and |0⟩ and |1⟩ 

represent the basis states. In quantum computation, the amplitude contains the probability information 
of finding qubits in a specific state, and the normalized |𝛼|² ൅ |𝛽|² ൌ 1  expresses this probability.  

The input data can be embedded using various methods, depending on the embedding method. 
These embeddings each have unique traits and use cases. For instance, one method prepares a 
quantum state using binary data, another utilizes that data to encode data into the amplitudes of a 
quantum state, and yet another encodes data into the rotation angles of quantum gates. An essential 
step in quantum encoding is to embed the input data into a quantum state, enabling the model to use 
quantum computing. The type of data being used and the problem being solved determine the 
embedding approach to be used; each method has unique properties and applications. 

The embedding approach used in this paper is called AngleEmbedding. AngleEmbedding modifies 
the behavior of quantum gates based on the input data values by encoding classical information into 
the rotation angles of the gates. In our case, the rotation gate employed is the gate denoted by the 
equation below.  
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This method is especially effective for continuous or real-valued data since it enables a concise 

representation of the input data within the quantum system. AngleEmbedding allows the model to 
benefit from the unique features of quantum computing, which may improve speed and make it 
possible to identify intricate patterns in the data that conventional methods could miss. The 
application of a random quantum circuit comes after the input data has been integrated into a quantum 
state. Many single-qubit gates, including the RX and controlled-NOT gates with the same angle, were 
randomly selected to make up this circuit. The random circuit operates as a non-linear transformation 
of the input data, which might aid in revealing intricate patterns in the data that traditional methods 
might find challenging to identify. 

The image is then processed by a quantum convolutional step, which works similarly to a 
conventional convolutional layer but uses quantum circuits. This step entails processing the image 
through many quantum filters, each of which is a quantum circuit that only processes a small portion 
of the image. The output tensor, which depends on the quantum kernel size and the type of padding 
employed, will take a particular shape depending on the stride and padding used. After that, a selected 
activation function, such as ReLU, sigmoid, or tanh, is applied to the output tensor to create 
nonlinearity. The Pauli-Z operator is then used for each qubit to measure it on a computational basis. 
The expectation values are employed as features and fed into the traditional CNN layers in the 
classical part. 

3.2.2. Classical part  

Convolutional and fully connected blocks are combined to create a deep learning architecture in 
the classical part. The primary classifier for the processed dataset is represented by this architecture, 
which uses the predictive capabilities of traditional deep learning architectures. Max-pooling layers 
are put first, then convolutional layers, to create convolutional blocks. To lessen overfitting, they also 
have dropout layers. These blocks are in charge of identifying regional patterns and features in the 
input data, assisting the model in recognizing crucial data details for the classification task. 

On the other hand, fully connected blocks act as the model's final steps, merging the information 
that the convolutional blocks have learned and deciding how to interpret the data. The final dense 
layer, which has a SoftMax activation function, comes after the fully connected layers and generates 
the class probabilities for each potential class. Classical architecture may learn intricate patterns in the 
data and produce precise predictions based on the cleaned dataset by combining these building blocks 
with information derived from the quantum layer.  



4. Experimental results and discussion 

Four main experiments are conducted to evaluate the general effectiveness of the proposed image 
classification model based on QCNN. Seven benchmark datasets are used to assess how well the 
proposed model based on QCNN performs. These datasets include BreastMNIST, OrganMNIST, 
ChestMNIST, PneumoniaMNIST, FashionMNIST, CIFAR-10, and Brain MRI Images. The adopted 
datasets are described in Table 1 according to the number of samples and classes. The adopted 
benchmark datasets have a varying number of classes, as can be shown. 

It should be noted that the proposed model was evaluated on 200 training samples and 50 testing 
samples due to the existing constraints of quantum hardware. These samples were chosen at random. 
The first experiment aims to identify the best kernel size by experimenting with different kernel sizes. 
The model's performance in the second experiment is contrasted before and after adding the Quantum 
convolutional layer. The third experiment evaluates the proposed model using several benchmark 
datasets. The fourth experiment examines the proposed model with state-of-the-art models. These 
experiments used accuracy, sensitivity, precision, and f1-score as evaluation criteria. The CoLab 
notebook platform and the Pennylane Quantum Library were used for all experiments. 

 
Table 1  
Datasets description 
 

 
Number of 

Samples 
Number of 

Classes 

Brain MRI 253 2 

PneumoniaMNIST 5,856 2 

BreastMNIST 780 2 

OrganMNIST 23,660 11 

FashionMNIST 70,000 10 

CIFAR-10 60,000 10 

ChestMNIST 112,120 2 

 
Finding the ideal kernel size for the proposed model is the goal of the first experiment in Figure 3. 

It should be noted that the Brain MRI Images dataset, one of the adopted datasets, is used to test the 
ideal kernel size. As can be seen, the accuracy for the kernel with a size of 1x1 is 73.75%; for the 
kernel with a size of 5x5 it is 77.50%; for the kernel with a size of 10x10 it is 97.95%; and finally, for 
the kernel with a size of 20x20, it is 98.65%. From this chart figure, it can be demonstrated that a 
20x20 kernel size is the most efficient kernel size. The following experiments will continue to use this 
kernel size in the upcoming experiments. Also, 700 epochs will be used as well. 



 
Figure 3: Comparison of using different kernel sizes in terms of accuracy 
 

Results are obtained before and after applying the quantum convolutional layer to the dataset of 
Brain MRI images to demonstrate the significance of using the layer in the proposed QCNN. The 
experiment makes use of some evaluation metrics. Accuracy, precision, recall, and f1-score are the 
measures used for evaluation. Using the quantum convolutional layer increased the proposed model's 
accuracy to 98.65%, while doing without it reduced it to 92.68%, as shown in Table 2. Thus, it can be 
seen that applying the fundamentals of quantum computing to one of the convolutional layers can 
considerably boost the functionality of CNN architecture. 

 
Table 2  
The results before and after applying the quantum convolutional layer 
 

 Accuracy (%) Precision (%) Recall (%) F-score (%) 

Before 0.92 0.80 0.76 0.76 

After 0.98 0.98 0.98 0.98 

 
The proposed model was subsequently assessed and tested on seven benchmark datasets in the 

third experiment in Table 3, including the Brain MRI dataset and six other benchmark datasets: 
PneumoniaMNIST, BreastMNIST, OrganMNIST, FashionMNIST, CIFAR-10, and ChestMNIST. 
Table 3 compares the proposed model's performance on several datasets, presenting the findings 
regarding accuracy, precision, recall, and f-score. As demonstrated, the proposed model exhibits 
superior learning and picture classification abilities across all datasets. Furthermore, the proposed 
model performs well in multi-class and binary classification issues, demonstrating its adaptability and 
versatility in handling different classification tasks. This emphasizes the proposed model's 
adaptability and robustness in various image classification cases. The training and validation 
accuracies are presented for 700 epochs in Figure 4 to assess the proposed model's performance 
further. The proposed model is up-and-coming, as this graph shows. Both the validation and training 
datasets showed high classification accuracy. These outcomes match those of the experiments shown 
in Table 3. 
 
 
 
 



Table 3  
The  performance  of  the  proposed model  using  seven  benchmark  datasets  in  terms  of  accuracy, 
precision, recall, and an f‐score. 
 

 Accuracy (%) Precision (%) Recall (%) F-score (%) 

Brain MRI 0.98 0.98 0.98 0.98 

PneumoniaMNIST 0.99 0.99 0.98 0.98 

BreastMNIST 0.96 0.96 0.96 0.95 

OrganMNIST 0.98 0.98 0.97 0.97 

FashionMNIST 0.98 0.98 0.98 0.98 

CIFAR-10 0.90 0.90 0.89 0.87 

ChestMNIST 0.99 0.99 0.91 0.95 

 
The performance of the proposed model in comparison to the state-of-the-art models, namely 

hybrid quantum-classical convolutional neural network (HQC-CNN) [17], attentive octave 
convolutional capsule network (AOC-Caps) [18], Feature Pyramid Vision Transformer (FPViT) [19],  
cross-stitch Affine Network (CANet) [20], and convolution neural networks with 3x3 filter size 
(ConvNet) [21] is shown in Table 4 for further assessment of the robustness of the model. This table 
demonstrates how competitive the proposed model is. On most of the adopted datasets, it achieves the 
highest accuracy. 
 
Table 4  
The performance of the proposed model vs. the state‐of‐the‐art models in terms of accuracy 

 

 
The 

Proposed 
Model 

HQC-
CNN 
[17] 

AOC-Caps 
[18] 

FPViT 
[19] 

CANet 
[20] 

ConvNet 
[21] 

Brain MRI 98.69 97.8 - - - - 

PneumoniaMNIST 99.56 - 93.1 - - - 

BreastMNIST 96.00 - - 88.46 - - 

OrganMNIST 98.22 - 93.1 - - - 

ChestMNIST 99.59 - - - 98.8 - 

FashionMNIST 98.00 - - - - 93.68 

CIFAR-10 90.00 - - - - 73.04 

 
 



Figure  4:  Training  and  validation  accuracy  through  700  epochs,  (a)  Brain  MRI  Images,  (b) 
OrganMNIST, (c) ChestMNIST, and (d) BreastMNIST 

 

5. Conclusion 

This study proposed a new quantum convolutional neural network architecture. The proposed 
QCNN is applied to the image classification task. PneumoniaMNIST, FashionMNIST, CIFAR-10, 
BreastMNIST, OrganMNIST, ChestMNIST, and Brain MRI Images benchmark datasets are adopted. 
The experimental results revealed that exploiting quantum principles such as superposition and 
entanglement in the classical CNN can positively boost its performance. The results showed that 
increasing the kernel size of the quantum layer can significantly boost the performance of the 
proposed QCNN. Moreover, the results revealed that the proposed QCNN obtained the best results 
compared to several well-known landmark models. The overall proposed image classification model 
achieves an accuracy of 98% for Brain MRI Images, 99% for ChestMNIST, 98% for OrganMNIST, 
96% for BreastMNIST, 90% for CIFAR-10, 98% for FashionMNIST, and 99% for 
PneumoniaMNIST. The main challenge in implementing the proposed QCNNs to large-scale image 
classification tasks is the restricted capacity of quantum hardware, which limits the size of input 
images and the number of layers employed in the network. As a result, in the future, the proposed 
QCNN may be implemented using simple quantum circuits. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 
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Abstract  
The article is devoted to the development of a mathematical model for autoregressive and 
autocoherent analysis of discrete wavelet spectra with approbation on known experimental 
data. The model is used to detect anomalies or emergency states of the object after wavelet 
filtering of noise and zero crossing. The proposed method for processing noisy signals, 
combining noise filtering and Mahalanobis proximity analysis, shows better machine 
learning results than neural networks and other methods for detecting classification and 
recognition anomalies. The wavelet spectra were processed using autoregressive and 
autocoherent analyses. The possibility of using these functions as classification features for 
identifying possible anomalous states of devices is shown. Before forming the wavelet 
spectra, the procedure of direct with filtering and inverse transformation of the already 
filtered signal is carried out. As a result, it seems possible to identify the characteristic 
features of the signal - anomalies or emergency conditions. The main factor in the 
classification of device status signals is the moment when changes in the signal spectrum 
begin to develop, therefore, all analysis, both in the time and frequency domain, is tied either 
to the number of samples by the time the signal was received, and in some cases even to the 
extended date format - month number. 
Keywords  1 
Wavelet spectrum, autocoherence, autoregression, state anomaly, machine learning 

1. Introduction 

Computer simulation, processing, identification, and analysis of signals are among the most urgent 
tasks facing intelligent systems today. The task of analyzing the state signals of complex objects 
attracts the attention of specialists, since there is no single approach and method for identifying 
signals in computerized control and monitoring systems. This problem has not been solved for 
broadband signals, for which the frequency band used for signal transmission is much wider than the 
minimum required for information transmission. 

The most common approach to signal analysis is the search and comparison with a signal database 
containing signal samples with which the obtained data are compared [1]. Comparison of signal 
records with a reference base can be carried out in different ways: cross-correlation; distance 
comparisons; cluster analysis; application of the likelihood ratio; hybrid expert methods [2]. These 
methods are widely covered in the literature. 

A well-known approach to solving this problem of analyzing and classifying signals is to find the 
optimal feature space in which objects (signals) can most easily be separated using classical 
classification algorithms [3, 4]. If the diagnostic analysis is carried out for a long period of operation 
and is characterized by the appearance and development of increasing non-informative noise, the 
known methods of signal analysis cannot be applied, since the comparison of signals will be incorrect 
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[5]. The problem can be solved by analyzing the state signals of devices and identifying the 
characteristic features of the signal that cause anomalous or emergency states of objects. 

The implementation of this approach makes it possible to obtain correct data for the formation of a 
comparative base of signals for known methods of signal identification, and to become an 
independent analysis tool. Since in real conditions of monitoring and control it is not uncommon to 
work with signals about which there are no a priori data [2], the use of classification of status signals 
significantly expands the scope of diagnostic analysis of signals. 

2. Analysis of the literature data and a formulation of the problem 

The analysis shows that the most common types of signal errors are: stop of data transmission 
from the measuring device, atypical data outliers, failures of measuring equipment, accumulation of 
errors due to interference, data breaks, etc. [6]. In addition, the need for data processing in comparison 
with the specified threshold signal values also precludes a qualitative analysis of information [6]. 

The use of filtering the data of the diagnostic analysis of the control object makes it possible to 
eliminate noise, however, in the future, it is not possible to isolate from the data the signs of loss of 
device operability. Numerous publications on this problem are devoted to the search for an algorithm 
or a combination of data processing methods for selective filtering of information. 

Under conditions of growth of non-informative noise, diagnostic signals of complex objects are 
non-stationary complex signals, which are characterized by the presence of complex time 
dependences of amplitude, frequency, and phase. Therefore, it seems logical to apply filtering using 
the wavelet transform. In the general case, the wavelet transform is the decomposition of a signal into 
a wavelet spectrum (signal decomposition) with subsequent processing (detailing) and reconstruction 
[7-10]. The height of the signal peak and its location in the frequency spectrum are ideal 
characteristics for classifiers (random forest, gradient boosting, logistic regression, etc.) used in 
machine learning [11]. However, studies in [8-12] confirm that filtering using only the continuous 
wavelet transform does not solve the problem of filtering high-frequency and low-frequency noise. 

Signal classification using discrete wavelet transform (DWT) is as follows: DWT is used to 
separate the signal into different frequency subbands [13]. If there are different frequency 
characteristics in the signals, the characteristic features appear in one of the frequency subranges. 
Thus, when generating features from each subrange and using a set of features as input data for a 
classifier in machine learning (random forest, gradient boosting, logistic regression, etc.), the task of 
identifying state signals for various types of signals is realized [14]. Therefore, classifier machine 
learning using signal processing methods has wide application prospects. 

The literature widely describes the application of various criteria that are used in the application of 
classical classification algorithms. The work [15] considers the implementation of the block of 
mathematical signal processing, which is implemented by deconstructing the signal into its frequency 
subbands, from each subbands areas are generated that can be used as input data for the comparative 
proximity of the series. Authors [16. 17] use the autocoherence function to determine the local in time 
non-stationarity of a random process [18-20]. The above model of autocoherence is used both in the 
spectral and in the correlation representation. This makes it possible to determine signal anomalies in 
local frequency and time intervals. 

Analysis of publications shows that a large amount of experimental data arrays makes it 
impossible to use a single function for all arrays. For real-time data processing, other approaches 
should be used, for example, the initial filtering of incoming data by filtering out obviously incorrect 
measurements [6].Thus, research related to the development and improvement of signal analysis 
methods for the subsequent application of machine learning methods is an urgent scientific task. The 
purpose of this work is to develop a mathematical model for autoregressive and autocoherent analysis 
of discrete wavelet spectra for the classification of noisy signals by machine learning. 

3. Mathematical model of discrete wavelet spectra 

This paper uses empirical data collected during experimental studies of reliability characteristics 
using four bearings (B1-B4) on a loaded shaft (6000 pounds) rotating at a constant speed of 2000 rpm 



[21]. The 2nd_test set containing one accelerometer was used for the analysis. The dataset is 
formatted in separate files, each containing a 1-second snapshot of the vibration waveform recorded at 
specific time intervals. Each file consists of 20480 points with a sampling frequency of 20 kHz [21]. 
The file name indicates the date of the data capture which occurred every 10 minutes. The known data 
were taken in order to compare the obtained results on the processing of vibration monitoring data 
performed by other authors [21]. 

3.1 Autocoherence for Stationarity Analysis of Discrete Spectra 

If there is noise in the signal, then the series can become non-stationary and it is impossible to 
extract the necessary information from it, which is usually contained in the low-frequency part of the 
spectrum. Such a characteristic for the series of wavelet coefficients is autocoherence, which can be 
determined from the well-known relation for the continuous wavelet spectrum: 

𝑊𝑊𝑋𝑋 =
1
√𝑎𝑎

� 𝐼𝐼(𝑡𝑡)𝜑𝜑 �
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where   𝜑𝜑 �𝑡𝑡−𝑏𝑏
𝑎𝑎
�– wavelet function; WX– the scale-time spectrum of the signal I(t); a – the scale factor, 

b – the signal shift along the time axis.  
To determine autocoherence, one should use the relation for wavelet coherence: 

𝑅𝑅2(𝑎𝑎, 𝑏𝑏) =
|𝑠𝑠(𝑎𝑎−1𝑊𝑊𝑋𝑋𝑋𝑋(𝑎𝑎, 𝑏𝑏))|2
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(2) 

where   s – smoothing operator [10]. Coherence is interpreted as the square of the correlation 
coefficient, and its values range from 0 to 1. 

Autocoherence is determined by a simple substitution in (2) of relations (1) and (3): 
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It should be noted that the relation for autocoherence is used to estimate the stationarity of a 
number of discrete wavelet coefficients. 

3.2 Proximity of time series for the analysis of autoregression and 
autocoherence  

Let us designate the next two time series of the wavelet coefficients of the spectra as: 

𝑋𝑋𝑖𝑖 = �𝑎𝑎�𝑗𝑗,𝑘𝑘�, �𝑑̃𝑑2,𝑘𝑘�, … , �𝑑̃𝑑𝑗𝑗,𝑘𝑘�… �𝑑𝑑𝚥𝚥,𝑘𝑘� �, 𝑘𝑘 = 1,2, …
𝑁𝑁
2𝑗𝑗

, 𝑗𝑗 = 1 … 𝐽𝐽,  

𝑌𝑌𝑖𝑖 = �𝑎𝑎�𝑗𝑗,𝑘𝑘�, �𝑑̃𝑑2,𝑘𝑘�, … , �𝑑̃𝑑𝑗𝑗,𝑘𝑘�… �𝑑̃𝑑𝑗𝑗,𝑘𝑘�, 𝑘𝑘 = 1,2, …
𝑁𝑁
2𝑗𝑗

, 𝑗𝑗 = 1 … 𝐽𝐽, (4) 

where Xi – series of wavelet coefficients at time ti; Yi – series of wavelet coefficients at time 
ti+dt; dt – determined by the time for which a change in the spectrum will not lead to 
equipment failure. 

The correlation closeness of series (4) is determined from the relationship: 

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 1 −
∑ 𝑋𝑋𝑖𝑖𝑌𝑌𝑖𝑖𝑁𝑁
𝑖𝑖=1

�∑ 𝑋𝑋𝑖𝑖2 ∑ 𝑌𝑌𝑖𝑖2𝑁𝑁
𝑖𝑖=1

𝑁𝑁
𝑖𝑖=1

. 
(5) 

When the spectra series are close and completely identical proximity=0 when there is no 
difference -proximity=1. On practice 0 proximity 1≤ ≤  . 

3.3. Decomposition of the Time Series 

The wavelet coefficients in the decomposition of the measuring signal f(t) are generally 
determined from the following system of equations [22]: 



aj,k = � f(t)φj,k
R

(t)dt

dj,k = � f(t)ψj,k
R

(t)dt
⎭
⎪
⎬

⎪
⎫

, 

(6) 

where R – the interval for determining the function f(t) of the signal; aj,k, dj,k  – the coefficients of 
approximation and detailing of the discrete wavelet decomposition of the signal, respectively; φj,k , ψj,k 
– father and mother wavelets, respectively; j, k – he current level of the wavelet decomposition and 
the ordinal number of the wavelet coefficient in the wavelet decomposition of the signal, respectively.  

In calculations, instead of integrating (6), Mull's pyramidal algorithm is used to eliminate 
methodological errors associated with quadrature formulas [23]. The approximating coefficients are 
set at the conditionally zero level jo, j0,k, k=1,…N, where N=2m, m>1. Accuracy was assessed using 
the predictive regression metrics method and an uncertainty matrix. 

Next, approximating aj0+1,k  and detailing dj0+1,k  coefficients are calculated, and from aj0+1,k 
вычисляют aj0+1,2 k , dj0+1,2 k and so on. In the presence of noise with zero mathematical expectation 
and standard deviation, the set of coefficients enclosed in arrays array ({}) for the maximum 
decomposition level J will take the form of the formula: 

�a�j,k�, �d�2,k�, … , �d�j,k�… �d�j,k�, k = 1,2, …
N
2j

, j = 1 … J, (7) 

The set of nested arrays (7) is transformed into a 1D list using the special flatten function [24]: 

�a�j,k, d�2,k, … d�j,k … d�j,k�, k = 1,2, …
N
2j

, j = 1 … J, (8) 

3.4  Noise Reduction by Limiting Detail Factors 

The filtered signal is determined from the relation [25]: 

f̂(x) = � a�j+j,0,kφj+j0,k(t) + ���F(λi)d�j+j0,kψj+j0,k(t)�
k

,
j

j=1

 
(9) 

where F(λj) – threshold function from the list garotte, garrote, greater, hard, less, soft, for example, 
hard(λj), λj – threshold at the j decomposition level; φj+j0,k

(t),ψj+j0,k(t) – the “father” and “mother” 
wavelets, respectively [25]. The universal threshold λj is determined from the relation [25]: 

σ =
median��d1,k��

0,6742
,

λjuniv = σ�2lnNj,
⎭
⎪
⎬

⎪
⎫

 

(10) 

where λj
univ – universal threshold; Nj – he number of detail coefficients d1,k at the j decomposition 

level; median(│d1,k│)– median from the array of detail coefficients. 
A common threshold can be used as the average of λj

univ or both series (4): 

λX = λY =
1
n
�λi,

N

i=1

 
(11) 

The universal threshold λjuniv = σ�2lnNj of limiting the wavelet coefficients of the spectrum 
depends on the dispersion and the number of wavelet coefficients of detail, therefore, when analyzing 
discrete spectra, it is an essential characteristic of high-frequency noise. 

Depending on the nature of the signal, additional mathematical processing can be applied to 
discrete wavelet coefficients [25]. 

4. Regression Analysis of Real Data Based 

Applying the proposed model of the method of regression analysis of discrete spectra, it is possible 



to clearly identify the date 2004-02-19 06:12:39 of a possible defect for the B3 device (Figure 1). 
Identification occurs both by the number of accumulated maxima - 10 exceeding the threshold of 0.5 
correlation proximity, and by the maximum value. 

 

Figure 1: Autoregression of discrete wavelet spectra obtained from relations (4), (5) with filtering by 
a common threshold (11) 

5. Coherent analysis of real data based on the developed mathematical 
model 

The analysis shows that the proximity of the autocoherence of the spectra is the highest - unity for 
the B3 device and a minimum of autocoherence. Thus, the loss of stationarity is achieved on 2004-02-
19 06:12:39 (Figure 2). Not despite the fact that the number of peaks -91 is less than that of the device 
B2. 

 
Figure 2: Autocoherence of discrete wavelet spectra obtained by relations (1), (2), (3), (4), (5) with 
common threshold filtering (11) 



6. Using the Mahalanobis algorithm to analyze discrete wavelet spectra  

To detect signal anomalies, we use zero-crossing analysis, which has practically not been used in 
relation to discrete wavelet spectra. This approach is designed to detect chirp and non-linear chirp 
crossover signals. These include the average value of the derivative, the zero crossing frequency, and 
the average transition rate of a given signal amplitude [25]. Combined with noise filtering and 
Mahalanobis proximity analysis, zero-crossing analysis shows better machine learning results than 
neural networks and other classification and recognition anomaly detection methods. 

Features of the Mahalanobis algorithm consist in the use of a covariance matrix according to the 
relation [26]: 

DM(x�) = �(x� − μ�x)TS−1�y� − μ�y�, 
(12) 

where x�, y� – multidimensional series of wavelet coefficients; μ𝑋𝑋����,μ𝑌𝑌��� – mathematical expectations; S– 
he covariance matrix. 

The covariance matrix S and its inverse matrix are symmetric and positive definite. Therefore, the 
transformation of the spectral series of wavelet coefficients from multidimensional to one-
dimensional is not required. At the same time, wavelet decomposition into levels during filtering and 
zero-crossing dramatically increase the number of identification features. The increase in the number 
of features only due to zero-crossing and filtering can be seen by comparing the graphs of the training 
sets (Figure 3). 

 
Figure 3: Graph of the training set signals in the trouble-free period of operation without the use of 
wavelet noise filtering and zero-crossing 

 
From the graph (Figure 4) it follows that the method of regression analysis of discrete spectra 

clearly identifies the date 2004-02-19 06:12:39 of a possible defect for device B3 both by the number 
of accumulated maxima– 10 exceeding the threshold of 0.5 correlation closeness, and by the 
maximum value. 

 
Figure 4: Graph of the training set signals in the trouble-free period of operation using wavelet 
noise filtering and zero-crossing 



The graphs of test set signals also have a significant difference (Figure 5, Figure 6). 

 
Figure 5: Graph of test set signals during detection of anomalies or emergency conditions without 
wavelet noise filtering and zero crossing 

 
Figure 6: Graph of test set signals in the period of detection of anomalies or emergency conditions 
after wavelet filtering of noise and zero crossing 

 
When determining anomalies using the described approach, a clear identification of signs of 

anomalies and emergency conditions of the object is observed, as evidenced by a strong oscillation of 
the Mahalanobis distance in the threshold zone (Figure 7, Figure 8). 

 

 
Figure 7: Changing the Mahalanobis distance in the threshold zone without signal processing 



 

Figure 8: Changing the Mahalanobis distance in the threshold zone using Filtering Wavelet and Zero 
Crossing 

7. The Results of the Classifier Using the Machine Learning Method  

To test the proposed method for classifying state signals using the obtained features, the classifiers 
described by the following algorithms were studied: gradient method, linear (SVM), logistic 
regression, nearest neighbors, decision tree (Table 1) on the resulting computer model. 

The previously obtained wavelet data analysis model was used for machine learning with the 
gradient method signal classifier (as the most commonly used). Time series of wavelet coefficients 
db38 of cosine proximity (autocoherent proximity) were taken as features. The results of machine 
learning of the model confirm the effectiveness of the proposed algorithm (Table 1). 

To confirm the effectiveness of the developed method for classifying noisy signals using the 
machine learning method, we will process the same signal without using the established signs of state 
classification (Figure 9, a) and using the developed classifier (Figure 9, b). 
 
Table 1  
Efficiency of application of algorithms for machine learning of classifiers 
№ Algorithm 

name 
Accuracy on the training 

sample at the level of 
detail 

Accuracy on the test 
sample at the level of 

detail 

Studying time 
with varying degrees of 

detail 
0 0,3 0,4 0 0,3 0,4 0 0,3 0,4 

1 logistic 
regression 

 
0,949 

 
0,934 

 
0,916 

 
0,912 

 
0,907 

 
0,920 

 
0,148 

 
0,016 

 
0,023 

2 linear 
(SVM) 

 
1,000 

 
1,000 

 
0,996 

 
0,910 

 
0,904 

 
0,926 

 
0,083 

 
0,057 

 
0,041 

3 nearest 
neighbors 

 
0,931 

 
0,938 

 
0,916 

 
0,899 

 
0,900 

 
0,916 

 
0,045 

 
0,003 
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0,024 
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a b 
Figure 9: Comparative analysis of the results of signal processing without (a) and with (b) the use of 
the developed method for classifying state signals 
 

The use of noise filtering with its own time-dependent universal threshold makes it possible to 
increase the accuracy of predicting the occurrence of object defects. 

8. Conclusions 

1. A new method for classifying noisy signals using machine learning has been developed. 
Proposed method for processing noisy signals that combines noise filtering and Mahalanobis 
proximity analysis. The essence of the method lies in the following: the data obtained after 
mathematical processing for all frequency subranges of the signal and a given moment of time 
constitute time series, filtering each series from noise with its own, time-dependent, universal 
threshold. The time series filtered in this way are used as input signals to the machine learning 
classifier and characterize the change in the state of the control object over time. The use of this 
classifier implements pre-processing of the signal in order to eliminate noise and allows you to 
highlight the signs of inoperable states of devices in dynamics. 

2. The list of used functions for processing wavelet spectra has been extended with two more ones: 
by cosine proximity of the autocoherence spectra of discrete wavelet spectra and by the cosine 
proximity function of wavelet spectra of signals following one after another in time. The possibility of 
using these functions as classification features for identifying possible anomalous states of devices 
has been confirmed. 

3. A new criterion for classifying the loss of uptime is based on the presence of local minima 
depending on the sum of squares of the wavelet detailing coefficients at the level of the wavelet 
decomposition. 

4. The developed classification method was tested using a computational experiment on a known 
data set obtained using an accelerometer, all stages of the classification of an object's inoperable state 
signal are shown. The obtained results of machine learning using the signal classifier gradient method 
confirm the effectiveness of the application of new signs of signal classification in wavelet analysis 
(the accuracy on the test set was 0.96). 
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Abstract 
This article discusses methods that allow controlling, diagnosing and correcting errors that 
occur in a computer system (CS) operating in a modular number system (MNS). A feature of 
using the MNS is the possibility, in some cases, of correcting errors even if there is only one 
control base, using the concept of an alternative set of numbers. The article deals with the 
control, diagnostics and error correction in the dynamics of the data processing process. 
Currently, to correct errors in the dynamics of the computational process, the CS uses the 
projection method and its modifications. The projection method requires the calculation of all 
projections 

iA  of the distorted number A , which leads to a large number of additional 
operations for each correction of an individual result. The article discusses a method for 
correcting errors in the CS, based on the use of a conditional alternative set of numbers in the 
MNS. Two methods for determining an alternative set ( )W A  are considered. The 
disadvantage of the first method is the large hardware and time costs for determining an 
alternative set of numbers. As a working method, the second method is proposed, in which 
the initial number A  is first reduced to the form ( )

1(0,0,...0, )γ += Z
nA , i.e. the operation of 

zeroing the initial number A  is performed. Examples of specific execution of modular 
operations for a given MNS are considered. 
 
Keywords1 
Alternative set, corrective modular code, error correction, information processing cycle, 
modular number system, non-positional code structure, projection method, zeroing process. 

1. Introduction 

One of the promising areas for ensuring the fault-tolerance of CSs is the widespread use of 
corrective codes that can detect and correct errors that occur in the dynamics of the data processing 
process. A characteristic feature of such codes is the presence in the construction structure of 
corrective codes of interdependent parts: informational and control. The analysis of known positional 
codes showed that these parts of the code are not equal in relation to arithmetic operations. The non-
arithmetic nature of the procedures for obtaining the check digits of the corrective code doesn’t allow 
controlling the results of performing arithmetic operations [1-4]. Thus, it is obvious that the use of 
positional corrective codes when implementing arithmetic operations in a CS operating in a positional 
number system (PSN) is impossible. 

Non-positional codes, in particular, codes in the modular number system (MNS), are deprived of 
this drawback. A number of works, both domestic and foreign, are devoted to the construction of 
corrective modular codes [5-7]. The equality of residues in the structure of the correcting code in the 
MNS is the basis for constructing codes capable of detecting and correcting errors in the process of 
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implementing modular operations. In addition, this property of modular codes serves as the basis for 
the implementation of exchange operations between the accuracy, fault tolerance and speed of the 
implementation of arithmetic operations in the dynamics of the computational process of the CSs. 
This is due, first of all, to the fact that each residue of the modular code carries information about the 
entire original number [8]. Then, by varying the number of information and control bases of the MNS, 
it is possible to achieve the required values of the main indicators of the quality of the functioning of 
the CSs. One of the promising directions for ensuring the fault tolerance of the CSs is the widespread 
use of codes capable of detecting and correcting errors that occur in the dynamics of the data 
processing process. A characteristic feature of such codes is the presence in the structure of the 
corrective code of two interdependent parts: informational and control [9]. 

The specificity of the representation of numbers in the MNS allows [10], in a number of cases, not 
only to detect an error, but also to find the place of its occurrence, using only a single control base, 
which is impossible with existing methods for monitoring and correcting errors in the MNS. In some 
cases, it is possible to carry out error correction with a minimum code distance min 2=d  either by the 
projection method or by using the concept of an alternative set (AS) of numbers.  

The projection method requires the calculation of all projections 
iA  of the distorted number A , 

which leads to a large number of additional operations for each correction of an individual result. 
Hardware and especially software implementation of the projection method leads to a large 
expenditure of time. In addition, this method fundamentally doesn’t allow unambiguous detection of 
the place of occurrence of any single errors, i.e. errors in one of the residues of a non-positional code 
structure in the MNS. 

Much more effective is the method developed and researched further for correcting errors in the 
CSs, based on the use of a conditional alternative set (CAS) of numbers in the MNS. 

2. Development and research of methods for monitoring, diagnosing and 
correcting errors in CS based on the use of an alternative and conditional 
alternative set of numbers  

A distinctive feature of the MNS is the possibility, in some cases, of correcting errors even if there 
is only one control base, using the concept of an alternative set of numbers [5]. 

The set of bases: 
1 2
, ,...

ki i im m m  on which the numbers 1 2, ,..., kA A A  differ from the wrong 

(distorted) number A , this is called an alternate number set of the number 1 2, ,..., kA A A  and denote it 

as { }1 2
( ) , ,...,

ki i iW A m m m= . The basic principle of determining the erroneous residue ia  is that for the 

set of incorrect (distorted) numbers 1 2, ,..., ρ
  A A A  obtained as a result of operations, during the 

execution of the program, CASs are determined sequentially in time: 
1 2( ) ( ) ( ) ... ( )W A W A W A W Aρ∧ = ∧ ∧ ∧     (1) 

where { }1 2
( ) , ,...,l l l lW A m m m

ρ
=  – alternative set of l-th wrong (distorted) number. 

Let’s consider the error correction time in the dynamics of the information processing process of 
the CS. It is known that the correction time is determined by the following expression: 

= +cor det fixT T T  (2) 

where detT  – errors detection time; fixT  – errors fix time. 
For MNS, the error detection time in the dynamics of the data processing process is determined by 

the following expression: 

11 2 3AS CASndet det det detT k T k T k T
γ +

= ⋅ + ⋅ + ⋅  (3) 
where 

1ndetT
γ +

 – time to determine and check the value of 1γ +n ; 

1γ +n  – the value of the residue of the number A  to the base 1nm +  during the zeroing process; 



ASdetT  – time of determination and verification of AS ( )W A ; 

CASdetT  – time of determination and verification of CAS ( )∧
W A ; 

1 2 3, ,k k k  – multiplicity factors for determining, respectively, the processes of zeroing numbers ( ( ) ZA ), 
the number of operations to determine the AS of numbers ( ( )W A ) and the number of operations to 
determine the CAS of numbers ( ( )∧

W A ). 
Thus, the error correction time in the dynamics of the information processing process in the MNS 

is determined by the final expression: 

11 2 3AS CASncor det det det fixT k T k T k T T
γ +

= ⋅ + ⋅ + ⋅ +  (4) 
Taking into account the fact that the operation of determining AS, CAS and fix (correction) errors 

in the MNS can be performed in a tabular version, i.e. in one cycle, get that: 
≈ ⋅cor ZT k T  (5) 

where k  – number of stages of AS determination; 
ZT  – zeroing time, which is necessary to convert the original number 1 2 1( , ,..., , )n nA a a a a +=  into a 

number of the form ( )
1(0,0,...0, )Z

nA γ += . 
It can be seen from the last expression that there are two main ways to reduce the error correction 

time corT . The first way is to reduce the number of stages k  in determining AS. This is achieved 
through the use of the developed error correction methods in the MNS [9]. The second way is to 
reduce the zeroing time ZT . This can be achieved by using the method of pairwise zeroing of numbers 
with a preliminary sample of digits [11]. 

Let’s consider the necessary and sufficient condition for error correction in the dynamics of the 
computational data processing process. 

On Figure 1 schematically shows the contraction (pull together) process of the AS of numbers in 
the process of processing CS information, where: 
∆ it  – the duration of the implementation of the i-th operation of the information processing cycle; 
S  – the number of the operations in the considered information processing cycle; 
′S  – the number of the operation in the CS information processing cycle, at which the presence of 

errors is recorded; 
0t  – start time of the information processing cycle; 

kt  – end time of the information processing cycle; 
∆

iASt  – the duration of the determination of the AS of the i-th number to be checked; 

∧∆
i

t  – the duration of the determination of the i-th CAS; 
′t  – the moment of time of the error detection; 
∆∆

i
t  – the duration of time from the end of finding the i-th CAS to the start of determining the next 

AS; 
∆ dett  – the error detection time; 
k  – the number of numbers to be checked (the number of stages in determining the AS). 

Let in the process of monitoring the processing of information by the CS at time ′t , a distortion of 
the number A  is detected. In this case, the information processing process is not interrupted, and for 
the distorted number for the period 

1
∆ ASt , AS 1( )W A  is determined. After determining 1( )W A , after a 

period of time 
1∆

∆t , AS 2( )W A  is determined, where: 2
A  – the result of the operation of the next 

cycle of information processing of the CS. After that, the CAS 1 2( ) ( ) ( )∧ = ∧  W A W A W A  is 
determined. If ( ) 2≤W A , then finding the AS stops. When ( ) 2>W A  the process of finding CAS 
continues. At the end of the information processing cycle ( = kt t ), on the basis of the received AS 

( ) 2≤W A , the result is corrected. 



 
Figure 1: Error control and correction scheme in the MNS 

 
In order to perform AS ( )W A  contraction to an erroneous base, it is necessary that the error 

detection time ∆ dett  be no more than the time from the moment the error was detected to the end of 
the AS information processing cycle, i.e. 

′∆ ≤ ∆det ct t  (6) 
where ′∆ ct  – time from the moment the error was detected to the end of the AS information 
processing cycle. 

The error detection time is determined according to the expression: 
1 1

1 1 1

− −

∧ ∆
= = =

∆ = ∆ + ∆ + ∆∑ ∑ ∑i i i

k k k

det AS
i i i

t t t t
 

(7) 

The time from the moment of error detection to the end of the AS information processing cycle is 
determined according to the expression: 

′=

′ ′∆ = − = ∆∑
S

c k i
i S

t t t t  (8) 

Condition (6) is necessary and sufficient for ( ) 2≤W A . 
Thus, when correcting errors in the dynamics of the information processing process, it is assumed 

that the implemented chain of operations has a sufficient length to allow the CAS to be pulled to one 
erroneous base. 

There are three options for error correction. 
1. In the course of information processing, the СAS are sequentially determined and, over time 

∆ dett , are pulled together to an erroneous base. 
2. For the first AS, a certain hypothesis about the number of the distorted residue is accepted. The 

result is corrected until the fact of the erroneousness of the accepted hypothesis is discovered. In this 
case, it is necessary to move on to another hypothesis, and so on before the discovery of a distorted 
residue. 



3. The third option consists of a synthesis of the first and second. The CAS of the numbers 
obtained as the information processing program is implemented up to their contraction (pull together) 
in the number A  to two bases im  and 1+nm  are determined. Further, the hypothesis of the error of the 
residue ia  is accepted and its correction is carried out. If the hypothesis turns out to be untenable, 
then the residue 1+na  will be wrong. 

Thus, with any existing version of error correction in the dynamics of the information processing 
process, it becomes necessary to determine the AS, i.e. the effectiveness of any of the possible options 
for correcting errors depends on the method of determining the alternative set of numbers [12]. 

As a rule, the duration of the information processing cycle, for solving this algorithm, is a constant 
value 0− =kt t const . In this regard, to strengthen the fulfillment of condition (6), it is necessary to 
strive to reduce the time ∆ dett . This can be achieved by performing the following operations. 

1. Creation at the beginning of the information processing cycle of complicated modes of 
operation of the CS [13], which can lead to a shift of the time axis (error detection time) to the left to 

0t . In other words, the error is detected almost immediately after the start of the information 
processing cycle. However, this path does not guarantee high reliability of error detection at the 
beginning of the data processing cycle. 

2. Reducing the time 
1

1

−

∆
=

∆∑ i

k

i
t  as a result of splitting the operations of the information processing 

cycle into shorter ones. However, in most cases, splitting operations is either impossible or 
impractical. 

3. Reducing the time 
1

1

−

∧
=

∆∑ i

k

i
t  as a result of the acceleration of the process of logical multiplication 

1( ) ( )+∧ 
i iW A W A . As a rule, the СAS definition block is built according to the tabular principle. The 

result of the operation is determined in one clock cycle of the CS. 

4. Reducing the time 
1=
∆∑ i

k

AS
i

t  as a result of increasing the performance of the zeroing 

operation [14]. 
5. A decrease in the number k  of the numbers to be checked as a result of an increase in the 

information content ( )W A , i.e. reduction in the AS of the number of bases on which an error is 
possible. 

Thus, studies are necessary and relevant for the development of effective methods for determining 
AS, which will increase the information content of ( )W A , which reduces the error correction time in 
the MNS. 

3. Methods for determining an alternative set of numbers 

Let’s consider two methods for determining AS ( )W A .  

The first method is that AS ( )W A  is established by checking each of the bases ( 1,  1)= +im i n  as 
follows. A sequence of numbers is determined that has the same digits in all bases as the number A , 
except for the base ρm , differing only in digits in this base, i.e. numbers of the form: 

1 2 1 1 1( , ,... , , , )ρ ρ ρ− + +=
S nA a a a s a a  (9) 

where (1,  1)ρ= −s m . 
Among the numbers of the form (9) there may not be a single correct number, or there may be 

only one correct number. In the latter case, ρm  enters the AS of the number A . Having carried out 

similar checks for each of the bases of the MNS, should determine { }1 2
( ) , ,...,

ki i iW A m m m= . 

The disadvantage of the first method is the large hardware and time costs for determining the AS. 



In the second method, the number A  is reduced to the form ( )
1(0,0,...0, )γ += Z

nA  i.e. the so-called 
operation of zeroing the number A  is performed. In accordance with the error distribution theorem, 
the number of the interval ( 1)+j , in which the number A  falls, is determined by the expression: 

*1
1modi i n

n
i

a m mj m
m

+
+

 ∆ ⋅ ⋅
= + ∆ 
 

 (10) 

where ∆ ia  – the value of a possible error in base im ; 

im  – weight of the orthogonal basis iB ; 

[ ]x – the integer part of the number x , not exceeding the value of x . 
*∆  – takes the value 0 or 1. 

In accordance with expression (10), a table of values of the correspondence of the number 1γ +n  to 
possible errors ∆ ia  is compiled, where 1 1 1( )modn n nj m mγ + + += ⋅ . The desired AS is determined from 
the correspondence table. 

4. Method of time numerical sections 

The considered second method for determining an alternative set of numbers is called the method 
of time numerical sections, and in comparison with the first method, it allows to reduce hardware and 
time costs in determining the AS, however, the disadvantage of the second method is that the AS may 
contain redundant bases. This is due to the fact that the values of 1γ +n  correspond to errors ∆ ia  
related not only to the distorted number A , but also to the group of numbers 

kA  lying in the interval 

1 1

1 1

, ( 1)
+ +

 
+ 

 n n

M Mj j
m m , where 

1

1
1

+

=

=∏
n

i
i

M m  – the full range (including control base 1nm + ) of numbers 

represented in the MNS. Excessive bases contained in AS reduce the information content of ( )W A . 
Indeed, with an increase in the number of bases in the AS, the entropy of error detection in one of 

the bases of the MNS increases. An increase in the entropy of determining the erroneous base m1 
increases the number k  of the numbers to be checked (check cycles), and this, in turn, increases the 
time of contraction (pull together) of the AS to the erroneous base. This method cannot be effectively 
applied in a short chain of CS data processing. Thus, there is a need to develop procedures for 
determining the AS, with the help of which it is possible to effectively correct errors in a fairly short 
chain of the information processing process in the CS. Let us consider the procedure for increasing 
the information content of the AS in the MNS, based on obtaining additional information about the 
possible distorted residues of the wrong number A . This information is contained in all possible ASs 
of number A . 

Let MNS be given by ordered bases 1 1,..., +nm m  and let the wrong number A  be determined in the 
process of information processing. To increase the information content about the location and 
magnitude of the error [15], it is proposed to additionally determine the AS of number of the form 

{ }1 2
( ) , ,...,

i i
k k k kW A m m m
ρ ρ

= , i.e. set of AS of the form: 

{ }1 21 1
1 1 1 1( ) , ,...,W A m m m
ρ ρ

=
  

{ }1 22 2
2 2 2 2( ) , ,...,

                     ...

W A m m m
ρ ρ

=
 (11) 

{ }1 21 1
1 1 1 1( ) , ,...,

n n
n n n nW A m m m

ρ ρ+ +
+ + + +=

  

To determine the set of values (11), first should calculate the number of the interval kj  
 ( 1,  1)k n= +  where the number A  hits: 



( )modk k k kj m mγ= ⋅  (12) 
Note that for 1= +k n  the equality 

1
1 ( ) ( )
ρ +

+ = 
n

nW A W A  is satisfied. In accordance with expression 

(12), let’s compile k  tables, where the values of γ k  are compared to the value of ∆ ia . After ASs 
( )

ρ


i

kW A , which called primary, are determined, define secondary ASs in the form of vectors, the 

components of which are possible error values ∆ ia  of the form: 1 (1) (1) (1)
1 1 2 1( ) { , ,..., }+= ∆ ∆ ∆

nW A a a a , …, 
1 1 1 1( ) ( ) ( ) ( )

1 1 2 1( ) { , ,..., }ϕ ϕ ϕ ϕ
+= ∆ ∆ ∆

nW A a a a , 2 (2) (2) (2)
2 1 2 1( ) { , ,..., }+= ∆ ∆ ∆

nW A a a a , …, 2 2 2( ) ( ) ( )
2 1 2( ) { , ,ϕ ϕ ϕ= ∆ ∆W A a a  

( 2)
1..., }ϕ
+∆ na  and so on up to the value of vectors of the form: ( ) ( ) ( ) ( )

1 2 1( ) { , ,..., }ϕ ϕ ϕ ϕ
+= ∆ ∆ ∆n n n n

n nW A a a a  and 
vector 1 1( ) ( 1) ( ) ( 1)

1 1 2 1( ) { , ,..., }n n n n
n nW A a a aϕ ϕ ϕ ϕ+ ++ +
+ += ∆ ∆ ∆ . 

The components of vector 1( )
1 ( )n

nW Aϕ +
+

  are compared with the corresponding components of all 

vectors ( ) ( )ϕ i
iW A  for 1,  =i n . In the components of the vectors coinciding in magnitude, the MNS 

bases are determined, the set of which will determine the desired (resulting) AS of the form:
 { }1 2

( ) , ,...,z z zW A m m m
ρ

′ = . The AS ( )
ρ


i

kW A  always contains the base im , on which the error ∆ ia  

occurred, and this base can only be among the bases common to the set (11), i.e.: 
( ) ( )′≥ W A W A  (13) 

where ( )′ W A  – desired (resulting) AS. 
If ∆ ia  is such that the number A A A= + ∆  (where (0,0,..., ,0,...,0)iA a∆ = ∆  is a single error) lies 

in the interval [ ]1 1( 1) ,+ −nm M M , where 
1

n

i
i

M m
=

=∏  – the operating range of numbers represented in 

the MNS, then: 
( ) ( )′= W A W A  (14) 

Thus, the essence of the proposed procedure lies in the fact that all possible AS are determined on 
each of the intervals where the numbers A  hit. After that, the common bases 

1
,...,z zm m

ρ
 for these 

intervals are determined, on which an error is possible. This set of bases determines the desired AS. 
Reducing the number of bases in AS increases the information content of AS ( )W A  about the place 
and magnitude of the error. This reduces the time of AS contraction to an erroneous base (reduces the 
number of stages for determining the CAS), which increases the efficiency of corrective codes in the 
MNS. The block diagram of the process of contraction of the AS to the erroneous base is shown in 
Figure 2. It is advisable to consider the block diagram of the process of contraction of the AS. 
Determining the number of the hit interval ( 1)+j  (under the influence of the error ∆ ia ) of the 

distorted number A  is equivalent to shifting this number in the interval 1 1, ( 1)
i i

M Mj j
m m

 
+ 

 
 to the left 

to the value 1

i

Mj
m

. Let’s divide the numerical segment [ ]10,M  into the corresponding intervals with 

duration: 1 1 1

1 2 1

, ,...
+n

M M M
m m m

. Let’s determine the numbers of intervals ( 1)+j  in which the number A  is 

located on each of the numerical segments: 

1

1

1 1
1 1

1 1

1 1
1 1

1 1

      , ( 1)

                           ...

, ( 1)
+ + +

+ +

 
= + 
 

 
= + 
 

n

j

j n n
n n

M MT j j
m m

M MT j j
m m

 (15) 

 



 
Figure 2: Structural diagram of the AS contraction (pull together) process 

 
The definition of primary AS (11) corresponds to the definition the numbers of intervals (15). The 

definition of the secondary AS, geometrically corresponds to the definition of the interval [ )1 2,z z , 

where 1
1 max= ∈ i

i

Mz j
m

. And 1
2 min ( 1)= ∈ +i

i

Mz j
m

, i.e. the desired interval is defined as the 

intersection of the sets of intervals (15) 
1 2 1( ) ...

+′ = ∧ ∧ ∧ nj j jW AT T T T . It’s obvious that:  

1
2 1

1+

− =
n

Mz z
M

 (16) 

Condition (16) is equivalent to condition (13). If the error translates the number A  into the 
interval [ )1 1( 1) ,+ −nm M M , then: 

1
2 1

1+

− = =
n

Mz z M
M

 (17) 

Condition (17) is equivalent to condition (14). 
The presented structural diagram (Figure 2) of the AS contraction (pull together) process confirms 

the correctness of the mathematical description and more clearly demonstrates the essence of the 
procedure for increasing the information content of the AS – narrowing the interval for getting the 
distorted number A . 

Consider an example of determining the AS of number A  in accordance with the developed 
procedure. Let the MNS be given by the bases 1 2 32,  3,  5= = =m m m . Table 1 shows the code words 
of this MNS. Thus 1 32 3 6,  5 6 5 30,= ⋅ = = ⋅ = ⋅ = ⋅ =M M M m M  1 3 5,+ = =nm m  (0,2,2)А =  according 
to Table 1 this number in the positional number system is 2, let equals (0,2,0)∆ =А  according to 
Table 1 this number in the positional number system is 20. Let, under the influence of a single error 



(0,0,..., ,...,0)∆ = ∆ iА a , based on the i-th base 2( 2)∆ = ∆ =ia a  received number 

(0,1,2)A A А= + ∆ = .  
To determine the set of primary AS, first determine the values of kγ . To do this, let’s zeroing of 

the number A  in accordance with the tables of zeroing constants (see Tables 2-4), obtain the values 
1 2 31,  1,  2γ γ γ= = = . 

The set of primary AS is defined as: { }
1

1 2 3( ) , ,
ρ

=W A m m  { }
2

2 1 3( ) , ,
ρ

=W A m m  

{ }
33 1 2 3( ) , ,

ρ
=W A m m m . 

From Table 5-7, compiled according to the values kγ , determine the set of secondary AS: for 

3 2γ =  has that { }(1)
3 ( ) 1,1,2 ;W A =  for 2 1γ =  has that { }(1)

2 ( ) 1,0,2 , =W A  { }(2)
2 ( ) 0,0,3 ;=W A  for 

1 1γ = { }(1)
1 ( ) 0,2,3 ,=W A  { }(2)

1 ( ) 0,0,4=W A . 
 
Table 1 
Table of code words in the MNS 

A  1m  2m  3m  A  1m  2m  3m  

0 0 0 0 15 1 0 0 
1 1 1 1 16 0 1 1 
2 0 2 2 17 1 2 2 
3 1 0 3 18 0 0 3 
4 0 1 4 19 1 1 4 
5 1 2 0 20 0 2 0 
6 0 0 1 21 1 0 1 
7 1 1 2 22 0 1 2 
8 0 2 3 23 1 2 3 
9 1 0 4 24 0 0 4 

10 0 1 0 25 1 1 0 
11 1 2 1 26 0 2 1 
12 0 0 2 27 1 0 2 
13 1 1 3 28 0 1 3 
14 0 2 4 29 1 2 4 

 
Table 2 
Table of zeroing constants 

1m  2m  
(1, 1, 1) (0, 1, 4) 

 (0, 2, 2) 
 
Table 3 
Table of zeroing constants 

1m  3m  
(1, 1, 1) (0, 0, 1) 

 (0, 2, 2) 
 (0, 0, 3) 
 (0, 1, 4) 

 
 



Table 4 
Table of zeroing constants 

2m  3m  
(0, 1, 0) (1, 0, 3) 
(1, 2, 0) (0, 2, 2) 

 (1, 1, 1) 
 
Table 5 
Table of zeroing constants of the secondary AS 

3γ  Errors ( )i
iW ϕ  

0 no – 

1 2

3

1,
1

a
a
=
=




 (1)

3 ( ) 0,1,1W A =  

2 
1

2

3

1,
1,
2

a
a
a

=
=
=







 (1)
3 ( ) 1,1,2W A =  

3 
1

2

3

1,
2,
3

a
a
a

=
=
=







 (1)
3 ( ) 1,2,3W A =  

4 2

3

2,
4

a
a
=
=




 (1)

3 ( ) 0,2,4W A =  

 
Table 6 
Table of zeroing constants of the secondary AS 

2γ  Errors ( )i
iW ϕ  

0 3 1a =  (1)
2 ( ) {0,0,1}W A =  

1 
1

2

3

1,
1,
1

a
a
a

=
=
=







 
(1)

2

(2)
2

( ) {1,0,2},

( ) {0,0,3}

W A

W A

=

=




 

2 3 4a =  (1)
2 ( ) {0,0,4}W A =  

 
Table 7 
Table of zeroing constants of the secondary AS 

1γ  Errors ( )i
iW ϕ  

0 1

2

3

1,
2,
1

a
a
a

=
=
=







 
(1)

1

(2)
1

( ) {0,0,1},

( ) {0,0,2}

W A

W A

=

=




 

1 2

3

2,
3

a
a
=
=




 

(1)
1

(2)
1

( ) {0,2,3},

( ) {0,0,4}

W A

W A

=

=




 

 
It is convenient to implement the choice of common MNS bases in the form of tables (see 

Tables 8-11), where the “+” sign indicates the coincidence of the components of the secondary AS, 
and the “-” sign indicates a mismatch. From Tables 8-11 it can be seen that the components of the 
vectors coincide in the bases 1 3,  m m , i.e. the desired AS has the form { }1 3( ) ,′ =W A m m . Thus, 



( ) ( )′≥ W A W A . Therefore, the described procedure is guaranteed to increase information about the 
location of the error in number A . 

In geometric interpretation, this procedure, for a given MNS, will be implemented as follows 
(Figure 3). Let’s divide the segment [ )0,30  into the corresponding numerical intervals [ )15,30 , 

[ )10,20  and [ )12,18 . Determine the numbers of intervals in which the number (0,1,2)A =  is located: 
[ )

1
15,30 ,=jT  [ )

2
10,20 ,=jT  [ )

3
12,18=jT . The desired interval is determined as follows 

[ )( ) 15,18′ =W AT . 

The interval 
( )′ W AT  is reduced compared to 

3j
T  by three units (by 50%), which leads to a reduction 

in the number of possible error options. This procedure is most effectively used in a chain of 
calculations that doesn’t allow all the planned procedures to be carried out before the AS is contracted 
(pulled together) to an erroneous base, i.e. in a long chain of data processing CS [16-18]. 

Consider the procedure for probabilistic evaluation of the choice of the working hypothesis about 
the fallacy of the residue on an arbitrary i-th base. To do this, it is advisable to determine the 
relationship between the reduced error distribution coefficient 1( )ξ γ +=

ik nF  and the value of 1γ +n . 
The reduced distribution coefficient of errors will be the ratio of the number of possible errors on 

the basis of km  in the i-th interval to the number of possible errors of the number A  in the entire 
range [ )10,M . It is numerically equal to the share of errors in the i-th interval according to the k-th 
base of the MNS. 

 
Table 8 
Table of zeroing constants 

1m  2m  3m  
1 1 2 
1 0 2 
+ - + 

 
Table 9 
Table of zeroing constants 

1m  2m  3m  
1 1 2 
0 0 3 
- - - 

Table 10 
Table of zeroing constants 

1m  2m  3m  
1 1 2 
0 2 3 
- - - 

 
Table 11 
Table of zeroing constants 

1m  2m  3m  
1 1 2 
0 0 4 
- - - 

 



 
Figure 3: Selection scheme of time interval 

 
When calculating ξ

ik , it is necessary to consider the distribution of errors on the intervals 

[ ), ( 1)+jM j M  for 11,2,..., 1+= −nj m . Based on the distribution, a table of values is compiled, 
according to which histograms n  are built 1( )ξ γ +=

ik nF . The criterion for choosing a working 
hypothesis about the error of the residue based on zm  is the maximum value of the reduced error 
distribution coefficient, i.e.:  

formax,   ξ = =
iz i const  (18) 

Let’s compose an algorithm for determining an erroneous base when implementing the procedure 
for probabilistic evaluation of the choice of a working hypothesis. 

1. The distorted number A  zeroable out. Getting the value of ( )
1(0,0,...0, )γ += Z

nA . 
2. According to the value of 1γ +n , determine AS { }1 2

( ) , ,...
ρ

=
l l lW A m m m . 

3. By the value of 1γ +n , let’s turn to the tables (histograms) 1( )ξ γ +=
ik nF . In the i-th interval 

1 1 1( ( )mod )γ + + += ⋅n n ni m m , the largest of the values ξ
iz  is determined. Base zm , for which the value of 

maxξ =
iz  at =i const  is the desired one. Thus, the working hypothesis is that the error is assumed in 

the residue to the base ( )∈ 
zm W A . If it turns out that the hypothesis is erroneous, then as the second 

working hypothesis should choose the base ( )∈ 
im W A , for which ξ ξ<

i ik z , and so on. As a rule, the 
choice of the primary working hypothesis according to the criterion (18) gives a reliable result about 
the location of the error. 

As an example of choosing a working hypothesis, let’s determine the number of the erroneous 
residue for the number (0,1,2)=A  specified in the MNS with bases 1 2 32,  3,  5= = =m m m  

1 3( 5)+ = =nm m . 



1. Zeroing of the number (0,1,2)=A  is performed, get ( ) (0,0,3)= ZA . 
2. According to the value of 1 3 3γ γ+ = =n , an appeal is made to Table 5, where AS 

{ }(1)
3 ( ) 1,2,3=W A  is defined. 
3. Table 12 is compiled for 3( )ξ γ=

ik F , in accordance with the distribution of errors over the 

intervals of the range ( ]10,M  (Figure 4). On Figure 4, the sign ↑ k  shows that the error in the base 

km  translates the correct number A  into the wrong (distorted) number A . For the value 3 3γ =  
(fourth interval), according to the criterion (18), determine 

42 0,3ξ = . 
 

Table 12 
Table of values 3( )

ik
F=ξ γ  

3γ  i  1i
ξ  2i

ξ  3i
ξ  

Working 
hypothesis of 

fallibility 

0 1 0 0 0 - 

1 2 0 0,25 0,75 2 3,m m  

2 3 0,23 0,3 0,47 2 3,m m  

3 4 0,23 0,3 0,47 2 3,m m  

4 5 0 0,25 0,75 2 3,m m  

 

 
Figure 4: Scheme of distribution of errors over intervals of the numerical range [ )0,30  

 



Thus, in that the error is assumed in the residue of the base 2m  (an error in the residue of the 
control base 3m  is not taken into account). Verification confirms the correctness of the choice of 
hypothesis. So (0,1,2) (0,2,0) (0,2,2)A A A= − ∆ = − = , as a result it was received the original number 
(see Table 1, (0,2,2)=A  corresponds to the value of 2 positional number system, which was at the 
beginning). 

The use of a probabilistic estimate makes it possible to reduce the number of check numbers, 
which in turn makes it possible to reduce the error correction time [19]. 

5. Conclusions 

The article considers the process of monitoring, diagnosing and correcting errors in the MNS in 
the dynamics of the computational process of the CS. In some cases, this is possible in the presence of 
a minimum code distance by using the concepts of an alternative set of numbers and a conditional 
alternative set of numbers. A scheme for monitoring and correcting errors in the MNS has been 
developed. The necessary and sufficient condition for error correction in the dynamics of the data 
processing process is formulated and substantiated. When correcting errors in the dynamics of the 
information processing process, it is assumed that the implemented chain of computational operations 
has a sufficient length to allow the CAS to be reduced to one erroneous residue. 

Three variants of error correction are defined. With any existing option for correcting errors in the 
dynamics of the data processing process, it becomes necessary to determine the AS, i.e. the 
effectiveness of any of the possible error correction options depends on the method for determining an 
alternative set of numbers. In this aspect, the article conducted research on the development of 
effective methods for determining the AS, which can increase the information content of the AS, 
which reduces the error correction time in the MNS. The analysis of methods for determining AS 

( )W A  was carried out. 
A procedure has been developed for monitoring and diagnosing errors in the CS based on a 

probabilistic assessment of the choice of a working hypothesis about the error of the residue based on 
the i-th base of the MNS. An algorithm for determining an erroneous base in the implementation of 
the procedure for probabilistic assessment of the choice of a working hypothesis has been 
implemented. This procedure allows, in some cases, to reduce the number of check numbers, which in 
turn reduces the error correction time. 

It is shown that the proposed method for correcting errors in the MNS (the method of time 
numerical sections) makes it possible to simplify the implementation of the process of determining 
AS in the MNS and correct not only multiple errors in one residue, but also, in some cases, multiple 
errors in different residues. This method is most effectively used in a short data processing chain of 
the CS. An example of error correction for a specific MNS given by the bases 1 2 32,  3,  5= = =m m m  
is given. The results of the presented example confirm the main provisions of this article. 
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Abstract 
Thermography has gained popularity in many fields. Since the human eye cannot see the 
thermal spectrum and in low light, thermal image analysis has become an integral part of 
medicine, manufacturing, construction, and other industries. Most thermal cameras produce 
low-resolution images when analyzing the temperature of objects, which complicates the 
process of analyzing original thermogram. Therefore, the problem of improving the quality of 
thermal images is relevant today. With the development of artificial intelligence and deep 
learning technologies, new super-resolution methods are emerging. Such methods can also be 
adapted for thermal image processing. This work examines the performance of modern super-
resolution methods in the thermal vision domain. 
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Machine learning, thermography, deep learning, thermal image, neural network, super-
resolution, image processing, computer vision  

1. Introduction 

At all temperatures above absolute zero, every object emits energy from its surface in the form of a 
spectrum of different wavelengths and intensities. The radiation we call visible light, forms a very small 
part of the electromagnetic spectrum. The infrared or thermal wavelength region extends over the range 
0.7 to 1000 µm [1]. Infrared radiation can carry a lot of useful information about an object that is 
studied. However, it is invisible to the human eye, thus it is important to have special equipment to 
analyze infrared data. 

Infrared thermography (IRT) has a lot of applications in different fields. It is fast and non-invasive 
method of diagnostics that is widely used in medicine to detect abnormal body temperature, to diagnose 
breast cancer, diabetes neuropathy, etc. [2]. It is also used in the architectural and civil engineering 
fields [3]. In manufacturing, for example, a combination of IRT and deep learning helps to detect cracks 
in steel plates [4]. IRT also finds its application in the condition monitoring of electrical equipment 
using machine learning algorithms [5]. Moreover, it can be also used for field phenomics of different 
tree species using unmanned aerial vehicles (UAVs) [6]. 

Despite having a lot of applications in different fields, IRT has its own drawbacks. The main issue 
with thermal imaging is the resolution of the output thermogram. While modern RGB cameras are able 
to produce high-resolution images, the majority of thermal cameras produce images of low spatial 
resolution. Besides, thermal cameras that can produce high-resolution thermograms cost much more 
than regular ones and are not affordable to ordinary users. This creates a need for thermal image super-
resolution methods. 

The goal of Super-Resolution (SR) methods is to recover a high-resolution image from one or more 
low-resolution input images [7]. A high-resolution image provides a higher pixel density and thus more 
detail about the original scene. The need for high-quality images often arises in the field of computer 
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vision to improve the efficiency of pattern recognition and image analysis. SR methods have been 
developing for decades and have come a long way from classical approaches to modern deep learning 
models. 

The purpose of this work is the implementation and analysis of different modern SR methods in the 
thermal image domain. 

2. Related Work 

SR methods can be divided into several groups: interpolation methods, Convolutional Neural 
Networks (CNNs), Generative Adversarial Networks (GANs), and Transformers. Each of these 
methods has its own advantages and disadvantages but in practice, neural network based methods show 
better performance which usually overlaps their disadvantages. 

2.1. Interpolation Methods 

Interpolation methods are the simplest among SR methods. Among them are nearest neighbor 
interpolation, bilinear interpolation, and bicubic interpolation [8]. In the nearest neighbor method, each 
interpolated output pixel is assigned the value of the nearest sample point in the input image while 
bilinear interpolation is used to know values at random positions from the weighted average of the four 
closest pixels to the specified input coordinates. Bicubic is an advancement over the above interpolation 
and uses polynomials, cubic, or cubic convolution algorithms [8]. These methods are available in every 
image processing software. Despite their ease of implementation and clarity, the main disadvantage of 
the interpolation methods is the quality of the output image, thus they are usually used as baselines for 
more advanced SR methods. 

2.2. CNNs 

CNN is the main type of neural network that is used for image processing. It also has found its 
application in SR tasks. For the first time, the idea of using CNNs instead of classical approaches was 
introduced in [9]. In this method, the image is first upscaled using bicubic interpolation, then processed 
through a network consisting of three parts: image patch extraction, nonlinear mapping and 
reconstruction. Patch extraction represents patches of image as a multidimensional vector of features. 
Nonlinear mapping transforms each multidimensional vector into another multidimensional vector. At 
the reconstruction stage, the image patch representations are aggregated to generate the original 
enlarged image [9]. 

Method [10] is the improvement of the previous method that speedups image super-resolution. 
Unlike the method [9], the authors do not enlarge the image with bicubic interpolation before passing 
it to the neural network but work with the original image. In addition, the size of the convolutional layer 
filter was reduced to 5. Then, the number of filters is reduced to reduce the training load. At the 
nonlinear mapping stage, several convolutional layers are used instead of one. The next stage increases 
the number of filters, which improves the quality of image processing. The last step is the 
deconvolution, which produces an enlarged image. 

Method [11] uses neural network with autoencoder architecture for image restoration which includes 
SR task. The authors propose a deep fully convolutional auto-encoder network, which is an encoding-
decoding framework with symmetric convolutional-deconvolutional layers. The network is composed 
of multiple layers of convolution and de-convolution operators, learning end-to-end mappings from 
corrupted images to the original ones [11]. 

The ideas of the method [9] found their usage in thermal image SR in [12]. The authors examined 
the use of datasets from different domains to train the model. The results show that a model trained to 
upscale regular RGB images is better at enhancing thermal images than a model trained on thermal 
images. 

In [13], the authors also studied the influence of the dataset domain on the quality of training and 
model results. The authors conducted experiments in such color models as grayscale, HSL, HSI, and 



HSV. In addition, the architecture of the model was also inspired by the method [9]. According to the 
results, the network trained by the gray outperformed the one that used the lightness and intensity 
domains, but the networks based on the brightness domain provided better performance compared to 
the gray-based network [13]. 

In [14], on contrary to the above methods, the authors showed that training a model on a dataset of 
thermal images gives better results than training on a dataset of RGB images. 

In [15] authors use a progressive upscaling strategy with asymmetrical residual learning [15] and 
also compare their work to SR methods that are commonly used in RGB image SR task. 

2.3. GANs 

GANs [16], as its name suggests, originally were used to generate images. GANs consist of two 
models: a generative model G that captures the data distribution, and a discriminative model D that 
estimates the probability that a sample came from the training data rather than G. The training procedure 
for G is to maximize the probability of D making a mistake [16]. 

The architecture of GANs is widely used in SR tasks. For example, in [17] authors proposed a novel 
model for SR, called SRGAN. This method uses residual network called SrResNet as a generator. 
Besides, the authors propose a perceptual loss function which consists of an adversarial loss and a 
content loss. 

An improvement of SRGAN is ESRGAN [18] which increases model performance and improves 
architecture and loss function of the previous method. In particular, they introduced a special block in 
generator model, called Residual-in-Residual Dense Block (RRDB). They also modified perceptual loss 
by using features before activation layers. 

GANs found their application in thermal image SR task. For example, method [19] uses CycleGAN 
[20]. The generator is ResNet6 model and discriminator is PatchGAN, whole model is trained in 
unsupervised way. Besides, the authors also released dataset for training thermal image SR models, 
which consists of low-resolution, middle-resolution, and high-resolution thermal images. 

2.4. Transformers 

Recently, the Transformer neural network architecture has been increasingly used in deep learning 
solving different tasks. Transformer was first introduced for solving natural language processing (NLP) 
tasks [21], but then showed impressive performance in other domains. The core of Transfomer is the 
attention mechanism that helps neural network to memorize long sequences and focus on specific parts 
of the input.  

In [22], the authors propose to use a Transformer, namely an encoder, to classify images, while 
preserving the original architecture as much as possible. This architecture is called a Vision Transformer 
(ViT). To do this, the image is divided into several patches (in this article, a patch is 16x16 pixels), so 
a sequence of patches is fed to the transformer's input. To preserve information about the location of 
the patches, information about the position of these patches relative to each other (positional coding) is 
added to the input sequence. In order for the model to learn to classify images, a representation of the 
image class to be learned during model training is also added to the input sequence. ViT shows better 
results in comparison to CNN models. 

Despite having good performance, ViT has several important drawbacks. One of these drawbacks is 
the processing of high-resolution images, as the computational complexity increases quadratically with 
image size. In addition, the architecture of a ViT is poorly suited for solving other computer vision 
tasks, such as segmentation, since in this task it is important to distinguish image features at different 
scales. 

To solve these problems Shifted-window Transformer (Swin Transformer) [23] was introduced. 
Swin Transformer has linear computation complexity as it computes self-attention not within every 
patch of the image but within patches in the local window. Then, to compute connections between each 
window, shifted window attention is used. It can thus serve as a general-purpose backbone for both 
image classification and dense recognition tasks [23].  



Transformers can be also used for solving SR tasks. For example, SwinIR [24] is a transformer-
based image restoration model mostly inspired by Swin Transformer. SwinIR consists of three parts: 
shallow feature extraction, deep feature extraction, and HQ image restoration. In turn, deep feature 
extraction block is a stack of special residual Swin Transformer blocks (RSTB) [24]. This architecture 
makes it possible to achieve excellent results in different image restoration tasks, such as SR, denoising, 
and artifact reduction. 

3. Method 

As each method has its own advantages and disadvantages, it was decided to conduct experiments 
with classical algorithms as baseline, CNNs, GANs and Transformer-based neural networks and then 
compare the results of these methods. 

In particular, in this paper following neural networks are examined: SRGAN, SrResNet (generator 
of SRGAN), ESRGAN, RRDBNet (generator of ESRGAN), SwinIR on thermal images and RGB 
images domains, and SwinIRGAN (combination of SwinIR as generator and SRGAN discriminator). 

4. Experiments 

Each of the selected models was already pretrained on its own domain. Also, models were trained 
and evaluated with the help of BasicSR [25] – deep learning framework for solving image restoration 
tasks, such as denoising and SR. Each model was trained to upscale thermal images by a factor of 2. 

4.1. Dataset 

Since the task of thermal image SR is quite specific, the number of open-source datasets for this task 
is quite low. 

One of the largest and most popular is the FLIR dataset [26]. This dataset offers annotated thermal 
and RGB images for object detection systems. The dataset contains more than 26000 annotated frames 
and 15 different object categories. In total, the dataset contains almost 10,000 thermal and more than 
9,000 RGB images with a size of 640 by 480 pixels [26]. Figure 1 shows an example of data from FLIR 
dataset. 

 
Figure 1: Example data from FLIR [26] dataset 

 
One of the most popular datasets for solving the RGB SR problem is DIV2K [27]. This dataset 

contains 1000 high-resolution images (1500-2000 pixels per image side) divided into training, test and 
validation sets. This dataset also contains reduced images by a factor of 2, 3, 4, and 8. 

In this work, both of these datasets are used. In particular, DIV2K is used to examine the 
performance of model trained on grayscale images of this dataset in thermal image domain. 

 
 
 



4.2. Data Preprocessing 

To use FLIR dataset for the thermal image SR task, only thermal images (single channel) were 
selected and a version of the dataset with thermal images reduced by a factor of 2 (320 by 240 pixels) 
was created.  

In order to use the DIV2K dataset for the thermal image SR task, a version of the dataset with images 
in grayscale format was created. Thus, images have one channel with a pixel range of 0-255. 

4.3. Evaluation 

To evaluate trained models SSIM [28] (structural similarity index measure) and RSNR (peak signal-
to-noise ratio) metrics were used. SSIM is defined as follows (1): 
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where x, y are windows of image of size NN; 
x – mean of x; 
y – mean of y; 
x – variance of x; 
y – variance of y; 
c1, c2 – stabilization variables. 
PSNR is defined as follows (2): 
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where MAXI is maximum pixel value of image I; 
MSE – mean squared error. 

4.4. Experiment Setup 

Before conducting experiments, a set of hyperparameters was chosen. 
Adam [29] with a learning rate 0.0002 was chosen as an optimization algorithm for all models. All 

models were trained for 100000 iterations. The number of images in one batch is 16 for SwinIR, 
ESRGAN and RRDBNet and 64 for SRGAN and SrResNet. 

All models were trained not on whole images, but on square patches that were randomly selected 
from each image. This speeds up training and forces the neural network to pay attention to high-
frequency features. Thus, for all models, a patch of 128128 pixels was chosen, except for the classic 
SwinIR model (9696 pixels). 

 
 
 
 
 
 
 
 
 
 



4.5. Results 

The quantitative comparison is listed in Table 1. 
 

Table 1 
Results of thermal image super‐resolution 

Model  SSIM  PSNR 

Nearest Neighbors  0,7389  30,3350 
Bilinear Interpolation  0,7557  31,1910 
Bicubic Interpolation  0,7672  31,5820 

SRGAN  0,6617  28,3197 
SwinIRGAN  0,6751  29,6528 

ESRGAN  0,6853  29,8002 
SwinIR (DIV2K)  0,7642  31,4355 

RRDBNet  0,7829  32,3622 
SRResNet  0,7828  32,3471 

SwinIR (FLIR)  0,7833  32,3688 

 
Qualitative results are shown in Figure 2, Figure 3 and Figure 4. 

 
Figure 2: Qualitative comparison on FLIR sample (small objects), scaling factor 2 
 



 
Figure 3: Qualitative comparison on FLIR sample (pedestrian), scaling factor 2 
 

 
Figure 4: Qualitative comparison on FLIR sample (car), scaling factor 2 
 

Results of SSIM and PSNR metrics during training are shown in Figure 5 and Figure 6 respectively. 



 
Figure 5: SSIM metric on the validation set during training 

 

 
Figure 6: PRNR metric on the validation set during training 
 

From the obtained results, it can be concluded that SwinIR trained on FLIR dataset shows the best 
results among other models. Additionally, CNNs such as SrResNet and RRDBNet trained separately 
are better than these CNNs trained as GANs. As it can be seen from qualitative results, GANs have a 
lot of noise on upscaled images which causes bad quantitative results, while CNNs and Transformers 
almost completely denoise upscaled images. It can be explained by the fact that GANs are sensitive to 
the input data and selected training hyperparameters. It is also visible that SwinIR trained on FLIR 
dataset performs better than SwinIR trained on the grayscale DIV2K dataset. 

 
 
 



5. Conclusion 

This paper implements modern SR methods and examines their results on thermal image SR 
problem. The aim of this paper was to analyze the performance of popular SR methods on upscaling of 
thermal images. 

The main problem of this task is the lack of datasets for thermal image SR. Current datasets don’t 
have enough training data, the size of thermal images in dataset is not as big as in RGB datasets for SR 
tasks, and quality of thermal images is worse than quality of RGB images in training sets. 

According to the obtained results of thermal image upscaling it was concluded that Transformer and 
CNN models can perform better than GANs and classical algorithms. 

In addition, the following steps can be taken to improve the quality of SR of thermal images: increase 
the size of the dataset and training batch to improve the generalization ability of the models; collect 
dataset of thermal images with higher quality and lower percentage of noise in the images to improve 
the results of SR methods; tune training hyperparameters such as optimization algorithm, learning rate, 
loss function, etc.; improve the architecture of used models or modify them for the task of thermal 
image SR. 
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Abstract  
Modular exponentiation is an important operation in many applications that requires a large 
number of operations. Efficient computations of the modular exponentiation are extremely 
necessary for efficient computations for provide high crypto capability of information data 
and in many other applications. Modular exponentiation is implemented using of the 
development of the right-to-left binary exponentiation method for a fixed base with pre-
computation of redused set of residuals. To efficient compute the modular exponentiation 
over big numbers, the property of a periodicity for the sequence of residuals of a fixed base 
with exponents equal to an integer power of two is used. The multithreading software 
implementation of modular exponentiation is described. The MPIR library with an integer 
data type with the number of binary digits from 256 to 2048 bits is used to develop an 
algorithm for computing the modular exponentiation.  
Comparison of the runtimes of four variants of functions for computing the modular 
exponentiation is performed. In the algorithm with pre-computation of residues for fixed-base 
provide faster computation of modular exponentiation compared to the functions of modular 
exponentiation of the MPIR, OpenSSL and Crypto++ libraries.  
 
Keywords  1 
Modular exponentiation, parallel computation, multithreading, big numbers. 
 

1. Introduction 

Computing the modular exponentiation for big numbers is widely used to find the discrete 
logarithm, in number-theoretic transforms, and in cryptographic algorithms. New methods, algorithms 
and means of their implementation are being researched for efficient computation of the modular 
exponentiation. There are three directions of modular exponentiation methods: general modular 
exponentiation, and computation of a modular exponentiation with a fixed exponent or with a fixed 
base [1]. Special functions have been developed to perform modular exponentiation in mathematical 
and cryptographic software libraries (Crypto++, OpenSSL, Pari/GP). 

Modular exponentiation and discrete logarithm for big numbers require significant computing 
resources for their implementation. The discrete logarithm is considered a unidirectional function (1), 
because it is quite difficult to calculate it in a conventionally acceptable time, for example, for 
breaking a cryptographic code. 
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The discrete logarithm problem [2] is formulated as follows: for known integers A, N, y, find an 
integer x such that 

  (, ) 0 1Ax log y x N    ,                                            (1) 

where (A, N)=1; A, N, у, х ∈ Z). 
The number x > 0 is called the discrete logarithm of the number y with base A and module N 

according to formula (1). 
The solution of the discrete logarithm problem can be the solution of the equation 

  . mod yNAx                                                              (2) 
That is, having determined the number x, which is the solution of equation (2), we will find the 

discrete logarithm. Thus, the problem of the discrete logarithm is reduced to the calculation of the 
modular exponentiation in the form (2). 

The paper considers the basic iterative algorithm for computing the modular exponentiation (2) 
using pre-computation to form a shortened sequence of residues of the fixed base A. The software 
implementation of multi-threaded computation of the modular exponentiation for big numbers is 
described. In the discussion section of the results, a comparison of the average executing time of 
computing the modular exponentiation with the primitives of cryptographic libraries (OpenSSL, 
Crypto++) is made. The conclusions summarize the possibility of applying the computation of the 
modular exponentiation (2) using the pre-computation of the remainders of the fixed base A. 

2. Related works  

Modular exponentiation, Ax mod N, is a basic arithmetic operation in most public-key 
cryptosystems. Many effective methods of modular exponentiation have been developed and are often 
used to reduce the execution time of the modular exponentiation operation, which are reviewed in 
works [3-6]. In paper [3] is described well-known exponentiation algorithms with their complexity 
analysis and general exponentiation algorithm of zero-one sequences.  

There are three types of exponentiation algorithms Ах mod N [1], which include: 
1) basic techniques for exponentiation; 
2) fixed-exponent x exponentiation algorithms;  
3) fixed-base A exponentiation algorithms.  
Among the main modular exponentiation algorithms, the following effective solutions are 

distinguished:  
 right-to-left k-ary exponentiation,  
 right-to-left k-ary exponentiation,  
 left-to-right k-ary exponentiation,  
 exponent with a sliding window (sliding window exponentiation),  
 Montgomery ladder, 
 simultaneous multiple exponentiation and their modifications.  

In many works, the method of binary exponentiation with a right-to-left shift is used. Cohen's book 
[7] presents a more complete discussion of the binary right-to-left and left-to-right methods together 
with their generalizations to the k-binary method. 

A fixed element of a group (generally z/qz) is repeatedly raised to many different exponent in 
several cryptographic systems. A popular application of fixed-base exponentiation is in elliptic curve 
cryptography, for instance for Diffie-Hellman key agreement and elliptic curve 
digital signature algorithm verification. Therefore, many research works have been focused on a fixed 
base of modular exponentiation [1, 8]. 

Considerable attention is paid to the hardware implementation aimed at efficient computation of 
the modular exponentiation. One of the ways to speed up the computation of modular exponentiation 
is the parallelization of calculations using modern technologies in universal computer systems [9, 10] 
or the creation of specialized computing tools [11]. 

The modern software libraries are used to implement the computation of modular exponentiation. 
The software implementation of the modular exponentiation computation is included in the software 
libraries Crypto++ and OpenSSL, PARI/GP, MPIR designed for working with big numbers [12-15].  



For example, the Pari/GP software library [12] contains a large set of programs for efficient 
computations of mathematical functions. The Pari/GP library also includes computation of the 
modular exponentiation function for big numbers and other special numbers. A highly optimized 
modification of the well-known GMP or GNU Multiple Precision Arithmetic Library the MPIR 
library [13] contains the function of the realization the computation of modular exponentiation. The 
library of cryptographic algorithms and schemes Crypto++ is implemented in C++ and fully supports 
32 and 64-bit architectures of many operating systems and platforms [14]. The library contains a set 
of available primitives for theoretical and numerical operations, such as generation and verification of 
prime numbers, arithmetic over a finite field, operations on polynomials. 

The importance of speeding up the software calculation of modular exponentiation leads to new 
algorithmic solutions and their implementations [16]. 

3. The  technique of  the  computation of modular exponentiation with pre‐
computation of residues for fixed‐base 

The parallelization of computation of modular exponentiation, based on the use of the exponent x 
as a binary number ( x(k-1) x(k-2)… x2 x1 x0 ), uses the application of the fundamental property of 
modularity was described in paper [9]. Accordingly, the computation of the modular exponentiation 
(1) takes the form 
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In accordance with formula (3), a scheme for computing of the modular exponentiation [17] is shown 
on Figure 1.  

 
 
Figure 1: The scheme for computation of modular exponentiation Ах mod N. 

 
The scheme for computing the modular exponentiation consists of the denotations: 



 A is the input of the base number; N is the input of the module;  
 (A^2i) mod N are blocks of computation of the integer exponent of exponent 2i of the number 

A by the module, i = 0,1,2,…, (k-1);  
 x is the input of an exponent with binary digits x.(k-1), x.(k-2),…,x.2, x.1, x.0;  
 (X) mod N is the block of multiplier under modulo N;  
 y is the output of the modular exponentiation. 

Consistently determined residuals of the number a raised to the power of 2i under modulo N in 
blocks (A^2i) mod N, for i=0, 1,…, k-1 are multiplied. In the case of presence of the exponent of the 
number of binary the value of zero in i-th binary digit (x.i) block (A^2i) mod N is not execute the 
operation, otherwise is computed the multiplication of exponent 2i of the number A under modulo N, 
which corresponds to the denotation in Figure 1. The determined product, in the final stage, are 
formed in blocks (X) mod N the value y of the result of the computation of the modular 
exponentiation. 

For the organization of modular exponentiation execution, in accordance with Figure 1, it is 
possible to consider the possibility of creating two threads. The thread I computes the numbers a 
raised to the power of 2i under modulo N. The thread II  computes the product of the results (A^2i) 
mod N, starting with the readiness of the first two values (A^2i)mod N. Theoretical it is possible to 
reduce the computation time to 50% of the modular exponentiation in comparison with single thread 
computation. However, serial or parallel computations (A^2i) mod N for big data create a significant 
delay in the thread I execution [9]. 

Consider the basic iterative algorithm for computing the modular exponentiation (3) using pre-
computation to form a shortened sequence of residues of the fixed base A. Compute, respectively (3), 
the value modulo N for a simple fixed-base A with exponents x =2i = 1, 2, 4, 8, 16… , (i =0,1,2,…, r-
1).  

Let A and N be relatively prime positive integers (A, N) = 1 and denote the least positive integer        
x = expN A. Accordance, if A and N relatively prime (A, N) = 1, positive integer x is solution of the 
congruence, if and only if   

           ,exp Aqx N                                                              (4) 

Accordance the Euler’s theorem, if A and N relatively prime (A, N) = 1, that Аφ(N)≡1 (mod N). 
Consequently, we can do conclusion 

,exp)( AqN N                                                       (5) 

In case q=1, then φ(N) = expN R, where R  is the positive integer is called a  primitive root modulo 
N. However the positive integer of modulo N, possesses a primitive root R if only if N=2, 4, P k or 2P 
k,  where k is positive integer. The primitive root for modulo N =P1

k1 P2
k2… Pm

km does not have, except 
if φ(P1

k1), φ(P2
k2) ,…, φ(Pm

m1) are relatively prime.    
Thus, calculating (R)i mod N  (i = 0,1, 2 ,,… N-1), we form a sequence of residuals (r0, r1, r 2, …, 

ri,…, rN-1), which periodically repeated for x > (N-1) exponents. For all values of A ∈ Zp, the sequence    
Ai mod P is cyclic for a non-primitive element. 

For example, for a primitive element R = 7, the sequence of residual values r i = (7i) mod 11, 
                                  (r0, r1, r2, r3, r4, r5, r6, r7, r8, r9) = (1, 7, 5, 2, 3, 10, 4, 6, 9, 8). 
The maximum period of repetitions is equal to exp117 = 10, because 710 mod 11=1, i =0, 1, 2, …, 9. 

The unique integer x with 1≤ x ≤ φ (N) and Rx mod N ≡ A is called index (or discrete logarithm) indRA 
of A to base R modulo N. Then the sequence of the indices is equal   

     (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) = (ind71, ind77, ind75, ind72, ind73, ind710, ind74, ind76, ind79, ind78).  
Accordingly of the property of indeces  

 ind7 1= 0, 
 ind7 6 = ind7 (2*3)= ind7 (2)+ ind7 3 mod 10= 3+4=7;                
 ind7 9 = ind7 (32) = 2 * ind7 3 mod 10 =2*4=8. 
In the case of calculating 7x mod 11 with index x = 32, the index will be equal to (32 mod (ind117)) 

= 2, and accordingly ind75. In the case of determining (72 ^ 6) mod 11, we find the number of the 
residue in the sequence with the index ind73, which is equal to (26) mod 10 = 4. After all, the value of 
the modular exponentiation for 2 elements in the sequence of residual values r4 = 3 = (72 ^ 6) mod 11. 
For computations according to formula (3), we determine the residuals for exponents 2i, (i =2, 3, 4, 



…). As a result of computations ri = (72 ^ i) mod 11, (i =2, 3, 4, …) we obtain the values of the 
residuals given in Table 1. For another primitive element R =13, the sequence of residual values r i = 

(13i) mod 17 for exponents 2i, (i =2, 3, 4, …) are given in Table 1. 
 Table 1  
Periodic repetition of residual values 7 ^ 2i mod 11 

7 ^ 2i  70  72^0  72^1  72^2  72^3  72^4  72^5  72^6  72^7  72^8  72^9  72^10  … 

T’ =4  1  7  5  3  9  4  5  3  9  4  5  3  … 

 
Periodic repetition of residual values 13 ^ 2i mod 17 

13 ^ 2i  130  131  132  134  138  1316  1332  1364  13128  13256  13512  … 

T’ =1  1  13  16  1  1  1  1  1  1  1  1  … 

 
That is, in the process of computing (7^2i) mod 11, starting with the exponent 21 = 2, we obtain 

periodic repetition of the values of the residuals r0, r1, r2, r4, r8, r16, r2, r 4, r8, r16,….  with period T'= 4 and 
offset u = 0, because i =20 = 1.  

That is, in the process of computing (13^2i) mod 17, starting with the exponent 22= 4, we obtain 
periodic repetition of the values of the residuals r0, r1, r2, r4, r4, r4, r4, r 4, r4, r4,….  with period T'= 1 and 
offset u = 2, because i = 22 = 4.  

The value A^2i mod N is found by the condition 

, ',mod2^mod2^  u))( '

TuiNANA Ttii  
                              (6) 

where t={i /T ’} is integer part from division. 

Therefore, for a fixed-base A of the modular exponentiation (3), which is equal to the product of 
the residuals of the exponent (A^2i) mod N, (i = 2, 3, 4, …), you can speed up the process of 
computing the modular exponentiation by pre-computing (Figure 2) the sequence of residuals, what 
repetitions with the period T' after the offset u. 

 

Figure 2: The scheme for computation of modular exponentiation Ах mod N with pre‐computation. 



 

Thus, on base to the parallel execution of the computation of the modular exponentiation 
with pre-computation, in accordance with Figure 2, consider the possibility of creating the 
threads of execution of the product of the residual values under modulo defined in the parallel 
previous threads residuals of the exponents (A^2i) mod N, (i = 2, 3, 4, …) under modulo 
operations. The only difficulty of organizing the computation with such threads is the need to 
synchronize the performance of threads to ensure the correct computation of the final value y 
of the modular exponentiation. 

4. Software  implementation of the computation of modular exponentiation 
with pre‐computation of residues for fixed‐base  

The algorithm is implemented in C++ language as modular exponentiation function 
precompute_parallel() with aim to compare the performance execution. To implement the algorithm, 
the library functions mpz_init_set (mul, base), mpz_sizeinbase (exp, 2), mpz_tstbit (exp, i), mpz_mul 
(r, r, mul) from the MPIR library are used, the parameters of which are multi-bit data up to 2048 bits. 
The software implementation consist the functions: 

precompute_parallel (const RemaindersData&data, const mpz_class&exp, 
ctpl::thread_pool&pool); 

parallel (const mpz_class& base, const mpz_class& exp, const mpz_class& mod); 
precompute (const RemaindersData& data, const mpz_class& exp);  
find_remainders (const mpz_class& base, const mpz_class& mod, size_t max_exp_bits);  
find_period (const std::vector<mpz_class>& remainders); 
get_remainder (const RemaindersData& data, size_t power); 
update_remainders (RemaindersData& data); 
thread_function(bool* quit_thread); 
multiplication_thread (int id, MultiplicationThreadData* data) and others. 

The functions find_period (const std::vector<mpz_class>& remainders) computes the products 
modulo over the pre-computed values of the residuals (A ^2i) mod N, which are read using the 
function get_remainder (const RemaindersData & data, size_t power). In the cycle of the function 
mpz_tstbit (exp, i) binary bits x.i of exponent exp are analyzed to determine to perform or not a 
multiplication operation modulo, accordance the Figure 3 in the pre-computation unit. The 
computation of the value of the modular exponentiation ends by writing the result in the variable 
period_mod_exp_result. 

 

 
 



Figure  3:  The  chart  of  the  algorithm  for  determining  to  perform  or  not  a  multiplication  under 
modulo in the function find_period () to compute the value of the modular exponentiation. 

 
The precompute_parallel() function finds the sequence of residuals for fixed numbers Base and 

mod for Exp = 2i (i = 0, 1, 2, …) and analysis of periodicity. In the program for computing the 
sequence of residuals is performed by the function find_remainders (const mpz_class & base, const 
mpz_class & mod, size_t max_exp_bits), which contains the bool function find_period (const 
std::vector<mpz_class> & remainders) to set the indication of finding the period. The 
precomputation have been made in a separate function find_remainders () to optimize multiple 
residual searches (A ^2i) mod N. The function update_remainders (RemaindersData & data), 
shortens the length of the sequence of residuals to the end of the first periodicity.  This function writes 
the offset period_offset beginning of the period and the length of the period period_size in the 
corresponding fields of the structure  

RemaindersData  
{ mpz_class base;  
   mpz_class mod;  
   std::vector <mpz_class> remainders;  
   size_t period_offset;  
   size_t period_size; 
} also. 
The peculiarity of the large values of Base, mod and Exp is also taken into account for which the 

residuals must be calculated, in case when the value of the period T' is many orders of magnitude 
greater than the number of bits of the Exp exponent. 

To organize efficient multithreading computation of modular exponentiation according the 
precompute_parallel() function, the thread_function(bool* quit_thread) and parallel (const 
mpz_class& base, const mpz_class& exp, const mpz_class& mod) are used. Accordingly, these 
threads are created to perform the computation of the modular exponentiation. The result of the 
function is written to the variable s_thread_result, and the computation time is fixed and averaged to 
output. 

To protect the queue from simultaneous access of the threads is used the s_mutex mutex with the 
basic lock() and unlock() methods. The s_mutex object is passed to our functions, which should use it 
for interacting. Before accessing the shared data queue s_thread_queue, the mutex is locked by the 
method lock(s_mutex) and is unlocked after the work with the shared data is completed. The use of a 
combination a conditional variable and a mutex lock indicates the complexity of the synchronization 
the performance of threads for computing the modular exponentiation. 

5. Results and Discussions 

To compare the computation efficiency of the developed modular exponentiation functions 
precompute_parallel () for a fixed base with pre-computation with three functions implemented from 
the Crypto++ 8.2, MPIR and OpenSSL libraries are used. The developed precompute_parallel () 
function uses multithreads computation of the modular exponentiation. 

The Crypto++ library of cryptographic algorithms and schemes is implemented in the C++ 
language and supports Unix platforms (AIX, OpenBSD, Linux, MacOS, Solaris, etc.), Win32, Win64, 
Android, iOS, ARM [14]. The library contains a set of available primitives for number-theoretic 
operations, such as generation and verification of prime numbers, arithmetic over a finite field, 
operations over polynomials. Each of the primitives of the Crypto++ library includes a set of 
functions, among which is the function exp_crypto () for calculating the modular exponent. 

The OpenSSL library (The Open Source toolkit for SSL/TLS) contains a set of tools for 
cryptography that implements the Secure Sockets Layer (SSL v2/v3) and Transport Layer Security 
(TLS v1) network protocols, as well as the corresponding cryptography standards [15]. OpenSSL 
supports Solaris, HP-UX, Linux, Android, BSD, UnixWare, Win 32 and 64, macOS, iOS, and other 



platforms. The library includes three functions to calculate the modular exponent using Montgomery 
multiplication: 

BN_mod_exp_mont () calculates A to the power of p modulo m; 
BN_mod_exp_mont_consttime () calculates A to the power of p modulo m. This is a variant of the 

pre-function, that uses fixed windows and dedicated memory for pre-computation to keep data 
dependency to a minimum to protect secret exponents; 

BN_mod_exp_mont_consttime_x2 () calculates two independent raises of A1 to the power of p1 
modulo m1 and A2 to the power of p2 modulo m2. For some fixed and equal modulus values of m1 and 
m2, the function uses optimizations that make it possible to speed up the calculation. 

A highly optimized modification of the well-known GMP or GNU Multiple Precision Arithmetic 
Library the MPIR library [13] contains the function mpz_powm () to realize computation of ME. The 
MPIR library uses an optimized version of the ME algorithm, called the "Sliding-window method" 
[3], which reduce the average number of multiplication operations. 

Numerical experiments were carried out on a computer system with a multi-core microprocessor 
with shared memory in a 64-bit Windows. Testing was performed on computer systems with 
processors) an Intel Core i5-10600 (6 cores, 12 threads, 3.30GHz) and an Intel Core i9-10980XE (18 
cores, 36 threads, 3.0GHz. According to hyper-threading technology, each physical core consists of 
two virtual ones. 

To compute the modular exponentiation with a given number of trials the values of exponent Exp, 
number Base and mod were given by pseudo-random numbers with number of binary digit of 1024, 
2048 bits. To reduce the total computation time on increasing the number of binary digits of long 
numbers the number of trials of latch-up of the computation time is decrease correspondent. The 
result of the execution of the function is recorded in the variable expected_result, and the computation 
time is fixed and averaged with the output of the average value "average time" in microseconds. 

The results are presented in Table 2, which contains the values of average execution time (μs 
microseconds) of computing the modular exponentiation for pseudo-random data Base1, Exp1, mod1 
for 1024 bits and Base2, Exp2, mod2 for 2048 bits, that are 

 
================= bits=1024 trials=1000 ================= 

Base 1 =  
1559258775283944826146106259936745880191007710663592180785545871625708812395675768044611
2611588790379930841984509857918081567009603552187487090896179963826919606856010375230866
9818128860677719460381304397587862593607968358286567068579479763671817955144283945749615
768573725580291910494735428411976050787788916 
Exp 1 = 
1428352097864899971708732555079465735564482140846285246054211882240996873229846735436141
7685207105354741569825262257384568307545298247492251784136727860908913698858344775647948
3918441795733215771335093892746851604252279730368411597397577626119447392355080344631875
081748708394736819710836176156337925349995164 
mod 1 = 
3682232653936167658382890474840879247240833512148561647564031369199365738658920584313452
7207678213908943698149079850300180603359689327300752325201313819068839806646707560057773
0915050017234560082947101924548982647158267357750118464079633252964273456146531893267335
3360118318330216661780501404921220381528643 

 

================= bits=2048 trials=500 ================= 
Base 2 = 
2567738760497917474565011343924187031994869216998758698706421709528086295599290907230065
3168631621794286691440902481665333116951445888344416180966407345111071065313623560713743
2150724953185446158678719720295928259781123638183830596292580376934671270834776657789712
9937849667886402861740861770565666978446548767497029913351286923714957597816949211708272
7320204008519907241837229067993684410038784610185215488903193461143855868161082171512473
4828847448121160578454206154924267974589088650928312748724335173725158853105514943013486
1136434044363046876468018170052569298949044683219014189194447340722437694507812846021234
0 



Exp 2 = 
2069711866746029428932913192684286237126085871896162254239039412857796588346206546472647
6265621500584422101090324880590478894205064526853437187125765172491285762485391331954466
5818453970774205805936276513235167804757330671171360229336910074202766840819523964084411
5544602640066683598670241993486682444189036477422814089915895901005975749449200598115305
5872187442495482411745134646120584804555929554183515697922429188623722060569894871268972
4650080897444104535423282766208959387777042971769880327762033155857980482303238918889333
9269852036299148231352228553535470168591738820017801592722973082561458566054588472237368
0 
mod 2 = 
3937930783643008898998921859203149020636101434142154253455406278545421508815766128548922
7897171951382718524189693484043298053212367558745592744633067337966506831678671186228119
3766926085121967533895669525512487774111648354763670474879583602698230326785874988566339
6401364734881738755587061711823427166348963161727355837093591397737984608192782770758312
9656866254202071251222632965868248463435437267182493244722131981575330008476925540749022
6142154721378943229480820161164938614827865775795822192901667030446623011805703635693587
7415159189429402443488358647090492752989721468129752332971118443666005795214405971895267 
 

Testing for the average execution time of computation of modular exponentiation (Table 2) was 
performed by the functions: crypto++() from the Crypto++ library, mpz_powm  () from the MPIR 
library, BN_mod_exp_mont () from the OpenSSL library. The comparison is performed with 
developed functions precompute_parallel ().The pre-computation time precompute () to determine of 
the sequence of redused set of residues is taken into account.  
Table 2. 
The average execution time (μs) of the functions of computing the modular exponentiation 

Release/x86  Intel Core i5‐10600 
number of threads (2..64) >12 

           Intel Core i9‐10980XE 
number of threads (2..64) > 36 

Data  Base1,  Exp1, 
mod1 

Base2,  Exp2, 
mod2 

Base1,  Exp1, 
mod1 

Base2,  Exp2, 
mod2 

bits / trials  1024 / 1000  2048 / 500  1024 / 1000  2048 / 500 

crypto++()  442  3309  500  3713 

BN_mod_exp_mont ()  312  2228  340  2497 

mpz_powm ()  279  1983  311  2321 

Precompute ()  236  1242  260  1399 
Parallel ()  61  244  106  254 
precompute_parallel ()  297  1486  366  1653 

 
The developed function precompute_parallel() performs the computation of modular 

exponentiation by forming (precompute average time) a reduced sequence of residuals (Figure 4).  

 



Figure 4: The  result of  testing  the  functions of  calculating  the modular  exponent on  a  computer 
system with an Intel Core i5‐11400H processor with a number of threads of 12 

The precompute_parallel() function of the modular exponentiation reduces the computation time 
relative to other functions of software libraries Crypto++, OpenSSL and MPIR designed for working 
with big numbers. The execution time of modular exponentiation on computer systems with Intel 
Core i5-10600 and Intel Core i9-10980XE processors does not change significantly according to 
Table 2. The optimal number of threads is 12...16 for fast computation of modular exponentiation for 
universal computer systems. 

In the process of solving many applied problems of efficient computation of modular 
exponentiation, one of the most important parameters is the calculation time. An important 
component of this parameter is, along with the use of algorithmic and software tools, the performance 
of computing tools. Therefore, based on of the developed software the further implementation of the 
computation of modular exponentiation using multithreaded technologies will provide an opportunity 
the efficient computation of modular exponentiation with a fixed base [19]. 

6. Conclusion 

The work compares and analyses the developed software implementation precompute_parallel() 
function of the computation of modular exponentiation and the software implementation of the 
functions of Crypto++, OpenSSL and MPIR libraries. The computational scheme of modular 
exponentiation, the software implementation of the algorithm for computing of modular 
exponentiation, the run time results of the computation on multi-core microprocessors of universal 
computer systems  have been described. As a result, has been developed the computation  function 
precompute_parallel() speedups the execution of the computations using modular exponentiation of 
the right-to-left binary exponentiation method for a big number of fixed base with pre-computation of 
redused set of residuals. 

The scientific novelty of obtained results lies in the implementation of parallelism using 
multithreading in the algorithm of computing the modular exponentiation based on the use of the 
representation of exponent in the form of a binary number and pre-computation for a fixed base of a 
reduced set of residuals.  

The practical significance of the work lies in the fact that the obtained results can be successfully 
apply in the modern asymmetric cryptography, for efficient computation of number-theoretic 
transforms and other computational problems. The developed function precompute_parallel() 
speedups the execution of the computations of modular exponentiation of big numbers in comparison 
with existing libraries. The especially effective will be use function precompute_parallel() for 
application with fixed-base exponentiation is in elliptic curve cryptography, for instance for Diffie-
Hellman key agreement and elliptic curve digital signature algorithm verification.  

Prospects for further research are the development and implementation Montgomery Modular 
Multipliers in developed function precompute_parallel() of multithreading computations of modular 
exponentiation for big numbers. 
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Abstract  
This paper proposed an approach to rank search results based on user ratings, with a 
subjective approach to the ranking process. Expert groups unique to each user are created to 
achieve this effect. When no common ratings are available, the expert group is formed based 
on a model built on the user's social profile, utilizing inductive algorithms such as a 
polynomial neural network with active neurons. 
The approach of ranking search results provides a unique order of elements for each user's 
list of web resources. This effect is achieved by using evaluations from an expert group that 
is unique to each user, as well as by incorporating each evaluation into the model for 
calculating final rankings of web resources with its unique weight, calculated based on their 
previous activity in the system. The resulting ranking model is much more difficult to falsify 
because it is based on subjective factors. The ranking model will be unique for each user. 
Falsifying it would require reproducing the preferences of each user, which is much more 
difficult than acquiring links to one's web resource from authoritative sources. 
 
Keywords  1 
Ranking, search results, user ratings, expert groups, social profile, inductive algorithms, 
polynomial neural network, active neurons 

1. Introduction 

Currently, online advertising is the most effective way of promoting a business. This has resulted 
in search engines no longer being a tool for obtaining information, but rather becoming advertising 
platforms that display to the user not the pages that are most relevant to their informational needs, but 
rather those for which more money has been invested in their promotion. Search engines benefit from 
artificially lowering the quality of organic search results, as contextual advertising, which is often 
irrelevant to the search query, appears more appropriate against that backdrop. 

The ranking algorithms of search engines take into account a large number of factors, but the main 
weight is given to the page ranking, which is calculated based on the analysis of the quantity and 
quality of external links to the page. Such evaluation methods are objective, but they can be easily 
falsified with a certain advertising budget by purchasing the necessary amount of high-quality links 
from external sources. This implies that they are oriented towards satisfying the needs of advertisers 
rather than users. 

In [1], described learning-based ranking model is proposed to improve recommendation systems 
with implicit user feedback. In [2], a ranking model is described that uses adaptive learning to 
improve content-based recommendation systems. In [3] develops a hybrid ranking model for 
scientific articles that combines content-based and citation-based methods. The ranking model using 
neural networks and weak supervision is described in [4-5]. It can work with incomplete data, making 
it more universal and convenient to use. However, the drawback is the complexity of understanding 
the principles of neural network operation. [6] is dedicated to using BERT (Bidirectional Encoder 
Representations from Transformers) for ranking in search engines. Research results have shown that 
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BERT provides high accuracy compared to traditional ranking methods. However, its implementation 
requires significant computational resources. [7] proposed a new approach to ranking that uses 
reinforcement learning to aggregate different page ratings. Results have shown improvement in 
ranking accuracy. However, the drawback is the need for significant computational resources and 
implementation complexity. 

In [8] authors discuss sentiment analysis methods, including rule-based and machine learning-
based methods, and provide examples of their applications in various domains, such as social media 
monitoring and product review analysis. In conclusion, the authors highlight the importance of 
integrating recommender systems and sentiment analysis for creating more effective and personalized 
recommendation systems. 

The development describes in [9] is designed to improve the relevance of search within 
organizations and enterprises by automatically identifying and capturing the knowledge and expertise 
of their employees. This can provide more accurate and relevant search results by linking search 
queries to employees who possess the necessary expertise. 

However, one potential drawback of this system is its potential inefficiency in using contextual 
information. It's important to consider not only the keywords but also the context in which they are 
used and other related factors when conducting searches. If the system doesn't account for context and 
can't adapt to changing user requirements, it can lead to irrelevant or incomplete results. 

Brytsov R.A. researches this problem. In his work [10], he presented a theoretical ranking model 
based on web resource visit statistics and document viewing time. However, it does not take into 
account the opinions of users about the web resources, as well as the level of agreement between users 
and experts. Ranking methods based on user ratings are widely used for ranking products in online 
stores. However, they are also based solely on the number of ratings and their numerical values. 

Overall, recent research has shown that the use of neural networks and reinforcement learning can 
improve ranking accuracy in search engines. However, these approaches require significant 
computational resources. 

Information retrieval is the process of searching for unstructured documentary information that 
satisfies the user's information needs [11]. Given that user information needs are individual and 
subjective, this definition suggests that search result ranking algorithms should be based on subjective 
factors specific to each user. 

Therefore, the development of methods for personalizing search engine results by providing users 
with search management tools and the development of new ranking models based on subjective user 
information needs is a pressing task. 

In this paper proposed an approach to ranking search results based on user ratings. The main 
difference of this method is the subjective approach to the ranking process. This effect is achieved by 
creating expert groups unique to each user. In the absence of any common ratings, the expert group is 
formed based on a model built on the user's social profile using inductive algorithms, namely a 
polynomial neural network with active neurons. 

2. Formation of expert groups 

In the real task of ranking search results, user ratings are used as input data for which their status 
as an expert is not defined. Obviously, accepting the opinions of all users who have rated a web 
resource as expert would be incorrect. It is also evident that the ratings and personal data provided 
during registration are not sufficient to unambiguously identify a user as an objective expert in the 
subject area. However, this data is sufficient to determine subjective expert groups for each user based 
on the criterion of proximity of the user's ratings to those of each expert.  

In this work, for the search query of the current user, the ranks of web resources from the search 
output are calculated as the weighted harmonic mean of all ratings from the members of the expert 
group. Expert groups for each network user are unique and are formed in the background mode of the 
system using three methods, depending on the presence of common ratings on a certain set of web 
resources between the current user and a potential expert. For convenience of presentation, experts are 
divided into three levels according to the method of calculating their weight. The division into levels 



is only of a logical nature. The weight of experts from all levels is equivalent and is taken into account 
when ranking search results without additional coefficients. 

To establish clarity in the definitions, the following terms are proposed within the framework of 
the research: 

Current user U0 - the user for whom the group of experts is formed and for whom the ranking of 
search results is carried out. 

Expert weight - a measure of the agreement between the expert's opinion and the current user's 
opinion, calculated based on the similarity of their assessments for a certain set of web resources. 

First-level potential expert Ui - a user who shares ratings with the current user, but whose level of 
agreement has not yet been calculated. 

Second-level potential expert jÛ - a user who does not share ratings with the current user, but 

shares ratings with a first-level expert. 
Third-level potential expert kU

~ - a user who does not share ratings with the current user or first-

level experts. 

2.1. Calculating the weight of first‐level experts 

Direct calculation can be applied in case the current user shares ratings with a set of potential 
experts X for some set of web resources. It allows calculating the similarity of ratings for each pair of 
“current user - potential expert” d(U0, Ui) separately. User ratings have values from 1 to 10, where 10 
represents the most acceptable option. The expert's weight value is determined as the arithmetic mean 
of the absolute differences between each pair of the user's and potential expert's ratings: 
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where m is the number of common ratings that the current user has with the i-th potential expert from 
the set X, and j is the ordinal number of the rating. The quality of the connection is evaluated using the 
Shewhart chart. Candidates with high and very high connection strength are selected as experts. The 
weight of expert Ui relative to the current user U0 is expedient to consider as a metric d(U0, Ui) in the 
metric space (X, d), where X[U0, …, Un] is the set of all system users. The function d satisfies the 
axioms of identity, symmetry, and triangle, but it cannot be defined for every pair of elements in the 
set X, since not all users have common ratings. Therefore, in the context of this problem, it is incorrect 
to use the term metric space, so in the future, we will refer to the function d(U0, Ui) for determining 
the weight of the expert as an analogue of a metric. Expert weight values are numbers within the 
interval  9.0,,...0)U ,d(U i0  , therefore, to determine a qualitative assessment, the result of a 

normalizing function is used, rather than the value itself: 







 

10

)U ,d(U
1,11)d(W i0      (2) 

2.2. Calculating the weight of second‐level experts 

Forming expert groups only from those users who have common ratings with the current user 
significantly narrows down the circle of potential experts. To solve this problem, a method for 
calculating the weight of experts in the absence of common ratings with the current user has been 
proposed. It assumes the presence of common ratings with first-level experts and determines the 
overall weight of a potential second-level expert with respect to the current user )Û,d(U j0

taking into 

account their weight relative to the first-level expert )Û,d(U ji and the weight of the first-level expert 

relative to the current user )Û,d(U ji
. 



The weight of second-level experts relative to the current user is expedient to calculate as the 
product of the weight of the first-level expert relative to the second-level potential expert who has 
common ratings and the weight of the first-level expert relative to the current user: 

))U,d(U(W))Û,d(U(W))Û,W(d(U i0jij0     (3) 

The expert group includes second-level potential experts whose weight relative to the current user 
is ))Û,W(d(U j0 > 0.7. 

2.3. Calculating the weight of third‐level experts  

The proposed method can be applied when there are a low number or absence of shared ratings, 
based on a model for calculating the weight of potential experts constructed from personal social 
profiles. The calculation of the weight of potential experts based on their past activity always yields 
the most accurate results. However, during the implementation and early stages of system operation, 
there will inevitably be situations where there is insufficient data to apply this method. Accumulating 
a certain base of ratings, i.e., the presence of shared ratings in the database in sufficient quantities to 
form expert groups for most system users, is necessary for its application. Therefore, to ensure correct 
system operation at an early stage of implementation, a method for determining the weight of users 
who have no shared ratings was developed. The user's social profile is formed based on the 
information they provide during registration in the system [12]. To build a model for calculating the 
weight of experts, a number of subjective features xm were selected, which may directly or indirectly 
affect the visitor's evaluation. 

For modeling the degree of consensus among experts, a generalized iterative algorithm (GIA) of 
inductive modeling was chosen - a polynomial network with active neurons [13]. 

Formally, in the general case, the GIAI for a layer r is defined: 
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4. The algorithm stops when rr CRCR min
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 and the optimal model corresponds to the value 

rCRmin for the r-th layer. Usually, the criterion of regularity is applied: 
22 ˆˆ ABBBBAB XyyyAR  ,     (4) 

based on dividing the data sample into two non-overlapping sub-samples - training set A and 

validation set B, )( TTT BAW  where Bŷ is the estimate of the output on B by a model, A̂ vector 

of parameters of which is calculated on A. 
Figure 1 represents a system that takes an input X and uses it to generate different models on next 

layer r. The generated models are passed to an active neuron block that optimizes their complexity 
using combinatorial optimization and selects F best models. The system then computes the error for 
each model, selects F best models again, and repeats the process until only one model is left. The final 
model is selected based on having the lowest error. Finally, the system outputs the value of y. 

 



 
Figure 1: GIA scheme  

 

3. Results 

For comparing the results of the coherence of experts' opinions using the methods described above, 
a data sample was used in which 20 users evaluated 20 web resources based on the quality of 
presented information and ease of use. The evaluation scale ranged from 1 to 10, where 10 is the best 
score. Expert #0 is the current user, and a group of experts is selected based on their ratings. For ease 
of understanding, the web resources will be denoted by capital Latin letters with a digital index equal 
to the number of the data sample, and the user numbers will be represented by digits. 

For each potential expert paired with user #0, a measure of consensus of opinions was calculated 
(Table 1). 

 
Table 1 
Measures of concordance of user #0's opinions with each of the potential experts 

User  The weight value of the 
potential expert | correlation 

strength >0.7 

1  0.9285 | + 
2  0.8735 | + 
3  0.9010 | + 
4  0.9120 | + 
5  0.6370 | ‐ 
6  0.9120 | + 



7  0.5765 | ‐ 
8  0.8955 | + 
9  0.8955 | + 

10  0.9010 | + 
11  0.9285 | + 
12  0.9175 | + 
13  0.6975 | ‐ 
14  0.8570 | + 
15  0.6315 | ‐ 
16  0.5600 | ‐ 
17  0.5270 | ‐ 
18  0.7580 | + 
19  0.7195 | + 
20  0.7525 | + 

 
 
To develop a methodology for considering the weight of second-level experts in ranking, it is 

necessary to choose criteria for assessing the ratio of the weight of second-level experts to the current 
user, expressed through the weight of first-level experts. Fig. 2-3 shows the modules of the 
differences in weight of second-level experts and their weights relative to the current user. 

The diagram in Fig. 2 shows the dependence of the average difference in weight of second-level 
experts relative to the weight of first-level experts. The graph shows that the weight deviation 
significantly increases when the weight values of first-level experts are less than 0.8. 

Potential second-level experts whose weight relative to the current user is ))Û,W(d(U j0 > 0.7 are 

selected for the expert group. 

 
Figure 2: The dependence of the average difference in weight of a second‐level user on the weight 
of a first‐level expert 

 
 



 
Figure 3: The weight differences in of second level users 

 
 

The calculation of the weight of potential experts based on the analysis of their previous activities 
always gives the most accurate results. However, during the system's introduction and the period from 
the beginning of its operation until a certain database of ratings has accumulated, situations will 
inevitably arise where there is not enough data for its application. By accumulating a certain database 
of ratings, it is meant having a sufficient number of shared ratings in the database to form expert 
groups for most users of the system. Therefore, to ensure the proper functioning of the system at an 
early stage of its operation, the GIA algorithm is used at the third level to determine the weight of 
users who have no shared ratings at all.  The generalized iterative algorithm is a set of iterative and 
iterative-combinatorial algorithms defined by the components of a vector of three index sets: DM 
(Dialogue Mode), IC (Iterative-Combinatorial), MR (Multilayered-Relaxative), where any iterative 
algorithm is defined as a specific case of the generalized UIA = {DM, IC, MR}. DM can take three 
values: 1 - standard automatic mode; 2 - planned automatic mode; 3 - interactive mode; IC can take 
two values: 1 - iterative and 2 - iterative-combinatorial algorithms; MR can take three values: 1 - 
classical multilayered, 2 - relaxative, 3 - combined algorithms [13]. 

The input data consisted of social profiles of users (U0-U60) who participated in previous 
experiments. Since their weight relative to user U0 had already been calculated on the rating data 
samples, the same expert groups were used for building the model.  

To determine in terms of users who have no common ratings with both the current user and the 
members of the expert group U0,exp, we will refer to them as potential third-level experts. It is 
necessary to build a model of the influence of socio-personal factors of Internet users on the degree of 
agreement of opinions between the potential third-level expert and the current user. The sample was 
randomly divided into two sub-samples in the following proportions: 70% - testing, 30% - validation. 
The obtained model is an intermediate stage for solving the given task under time constraints. Table 2 
shows the values of actual and modeled results on samples A and B for GIA. In Figure 4 the 
generalized iterative algorithm reaches a minimum on the 7th layer. 

The proposed methodology is applied to the task of ranking search results in the search engine 
Google.com.ua. At first glance, this task seems very laborious, considering the large number of 
results, which in most cases reaches hundreds of thousands, or even several million. However, upon 



closer analysis of the algorithms used by search engines, it turns out that the computational 
complexity of the task is several orders of magnitude lower [14]. The actual number of search results 
that a user has access to be much smaller than what the system claims when performing a search 
query. 

 
Table 2 
The values of actual and modeled results on samples A and B for GIA 

Sub‐samples  Real data, y  Model data,  ŷ    

  1  0,904   

А 

0,9285  0,895   

0,8735  0,752   

0,901  0,882   

0,912  0,810   

0,637  0,628   

0,912  0,865   

0,5765  0,637   

0,8955  0,818   

0,8955  0,961   

0,901  0,911   

0,9285  0,886   

0,9175  0,928   

0,6975  0,737   

В 

0,857  0,856   

0,6315  0,730   

0,56  0,680   

0,527  0,574   

0,758  0,788   

0,7195  0,814   

0,7525  0,750   

 

 
Figure 4: The values of the evaluation criterion (AR criterion) for the layers R 

 
To verify the effectiveness and correctness of the methods presented above for solving the problem 

of ranking web resources based on user ratings, four experiments were conducted. Four data samples 
were formed, one for each experiment (Table 1-2). In each sample, 20 users rated 20 web resources 
based on the quality of the presented information and ease of use. A total of 60 users were involved in 
forming the four samples. Some users participated in rating web resources in more than one sample. 



However, the same users were denoted with the same numbers in all four experiments, for example, 
user #1 in each experiment is the same person. Each experiment involved several experts from the 
previous experiment and new users. This was done to be able to trace the weight values of the same 
experts in different data samples. Before starting the ranking of web resources according to the chosen 
methods, it is necessary to obtain a reference ranking against which the results will be compared. 
Simple sorting of web resources in decreasing order of user 0's ratings only provides approximate 
results. Such a method only orders a group of web resources with the same ratings in decreasing 
order. The true order of web resources within each group remains unknown. Therefore, to construct a 
reference ranking, user 0 assigned a rank from 1 to 20 to each web resource, where 1 is the highest 
rank. 

Manual ranking was used to create the reference ranking for the current user. The next step is to 
construct a ranking based on median values and assign new ranks. The new rank for a web resource 
with a unique value is equal to its position in the ordered list. In case several web resources have the 
same ranks based on median values, their new ranks are the arithmetic means of their positions in the 
ordered list. As some web resources received the same score, they are considered equivalent and are 
grouped into an equivalence class. To evaluate the efficiency of the aforementioned methods for 
calculating average scores, the average deviation from the reference ranking is used. It is calculated as 
the arithmetic mean of the differences between the positions of web resources. 

The summarized results of the conducted experiments are presented in Table 3.  
 
Table 3 
Measures of concordance of user #0's opinions with each of the potential experts 

Experiment number  Weighted harmonic mean 

#1 The sum of deviations  18 
Average value of deviation:  0,9 

#2 The sum of deviations  24 
Average value of deviation:  1.2 

#3 The sum of deviations  22 
Average value of deviation:  1.1 

#4 The sum of deviations  20 
Average value of deviation:  1 

Best results  4 

 
The last row of the Table 3 shows the number of times the determined method provided the best 

ranking results. If more than one method showed the best results during the experiment, they are all 
considered the best. 

The methodology for building a personalized web ranking model based on user ratings has shown 
high effectiveness, indicating the potential for developing this direction further.  

The developed method for ranking search results generates a unique ordering of web resources for 
each user. This is achieved by using ratings from expert groups unique to each user, and by assigning 
each rating a unique weight calculated based on the user's previous activity in the system. 

The resulting ranking model is much more difficult to falsify because it is based on subjective 
factors. Each user will have a unique ranking model, and falsifying it would require reproducing each 
user's preferences, which is much more difficult than acquiring links to their website from 
authoritative sources. 

4. Conclusions 

An approach to ranking search results based on user ratings is proposed. The main difference of 
this method is the subjective approach to the ranking process. This effect is achieved by forming 
expert groups unique to each user. Experts are selected based on the degree of agreement with the 
current user, calculated based on the common ratings for a certain set of web resources. Selection of 



users for the expert group is based on their weight relative to the current user, which is a measure of 
their agreement. 

A methodology for forming unique expert groups for each user is proposed, which includes three 
levels depending on the presence of common ratings for a certain set of web resources between the 
current user and potential experts. The first level involves selecting potential experts based on their 
common ratings with the current user for a certain set of web resources. The second level involves 
selecting potential experts based on their agreement with the current user on a certain set of web 
resources. The third level involves selecting potential experts based on their weight relative to the 
current user, which is a measure of their agreement. 

The proposed method has several advantages over traditional ranking methods. First, it takes into 
account the subjective nature of user preferences. Second, it allows for the formation of unique expert 
groups for each user, which can improve the accuracy of the ranking results. Third, it provides users 
with tools to manage their search results. 

The next step in the development of this approach could be to construct ranking models based on a 
large number of factors, similar to modern search engines. By incorporating additional factors such as 
click-through rates, time spent on a page, and other user behavior data, it may be possible to further 
improve the accuracy of the ranking results. 
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Abstract  
Unmanned aerial vehicle (UAV) imaging is a dynamically developing field, where the 
effectiveness of imaging applications highly depends on quality of the acquired images. No-
reference image quality assessment is widely used for quality control and image processing 
management. However, there is a lack of accuracy and adequacy of existing quality metrics 
for human visual perception. In this paper, we demonstrate that this problem persists for 
typical applications of UAV images. We present a methodology to improve the efficiency of 
visual quality assessment by existing metrics for images obtained from UAVs, and introduce 
a method of combining quality metrics with the optimal selection of the elementary metrics 
used in this combination. A combined metric is designed based on a neural network trained to 
utilize subjective assessments of visual quality. The metric was tested using the TID2013 
image database and a set of real UAV images with embedded distortions. Verification results 
have demonstrated the robustness and accuracy of the proposed metric. 
Keywords 
image quality assessment, no-reference metric, visual quality, UAV images, correlation 
analysis, artificial neural network  

1. Introduction 

A scope of applications of drones and other unmanned aerial vehicles (UAVs) has expanded 
rapidly in recent few decades. Since most of UAVs contain cameras, there is a growing interest in  
analysis and processing of visual data. UAVs mainly use optical band cameras, thus, the existing 
digital image processing solutions are applicable [1-2]. However, the mobility and autonomy of these 
systems can impose significant restrictions and one must consider all these factors.  

The key problems of applying digital image processing in UAV applications are as follows: 
1. UAVs require an adaptive integrated approach to suppress the present noise, motion blur, and 
other typical distortions, which can only partially be compensated by a camera stabilization. 
2. For data transmission from drones, a wireless connection is used. The range and reliability of 
data transmission determine one of the key characteristics of UAVs – the flight range. In this 
sense, the efficiency of processing and compression of high-resolution data for transmission over a 
radio channel with limited bandwidth is decisive. 
3. The data obtained at the end device, in addition to storage and more complex post-processing, 
can be used in various applications. Among them, high level vision tasks based on machine 
learning, such as detection, recognition, etc., become more widespread [1, 3, 4]. 
Common to all above mentioned challenges, there is a need to accurately assess image quality and 

measure distortion parameters, which will be used in image reconstruction methods, to enhance the 
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visual quality of the acquired images. In addition, an effective lossy compression is required. Certain 
results of UAV image processing have already been reported [5, 6, 7]. Nevertheless, robust methods 
that can accurately assess the visual component and determine the optimal parameters for subsequent 
image processing methods are required.  

Image quality assessment (IQA) is usually applied by visual quality metrics. To improve their 
accuracy, some features of human perception are employed. There are two main classes of visual 
quality assessment methods. Full-reference (FR) visual quality metrics are widely used to verify 
image processing methods by evaluating the relative changes in image quality. No-reference (NR) 
metrics assess the quality based on the characteristics of the image itself and can be applied as a tool 
in many UAV applications [8, 9]. 

There are many developed NR IQA methods, but their common problem is a low accuracy, due to  
only limited amount of information available for analysis, and these metrics inability to accurately 
separate image elements (textures, borders, gradients, etc.) from distortions (noise, blur, etc.) [10, 11].  

To design and verify visual quality metrics, special test image databases [11] are used. They 
contain images distorted by certain types of distortions. For each image, a visual quality score (mean 
opinion score (MOS)) is formed based on the results of a large number of subjective experiments with 
volunteers. Correlation analysis between metric values and MOS serves as a quantitative indicator of 
its compliance with human vision. Considering the most universal and large test image databases with 
tens of distortion types such as TID2013 [12], the efficiency of no-reference metrics usually does not 
exceed 0.5, according to the Spearman rank order correlation coefficient (SROCC). 

Fortunately, one can increase accuracy of IQA using existing methods through their joint use, e.g., 
using methods presented in [13, 14]. In this paper, we propose a method of combining no-reference 
visual quality metrics based on an artificial neural network (ANN) that is focused on solving various 
problems of processing UAV images. Since many tasks with UAVs require the mobility of computing 
devices, the priority of this work is to ensure high accuracy of visual quality estimation while 
maintaining acceptable performance. 

2. The efficiency of metrics for UAV purposes 

Drones can lead to a significant amount of various distortions for an image during its acquisition, 
processing, compression and transmission over a communication channel. In this regard, the design of 
a combined metric requires the presence of test image databases that allow simulating such situations. 
As a result of the analysis of many image databases [11], we have chosen TID2013.  

A distinctive feature of this image database is that it contains 24 types of various distortions, 
including such unique ones as bit errors in the transmission of compressed images. TID2013 contains 
25 reference images that have been distorted by 24 types of distortion at 5 levels of intensity, for a 
total of 3000 test images. A complete list of distortions and their applicability to solving the current 
problem is given in Table 1.  

Let us analyze the distortions listed in Table 1 and their relation to imaging from UAVs: 
 Additive Gaussian noise (##1-2) is the basic model for representing most of the physical 
processes that cause noise. It is more pronounced in low light conditions. 
 Spatially correlated noise (#3) is a characteristic of optical images due to the use of the Bayer 
filter or its modifications on sensors. It significantly increases with digital zoom. 
 Impulse noise (#6) may be a manifestation of dead pixels and a lot of other causes such as 
coding/decoding artifacts. 
 Quantization noise (#7) may occur during image acquisition and transformations. 
 Blurring (#8) is one of the most relevant distortions due to the motion and vibrations of the 
UAV. 
 Denoising (#9) is a manifestation of the noise reduction built into most cameras. 
 Compression (##10-11) is a typical stage in the image processing chain to reduce data 
redundancy. 
 Transmission errors (##12-13) are typical for wireless communication channels, especially 
over long distances. 



 Changes in brightness, contrast and saturation (## 16-18) allow simulating changes in lighting 
conditions at different time instances of a day and weather conditions. 
 Multiplicative noise (#19) is relevant because sensor noise is mostly signal-dependent. 
 Noise (#20) allows the simulation of some artifacts of image processing and compression. 
 Lossy compression of noisy images (#21) is a typical example of a real situation where an 
image with some noise is compressed. 
 Chromatic aberration (#23) is a result of the refraction of light in the camera's optics. 

 
Table 1 
List of TID2013 distortions and their relevance for UAV purposes 

##  Distortion type  Relevance for UAV imaging 

1  Additive Gaussian noise  + 
2  Additive noise  

(more intensive in color components) 
+ 

3  Spatially correlated noise  + 
4  Masked noise  – 
5  High‐frequency noise  – 
6  Impulse noise  + 
7  Quantization noise  + 
8  Gaussian blur  + 
9  Image denoising  + 

10  JPEG compression  + 
11  JPEG2000 compression  + 
12  JPEG transmission errors  + 
13  JPEG2000 transmission errors  + 
14  Non‐eccentricity pattern noise  – 
15  Local block‐wise distortions of different intensity  – 
16  Mean shift (intensity shift)  + 
17  Contrast change  + 
18  Change of color saturation  + 
19  Multiplicative Gaussian noise  + 
20  Comfort noise  + 
21  Lossy compression of noisy images  + 
22  Image color quantization with dither  – 
23  Chromatic aberrations  + 
24  Sparse sampling   – 

 
The listed 18 distortions comprehensively allow a use of the vast majority of noise types and 

distortions that can occur in UAV images or be the result of weather conditions. These distortion 
types give together 2250 test images from the TID2013 dataset that will be used in the paper. 

Let us analyze the performance of the existing NR metrics on this subset of images. Since our task 
is to ensure high accuracy of estimation, the maximum possible number of different metrics is 
included. The SROCC values for the entire TID2013 database and the selected subset are given in 
Table. 2.  

As it can be seen from the results in Table 2, the best performance is demonstrated by the ILNIQE 
metric, but its SROCC values (equal to 0.492 for all and 0.529 for the selected 18 UAV distortions) 
are relatively (inappropriately) low. It should be noted that Table 2 shows the absolute SROCC values 
because the metrics have been developed using different image databases that can evaluate the visual 
quality (MOS values) in two ways: as a higher value for better quality, or vice versa - a higher value 
as a larger difference from the perfect quality. 
  



Table 2 
SROCC values of no‐reference IQA on TID2013 subsets 

##  Metric  SROCC 
(All) 

SROCC 
(UAV) 

  ##  Metric  SROCC 
(All) 

SROCC 
(UAV) 

1  ILNIQE [15]  0.492  0.529    23  DIQU [34]  0.240  0.251 
2  CORNIA [16]  0.435  0.521    24  SDQI [35]  0.224  0.248 
3  HOSA [17]  0.471  0.515    25  DIPIQ [36]  0.140  0.209 
4  C‐DIIVINE[18]  0.373  0.448    26  MLV [37]  0.201  0.195 
5  BLIINDS2 [19]  0.395  0.425    27  FISHBB [38]  0.145  0.152 
6  BRISQUE[20]  0.367  0.416    28  JNBM [39]  0.141  0.152 
7  BIQI [21]  0.405  0.409    29  DESIQUE[40]  0.069  0.150 
8  SSEQ [22]  0.341  0.406    30  GMLOG [41]  0.109  0.139 
9  NIQE [23]  0.313  0.403    31  NIQMC [42]  0.113  0.124 

10  QAC [24]  0.372  0.379    32  ARISM [43]  0.145  0.109 
11  SISBLIM_SM [25]  0.318  0.360    33  CPBDM [44]  0.112  0.109 
12  LPSI [26]  0.395  0.357    34  LSSn [31]  0.168  0.105 
13  LPC‐SI [27]  0.323  0.354    35  PSS [31]  0.022  0.087 
14  SISBLIM_SFB[25]  0.336  0.348    36  LSSs [31]  0.114  0.084 
15  DIIVINE [28]  0.344  0.343    37  ARISMc [43]  0.138  0.081 
16  BIBLE [29]  0.281  0.333    38  PSI [45]  0.001  0.075 
17  OG‐IQA [30]  0.276  0.327    39  SMETRIC[46]  0.097  0.074 
18  BPRI [31]  0.229  0.313    40  FISH [38]  0.052  0.041 
19  TCLT [32]  0.233  0.308    41  NR‐PWN [47]  0.016  0.039 
20  SISBLIM_WFB [25]  0.293  0.301    42  NMC [48]  0.054  0.033 
21  MSGF‐PR [33]  0.244  0.274    43  BLUR [49]  0.008  0.020 
22  SISBLIM_WM [25]  0.239  0.265    44  NJQA [50]  0.100  0.007 

3. The problem of metrics selection 

It is possible to increase the accuracy of image quality assessing by combining several metrics. 
Successfully selected metrics are able to complement each other and provide a comprehensive 
analysis of the image taking into account various types of distortions. As it was shown in [13], the 
greatest efficiency is achieved through multi-parameter optimization using artificial neural networks. 
Combining the listed 44 metrics can potentially give the best accuracy of visual quality assessment. 
However, most of these metrics can make a low contribution requiring significant computing 
resources. High mobility and minimal computing costs are among the key requirements for UAV 
applications. Therefore, it is necessary to reduce the number of metrics without a significant decrease 
in the accuracy of IQA. Several possible solutions can be employed for the correct choice of 
elementary metrics (listed in Table 2) as inputs of an ANN, but not all of them are feasible or give an 
effective solution: 

1. A complete enumeration of options is not possible in practice, since even for 5 or 10 
incoming metrics, it will be necessary to calculate 1.6×108 and 2.7×1016 combinations, 
respectively. 
2. The choice of the best metrics with high SROCC rates or the exclusion of similar metrics with 
high cross-correlation values has shown insufficient efficiency in [51]. 
3. “Intelligent” selection of appropriate metrics. As a possible solution, the approach of using 
regularization was tested in [13] and proven to be effective. Lasso (least absolute shrinkage and 
selection operator) regularization is widely used in machine learning to reduce the model 
complexity and prevent overfitting. As a result of introducing restrictions, it allows determining 
the least important input features (corresponding metrics) and excludes them by setting zero 
weight coefficients. This approach can be applied to reduce the number of metrics. 



To display the influence of the number of elementary metrics used on the accuracy of the trained 
ANN, we employ several of their combinations defined using Lasso in the range of values from the 
minimum 3-5 to all 44 metrics. The Lasso parameters were selected in such a way as to obtain non-
zero weights for a given number of the metrics. Totally, 10 dimensions are considered in the paper: 4, 
5, 7, 10, 16, 20, 25, 30, 35, and 44. Metric combinations with 16 metrics and less, which are focused 
on, are presented in Table 3.  

 
Table 3 
List of the metrics, defined by Lasso 

Metrics’ number  Metrics’ names 

4  ARISM, CORNIA, DIPIQ, ILNIQE 
5  Above 4 + LPCSI 
7  Above 5 + MLV, NIQMC 

10  Above 7 + MSGF‐PR, NIQE, PSS 
16  Above 10 + C‐DIIVINE, GMLOG, HOSA, JNBM, PSI, TCLT 

4. Preliminary results 

Despite the popularity of neural networks, their use in the field of image quality assessment has 
some limitations.  

First, there are limited variety and size of datasets, because only image databases containing MOS 
values can be applied. It should be noted that due to the limited number of distortion levels and the 
variety of reference images, it can be assumed that some test images have unique properties and their 
distribution into training or test subset may affect the accuracy of the trained neural networks. 
Therefore, it is impossible to choose exactly which images should be in each of these sets. To ensure a 
result approaches the optimal one, for each ANN configuration over 100 repetitions with a random 
distribution of images on training (70%) and testing (30%, respectively) subsets have been completed. 

Second, the choice of the type of ANN can have a significant impact on the final efficiency. Two 
types of networks are considered: feed-forward and cascade networks, which have a non-linear 
relationship between layers since the resulting value of each layer, including the input one, affects all 
subsequent layers.  

 

 
(a) 

 
(b) 

Figure 1: Generalized schemes of the used feed‐forward (a) and cascade (b) networks 
 
Further, the efficiency of ANN is also determined by its structure (the number of hidden layers and 

the number of neurons in each of them). Since a significant number of factors affecting the efficiency 



of the final neural network have already been indicated, several basic configurations are used at the 
preliminary stage of the analysis. A more precise configuration of the ANN will be determined at the 
final stage of creating the combined metric. At this stage, variants of the neural network structure with 
1-3 hidden layers are used. For each of them, there are two options for the number of neurons N in 
each layer: 1) in all layers, it is equal to the number of input metrics M (N = M), and 2) each next 
layer starting from the second one the number is divided by two (N1 = M, N2 = M/2, N3 = M/4). 
There are only 5 options totally because for a single-layer network they are identical. 

As the activation function, a sigmoid function is used, which allows, regardless of the value ranges 
of the used metrics, to obtain, after the 1st hidden layer, the values in the fixed range [0,1]. This 
procedure allows us to implement the built-in function fitting and value normalization. This stage 
involves the construction of 10,000 variants of ANN (2 types × 5 configs × 100 repetitions × 10 
metric combinations). All calculations were performed using the MatLab software. 

Let us analyze the results obtained after training all these ANNs. The main dependence is that the 
accuracy of the combined metric grows with the number of elementary metrics used. The maximum is 
achieved for all 44 metrics. The graph of SROCC dependence on the number of metrics is shown in 
Fig. 2 for ANNs with maximum SROCC rates among repetitions of each configuration for the feed-
forward network.  

Based on these results, several conclusions can be drawn. Thus, the use of an ANN for metrics 
combination is an effective solution for UAV applications, since even the minimal number of them 
(4) significantly exceeds in accuracy the maximum result among elementary metrics (SROCC = 
0.53). The current 5 configurations of the ANN structures give similar indicators, their comparison 
will be carried out in more detail later. This graph allows making some recommendations for 
choosing the structure of an ANN depending on the requirements and constraints of the problem 
solved. For example, if it is necessary to ensure maximum performance, the desired choice would be a 
combined metric of 5 elementary ones, its result reaches SROCC = 0.74, which is much higher than 
for 4 metrics, but a further increase of accuracy with the number of input parameters is slow. 
Nevertheless, if accuracy or balance with performance is a priority, then the options of 10 or 16 
elementary metrics can be useful. Their accuracy reaches 0.82 – 0.84 of SROCC. Further, the 
accuracy at the level of 0.85 is practically independent of the number of metrics. Considering that one 
of the requirements of this study is to maintain acceptable performance with high accuracy, we will 
use a combined metric consisting of 10 elementary metrics. 

 

 
Figure 2: Dependence of SROCC on the number of elementary metrics selected by the Lasso criterion 

 
To display the main statistical indicators and some problems, Fig. 3 shows a box chart for 4 (full 

graph and limited range higher than 0.5 under it), 5 (similarly to the previous one), 10, and all 44 
metrics. Its advantage is the ability to display simultaneously the median, the lower (0.25) and upper 
(0.75) quartiles, any outliers (computed using the interquartile range), and the minimum and 
maximum values that are not outliers. From these graphs, it can be noted that with a small number of 
metrics (4 and 5), the complexity of the neural network (number of neurons) is not enough for proper 
training, as a result of which anomalous results were obtained - incorrectly trained neural networks 
with indicators below individual metrics. This is also the problem of multilayer neural networks with 



fewer neurons in each layer. For 10 and more metrics, this problem is no longer observed. The highest 
values for each presented network configuration are already denoted in Fig 1. Quantitative indicators 
of the best neural networks for the feed-forward network from Fig. 1 and Fig. 2 are given in Table 4, 
where M means the number of elementary metrics. 

 

 
Figure 3: Box charts of the results of the obtained neural networks for 4, 5, 10, and 44 input metrics. 

 
Table 4 
Results of the best feed‐forward networks for different numbers of inputs (4, 5, 10, and 44) 

NN 
config 

Description (in 
NN layers) 

SROCC 

M = 4  M = 5  M = 10  M = 44 

1  [M]  0.683  0.722  0.805  0.858 
2  [M, M]  0.692  0.723  0.818  0.840 
3  [M, M, M]  0.700  0.742  0.797  0.846 
4  [M, M/2]  0.697  0.724  0.795  0.853 
5  [M, M/2, M/4]  0.688  0.732  0.809  0.881 

5. Final network modifications 

In the first phase of experiments, when forming a neural network for 10 input metrics, the 
following configurations were used for neural networks with 1-3 hidden layers: [10], [10, 10], [10, 10, 
10], [10, 5] and [10, 5, 2]. 

The general trend in Fig. 2 shows that the number of neurons in layers less than 10 may not be 
enough. Therefore, additional configurations with a number of neurons up to 20 per layer (×2 
compared to the number of input metrics) were additionally built. More than 30 configurations for 
both network types have been used and the best results of the ANN for each number of hidden layers 
and some statistics are partly shown in Table 5. It shows lists of neural network configurations, both 
the best 2 from the initial five and additionally trained for 10 input metrics (50 repetitions).  

To evaluate the effectiveness of each configuration and both types of networks, some statistical 
indicators are given: the maximum (best neural network) and minimum value, median, skewness, and 
quartiles 0.75 and 0.95. Skewness is a measure of the asymmetry of the data around the sample mean. 
If skewness is positive, the data spread out more to the higher values. The skewness of the normal 
distribution (or any perfectly symmetric distribution) is zero.    

The maximum performance for both types of networks in Table 5 has been achieved by 
configuration #8. Despite the random learning process, in general, for a feed-forward network, an 
increase in the number of neurons to 20 leads to an increase in accuracy. This is also confirmed by the 
values of the quartiles 0.75 and 0.95. A further increase in the number of neurons does not provide a 
significant improvement. According to skewness values, it can be noted that there is a slight tendency 



toward obtaining neural networks with low performance, and in the worst cases they differ a little 
from elementary metrics (SROCC can be less than 0.6). Cascade neural networks do not provide any 
advantages demonstrating somewhat lower performance for almost all configurations. This network 
shows the advantage in terms of maximum SROCC for configurations with a small number of 
neurons (#2 and #4), therefore, it is presumably the most effective for solutions with a small amount 
of input data and simpler layer structures.  

According to the results of Table 5, the ANN with the maximum Spearman correlation coefficient 
of 0.8307 was chosen as a combined metric for visual quality assessment tasks. The list of metrics 
used in it and a visual comparison of its effectiveness for elementary metrics is shown in Fig. 4.  This 
metric is available at https://github.com/OlegIeremeiev/CNNM-UAV.git . 

 
Table 5 
Results of the best feed‐forward networks for 10 inputs 

NN 
config 

Description  
(in NN layers) 

SROCC 

Max  Min  Median  Skewness  0.75 
Quartile 

0.95 
Quartile 

Feed‐forward network 
1  [10] [10]  0.8178  0.6433  0.7351  ‐0.0261  0.7621  0.8033 
2  [10] [5]  0.7949  0.6256  0.7487  ‐0.9202  0.7716  0.7899 
3  [20]  0.8111  0.6475  0.7483  ‐0.5799  0.7704  0.8041 
4  [20] [10]  0.8074  0.6312  0.7563  ‐0.7113  0.7862  0.8024 
5  [20] [20]  0.8280  0.6787  0.7625  ‐0.2461  0.7906  0.8209 
6  [15] [10] [10]  0.8214  0.6430  0.7452  ‐0.3190  0.7726  0.8116 
7  [10] [15] [20]  0.8050  0.6383  0.7386  ‐0.3225  0.7608  0.8009 
8  [20] [15] [10]  0.8307  0.6500  0.7607  ‐0.5689  0.7806  0.8161 
9  [10] [20] [15]  0.8195  0.5945  0.7387  ‐0.6796  0.763  0.8120 

Cascade network 
1  [10] [10]  0.8010  0.6074  0.7507  ‐1.2935  0.7698  0.7902 
2  [10] [5]  0.8213  0.5437  0.7435  ‐1.6415  0.7643  0.7844 
3  [20]  0.7989  0.5954  0.7521  ‐1.0453  0.7685  0.7966 
4  [20] [10]  0.8176  0.5606  0.7582  ‐1.5616  0.7811  0.8098 
5  [20] [20]  0.8080  0.6108  0.7577  ‐1.5696  0.7784  0.8000 
6  [15] [10] [10]  0.8126  0.6253  0.7487  ‐0.9623  0.7739  0.8040 
7  [10] [15] [20]  0.8185  0.6326  0.7618  ‐0.9489  0.7821  0.8041 
8  [20] [15] [10]  0.8214  0.6193  0.7726  ‐1.3170  0.7895  0.8053 
9  [10] [20] [15]  0.8177  0.6681  0.7572  ‐0.2515  0.7797  0.8122 
 

 
Figure  4:    Scatter plot of  the 10  elementary metrics  and  the  combined metric  (CNNM)  including 
them.  

 



A visual representation of the effectiveness of assessing the quality of certain types of distortions 
is shown in the graph in Fig. 5. The numbers of distortions correspond to the serial number of the 
distortions selected for analysis (see Table 1). It can be seen that the combined metric provides 
consistently high results with a decrease in accuracy at distortions #12 (mean shift) and #14 (change 
of color saturation), these distortions are problematic for all the metrics used in the paper. 

 

 
Figure 5: Dependency of the metrics’ SROCC values on the type of distortion (absolute values) 

6. Combined metric analysis 

The purpose of creating a combined metric was to improve the accuracy of the visual quality 
assessment of images in various UAV tasks. However, there is a limitation: general-purpose color 
image database TID2013 with the corresponding MOS values was taken to train the neural network. 
Therefore, it is necessary to analyze the effectiveness of the obtained metric in practice for real 
images. 

It should be noted that the application area and its inherent types of distortion significantly affect 
the results obtained. Thus, in [14], the visual quality metric was proposed for the assessment of 
remote sensing images. Its SROCC value reached the level of 0.8813. At the same time, verification 
on UAV-related distortions from TID2013 showed significantly worse results - SROCC has decreased 
to 0.7083. The reason lies in the different sets of distortions. In particular, transmission errors are rare 
in remote sensing practice, since these systems operate in more static and predictable conditions. 
Distortions in brightness and contrast as a factor of weather and daylight conditions changing were 
also not taken into account in the design in [14]. This confirms the fact that individual metrics are 
often not enough for application areas with unique features and the combined approach based on 
neural networks allows for an increase of 50% or more. 

The practicality and applicability of the proposed solution can only be assessed on the basis of real 
images from the UAV. At the same time, this approach has significant limitations: the absence of 
MOS values and the complexity of obtaining images with all the considered distortions and needed 
combinations. Taking this into account, a number of assumptions and simplifications have been made, 
and the results obtained are mostly illustrative. 

1. Verification of visual metrics requires MOS, which values can only be obtained from a 
significant amount of subjective experiments and require considerable time. The first 
simplification is that the missing MOS values can to some extent be replaced by objective 
indicators, the accuracy of which significantly exceeds the analyzed metrics. For a comparative 
analysis of the combined and individual metrics, this may be sufficient. Such a condition can be 
provided by full-reference quality metrics - the accuracy of some of them reaches SROCC = 0.9 
for the entire TID2013 and more than 0.96 for certain types of distortions and significantly 
exceeds SROCC for existing no-reference metrics. 



2. It is technically difficult to ensure the presence of real test images with the considered 
distortions, therefore, it is proposed to artificially simulate their presence by adding the distortions 
under the interest of different intensities to the selected images. 
3. The level of distortion should preferably have a wide range of intensities from inconspicuous 
to significant. 
To verify the metrics, real images from UAVs were used. As a basis, some images of the UAVDT 

(Unmanned Aerial Vehicle Benchmark Object Detection and Tracking) dataset [52] were taken, 
examples of which are shown in Fig. 6. The dataset contains more than 40,000 images with a 
resolution of 1080 × 540 pixels. Of these, 16 images were selected with different terrain, daylight, and 
weather conditions. 

 

 

 

 
Figure 6:  Examples of reference images of the UAV test set. 
 

Creation of test images with the necessary types of distortion requires special skills. TID2013 
distortions were generated in accordance with a certain strategy, however, their generation code is not 
available. Therefore, our mechanisms for generating distortions are used in the paper, and from the 
list of selected types of distortions, 9 main ones are taken into account: 

 Gaussian white noise; 
 Multiplicative noise; 
 Gaussian blur; 
 Denoising (applying BM3D filter to images with Gaussian white noise); 
 JPEG and JPEG2000 compression; 
 Brightening, darkening, and mean shift (darkening and lightening). 
According to the variety of intensities, 9 different levels were chosen for a more accurate gradation 

of distortion, in contrast to 5 levels for TID2013. Their intensity varies from inconspicuous to 
significant. The distribution of peak signal-to-noise ratio (PSNR) values is shown in Fig. 7.  

 



 
Figure 7:  Histogram of PSNR values of the test images 

 
As a result, the verification test set based on real UAV images consists of 1296 images (16 images 

x 9 distortions x 9 intensity levels). 
In the role of MOS values for no-reference metrics verification, the best full-reference quality 

metrics are used. The SROCC values of some well-known FR IQA for all TID2013 images and UAV 
-related test set are given in Table 6. Since their problems and solutions are similar to those solved in 
the article, a combined full-reference metric was formed to improve the accuracy. It uses the metrics 
listed in Table 6 as input and consists of a two-layer neural network (marked as C_MOS) with the 
number of neurons [16, 8] and all other parameters listed above. Since its SROCC for the task 
considered is almost 0.04 higher than for the best of elementary metrics, this combined metric has 
been chosen as the analog of MOS for UAV test images. 

 
Table 6 
SROCC values of the full‐reference visual metrics on the TID2013 image dataset 

Metric  VSI 
[53] 

PSIM 
[54] 

MDSI 
[55] 

HaarPSI 
[56]  

UNIQUE 
[57]  

CVSSI  
[58] 

IQM2 
[59] 

ADM 
[60]  

C_MOS 

SROCC  0.8967  0.8926  0.8897  0.8730  0.8599  0.8090  0.7955  0.7861  0.9107 
SROC(UAV)  0.8274  0.8519  0.8873  0.8811  0.8496  0.8478  0.8507  0.8075  0.9261 

 
The results of the verification of the combined and elementary no-reference metrics are shown in 

Table 7. In addition to the overall assessment, the SROCC values for individual types of distortions 
are also shown. The two best results for each type of distortion are highlighted in bold.  

 
Table 7 
The results of verification of the no‐reference metrics on the UAV test set 

Distortion  ARISM  PSS  CORNIA  DIPIQ  ILNIQE  NIQE  LPCSI  MLV  MSGF  NIQMC  CNNM 

All  0.069  0.307  0.581  0.109  0.548  0.616  0.330  0.024  0.499  0.074  0.659 
AWGN  0.804  0.202  0.861  0.470  0.890  0.886  0.511  0.239  0.794  0.180  0.874 
Multiplica
tive noise 

 
0.702 

 
0.257 

 
0.784 

 
0.053 

 
0.722 

 
0.701 

 
0.557 

 
0.313 

 
0.624 

 
0.309 

 
0.903 

Blur  0.942  0.898  0.904  0.254  0.869  0.900  0.966  0.949  0.784  0.200  0.956 
Denoise  0.360  0.072  0.186  0.196  0.004  0.153  0.020  0.181  0.228  0.118  0.154 
JPEG  0.769  0.958  0.868  0.534  0.713  0.728  0.166  0.087  0.866  0.367  0.787 
JP2k  0.134  0.378  0.738  0.337  0.240  0.632  0.054  0.486  0.028  0.433  0.764 
Brighten  0.524  0.070  0.027  0.027  0.166  0.035  0.183  0.372  0.197  0.378  0.474 
Darken  0.359  0.044  0.057  0.575  0.341  0.301  0.342  0.460  0.021  0.052  0.281 
Mean 
shift 

 
0.515 

 
0.328 

 
0.027 

 
0.429 

 
0.335 

 
0.442 

 
0.169 

 
0.391 

 
0.253 

 
0.054 

 
0.520 

 



From the obtained results, it can be seen that despite the limitations of the approximate MOS 
values, the combined metric provides the maximum overall accuracy and is one of the best for most of 
the indicated types of distortions, providing the best balance between various distortions. It should be 
noted that these results have been obtained for the most common types of distortions, which are 
commonly used in the design of elementary metrics. Considering the types of distortions used in 
TID2013, but not modeled in this set (e.g. transmission errors, etc.), it can be expected that the 
combined metric can have additional benefits by providing more stable visual quality estimation. 

7. Conclusions 

The paper is devoted to visual quality assessment of UAV images, which is actual for automating 
the image processing and improving image quality for UAV applications. A list of more than 40 
known no-reference visual quality metrics is considered. To analyze the effectiveness of visual quality 
metrics, the TID2013 image database and a subset with actual types of distortions have been selected. 
The verification of existing visual quality metrics has shown an accuracy of less than 0.53 for the best 
one and less than 0.3 for most metrics according to SROCC. Therefore, the method of combining 
visual quality metrics using the neural network has been proposed to improve the accuracy of visual 
quality assessment. The problem of the optimal choice of elementary metrics for reducing the 
redundancy and rational use of computing resources has been considered and the solution based on 
the Lasso regularization method has been proposed, which determines the weight coefficient equal to 
0 for the excluded and least important metrics. Training the neural networks of different types and 
their configurations has been carried out, taking into account the limitations of the test image database 
used in experiments. The analysis of the effectiveness of this approach, which reaches a result of 
about 0.85 for 20 metrics or more, has been carried out, and the dependence on the number of metrics 
used in the paper together with the main statistics is shown. For 10 metrics, as the optimal solution for 
high accuracy and performance, the results have been refined with the training of additional 
configurations of the structure of neural networks. It is shown that the accuracy of the final combined 
metric reaches SROCC = 0.83. 

To evaluate the effectiveness of the metric on real images, a test image database of almost 1300 
images was formed. As an alternative to the missing MOS values, a combined full-reference metric 
has been created. Its accuracy reaches 0.926 for the used TID2013 distortion set and is significantly 
higher than the values of any no-reference metric, which is acceptable for their comparison. It is 
shown that, on this test set, the obtained metric provides the best result. 

In the future, research in this area can be expanded by adding new distortions typical for UAV 
images and new neural network models including deep-learning models of limited complexity. 
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Abstract  
The informational capabilities of a method for processing grayscale images aimed at 
improving contrast and increasing object detail to increase the accuracy of diagnosis based on 
them are presented. The proposed adaptive composite algorithm is based on multi-stage 
processing, which includes the use of two-dimensional frequency Fourier transformation and 
the method of fuzzy intensification in the spatial domain, and makes several transitions 
between different feature spaces. The application of the Fourier transform involves the 
correction of its coefficients and the reconstruction of the image by inverse transformation. 
Only arguments of complex coefficients can be adjusted. The impact of the frequency 
transformation parameters on the detail of the resulting image is analyzed. The method of 
fuzzy intensification is used as a refinement for the second stage of frequency transformation. 
The results of processing are presented on the example of real X-ray images. 
 
Keywords  1 
low-contrast images, two-dimensional Fourier transform, fuzzy intensification operator.  

1. Introduction 

The number of areas in which the raw data comes in the form of images is constantly growing. 
These include surveillance, monitoring, polygraphy, medicine and many other areas. The role of 
computer vision systems, which implement methods of improving the quality of digital images for 
further visual or automatic analysis in order to make accurate decisions based on them, is growing [1]. 

For example, medical images, which are an integral part of the diagnosis of various diseases, 
usually have low resolution (in the spatial and spectral domain), high level of noise, weak contrast, 
geometric deformations, as well as various types of uncertainty and inaccuracy. In addition, the 
insufficient sensitivity of the human eye perceives, according to Weber's law, only a 2% difference in 
brightness (the gray level of a standard monitor is approximately 0.04%), and this value significantly 
depends on the surrounding background, which reduces the ability to detect low-intensity objects of 
interest based on visual analysis [2]. 

It is important to note that appropriately assessing the quality of the image is quite a difficult task, 
since the characteristics of the image as a whole and in local areas (areas of interest) can differ 
significantly. This makes it difficult to automatically calculate the quantitative value of the overall 
quality assessment of both the raw data and the processing result. In practice, expert evaluations are 
usually used to determine the quality of images. 
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Digital processing of medical images allows to significantly improve their quality, in particular, 
contrast and resolution [3, 4]. Due to the huge variety of types of images, there are currently no 
universal methods that provide a guaranteed result of solving this problem [5]. 

X-ray images, which are an important diagnostic tool for many diseases, are characterized by low 
intensity, uneven background, high level of noise, weak contrast, and poorly defined boundaries of 
structures, and are particularly difficult to analyze and choose an effective processing method [6]. 

2. Review of Literature 

Approaches to the improvement of digital images are usually divided into two categories: 
processing methods in the spatial and frequency domains [7]. The concept of "spatial transformations" 
combines approaches that are based on the direct change of brightness values of pixels of raster 
images [8-10]. 

Frequency methods, in particular, change not the image, but the form of its representation, 
converting the output signal into its components of different frequencies and amplitudes. In this form, 
it is much easier to perform filtering or amplification of individual components of the signal, to 
highlight important parameters whose detection by other methods is less effective or impossible [11]. 
Such algorithms are quite effective from the perspective of denoising signal, do not require a priori 
information, which is often absent in practice. This mathematical tool is widely used in medical 
imaging in the formation of CT, MRI and ultrasound images of human anatomy [12]. 

These medical images, besides the shortcomings caused by weak lighting exposure, noise, low 
contrast, etc., include uncertainty and fuzziness, which complicates the extraction of necessary 
information. Thus, the task of improving their quality is an essential task for carrying out a proper 
diagnosis. In [13], various fuzzy logic methods are considered for this purpose, which, like the 
frequency domain, allows obtaining an additional feature space for analysis. 

Since the 1980s, fuzzy set theory [14] has been used for image processing, which has the ability to 
model the problems associated with uncertainty and inaccuracy, which are always present in digital 
images. Their presence is determined both by the features of the physical processes of image 
formation systems and by the stage of creating a digital image [15]. 

The main difference between fuzzy methods and other processing methodologies is that the input 
data (gray levels, histograms, features, etc.) are transformed into a fuzzy domain. An NM   image G  
with L  L gray levels can be represented as an array of fuzzy sets with respect to the analyzed property 
with the value of the membership function mn , which varies in the interval  1,0  for each pixel mnx : 


M

m

N

n mn

mn

x
G

1 1 


 .  (1) 

The transition to a fuzzy domain (fuzzification) can be interpreted as a specific type of input data 
encoding, which depends on both the goal and the characteristics of the output image. The use of 
fuzzy logic makes it possible to obtain new effective algorithms for processing digital images (fuzzy 
clustering, equalization, intensification, etc.) [17-19]. 

Based on the features and characteristics of different types of medical images, a combination of 
different algorithms is usually used to obtain a good processing result [18, 20, 21]. 

3. Problem statement 

The paper is devoted to the description and experimental research of a new adaptive composite 
method for enhancing low-contrast images by increasing contrast and detail level, which combines 
frequency and fuzzy transformations and makes several transitions between different feature spaces. 

4. Materials and Methods 

For an image of size NM  , which is described by a real two-dimensional discrete function 
),( yxF  the discrete two-dimensional Fourier transform (2D DFT) provides the creation of a complex 



two-dimensional function, which is defined in a frequency coordinate system ),( vu  based on the 
expression: 
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The basis functions are sinusoidal and cosinusoidal waves with increasing frequencies. )0,0(F  
represents the constant component of the image, which corresponds to the average brightness, and 

)1,1(  NMF  represents the highest frequency [11]. 
The 2D DFT is a selective Fourier transform and therefore does not contain all frequencies that 

make up the image, but only a set of samples that are sufficient to describe the image in the spatial 
domain. The number of frequencies corresponds to the number of pixels in the image and allows 
access to the geometric characteristics of the image in the spatial domain. 

The inverse two-dimensional discrete Fourier transform (2D IDFT) is given by: 
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The ranges of changes in spatial 1,...,2,1,0  Mx , 1,...,2,1,0  Ny  and frequency coordinates 
1,...,2,1,0  Mu , 1,...,2,1,0  Nv  are the same. 

The Fourier transform always creates an output image with a complex number value: 
),(),(),( vuIivuRvuF  ,  (4) 

where ),( vuR  and ),( vuI  are real and imaginary components of ),( vuF . 
The main method of using this transform for image analysis and transformation is by computing 

and visualizing the spectrum. 

),(),(|),(| 22 vuIvuRvuF 
.
  (5) 

It is the amplitude of the Fourier transform that contains most of the image information in the 
spatial domain. The higher the value of |),(| vuF , the brighter the point with coordinates ),( vu . The 
bright center of the spectrum means that the original image contains mostly homogeneous areas, 
without differences in brightness. Bright periphery - many local differences in brightness. 

In the phase spectrum which is calculated by the formula: 
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the value of each point determines the shift from the components of the image. At zero phase, all 
sinusoids are centered in the same place, resulting in a symmetrical image, the structure of which has 
no real correlation with the original image. The phase reflects to a certain extent the location of the 
harmonic components in a spatial domain. 

The importance of phase is particularly evident in certain specific areas, such as optical metrology, 
materials science, adaptive optics, X-ray diffraction optics, electron microscopy, and biomedical 
imaging. The most interesting samples relate to phase objects with very low absorption but with a 
non-uniform spatial distribution of their refractive index or thickness. This leads to small variations in 
amplitude but significant variations in phase components. [11]. 

Figure 1a shows a typical X-ray image and its histogram. The weak contrast is due to the limited 
range of reproducible brightness. An optimally visually perceptible image has a brightness 
distribution close to normal and a wide dynamic range, and is interpreted as a high-contrast image 
when the levels are distributed close to uniform. A classical low-contrast image has a narrow 
histogram located near the center of the brightness range. In this case, standard methods such as 
histogram equalization, linear contrast enhancement, gamma correction, and gradient mapping 
provide good results [1, 2].  

Unlike low-contrast images, the characteristics of the image shown in Figure 1a, which we call 
"weakly-contrasted," can be formulated as follows: 

 a full (or almost full) range of gray levels with significant dark and light areas; 
 a multimodal histogram; 



 a smooth transition of brightness in "regions of interest" (below the threshold of visual 
perception) and blurred boundaries between them; 
 intensity levels are changed significantly in different areas; 
 anomalies are not always obvious (and may be absent) and are often compared to the level of 
noise; 
 low signal-to-noise ratio and complex structured background; 
 significantly different in quality (for the same object and recording method), depending on the 
conditions of formation (quality of film, equipment, recording time), making the analysis task 
particularly difficult. 
Figure 1b shows the result of applying adaptive histogram equalization (window size 8x8 pixels, 

uniform transformation function for the window), while Figure 1c shows the frequency domain 
transformation based on the expression. 

),(' ),(),( vuir
evuFvuF  ,  (7) 

where r is the transformation parameter (which significantly affects the result and requires tuning; the 
value used to obtain the image in Figure 1c was 8.0r ). 2D IDFT (3) is applied to the matrix 

 vuF ,' , as a result, the resulting image is formed, which is scaled to the range of  1,0 . 
Figure 1d shows the result of processing with the fuzzy intensification operator [14]. The transition 

to the fuzzy domain is based on the values maxI , midI  are the maximum and average values of the 

input image, respectively, and the parameters 2eF  and dF , which is calculated using the formula: 
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The membership function for mnI  is calculated according to the formula: 
eF

d

mn
mn F

II









 
 max1 , 

(9) 

and its modification is performed as follows: 
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The final result of processing is formed according to the following formula: 
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The image processing results in Figure 1a indicate that, all methods provide a similar degree of 
improvement in contrast. However, there is no significant improvement in terms of visual analysis, 
such as object detection, boundary highlighting, and detailing of individual structures. 

The algorithm proposed in this work can be formulated as follows: 
1. 2D DFT (2) is applied to an image I , scaled to the range of  1,0 . This step allows to make a 
transition to a new feature space; 
2. frequency domain transformation based on formula (7) with a coefficient of 8.0r  and 

obtaining the matrix '
1F ; 

3. 2D IDFT (3) is applied to matrix '
1F  (returning to the original feature space), with results 

scaled to the range of  1,0 , afterwards adaptive histogram equalization is applied, which results in 

an image 2I . In the proposed algorithm, adaptive histogram equalization where used with window 
size 8x8 pixels, and uniform transformation function for the window; 
4. formation of 3I , according to the formula: 

223 III  ,  (12) 

where  2I  is mean of gray levels of the 2I ; 



5. contrast enhancement for the image 3I , using a method based on the application of the fuzzy 

intensification operator, resulting in the formation of the image 4I . This step also leads to 
transition to a new feature space; 
6. 2D DFT (2) is applied to the image 4I  and obtaining the function  vuF ,5 . This 
transformation makes transition to a new features space again; 
 

 

 
Figure  1:  X‐ray  image  processing:  а  –  input  image  (459x290);  results  of  processing  by  different 
methods:  b  –  adaptive  histogram  equalization;  с  –  Fourier  transform;  d  –  fuzzy  intensification 
operator 

 
7. formation of the matrix 6F  according to the following formula: 

        vuirr
evuFvuFvuF ,

556
21 ,,,  .  (13) 

It should be noted that the coefficients and require manual adjustment as they have a significant 
impact on the detailing of the result and may differ for different input images. This leads to 
additional time costs, so we also proposed formulas for the automatic calculation of matrices for 
these coefficients 
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where 5.0cr and '
4I  is defined by the next formula: 
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where 4I  is mean of gray levels of the 4I ; min
4I , max

4I  are the minimal and the maximal values of 

the 4I , correspondingly;    vuFvuF ,, 5
'

5   with following scaling of obtained matrix to the range 

of  1,0 . This method of calculation allows to control the level of detail by changing coefficient cr  
in formula (14). Increasing this coefficient leads to decreasing level of detail of final image while 
decreasing cr  leads to increasing the level of details of resulting image; 

8. 2D IDFT is applied to matrix 6F , resulting in the formation of image 7I  (returning to the 

original feature space), with results scaled to the range of  1,0 . After that, adaptive histogram 
equalization is used, which leads to the formation of the final result. 

 

5. Results and Discussion 

The described algorithm was used to process various X-ray images. Analysis of Figure 1a is used 
to calculate indicators of X-ray planimetry in patients with spinal cord and cervical spine injuries in 
the practice of medical and social expertise. Blurred boundaries of objects of interest and a lack of 
detail in their structure complicate the solution of this task. 

To obtain experimental results we used Matlab 2016. Source code for described methods was 
written in internal Matlab language (except for standard functions like fft2, ifft2, adapthisteq, 
mat2gray, etc.). 

Figure 2 shows the results of processing the X-ray image in Figure 1a. The study of the effect of 
the coefficient r  shows, that its variation allows for the detection of object structures and the 
adjustment of their level of detail. Experimental studies have shown that using the algorithm formula 
(7) at step 7 also allows for an increase in contrast and resolution, but increases the contribution of 
noise components. Figures 2a and 2b show the results of processing the image in Figure 1a using 
formula (7) at step 7 for different values of r , which demonstrate an increase in the level of detail and 
noise reduction as it decreases.  

Figure 3 shows brightness graphs of the line (its first 100 pixels) in the center of the image in 
Figure 1a when using formula (7) at step 7 of the proposed algorithm for values of 5.0r ; 

8.0r and 2.1r . Based on the obtained graphs, it can be concluded that the value of parameter r  
in formula (7) affects the ratio of high-frequency and low-frequency components. 

The use of formula (13) at step 7 of the proposed algorithm provides an adjustable increase in 
image detail by changing the parameters 1r  and 2r , with a decrease in the noise component. Figure 4a 

shows the result of the algorithm for 2.11 r  and 7.02 r , which show a significant improvement in 
visualization of the region of interest. Figure 4b presents the result of the proposed algorithm with 
automatic calculation of parameters 1r  and 2r  based on formulas (14), (15), which is very close to the 
manual selection of these parameters. 

In processing many medical images, the interest is not so much in increasing the image contrast as 
in the redistribution of brightness levels in order to make small brightness variations more noticeable 
and distinguishable, which is important for visually highlighting objects of interest. In this case, the 
fact of their presence and location is usually unknown. In such a case, the assessment of such integral 
numerical characteristics as contrast or brightness level is uninformative.  

In cases where the analysis area is defined (e.g., in monitoring the dynamics of disease progress), 
improving the visual distinguishability of the object of interest does not necessarily imply an 
improvement in the overall contrast level due to the increased contribution of the background 
component. Valid tracking of image quality changes can only be achieved by visually assessing the 
differences detected in the images. 

One of the ways to evaluate the processing result is to analyze the brightness change graphs in the 
region of interest (Fig. 5). The presented brightness graphs of a portion (pixels from 40 to 140) of an 
arbitrary row (in this case, 220th from the top) of the input I  and resulting 7I  images indicate both 

an increase in the dynamic range – 3/7  II , and a redistribution of brightness levels in low-



contrast areas of interest. The usage of the classical method of adaptive histogram equalization (Fig. 
1b) does not provide such an effect. 

 

 
Figure 2: Results of the proposed algorithm when using formula (7) at step 7 for different parameter 
values: a –  7.0r ; b –  8.0r   

 

 
Figure 3: Changes in the brightness of a line in the center of the image for the values  5.0r (data1); 

8.0r  (data2); 2.1r  (data3). 



 
Figure 4: The results of the proposed algorithm using formula (13) in step 7 for different parameter 

values are shown: a –  2.11 r ,  7.02 r ; b –  for automatic calculation of  1r and  2r  using  formulas 

(14) and (15), respectively. 
 

Figure 6a shows an X-ray image used for diagnosing inflammation (sinusitis), indicated by an 
arrow. The object of interest is not visible for direct visual analysis in the original image because of 
its location in an area of high brightness. The use of adaptive histogram equalization (Figure 6b) 
slightly improves the image but does not provide the necessary level of tissue structure detailing. The 
intensification operator (Figure 6c) worsens the original X-ray image. 

The application of the proposed algorithm (Figure 6d-6f) significantly increases the image 
detailing in the area of low brightness values and the object of interest. In particular, the detection of 
the structure of the nasopharynx and oral cavity region should be noted, while the inability to 
visualize soft tissue is a significant drawback of X-ray research methods. 

The values of 1r  and 2r  also affect the level of detail in the resulting image, as demonstrated by 

the comparison between Figure 6d ( 95.01 r , 7.02 r ) and Figure 6e ( 2.11 r , 7.02 r ). The 
improvement in the clarity of tissue structure delineation is most noticeable in the eye area. When 
using the automatic calculation of 1r  and 2r  based on formulas (14) and (15), the processed image 

(Figure 6f) is close to the best result obtained by manual selection of coefficients ( 2.11 r , 7.02 r ), 

but has a little higher level of detail due to adaptive nature of automatically calculated coefficients 1r  

and 2r  . This fact confirms the effectiveness of the proposed method for automatic calculation of the 
method's parameters. 
 



 
Figure 5: Changes  in the brightness of a  line number 220th (from the top) for  its pixels from 40 to 
140 for initial image (Fig. 1a) and processed images (Fig. 1b and Fig. 4b) 
 

 
Figure  6: X‐ray  image  of  a  human  face:  a  –  original  image  (266x272);  b  –  adaptive  histogram 

equalization;  c  –  intensification  operator;  proposed  algorithm  using:  d  –  95.01 r , 7.02 r ;  e  – 

2.11 r ,  7.02 r ; f – automatic calculation of  1r ,  2r  using formulas (14) and (15), respectively. 



6. Conclusions 

On the basis of analysis of the experimental results obtained, the following conclusions are made: 
  the application of a composite adaptive algorithm for processing grayscale images, which 
includes the transformation of the frequency response of the 2D DFT and the method of fuzzy 
intensification; 
 the algorithm has parameters that can be adjusted to control the level of detail in the object 
structure. We proposed an automatic calculation of these parameters ( 1r , 2r ), which reduces the 
time required for their selection and allows achieving a high level of detail without excessive detail 
effect; 
 researches have shown the effectiveness of this algorithm for low-contrast images of different 
physical nature; 
 the usage of various fuzzy transformation methods represents a promising direction for 
further research. 
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