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In the work Bisingular integral equations with the constant coe�cients in generali-

zed H�older spaces are considered. The collocations and reduction methods are improved.

It is shown that it su�ces to �nd the coe�cients of interpolation Lagrange polynomi-

al (Fourier coe�cients respectively) of the right side for construction of approximate

solutions. It is established that in the considered case rapidity of convergence of approxi-

mate solutions to the exact one depends only upon constructive properties of the right

side.

ÓÄÊ 519.64

Í. Â. Ñíèæêî Áèñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè â îáîáù¼ííûõ ïðîñòðàíñòâàõ Ã¼ëüäåðà

Â ðàáîòå ðàññìàòðèâàþòñÿ áèñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ ñ ïîñòîÿí-

íûìè êîýôôèöèåíòàìè â îáîáù¼ííûõ ïðîñòðàíñòâàõ Ã¼ëüäåðà. Îáîñíîâàíû ìå-

òîäû êîëëîêàöèé è ðåäóêöèè. Ïîêàçàíî, ÷òî äëÿ ïîñòðîåíèÿ ïðèáëèæ¼ííûõ ðå-

øåíèé äîñòàòî÷íî íàéòè êîýôôèöèåíòû èíòåðïîëÿöèîííîãî ïîëèíîìà Ëàãðàíæà

(êîýôôèöèåíòû Ôóðüå ñîîòâåòñòâåííî) ïðàâîé ÷àñòè. Óñòàíîâëåíî, ÷òî â ðàññìà-

òðèâàåìîì ñëó÷àå ñêîðîñòü ñõîäèìîñòè ïðèáëèæ¼ííûõ ðåøåíèé ê òî÷íîìó çàâèñèò

òîëüêî îò êîíñòðóêòèâíûõ ñâîéñòâ ïðàâîé ÷àñòè.

In the papers [1, 2] the reduction and collocations methods of approximate resolving

of bisingular integral equations (BSIE) in generalized H�older spaces (GHS) were consi-

dered. This paper deals with the case, when the solution is obtained in an elementary

manner, namely, the characteristic BSIE with the constant coe�cients are considered:

(K0ϕ ≡)a0ϕ(t, τ) + a1(S1ϕ)(t, τ) + a2(S2ϕ)(t, τ) + a12(S12ϕ)(t, τ) = f(t, τ), (1)

where

(S1ϕ)(t, τ) =
1

πi

∮
γ1

ϕ(t0, τ)

t0 − t
dt0, (S2ϕ)(t, τ) =

1

πi

∮
γ2

ϕ(t, τ0)

τ0 − τ
dτ0,
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(S12ϕ)(t, τ) = − 1

π2

∮
γ1

∮
γ2

ϕ(t0, τ0)

(t0 − t)(τ0 − τ)
dt0dτ0,

f(t, τ) ∈ Hω(γ), γ = γ1 × γ2 is closed Lyapunov sceleton, Hω(γ) is GHS with the

standard norm [3, 4]:

Hω(γ) ≡ {f(t, τ) : ω(δ1, δ2; f) ≤ C1ω(δ1, δ2), ω1,1(δ1, δ2; f) ≤ C2Ω1(δ1)Ω2(δ2)} ,

‖f(t, τ)‖Hω
= ‖f(t, τ)‖C +H(f ;ω) +Htτ (f ;ω) =

= max
(t,τ)∈γ

|f(t, τ)|+ sup
δ21+δ21 6=0

ω(δ1, δ2; f)

ω(δ1, δ2)
+ sup
δ21+δ21 6=0

ω1,1(δ1, δ2; f)

Ω1(δ1)Ω2(δ2)
.

Here ω(δ1, δ2; f) is the modulo of continuity of f(t, τ), ω1,1(δ1, δ2; f) is mixed second-

order modulo of continuity of f(t, τ); ω(δ1, δ2) is �xed modulo of continuity, Ω1(δ)

and Ω2(δ) are the simple one-dimensional moduli of continuity which are assigned to

ω(δ1, δ2) (so, ω(δ1, δ2) is the structural characteristic of the space).

We say f(t, τ) ∈ H(r,s)
ω (γ) when r-th and s-th particular derivatives of f(t, τ) by

variables t and τ respectively are belong to Hω(γ).

We denote

a0 ± a1 ± a2 + a3 = { ∆0

∆12
,

a0 ∓ a1 ± a2 − a3 = { ∆0

∆12
.

Suppose ∆ = ∆0∆1∆1∆12 = (a2
0 − a2

1 − a2
2 − a2

12)2 − 4(a0a12 − a1a2)2 6= 0, i.e. the

equation normally solvable (Noether's one). It may be noticed that if ∆0, ∆1, ∆2, ∆12

are the constants then the equation (1) has a single solution.

According to the collocations method we shall seek an approximate solution of (1)

in the form:

ϕmn(t, τ) =
m∑

k=−m

n∑
l=−n

cklt
kτ l. (2)

Unknown constants ckl are determined from the system:

∆0
m∑
k=0

n∑
l=0

cklt
k
pτ

l
q −∆1

m∑
k=0

−1∑
l=−n

cklt
k
pτ

l
q −∆2

−1∑
k=−m

n∑
l=0

cklt
k
pτ

l
q+
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+∆12
−1∑

k=−m

−1∑
l=−n

cklt
k
pτ

l
q = f(tp, τq), p = 0...2m, q = 0...2n, (3)

where {tp}2mp=0, {τq}2nq=0 is the system Fej�er points on γ. The following statement is

proved.

Theorem 1. [1] Let f(t, τ) ∈ Hω(1) , ∆ 6= 0; ω(2)(δ1, δ2) is that Hω(1) ⊂ Hω(2) ,

Ω
(1)
1 (δ)/Ω

(2)
1 (δ), Ω

(1)
2 (δ)/Ω

(2)
2 (δ) are increasing functions and ln δ1 ln δ1

ω(1)(δ1,δ2)

Ω
(2)
1 (δ1)Ω

(2)
2 (δ2)

→
0, as δ1, δ1 → 0. Then the system (3) is uniquely solvable with any c1 < m/n < c2, and

approximate solutions (2) converge in the space Hω(2) to exact solution ϕ(t, τ) of (1)

with the rapidity

‖ϕ− ϕmn‖H
ω(2)

= O

(
lnm lnn

ω(1)(1/m, 1/n)

Ω
(2)
1 (1/m)Ω

(2)
2 (1/n)

)
.

The immediate construction of solutions of the system (3) is rather tedious. It may

be simpli�ed. Indeed, let (Lmnf)(t, τ) =
m∑

k=−m

n∑
l=−n

fklt
kτ l is the interpolation Lagrange

polynomial of f(t, τ) by the Fej�er points system, fkl = f(tk, τl). Denote:

(Lmnf)++(t, τ) =

m∑
k=0

n∑
l=0

fklt
kτ l, (Lmnf)+−(t, τ) = −

m∑
k=0

−1∑
l=−n

fklt
kτ l,

(Lmnf)−+(t, τ) = −
0∑

k=−m

n∑
l=0

fklt
kτ l, (Lmnf)−−(t, τ) =

−1∑
k=−m

−1∑
l=−n

fklt
kτ l.

Using factorization of the operator K0 it is easy to receive that the system (3) may be

written in the form:
∆0ckl = f(tk, τl), k = 0...m, l = 0...n

∆1ckl = f(tk, τl), k = 0...m, l = −n...− 1

∆2ckl = f(tk, τl), k = −m...− 1, l = 0...n

∆12ckl = f(tk, τl), k = −m...− 1, l = −n...− 1.

From this we obtain the solution of the system (3) explicitly:
c∗kl = fkl

∆0 , k = 0...m, l = 0...n

c∗kl = fkl
∆1 , k = 0...m, l = −n...− 1

c∗kl = fkl
∆2 , k = −m...− 1, l = 0...n

c∗kl = fkl
∆12 , k = −m...− 1, l = −n...− 1.
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It follows from these formulas that for construction of approximate solutions of

characteristic BSIE with the constant coe�cients it su�ces to �nd the coe�cients of

interpolation Lagrange polynomial of the right side.

In the case when γ is the unit bicircle, according to the reduction method we

shall seek an approximate solutions of (1) in the form (2). Unknown constants ckl are

determined from the system:
∆0ckl = fkl, k = 0...m, l = 0...n

∆1ckl = fkl, k = 0...m, l = −n...− 1

∆2ckl = fkl, k = −m...− 1, l = 0...n

∆12ckl = fkl, k = −m...− 1, l = −n...− 1.

(4)

where fkl are coe�cients of the Fourier series of the function f(t, τ) by the function

system {tkτ l}:

fkl =
1

4π2

∮
γ1

∮
γ2

f(t, τ)

tk+1τk+1
dtdτ, k, l = 0,±1,±2...

From this we obtain the solution of the system (4) explicitly:
c∗kl = fkl

∆0 , k = 0...m, l = 0...n

c∗kl = fkl
∆1 , k = 0...m, l = −n...− 1

c∗kl = fkl
∆2 , k = −m...− 1, l = 0...n

c∗kl = fkl
∆12 , k = −m...− 1, l = −n...− 1.

So, the problem of construction of approximate solutions of Noether characteristic

BSIE with constant coe�cients reduces to �nding the Fourier coe�cients of the right

side. In the case of reduction method the analogue of the theorem 1 is proved also.

Theorem 2. [2] Let f(t, τ) ∈ Hω(1) , ∆ 6= 0; ω(2)(δ1, δ2) is that Hω(1) ⊂ Hω(2) ,

Ω
(1)
1 (δ)/Ω

(2)
1 (δ), Ω

(1)
2 (δ)/Ω

(2)
2 (δ) are increasing functions and ln δ1 ln δ1

ω(1)(δ1,δ2)

Ω
(2)
1 (δ1)Ω

(2)
2 (δ2)

→
0, as δ1, δ1 → 0. Then the system (5) is uniquely solvable with any c1 < m/n < c2, and

approximate solutions (2) converge in the space Hω(2) to exact solution ϕ(t, τ) of (1)

with the rapidity

‖ϕ− ϕmn‖H
ω(2)

= O

(
lnm lnn

ω(1)(1/m, 1/n)

Ω
(2)
1 (1/m)Ω

(2)
2 (1/n)

)
.

By the immediate veri�cation it is easy to make sure that in the considered case

(Noether characteristic BSIE with constant coe�cients) rapidity of convergence of

approximate solutions (2) to the exact one depends only upon constructive properties of

f(t, τ) . And if we require the particular derivatives of f(t, τ) are according with certain
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conditions that estimates from the theorem 1 and theorem 2 may be strengthened. In

particular, if f ∈ H
(r,s)

ω(1) (γ) [3] that estimations of the convergence rapidity may be

improved considerably, namely:

‖ϕ− ϕmn‖H
ω(2)

= O

(
lnm lnn

(
1

mr
+

1

ns

)
ω(1)(1/m, 1/n)

Ω
(2)
1 (1/m)Ω

(2)
2 (1/n)

)
.
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