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OWUCKPETHbIA AHATIOI MHTEIPANA NMYACCOHA NS LWAPA

B pabote pemena 3agaua Jlupuxie s mapa ¢ AUCKPeTHO 3aJaHHBIMH YCIOBHUSIMHU Ha
rpanuie. B ponan BeIUHCIMTENLHOTO IMaGIOHa HCTONb30BaHAa KOHCTPYKIHS M3 reKcasipa U
OKTadpa, BIUCAHHBIX B map. Ilonyden quckpeTHEIi aHalor HHTerpaibHoi popMymnsl [lyaccona
B BHJE NPONOPIUOHANBHON cTpaTHGUIKPOBAHHON BRIGOPKH.
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BBEJIEHHE

B 1820 r. ¢paHmy3cKuii MaTEMATHK, MEXaHUK U (Pr3HK
[TyaccoH Hamen MHTErPaIbHOE MPEACTABICHHE PEIICHUS
ypaBHeHus Jlamnaca B Kpyre ¢ IpaHUYMHBIMH YCIOBHSIMH
Jupmxyie. Tpexmeproe obo0meHne uuTerpana [Iyaccona
JUIA Kpyra Ha3bIBAarOT MHTETpanoMm IlyaccoHa mid mapa.
O((hekTHBHOCTD MPAKTHYCCKUX MPUMCHCHHH HHTETpaja
[TyaccoHa ¥ TOYHOCTD BBIUHCIICHHI CYIICCTBCHHO 3aBHCHT
HE TOJIBKO OT sizpa [TyaccoHa, HO M OT XapaKTepa 3aJaHHbIX
rpaHnuHbIX ycaoBui. Hemocratkm mHTerpana Ilyaccona
obmen3BecTHBI. [IpeoqoneTs HEKOTOPBIE W3 HUX MOXKHO
MYTEM 3aMEHBI HHTErPAIa NOAXOIAMECH HHTEIPATbHOU CYM-
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MOH. JI7 mapa 3710 HEMPOCTO, MOCKOIBKY BECOBBIE KO3(-
(pPMIHUCHTHI JOILKHBI OBITH HETIPEPHIBHBIMH (DYHKIMSIMH KO-
OpPAMHAT KOHTPOJIBHON TOYKHM BHYTPH Imapa. Kpome Toro,
OHH JIOJLKHBI COXPAHUTD YCPEIHSIOIIME CBOMCTBA siapa [Ty-
accoHa. Hmke paccMaTpuBArOTCA BBIMHCIHTCIBHBIC IA0-
JIOHBI, TTO3BOJLIIOIIUE TTOCTPOUTH AUCKPETHBIN AHAJIOT HH-
terpana [Tyaccona g mapa. B kauecTse BeCOBBIX K03 (u-
IHEHTOB, «CISAAIIIX> 32 BHYTPSHHEH KOHTPOIBHOM TOYKOI,
HCTIOJIb3YIOTCSl OA3UCHBIC MHTECPIOISIHOHHbBIC (PYHKIMA
TEKCAdIpa U OKTayIpa, BIMCAHHBIC B Ap. JIIs OKTa3apa 310
HOBOC NMPUMCHECHHUE, TIOCKOJIBbKY 0a3HC OKTAayIpa MOSBHIC
COBCEM HeaBHO. [ Ipeao)KeHHBIN AUCKPETHBINA AHAJIOT OCY-
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MIECTBIIET MOHTE-KAPIOBCKOE YCPETHCHHE TPAHUTHOTO
TIOTCHITNAA, 4 BECOBBIME KOA()(PUIIMCHTAMH SIBILFOTCS Tap-
MOHHYCCKHC (DYHKIIHH.

AHAJIA3 IIPEIIIECTBY IOIIHAX ITYBJIAKALTAIA,
EJb CTATEHA

Hnarerpanmsrag ¢opmyna Iyaccona [1, 2] mma xpyra
(mrapa) ompeaeeT MOTCHIMAT B JTFO00H BHYTPCHHCH TOUKS
obnactu B ()opMe B3BEIICHHOTO CPEAHETO TPAHMYHOTO I10-
TeHIMAIa. AHaMH3 (opmynsl [TyaccoHa TMOKA3BIBACT, UTO
IO Mepe MPUOTIHKCHIS KOHTPOIBHOM TOUKY K TPAHHMIIC 00-
JIACTH 3AMETHO BO3PACTAET NOIPEIIHOCTD BIMUCACHUN. BoT
TOYeMy BOJHM3H TPAHUIIBI MTOTCHINAT ITPHXOJUTCS BHIMHC-
JBITH C TIOMOIIBIO PAIOB. MOXKHO BOCTIONIB30BATHCS aJAIITH-
pyembivu madmoramu MKP [3], ograko 310T moaxox CBs-
3aH ¢ cocrasicHueM u pemeHreM CJTAY. UtoOs1 n30exarsb
TPOMO3IKUX HPOLEAYP MATPHIHON anreOpsI, MbI PeIIa-
raeM JOCTATOMHO MPOCTON (HECETOUHBIN) METOH YCPeIHE-
HIS TPAHUYHBIX IIOTCHIMAJIOB B Imape. Mcnomb3yeMsble 31ech
azanTHpyeMble NIA0JIOHbI «CIEAATY 3a KOOPAMHATAMH KOH-
TPOJIBHOW TOYKH BHYTPH IHapa, HEIMPEPHIBHO U3MCHSII Be-
COBBIC KO3 PHUIMEHTH yepenHEeHUS. B Kakoii-To Mepe 310
MOXOKE HA aNTOPHTM «Oy>kaaHui mo cepam». Cymme-
CTBEHHOC OTJIMYHC B TOM, YTO 37€Ch TOUKA CTapra (KOHT-
POJBHAS TOUKA) MOKET OBITH BHIOpAHA MPOU3BOIBHO. Ta-
KOE JIOTYIICHHE, OC3yCIOBHO, BBI3BIBACT CIEIH(DIICCKHC
TPYIHOCTH, TIOCKOJIBKY KOHEUHO-PA3HOCTHBIH IA0JIOH IPHH-
[UIMHAAIBHO OTIIMMACTCS OT CTAHAAPTHOTO (KOHCEPBATHBHO-
10). OH HE ABIACTCH (PPArMECHTOM OPTOTOHATHHOM HITH Ka-
KOH-H00 ApPyro# 3acTeIBOICH pemieTku. «LICHTpambHEII
y3en madaoHa UMEET MPAMOH «KaHAJN CBA3W» C KaXKIbIM
TPaHUYHBIM Y3JIOM HA MOBEPXHOCTH mapa. [1o 3T kaHa-
JaM B IEHTPAJBHBIN Y3€J TPAHCIHPYETCS YIKE YCPEITHCH-
Hast nH(opMmanus. CamsbIii MPOCTOH amaNTHPYEMBbIH mad-
JIOH MMEET YEThIPE KaHAIA, IPOJIO’KCHHBIX W3 KOHTPOIbHOH
TOYKH BHYTPH IIAPA B BEPIIMHBI BIECAHHOTO TETPAdIPA.
Hami onsIT mokasai, 4To Uit AOCTIKCHIA MPHEMIICMOH TOY-
HOCTH HY>XHO HCIIOJIb30BAaTh HECKOJBKO «CTOI-KAJPOB)» —
BITMCAHHBIX TETPA3IPOoB. B pormn BecoBIX K03 uimenToB
BBICTYIIAIOT OAPUIEHTPUYCCKUE KOOPAWHATHI TETPAIpa.
B manHO#t paboTe MBI HCIIOTB3YEM BITMCAHHBIC TEKCAIP U
OKTa3Ip. YCPCIHCHHE HA §-MAPIIPYTHOM MAOI0HE OCYIIC-
CTBIIICTCA C TIOMOIIBIO TPHIHMHCHHOTO 0a3mca rexkcasapa [4],
a Ha 6-MApPIIPYTHOM — C MOMOIIBE) KYCOUHO-JIHHEHHOIO
Oasmca okrasnpa [5]. [TocTpocHHEIH B [6] 0a3HC HEHTPHPO-
BAHHOTO OKTA3IPa B JAHHOM CJIy4ac HE ITOIXOIUT, XOTS CII0-
€00 TOCTPOCHMS MO3BOJLICT MOIYUATh OA3HCHI KaK LICHTPH-
POBAHHOTO, TAK M HELCHT PHPOBAHHOTO OKTA3IPA.

Llems cTaTbu — MPEAIOKUT MPOCTOH H YIOOHBIH CIIOCO0
TMPHUOTIKCHAOTO BBIMUCICHUA WHTErpajia IlyaccoHa ama
mapa.

MNOCTPOEHHE JTUCKPETHOI'O AHAJIOTA
HWHTET'PAJIA TYACCOHA JUISI IAPA

Ha puc. 1 nzobparken map (R = 1) ¢ 14 pacueTHBIMH V3-
JaMH HAa MOBEPXHOCTH. [lepBric 8 y3710B PACIONIOKEHBI B
BEPIIHHAX BIIHCAHHOTO reKCajapa, y3isl ¢ 9 o 14 — B Bep-
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Puc. 1. ITTap ¢ pacueTHBIMU I'PaHUUHLIMU Y3/IaMU

[IMHAX BIMCAHHOTO OKTa3apa. OCH OPTOrOHAIBHON CHCTEMBI

koopauHAT Oxyz MPOXOMAT YCPe3 MPOTHBOMOIOKHBIC BEp-

LIMHBI OKTAYIPA U 4epe3 OAPHIICHTPBI TPAHCH TeKCayIpa.
Krnaccuaeckas (hOpMyIHPOBKA 3a1a4H TAKOBA: BHYTPH

mapa x? + 2 + 22 < R? maiiru ynxuwmo u(x, . z), yios-
JIETBOPSIOLIYIO ypaBHEHUIO Jlammaca Au = 0, eciiu Ha rpa-

=/

G
HurerpanIlyaccona amd mapa uMeeT BUI [2]:

HUIIC MAPA G HCKOMAs ()YHKIHSA H3BCCTHA U

R2 —I"OZ

ulFy)= 471R§

7 /(0)ds. (1)
°© (\/RZ +r02 —2Rny cosyj

TIE ¥y — ATMHA BEKTOpa OF) ; Fy — KOHTPOJIBHAS TOUKA BHYT-
pu mapa; ¢ — TOUKa HA MOBEPXHOCTH cepsl G; ¥ — yron

MEKIY BEKTOpaMHU O_P0 H @; Vi (Q) — 3amaHHas QyHKIMA
HA TIOBEPXHOCTH G .

OuU3HUCCKasi HHTEPIPETALMS 3aJa4H TAKOBA: HAUTH TEM-
TIepPaTypy BHYTPH IIApa, CITM HA IOBEPXHOCTH I1apa TEMTIC-
parypa n3BectHa. CII0BO «THCKPETHBIN B HA3BAHUU PAOOTHI
OTPA’KACT XapaKTep 33JaHUS IPAHIIHBIX YCIOBHI Ha cepe.
B maHHOM Cilyuae TEMIIEpaTypHOE MOJIE MOJCIHUPYETCS C
TIOMOLIBIO 14 TEPMO3IEMEHTOB (TEPMOCTATOB), IPUKPEIICH-
HBIX K IOBEPXHOCTH mapa. [ parmsas wHpOpManus mpeaoc-
TaBJICHA BBIOOPKOH 13 14 3HaucHMH QyHKIMH [ (Q) 310 TH-
TIIYHBIN IPAMEP CTPATH(IHIMPOBAHHOHN (IBYXCTIOHHOMN) BBI-
Oopku. ['parmTHAs HHPOPMALM YCPEIHACTCS OTACIBHO HA
KOKIOM IIa0IoHe. YCPETHEHHE MO BEPIIMHAM TeKcayapa
(8 TPAHAYHBIX Y3JI0B) OCYIICCTBILICTCA MO (DOPMYIIC:

8

Us(Ry)=Y N, (x.3.2)- /; @

i=1

rac f; — 3HaYeHUA (QyHKumH [ (Q) B BEPIIMHAX reKca’ipa

V3

2 | =73 |, a6asuc rexcaIpa HMEeT BUIT;

N; (x,y,z) = %(l +\/§x,-xXl +s/§yinl +\/§ZZ-Z)>

xl',yl',Zl' :il (3)
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OyHrmu N; (x, V. z) YAOBICTBOPSIOT HHTCPIIOJIALHOH-
HOM runorese Tuna Jlarpanxa:

8
N, (. ve-2) =8, 2N (e 3 2) =1, @
i=1

rae 9 — CHMBOT Kponexkepa, i — HomMep QyHKIDNH, £ — HO-
MCp PACUCTHOTO Y3714 HA MOBCPXHOCTH IIAPA.

‘YcpeaHeHue N0 BEPIIMHAM OKTa3apa (6 TPAHUYHBIX V3-
JIOB) OCYHICCTBILICTCS TIO (popMyIe:

_ 14
U6(P0)ZZN,-(X>J’>Z)'fi, (5)
i=9
ac

1
Ng,ll(x,y, Z) :g(l +2|x| +3x —|y| —|Z|),
1
Nigaa(x.v.2)= g(l +2p]£3y -~ 4| _|x|)’

1
N13,14(x, V. Z) :g(l +2|Z|i3z—|x|—|y|). ©)

[MonarHo, uro pyuxumu (6) 001a7aF0T CBOTiCTBAMH (4).
OucHp BAXKHO, YTO 00a pemicHuA (2) u (5) YIOBICTBOPSIOT
ypasaeHuro Jlanmmaca. [TockoIbKy BEIOOPKA CTPATHPHITHPO-
BaHA, 3TH IBA CPSAHUX 3HAUCHI B TOUKE [ €IIe pa3 ycpen-

3
HAFOTCS C K03 (hpunmeHTaMH ZH

T(ro)=2-Ts(eo)+ = (). Q

~1|w

Takas BIOOpPKA HA3BIBACTCA MPOIIOPLUHOHATEHOH CTpa-
TU(uImpoBaHHOH. PopMyna (7) SIBIACTCS JUCKPETHBIM aHA-
jorom uHterpania [lyaccona (1) ams mapa. Herpynso 3ame-
THTD, YTO 3TA MPOCTAst POPMYNA SBILIETCS CTATHCTUYCCKON
OLICHKOH MaTEMaTHYECKOTO OXKUAAHMUS. Pob MpocThIxX MO-
JIened B MaTeMaTHIECKOM MOJICIMPOBAHUE TPYJHO Tiepe-
oueHuTb. [ 10 MHeHUIO akageMuka B.B. Hooxxunosa [ 7], mpo-
CTast MOZEITh CBHICTEIBCTBYET O IITyOOKOM IIPOHUKHOBEHHUH
aBTOPA B CYILECTBO SBJICHUS (mporuecca). Jlaske eciu mpo-
CTas MOJCTH HETOCTATOYHO TOYHAS, OHA CIIYKHUT XOPOIIHM
HYJCBBIM NPHOIIKCHUEM B HUTCPAIMOHHBIX MPOLEAYPaX.
OueHb JacTO YCOBEPUICHCTBOBAHWE MOJCIH JOCTHIACTCS
YCPEOHEHHEM MPOCTBIX MoAeacH. JIoCTaTOMHO BCTIOMHHTD
00IEen3BECTHBIC (POPMYITBI MPHOIIKSHHOTO HHTET PHPOBA-
wusa Herorora-Koreca. Hammpumep, dopmyna mapaborr mo-
JIYYACeTCs B3BCIICHHBIM YCPSTHCHHCM (DOPMYITHI ICHTPAJTh-
HBIX IIPSIMOYTONEHIKOB B (OpMyJIbI Tpanemui. A opmyma
«TpeX BOCBMBIX» — PE3YIbTAT B3BCUICHHOTO YCPCIHCHHUS
JIBYX (popMy: 1 Tpamermif (11 BHYTPCHHUX M TPAHUIHBIX y3-
710B). JIerko yOCAHTBCA, UTO 3TOT YIPOIICHHBIA MMPHEM Pac-
MPOCTPAHAETCS HA IBYMEPHBIEC U TPEXMEPHBIE MOJCTIH.

Jst mposepku To4HOCTH (HOpMYIBI (7) MBI BOCIIOIB30-
BaJICh PE3yAbTATAMH BRIMUCICHUH HHTErpana Ilyaccona,
TpuBeACHHBIMU B padote [2]. B.M.JleBun Braucm 3Ha4e-
Hus uHTErpana (1) aast Tpex TOYeK Ha BEPTUKAIBHOM JUa-

1 1
MeTpe Imapa: O(O:QO):A[QO:—E}B[O:O:E]. I’paHAYHBIC

VCIIOBHS OUYEHb MPOCTHI: HA BEPXHEH moiycdepe moaaep-
JKUBACTCA TEMIIEPaTypa 1°(, HA HIDKHEH — TeMIepaTypa

0°C .- Beruucnenmnsa no gopmyne (7) mamu caeayromue pe-

symsraret U (0)=0,5% U(4)=0171% U(B)=0829°, uto B
TOYHOCTH COBIIAJACT C peayasraramu [2]. Uem cnokHee rpa-
HUYHBIC YCIOBHA 3a4a4U, TCM OTHUCTIMBEC IMPOSIBIIAOTCA
mperMyInecTsa (popmyisl (7) mepen Gpopmymoit (1).

3ameuanue. B Tex Toukax mapa, B KOTOpbIX (opmyrna (2)
3aBBIIIACT PE3YIBTaT, popMyna (5) ero 3aHWKAET, U HA000-
por. [TorpemHocTs B KaKOi-T0 MEPE YMEHBINACT apume-
THYECKOC yepenHeHue. M TObKO B3BEHICHHOE YCPSAHCHHE
o (popMmyTe (7) MPaKTHICCKH YCTPAHACT MOTPCITHOCTD. 3T
O3HAYACT, YTO MPOMOPLUHOHANBHAS CTPATH()HIHPOBAHHASL
BBIOOPKA 3 (PeKTHBHEE MPOCTON BHIOOPKH.

3AKJTFOYEHUE

B pabote nomy4eH AUCKPETHBIH aHanor uHrerpana [1y-
accoHa AU IIapa, MCIOIb30BAHHE KOTOPOTO MPHUBOIUT K
TOYHBIM PE3YIBTATAM B KOHTPOJIBHbIX TOUKAX BEPTHKAIBHO-
T0 IMAMETPA BHYTPH 1apa [2].

Hayvnas HOBH3HA paboOTHI 3aKIIIOYACTCS B HCTIONB30BA-
HHUH HOBOTO BBIMHUCIHTEIHHOTO IMA0I0HA HA OCHOBE KOMOH-
HAIIMU OKTA3Ipa U TEKCadIpa B 3aaue Jupuxire 1 mapa
[2], xoTOpas ABIACTCA ICPBOH TCCTOBOM 3aJa4CH 1A (PyHK-
IOUH KyCOYHO-JIMHEHHOTO 0a3uca MECTHY3JI0BOTO OKTAI-
pa, MOJYUCHHOTO aBTOPaMH B padote [8].

[TpakTuyeckas IEHHOCTh PadOTHI COCTOUT B TOM, HTO
COCTOSIHHE CTAI[HOHAPHOTO IOJII B JFOOOH TOUYKE BHYTPH
mapa MOXKET OBITh OIPECICHO KaK B3BEIICHHOE CPETHES
V3JIOBBIX TPAHMYHbIX 3HAYCHUH, PACTIONIOKCHHBIX B BEPIIH-
HAX OKTA37IPa M TEKCAdpa, BIMCAHHBIX B IIAP.

Hcnons3oBanne Ten [1n1aroHa B poiIu BEMUCIUTEIBHBIX
1abIoHOB IS OTIPEICIICHIS TEMIIEPATYPHOTO TOJI B IIApe
CTaJI0 BO3MOKHBIM TIOCJIE TIOSBICHIUS HHTCPIOISIIHOHHbBIX
6a3mcoB rekcasapa u okrasapa. Her coMHeHuH, UTO C IOSIB-
JICHHCM 0a3HCa MKOCA3APA MBI TIOIYIHM HE MCHES 3P dek-
THBHYIO BBIYHCIHTCIBHYIO (DOPMYIy HA OCHOBE MPOCTOI
BBIOOPKH W3 12 rpaHUYHBIX 3HAYCHHUI HCKOMOH (DyHKIIHH.
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Xomuenko A. H., Moratino A. IL

JIMCKPE THUI AHAJIOL IHTEI'PAJIA IIYACCOHA JJISI
KVIII

Y poboTi po3B’s3aHa 3amada Jlipixie A Kyli 3 AUCKPETHO
3a7aHIMH YMOBaMH Ha TPaHHUIN. Y poii 0OUHUCTIOBATIbLHOTO Mmad-
JIOHY BUKOPUCTaHO KOHCTPYKINIO 13 FeKcacapa Ta OKTaelpa, BIHU-
caHMX B Kymio. OTpUMaHO JMCKPETHUH aHAIOT IHTeIpanbHOI dop-
mynu [lyaccoHa y BHINISZI MPOTOPILIOHATBHOI CTpaTh GikoBaHOi
BUOIPKH.

KorouoBi ciioBa: 3amaua Jlipixie, kyns, interpan llyaccona,
mabIioH, TeKkcaep, OKTaep.

Khomchenko A. N., Motailo A. P.

DISCRETE ANALOGUE OF THE POISSON INTEGRAL
FOR A BALL

The Dirichlet problem for the ball with discretely given
conditions on the boundary is solved in the work. Construction
from hexahedron and octahedron inscribed in a ball is used in the
role of computational template. A discrete analogue of the Poisson
integral formula in the form of a proportional stratified sampling is
obtained.

Key words: Dirichlet problem, ball, Poisson integral, pattern,
hexahedron, octahedron.



