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IHEPEIMOBA

HaBuanpHuil mociOHUK po3paxoBaHWil HA CTYIEHTIB HEMEXaHIYHHX
CHermianpHOCTeH 1 MICTHTDh HEOOXiMHWI 0OCSAT MaTepialy 3TigHO 3 Mporpa-
MO¥O 3 JUCIUILTIHY « TeopeTHvHa Ta IPUKITaHA MEXaHIKay.

B ymoBax HeoOximHOCTI CTPYKTYypHOI epe0y10BU €KOHOMIKH YKpa-
{HU MIPOBiAHY POJIb BUKOHYIOTH B IEPIIY YEPry rajys3i MammHOOy yBaHHS.
TexHiyanii mporpec B MammuHOOYAyBaHHI XapaKTepPH3YyeThCS Oe3rmepeps-
HUM BIOCKOHAJICHHSIM TEXHOJIOTii BUpOOHUITBA. Lle BUpilIeHHs Takux Iu-
TaHb, K PO3POOKa OCHOB TEXHOJOTTYHOTO 3a0€3MEeUYEeHHS eKCIUTyaTallifHuX
BIIACTHBOCTEH JeTalieil, po3poOka TEXHOJIOTIYHIX KOHBEPCiH, pEKOHCTPYK-
1ii BUPOOHMIITBA, MaTeMaTHYHE MOJCIIOBAHHS Ta ONTHUMI3allis 1 Oarato
iHmmx. JI7s po3B’s3aHHS TaKWX PI3HOILIAHOBUX 3aBJaHb HEOOXiIHI cremia-
JIICTH, SIKI BOJIOJIIOTH 3HAHHSIMH B HaWpi3HOMaHITHIMUX ramy3sx. L1i ¢axi-
BIIi TTIOBMHHI KOMYHIKYBaTH OJHH 3 OJHUM 3 BUPOOHHYHMX MHUTaHb. A TOMY
BOHHM MOBHHHI PO3YMITHCh B IUTAHHIX MalIMHO3HABCTBA, SIKi MPEICTaBICHI
B Kypci «Teoperndna Ta mpuKiIaIHa MEXaHIKa.

Ockinbku nucnuiniina « TeopeTnyHa Ta IPHUKIIaIHA MEXaHIKay CKIia-
JA€ThCSI 3 YOTHPHOX NpeaMeTiB «TeopeTnyHa MexaHika», «Teopis MexaHi-
3MiB 1 MamuH», «Omip MartepianiB» Ta «J/letami MamuH», CTyIEHTH BUMY-
IIeHI KOPUCTYBATHCS BETUKOIO KiIJTBKICTIO JPKEPET, 0 YCKIaTHIOE poOOoTYy i
PO3MOPOIIYE IX yBary NMpy BUBYEHHI 1i€i JOCUTH CKIIAIHOT JUCIUTLIIHH.

B npomy mociOHHKY, SIKHH CKIaJa€eThCsl 3 YOTUPHOX YaCTHH, MaTepi-
aJ TpeACTaBIeHO KOMITAKTHO, ajieé B JOCTaTHHOMY 00’eMi sSIkuil moTpedye
mporpaMa JUCHUILTIHYA « TeopeTHvHa Ta MpUKIaIHa MEXaHiKay JUIs CTyIeH-
TiB HEMEXAHIYHUX CIIEL1aIbHOCTEMN.

Jpyra yactuHa nociOHMKa 3 OCHOB Teopii MeXaHi3MiB 1 MaIIMH Mic-
TUTH HEOOXiTHI 7151 POpMYyBaHHS 1HKEHEPHOTO MUCJICHHS 3arajbHi METOIN
JOCTIDKEHHS, TOOY/IOBM MaTeMAaTUYHUX MOJICJICH MalllMH Ta 1X eJIEMEHTIB,
CTPYKTYpHH, KIHEMaTHUYHHUHA Ta JUHAMIYHUI aHaIi3 MEXaHi3MiB.

Ileit mociOHMK Ma€ CIIPUATH IMIATOTOBIN (DaxiBIiB, IO BOJIOIIIOTH aH-
[IIHCHKOIO Ta YKPalHCHKOIO MOBaMHU, SIKi 3MOXYTh KOPHCTYBaTHCh HayKO-
BHMU JTOCSATHEHHIMH KpaiH CBIiTYy, OOMiHIOBaTHChH JTOCBIJIOM 3 aHTJIOMOBHH-
MH KOJIETaMH{ 3 iHIIMX JAep)kKaB, CTATH OMMKYIUMH J0 TEPEIOBUX METOMIIB
HaBYaHHS.



INTRODUCTION

The textbook is written for students of non-mechanical specialties
and contains the adequate amount of information according to the pro-
gramme of “Theoretical and Applied Mechanics” discipline.

In the face of the requirement to restructure the Ukrainian economy,
the leading role is played primarily by the mechanical engineering industry.
Technological innovations in mechanical engineering are characterised by
continuous improvement of production technology. This includes designing
the basics of technological support for the functional performance of parts,
development of technological conversions, production reconstruction,
mathematical modelling and optimisation, and many others. For the purpose
of solving such diverse problems, specialists with knowledge in a wide va-
riety of fields are needed. These specialists are expected to communicate
with each other on production issues. Therefore, they must have strong un-
derstanding of the mechanical engineering concepts presented in “Theoreti-
cal and Applied Mechanics” course.

Since the “Theoretical and Applied Mechanics” discipline consists of
four subjects — “Theoretical Mechanics,” “Theory of Mechanisms and
Machines,” “Resistance of Materials,” and “Machine Parts” — students are
forced to use numerous sources, which complicates their work and scatters
their attention when studying this rather complex discipline.

This four-part textbook presents the information briefly, but in suffi-
cient volume to meet the requirements of the “Theoretical and Applied Me-
chanics” programme for students of non-mechanical specialties.

The second part of the textbook covers the fundamentals of mecha-
nisms and machines theory, which are essential for development of engi-
neering thinking: general research techniques, building mathematical mod-
els of machines and their elements, structural, kinematic and dynamic anal-
ysis of mechanisms.

This textbook is aimed at training specialists who are proficient in
English and Ukrainian, who will be able to use scientific achievements
from around the world, exchange experience with English-speaking col-
leagues from other countries, and become closer to advanced training meth-
ods.
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OcHOBHI MOHATTHA Teopil MmexaHi3MiB i Mamun (TMM)

Teopis MexaHi3MiB i MaIllMH € AUCIMILIIHOIO, KA BBOJWUTH CTYJCHTIB B
KOJIO 3araJIbHUX 1 CIIeIialbHAX JUCIMIUTH. 11 3aBJaHHSIM € ITirOTOBKA CTy-
JIEHTIB JI0 MPOCITyXOBYBAaHHA KYypCIB J€Tajiell MalllH, TEXHOJOTii MaIlHHO-
OyZmyBaHHA Ta KypCiB 3 PO3pPaxyHKY i KOHCTPYIOBaHHS OKPEMHX BHJIB Ma-
IIFH B 3aJIE)KHOCTI BiJI CIIEIIaIbHOCTI 3 SIKOT CTYJIeHT MPOXOINTH ITiATOTOBKY.

Sk BimoMO, MaImHa CKIAAAETHCS 3 OKPEMHUX JIeTaleH.

Jlemanv — e yacTUHA MeXaHI3My a00 MaIllMHHM, KA BUTOTOBJICHA 0e3
ckiananpHuX onepariii. [Ipu aHamizi MexaHi3MiB JeTalli MOJUIAIOTh Ha PY-
XOMi Ta HepyxoMmi. JloCmiIKyBaT MeXaHi3M MMOYNHAIOTH 3 MOOYI0BU KiHe-
MaTU4HOI CXEMH.

lin xinemamuunoio cxemoro po3yMiroTb YMOBHE 300pakeHHs MeXaHi3-
My B MacmITaoi.

B «Teopii MexaHi3MiB i MainH» BBOISTH NIESKI O3HAYCHHS, SKi Bij-
PI3HSIIOTBCA BiJ THX, IO MU 3aCTOCOBY€eMO B «TeopeTuuHiii mexanimi». Tak
00’exTH 9n getani B «TeopeTHUHI MeXaHIIl» MPUHHITO HAa3WBaTH «TiJla-
MI», 8 B TEOPii MEXaHI3MIB 1 MAITMH — «JIaHKaAMM».

OTtxe, nanxku (OeTani) MOAUISIOTH HA pyXoMi Ta Hepyxomi. KoxxHa
pyxoma aeranb abo Tpyma aeTaiei, sika YTBOPIOE OJHY JKOPCTKY PyXoMy
CUCTEMY TiJl, HA3UBAETHCA PYXOMOI0 IAHKOK MEXaHi3My. YCi HepyXoMi Jie-
TaJi YTBOPIOIOTH OJIHY KOPCTKY CHCTEMY TiJl, IKa HA3UBAETHCS HEPYXOMOIO
Jankow abo cmosaxom. TakuM 4MHOM, B OyAb-SIKOMY MEXaHi3Mi MH MaeMO
OJIHYy HEPYXOMY JIaHKY Ta OAHY ab0 JEKUTbKa PyXOMUX.

Cucrema Tin, Mo MpU3HAYEHA TSI IEPETBOPEHHS PyXy OAHOTO abo
KUTBKOX TiN y MOTPiOHI pyX® iHIIUX TiJI, HA3UBAETHCS Mexanizmom. Mexa-
HI3MH, IO BXOJSATh IO CKJIANy MAallWH, AyXe pisHOMaHiTHi. OAHi 3 HHUX
MIPEJICTABIAIOTh CIOMyYeHHS TUTBKA TBEpAWX Tii. IHINI MaioTh y CBOEMY
CKJIaJli TiApaBIMYHI, THEBMATUYHI Tila a00 €NeKTPUYHI, MarHITHI Ta iHIII
pUCTPOi. B OCHOBI KOKHOTO MeXaHi3My JIEKUTh KIHEMATUYHUN JIAHITIOT,
CTBOpEHHH s 3a0e3MeUeHHs IMUTKOM TOUUTPHUX PYXiB, HEOOXiTHUX IS
BHKOHAHHS KOHKPETHUX BUPOOHHYHMX 3a/1ad.

PyxoMi naHKM MOIIIAIOTE HA GXiOHI Ta GUXIOHI, PEIUTY PyXOMHUX Jia-
HOK MEXaHi3My Ha3HBAIOTh 3 '€OHYIouuMU ab0 npociHHUuMU.
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Basic Concepts of the Mechanisms and Machines Theory
(MMT)

Mechanisms and Machines Theory is a study subject that introduces
students to the range of general and specialised disciplines. Its objective is
to prepare students for courses in machine elements, mechanical engineer-
ing technique and courses in calculation and design of certain types of ma-
chines, depending on the specialty in which the student studies.

As you know, a machine consists of individual parts.

A part is a piece of a mechanism or machine manufactured without
assembly operations. When analysing mechanisms, parts are divided into
movable and fixed parts. The analysis of a mechanism begins with creation
of a kinematic diagram.

A kinematic diagram means a conventional representation of
a mechanism to scale.

In “Mechanisms and Machines Theory”, some definitions are intro-
duced that differ from those used in “Theoretical Mechanics”. For example,
in “Theoretical Mechanics” objects or parts are called “bodies,” while in
“Mechanisms and Machines Theory” they are called “links”.

Thus, links(parts) are classified as movable and fixed. Each moving
part or group of parts that forms a single rigid moving system of bodies is
called a movable link of a mechanism. All fixed parts constitute a single rig-
id system of bodies called a fixed link or a fixed member. Therefore, any
mechanism has one fixed link and one or more movable links.

A system of bodies designed to convert motion of one or more bodies
into the desired motion of other bodies is called a mechanism. There are
many variations of mechanisms which constitute parts of machines. Some
of them are a combination of solid bodies only. Other mechanisms incorpo-
rate hydraulic, pneumatic bodies or electrical, magnetic and other devices.
Each mechanism consists of a kinematic chain designed to deliver appro-
priate movements required to perform specific production functions.

Movable links are divided into input and output links, and the re-
maining movable links of a mechanism are called connecting links or cou-
plers.
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KinemaTu4yHi mapu ta JaHIIOTH

Pyxomi laHKM BXOISTH y 3B’S30K MK cO00010 a00 3 HEPYXOMHMH JIaH-
KaMH Tak, 10 3aBKIH 3a0e31eTy€eThCsl MOXKITHBICTD IXHHOTO BiJTHOCHOTO PYXY.
Pyxome 3’emHaHHS ABOX JIAHOK, SIKi CTHKAIOTHCS, IO JOMYCKA€E iX BiTHOCHWIA
PYX, Ha3UBA€ETHCSI KIHEMAMUUHOIO NAPOIO.

IToBepxHi, JTiHIT, TOYKH JTAHKH, SKIMHA BOHA MOYKE CTHKAETHCS 3 1HITUMH
JIaHKaMH, YTBOPIOIOUH KIHEMAaTHUHY T1apy, HA3UBAIOTh e1eMeHMAaMU AAHKU.

Y OyIp-sKOMY MEXaHi3Mi BEIy4OI0 JIAHKOK HA3UBAETHCS JIAHKA, JIO
SIKOT IPUKIIAAEH] pymiiiHa cuia a00 MOMEHT.

Posrisiremo  1o- ™~ 6
CHTb TIPOCTY CXeMy Me-
xaHi3My (puc. 1.1), sxmit
3aKpITUICHUIA B TPHOX TO-
ykax. Jlanku 1,2, 3,415
— pyxomi. Jlanka 1 — Be-
IyJa, Ha 10 BKa3ye CTpi-
JIKa Ol Hel, a 1HII J1aH-
ku 2, 3,4, 5—seneni. Yci
HEPYXOMi JIaHKH YTBO-
PIOIOTE  OJHY CHCTEMY,
SIKY TIO3HAYMIA LU(PPOIO Q/
6, T00TO 1I¢ CTOSAK. Sk N
NPaBUJIO, BEIYYOIO JIaH- 5
KOIO € BXiJIHA JIaHKa.

Jlanku 1poro me-
XaHi3My YTBOPIOIOTH 7
kinemarnunux nap: O (6- Pucynok 1.1 — Cxema MexaHi3My mpeca
1), 4 (1-2), B (2-3, 2-4),
C (6-3)i D (4-5, 5-6).

Posrmsinemo Temep, siKi B’s131 Ta B sIKif KUJIBKOCTI MOKHA HAKJIaCTH HA
BITHOCHUH PyX JJAHOK KiHEMaTHYHOI MapH.

Orxe, BimbHe abcomotHe TBepe Tino ABC (puc. 1.2), mo pyxaerscs
y TPOCTOpi, Ma€ WLICTh CTYIEHIB BUIBHOCTI /: TpM TMOCTYHAIBHHX PYyXH
B310BX oceii X, Y, Z 1a Tpu 0b6epTaabHUX HABKOJIO IMX caMHX oceil. Bxo-
JDKEHHSI JJAaHOK y KiHEeMaTH4YHY Napy HakJaJa€e Ha iX BiAHOCHUH pyX MEBHI
YMOBH 3B’s3KY (B’5131).

(o)
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Kinematic Pairs and Kinematic Chains

Movable links are connected to each other or to fixed links so that their
relative movement is always possible. A movable joint between two contacting
links that allows for their relative movement is called a kinematic pair.

Surfaces, lines, and points of a link that can be used to contact with
other links to form a kinematic pair are called /ink elements.

In any mechanism, a driving link is a link having the motive force or
moment applied to it.

Let’'s look at <~ 6
arather simple diagram
of the  mechanism
(Fig. 1.1), which is fixed
at three points. Links 1,
2,3, 4, and 5 are mova-
ble. Link 1 is the driving
link, as indicated by the
arrow next to it, and
links 2, 3, 4, 5 are driven
links. All fixed links
represent a single system
marked with digit 6, i.e.
this is a fixed member.
Generally, a driving link
is an input link.

The links of this
mechanism
form 7 kinematic  pairs:
O (6-1), A(1-2), B (2-3,
2-4), C (6-3),and D (4-5, 5-6).

Now, let’s consider the constraints that can be imposed on the relative
motion of a kinematic pair links and quantity of the constraints.

So, a free perfectly rigid body ABC (Fig. 1.2) moving in space has six
degrees of freedom H: three translational movements along X-, Y-, and Z-
axes and three rotational movements around the same axes. Certain constrain-
ing conditions (constraints) are imposed on the relative motion of links in
a kinematic pair.

Figure 1.1 — Diagram of the press mechanism
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Yucno TakuX YMOB 3B’ 3Ky .S MOKe OYTH TLTBKH [UTAM Ta 3MIHIOETHCS
Mekax Bif 1< S <5 1 Bu3HauaeThes 3a GopMyIior

S=6—H, (1.1)

ne H — qucino cryreniB BiTbHOCTI, SIKI MA€ JIAHKA, [0 BXOAUTH y KiHe-
MaTH4YHY Tapy.
STkio S=0 — naHKK He CTHKAIOTHCS, @ OTHKE KiHEMATHYHA TTapa MPHITHHSIE
CBOE iCHYBaHHSL, a pu S=06 — JIAHKK BTPAYAIOTh BITHOCHY PYXOMICTh 1 KiHeMa-
THYHA T1apa IePeXOIUTh Y TBEPIC 3’ €JHAHHS IBOX JIAHOK.
TakuM 4YMHOM Ki-

“ JBKICTh CTYICHIB Billb-
— HOCTI JTJaHKH KiHEMaTH4Y-
HOI mapu y BiTHOCHOMY

B pyci Moxxe OyTH BUpa-

Pucynox 1.2 — CtyneHi BiIbHOCTI TiJIa y IPOCTOPi

JKEHa 3aJIeXKHICTIO!
o ¢
H=6-S, (2.2)
mapu  IMOJUIIIOTE  Ha
KJIach y BIiJOBIAHOCTI
CHUI pyX JlaHOK. B Me-
XaHi3Max KUTBKICTB
nap JgopiBHIoe 1’ site: KinematwyHi apu I, 11, 111, IV 1 V knacis (Tada. 1.1),
KJIaC SIKUX BU3HAYAETHCS 3a popmylioro 2.1.

/‘ ): ne S — KinbKicTh B s13ei.
/ o &
BiJ KIJTBKOCTI B’sI3€M, sIKi
B’si3ell Moxxe Oyt He
B mexaHi3zmax, siki BHKOPUCTOBYIOTbCSI B TIPOMHCIOBOCTI, HAHITONIH-

Kinemarnuni
X HaKJIaJal0ThCS Ha BiJHO-
MeHIIe onHiel Ta He Oinbine 1’ sTi. OTKe, KITBKICTh KIaciB KIHEMAaTHYHHAX
peHimn kinemarnyHi mapu V, IV ta Il knacis.
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The number of such constraining conditions S can only be an integer and
varies in the range from 1 <S <5 and is determined by the formula

S=6-H, (1.1)

where H is a number of degrees of freedom of a link in a kinematic
pair.

If $=0, the links do not contact, and, therefore, the kinematic pair ceases
to exist, and if $=6, the links lose their relative mobility and the kinematic pair
becomes a rigid joint of two links.

Thus, the number

“3 of degrees of freedom of
— a link in a kinematic pair
during relative motion

B can be expressed by the

following equation:

4 C
< H=6-S, (2.2)
/‘ )j where S is a number of

constraints.

Kinematic  pairs
are classified based on
the number of con-
X straints imposed on the
relative motion of the
links. In mechanisms,
the number of con-
straints can be at least one and cannot exceed five. Hence, there are five clas-
ses of kinematic pairs: kinematic pairs of Classes I, II, III, IV, and V (Ta-
ble 1.1), the class of which is determined by formula 2.1.

In mechanisms used in manufacturing industry, the most common kin-
ematic pairs are of Classes V, IV, and III.

Figure 1.2 — Degrees of freedom of a body in space
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Tabmung 1.1 — Knacudikarist KiHeMaTHYHUX T1ap

Neo YMoBHE Kiac
Pucynok Hasga napu
pHUCYHKa [I03HAYEeHHs napu
1 /O\ obepTaiibHa Vv
 p—
=
X
2 / MIOCTYyTIAJIbHA A%
1 X
3 77 ay IBHHTOBA \Y
/ n; //
A
4 T HIPHYHA v
5 cepuyHa 3 v

naabIeM
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Table 1.1 — Classification of kinematic pairs

Figure Symbol | Pairname |H|S Pair
class
/O\ revolute pair| 1 | 5| V

—

=

prismatic pair| 1 | 5| V

screw (or

%E% é helical) pair | 1 [°] V¥

) —

cylindrical
pair

spherical
pairwith |2 4| IV
a pin




[Iponorxenns tabmui 1.1
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No YMoBHE Kiac
Pucynok Hasga mapu
pHCYHKA TIO3HAYCHHS napu

11 %/ chepuuHa I

12 IJTON[MHHA III

13 HHITHAD- I
IUIOIIMHA

14 Kyn 11
IAITTHIP

15 KyJIsi- I

IJI0IIMHa
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Table 1.1 (continued)

Fig. . Pair
No. Pair name class
16 spher.lcal 1
pair
17 planar pair I
13 cylinder- 1
surface

19 ball-cylinder 11
20 ball-surface I
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Kinemarnuni mapu noauisitoTh Ha HUKYI Ta BUIli. KiHemaTnuHa mapa,
sIka MOKe OyTH BUKOHAHA CTUKAHHSIM €JIEMEHTIB 11 JIJAHOK TiIBbKU IO TOBEp-
XHi, HA3UBA€ThCS HIDKYOK0. Jlo HUX Halmexarh: o0epTajibHa, MOCTYyHaJbHa,
ITHIpUYHA, cheprdanHa Tomo. Kinemarnana mapa, sika Moxke OyTH BHKO-
HaHa CTMKAHHSM CJIEMEHTIB 11 JJaHOK 110 JIiHIT a00 B TOYI[i, HA3MBAETHCS BH-
mioro. Lle Taki: muTHIP-TUIONMHA, KYJIS—IWITIHAP, KYJIS—TUIONHA.

Jst mepenadi 3HAYHUX 3yCHIIb BUKOPHCTOBYIOTh HIDKY1 KIHEMaTHYHI
Mapu, OCKITbKH BOHH 320€3Me4yI0Th O1IbIIY TIOUTY KOHTAKTY MK JJAHKaMH.
[IpoTe BTpaTu Ha TEPT y TaKUX Napax OUIbILI, HIK Y BUILHX.

B 3anexxHOCTI BijJl XapakTepy pyXy MeXaHi3MH i KIHeMaTH4YHI [TapH T10-
JUISAIOTh HA TUIOCKI Ta MPOCTOPOBIi. SIKIIO TOYKH JIAHOK, IO yTBOPIOKOThH
napy, pyXarTbCs Y pi3HUX He IMapajielIbHUX IDIOMIWHAX, TO TaKl KIHEeMaTH4Hi
Tapy Ha3UBAKOTh NPOCMOposuMu. SIKIIO K eIEeMEHTH JIAHOK, 10 YTBOPIOIOTh
KIHEMaTHYHY Tapy, PyXarThCcs MapayeibHO OJHIM HEPYXOMiil IJIOMIKHI, TO
TaKi KIHEeMaTUYHI Tapu Ha3UBAIOTh MIOCKUMU.

Jlo ckiay TIIOCKUX MEXaHi3MiB MO-

JKYTh BXOJIUTH KIHEMaTH4HI Iapy Tibku [V Vi /ﬁ

1 V xiaciB. OCKUIBKH BUIBHE TBEpJE TIJIO

ABC'y miockomy pyci Ma€ TilbKH TPH CTY- A

rieHi BUTbHOCTI (puc. 1.3), BOHO MOXe pyXa-

THCSI TOCTYIAIbHO B310BK oceit X i Y ta

obepratucs y twonmai xOy. Skmo x C
JIaHKa BXOJHUTH Yy KiHEMAaTHYHY Mapy, TO —
Horo 4mcio crymneHiB BinbHOCTI H Moxe 10 X

Oyt 1 abo 2 1 BiINOBIJHO YHCIO YMOB
3B’s13Ky S Takox Oyne Tinbku 1 a6o 2. do-
pmynu (2.1) 1 (2.2) ans TUIOCKUX KiHEMATH-
YHUX nap OyyTh

Pucynok 1.3 — CryneHi BiIbHOCTI
TiJIa B IJIOCKOMY pyci

H=3-§, S=3-H. (2.3)

s Toro, 1m00 eJIEMEHTH KiHEMaTHYHUX Tap rmepeOyBaiu y MOCTIH-
HOMY KOHTAKTIi, Iapu TMOBUHHI OYTH 3amMKHYymumuy. 3aMAKaHHSI MOXeE OyTH
eeomempuunum (0OepTabHA Ta MOCTyNANIbHA) a00 curo6um (IUITIHIP—TUIO-
LIMHA Ta KyJs—TuiomyHa). CuioBe 3aMUKaHHA HaldacTime 3a0e3nevyyeThes
CHJIOI0 TIPY)KHOCTI TPYKHHH, [0 CTBOPIOE JOJATKOBI HABAHTAXKCHHS Ha
JIAHKW MEXaHi3MiB.
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Kinematic pairs are divided into lower and higher pairs. A kinematic
pair with its link elements contacting only on the surface is called a lower
pair. They include revolute, prismatic, cylindrical, spherical pairs etc. A kin-
ematic pair with its link elements contacting on a line or at a point is called
a higher pair. They are cylinder-surface, ball-cylinder, ball-surface.

Lower kinematic pairs are used for transmitting high forces because
they provide a larger contact area between the links. However, in such pairs,
friction losses are higher than in higher pairs.

Depending on the nature of motion, mechanisms and kinematic pairs
are divided into planar and spatial. If points of the links forming the pair
move in different non-parallel planes, such kinematic pairs are called spatial.
If elements of the links forming a kinematic pair move parallel to one fixed
plane, such kinematic pairs are called planar.

Planar mechanisms can include kine-
matic pairs of Classes IV and V only. Since Y

B
a free rigid body ABC has only three de- /ﬁ
grees of freedom during planar motion A
(Fig. 1.3), it can move translationally along
C

the X- and Y-axes and rotate in the xOy
plane. If a link is a part of a kinematic pair,
its number of degrees of freedom H can —
be 1 or 2 and, therefore, the number of con- O X
straining conditions S will also be only 1
or 2. Formulas (2.1) and (2.2) for planar
kinematic pairs are as follows

Figure 1.3 — Degrees of freedom
of a body during planar motion

H=3-§, §S=3-H. (2.3)

The elements of kinematic pairs must be closed to maintain constant
contact. The closure can be geometric (revolute and prismatic) or force (cyl-
inder-surface and ball-surface). The force closure is most often achieved by
elasticity of the spring, which creates additional loads on the mechanism
links.
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1 CTPYKTYPHUM AHAJII3 MEXAHI3MIB

3B's13aHa cucTeMa JIAHOK, 10 BXOSATh Yy KIHEMATHUHI IMapH, YTBOPIOE
KIHeMamu4Huil 1aHYyIo2.

KinemaTH4Hi TaHIIOTH TTOAUIAIOTECS Ha npocmi Ta ckaadni. [lpoctam
KiHEMaTHYHUM Ha3WBaIOTh TAKUH JIAHIIIOT, Y SIKOTO KOKHA JIAaHKA BXOJUTh HE
OinpIIe SIK 710 ABOX KiHEeMaTHYHUX nap (puc. 1.4, a); CKIaAHUM — y SKOMY €
XO0Y OJIHA JIaHKA, [0 BXOJUTh OUIbIIE HDK JIO JABOX KIHEMAaTUYHHX Iap
(puc. 2.4, 6).

Y CcBOIO 4epry npocTi Ta CKIaAHI KIHEeMaTUYHI JAHIFOTH O UISTFOTHCS
Ha 3aMKHymi 1 He3amkHymi. Y HE3aMKHYTOMY KIHEMaTHYHOMY JIAHIIOTY €
JIAHKH, 10 BXOSTH TUTBKH B OJHY KiHeMaTWuHy mapy (puc. 2.4 a, 8), y 3a-
MKHYTOMY — KOKHA JIaHKa BXOJIUTHh HE MEHIIE, SIK Y JIBI KIHEeMaTH4HI Mapu
(puc. 2.4 6, 2).

a — IpOCTUI HE3aMKHYTHH, B — CKJIaJIHUN HE3aMKHYTUH;
6 — IPOCTHUI 3aMKHYTHH; & — CKJIaIHUH 3aMKHY THI

Pucynoxk 1.4 — Knacudikaris KiHeMaTHYHHX JIAHITIOTIB
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1 STRUCTURAL ANALYSIS OF MECHANISMS

A connected system of links in kinematic pairs forms a kinematic
chain.

Kinematic chains are classified into simple and complex. A kinematic
chain is simple if each link is a part of no more than two kinematic pairs
(Fig. 1.4, a); a kinematic chain is complex if it has at least one link constitut-
ing a part of more than two kinematic pairs (Fig. 2.4, ¢).

In addition, simple and complex kinematic chains are classified into
closed and open chains. In an open kinematic chain, there are links constitut-
ing a part of only one kinematic pair (Fig. 2.4 a, c); in a closed kinematic
chain, each link constitutes apart of at least two kinematic pairs
(Fig. 2.4 b, d).

a — simple, open; ¢ — complex, open;
b — simple, closed; d — complex, closed

Figure 1.4 — Kinematic chains classification
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KpiM 115010, KiHEMaTH4HI JAHIFOTH 33 aHAJIOTIEI0 3 KIHEMATUIHUMHU
napamMy MOJIUISIOTH 1€ Ha M10CKI Ta npocmoposi. HezaMKHyTI IpoCcTOPOBi
KIHEMaTUYHI JAHIFOTH BHUKOPUCTOBYIOTHCS MPHU MPOEKTYBAHHI MEXaHi3MiB
pobortiB. [Ipukirag Takoro MexaHi3My MmokaszaHo Ha puc. 1.5. Y mammHoOy-
TyBaHHI BUKOPHCTOBYIOTHCS NTEPEBAYKHO 3aMKHYTI KIHEMaTHUHI JIAHITIOTH.

KoxxHuil MexaHi3M Tpe/IcTaBisie CO000 JACIKUNA KiIHEeMAaTUYHUH JIaH-
LIOT 3 OJIHI€I0 HEPYXOMOIO JIaHKO!0. OCHOBHUMH BIIACTUBOCTSIMH MEXaHI3MY
€ YHCJIO CTYMEHIB BUILHOCTI KO0 PyXOMHUX JJAHOK BiTHOCHO CTOSIKa Ta BU-
3HAYEHICTh (Y3TOJKEHICTh) iX PyXY.

cy 3 D

Pucynok 1.5 — MexaHi3M mMaHimyJsitopa

1.1 Bu3HayeHHsI CTYIIEHIO PYyXOMOCTI IJIOCKMX MeXaHi3MiB

JIyiss BU3HAYEHHSI YKCIIa CTYTEHIB BUIBHOCTI Oyab-SIKOTO KiHEMaTHY-
HOTO JIaHIora (To0TO MexaHi3My) HeoOXiIHO MipaxyBaTH YUCIIO CTYTICHIB
BIJIBHOCTI BCIX PYXOMHMX JIAHOK, BBOKAIOUH X BUTBHUMH, HE 3B’ sI3aHUMH Ki-
HEMATUYHUMH TIapaMH TiJl, a MOTIM B/l IIbOTO YWCIIA CIiJ BiHATH YHCIIO
YMOB 3B'SI3KY, sIKi HAKJIaJAIOTHCS HA JIAHKU KiHEMATHYHUMH [TapaMu.

Hexaii MexaHi3M cknagaetbes 3 k manok. KoskHa BibHA JaHKa, mpo
110 BXKE HIutocs paHime, Ma€ y 3aralbHOMY BHITQJIKY IIICTh CTYTICHIB BiJIb-
HocTi. OnHA 13 JTAHOK MEeXaHi3My € HepyXxoMoio. ToMy KiTbKiCTh PyXOMHX
JIAHOK MeXaHisMy ckinagae n=k-1. SIkmo 6 JaHKd MexaHismy He Oyiu
3B’s13aHi MK CO00I0, TO 3arajbHa KiTBKICTh MPOCTHX PYXIB yCIX PyXOMHUX
JIAHOK MexaHi3Mmy cknagana 6 =6 n. Ane x TaHKH MEXaHi3MY HE € Billb-
HUMU TiTaMH, BOHH 3B’s13aHI MK COOOI0 KiHEeMaTHYHUMHU napamu. KokHa
KiHeMaTH4Ha napa 1-5 Ki1aciB 3MEHINy€ 3arajibHy KiJIbKICTh PYXiB Ha YHCIIO
P1,2P2, 3P3, 4P4, 5Ps, ne Pi — nmapu Bignosigaux kinacis (i =1...5).

BigusiBum i 38°s13ku Bixx H=6 n, gicTaHeMO YHCIIO CTYTIEHIB BiIBHO-
CTi, SIKI MAIOTh JIAHKA MEXaHI3MY'

W=6n-5Ps-4P4+-3P3-2P>-P1. (1.4)
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Moreover, kinematic chains are further divided into planar and spatial
similarly to kinematic pairs. Open spatial kinematic chains are used in robot
mechanisms design. An example of such a mechanism is shown in Fig. 1.5.
In mechanical engineering, closed kinematic chains are commonly used.

Each mechanism is a certain kinematic chain with one fixed link. Main
features of a mechanism are a number of freedom degrees of its movable
links in relation to a fixed member and certainty (consistency) of their mo-
tion.

3 D

Figure 1.5 — Manipulator mechanism

1.1 Determining the Degree of Mobility of the Planar Mechanisms

For determining the number of degrees of freedom of any kinematic
chain (i.e. mechanism), it is necessary to calculate the number of degrees of
freedom of all movable links, considering them unrestrained, not connected
by kinematic pairs of bodies, and then subtract the number of constraining
conditions imposed on the links by kinematic pairs from this number.

Let the mechanism consist of & links. As mentioned above, each free
link has six degrees of freedom, in general. One of links of the mechanism is
fixed. Therefore, the number of movable links of the mechanism is n=k-1.
If links of the mechanism were not connected to each other, the total number
of simple movements of all the movable links of the mechanism would be
H=6n. However, links of the mechanism are not free bodies, since kinematic
pairs connect them. Each kinematic pair of Classes 1 to 5 reduces the total
number of movements by the number P1, 2P2, 3P3, 4P4, 5Ps, where Pi are
pairs of corresponding classes (i = 1...5).

By subtracting these connections from H=6-n, we find the number of
degrees of freedom of the mechanism links:

W=6n-5Ps-4P4-3P3-2P>-P1. (1.4)
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PinicTh (1.4) HOCUTH Ha3BY CpPYKMYPHOI (hOPMYAU NPOCMOPOBO2O
KiHeMamuuHo2o nanyioea 3a2anvho2o eueiady (¢opmyna Comosa—Manu-
uie6a) 1 1O3BOJSIE OOYUCIIUTH KIIBKICTh CTYTNIEHIB BOJILHOCTI KIHEMATHYHOTO
JIAHITIOTA BiIHOCHO JIAHKK MPUIHATOI 3a Hepyxomy. Yucio W nasusacmocs
cmynenem pyxomocmi KinemamuyHo2o 1anyo2a.

Ha puc. 1.6 300pakeHnii KiHEMaTHYHUHN JAHITIOT, JIAHKH SKOTO 3 €/1-
HaHl M c00010 mapaMu V Ki1acy 3 mapajielIbHUMH OCSMHU.

z A 2

Y

Pucynox 1.6 — ITnockuii mapHipHUM YOTUPUIIAHKOBUI MEXaHi3M

[Ipu cknaganHi CTPYKTYpHHUX (POPMYIT TUTOCKUX MEXaHI3MIB MU MaEMO
Ha yBas3i, 10 Ti CTYIMEHI BUILHOCTI, SIKi MaOTh JJAHKH MEXaHI3MiB, 1 TI YMOBH
3B’S3KY, SIKI HAKIIQJAIOThCS Ha PyX JAHOK BXOJDKEHHSIM 1X B KiHEMaTH4Hi
Mapu, BUPILIYIOTh B CYKYITHOCTI MUTaHHS MTPO BU3HAYEHHICTh PyXy MeXaHi-
3My. Takuii KIHEeMaTHYHUH JTaHIIOT € INIOCKUM, TOMY IO BC1 HOTO JTaHKH pPYy-
XaIOThCS MapalieNbHO JIesKii 0/1HIN ToimurHi yOz, siKa NEPIeHNKYIIIpHA 10
oceit o0epTanbHuX nap. JIJaHKu MexaHi3My He MOXKYTh PyXaTHCS B3JIOBXK OCI
X 1 obepTaTuCs HABKOJIO OCEH y 1 z, TOOTO 3 IECTH MOKJINBUX PYXiB TPH HE
MOXyTh OyTH 3aidicHeHUMHU. OTXKe, Ha JIAaHKK [IbOTO MEXaHi3My HaKJIaJIeHO
TpPU 3arajbHi YMOBH 3B'3KY 1 CTPYKTYpHY hopmymy (1.4) y mboMy BHIAAKY
HE MO’KHA 3aCTOCYBaTH. YUCIIO CTYIEHIB BUILHOCTI OKPEMO B35TO1 JIAHKH Ta-
KOTO JIAHIIIOTa 13 BpaXyBaHHSAM 3arajbHUX 3B'SI3KiB JOPIBHIOE TPHOM, a 3ara-
JIbHE YHCIIO CTYIEHIB BIILHOCTI 71 JTJAHOK JIOPIBHIOE 371. [0 CKiTamy TITOCKUX
MEXaHI3MIB MOXYTh BXOJUTH TUTbKHK mapu IV i V kiaciB, sSiKi HaKJIaIalTh
BIJINIOBIJTHO OJTHY a00 JIBI YMOBH 3B’SI3KY, TOMY JIJISl TUIOCKOTO MEXaHI3My
cTpykTypHa opmymna (1.4) Habupae BUTILY:

W=3n-2P5-Ps. (1.5)
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Equation (1.4) is called a structural formula of a spatial kinematic
chain in its general form (Somov—Malyshev formula) and allows us to calcu-
late the number of degrees of freedom of the kinematic chain in relation to
the link assumed to be fixed. W number is called a degree of mobility of
a kinematic chain.

Fig. 1.6 shows a kinematic chain, the links of which are interconnected
by Class V pairs with parallel axes.

y

Figure 1.6 — Four-link planar hinged mechanism

When preparing structural formulas for planar mechanisms, we as-
sume that degrees of freedom of the links of the mechanisms and the con-
straining conditions imposed on motion of the links by their constituting
a part of kinematic pairs collectively can help us to determine certainty of
motion of the mechanism. Such a kinematic chain is planar because all its
links are moving parallel to some single plane yOz, which is perpendicular to
axes of the revolute pairs. Links of the mechanism cannot move along axis
and rotate around y- and z-axes, i.e. three of six possible movements cannot
be performed. Therefore, links of this mechanism are bound by three general
constraining conditions, and we cannot use structural formula (1.4) in this
case. A number of degrees of freedom of a single link of this chain, consid-
ering the general connections, is equal to 3, and a total number of degrees of
freedom of 7 links is equal to 3n. Planar mechanisms can only include pairs
of Classes IV and V, which impose one or two constraining conditions, re-
spectively; So, for a planar mechanism, the structural formula (1.4) is as fol-
lows:

W=3n-2P5-Pa. (1.5)
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PiBHicts (1.5) Buepue Oyna suenena I1. JI. Yebummesum B 1869 poui
1 Ha3uBaeThCs hopmynoro Yebuwesa.

JIJis II0CKOTO MeXaHi3My, SIKUW MOKa3aHo Ha puc. 1.6, 9ucio cryre-
HIB BUTBHOCTI BU3HAYAETHCS:

W=3n-2Ps-P4=3-3-2-4=1.
1.2 YrBopenHnst MmexanizmiB. I'pyna Accypa

OCHOBHMIA IPUHLIKT YTBOPEHHS MeXaHi3MiB OyB Brepiie chopMyibo-
Banuii B 1914 poui Buenum JI.B. Accypom. BiH Takox MpOJOBXKUB Ta PO3-
BHUHYB METOJl yTBOPEHHS MEXaH13MiB LIUIIXOM IIOCI1I0BHOTO HaKJIaJeHHS Ki-
HEMaTHYHMX JIAHITIOTIB, 1[0 MAfOTh TIEBHI CTPYKTYpPHI BIACTUBOCTI. BueHmMi
JL.B. Accyp 3ampornoHyBaB HaWNPOCTIIINI MEXaHi3M, SIKUi CKIaJa€eThbes 13
JIBOX JIAHOK — CTIHKH 1 pyXOMOT JIJaHKH, III0 YTBOPIOIOTh KiIHEMaTUYHUH JIaH-
uror V knacy, Ha3uBaTu nouamkogum mexanizmom I knacy. Ha puc. 1.7 30-
OpakeHO MexaHi3MH | Kiacy, pyXoMi JIaHKU SIKUX YTBOPIOIOTH 31 CTOSIKOM
obepranbhy (puc. 1.7, @) abo nocrynanesny (puc. 1.7, 6) mapu. Ctyninb Bi-
JIBHOCTI JIAaHOK Takux MexaHi3miB W=1 (n=1, Ps=1). Y nmoyaTkoBoMy MeXxa-
HI3MI HEMa€ BEJICHHUX JIAHOK 1 TOMY 1 HeMae niepeiadi i IepeTBOPEHHS PyXY.

Bynp-sikuii MexaHi3M 3 BEJCHUMHU
JIAHKaMU YTBOPIOETHCS MUISTXOM MTPUKPi- o,
TIJICHHSI 10 BEJIy4O01 JJAHKU TPYITH JJAHOK 3 1 1
HYJIBOBHM CTYIIEHEM PYXOMOCTI BiJHO-
CHO THX JIAHOK, JI0 SIKUX TpyIa IpUKpir- 777 Z )

nseTbes. Taka CTpyKTypHa rpyna Hasu-
Ba€ThCA epynor Accypa — 1ie KiHeMaTHY- a 6
HUI JAHLIOT, SKUH NPUKPIMIISAETHCS J10
BEIly4ol JJAaHKH 1 CTOsIKA, He 3MiHIOIOUM  Pucynok 1.7 — Mexanizmu I kinacy
CTYTICHIO PYXOMOCTI IT0YaTKOBOT'O MeXa-
Hi3Mmy | Kimacy.
B rpynax Accypa MaeMo NEBHY 3aJ€XKHICTh MK KUIBKICTIO JIAHOK 1
KIHEMaTHYHHX Tap, SKa BUILIMBAE i3 OCHOBHOI YMOBH iICHYBaHHS TPYITH

W=3n-2Ps—P4=0. (1.6)
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Equation (1.5) was first derived by P. L. Chebyshev in 1869 and is
called the Chebyshev formula.

For the planar mechanism shown in Fig. 1.6, a number of degrees of
freedom is calculated as follows:

W=3n-2Ps5-P4=3-3-2-4=1.
1.2 Creation of Mechanisms. Assur Group

The basic principle of creation of mechanisms was first introduced
in 1914 by the scientist L. V. Assur. He also extended and developed the
method of creation of mechanisms by successively applying kinematic chains
with certain structural properties. The scientist L.V. Assur proposed to call
the simplest mechanism, which consists of two links (a fixed member and
amovable link forming a Class V kinematic chain), the original Class [
mechanism. Fig. 1.7 shows the Class I mechanisms, movable links of which
form revolute (Fig. 1.7, a) or prismatic (Fig. 1.7, b) pairs with a fixed mem-
ber. A degree of freedom of links of such mechanisms is W=1 (n=1, Ps=1).
The original mechanism has no driven links and, therefore, no transmission
or conversion of motion.

Any mechanism with driven links Vv
is formed by connecting a group of links o ¢
with zero degree of mobility (in relation 1 1
to links to which the group is attached) to
7777%
b

1
the driving link. Such a structural group
is called an Assur group. It is a kinematic
chain attached to adriving link and a
a fixed member without changing the de-
gree of mobility of the original Class I  Figure 1.7 — Class I mechanisms
mechanism.

In Assur groups, we have a certain relationship between the number of
links and kinematic pairs, which derives from the basic assumption of
a group existance

W=3n-2Ps—P4=0. (1.6)
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Sxmo BpaxyBatu, mo napu [V kimacy MokHa 3aMiHUTH mapamu V
KJacy, To 3 piBHsAHHA (1.6) MOXKHA 3anucaTH
3
P="n. (1.7)
2
OCKiIBKH YHCIIO JIAHOK 1 Tap Moske OyTu 1inum, To ymoBy (1.7) 3amo-
BOJIBHSIOTH TaKi CIIOJYYEHHS YMCes JIAHOK 1 KIHEeMaTHYHUX 1ap, 110 BXOAATh
y rpymy:
n2 46 8

Ps3 6 9 12...

TakuMm YHHOM, KUTBKICTh JIAHOK y TpyIi Accypa MOBUHHA OYyTH TUTBKH
MIAPHOI0, a TOMY MiHIMAaJIbHA KUTBKICTh KIHEMAaTHIHHX T1ap JOPIBHIOE TPHOM.

[Ipuknazom Takoi rpynu € maTyH i KOpoMucio (2-3) y mapHipHOMY
YOTUPUIIAHKOBOMY MexaHi3mi (puc. 1.6). [Ticist npukpimieHHs uiei rpynu 10
BEy4Oi JIAHKH, CTYIIiHb PyXOMOCTI MEXaHi3My JIOPiBHIOE:

W=3n-2P5=3-3-2-4=1,
TOMY IO CTYIIHb PYyXOMOCTI rpymu (2-3)
W=3n-2P5=3-2-2-3=0,

OCKIUTBKH rpyna Accypa Ma€ JBi pyXOMHUX JIaHKU Ta TPU KiHEMaTHYHUX
mapu.

1.3 CtpykTypHa Kiaacudikaiis nNI0CKUX MeXaHi3MiB

B cydacHoMy MammHOOYJyBaHHI OCOOJIMBO HIMPOKE 3aCTOCYBAHHS
OTPUMAJIH IUTOCKI MEXaHi3MH, JIAHKH SIKHX BXOJSITh B KiHeMaTH4Hi mapu 1V
abo V xmacis. [Ipu cTpykTypHiil knacudikamii MexaHi3MiB KOPUCTYIOTHCS
HACTYITHUMH HOHATTSAMH:

e KJIac MEXaHi3My BH3HAuYaeThCs HAMBHUIMM KJIACOM TPyNH Accypa,

sIKa BXOJUTB JI0 CKJIaay MEXaHi3My;

e KJac rpynu Accypa BU3HA4a€ThCsl HAHBHUIIMM KJIACOM KOHTYDY;

® KJIac KOHTYPY BH3HAYA€THCS KIJIbKICTIO KIHEMaTHYHMX Map JI0 IKHX

HaJIeXaTb JIAHKH, 10 YTBOPIOIOTH LIl KOHTYD;

¢ KOHTYPOM Ha3MBalOTh 3aMKHYTY 00JIACTb YaCTHHH IIONIMHH, SKa

3aiffHATa JaHKaM# a00 oOMekeHa 3 yCiX OOKIB JTaHKaMH.
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If we consider that Class IV pairs can be replaced with Class V pairs,
then from equation (1.6) we can express the following

3
P="—n. 1.7
5 (1.7)

Since a number of links and pairs can be integer, the following combi-
nations of numbers of links and kinematic pairs included in the group satisfy
the condition (1.7):

n2468

Ps3 6 9 12...

Thus, a number of links in the Assur group should be only even, and,
therefore, the minimum number of kinematic pairs is three.

An example of such a group is a connecting rod and a rocker arm (2—
3) in a four-link hinged mechanism (Fig. 1.6). After connecting this group to
the driving link, the degree of mobility of the mechanism is equal to:

W=3n-2P5=3-3-2-4=1,
since the degree of mobility of group (2-3) is
W=3n-2P5=3-2-2-3=0,

as the Assur group has two movable links and three kinematic pairs.

1.3 Structural Classification of the Planar Mechanisms

In modern mechanical engineering, planar mechanisms with links in
kinematic pairs of Classes IV or V are particularly widely used. In structural
classification of mechanisms, the following concepts are used:

e amechanism class is determined by the highest class of the Assur

group constituting a part of the mechanism;

e A class of the Assur group is determined by the highest class of the

contour;

e A class of the contour is based on the number of kinematic pairs,

which include the links forming that contour;

e A contour is a closed area within a part of the plane with links or

constrained on all sides by links.
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1.4 Bu3HaueHHs1 KjIacy MexXaHi3mMy

YTBOpeHHs OyIb-SKOT0 ITIOCKOTO MEXaHi3My MOYKHA ITPEACTABHUTH SIK
MOCTIIOBHE MPHUEIHAHHS TPYII, 10 3a/I0BOJBHSAIOTH OCHOBHIM YMOBI iCHY-
BaHHS rpynu Accypa. Po3risHeMo BU3HAUYEHHS KJIaCy MEXaHi3My Ha JISSKUX
MPUKITATAX.

1. Kpusowmunno-nosesynnuii mexarizm. Leit mexanizm (puc. 1.8) cknana-
€ThCS 3 MOYATKOBOrO MexaHi3My | kmacy i rpymu Accypa, sika CKJIaIaeThesl y
CBOIO Uepry i3 maryHa (Janka 2) i mo3yHa (J1anka 3). KoHTypw, siki yTBOPIOIOTb
1o rpyy (Janku 2 1 3), kokeH 1l kimacy, OCKUTBKH 111 JTAaHKW HaJIeXaTh JI0 JBOX
KiHemaTnaHuX map. OTxe, rpyma Accypa Takox Il kmacy 1 Beck Mexanizm 11
KJIacy.

Pucynoxk 1.8 — KpuBomunno-nos3yHHuit Mexanism II knacy

2. Ha puc. 1.9 300paxeHuii mecTHUIaHKOBUN MEXaHi3M, KU Mae€ y
cBOeMy cKiaji skopeTkuil TpukyTHHK BFC. Skmio Bemydoro € nanka OA, 1o
rpyma Accypa Tinbku ogHa. BoHa ckiagaeThbes i3 TPhOX CTEPIKHIB (JTAHKH 2,
415) i ogHOTO TPUKYTHHKA (TaHKA) 3

F

Pucynox 1.9 — Ilectunankosuii Mexanisum III k1acy
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1.4 Defining the Mechanism Class

Creation of any planar mechanism can be represented as a successive
joining of groups that meet the basic condition of existence of the Assur
group. Let’s consider definition of a mechanism class using some examples.

1. Crank and Slider Mechanism. This mechanism (Fig. 1.8) consists of
a Class I original mechanism and the Assur group, which further consists of
a connecting rod (link 2) and a slider (link 3). The contours forming this
group (links 2 and 3) are each of Class II, as these links belong to two kine-
matic pairs. Consequently, the Assur group is also a Class II group, and the
entire mechanism is a Class II mechanism.

1

Figure 1.8 — Class II crank and slider mechanism

2. Fig. 1.9 shows a six-link mechanism with a rigid triangle BFC as
its part. While the OA is the driving link, there is only one Assur group. It
consists of three rods (links 2, 4, and 5) and one triangle (link 3)

Figure 1.9 — Class III six-link mechanism
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Tpukytauk BFC — koutyp III kiacy, Tomy i Becb Mexanism I1I kiacy.
Aune skiio BuOpatu 3a Bexydy JaHKy FM, To KapTHHA 3MIHIOETBCS 1 TOJI
nictanemo Mexani3m Il kmacy, sikuil ckiagaerses i3 ABox rpyn Accypa 11
kiacy (ue nanku 1-2 1 3-4).

3. Ha puc. 1.10 300pakenuii Mexani3M iHmoro kimacy. TyT y ckmami
rpynu Accypa MaeMo YOTHPHUCTOPOHHIM 3aMKHYTHIH HEKOPCTKHH KOHTYD
BCDF . 115 rpyna BimHOCHThCs 110 [V Kitacy, Tomy i Bech MexaHism [V kiacy.

MosxyTb OyTH KOHTYpH Ta TpymlH AccCypa, a TaKOX i MEXaHi3MH BH-
IIMX KJIAciB. AJe 9acTimie 3ycTpivaroThes rpynu Ta Mexanizmu 11 1 111 kimacis.

Kpim kmaciB MexaHi3MiB 1 TPYI CIiJl PO3PI3HATH MOPSIAOK TPYIH
Accypa. Ilopsmox rpymum Accypa BHU3HAYa€ThCA KIUTBKICTIO €JIEMEHTIB,
SIKUMH TPYTIa MPUKPIIUIAETHCS 0 OCHOBHOTO MEXaHI3MYy.

B

Pucynok 1.10 — [lectunankoBuii MexaHism [V kiacy

Tax B 3BU4aifHOMY KPHBOIIMITHO-IIIATYHHOMY MeXaHi3Mi rpymna Il mo-
PAIKY, TOMY IO BOHA IPUKPIIIIIOETHCS O KPUBOIIUIY 1 CTOSIKA Y ABOX TO-
ykax (puc. 1.8). [Topsanok rpynu moxe OyTH i BUIuMm (puc. 1.9).

1.5 CtpykTypHHMii aHAJi3 NJOCKUX MeXaHi3MiB

[Ipu BU3HAYCHHI KJIacy MeXaHi3My HEOOXiJHO BKa3yBaTH, sKa 13 JJAHOK
€ BEIy4OI0, TOMY II[0 B 3AJICKHOCTI Bi BHOOPY BEAyUHX JIAHOK MOXKE 3Mi-
HIOBATUCH Kiac MexaHi3My. CTpyKTYpHHUH aHalli3 Iepeaye KiHeMaTHIHOMY
Ta CHJIOBOMY pO3paxyHKaMm MexaHi3MmiB. OCHOBHOIO 3aj[auci0 KiHEMaTHUKU
MEXaHi3MiB € BUBUCHHS PyXY JaHOK 0€3 BpaXyBaHHS CHJI, IO JIFOTh Ha HHX.
CunoBwuii po3paxyHOK MEXaHi3MiB TOJISITa€ B BU3HAUEHH] TUX CHJI, SIK1 JIFOTh
Ha OKpEMi JJAHKHA MEXaHi3MIB MPH iXHbOMY pPyCi.
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BFC triangle is a Class III contour, so the entire mechanism is of
Class I1I. Yet, if we use F'M as the driving link, the situation changes, and
we get a Class II mechanism consisting of two Class Il Assur groups
(links 1-2 and 3-4).

3. Fig. 1.10 shows a mechanism of another Class. Here, as a part of the
Assur group, we have a four-way closed, non-rigid BCDF' contour. This is
a Class IV group, so the entire mechanism is of Class I'V.

Contours and Assur groups, as well as mechanisms of higher classes can
exist. However, groups and mechanisms of Classes II and III are more common.

In addition to classes of mechanisms and groups, we should distinguish
the Assur group order. The order of the Assur group is determined by a num-
ber of elements used to connect that group to the main mechanism.

C
<
’ M
5
4 6
/
D

Figure 1.10 — Class IV six-link mechanism

For instance, in a conventional crank mechanism, the group is of or-
der II since it is connected to the crank and the fixed member at two points
(Fig. 1.8). The group order can be higher (Fig. 1.9).

1.5 Structural Analysis of the Planar Mechanisms

When defining the mechanism class, it should be indicated which of
links is driving, since the mechanism class may vary depending on the selec-
tion of driving links. Structural analysis precedes kinematic analysis and
force calculations of mechanisms. The basic goal of mechanism kinematics
is to study movement of links without considering the forces they are exposed
to. Force calculation of mechanisms consists in identification of forces af-
fecting individual links in the mechanism during their movement.
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[Ipu pocmikeHHI CTPYKTypH MEXaHi3MiB HEOOXiIHO MPHUTPUMYBa-
THCh TaKUX TPABHIT:

e  BiJIOKpeMIIEHHS TPy Accypa IMOYMHATH 3 JIAHOK, SIKi HalO1IbII
BiJUTaNICH] BiJ] BEIy4Oi JIAHKH;

e  Hamaratucs BiJJOKPEMJIIOBATH y TEPIIy Yepry OUIBII IPOCTi
CTPYKTYpHI Tpynu AccCypa Tak 3BaHi Aiaan;

e  CIIJKYBaTH 33 THM, 100 CTYIiHb PyXOMOCTI KIHEeMAaTHIHOTO Ja-
HIIOTa MEXaHi3My [0 1 MiCJIs BiIOKPEMIIGHHS! KOKHOT TpyIu 3a-
JIMIIABCS He3MIHHUM;

e  [laM’ATaTH, UI0 KOXKHA KiHEeMaTHU4Ha Mapa 1 KO)KHa JIJaHKa MOXKYTh
HAJIC)KATH TIJIBKU OAHIN CTPYKTYpHiH rpymni abo oJlHOMY mo4at-
KOBOMY MEXaHi3My.

PosrnsiHeMo nociiKeHHs CTPYKTYpH MexaHisMy (puc. 1.11).

Leit mectnnankoBuit miockuii mexanism (puc. 1.11, a) mae n'arte py-
XOMHX JIaHOK (1=35) i cTosIK (HepyxoMa JlaHka 6). Po3risiayBanuii MexaHi3m
YTBOPIOE CiM KiHeMaTn4HuX map V kiacy (Ps=7), 3 SKux micth € 00epTaib-
HUMHU 1 yTBOpeHi ankamu (6-1, 1-2, 2-3, 2-4, 6-3 1 4-5) 1 ogHa mocTynaibHa
napa JaHka (5-6), ska yTBOpEHa IIOB3YHOM 5 1 CTOSIKOM 6 (HEpyXOMa JIaHKa).
Jlarka 1 € BXiZIHOO 1 BeJly4OI0, Ha II¢ BKa3ye€ CTPLIKa.

BusHayaeMo CTymiHb pyXOMOCTI MEXaHI3MY:

W=3n-2Ps—Ps=3-5-2-7-0=1.

BigokpemiroeMo HaOUIBII BifialieHy Biji BeAydoi rpyiy JIAaHOK (1ie
navku 4 1 5) aus. (puc. 1.11, 6) 1 6aurMo, 110 111 TPyTa CKIAIAETHCS 3 ABOX
JIAaHOK 1 YTBOPIOE TPH KiIHEMaTH4Hi TTapu V KJiacy i TOMy 1ie € rpyma Accypa.

Posrnsraemo vactuHy MexaHizmy, 1o sanmmmiacs (puc. 1.11, 6),
BoHa Mae n=3 i Ps=4 i tomy ii crynens pyxomocti W=3n—2Ps—P4=3-3—
2-4—0=1, o BKa3ye Ha MpaBUJIbHE BiOKpeMIICHHS JaHOK 4 1 5. [Tani Bimo-
KpPEMITIOEMO JIaHKH 2 1 3, sIKi TeX € Tpynoro Accypa, TOMY 10 BOHH MarOTb
Tpu KiHematuuHi napu (puc. 1.11, 2) i yacTuHa MeXaHi3My, 1110 3ATHIITHIIACS
€ moyaTtkoBuM MmexaHizmom I kiacy (puc. 1.11, 0). Ciin Bkazatu, oo Bifo-
KpemiieHi rpynu Accypa (e JaHku 4-5 1 2-3) MaroTh APyTU KIac, a TOMY 1
JOCITIJDKEHUH MexaHi3M Takox Mae Il kimac. @opmyna moOyI0BH IOTO Me-
XaHI3My Ma€ BUTIISIT

1(6-1) « II (2-3) « II (4-5).
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When analysing the structure of mechanisms, the following guidelines
should be followed:

e  start splitting Assur groups from the links, which are the furthest
away from the driving link;

e  First, try to split the simpler structural Assur groups, the so-called
dyads;

e Make sure that the degree of mobility of the kinematic chain of
the mechanism before and after splitting each group remains un-
changed;

e  Remember that each kinematic pair and each link can belong to
only one structural group or one original mechanism.

Let’s consider the study of the mechanism structure (Fig. 1.11).

This six-link planar mechanism (Fig. 1.11, @) has five movable links
(n=5) and a fixed member (fixed link 6). The mechanism under study con-
sists of seven kinematic pairs of Class V (Ps=7), six of which are revolute
pairs and formed by links (6-1, 1-2, 2-3, 2-4, 6-3, and 4-5), and one prismatic
pair (5-6), which is formed by slider 5 and fixed member 6 (fixed link).
Link 1 is input and driving as indicated by the arrow.

Let’s determine the degree of mobility of the mechanism:

W=3n-2Ps—P4=3-5-2-7-0=1.

We split the group of links (links 4 and 5) farthest from the driving link,
see (Fig. 1.11, b), and we can see that this group consists of two links and forms
three kinematic pairs of Class V, and therefore, it is an Assur group.

Let’s consider the remaining part of the mechanism (Fig. 1.11, ¢). It
has n=3 and Ps=4; Therefore, its degree of mobility is W=3n—2Ps—P4=3-3—
2-4—0=1, which confirms the proper split of links 4 and 5. Next, we can split
links 2 and 3, which are also Assur group as they have three kinematic pairs
(Fig. 1.11, d), and the remaining part of the mechanism is the original Class I
mechanism (Fig. 1.11, f). It should be noted that the split Assur groups
(links 4-5 and 2-3) are groups of Class II, which means that the mechanism
under study is also of Class II. The structural formula of this mechanism is as
follows:

1(6-1) « I1 (2-3) « II (4-5).
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Pucynok 1.11 — [llecTrnaHKOBHIT IUTOCKHIA MEXaHI3M
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Figure 1.11 — Six-link planar mechanism
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2 KIHEMATHUYHE JOCJIAKEHHA MEXAHI3MIB

2.1 3aga4i Ta MeTOIM KiHEMATUYHOIO JOCIi?KEHH

Kinemaruune 1ociipkeHHS MEXaHi3My, TOOTO BUBUCHHS PyXY JIAHOK Me-
XaHi3My 0e3 BpaxyBaHHS CHII, SIKI OOyMOBITIOIOTE IIEH PyX, ITOJATAE B OCHOB-
HOMY B PIIICHHI TPHOX HACTYIIHHX 3a/1at:
® BH3HAYCHHS NEPEMIIICHb JIAHOK Ta TPAEKTOPIH, SIKI OMHCYIOTHCS
TOYKaMU JIaHOK (1T00y10Ba IUTaHIB TOJI0KEHb MEXaHI3MY );

® BU3HAYCHHS HIBHJKOCTEH OKPEMHUX TOYOK JIAHOK MEXaHi3My Ta Ky-
TOBHX IIBUAKOCTEH JTaHOK (100Y/10Ba IJIaHIB IIBUAKOCTEH);

® BU3HAYEHHs NPUIIBUIYEHb OKPEMHUX TOYOK JIAHOK MEXaHi3My Ta
KYTOBHUX MPUIIBUYCHB JIAHOK (TIO0Y/10Ba IJIaHIB MPUIIBUIYEHB ).

VY pesynbTraTi TAKOTO JOCIIKSHHS BCTAHOBJIOKOTH BiJIMOBITHICTD Ki-
HEMaTHYHUX MapaMeTpiB (MepeMilieHb, IBUAKOCTEH Ta MPHUIIBHIYCHD) 3a-
JaHUM YMOBaM pOOOTH MEXaHi3My, a TaKOX OTPUMYIOTh BUXIJHI JaHi JUis
BUKOHAHHS MOJANBIIAX PO3PaxyHKiB. 3HAHHS KiHEMaTHYHUX IapaMeTpiB
MOTPIOHE ISl BU3HAYSHHS IMHAMIYHUX CUJT (CHIT iHEepIlii, MOMEHTIB CHJI 1He-
puii), a TakoK KIHETUYHOI €HEeprii Ta MOTYXKHOCTI MEXaHI3MY.

[CHYIOTh YOTHPH METOJM KIHEMATHYHOTO JTOCIIKCHHS MEXaHI3MiB:
rpadiganii, rpadoaHamiTHIHN, aHATITHIHUN Ta CKCIICPIMEHTAIbHIH.

[Tpm po3B’s3yBaHHi 33124 KiHEMaTHKH MOBUHHI OyTH 3aJaHi KiHEMa-
TUYHA CXeMa MeXaHi3My (pOo3MipH BCiX JaHOK) Ta 3aKOH PyXy IMOYaTKOBOT
(Bemyuoi) maHku. 3aKOH pyXy Belydoi JIAaHKM 3aJa€ThCs y BUTIIAI QyHKIIT
@=¢(f) abo s=5(1), sika BUpa)kae 3aJEXKHICTH KyTa OBOPOTY ¢ 200 IepeMi-
IIEHHs § Bif 4acy f. Y MpakTUIll IHKEHEPHUX PO3PaxXyHKIiB MPH KiHEMaTH4-
HOMY JOCIi/DKCHHI MEXaHi3MiB, SK MPAaBIJIO, BBAKAIOTh PyX IOYATKOBOI
JIAHKH JHIHHAM, TOOTO piBHOMIpHEM 00epTansHuM (w1=const) abo piBHO-
MipHUM TOCTymanbHuM (S1=const). Takoro pyxy 3a3Buuaii BHMAararoth
YMOBHU pOOOTH MEXaHi3My 1 TaKHi BiH MPUOIN3HO 3IHCHIOETHCS Ha MTPAKTHIIL.

BinpiicTs MeXaHi3MiB 1 MallIMH MarOTh nepionudnuii pyx. [1ix nepio-
oM T (IUKII0OM) pyXy PO3yMIIOTh MPOMIXKOK 9acy, IMicist 3aKiHYEHHS IKOTO
MEXaHi3M MMOBEPTAETHCS y TIOYATKOBE TMOJIOKEHHS, a HOTO KiHEMaTHYHi T1a-
paMeTpu HaOyBalOTh NMOYATKOBOI'O 3Ha4YeHHs. [liciisa mboro pyx MmoBTOpIO-
€TBHCSI 32 THM CaMHM 3aKOHOM. 3BiJICH BUILIMBAE, 1110 [Tl KIHEMaTUYHOT'O J0-
CJIIJDKEHHSI IOCTaTHBO OJIHOTO TIEPioay poOOTH MEXaHI3MYy .
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2 KINEMATIC ANALYSIS OF MECHANISMS

2.1 Kinematic Analysis Problems and Techniques

Kinematic analysis of a mechanism, i.e. the study of movement of links
of the mechanism setting aside forces that cause this movement, consists mainly
in solving the following three problems:

e defining the displacements of links and trajectories described by

links points (construction of the mechanisms positions diagram);

e Defining the velocities of individual points of the mechanism’s
links and the angular velocities of links (construction of velocity
diagrams);

e Defining the accelerations of individual points of the mechanism’s
links and angular accelerations of links (construction of accelera-
tion diagrams).

This analysis helps to determine whether the kinematic parameters
(displacements, velocities, and accelerations) correspond to the specified op-
erating conditions of the mechanism, and also provides the input data for fur-
ther calculations. Kinematic parameters are required to calculate the dynamic
forces (inertial forces, moments of inertia), as well as the kinetic energy and
efficiency of the mechanism.

There are four methods of the mechanisms kinematic analysis: graph-
ical, graph analytic, analytical, and experimental.

When solving kinematics problems, we have to define the kinematic dia-
gram of the mechanism (dimensions of all links) and the law of motion of the
input (driving) link. The law of motion of the driving link is defined as the func-
tion p=q(f) or s=s(f), which represents the dependence of the angle of rotation ¢
or displacement s on time . On the practical side of engineering calculations
during kinematic analysis of mechanisms, the motion of the input link is usually
assumed to be linear, i.e. either uniform rotational movement (w1=const) or uni-
form translational movement (s1=const). Typically, this motion depends on op-
erating conditions of the mechanism, and it is roughly implemented in practice.

Most mechanisms and machines perform periodic motions. A period T
(cycle) of motion is defined as the period required for the mechanism to return
to its original position and its kinematic parameters to acquire their initial values.
Subsequently, the motion is repeated according to the same law. Hence, one pe-
riod of the mechanism’s operation is sufficient for a kinematic analysis.
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2.2 IloGynoBa nuaniB MexaHizmy i Bubip macmradis

B TexHili JOCHTh YacTO 3aCTOCOBYIOTH KPHBOIIHITHO-TIOB3YHHHI Me-
xaHi3M. [1oOymoBy moJtoskeHb JIaHOK (T1aHiB) MexaHi3MiB 11 kimacy posris-
HEMO Ha MPUKIAAl TaKoro MexaHisMy. Taky moOy 0By 3pydHO 31iHCHIOBATH
METOJOM 3acidok. J{JIst IIboro MOBHHHI OyTH 3a/aHi KIHEeMaTHYHA CXeMa Ta
3aKkoH pyxy kpusoinumna OA (wi=const) (puc. 1.12). [IoOy 0By 3/iHCHIOIOTH
y MEBHOMY MacITaoi.

Llamynna xpuea

Pucynok 1.12 —IToOynoBa MOJI0XKEHb JIAHOK KPUBOIIMITHO-TIOB3YHHOTO MEXaHI3MY

J71st 1IbOTO BUKOPHCTOBYIOTH MacIITaOHUI KOeIIlieHT, SKUH y 3araib-
HOMY BHTJIII € BiHOIICHHSM (i3HYHOI BENUYMHM (IUIAXY, IIBHIKOCTI,
MIPUIIBUTICHHS) 10 JOBKUHHM BiJpi3Ka, SIKHH 110 BEIMYUHY 300pakye Ha pH-
CyHKy. MacmTaOHuil xoedimieHT, KU y HogansmoMy OyaeMo Ha3uBaTh
“maciiradoM", To3HAUYMMO JIITEPOIO |l 3 IHJIEKCOM Ti€l BEIMYMHH, SIKY 300pa-
eHo rpadiuno. Macmtal [ Mae pO3MIpPHICTD, Y YUCEIIBHUKY SIKOi — PO3Mi-
PHICTh BEIMYHMHH, SKa 300paXKyETHCSI, Y 3HAMEHHUKY — PO3MIpPHICThH JIOB-
xuHA (MM). Hanpukitas, kosm 300pakaTy JiHiiHI po3MipH MEeXaHi3My, Mac-
mtad (M/MM) BU3HAUAETHCS 32 POPMYIIO0

IOA IOA
=== 18
"= 04" 04 18

ne lo4 — nilficHa MOBXKHHA KPUBOLIKIIA, M;
OA — noexuna Binpizka OA, MM, sikuii 300paxye ioro Ha puc. 1.12.
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2.2 Construction of Mechanism Diagrams and Selection of Scales

The crank and slider mechanism is often used in mechanical engineer-
ing. Let’s consider positions of the links (diagrams) of Class II mechanisms
using the example of such a mechanism. It is convenient to build such a struc-
ture using the intersection method. For this purpose, we have to construct the
kinematic diagram and define the law of motion of the crank OA4 (w=const)
(Fig. 1.12). We should construct the structure in a certain scale.

Coupler curve

Figure 1.12 — Construction of link positions of the crank and slider mechanism

For this purpose, a scaling factor is used, which, in general, is a ratio of
physical quantity (distance, velocity, acceleration) to length of the segment
representing this quantity in the figure. The scaling factor, which will be re-
ferred to hereafter as the “scale,” is denoted by the letter p with the index of
the graphically depicted quantity. The scaling factor p has a unit of measure-
ment, the numerator of which is the unit of measurement of the quantity
shown, and the denominator is the unit of measurement of the length (mm).
For example, when depicting the linear dimensions of a mechanism, the scale
(m/mm) is determined by the formula

:@:ZOA (1.8)
04 04° '

where o4 is actual length of the crank, m;
OA is the length of the segment of OA4, mm, showing it in Fig. 1.12.
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Tpeba BinmiTUTH, 1110 MacIITabK YTBOPIOKOTHCH 13 Takux uudp: 1, 2, 4,
5, 8 460 ix criomydens 25 i 125 nomuosxennx na 107" ne k=1, 2, 3... i T.1.

{06 3HATH METOZOM JYTOBHUX 3aCiYOK MOJOXKEHHS BCIX TOYOK 1 Jia-
HOK MeXaHi3My, He0OXiHO MOCIIITOBHO PO3TIITHYTH PyX KOKHOI JIAHKH, BiX
MOYaTKOBOI 10 BUXIJHOT, Y TAKOMY TOPAJKY, Y IKOMY BOHU IMPUEIHYIOTHCS
no Mexanizmy. Kpusommn OA 3xilicHioe piBHOMIpHHE 00epTalbHHUN PyX
(w1=const) naBkono Hepyxomoro tenrpa O. [llaryn AB 3xilicHIoe cKiaj-
HUH pyX: IeHTp mapHipa A pyxaethbes o koiy paniyca OA, neHTp mapHipa
B — 1o npsimiii pazom i3 moB3yHOM B, SKUii ApHIpHO 3B'sI3aHUI 13 IATYHOM
AB i pyxa€eTbcst B3IOBK HEPYXOMOI HATIPSIMHOL.

3a MovaTKoBE MOJIOKEHHSI MEXaHI3My, K MIPABUIO, BUOHPAIOTH OJIHE 3
Horo kpaiiHix mojoxxeHb. Hexail Takum monokeHHsM Oy/ie BUIIAJI0K, KOJIM KPHU-
BOLIMII i MIATYH BUTATalOThCs B oaHy JiHito OA0Bo. Y 1eHTpaabHOMYy KpHBO-
[IMITHO-TIOB3YHHOMY MEXaHi3Mi 114 JIiHis 30ira€Thesl 3 HAPSIMOM PyXy LEHTpa
maphipa B. Jlani moAimuMo TpaeKTOPiro TOYKH HA JOBUILHE YKCIIO PIBHHUX Yac-
THH, HalPUKIIa 8, sIK 1ie oKa3aHo Ha puc.1.12. Touku nominy mosHaunmo Ao,
A1, Aa, ..., y Hanpsimi 0GepTanHst KpuBoIua. ToGTo mepexi 3 0HOTO MOJI0-
JKEHHs B iHILE 37ilicHroeThes 3a uac 778, ne T— nepioy 0GepTaHHst KpUBOIIKIIA
(T=60/n, c; n — vacTora 0GepTaHHs KPHBOIIHIIA, XB').

TTosokeHHsT TOYKH B 3HalIeMO METO/IOM JyTrOBUX 3aCi4OK, BPaxoOBY-
FOUH, 110 JIOBKHHA IIaTyHa AB IpoTsSroM pyxy 3allMIIAeThCst HE3MIHHOFO. JIist
[[BOT0 3 OTpUMaHUX TOYOK Ao, A1, A2, ..., A7 pagiycom AB 3po6umMo 1yroBi 3a-
CIYKH Ha TPAEKTOPII TOUKH BB, y pe3ysIbTaTi 4oro 3HailIeMO MOJIOKEHHS [IEHTPIB
waphipa B: Bo, B1, Bz, ..., B7. 3’ennaBiuu Touku A; i Bi, Binpiskom AiBi nicra-
HeMoO TioJ10keHHst martyHa 4B i nossyna B (i=0, 1, ... 7).

TakuM camuM criocoboM modyryeMo TpaekTopito Touku C, sKa JISKUTh
Ha maryni 4B (puc. 1.12). s 1poro 3 To40K A; 3p06MMO Ha BiIIOBiIHUX
nonoxeHHsx AiBi, ayrosi 3aciuku pamgiycom AC, siki BusHauath Toukd Ci,
3’€/IHABINH TX [IABHOIO KPHMBOIO, ficTanemo Tpaexktopro touku C. Uepes Te,
1o Touka C JNeXUTH Ha IIATYHI, ii TPAEKTOPII0 HA3UBAIOTE WUAMYHHOIO KDU-
6orw. Ha puc. 1.13 nokazaHo NpHKJIa ¥ MAaTyHHUX KPUBHUX MAPHIPHOTOYOTH-
pHIIaHKOBOTO MexaHi3My. I1laTyHHI KpUBI IIHPOKO BUKOPUCTOBYIOTBCS Y CY-
YacHIN TEXHII JJIsl BU3HAYCHHS BIAMOBIAHAX PyXiB BUKOHABUMMH OpTraHAMHU
PI3HUX MEXaHi3MiB 1 MAIlIUH, a TAKOXK MPH MPOEKTYBAHHI MEXaHI3MiB 3 BHCTO-
SIMH Ta IHITUMHU (YHKIISIMH, SIKHX BUMAaraloTh TEXHOJIOTIUHI IPOIIECH Ha BHU-
POOHHIITBI.
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It should be noted that the scales are formed by the following numbers: 1, 2,
4,5, 8 or their combinations 25 and 125 multiplied by 10**, where k=1, 2, 3... etc.

For determining the position of all points and links of the mechanism using
the arc intersection method, the motion of each link should be analysed, from the
input link to the output link, in the sequence in which they are connected to the
mechanism. The OA crank performs a uniform rotational motion (w1=const)
around the fixed centre O. The connecting rod AB performs a complex motion:
the centre of the hinge 4 moves around a circle of radius OA4, the centre of the
hinge B moves along a straight line together with the slider B, which is pivotally
connected to the connecting rod 4B and moves along a fixed guide.

As arule, one of extreme positions of the mechanism is taken as the initial
position. Assume that this position is the case when the crank and connecting rod
are extended along the same line OA4oBo. In the central crank and slider mecha-
nism, this line coincides with the direction of motion of the centre of the hinge B.
Next, we can split the trajectory of a point into the arbitrary number of equal
segments, for example, 8, as shown in Fig. 1.12. We denote the splitting points
as Ao, A1, A2, ..., in the direction of crank rotation. Therefore, transition from
one position to another takes time 7/8, where T is the period of rotation of the
crank (7=60/n, s; n is the rotation rate of the crank, min™).

The position of point B can be found using the arc intersection method,
provided that the length of the connecting rod AB remains unchanged during the
motion. For this purpose, we can draw the arc intersections on the motion trajec-
tory of point B based on points Ao, A1, A2, ..., A7 with radius AB, and as a result,
we can find positions of the centres of the hinge B: Bo, B1, Ba, ..., B7. After
connecting the points A; and B;, the segment A;B; gives us the position of the
connecting rod AB and the slider B (i=0, 1, ... 7).

Similarly, we can draw the trajectory of point C, which lies on the con-
necting rod AB (Fig. 1.12). For this purpose, from points 4;, let’s draw arc in-
tersections with radius AC at the corresponding positions A;B; which will de-
fine points C;, by connecting them with a smooth curve, to obtain the trajectory
of point C. Since point C lies on the connecting rod, its trajectory is called
a coupler curve. Fig. 1.13 shows examples of connecting rod motion curves
for a four-link hinged mechanism. Coupler curves are widely used in modern
engineering for determining the appropriate motions of actuators of various
mechanisms and machines, as well as for designing mechanisms with dwells
and other functions required by manufacturing processes.
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Pucynox 1.13 — [Ipuknaay maTyHHUX KPUBUX MIAPHIPHOTO
JOTHPHIIAHKOBOTO MEXaHI3My

2.3 Ilo0ynoBa muiaHiB MIBHIKOCTEH i MPUIIBUIYEHD

Sk BigOMO, HAHOIIBII TOYHHMHU € aHATITHYHI METOIU. Taka TOYHICTD
OyBae HEOOX1IHOIO B ISSIKMX KOHKPETHUX 3aa4ax aHali3y MexaHi3MiB. B ux
BUIIaJIKaX CJiJ BiJIaTH IEPEBary aHAIITUYHIM METOZaM, 33 JOIIOMOTOIO SIKHX
JOCTI[UKSHHSI KIHEMaTHKN MEXaHi3MiB MOske Oy TH 3p00JICHO 3 Oy Ab-SIKIUM CTY-
neHeM ToYHOCTI. KpiM TOro aHamTHYHI 3aIeKHOCTI JO3BOJISIFOTH BUSBIISTH
3B’S130K KIHEMaTHIHUX ITapaMeTPiB MEXaHi3My 3 po3Mipamu iforo maHok. Of-
HaK, Ha TIPAKTHII JJIsl BU3HAYCHHSI IIBUJIKOCTEH Ta MPHUIIBHIYCHD ITUPOKOTO
3aTOCyBaHHA HaOyB rpadoaHamiTHaHuil Metol. [lepeBaror MpOro MeToay €
TE, IO BiH JOCUTH TOYHHI HAOUHHH, TOPIBHIHO MPOCTHH Y BUKOHAHHI, JO3BO-
JIsSi€ OTPUMATH HE TLTBKH BETMUMHH (MOJIYJI), e 1 HanpsIMU [IBHJIKOCTEH Ta
MPUIIBHIYCHB 33JaHUX TOYOK JIAHOK, SIKi YTBOPIOIOTH MEXaHI3MH.



a7

Figure 1.13 — Examples of coupler curves for
a four-link hinged mechanism

2.3 Construction of Velocity and Acceleration Diagrams

It is well known that analytical methods are the most accurate. Such ac-
curacy may be necessary in some specific tasks of mechanism analysis. In these
cases, analytical methods should be preferred, as they allow performing the
analysis of mechanism kinematics with any degree of accuracy. In addition,
analytical dependencies make it possible to identify relationship between kin-
ematic parameters of a mechanism and the dimensions of its links. In practice,
however, the graphic-analytical method has become widespread for determin-
ing velocities and accelerations. The advantage of this method is that it is
a fairly accurate visual method, which is relatively simple to use, and allows
obtaining not only the values (modules) but also directions of velocities and
accelerations of given points of the links forming the mechanisms.
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PosrmsinemMo no0y/I0BY IUIAHY IIBHIKOCTEH KPUBOIIHITHO-IIOB3YHHOTO
MexaHizmy (puc. 1.14, a), anus skoro, 3a1aHi po3MipHu JaHOK 1 3aKOH pyXy
kpusonmna OA, (w1=const) Ta kyT @1. Lleit MexaHi3M CKITAIA€ThCS 3 TPHOX
PYXOMHEX JTAHOK, SIKi 3/ilCHIOIOTE: | — kpuBomun OA — obepraipHuil pyx
HaBKOJIO T[CHTpa Hepyxomoro mmapipa O; 2 — maryn AB — cknaguuii pyx;
3 — noB3yH B — 3BOPOTHO-MIOCTYATBHUM PyX BiIHOCHO HEPYXOMHX HArps-
MHHX. YeTBepTa JaHKa IFOTO MEXaHI3My HEpyXoMa i Ha3UBAETHCSI CTOSIKOM.

106 moOymyBaT MIaH MIBHIKOCTEH MeXaHI3My, CIIOYATKy OyIyeMO
B JIesIKOMY BUOpaHOMY MaciuTadi TOBKMHH (BiH BU3HAYa€ThCs 3a (hOPMYJIIOI0
1.8) 1 3amaHOMY KYTY (01 TIOJIOXKEHHI KPHBOIIIHIIA, CXEMY MEXaHI3My.

a o

Pucynok 1.14 — TToOyoBa riaHy MBHAKOCTEH KPUBOILIMITHO-TIOB3YHHOTO MEXaHI3My

3HaouM KyTOBY MBUIKICTE 01 KpuBotuna OA i HOTo HCHY TOBKHUHY
lo4, 3HAX0MMO MOy MIBHAKOCTI TOUKU A 3a popmyioro Va=wi-los. Bek-
Top V 4 HanpapeHuii nepren uKyapHo 10 kKpusomumna OA B Gik fforo pyxy.
Bubupaemo Binpizox pa, 6axkano y Mexxax 80... 120 MM, 1 BU3HATa€MO MacCIII-
Tad MBUIKOCTEH 32 (POPMYIIOIO

Hy =" (1.9)
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Let’s consider creation of a velocity diagram of a crank and slider mech-
anism (Fig. 1.14, a), for which the dimensions of links and the law of motion
of crank OA, (w1=consft) and angle 1 are given. This mechanism consists of
three movable links that perform: 1 — crank OA — rotational motion around
the centre of the fixed hinge O; 2 — connecting rod AB — complex motion;
3 — slider B — reciprocating motion relative to the fixed guides. The fourth
link of this mechanism is fixed and is called a fixed member.

In order to construct a diagram of the mechanism’s velocities, we first
have to construct a diagram of the mechanism in some chosen length scale
(it is determined by formula 1.8) and at a given angle @1 of the crank position.

a b

Figure 1.14 — Construction of a velocity diagram of a crank and slider mechanism

If we know the angular velocity w1 of crank OA and its actual
length lo4, we can find the velocity modulus of point 4 using the formula
Va=w1-loa. The vector V 4 is directed perpendicularly to crank OA in the di-
rection of its motion. Let’s select a segment pa, preferably within 80...
120 mm, and determine the scale of velocities using the formula

Hy =—
pa. (1.9)
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[Ticns yworo neit macirad 3akpyrisiemo o Benuuunu (1, 2, 4, 5, 25,
125)210°" . Bimpisok pa 300paxye Ha TwiaHi MmWBHAKICTE ToukH A
(puc. 1.14, 6.). BpaxoByrouu, 10 MAaTyH PyXa€ThCs TIOCKO-TIApaJIENIbHO, TO
MOXKEMO 3aKCATH AHATITHYIHE PIBHSIHHS 3 BU3HAYCHHS IIBUIKOCTI TOYKH B.

Ve=Vai+Vpa. (1.10)

Le piBHSIHHS pO3B’A3y€ThCs rpadivHo 32 HOopMyIIOr0 OOYI0BH TUIAHY
HIBHJKOCTEH KPUBOLIMITHO-TIOB3YHHOTO MeXaHi3My. JlJisi BU3HAUCHHS [IBH/I-
xocreit Vg i Vs MIPOBOAMMO 4epe3 TOUKy a (puc. 1.14, 6) niHito, sika noxa-
3y€ HATPSAM BiTHOCHOT IBHAKOCTI V B4 (neprierukysipao AB), a 3 monmoca
p —HiHit0, sIKa apaieibHa HapsAMy pyxy noB3yHa B (|| x—x). Touka nepeTuny
KX JiHii Bu3HAYaE Touky b — Kimenp BektopiB Vg i V pa. Bimpisok ab ne
TINIBKY BU3HAYAE Y MacIITabi MOyJIb BiTHOCHOT tiBHaKOCTI Vap=ab- Uy, ane
OJIHOYACHO BiH € IUTaHOM miBHAKOCTed miatyHa AB. A tomy touka C, sika

JEKUTh HA HhOMY, Ha IJ1aHi OyJie, 3riIHO 3 TEOPEMOLO TIOIIOHOCTI JIe)KaTH Ha
Bijipisky ab. CKIaBIIu mpormopIiio

a _ (1.11)

3HaXOJMMO JOBXKHHY BiIpi3Ka ac, IKUH BIJKIIaa€MO Ha TUIaH1 IBUIKOCTEH,
3’€IHABILH TOUKY C 3 LIOJIIOCOM P, TOOTO Vo= pc .

IMnanom nBuakocteit kpusornuna OA Gyze Biapizok pa (touka O He-
pyxoma i ToMy BOHa OTpaIIHJIa B MOJIIOC ), HOB3yHA B — Touka 6 (yci TOYKH
MOB3YHA MAIOTh OJIHAKOBY IIBH/IKICTh Vs ).

3HAMIIOBIIY JIHIHHI MBUIKOCTI BCIX TOYOK JTAHOK MEXaHi3My, MOJKHA
3HAWTH KyTOBI IIBUIKOCTI. Y HAIIIOMY BHITaJIKy KyTOBA IIBHAKICTH miaryHa 48

_@_ab',uV.

) =

(1.12)
Li Li

JUisi BU3HAUYCHHS HANPsIMy KyTOBOI MIBUAKOCTI (02 MEPEHOCHMO BEK-
TOp WBUIAKOCTI V 34 y TOuKy B i po3risigaeMo pyx TOUku B BiIHOCHO TOUKH

A y manpsmi msuakocti ¥ ps. V namomy sunaaky (puc. 2.14, a) xytosa
LIBUJIKICTh (02 HAMTPSAMIICHA 32 TOJUHHUKOBOIO CTPLIKOIO.
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Then we round this scale to value (1, 2, 4, 5, 25, 125)-1011‘ . Segment
pa represents velocity of point 4 on the diagram (Fig. 1.14, b). Given that
the connecting rod performs a plane-parallel motion, we can derive the ana-
lytical formula for velocity of point B.

Ve=Vi+Vpi. (1.10)

This equation shall be solved graphically using the formula for con-
struction of a velocity diagram of a crank and slider mechanism. For deter-
mining the velocities 5 and ¥ p4, we can draw a line through point a
(Fig. 1.14, b) that shows direction of relative velocity ¥ s4 (perpendicular
to AB), and from pole p, we can draw a line parallel to the direction of slider
B motion (|| x—x). Intersection of these lines defines point b, i.e. the end of
vectors Vg and V. Segment ab not only determines the relative velocity

modulus Vag=ab-fty, but it is also the velocity diagram of connecting

rod AB. Therefore, in accordance with the similarity theorem, point C, which

lies on it, will lie on segment ab. Using the proportion
ab [,

. (1.11),
ac 1,

we can find the length of segment ac, which we plot on the velocity diagram
by connecting point ¢ with pole p, i.e. Vc= pc-uv

The velocity diagram of crank OA is segment pa (point O is fixed, and
therefore, it is at pole p), and the velocity diagram of slider B is point b (all
points of the slider have the same velocity V).

After finding the linear velocities of all points of the mechanism’s links,
we can find the angular velocities. In our example, angular velocity of connect-
ing rod AB

Vo _ ab- u,
’ Ly Ly
For determining the direction of angular velocity w2, we can transfer

(1.12)

the velocity vector Vi to point B and consider that point B moves relative

to point A in the direction of velocity ¥ 54 . In our example (Fig. 2.14, a), the
angular velocity direction w2 is clockwise.
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PosrnsHemo MeToauky moOynoBH TUIAaHIB MPUCKOPEHb Ha MPUKIIAi
KPUBOLIMITHO-MIOB3YHHOTO MeXaHi3My (puc. 1.14). Buxinuumu nanumu uis
o0y IOBY IIaHYy MPUCKOPEHbD € MOJOKCHHS JTAHOK MEXaHi3My 1 IUIaH IIBUI-
KocTeil. PiBHSHHSI, SIKi BUKOPHCTOBYIOTBCSI MPH MOOY/IOBI TUIAHY MPUCKO-
PCHB, BIIPI3HAIOTHCS TIIBKH THM, IO TTOBHI IPHCKOPCHHS TOUKH PO3KIIaia-
I0Th Ha OKpeMi CKJIafoBi. Y Hamomy BUMaaKy (puc. 1.15, a) moBHUM mpuc-
KOPEHHSIM TOYKH A € TeOMETPUYHA CyMa HOPMAIILHOTO (IOLEHTPOBOTO) 1 10-
THYHOTO (TaHTeHIIAIHOTO) TIPHCKOPCHHS:

a,=a,,=da,,+a,,. (1.13)

ne a,, — IpUCKOpeHHs ToukH A npu obepranHi kpusommna OA4 Ha-

BKoJI0 Touku O.

Pucynoxk 1.15 — TToOynoBa ruiaHy NpHUIIBUIYCHB
KPHUBOIIAITHO-ITIOB3YHHOT'O MEXaHI3MY

n s tes
Hopmansre npuckopenns d,, Hanpsmiere no ninii AO 1o ueHTpa

obepranns kpusommmna O, notuane d, — nepnenaukymnspro 10 A0 y 6ik,

SIKU#1 Bi/IMOBIZIa€ HANIPSIMY KyTOBOTO MpucKoperHst €1 kpusoiiuina OA. Mo-
JyJIl IUX IPUCKOPEHB 3HAXOATH 13 CIiBBIIHOLICHB!

_dVA —

a/l:O:a)lz'lOA; Ay = di =& 1y, (1.14)




53

Let’s consider the technique of creating the acceleration diagrams us-
ing the example of a crank and slider mechanism (Fig. 1.14). The input data
for acceleration diagram construction are positions of the mechanism links
and the velocity diagram. Equations, which are used to construct the acceler-
ation diagram, differ only in that the total accelerations of a point are split
into separate components. In our example (Fig. 1.15, a), the total acceleration
of point 4 is the geometric sum of normal (centripetal) and tangential accel-
erations:

a,=a,,=d;,+a,. (1.13),

where a,, is the acceleration of point 4 when crank OA rotates

around point O.

A b agl/xx 7. O

(1 =const

Figure 1.15 — Construction of an acceleration diagram of
a crank and slider mechanism

Normal acceleration d@’,, is directed along line 4O to the centre of

rotation of crank O, and tangential acceleration a;o is perpendicular to

line 4O in the direction corresponding to direction of angular acceleration €1
of crank OA. Modules of these accelerations can be found from the following
equations:

. dv,

aZc):a)lz'IOA; A0 = dt =&y, (1.14)
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Slkmo  kpuBommn OA obepraeThest piBHOMIpHO (@1=const), To

dw,
l == 0 T
dt a,, =0
, & OTKe, Yy HallloMy BHIIAJKY , TOOTO TIPUCKOPCHHS
. n
a,=ay.

VY34BUIM €AKY TOUKY 77 3a TOJIOC IJIaHy NpuckopeHs (puc. 1.15, 6),
BIIKJIAJIaEMO BEKTOP, KU 300pakye HOpMaJibHE PHUCKOPEHHST TOUYKH A y

BUIJISIIIL BijIpi3Ka 77a, kUil Oakano mpuiiMatu y mexax 80... 120 mm. Tomi

2
M/c

Macitad (MacTaOHu Koedilient), — .
MM

ay

na. (1.15)

Hy, =

[MpuckopeHHst TOUKK B 3HAXOAUMO 3 PiBHIHHSI

a,=a,+ag,. (1.16)

VY npOMy piBHSHHI BEKTOP NPUCKOPEHHS d, HANPSIMICHUN B3IOBXK IPAMOI

X—X; IPUCKOPCHH: dp, PO3KJIAJAa€EMO Ha ,I[Bi CKJ'IaZ[OBiZ

o __ n T
Apy=dp,tap,

Toxi (2.16) MokHa 3amucaTu TaK:

ay=a,+ay +ay,. (1.17)

n o o ee .
BekTop HOpMaJIbHOTO HPUCKOPEHHS {4, HANpPsIMIICHHIT BAOBXK JiHii 4B Bif

2
— VBA

o 2
Touku B 110 Touku A, a ioro Moynb Ay, = @5 -1, = ;
AB
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_do

=
If crank OA rotates uniformly (wi1=const), then dt ; and

T
a = 0 . . . . — n
therefore, ~ 40 , in our example; i.e. accelerationis d, =a,, .

Taking some point 7 as the pole of the acceleration diagram
(Fig. 1.15, b), we can plot the vector representing the normal acceleration of

point 4 as a segment 7@, which should preferably be within 80... 120 mm.
2

Then, the scale (scaling factor),

mm
1, = a4
na. (1.15)
Acceleration of point B is found from equation
ay=a,+ay,. (1.16)

In this equation, acceleration vector @ is directed along the line x—x; we

can decompose the acceleration a,, into two components:

o _ . n T
Apy=dp, T apg,

Then, (2.16) can be revised as follows:

a,=a,+ay, +ay,. (1.17)

The vector of normal acceleration @y, is directed along line AB from

. . . . Vs
point B to point 4, and its modulus is @, = 0)22 A= Iﬂ'
AB
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a
an=-2%
Ha rurani IpucKOpeHs @y, 300paeHo BifpizkoMm Ha , SIKUH npuKIIa-
JICHO CBOIM ITOYATKOM Yy TOYI @ (3TiIHO 3 NMPABUJIOM J0JaBaHHs BEKTOPIB).
Yepes #oro kiHenb (TOUYKY #1) IPOBOJIUMO HAMPSIM JOTHIHOTO HPHUCKOPEHHS
- L . -~ o . T
a, . Bin nepnenaukynapuuit 1o ninii AB (a,, NepueHIMKyIApHUR dy), ).

I Haperuri, uepe3 MOMIOC 77 MPOBOAMMO HAIPSIM MPUCKOPEHHS ToUYkH B (1a-

PaJeIbHO X—X), TOII TOYKA MEPETHHY HAMPSMIB IPHCKOPEHb dp, 1 dp,

IacTh TOuKy b. 3’€qHAaBIIM TOUKHU ¢ i b, 3HalIEMO BEKTOP MOBHOIO BimgHOC-
o _n T .

HOTO IPUCKOPEHHA Ay, = Ay, +dy, 1 MM caMUM MOOYIy€MO IIJIaH IIpHUC-

KOpeHb ImaryHa AB.
IMonoxenns Touxkn C Ha MUTaHI MPUCKOPEHb MOKHA BU3HAYHUTH METO-
JloM 1o/1i0HoCTI, ckiaBiu npornopiito (1.11), 3 sko1 BU3HAYAEMO BiIPi30K
ac. Toni npuckopersst Touku C
a,=rwc-u,.
MoJyib KyTOBOIO IIPUCKOPEHHSI JTaHKH 2
T
— aBA _ n b ! lua
& =—"t=—7"2,
Ly Ly

Jns BU3HAYCHHS HANpPSIMY & MEPEHOCHMO BEKTOp JOTHYHOTO HPHC-
KOpEeHHsI d,, y Touky B (puc. 1.15, a) i cnocrepiraemo, B siknii Gik neit

BeKTOp 00eprace matyH AB BigHocHO BHOpaHOTO mojroca (Touka A).
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On the acceleration diagram, cg is represented as a segment Ha
with its origin at point a (according to the law of vectors addition). Let’s draw

direction of tangential acceleration CE through its end (point n). It is per-

pendicular to line AB ( @ is perpendicular to @ ). And finally, let’s draw

direction of acceleration of point B (parallel to x—x), through pole 7, then the

point of intersection of directions of accelerations aj, and aj, will give us
point b. After connecting the points @ and b, we can find the vector of total
relative acceleration @ =y, + a,, and thus construct the acceleration di-

agram of connecting rod AB.

The position of point C on the acceleration diagram can be determined
by similarity method, using the proportion (1.11), from which we determine
the segment ac. Then the acceleration of point C will be

a,=rwc-u,.
Modulus of angular acceleration of link 2

T
_ Apy _”b’/ua
g = =""""a

Li Lis
For determining the guide &, we can transfer the tangential accelera-
tion vector ay, to point B (Fig. 1.15, a) and observe, in which direction this

vector rotates the connecting rod AB in relation to the selected pole (point 4).
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3 KIHEMATUYHE JOCJ/IIKEHHS ITIEPEJAY

3.1 IIpocrTi 3y0uacTi MexaHizMu

s nepenadi 00epTaIbHOTO PYXY 3 MOCTIHUM MepeIaTOYHUM Bifl-
HOILIEHHSAM MIX JIBOMa MO-Pi3HOMY 3aJJaHUMH B MIPOCTOPI OCSIMHU 3aCTOCOBY-
FOTh MEXaHiuHI Iiepe/ayi.

Haiimpocriium MexaHi3MOM Iepeaadi 3 TBepIUMHU JIAHKAMU € TPH-
JTAHKOBHU MEXaHI3M, SIKHI CKITATAa€ThCS 13 IBOX PYXOMUX JaHOK, SIKi BXOJISTH
y IIBI 00epTalibHI 1 OJTHY BUIILY Mapy, Ta OJHIET HEPYXOMOI JIAHKHU (CTOSIKA).

BigHoIIEHHS KyTOBOT IIBUIKOCTI OJIHI€T JIAHKU JIO KYTOBOI IIBUKOCTI
Jpyroi TaHKH Y MeXaHi3Mi 3 OJJHUM CTYIIEHEM BIJIbHOCTI Ha3UBAEThCA nepe-
0amoYHUM BIOHOULEHHSIM.

BHacniok cBOiX mepeBar HaiOUTBII MIMPOKOTO 3aCTOCYBAHHS y Ma-
IIMHAX 1 IpuiIaiax oTpuMaiy 3youacrti Mmexanizmu (puc. 1.16).

Pucynox 1.16 — 3y04acTi MexaHi3MH

B MexaHiuHEX 3y09acTHX meperadax Kojla pamiycaMu 71 i 72 HOCSTh
Ha3BY NOYAmMKOBUX Kijl, KOJa pajlycaMHu 7y, 1 ¥, HA3UBAIOTBCS KOJamMu 3ana-
OUH, KOJIa PAJlyCcaMH Fa| 1 V'ay — KOAMU 8ucmynie, abo gepuiun 3yoyie. Jlns

JIBOX JTaHOK 1 1 2, ki 00epTaroThCs 3 KyTOBUMH IIBUAKOCTSIMH (0| 1 (2, TIe-
penaTouHe BiAHOUICHHS BU3HAYAETHCA:
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3 KINEMATIC ANALYSIS OF GEARS

3.1 Simple Gear Mechanisms

Mechanical trains are used to transmit rotational motion with a con-
stant transmission gear ratio between two axes that are differently positioned
in space.

The simplest motion transmission mechanism with fixed links is
a three-link mechanism, which consists of two movable links, which are part
of two revolute pairs and one higher pair, and one fixed link (fixed member).

The ratio of angular velocity of one link to angular velocity of the sec-
ond link in a mechanism with one degree of freedom is called a transmission
ratio.

Due to their advantages, gear mechanisms are the most widely used in
machines and other devices (Fig. 1.16).

Figure 1.16 — Gear mechanisms

In mechanical gears, circles of radii 71 and 72 are called base circles,
circles of radii 77, and ry, are called dedendum circles, and circles of radii 741
and rq2 are called addendum circles or tip circles. For two links 1 and 2,

which rotate with angular velocities @ and @, the transmission ratio is cal-
culated as follows:



60

MIpY 30BHINIHLOMY 3a4eruieHHi (puc. 1.16, a)

[0 n T. z
P 1 _ 1 _ 2 __ 2.
j,=——t=—l=_2-_%2. (1.18)
0)2 n2 7'1 Z1

IIpY BHYTPINTHEOMY 3aderuieHHi (puc. 1.16, 0)
Gy

)
@, n, h Z

. Z,
I, =+ —. (1.19)

SIKIII0 pyX 3MIHCHIOETHCS MK MTAPATICITILHIUMU OCSIMHU, TO nepedamoue
8IOHOWIEHHsI MA€ 3HAK “TUTIOC”, SIKIO KyTOBI MIBUIKOCTI JIAHOK MarOTh O/IHA-
KOBY HaIlpaBJICHICTh (BHYTPILIHE 3a4eIICHHS) 1 3HaK “MiHyC”, SIKIIIO HaIpa-
BJICHICTB PyXy MPOTHJIEKHA (30BHIIIHE 3aUCTUICHHS).

BinmHomneHHs KpoKy P 3yOIliB JI0 YKcia /7 HA3UBAETHCS MOOYIeM 3aue-
njleHHs: 1 TO3HAYAETHCS JIITEPOIO 771, MM:

m=—.
T

O0’enHyr0un 00MIBa BUIHU 3aueruieHHs, popmynu (1.18) 1 (1.19) mo-
JKHA 3aITUCATH:

i12:i7:i7:i7:i7:i77 (120)
W, n, h Z D,

Jie 111, N2 — KUTBbKICTh 00€PTIB 32 XBHJIMHY BIJIMOBITHO JIaHOK 1 1 2;
Z1, Z2 — KiJIbKICTh 3yO11iB J1aHOK 1 1 2;
71, r2, D1, D2 — paniycu Ta 1iaMeTpu moYaTKOBHX Kill 3y0UacTHX KOJIiC.
Kpok 3y01iB — 11e BiICTaHb MK JBOMa OJHOHMEHHUMH NMPODLIIMU
cycinHix 3yOIiB Koeca.
P=m-z.

Bpaxosytouu, mo 7d=P-z, to d=m'z.
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for external toothing (Fig. 1.16, @)
. o, n r z
jy=—"t=—"1=-2=_22, (1.18)
for internal toothing (Fig. 1.16, b)
o, n

. 1 P
=4t =g l=g2—y
@, n, h Z

el (1.19)

When motion is between parallel axes, the transmission ratio has
a plus sign if angular velocities of the links have the same direction (internal
toothing), and it has a minus sign if direction of motion is opposite (external
toothing).

The ratio of tooth pitch P to the number of teeth 7 is called a module
and is denoted by letter 72, mm:

m=—.
T

Combining both types of gearing, formulae (1.18) and (1.19) can be
expressed as:

. w, n 7 Z D
=t =kl =2 =42 2 (1.20)
W, n, h Z Dy

where n1, n2 are the number of revolutions per minute of links 1 and 2,
respectively;
z1, z2 are the number of teeth of links 1 and 2;
r1, r2, D1, D2 are radii and diameters of gear base circles.
A tooth pitch is a distance between two identical profiles of adjacent
teeth.
P=m-z.

Provided that #d=P-z, then d=m-z.
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3.2 PsinoBi 3y0uacTi mexaHizMu

Opna cTymiHb 3y0dacToi nepemadi Moxe
3a0e3MeUUTH IePeIaTOuHE BiIHOIICHHS
Bix 1 mo 12.5. Ilpu HeoOXimHOCTI OTpHU-
MaHHS OUTBIIOTO TEperaToOYHOTO BiTHO-
IIEHHS 3aCTOCOBYIOTH MEXaHI3MH, SIKi
CKJIAJIAFOTHCS 13 JICKUIBKOX IMap KOIIiC, TaK
3BaHUX cepiit komic. Cepii 3yduacmux xo-
JC, Y AKUX 6CI 84U KOTIC 00epmarmscs y
HEPYXOMUX NIOWUNHUKAX, HA3UBAIOMbBCA
PAO0BUMU.

BusnaunMo mepemarouHe BimHO-
[ICHHS PSIOBOTO MEXaHI3My, SIKHH CKia-
JA€THCS 13 TPHOX Map HUITIHIPUYHUX 3y0-
yactux Koiic (puc. 1.17). Pucynok 1.17 — PsnoBuii

Koneca 2-3 1 4-5 :x0opcTKO 1OB’s3aH1 3y04acTuii MexaHi3M
MK 00010, TOOTO 00EpPTAFOTHCS 3 OJTHAKOBOO KYTOBOKO IIBHIKICTIO ((02=(03,

4=s). 3araibHe TIepeIaTOuHe Bi/THOIIEHHS MEXaHi3My i, =—-. 3armm-
6
IeMO IIepeaTOvYHe BiTHOMICHHS IS KOXKHOT 3y0uacToi mapu:

L T T I L B

w, z, , z, @y Zs
[lepemHOXMBIIHM TIpaBi i JIiBl YaCTHHU IUX PIBHSAHB, AICTAHEMO

o | w5 s

w, , ;s

(1.21)

Ly "Iy lsg = —

Orxe, epeiaTovHe BiTHONIECHHS PSIIOBOTO 3y0UacToro MexaHi3My Jopi-
BHIOE IOOYTKY MePEIaTOYHHX BiTHOIIECHb OKPEMHUX 3y04acTuXx map. 3HaK mepe-
JIATOYHOTO BIIHOIICHHS PSIIOBOTO MEXaHI3MY MPH NMapHii KUTBKOCTI 30BHIIIHIX
3a4eruieHb JOAATHUMN, IPU HEMapHii KUTBKOCTI — BijI’ EMHHIA.



63

3.2 Compound Gear Mechanisms 1
—

A single gear stage can provide a transmis- 2—:
sion ratio between 1 and 12.5. If a higher | — /i
transmission ratio is required, we can use =
mechanisms consisting of several pairs of i _4
gears, the so-called gear trains. The gear | —
trains in which all the gear shafts rotate in- =
side the fixed bearings are called com-
pound gears. |

Let’s determine the transmission
gear ratio of a compound gear mechanism
consisting of three pairs of cylindrical
gears (Fig. 1.17).

Gears 2-3 and 4-5 are rigidly inter-
connected, i.e. they rotate with the same  Figure 1.17 — Compound gear
angular velocity (w,=ws, ws=ws). Total mechanism

Y

transmission ratio of the mechanism is 7, =—-—". Let’s write down the
W
transmission gear ratio for each pair of gears:

_ oz . oz, . W5 Zg

®, oz ®, z W,  z

By multiplying the right and left sides of these equations, we get

, Q. Q.
i12'i34'i56=_1'[—3}'(—5j=—i16. (1.21)
, @, 10X

Therefore, the transmission ratio of a compound gear mechanism is equal
to the product of transmission ratios of individual gear pairs. The sign of trans-
mission gear ratio of a compound gear mechanism is positive for an even number
of external toothing, and negative for an odd number.
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[Ipu mepenaui pyxy Ha 3HauHi BifcTaHi ab0 MpHU HEOOXITHOCTI BIATBO-
PEHHS MIEPEIaTOYHOTO BiIHOIICHHS TIEBHOTO 3HAKY 3aCTOCOBYIOTH TaKi PSJIOBI
3’€JIHAHHS KOJIIC, SIK MOKa3aHo Ha puc. 1.18. 3araneHe mepenarouHe BiTHO-
IICHHS TAKOTO 3’ €JIHAHHS JIOPIBHIOE:

Pucynoxk 1.18 — Cxema ps110BOro 3’€iHaHHs
3y0uacThX KOJIC 3 Mapa3uTHUMH KOJIeCaMU

Jlis psioBUX MEXaHi3MiB 3 KO-
HIYHUMHU KOJIECAaMM 3HAaK IepenaTod-
HOTO BIiJHONICHHS BU3HAYA€THCS 32
MIPABUIIOM CTPIJIOK: SIKIIO CTPIJIKH, SIKi
BHU3HAYAIOTh HANPSAMOK OOepTaHHS
KOJIiC ~ HamnpsMJICHI  OIHAKOBO Yy
BEJIy4OTo 1 BEJCHOIO KOJIC, TO 3HAK
Oyzae MOoIaTHUM, SKIIO MPOTHIEKHO —
3HaK Oy/ie BiJi’ EMHUM.

Busnavyenns 1mporo 3uaky Oyge—
MO BECIM TakuM 4YHMHOM. Y Micui
crukanHs kouic 112 (puc. 1.19 ado 1.20)
MOCTAaBUMO CTPUIKM d 1 b, mpudomy,
SIKIIIO CTPUTKA @ CTIPSIMOBAHA BiJ MiCILI
CTUKAaHH, TO i cTpinka b noBunHa 6yTH
CIpsIMOBaHA BiJl MICIsl CTHKaHHS
(puc. 1.19) abo g0 MicHsl CTHKaHHS
(puc. 1.20).

Pucynok 1.19 — Cxema 1BOXCTYNIEHEBOT
KOHIYHOT 1epe/ayl 3 10JaTHUM
HepeaTOYHNM BiJHOMICHHIM
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When transmitting the motion over long distances or when the transmis-
sion ratio of a certain sign should be replicated, the following compound gear
connections are used, as shown in Fig. 1.18. Total transmission ratio of such
a connection is as follows:

P 6()1 a)2 a)B _ a)l
hy=="" =" |"| = |7
@, o, @, @,

Figure 1.18 — Diagram of compound gear
connection with idle gears

For compound bevel gear mech-
anisms, the sign of transmission ratio
is determined in accordance with ar-
rows direction: if arrows indicating the
rotation direction of the gears point in
the same direction at the driving and
driven gear, the sign is positive; if they
point in the opposite direction, the sign
is negative.

Identification of this sign will be as
follows. At the point of contact between
gears | and2 (Fig. 1.19 or 1.20), let’s
place arrowsa and b, and if arrow a
points away from the point of contact,
arrow b should point away from the point
of contact (Fig. 1.19) or towards the point
of contact (Fig. 1.20).

Figure 1.19 — Diagram of a two-stage
bevel gear with positive transmission
ratio
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Ha xomecax 2, XKopcTko
OB’ SI3aHUMH 3 KoJiecaMu 2, B MiCIISIX
CTUKAaHHA 3 KoJecaMd 3 CTaBUMO
CTPUIKY € TOTO X HAampsIMKy, IO 1
crpinka b. Tomi crpinka d, srimHo 3
BHUINIEBKA3aHOI0 yMOBOK, Oyzie Matu
HanpsIMOK: Juist Kosieca 3 Ha puc. 1.19
CHIBNIAI0YUM 31 CTPUIKOIO @, a Jisi
kosneca 3 Ha puc. 20 NpOTHISKHUI
CTpuILI @. SIKIIO HampsSMKH CTPLIOK
BEJIy4OTO W BeIEHOro KOJTiC
CHIBMAAAIOTh. SIKIO X HANPSIMKH ITHX
cTpinmok mpoTtmiexHi (puc. 1.20), To
3HAK  MEPE/IATOYHOTO  BiIHOMICHHS Pucynoxk 1.20 — Cxema nBoxcTymeHeBoi

. .,
CJI1J BBAXKATH BIJI' CMHUM. . KOHIYHOI Iepenadi 3 Biji’eMHUM

Omke mepenatouHe  BigHO- HePEIATOYHUM BiHOIICHHSIM
LISHHSI JUISI CXeMH 300paXKeHO1 Ha pHC.

2.19 nHabupae BUTISAY

O, . ),
L I R |

Ly = = )
W, @y @
a Juisl cxemu 300pakeHol Ha puc. 1.20 nepenaToyHe BiJHOIICHHS mepeaadi
Mac B’ €MHHH 3HAK:
. o O, O
y==""""">=—"".
©, 2

3.3 CareqiTHi MexaHi3Mu

Mexanizmu, AKi Marome Koaeca i3 pyXomMumu OCIMU, HA3UBAIOMbCS Ca-
MeniMmHUMU.

YV MexaHi3mi HaBezieHOMY Ha puc. 1.21, 3y6uacrti koneca 1 1 3, oci akux
CIIBIAIAI0Th 3 OCHOBHOIO T'€OMETPUYHOIO BICCIO MEXaHi3My, Ha3WBAIOTHCS
YeHmpanbHUMU, a KOJeCOo 2, sIKe 3HAXOIUTHCS Y CKIAMHOMY PYCi: HABKOJIO
BJIACHOI OCi 1 3 BIACHOIO BICCIO HABKOJIO IIEHTPAIBHOI, HA3UBAETCS Cameli-
mom. Baxinb H, Ha SIKOMY 3aKpIIUTIOETHCS pyXOMa BiCh CaTENiTa, HA3UBAETHCS
soounom. LleHTpasbHEe KOJIECO 1 BOJMUIIO € OCHOBHUMH JIAHKAMH.
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Place arrow ¢ pointing in the
same direction as arrow b at the points of
contact of gears 2’, which are rigidly
connected to gears 2, with gears 3. Then
arrow d, according to the above
condition, will have the following
direction: for wheel 3 shown in Fig. 1.19
as coinciding with arrow a, and for
wheel 3 shown in Fig. 1.20 — opposite
to arrow a. If directions of the driver and
driven gear arrows coincide. If directions
of these arrows are opposite (Fig. 1.20),
then the transmission ratio sign should
be considered negative.

o ) Figure 1.20 — Diagram of a two-stage
Thus, the transmission ratio for  pevel gear with negative transmission

the diagram shown in Fig. 2.19 can be ratio
calculated as follows

, o ©,
hp=t———==—,

w, w;
and for the diagram shown in Fig. 1.20, transmission ratio has a negative
sign:
w O __ o

i .
@, @,

3.3 Satellite Gear Mechanisms

Mechanisms that have gears with movable axes are called satellite
gear mechanisms.

In the mechanism shown in Fig. 1.21, gears 1 and 3, the axes of which
coincide with the main geometric axis of the mechanism, are called central
gears, and gear 2 which is in complex motion: around its axis and with its axis
around the central axis it is called a satellite gear. Arm H, on which the mov-
able axis of the satellite gear is fixed, is called a carrier. The central gear and
the carrier are the main links.
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CryniHp pyXOMOCTI MeXaHi3My, MoKa3zaHoro Ha puc. 1.21:
W=3n-2P-P,=3-4-2-4-2=2. (1.22)

CateniTHI MeXaHi3MH, CTYIIHb BIJIBHOCTI SIKUX JIOPIBHIOE TBOM, Ha3H-
BAIOThCS OUDEPEHYIANbHUMU MEXAHIZMAMU.
Jlnis BU3HAYCHHS 3aJICKHOCTI MK KyTOBUMH IIBHIKOCTSAMH BCIX Jia-

HOK JudepeHiianbHol nepenavi w1, w2, WH, CKOPACTAEMOCH CITIOCOOOM 00e-
PHEHOTO pyxy. 3aJjaM0 BCbOMY MeXaHi3My oOepTalbHUH pyX HABKOJO OCi
O\, sikuit TOpiBHIOE IBHIKOCTI BoMIA FH, alle HANPSIMIIEHUH B IPOTHIIEK-
Hull Oik (—wH). Toxi orpuMaemo nudepeHIiaTbHui MeXaHi3M 3 HepyXo-
MHUMH OcsMH ( @), = @, — @,; =0), a KyTOBi WIBHKOCTI PyXOMHX JIAHOK Bi-

JTHOCHO BOJTWJIA JOPIBHIOIOTH:

! —
W), =W, — Wy .

| -
W=
|
|
FrrF) |
== rrrrs)
._._*_l._)e_
7771 F777
|
I 1 !
=~ 3

Pucynoxk 1.21 — CateniTHuil MexaHi3M

. . H .
HCpe,ZlaTO‘IHe BIJHOIICHHS TaAKOI'O MEXaHI3MY 113 (lH,ZleKC H03Ha‘{a€,

110 BOJVJIO 3yIIMHEHE), SIK 1 IPH PAI0BOMY 3'€JHaHHI KOJTiC, BU3HAYAETHCS 32
(hopmyIoro

!
g W W, —
y=—t=—"2H, (1.23)

W W -y
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The degree of mobility of the mechanism shown in Fig. 1.21:
W=3n-2P,-P,=3-4-2-4-2=2. (1.22)

Satellite gear mechanisms, a freedom degree of which is two, are
called differential gear mechanisms.
For determining the dependence between angular velocities of all links

of a differential gear train w1, w2, wH, we can use the method of rotational
motion. Let’s assume that the whole mechanism rotates around axis O1, with
a velocity equal to velocity of carrier H, but in a direction opposite to that of
the carrier (—wm). Then we can find a differential gear mechanism with fixed
axes (@}, = m,, — @, =0), and angular velocities of movable links in rela-

tion to the carrier are as follows:

r_ . r_ _
O =0 —Wy; O, =0, —,.

Figure 1.21 — Satellite gear mechanism

Transmission ratio of this mechanism i;; (index A means that the car-

rier is stopped), as with compound gear connection, shall be determined by
the formula

U
Wy — W, — Wy

; .
w; W~y

(1.23)

.H _
Ii3=
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VY 3araibHOMY BHMNAAKY Ui AU(EPEHLIaAIbHOTO MEXaHi3My, SKHN
CKJIa/IaeThCs 13 K KOJTiC MmepelaTouHe BiIHOIICHHSI HAOUPA€E BUTIISIILY

. )
he=—=—"1—H (1.24)

O Wy — Wy

®dopwmyna (1.24) HocuTh Ha3BY hopmyau Binica. SIKo B caTeIITHOMY
MeXaHi3Mi Ha OJIHE 13 IEHTPAIbHUX KOJIiC HAKJIACTH JOAATKOBY KiHEMaTHUHY
B’s13b (Hampuknaa, @3=0), To gicTaHeMO niaHemapHuil Mexamizm, CTYIiHb
pyxomocri sikoro W=1, a ¢popmyina Binica mae Burisi
A R T S P (1.25)
— Wy Wy

1 IepeIaTOYHE BiTHOIICHHS TUNIAHETAPHOTO MEXaHI3My BH3HA4Ya€ThCs 3a (o-
pMyJIOI0

4 z z
2B o1+ 2

(1.26)

. Ho_ 1|
i, =1-i; =1
Z) % 2

3a IOMOMOTror0 IUIaHETApPHUX MEXaHi3MiB MOYKHA OTPUMATH JTyXkKe Be-
JIMKE TePeIaTOUHE BiIHOIICHHS TIPY HEBEJIHMKIH KIJTbKOCTI KOJIIC.

Pucynok 22 — Psij1oBi 3y0uacTti MexaHi3Mu
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Generally, for a differential gear mechanism consisting of K gears, the
transmission ratio can be found as follows

/
[0) w —w
SHo 1 _ 1 H
="l =" (1.24)
Wy Wy — WOy

Formula (1.24) is called the Willis equation. If we add another kine-
matic constraint on one of central gears of the satellite gear mechanism (for
example, w3=0), we get a planetary gear mechanism with the degree of mo-
bility W=1, and the Willis equation will be as follows

=T Ay (1.25)
— Wy Wy

and the transmission ratio of the planetary gear mechanism shall be deter-
mined by the formula

z, ) z, z

By using planetary gear mechanisms, we can obtain a massive transmis-
sion ratio with a limited number of gears.

'.‘- £d

m— X —

7 | -

)

7 X £ |

57 7

o

ﬂx

i |
o

L

I—nx

Figure 22 — Compound gear mechanisms
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4 JUHAMIKA MEXAHI3MIB I MALLIMH

4.1 OcHoBHI 3a7a4i AMHAMIYHOI0 TOCIIXKEHHSI MeXaHi3MiB

[Ipu kKiHEMaTUYHOMY aHaJIi31 IOCII/PKEHHS pyXy MEXaHI3MiB BEJIEThCS
C ypaxyBaHHSAM TUTBKH CTPYKTYPH MEXaHI3MiB Ta TEOMETPHYHNX CITiBBiJTHO-
IIeHb MK po3MipaMu ix JaHok. [Ipn quHaMiTHOMY TOCTIPKEHHI MEXaHi3MiB
PO3IIISIIAETHCS PyX JAHOK 3 ypaxyBaHHSM CHJI, 1[0 Ha HHUX AiF0Tb. CBO€EO
JUEI0 MPUKJIAJICHI CHUJIM HAJIAI0Th JIAHKAM MEXaHi3My TOT'0 YH 1HIIIOTO 3aKOHY
pPyxy.

Po3pi3HsIOTH B OCHOBHI 33124l AMHAMIKH MEXaHI3MIB 1 MaIlIHH:

e 3aMaHUil 3aKOH PyXy ITOYaTKOBOI JJAHKH MEXaHi3My — TpeOa BH3Ha-

YHUTH 30BHIIIHI CHIIH, SKi 3a0€31eUyIoTh IeH pyX;

e 3aJaHi 30BHIIIHI CHJIH, IO JIIIOTH HA JJAHKHA MEXaHi3My — Tpeba BH-

3HAYHUTH 3aKOH PyXy MMOYATKOBOT JIAHKH;

[lepmia 3aauya HOCUTB HA3BY CUTOB020 AHANIZY MEXAHI3MIG, a IpyTa —
ounamixu mexanizmie (MammH). KpiMm 1iporo, 5K i B IHIIUX pO3ALIax Teopii
MEXaHi3MiB 1 MallliH, Y IMHAMIII MOXXHA BUJUIUTH JIBa KJIacH 33724 — aHalli3
1 CHHTE3 MEXaHi3MiB 32 JaHUMH JHMHAMIYHUMH YMOBaMH. 3 IIi€i MPHYUHA Y
PO31iJ TUHAMIKH BKITFOYAFOTh PSII 1HIINX 3a]1a4, sIKi MAtOTh BaXKJINBE TEXHi-
YHE 3HAYCHHS, a caMe: PO3PaxyHOK MaxOBHKa, 3pIBHOBAKEHHS Mac y MeXa-
Hi3mi, Bu3HaueHHst Horo KKJI, mocmipkeHHsT KOJIMBaHb y MallluHaxX, 1X BiO-
PO3aXHUCT.

AJe mepi HiXK MPUCTYTIUTH JIO PO3B’sI3yBaHHS 33/1a4 JIUHAMIKHU, HE00-
X1JTHO O3HAHOMHTHCS 3 CHUJIaMU, 1110 JIIOTh Ha JJAHKM MEXaHi13MiB 1 MaIlliH.

4.2 Cuaum, o Jil0Th y MaIIMHAX

VYci girodi y MalmHax CHIJIH MOIUISIOTH Ha JIBI OCHOBHI TPYIIH:

e pywiitni cumn F | sKi 1if0Th y 6iK pyXy Tina, TOGTO HAMArarOThCs
MPUCKOPUTH HOTO PyX;

e cumu onopy Fo, siKi Aif0TH IPOTH PyXy TiNa, TOGTO HAMATAIOTHCS

CHOBIJIBHUTH PYX Tija.
VY cBOIO Uepry cuiu ornopy HOAUISIOTHCS Ha CHIIA KOPHCHOTO (200 BU-

poGHIYOro) onopy F'xe Ta cHiM MIKiUTMBOTO (260 HEBUPOOHUYOTO) OMOPY

FLMO.
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4 MECHANISMS AND MACHINES DYNAMICS

4.1 Basic Tasks of Dynamic Mechanism Analysis

In kinematic analysis, the motion of mechanisms is analysed taking
into account only the structure of mechanisms and geometric relationships
between dimensions of their links. In dynamic analysis of mechanisms, the
motion of links is analysed with due regard for forces affecting them. The
forces affecting the links of the mechanism provide them with a particular
law of motion.

There are two main tasks in the mechanisms and machines dynamics:

o if the law of motion of the input link of the mechanism is set, we

have to determine external forces that enable this motion;

e If external forces affecting the links of the mechanism are set, we

have to determine the law of motion of the input link;

The first task is called the force analysis of mechanisms, and the sec-
ond one is the dynamic analysis of mechanisms (machines). Furthermore,
similarly to other fields of mechanisms and machines theory, we can identify
two classes of tasks in dynamics: analysis and synthesis of mechanisms under
given dynamic conditions. For this reason, the dynamics analysis section in-
cludes some other issues which are of great technical importance, namely:
flywheel calculation, balancing of masses in a mechanism, determination of
mechanism efficiency, analysis of vibrations in machines, and vibration pro-
tection of machines.

But before we begin to solve dynamics issues, forces affecting the com-
ponents of mechanisms and machines should be understood.

4.2 Forces Acting in Machines

All forces acting in machines are divided into two main groups:
e motive forces F', acting in the direction of body’s motion, i.e. try-
ing to accelerate its motion;

e resistant forces Fo acting in the direction opposite to the direction
of body’s motion, i.e. trying to slow down the body’s motion.
In turn, resistant forces are divided into effective (or productive) re-

sistant forces F zrr and adverse (or non-productive) resistant forces £ 4zr .
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Pywitini cunu — 1e Taki CHIIH, SIKi IPUBOAATH MEXaHi3M ab0 MalluHy B
pyx. PymiitauMu cunamMu MOXyTh OyTH TUCK apH abo rasy, THCK BOJH, 10-
BITpSI, €JIEKTPOMATHITHI CHJIH, CUJIU PYXKHOCTI MIPYKUHHU, CUIIA Baru TOILO.

HanpsiMu py1riiHOT CHITH Ta IIBHKOCTI TOYKH, Y SKIH MPUKIIAACHA IIs
cuiia, abo 301rarThes, a00 CKIIAIal0Th TOCTPUH KyT. TOMY IpO€KIlis BEKTOpa
CHUJTM Ha HamlpsIM MIBHJKOCTI pyXy TiJia 3aBK/H JTOJIaTHA, 1110 1 BU3HAYAE JI0-
JaTHY poOOTY PYIIIHHHUX CHII.

Jlo cu1 KOPUCHOTO ONOPY BIAHOCSTHCS TEXHOIOTIYHI ONIOPH PYXY, Ha
MOJIOJIAHHA SIKUX NPU BUKOHAHHI TEXHOJOTTYHOTO MPOLECY BUTPAYAETHCS
poboTta, TOOTO AJisi 3AIMCHEHHS SKOTO 1 CIYXXUTh MalllHa a00 MeXaHi3M.
Cuita KOPHUCHOTO ONIOPY HaNpsIMIIEHa y IPOTHIICKHHN OiK pyxy a0o ckiagae
3 HaNpsSIMOM IIBHJIKOCTI TyIHH KyT. ToMy I poOoTa 3aBXIH Big'€eMHA.

Jlo cUIT HIKIUTHBOTO ONIOPY BiTHOCSTHCS CHII TEPTS Y KIHEMaTHYHUX
napax, a Takox omip cepenosumia. [IpaBna, € BUNagku, KOJu CHITYy TepPTS HE
MO>KHA BiJIHECTH JIO IIKIITTUBOTO ornopy. B ranpmax, Hanpukiam, abo y mic-
LSAX CTUKY BEAY4MX KOJIIC JOKOMOTHBA 3 pelKaMu, KOJIiC aBTOMOOLIS 3 I10-
BEPXHEI0 JOPOT'H TEPTS KOPHCHE.

Po3pisHst0Th Takoxk cun Baru nanok G , cunu inepuii Fi, Ta cum

peakuii R y kinemarmuHux mapax. [Ipore [i CHIIM HE YTBOPIOIOTH OYIb-
SIKUA HOBUH KJac. 3aJieykKHO BiJI IX HampsMy Jil i cuiikd Tpeba BIJIHECTH 10
pyWiiHUX cuit abo CUIT OTopy.

Cunu iHepuii 3'sIBIAIOTHCS MPU 3MiHI IIBUAKOCTI 3a BEIMYUHOIO 200
HanpsimoM. [Ipu nepiognuHOMY pyci poOoTa cui iHepIii 3a epioj] pyxy J10-
piBHIOE Hy IO (06€3 ypaxyBaHHs 3aTpar eHeprii Ha Tepts). Lle mosicHIoeThCs
THM, IO IIBHIKOCTI Ta IPUCKOPEHHS TOYOK PYXOMHX JIAHOK IO 3aKiHUYCHHI
KOKHOTO IIepioly HaOyBarOTh MOYaTKOBHUX 3HAUCHb.

Po3pi3HSIOTS ille criiM peakiii, sKi BHHUKAITh TIPU B3a€MO/IiT JIAHOK
y MicLsixX iX CTUKaHHA, TOOTO y KiHEeMaTHYHHX Tapax. Taki CHIIM € BHYTpill-
HIMHU CHJIaMU JJIsI BCHOTO MEXaHi3My B IIOMY, X04a ISl KOYKHOI OKPEMO B3S-
TO1 JJaHKM BOHU OYy1yTh 30BHINIHIMU. POOOTa CHIJI peakiliii HiKOJIM He TOPIBHIOE
HYJIFO, OCKUIBKY HE PIBHI HYJIFO CHIIH TEPTS Y KIHEMAaTHYHUX T1apax.

Bce, panime BUKIIaJeHE PO CHJIM, BITHOCUTHCS 1 IO MOMEHTIB Tap
cui M, Tomy 1110 BOHH XapaKTepHU3YIOTh [Iit0 CUI Iipu obepTanui: M=F"r, ne
F — cuna; r — miteve niei cum BigHOCHO OCi.
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Motive forces are forces that set a mechanism or machine in motion.
Motive forces can be steam or gas pressure, water pressure, air pressure, elec-
tromagnetic forces, elastic forces of a spring, gravity forces, etc.

Directions of the motive force and velocity of the point where this
force is applied either coincide or make an acute angle. Therefore, projection
of the force vector onto the direction of body’s velocity is always positive,
which determines positive work of the motive forces.

Effective resistant forces include technological resistances to motion,
which require work to overcome during a manufacturing process, i.e. the pro-
cess for which the machine or mechanism is used. Effective resistant force is
directed in the opposite direction of motion or makes an obtuse angle with
velocity direction. Therefore, this work is always negative.

Adverse resistant forces include frictional forces in kinematic pairs and
resistance of the medium. However, there are some cases where friction force
cannot be classified as adverse resistance force. For example, in brakes, or at
the contact points between the locomotive’s drive wheels and the rails, or be-
tween the vehicle’s wheels and the road surface, frictional force is effective.

There are also gravity of links G , forces of inertia 7, and reaction

forces R in kinematic pairs. However, these forces do not constitute a new
class. Depending on the direction of action, these forces can be classified as
either motive or resistant forces.

Forces of inertia appear when velocity changes in magnitude or direc-
tion. In periodic motion, the work of forces of inertia during the period of
motion is zero (excluding the energy consumption for friction). This is be-
cause velocities and accelerations of the points of moving links return to their
initial values at the end of each period.

There are also reaction forces that arise when links interact at the
points of contact, i.e. in kinematic pairs. These forces are internal forces for
the entire mechanism, although they are external forces for each individual
link. The work of reaction forces is never equal to zero because friction forces
in kinematic pairs are not equal to zero.

Everything previously stated about forces also applies to moments of
the couples of forces M because they represent the action of forces during
rotation: M=F"r, where F'is the force; 7 is the arm of this force in relation to
the axis.
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Py1ifini cumm Ta CUITM KOPUCHOTO OTIOPY 3aJIeKHO BiJ X MEXaHIYHUX,
(hI3UYHUX 1 TEXHONOTIYHUX XapaKTEPUCTHUK MOXKYTh OyTH cTainuMu abo ¢y-
HKIISIMM PI3HUX KiHEMATHYHUX IapaMeTpiB — IMEpPEeMillleHb, IBUKOCTEH,
MIPUCKOPEHb 1 yacy. PyIIiiiHi CHiIHM Ta CHiIM OTIOpY, SIK IIPABIJIO, BU3HAYAIOTh
CKCTIEPUMCHTATIFHNM IIISIXOM, BUKOPHCTOBYIOUH BiITOBITHI TIPHIIA M.

4.3 BuznaveHHs1 cu.1 iHepuii J1aHOK i cuil peakuiii y KiHeMaTHYHUX napax

3 Kypcy TEOpeTHYHOI Mexa-
HIKH B1JIOMO, 1[0 y 3arajJbHOMY BH-
majgKy cunn  iHepmii  Oymb-sKoi
nauku AB (puc. 1.23), sixa 3iiic-
HIOE TUIOCKOTIApaIeIbHUM PyX 1 Ma€e
IUIONIMHY CUMETpii, MapajeibHy
IUIOIIKHI PyXy, MOXYTb OyTH 3Be-
neni 1o cumu inepuii £in , AKy npu-
KJIaJaeMO B LeHTpi mac (Baru) S, i
JI0 Tapy CUJI 1HepLii, MOMEHT SIKUX
nopisHioe M, .

. Pucynok 1.23 — BusHaueHHs CuJI iHepIii
Cuna iHepuii JJaHKW BU3HA-

YaeEThCA
Fiu=—-ma,, (1.27)

ne F i — Bextop cuiu inepuii nanku AB, H,
7 — Maca JIaHKH, KT
g — BEKTOP MOBHOTO MIPUCKOPEHHS IeHTpa Mac S, M/c?,

Cua imeprii nanku F' i, HampsiMiIeHa MPOTHIICKHO BEKTOPY MPUCKO-
PEHHS IIEHTpa Mac d.

TaxuM 9UHOM, JUTS BU3HAUCHHS CHUIH iHepwii F' i, aHKW Tpeba 3HATH
ii Macy Ta BeKTOp IIOBHOI'O IPUCKOPEHHS d¢ LIEHTpa Mac. Ik BUAHO i3 (op-

mymu (1.27), cuna inepuii Mae po3MipHicTs [Kr M/c’], TOOTO BUMIpIOEThCS y
vproTOHAX (H).
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Depending on their mechanical, physical, and technological character-
istics, the motive and effective resistant forces can be constant or can be func-
tions of various kinematic parameters such as displacements, velocities, ac-
celerations, and time. Motive and resistant forces are usually determined ex-
perimentally using appropriate instrumentation.

4.3 Identification of Links Inertia Forces and Reaction Forces in Kine-
matic Pairs

It is known from the course Fom
of theoretical mechanics that, in
general, the inertia forces of any
link AB (Fig. 1.23), which per-
forms plane-parallel motion and has
a plane of symmetry parallel to the
plane of motion, can be reduced to
the force of inertia Fi» applied at
the centre of mass (weight) S and to
a couple of inertia forces, the mo-
ment of which equals to M, .

The inertia force of the link  Figure 1.23 — Determination of inertia
can be calculated as follows forces

Fin=—ma,, (1.27),

where F n is a vector of the inertia force of link AB, N;
m is mass of the link, kg;
ay Is a vector of total acceleration of the centre of mass S, m/s”.

The inertia force of link  » is directed opposite to the acceleration
vector of the centre of mass a; .

Therefore, we need to know the mass of the link and the vector of total
acceleration aj of the centre of mass to determine the inertia force Fin. As

can be seen from formula (1.27), the inertia force is expressed in [kg-m/s],
i.e. it is measured in Newtons (N).
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MoMeHT mapu CuJl iHepIii HanpsIMIIEHH MPOTHIICKHO KyTOBOMY MPH-
CKOPEHHIO & 1 MOKe OyTH BU3HAUEHHH 5K

Mi=-Jg-&. (1.28)

V dopmymni (1.28) J ¢ — MoMeHT iHepLii TaHKH BITHOCHO OCi, siKa Ipo-
XOJIUTh Y€pe3 [EHTP MAC i MEPIEHIUKYIISIPHA JI0 IUIONINHA PYXY JIAHKH, & &
— KyTOBE IPUCKOPEHHS JIaHKU.

MowmeHT inepiii J¢ Mae po3MipHICTb KI*M?, KyTOBE NPUCKOPEHHS &
— paz/c’, ToMy MOMEHT TIapH CHJI iHEepIIii Mae PO3MipHiCTh K M>/c2, IO Hpe-
cTaBise codoro H-m.

Cwry ineprii F i, 1 MOMEHT
napu cui iHepiii M, MOXkHa 3a-
MIHUTH OJHIEIO PIBHOJIWHOIO CH-
noto F'; , 10 10piBHIOE CcHJTi iHe-
puii Fi (puc. 1.24), minis nii
sIKOT 3MIII[EHa BIJHOCHO IICHTpa

Min

mac S Ha Bigcramp h=—2,

Pucynok 1.24 — 3BeieHHs cuit iHepIil
JIAHKH JI0 OJIHIET pIBHOAIMHOT

in
TOOTO MOMEHT map cujl iHepii
M, =F,, -h samimoemo napoto cun ( Fi, F'i).
Bu3Ha4YeHHS CHJI peakifiii y KIHeMaTHYHUX Mapax 3BOAMTHLCS IO IMO-
HIyKy TX BETUYHHH, HAMPSIMKY 1 TOUKH MPUKIaICHHS.
Cunmm peakiiii (cumm B3aemMoJIil) MK JBOMA TUTaMu (JJAaHKaMM), SIKi

CTHKAIOTHCS, IPU BiJICYTHOCTI TePTA 3aBXK/IH HAMIPSIMIICHI HOPMAJIBHO JI0 IIUX
moBepxoHb. ToMy B 00epTanbHil KiHeMaTHIHIN mapi V xiacy (puc. 1.25, a)

peakuist R»1 sika npukiiajaeHa 1o JaHku 1 3 00Ky jaHku 2, Oye 3aBK/IH Ipo-

XOIUTH depe3 nentp mapuipa O. 3Hadenss i Hanpsam il miel e Rai He-
B1JIOMi, TOMY 1110 BOHH 3aJIeXaTh BiJl CHJI, SIKI TPUKJIAJIEH] J10 JlaHOK 11 2.

Bukazene mOBHICTIO CTOCY€EThCs 1 peakiii Ri2, sKa MPUKIAACHA 0
JaHKy 2 3 00Ky JIAHK! 1, TOMY IO CHJIM B3a€MO/II1 3B’ s13aHi MK CO00I0 Tpe-

TiM 3akoHOM HproToHa: R =—Ri2.
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The moment of the couple of inertia forces is opposite to angular ac-
celeration ¢ and can be defined as

Min=—]; F. (1.28)

In equation (1.28), J is the moment of inertia of the link in relation
to the axis passing through the centre of mass and perpendicular to the plane
of motion of the link, and & is angular acceleration of the link.

The moment of inertia J is expressed in kg-m?, and angular acceler-
ation £ is expressed in rad/s?, so the moment of the couple of inertia forces
is expressed in kg-m?*/s?, which is N-m.

The force of inertia Fin
and the moment of the couple of
forces of inertia M i» can be re-

B

placed by one resultant force F'i
equal to the force of inertia Fin
(Fig. 1.24) having a line of action
shifted from the centre of mass S

in

, 1.e. we re-

in Figure 1.24 — Reduction of inertia forces
place the moment of the c()up]e of of a link to a single resultant force
forces of inertia M, =F, -h

by distance /=

with a couple of forces ( Fin, F'in).

Determination of reaction forces in kinematic pairs is reduced to find-
ing their value, direction, and point of application.

Reaction forces (interaction forces) between two bodies (links) in con-
tact, without any friction, are always directed perpendicularly to these sur-
faces. Therefore, in a Class V revolute kinematic pair (Fig. 1.25, a), reac-
tion R>1 applied to link 1 by link 2 will always pass through the centre of

hinge O. The value and direction of action of this force R21 are unknown
because they depend on forces applied to links 1 and 2.

The above-mentioned fully applies to reaction R , which is applied
to link 2 by link 1, because interaction forces are governed by Newton’s third

law: Rxi =—Ri2.
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VY nocrynaneHiit napi (puc. 1.25, 6) pesynbrytoua peakiis R21 Oyzae
HanpsiMjIeHa TEPNEHIUKYIISIPHO 0 OCi PyXy X—X JIAHOK L€l mapu, mpu
[[bOMY HEBITOMUMU JIMIIAIOTLCS 11 3HAYEHHS Ta TOYKA IPHKIIaICHHS.

a o 6

Pucynok 1.25 — Peakuii B kiHeMaTruHux napax V i IV kiacis

VY Bumid mapi IV xiacy (puc. 1.25, 6) peakuis Rz HampsMicHa
B3JIOBXX HOpMauti 71— (0e3 BpaxyBaHHS TEpTs) 1 IpUKJIaJeHa y TOYIl JOTHKY
C. Tomy B Takiif KiHeMaTHUHii Tapi BiOMi TOYKA TIPUKIAJEHHS Ta HATTPSM
cunu peakiii. HeBizomumM e ii 3HaueHHS.

OTxe, M yac BU3HAUEHHS peakliil y KiHeMaTHUHUX mapax V Kiacy
HEOOXIZIHO BIJIIYKAaTH JBI HEBIOMI Yy KOXHIH mapi. Skmio yucio map
I’SITOTO KIAaCy y MexaHi3mi Ps, TO 4KCIio HEeBiMOMHUX MOpiBHIOE 2P5 i K10
1 — YUCIIO PYXOMHX JIAHOK, TO YKCIIO PIBHSIHB PIBHOBAru JOpiBHIOE 371. Me-
xanizm 0yde cmamuuno eusnavenut npu ymosi 2Ps=3n. Otpumana piBHiCTh
cHiBrmajae i3 CTpyKTypHO popmyinoro rpynu Accypa. Omxe rpynu Accypa
€ CTATUYHO BH3HAYCHHUMH, a ITiJ1 Yac MOUIYKY PeaKIiil y KiHeMaTHIHUX Mapax
MeXaHi3My MOKHA PO3TIISAJIaTH PIBHOBATY KOXKHOI Tpynu Accypa OKpeMo.

B ocHOBI MeTOma BU3HAUCHHS peakiii npuitHsTo npuHmmn /1’ Anam-
Oepa, y BIJOBIAHOCTI 3 SKUM JMHAMIYHA CHCTEMa YMOBHO 3BOJIUTHCS JIO
CTaTUYHOI IIISIXOM MTPHEIHAHHS CHIT iHepIIil 1 /1S po3B'sI3aHHsI 3a/1a4i BUKO-
PHUCTOBYIOTHCS PIBHSIHHS PIBHOBAru CTaTHKU:

Y Fi+Gi+) Ri+Fi, =0, (1.29)
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In a prismatic pair (Fig. 1.25, b), the resulting reaction R21 will be ori-
ented perpendicularly to the axis of motion x—x of links in this pair, while its
value and point of application remain unknown.

R4
X = x
1. ol ¥
- 2
a b c

Figure 1.25 — Reactions in kinematic pairs of Classes V and IV

In the higher pair of Class IV (Fig. 1.25, ¢), reaction R2; is directed
along the normal line n—n (excluding friction) and is applied at the point of
contact C. Therefore, the point of application and direction of the reaction
force are known in this kinematic pair. Its value is unknown.

Hence, when determining the reactions in kinematic pairs of Class V,
two indeterminate values should be found in each pair. If the number of
Class V pairs in the mechanism is equal to Ps, then the number of indetermi-
nate values is equal to 2Ps, and if 7 is the number of movable links, then the
number of equilibrium equations is equal to 3n. The mechanism will be stat-
ically determined if 2Ps=3n. The resulting equation coincides with the struc-
tural formula of the Assur group. Therefore, the Assur group is statically de-
termined, and when determining reactions in kinematic pairs of the mecha-
nism, equilibrium of each Assur group can be analysed separately.

The method of determining the reactions is based on the D’ Alembert’s
principle, which states that a dynamic system is conditionally reduced to
a static system by adding the forces of inertia and using the equations of static
equilibrium to solve the problem:

ZF,’ +E','+Z]_?/i+1f'm, =0, (1.29)
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ae ZF i — CyMa BCIiX 30BHIIIHIX CHJI, K1 JIFOTh HA I-TY JIAHKY;

G'i — cuna Baru i-Toi JaHKHY;

ZR Jji — CyMa CHJIOBOI B3a€MOJIi1 3 OOKyY IHIIMX JIAHOK Ha I-TY JIAHKY

(j-Ta TaHKa CTHKAETHCS 3 I-TOO JIAHKOH);
F'i, — cuna iHepmii i-Tof JTaHKH.

Busnauenns peaxyiii y KiHeMamu4nux napax MexaHizmie GUKOHYEMbCsl
Y MaKiu nociioo6HOCMI.

CHOYATKy BHUKPECIIOETHCS MEXaHI3M y 3aJaHUX TOJOXKEHHSX 1y
MPUAHATOMY MaciTaoi i,

MEXaHi3M PO3MOUIIEMO Ha TpynHu Accypa, sIKi BUKPECIIOIOTHCS Y
BIJIMOBIAHOMY MacIITaOl 1,

JI0 JTaHOK Tpymnu Accypa y BIATOBITHUX TOYKAX MPUKIATAEMO BCi
3aJIaHi CHJIM 1 MOMEHTH (CUIIM 1HEPIii, CHJIM Baru, CUIIM KOPHUCHOTO
oropy 1 ixmi);

JI0 30BHIIIHIX Map KOKHOI TPYIH MPHUKIIAAaeMO HEBIIOMI CHIIH pe-
aKIIiH, K1 3aMiHIOIOTH JIif0 BIAKMHYTHX JIAHOK CYCIIHIX TPYTI;
MOTIM CKJIAJalOThCS PIBHSHHS PIBHOBArW JIAHOK IJISI BH3HAUCHHS
BIJIMOBIIHUX TAHTCHIIIMHUX CKIIAJOBUX PEAKIlii y 30BHIIIHIX KiHE-
MaTHYHHX Tapax;

y npuiiHsTOMY MacmTali i OyAylOThCS CHIIOBI 0AaraTOKyTHHKH 1
BHU3HAYAIOTHCS HOPMAJIbHI CKJIAJIOBI, @ TAKOXK TMOBHI peakiii y Ki-
HEMaTUYHHUX Tapax;

BU3HAYCHHS Peakiliii HeOOXIHO TOYMHATH 3 IPymu Accypa, Hail-
OUIBII BiJiIasieHOl BiJl Bey4ol JJAHKH, TIOCTYIIOBO MEPEXOJITYH 10
MOCIIIYFOUNX TPYIl, a 3aKiHYyBaTH JIOCIIDKCHHS BEJIY4OH0 JIaH-
KO0, TOOTO MexaHi3my I kmacy.
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where ZF i 1s a sum of all external forces acting on the i-th link;

Gils gravity force of the i-th link;

ZE ji Is a sum of force interaction from other links on the i-th link

(the j-th link is in contact with the i-th link);
F i, Is inertia force of the i-th link.

Reactions in kinematic pairs of mechanisms are determined in the fol-
lowing sequence:

firstly, we plot the mechanism in specified positions and on the ac-
cepted scale u;

Then divide the mechanism into Assur groups, which are plotted to
the appropriate scale y;;

We apply all the specified forces and moments (inertia, gravity
forces, effective resistant forces, etc.) to links of the Assur group at
the appropriate points;

We apply unknown reaction forces to outer pairs of each group,
which replace the effect of the removed links of neighbouring
groups;

Then derive equilibrium equations for the links to determine the
corresponding tangential components of reactions in the external
kinematic pairs;

We create polygons of forces in the accepted scale ur followed by
determination of normal components and full reactions in kine-
matic pairs;

Determination of reactions should begin with the Assur group, fur-
thest from the driving link, gradually moving to subsequent groups,
and ending the analysis with the driving link, i.e. a Class [ mecha-
nism.



84

4.4 CunoBuUii po3paxyHoOK IUIOCKUX MeXaHi3MiB 0e3 BpaxXyBaHHSI CHJI TEPTH

PosrnsitHeMO METOJMKY CHIIOBOTO po3paxyHKy mexaHi3miB Il kmacy
MPUKITaAl MIAPHIPHOTO YOTHPHIAHKOBOTO MEXaHIi3My, KIHEMAaTHYHY CXEMY
SIKOTO 300payKe€HO Ha PUCYHKY 1.26.

Jns cripomieHHs 3amadi OynemMo BBaKaTd, IO BCi 30BHINIHI CHIA
(cunm omnopy, Bary, iHepIii TOIIO), SIKi JIFOTh HA JIAHKW TPYIIH, BIZIOMI 1 115
KOYKHOI JIaHKH 3BEIEHO 10 OAHici piBHOAiNHOI cumu F'; Ta 0QHOro piBHOIIN-

HOTO MOMEHTa M, ,ne i=1,2,3, ..., n— HoMmep JaHKu. Take CIpOIICHHS HE
BIIMBA€E HA METOJIMKY CHIIOBOTO PO3PAXYHKY CTPYKTYpPHOI TPYIIH, SKa BXO-
JMTH JI0 CKJIaIy MexaHi3My (puc. 1.26).

[Ipu cuoBoMy po3paxyHKy HEOOXiJTHO BU3HAUMTH PeaKIlii y KiHema-
TUYHUX [1apax Ta 3piBHOBAXYIOUY CHITy a00 3pIBHOBAKYIOUUII MOMEHT, SIKHI
MIPUKIIAIAI0Th JI0 TOYaTKOBO JaHKH.

B Fs

Pucyhok 1.26 — CxemMa CHJIOBOTO HABaHTAXKCHHS IIAPHIPHOTO
YOTHPHUIAHKOBOTO MEXaHI3MY

Jo cxiagy MexaHi3My BXOAUTh MeXaHi3M | kilacy, yTBOpeHUH KpUBO-
munoM 1 1 ctoskom 4 ta rpynu Accypa Il knacy Il mopsaxy (watyH 2 ta
kopomucio 3). CuaoBuil po3paxyHOK HOYMHAEMO 3 IpynH 2-3.
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4.4 Calculation of Planar Mechanisms Forces Without Considering Fric-
tion Forces

Let’s discuss the method of force calculation of Class II mechanisms
by using the example of a four-link hinged mechanism, the kinematic dia-
gram of which is shown in Fig. 1.26.

For the purpose of simplifying the problem, we assume that all external
forces (resistant, gravity, inertia, etc.) affecting the links of the group are

known, and for each link are reduced to one resultant force F; and one re-

sultant moment M i , where i=1, 2, 3, ..., n is a number of the link. This
simplification does not affect the method of force calculation of the structural
group constituting a part of the mechanism (Fig. 1.26).

When performing a force calculation, reactions in kinematic pairs and
the balancing force or balancing moment applied to the input link should be
determined.

Figure 1.26 — Diagram of forces acting on a four-link hinged mech-
anism

The structure consists of a Class I mechanism comprising crank 1 and
fixed member 4 and a Class II Assur group of order II (connecting rod 2 and
rocker arm 3). Force calculation starts with group 2-3.
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s 1poro rpymny BiA'eAHYEMO BiJ 1HIIUX JTaHOK (KpuBommma 1 i cro-
sika 4) 1 3aMiCTh HUX MPHKIAIaeMO J0 eleMeHTiB KinemaTnanux map 4 i C

peakuii Ri2 ta Ras (puc. 1.27, a), 3Ha4eHHs Ta HATIPAM SKUX HEBIZIOMI.
KpiM 1poro 10 JIaHOK IpyIH MPUKIALAEMO BCi 30BHIuIHI cumu F 2,

F5 ta momentn M2 i M.
3anuiemMo piBHSIHHS PIBHOBATY JIAHOK TPYIIH TTiJT JIE€F0 MPHKIIAJICHUX CHIT

ZFiZ]_?lz +F2+F3+Ri=0. (1.30)
il

V piBasHHI (1.30) BiIOMUMY € CHITH FriFs , 3 HEBIJIOMUMH — PeaKIlii

R12 i R4z, T0OTO YoTHPH HEBINOMI (HEBIIOMUMY BBAXKAKOTHCSA 1 3HAYEHHS i

HanpsimM cuin). Momentu M2 i M3 ta peakiis y KinemaTuuHiil mapi B y pis-
HsiHHs (1.30) HE BXOIATS.

Pucynox 1.27 — Ilo6ynosa mnany cui rpynu II knacy I nopsaxy
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For this purpose, we disconnect the group from other links (crank 1

and fixed member 4) and instead apply reactions Ri> and Ra43 to the ele-
ments of kinematic pairs 4 and C (Fig. 1.27, a), the values and directions of
which are unknown.

In addition, we apply all external forces 2, F3 and moments M>
and M3 to the links of the group.

Let’s write the equilibrium equation for links of the group under the forces
applied

> Fi=Ro+F>+F3+Ri=0. (1.30)

i=1

In equation (1.30), forces F> and F3 are known, and reactions Ri>

and R43 are unknown, i.e. we have four indeterminate values (a value and
direction of action of the forces are considered unknown). Moments M2 and
M35 and reaction in kinematic pair B are not included in equation (1.30).

Figure 1.27 — Construction of a diagram of forces for Class II group of order II
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3amada Mpo 3HAXOMKECHHS CHJI MOKE PO3B’SA3YBaTHCS aHATITHYHO Ta
rpadiuno. Ha mpakTuii J0CUTh UPOKO BUKOPUCTOBYETHCS rpadidHuil cIio-
ci0 BU3HAUYEHHS CUJI IUIIXOM MOOY/I0BU IIaHiB cui. i moOyI0BH IIaHy
cuIl y piBHsIHHI piBHOBaru (2.30) Moke OyTH He OuIbIIIE, SK JBa HEBIJOMUX.
VY Hamomy BHITaJKy HEOOX1HO 3MEHINTUTH KUTBKICTh HEBIZIOMUX 13 4 1o 2.
Posknagaemo peaknii Ri2 i R43 Ha 1Bi CKIANOBi, IKi HAIIPAMIIEHI B3I0BK
Bigmosigaux anok 48 i BC ta neprneHuKysIpHO JI0 HUX, TOOTO

Ro=Rh+Rii Rys=Ris+Rss. (1.31)

Buznauaemo 1oTHYHI CKIaAOBI peakuiil. s mbOro CKIAmaeMo st
KOYKHOI JTAaHKH PIBHSHHS PIBHOBArk y BUIJISI/II CyMH MOMEHTIB CHJI BIJIHOCHO
ToYKH B:

VISl JTAHKH] 2 ZM?(F,‘)ZR{Z-ZAB+F2-h2—M220,

i=l1

M,-F,-
3BiIKH: R, = 272}12; (1.32)
Lip
TUTST TAHKH 3 ZMI(;3)(F,-)=RJ3~IBC+F3~/L3—M3=0,
i1
M,-F,-h
3BiKH R,="3> "33, (1.33)
%

ne h2 i h3 — nilicHi BennuuHM iedelt, a [48 1 [pc — milicHI TOBXKUHU
JIAHOK.

V zanexnoctsax (1.32), (1.33) i mami Bkaszasi B 1ykkax uugpu 2 ta 3,
SIKI TTOKa3yrOTh HOMEPH JIAHOK, PiBHOBAra sKMX pO3TJSIAEThCA. SKIIO MpH
00YMCIIEHH] JOTHYHI CKIA[OBI JiCTAHEMO BiJ’€MHUMH, TO Ha IIIAHI CHI
Tpeba iX CrpsMyBaTH y IPOTHIICIKHUH OiK.

[MincraBuBmm 3anexnocti (1.31) y piBasHHS piBHOBar# (1.30), micra-
HEMO

RL+RL+F>+F3+Ris+Ris=0. (1.34)
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The problem of determining the forces can be solved analytically and
graphically. In practice, graphical method of determining the forces by con-
struction of the diagram of forces is widely used. In order to construct a dia-
gram of forces, the equilibrium equation (2.30) can have no more than two
indeterminates. In our case, we need to reduce the number of indeterminates

from 4 to 2. Let’s decompose reactions Ri2 i Ra into two components,
which are oriented along the corresponding links 48 and BC and perpendic-
ularly to them, i.e.

Ri> =Ri>+ R0 and ]_343 = }_323 +]_QZ3 . (2.31)

Thereafter, we determine the tangential components of reactions. For
this purpose, we derive an equilibrium equation for each link as a sum of mo-
ments of forces in relation to point B:

for link 2 S MP(F)=R, 1, +F,-hy—M, =0,
il
M,-F,-h
from where: R,="2*"%2"2; (1.32)
IAB
for link 3 S MI(F)=R, Ly + Fy by — M, =0,
i=1
M,—-F,-
from where R, = M =Fhy , (1.33)
lBC
where /2 and /i3 are actual quantities of arms, and L4 and /B¢ are actual
lengths of links.

In equations (1.32), (1.33) and below, numbers 2 and 3 in parentheses
indicate the numbers of links, the equilibrium of which is considered. If tan-
gential components are negative as a result of calculation, they should be di-
rected in the opposite direction on the diagram of forces.

By substituting equations (1.31) into the equilibrium equation (1.30),
we derive

ROr+RL+F2+F3+Ris+Ris=0. (1.34)
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VY 1poMy pIBHSHHI HEBIOMI TiJIbKM HOPMAaJbHI CKIIQJOBI peaKIlii
v N .
R12, R43 3HAueHHs SKMX MOKHA BU3HAYMTH, 1100y IyBaBIIH [LJIaH CHJI 32 pi-

o e e PN
BHstHHSIM (1.34). JInst bOro IPOBOAKUMO TIPSIMY, MapajienbHy il mii Ri2,
Ha sKiif BUOHpaeMo N0BUIbHY TOUKY d, 3 IKO1 y BUOpaHOMY MaciITabi (uF 1o-
. . . . DT
CITIIZIOBHO BIIKJIAZAEMO BEKTOPH JOTHYHOI CKiamnoBoi Ri2 (puc. 1.27, 6),
J— — —r . T
Fa, F3, R (nuB. piBustaus 1.34). Bextop R mpomoBkKyeMo 10 Tiepe-
PN . N Y
THHY 3 HanpsiMoM Bektopa Ri> .Touka neperuny HanpsiMiB Ri2 1 R43 (Touka
M) BU3HAYA€E BEIIMYMHU BiJIPI3KiB, sIKi 300pax<yl0Th Y BUOpaHOMY MacIiTadi
T . . .
BekTopH Ri2 1 R43. HanpsiMu 1iX BEKTOPIB MOBUHHI Oy TH TaKMMH, 100 TPH
00X0/1i KOHTYpa IUIaHy BCi CHITH OyJIH HanpsiMIIeH] y HarpsiMi 00xory. Ckia-
. N . P . . D
NarouM Ha madi cun Bektopu Riz i Ri2, micranemo mosHy peaknioo Riz,
AHAIIONIYHO 3HAXOIMMO IIOBHY peakiiro Raz (1.31).

{00 BU3HAYMTH peaKiio R32 JaHKK 3 Ha JAHKY 2, HAIMIIEMO PiB-
HSIHHSI PIBHOBAru CHJI, IO AIFOTh Ha JaHKY 2:

n
Y Fi=Ruo+F:+Fxn. (1.35)
i=1

VY npoMy piBHSHHI Ma€EMO JIBa HEBIJOMHX: 3HAUCHHS Ta HAIIPSIM peak-

wii F'32 . [x MoXxHa BH3HAYNTH, o0y AyBaBIIY TJIAH CUJI JUTsl IAHKU 2 3T1IHO
3 piBHsAHHAM (1.35). s nporo Ha miadi cui (puc. 1.27, 6) 10CUTH CIIOITY-

YHUTH IOYATOK BekTopa Ri2 3 KinmeMm BexTopa F'2 i micramemo peakuiro R32
(BOHA MOKa3aHa ITPUXOBOKO JiHiew). OueBuaHO, WO peakis R =—Rxs i
ii MOYKHA BU3HAYMTH TaK CaMo, K i K32, pO3rJIsHYBIIM PIBHOBATY JIAHKH 3.

3rigno 3 puc. 2.27, 6 Bennuunu peakuiin Ri2 i R43 Bu3HaYarTHCS:

Ro=mb-p,; Ris=md -, . (1.36)
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In this equation, only normal components Ri>, Ris of reactions are
unknown, the values of which can be determined by constructing a diagram
of forces according to equation (1.34). For this purpose, we draw a line par-

allel to the line of action Ri2, on which we select an arbitrary point @, which
will be a starting point for the tangent component vectors Ri> in the chosen
scale ur (Fig. 1.27, b), F», F3, Ris (see equation 1.34). We continue vec-
tor R43 until it intersects with the direction of vector Ri>. The point of in-
tersection of directions R1> and Ra (point m) determines the size of seg-

ments that represent vectors Ri> and Rus at the selected scale. The direc-
tions of these vectors must be such that when bypassing the contour plan, all

forces are directed in the direction of the bypass. By adding vectors Ri> and

Ri> on the diagram of forces, we obtain total reaction Ri ; similarly, we
derive total reaction Ra3 (1.31).

For determining reaction R3:0f link 3 to link 2, let’s derive the equi-
librium equation for the forces acting on link 2:

n
Y Fi=Ruo+F:+Fx. (1.35)
i=1

There are two indeterminate values in this equation: magnitude and

direction of the reaction F'32. They can be determined by constructing the
diagram of forces for link 2 according to equation (1.35). For this purpose,

connecting the beginning of vector Ri2 with the end of vector F> will suf-
fice to get reaction R3> (it is shown by a dashed line) on the diagram of
forces (Fig. 1.27, b). It is clear that reaction R32 =—R23 and can be deter-
mined in the same way as R3 by analysing the equilibrium of link 3.

According to Fig. 2.27, b, the magnitudes of reactions Ri> and R
are determined as follows:

Ro=mb-p,; Rs=md - p, . (1.36)
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Crin BUAITUTH, 1IO TIPU CHIIOBOMY PO3PaxyHKY CTPYKTYPHOI TpYIH

. o e PT

KPUBOIIUITHO-TIOB3YHHOTO MEXaHi3My, TAHTCHI[IHY CKIIAJ0BYy peakiii R 43
BU3HAYATH HE MOTPIOHO, TOMY IO HampsMm peakuii K43 Bimommuil (peaxiiis

R43 Mae HanpsaM TepIEHUKYIAPHUI PyXy TIEpEMILIEHHS TOB3YHA).

[Micnst cuitoBoro po3paxyHKy Beix rpym Accypa, sKi BXOISTH 0
CKJIQJy MEXaHi3My, MEpPeXOAMMO [0 CHJIOBOTO PO3PAaxXyHKY ITOYaTKOBOI
JIAaHKH, TOOTO IMOYaTKOBOTO MeXaHi3My | kiracy.

Benyua nanka He € rpynoro Accypa, 1 He MOXXe 3HAXOIUTHCH y PIBHO-
Ba3i Wi JAi€I0 MPHUKIAJACHUX CHII, TOMY JUisi 11 3piBHOBaKEHHS HEOOXiJTHO
MIPUKIIAIaTH 3pIBHOBAXXYBAJBHHII MOMEHT a00 cuily. BenmuuHa 3piBHOBaXKY-
BaJIbHOT ciid a00 MOMEHTY 3aJIeXKHTh BijJ CIOCOOY MPUBEAEHHS BeIy4Oi
JaHKHA y PyX.

Tax, SIKIIO Ball NEKTPOJABUTYHA 0€3M0CepeIHbO 3'€THAHUI 3 BaJlOM
JaHKK 1, TO BOHA 3PIBHOBAXKYETHCSI MOMEHTOM; SIKIIIO OOCPTaHHS BUKOHY-
€TbCs yepe3 3yduacty abo (puKIidHY mepeaady, TO Ha JIAHKY 1 jie 3piBHO-
Ba)XyBaJIbHA CHJIA.

Jlimis fii i Touka npuknaneHHs cumu F s, 3a€KUTH Bill MEXaHi3My

npuBody. BenuunHa 1 HampsMOK 3piBHOBaKYBaJbHOTO MOMEHTY Msp
(puc. 1.28, a) BU3HAYAETHCS 13 YMOBU PIBHOBATH JIAHKH [;

> M, =0,
-k hl - R, 'h21 +M3p =0,

3BIZKH M, =F -h+R, h,. (1.37)
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It should be highlighted that in force calculation of the structural group

of the crank and slider mechanism, the tangential component of reaction Ris
does not need to be determined, since the direction of reaction Ra43 is known

(reaction R43 has a direction perpendicular to direction of the slider’s mo-
tion).

After force calculation of all Assur groups included in the mechanism,
we proceed to force calculation of the input link, i.e. of the original Class I
mechanism.

The driving link is not the Assur group and cannot be in equilibrium
under the action of the applied forces, so a balancing moment or balancing
force must be applied to balance it. The magnitude of the balancing force or
balancing moment depends on the method of actuation of the driving link.

For example, if the electric motor shaft is directly connected to the
shaft of link 1, it is balanced by a moment; if rotation is performed through
a gear train or friction gear, it means that the balancing force affects link 1.

The line of action and point of application of force F al depends on
the driving mechanism. The magnitude and direction of the balancing mo-
ment Mpar (Fig. 1.28, @) is determined from the equilibrium condition of
link 1;

ZM ,=0;
—F-h-R, B+ M, =0,

from where M, =F-h+R, -h,. (1.37)
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- Ra
Fi
EZI
o
R
Fi p
R,
6 2

PucyHok 1.28 — BuszHaueHHs 3piBHOBaKYBaJIbHUX MOMEHTA Ta CHJIH

IIpu bOMY BeNMYMHA peakiiii R 41 BU3HAYAETHCS 3a IIIAHOM CHII (pHC.
1.28, 0), siKuit 3aJOBOJIBHSIE YMOBY

Fi+Ry+Ru=0. (1.38)

SIK110 3piBHOBaXKYBaJIbHUN MOMEHT CIIIBIIaJa€ 3a HAMPSIMKOM 3 KyTO-
BOIO LIBHMJKICTIO JJAHKU 1, TO BiH € PYIIIHHUM, a SIKIIO IPOTU PYXY — r'ajlb-
MOM.
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- R4
Fi
EZI
b
E‘l—l -
F Fpar
R,
c d

Figure 1.28 — Determination of balancing moment and force

In this example, the magnitude of reaction Ra1 is determined by the
diagram of forces (Fig. 1.28, b), which satisfies the condition

Fi+Ru+Ru=0. (1.38)

If direction of the balancing moment coincides with direction of angu-
lar velocity of link 1, it is a driving moment, and if its direction is opposite to
the motion, it is a braking moment.
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SIkmro manka 1 3piBHOBaxXyeThes cuinoio s, (puc. 1.28, ), miHis aii
KO BiIOMa, TO i BEIMYNHA BU3HAYAETHCS 3 PIBHSIHHS ZM ,=0

ZE'h1+R21'h21
3p ]’l °

3P

(1.39)

Bennuuna peakiii R41 y bOMy BHIIAIKY TAKOK BU3HAYAETHCS 13 PiB-
HSIHHSI PIBHOBArd JIaHKH 1:

Fi+Ru+Fy+Ru=0. (1.40)
e piBHsIHHS pO3B's3yeThes rpadivuno (quBUCH puc. 1.28, 2).

4.5 BuzHaveHHs 3piBHOBaKYBaJIbHOI i 32 meTogoM M. €. )KykoBch-
KOro

[Tpu anani3i MexaHi3MiB OyBarOTh BHUITQJKH, KOJIU HEMa TOTPeOH po-
OUTH MOBHUH CHIJIOBHI pO3PaxyHOK MEXaHi3My, B pe3yJIbTaTi SKOro BHU3HA-
YaloThCA peakuii y KIHeMaTHYHUX Iapax, 3a/aqya 3BOAUTHCS TUIBKU 10 BH-
3HAUCHHS 3PIBHOBAXYIOUOi CHIIM, 200 3piBHOBAKYIOUOTO MOMEHTA, SIKHI
MIPHUKIIAIAIOTH JI0 TOYATKOBOT JIAHKH.

B Takux Bumajkax s 3HaXOKEHHS 3PIBHOBAXKYIOYOT CHIIA KOPHC-
TYFOTBCS TaK 3BAaHHM METOIOM (IIPpaBWIOM) “kopcTroro” Baxens M.€. XKy-
KoBcbkoro. [lpasuno M.€. JKykoecbkoeo TPyHTYEThCSI Ha BHKOPUCTAHHI
TIPUHIIMITY MOKJIMBHUX MEPEMIIIEHb, 3TIAHO 3 SIKUM, SKWO HA OYOb-5K) 3pi6-
HOBAXNCEHY MEXAHIUHY cucmemy Oi€ pAao0 CUl, MO CYyMA eleMeHmapHux pooim
YCix Ofouux Ha OaHy cUCmemy Cuil HA 0yOb-sKUX MONCIUBUX OJis 0aH020 iT
NONOHCEHHA NEePEMIUJEHHSX, OOPIGHIOE HYTIIO.

M.€. XKyKoBCbKHii TOKa3aB, 1110 pIBHOBA31 MeXaHi3My 3 OJIHUM CTYyIIe-
HEM BIJILHOCTI BiJIIIOBi/Ia€ piBHOBAra JISSIKOTO Ba)ells, 1 3alPONOHYBaB CII0-
ci0 moOyI0BM Ta HABAaHTAXKEHHSI TAKOTO BAXKEIS, IKUWA CHOPMYIHLOBAHHUH Y
HACTYIIHIN TeopeMmi.

AHrugo 6ekmopu 8Cix cui, wo nPUKIadeni y pisHux moukax ianokx i 3pie-
HOBAMCEHUX HA MEXAHI3MI, NnepeHecmu NapaeibHo Camum codi 8 0OHOUMEHHI
mouku nogepruymozo Ha 90° npomu Mummego2o obepmanHs NIAHy WeUOKOC-
metl, y3a6uwu Qicypy niaHy 3a JcopCmKUll 8axCilb, Mo CyMa MOMEHMIE YCix
VKA3AHUX CUTL BIOHOCHO NOMOCA NAAHY 6y0e 00PIGHIO8AMU HYTIIO.
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If link 1 is balanced by force F bl (Fig. 1.28, ¢), the line of action of
which is known, then its magnitude is determined from equation ZM =0
£ 'h1 +R21'h21

h

bal

Fyy = (1.39)

The magnitude of reaction R41 in this example is also determined
from the equilibrium equation of link 1:

Fi+Roi+Fpu+Ra=0. (1.40)
This equation is solved graphically (see Fig. 1.28, d).

4.5 Calculation of the Balancing Force by the Method of M. Ie. Zhukovsky

When analysing mechanisms, there are situations when there is no
need to perform a complete force calculation of the mechanism, as a result of
which reactions in kinematic pairs are determined, and the task is reduced
only to determining the balancing force or balancing moment applied to the
input link.

In such cases, the so-called “rigid” lever method (rule) derived by
M.Ie. Zhukovsky is used to find the balancing force. The rule of M.le. Zhu-
kovsky is based on the principle of possible displacements, according to
which, if some forces affect any balanced mechanical system, the sum of el-
ementary works of all forces affecting this system at any possible displace-
ments for a given position is zero.

M.Ie. Zhukovsky showed that the equilibrium of a mechanism with
one degree of freedom corresponds to equilibrium of a certain lever, and pro-
posed a method of constructing and loading such a lever, which is formulated
in the following theorem.

If vectors of all forces applied at different points of the links and bal-
anced on the mechanism are transferred parallel to themselves to the same
points of the velocity diagram rotated by 90" against instantaneous rotation,
taking the figure of the diagram as a rigid lever, the sum of moments of all the
indicated forces in relation to the pole of the diagram will be zero.
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VY marematuuHiid GOpMI 1€ 3aMUCY€ETHCS TaK:
> M (Fi)=YF-h=0, (1.41)
i=1 i=1

ne hi — nede cwn Fi BiIHOCHO MOJTFOCA TIOBEPHYTOTO [UIAHY LIBHI-
KOCTeH.

Taka reoMeTpUYHA IHTEPIIPETALlisl IPUHIIUITY MOXKIIHBUX MTEPEMIILICHb
Jly’Ke 3pydHa JUlsl pO3B’I3yBaHHS 3a1a4 JUHAMIKH.

Po3rasHeMo TIpHKJIal BU3HAUEHHS 3piBHOBAXKYIOUOi cumn F 5, 3a J1o-
MMOMOT OO TipaBmiia Baxels JKykoBchkoro. Hexali Ham 3aj1aHa KiHEeMaTHYHA
cxeMa KpHBOIIMITHO-TIOB3YHHOTO MeXaHi3My (puc. 1.29), Ha TaHKH SKOTO JTi-
ot cuwin F'1, Fa, F3 i moment cun M2, mBUIKicTs 06epTaHHsS KPUBO-
iy OA nopiBHIOE 1. 3piBHOBAKYIOUY CHIY TPHKIATAEMO JIO KPHBO-
iy OA y tourti A i cipssMOBYEMO TepIIeHAUKYJIApHO j10 diHil OA. Byny-
€MO JJIS 3a/IaHOTO TIOJIOKECHHSI MEXaHi3My MOBEPHYTHI MPOTH MHTTEBOTO
obepranHs Ha 90° 1aH mwBUAKOCTeH (puc. 1.29, 6), y BINOBIAHAX TOYKAX

sxoro npuknagaemo cumn Fi, Fo, F3, F,, a Moment M2 po3kiagaeMo

na napy cun F) = % (1a puc. 2.29 cuin F, mokasaHo IITPUXOBUMHU JIiHi-
AB

SMH), sIKi IPUKIIAJAEMO BiIMOBIIHO y TOYKAX @ Ta b NEPICHAUKYISPHO 10

AB (ab || AB).

BpaxoByroun, mo mig mi€l0 OUX CHJI, BKJIIOYAIOUN 3PiBHOBAKYIOUY
CHJIy, MEXaHi3M 3HAaXOJIUTHCS y PiBHOBa3i, TO MOXHA 3alHCAaTH TakKe pPiB-
HSTHHSI MOMEHTIB YCiX CHJI, IO MTPUKJIIA/ICH] IO TOBEPHYTOTO TUIAHY HIBHUJIKO-
CTeMH, IKMI YMOBHO BBaXA€MO KOPCTKUM BaXKEJIEM.

Y M (Fi)=F,pa-F-h+F-h—F,-h+F-h—-Fpb=0,

i=1

3BIJIKA MAEMO:

F =E-hl—F;'-h2+F;-}L3—F2'-h4+F;pb
3p 5

pa

(1.42)
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Mathematically, this is written as follows:

ZM( Fi)= ZF h =0, (1.41)

where /i is the arm of force Fi in relation to the pole of the rotated
velocity diagram.

This geometric interpretation of the principle of possible displace-
ments is very convenient for solving the dynamics problems.

Let’s review an example of determining the balancing force F bar us-
ing the Zhukovsky’s lever rule. Suppose we have a kinematic diagram of
a crank and slider mechanism (Fig. 1.29), with forces F'1, F2, F3 affecting
it and the moment of forces M2, rotation rate of crank OA is equal to w1. We
apply the balancing force to crank OA at point A and direct it perpendicularly
to line OA. For a specified position of the mechanism, we construct a veloc-
ity diagram rotated 90° against instantaneous rotation (Fig. 1.29, b), at the
corresponding points of which we apply forces Fi, Fa, Fs, F bar , and de-

: M,
compose the moment M into a couple of forces Fy, = —= (Fig. 2.29 shows
AB
forces F, as dashed lines), which we apply at points a and b perpendicularly
to AB (ab || AB).

Assuming that under the action of these forces, including the balancing
force, the mechanism is in equilibrium, we can write the following equation
of moments of all forces applied to the rotated velocity diagram, which we
consider to be a rigid lever.

ZM( )= pa—F,- b+ F)- by~ F,- b+ F}- b, — F,pb = 0,

from where:

g BB Eh B b b EpD
pa
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ne hi — nedi BiAMOBiIHMX CHII BiTHOCHO MOJIIOCA TIOBEPHYTOIO IIAHY
MIBUJIKOCTEH, MM. 3ayBa)KHMO, 1110 MOJYJIb HE 3aJIC)KUTH BiJ] TOTO, B SIKHIA OiK
1oBepHyTH Ha 90° Mj1aH MBUIKOCTEH.

Pucynok 1.29 — BusHaueHHs 3piBHOBXYIOUNX CHII 33 JIOTIOMOTOI0 BaKeJIst
M.€. XKykoBcbkoro
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where A is arms of the corresponding forces in relation to the pole of
the rotated velocity diagram, mm. Note that the modulus does not depend on
the direction in which the velocity diagram is rotated by 90°.

Figure 1.29 — Calculation of balancing forces using the lever of M.Ie. Zhukovsky
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JTOJATOK A

Ilomi i HeHTpHW Baru MJIocKux ¢Qiryp

Tabmums A.1
dirypa Ilmoma entp Baru
Tpuxkymnuk
P BO=0C;
1
F=Lun TO =~ 40 .
2 3
IleHnTp Baru — B TOUII
NEPETHHY MeJliaH
Pignooiunuii
MPUKYMHUK F=—ah :_az\/§;
1 1 1
‘ TO=-h=-a3
h 1 3 6
v L0 h=2aV3
N
Keaopam 1
A ‘p F = a2 = _u2 ;
T 2 Llentp Baru — B TOYLI
al $-- . MepeTuHy oceu i
V7 a=0.707=F ; niaroaneii
Y lu=1414a=1.414F
L P .
] i IlenTp Baru — B TOUIIl
pl4--> ‘T ______ | =bvu’ —b*; MIEPETUHY OCei 1
| niaroHaleit
y I
. a - u=+a’ +b’
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APPENDIX A

Areas and Centres of Gravity of Plane Figures

Table A.1
Figure Area Centre of gravity
Triangle B0 =10C ;

The centre of gravity
is at the point of
intersection of
medians

r0=1n=tuys
36

a=0.707u=F;

The centre of gravity
is at the intersection of]
axes and diagonals

Y lu=14l4a=1.414/F
Rectangle )
: F=ab=aJu —a" = .
[ 7 The centre of gravity

1s at the intersection of]
axes and diagonals
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[Iponosxenns Tadnuii A.1

Qirypa [1noma HenTp Baru
Hapanenozpam
IleHTp Baru — B TOUII
T " F=zh TEpETUHY OCeH i
miaroHauaen
—
Tpaneuin
Zy Z
0; ) F=Zl+22h TO:l 2242
7 ) 3 z+z,
| ,
Z Z,
Ilpasunvnui 5
WeCMUKYMHUK F=25981a" =
. 3 ).
=3.4641p% Llentp Baru — y neHrpi
IIECTUKY THUKA
r=a=1.1547p;
p=0.8660a
177 .
Ipasunvruil N . 360
n-KymHUK F=—r"sin = ]
2 n Ilentp Baru — y ueHTpi
, 180 0araToKyTHHKa, TOOTO
=npilg——= . .
n y TOYIIl IEPETUHY OCeH
a® 180 i miaronaneii
=n—ctg .
4 n




Table A.1 (continued)
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Centre of gravity

Figure Area
Parallelogram
The centre of gravity is
r 3 F=zh at the intersection of
axes and diagonals
Z I
Trapezoid
zZ, z,
O; ; F:ZI-i-Zzh TO:thZ‘JrZz
T f 3 z+z
| ‘
Z Z
F=25981a" =
_ 2,
= 3464107 The centre of gravity is
at the centre of hexagon
r=a=1.1547p;
£ =0.8660a
n o, . 360 )
F=_—r"sin = | The centre of gravity
180 is at the centre of
=np’tg——= polygon, i.e. at the
5 " ) intersection of axes
a 180 and diagonals

=n—-:ct
4 & n
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[Iponosxenns Tadmuii A. 1

dirypa

ITmoma

IlenTp Baru

Kono

F=m"=31416"

i:zdz =0.7854d*;

Ilentp Baru —y
LEHTPI KoJja, ToOTO B

epUMET: TOYIIl IEPETUHY OCeit
2m* =6.2832 = (niameTpiB)
=ml =3.1416d.
o’ 1
F="—=—mmd’ = 4
. 28 7O = 3l = 0.4244r
0 =0.3934" d
< r > < r >
Sin%
Kpyzoeuii cekmop 1 1 TO =~ rsin—:=-=
=—Sr= —¢) 2 g
¢ — LIEeHTpaJbHUI 2 360 2
KyT; ; _2ra_ra_
a — JOBXUHA XOpAN . 3 s 3F
S=rgp—=
180 Q@
s . sin—
=0.01745¢% | =38 1977 sin—2.
. 57296s L
¢ = 7 9 2
N4 | _2F _57296s |lpu ¢ =90
a B o TO =0.600r;
npu @ =60":

70 =0.6366r.
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Table A.1 (continued)

Figure Area Centre of gravity
Circle F=m?=3.1416/* =
1, ) The centre of gravity
= Zm' =0.7854d"{ is at the centre of the
erimeter: circle, i.e. at the
5 P ' intersection of axes
2m” =62832= (diameters)
=md =3.1416d.
|
F = = —72'(12 = 4
- 28 7O =3l=0.4244r
0 = 0.3934> &
< r > r >
sinq)—
1 TO =—rsin 02 =
Circular sector F= ESV = % m’ %
¢ — central angle; ; _ 2ra _ ria _
a — Chord length o= = 3s 3F
s ? 180 o
=0.01745¢% | 38 .197rsin—2%.
. 57.296s 9
N T
_2F 572965 |At@ =90
T T o 70 =0.600r;
at @" =60":
TO =0.6366r.
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[Iponosxenns Tadnuii A.1

Qirypa [Inoma LenTp Baru
F:r(s—a)+ah. o @
Kpyzoeuii cezcmenm 2 ’ IO = 12F
¢ — UEHTpaIbHUM a= 2\/}1‘27” —h j; 3@
sin” —
1
KyT; h=r——-4r'-a’ 23’”3 F2
2
F=r* 7 +sin —(pc—ﬂ =7
[ v 180} 7
0.210.3/04]0.5/0.6[0.7/0.8[0.9

0.79]1.18]1.56(1.91

2.252.552.81{3.02

F=n(R =)=
=%7Z(D2 —d2)=

=0.7854D" - d°)

Ilentp Baru —y
LEHTPI KiJI, 110
0OMEKYIOTh
KpPYTOBE KiJIbIIe,
TOOTO B TOYII1
MepETUHY Ocei
(miameTpiB)

F=r-a-b=3.1416a-b =
=3.1416x

e

Ilentp Barm —y
cepelnHi emirnca,
TOOTO B TOYII
MEPETUHY HOT0
oceil
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Table A.1 (continued)

Figure Area Centre of gravity
p_rls—a)rah, o
2 b 0 = =
12F

Circular segment

¢ — central angle; a= 2\/h(2” - h) ; sin® @
2 2

F =r*| 7 +sin —ﬂ =
( v ISOJ 7

02]03{04(05]0.6[0.7[0.8/0.9

0.79]1.18]1.56(1.91(2.25(2.55|2.81/3.02

The centre of
gravity is at the

_ 2 2\ _
F=z (R -7 )_ centre of circles
_ l;r(Dz 3 dz)z . bound}ng the
4 circular ring, i.e. at
=0.7854(D2—d2) the point of
intersection of

axes (diameters)

Ellipse The centre of
. F=7z-a-b=3.1416a-b=| gravity is in the
=3.1416x middle of the
ellipse, i.e. at the

X\/2(az +b2)(a—b)2 point of
intersection of its

22
axes
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[Iponosxenns Tadmuii A. 1

dirypa [Tnoma Ientp Baru
Cexmop OT =38.197x
Kpy206020 Kinbys )
Fzﬂ(R2—r2)= (RS—rS)sing
360 «— 2
—0.00873(R* - %) (2 _FZ)%
Ipu a =180 Tlpu @ =180

2 2
porl® =) AR -
2 oT = =
37\R™ -7

=1.5708R> = 1)

R3 _ r3
=0.424 >
R —r
Eninmuunun [Tinoma emnoTHYHOro
cezmenm CErMEHTa BU3HAYACTLCS]
J00YTKOM BiTHOIIICHHS HenTp Baru

SNNTUYHOTO CErMEHTA]
CHIBMAJIAE 3 IEHTPOM
Baru KpyroBoro
cerMeHTa npu d =2b

_ a/r wa oy

BIJIITOB1HOTO
KpPYrOBOT'O CErMEHTA

Fav = EF
B

Kkp

AHaoriyHe paBuiI0 CIIPaBEIINBO 1 IS
enincoina ooepTanHs
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Table A.1 (continued)

Figure

Area

Centre of gravity

Annulus sector

F=22(rR-r)=

360

OT =38197x

(R3 -7 )sin%

X

=0.00873(R* = ). (r? —r2)%
At a =180 At o =180°
2 2
F= T\R™ —r _ 4 R3 _ 7"3
2 oT = =
., 3z\R" —r
=1.5708R> - ). o
—0.424—— "
R —r
Elliptical Area of an elliptic
segment segment is determined | The centre of gravity
by the product of the | of the elliptic segment

ratio a/r and the area

of the corresponding
circular segment

F =4%F

elp = cir
r

coincides with the

centre of gravity of the

circular segment at
d=2b

A similar rule is true for the ellipsoid of
revolution
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[Iponosxenns Tadmuii A. 1

dirypa [Tmoma entp Baru
KOOp/AMHATH LIEHTpa
Keaopanm :
/4 ) F — mioma Bard KBaJpaHTa:
(ueTBepTHHA) exinca
KBaJIpaHTa: 4 ba 4 b
e
1 3 3
< L F=—rnab.
i g 4 KOOpPJMHATH LIEHTpa
, Baru JIOTIOBHEHHS 10
|F" —noma

 ONS
R
=
>,
N
8
-

JOIIOBHCHHA 10

KBaJ[paHTA;

a | / a KBaJpaHTa: a T
- i xl = g 1—Z 5
F=al1-~
4 b7
S —
BiJICTaHb IICHTPa
Baru napadoIiqyHOro
Mapaoniunuii HAIlIBCETMEHTA BiJI
naniecezmenm BCPILIHHI:
3 3
2 a=x;b="y,
a F= 3% 5 8
IIEHTp Baru
b I T, yI JIOTIOBHEHHS 110
'y }&:b\ bYy apaboIliyHOTO
?T HaIlIBCErMeHTa:
P2
a T~
D a,=03x; b =0.75y.




117

Table A.1 (continued)

Figure Area Centre of gravity
coordinates of the
Quadrant ' quadrant’s centre of
(quarter) of an ellipse F — area of gravity:
a quadrant: 4 ba 4 b
X=T 5 V=73
X 1 3 3
i F :Z”ab- coordinates of the
b T /f centre of gravity of
/37' \ ¥ F’ — quadrant the completion of
a

 ORNS

complement arca:

F' =ab(1—£j.
4

the quadrant:

a T

Xl 28[1_2)’
_bof_m
6 4

N

Parabolic half-
segment

a,
P

bll I,

distance from the
vertex to the centre
of gravity of the
parabolic half-
segment:
3 3

a 5 x;b s v
Centre of gravity of
the completion of
the parabolic half-
segment:

a,=0.3x; b =0.75y.
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JOJATOK b

Mi)KHaPOLIHa METPUYHA CUCTEMA OAUHUIIDL

Mipu 10BXKUHHU

. Bignomenns
CxopoueHne BinHomeHHs i
Hazra Bennunna JI0 OCHOBHOI
[O3HAYEHHS 10 CM .
OIUHHMLI (M)
[TikomeTp nm 0.001 rm 10710 10712
Hanomerp HM 0.001 nux 107 10°°
Mixkpon 0.000001 wm . y
(vikpomerp) =0.001 »m 10 10
Minimerp MM 1000 mx 10-! 103
CaHTUMeTp cm 0.01 =10 mm 1 102
0.lm=10cu=
flennvetp | O 100 3um 10 10!
100 cm = )
Merp M 1 000 2n 10 !
Ki 1000 m = S ;
VIoMeTP fou 1,000 000 e 10 10
Merametp Mwm 1 000 000 108 10°
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APPENDIX B

International Metric System of Units

Measures of Length

Ratio to the
Name IAbbreviation Value Ratio to cm basic unit of
measurement
(m)
Picometer pm 0.001 nm 10710 10712
Nanometre nm 0.001 um 107 107
Micron 0.000001 m 4 6
(micrometre) Hm =0.001 mm 10 10
Millimetre mm 1000 um 107! 1073
Centimetre cm 0.01 m =10 mm 1 102
Decimetre dm 0.1m =10 cm = 10 107!
100 mm
100 cm = 5
Metre m 1,000 mm 10 1
) 1,000 m = 5 3
Kilometre km 1,000,000 mm 10 10
Megametre Mm 1,000,000 m 108 10°
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TONATOK B

I'eoMeTpHYHi XapaKTepUCTHKH IJIOCKHUX Nepepi3iB

dopma ITo3HaYeHHS TEOMETPUYHUX XaPAKTEPUCTUK
nepepisy F I |1, | 1, I, s w,
VA
A |
L P B VT
vl 12|12 6|6
yA:=
O R 8 O
LNy 2 1212 24
|
Ii L VA R I N I
N2 2 [36(36] 72
N
A
AN A 1 7 PO BV 1
'T')ﬁ' 2 36 | 48 24 | 24
yA
o\ | o | | a ad
d_,’ 4 64 32 32 16
yA
y
X
D rD? ' D’ D’ D’
—l-d})|=l-a')|] 0 |=|-a')|=\I-a)—(I-a"
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APPENDIX C

Geometrical Characteristics of Flat Sections

Section Designation of geometrical characteristics
shape F I |1, I, I, R w,
YA
|
. 3 3 2 2
THIT bk % & 0 _ % ﬂ _
| 12 112 6 | 6
SN
bh bk’ \hb | bR
X 2 12 (12| 24
X
T bh b’ |hb* |-b°R
£ 2 (3636 72
y‘4 i
AN A o PO B .V U
T 1 2 36 | 48 24 | 24
yA
1 | md’ md* 0 nd* d’ md’
d a T4 64 32 32 16
yA
1
D ‘X,ZZDZ 7[1)4 7Z_D4 7Z_D3 7[.D3
I-a’)| =\l-a')| 0 |==ll-a')|=—=\l-a')|=—l-a'
/1) =)o 1t -] o)
a=d/D
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