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BCTYII

Teopiss aBromatnuHoro kepyBanHHs (TAK) — Hayka mpo Meroan
MPOEKTYBAaHHA 3aKOHIB  yNpaBliHHA OyIOb-IKMMH 00 €KTamu, IO
JIOTTYCKAIOTh peajlizalliio 3a JOIOMOTOI0 TEXHIYHHUX 3aC00iB aBTOMATHKH.

Cucrema aBroMaTmyHoro kepyBaHHia (CAK) — me cykymHicTh
B3a€MO3B’s13aHUX 00 €KTIB, B SKii MPOTATOM TPUBAIOTO 4acy HOTPiOHUM
YUHOM 3MIHIOIOTECSA (a00 MATPUMYIOTHCS TOCTIHHMMHM) 3amaHi (i3wdHi
napaMeTpH B BU3HaYeHOMY (pismaHOMY Tiporieci 6e3 BTpydaHHs JIIOJUHH.

OcHogHi 3agaui TAK HactynHi:

— aHaJi3 KepOBaHOCTI CHCTEMH: aHAJI3y€ThCSI MOXKIIMBICTH TTOOYAOBH
KepyBaHH/, sIKe 3a0e3meuye 0akaHy MOBEIIHKY CHCTEMU;

— aHaNli3 CHOCTEPEXKIIMBOCTI CHCTEMH: aHANi3ye€ThCSI MOJKIIUBICTD
BH3HAYEHHS 38 BUMIpIOBaHUMH BUXiJHUMH CHT'HAJaMU 3Hau€Hb BIJICYTHIX
BUXIJHUX CUTHAJIB;

— CHHTE3 3aKOHIB KEpyBaHHS: BHKOHYETHCA pO3pOOKa 3aKOHIB
KEepYBaHHs,  IPOCKTYBAaHHA  MNPHUCTPOIB  KepyBaHHA,  OOMpaETbCS
(yHKLIOHAaNbHA 1  CTPYKTYpHa  CXEMH  IIPUCTPOIO  KEpyBaHHS,
PO3paxoBYIOThCS HOTO IMapaMeTpu;

— aHaNi3 SKICHUX IMOKa3HHKIB TPOILECIB KepyBaHHs: MEPEBIPIETHCS
BUKOHAHHSI BUMOT, 1110 npen sBisitothest 10 CAK, aHamizyeTbes moBeiHKa
CHCTEMH, OLIIHIOIOTHCA i TOYHOCTHI 1 AMHAMIYHI XapaKTepUCTHKH.

Bci cuctemMn aBTOMaTHYHOTO KEPYBaHHS MOJIUISIOTHCS HA PO3IMKHYTI
i 3amxayTi CAK [1, 2, 3].

VY PpO3IMKHYTHX cCHUCTEMax MpoLeC POOOTH CHUCTEMH HE 3aJIeKHThb
0e3rmocepeIHBO Bl pe3yiIbTaTy ii BILTHBY Ha KEPOBAHHMA 00’ €KT.

Y 3aMKHYTHX CHCTEMax BUXiJl CHCTEMH 3aMUKAETHCS 3 BXOJIOM TaKHM
YHMHOM, 1100 BUMIpPIOBaHI KOHTPOJIbOBaHI BEIMYWHU, SIKi XapaKTePU3YIOTh
NIEBHUH TIporiec, OyIu O JKepeioM BILTMBY Ha CHCTEMY, IPUYOMY BEITHYHHA
LLOT0 BIUIMBY 3ajiexasia 0 BiJl TOr0, HACKIJIBKH CIOCTEpIraeMa BEIHYUHA
BiJPI3HSETHCA Bij 3aJaHOI.

VY Teopii aBTOMaTHYHOTO KEPYBaHHS PO3IISAAIOTHCS TUIBKY 3aMKHYTI
ABTOMAaTHYHI CUCTEMHU.

OcnoBHi komnoHentu CAK:

— 00’ext kepyBanHs (OK), sikuM cucreMa HOBUHHA KEpYBAaTH;

— JaTYUKH, SKi 3a0€31MeUyroTh OTpUMaHH iH()OpMAIIii Ipo 00’ €KT;



— TIPUCTPIA KepyBaHHS — TOJOBHHUHA KOMIIOHEHT CHCTEMH KepyBaHHS,
SIKUH TIOPIBHIOE 3aJlaHi 1 BUMIprOBaHI Ha 00’ekTi maHi Ta (opMmye BXimHi
3MiHHI, IO MIOCTYMAIOTh Ha 00’ €KT.

3amaHi JaHI TONAIOTHCS B TIPUCTPiH KepyBaHHsA. BuximHi maHi 3
00’€KTy KepyBaHHS BUMIPIOIOTHCS 3a JOTIOMOTOIO NAaTYMKIB 1 BUMIpIOBaHI
JaHi MOCTYMAIOTh B MPHUCTPid KepyBaHHs. [Ipuctpiii kepyBaHHS (opmye
BXIi/IHI JJaHi, SIKi MOCTYNaOTh Ha BXiJ BUKOHYrounX opratis OK.

CAK BupimyooTh pi3HI 3amadi KepyBaHHSA, SKi MOXHa YMOBHO
PO3IINTH HA TaKi:

— 3aj1a4i CIJKyBaHHS, 1 IK OKpeMUH BUTIAJIOK 3aadi cTabii3arlii;

— 3a71a4i TepMiHAJTLHOTO KepyBaHHS.

Cucrema cradimizamii — e CAK, B sAKi¥ 3HaYeHHS 3aJaHUX JaHUX €
MOCTIHHUMU MPOTATOM TPUBAJIOTO Yacy, a Ha BUXOJl 00’ €KTa 11l 3HAYCHHSI
MIATPUMYIOThCS 3 3aJaHOI0 TOYHICTIO. [Ipuknanm: cucTtemMa ONaNrOBaHHS
OyouHKY, $Ka BcepenuwHi OyAWHKY MIATPUMY€E TIOCTIHHY 3a/aHy
TEMIepaTypy NpU 3HAYHHUX KOJMBAHHSX TEMIIEPATypU HABKOJIHUIIIHBOTO
cepenouma [1, 2, 3].

Cucrema crigkyBanas — 1ie CAK, B skiii 3Ha4eHHS 3a/laHUX JaHHUX
3MIHIOIOTBCS B 9aci, a Ha BHXOMiI 00’€KTa BIICTIAKOBYETHCS 3MIHH ITUX
3HaYeHb 3 3aJaHOK0 TOuHIiCTIO. [lpukiaa: pamgapHa YCTaHOBKA, sKa
BIJICIIJIKY€E TIepeMileHHs 00’ €KTiB, IO PyXaIOThCS.

Tepminanpaa cucrema — e CAK, B skilf BHXiJHI 3MiHHI TTOBHHHI
JIOCSATHYTH 3HA4YCHHS 3aJaHol 3MiHHOI 3a BH3HauYeHWi uac. [lpukian:
CUCTEMa KEpyBaHHS CYMyTHUKOM, SIKa PO3BEPTAE CYMYTHHK 3 MOTOYHOIO
KyTOBOI'O TIOJIOXKEHHS B MOMEHT dYacy {0 10 moTpiOHOro KyTOBOIO
MOJIOKEHHST B MOMEHT vacy ti [4, 5, 6].

Hnsa mocmimkenns nuHamikn CAK ycs cuctema po30OHMBaeThcs Ha
OKpeMi JIaHKH.

Jlanka cucteMH — 1ie TeXHIYHUI npUCTpiid 110001 (izuyHol IpupoIy,
KOHCTPYKIIii Ta NPU3HAYCHHS, 1[0 OMUCYETHCSI BUBHAYCHUM JUPEPEHIITHIM
PIBHSHHSIM.

PiBHSIHHS JaHKW MOBUHHO OYTH CKJIAJICHO TaKUM YHHOM, 1100 BOHO
BigoOpaXkao 3alexHicTh (B AMHAMIYHOMY MPOLECi) MiXK TEMHU BEJIMYMHAMH,
SIKi B CXeMi CHCTeMH BKa3aHi Ha BUXO/I Ta BXO1 naHoi naHku. [ anamizy
cucteM IU(EpeHIlIHHNX PIBHAHD YacTO BHKOPHUCTOBYIOTHCS IIepemaTHi
GyHKIIT

IlepenatHa ¢GyHKIiS JaHKU — 1€ BiAHOIICHHs 300pakeHb Jlammacy
BHXIHOT Ta BXiAHOT BEJIMYHH MPH HYJIHOBUX OYATKOBHX YMOBAX.



JJABOPATOPHA POBOTA Ne 1
BuBuenHnsi ocHoB podotu 3 nakerom MATLAB njs po3paxyHkiB Ta
moaeaoBanHs CAK. Jocainxenns CAK 3 ITIJI perynsaropom

Mera po0OTH — O3HAWOMHTHUCS 3 CUCTEMOIO JJIi MaTEeMAaTUYHUX Ta
IHKeHepHHUX po3paxyHkiB MATLAB Ta BUBYMTH OCHOBHI IPUHIUIN POOOTH
3 II€EI0 CHCTEMOIO; BUBUUTH BIUIMB ckianoBux [1I/[-perymsropa Ha sKicHI
nokazauku CAK.

1.1 TeopeTuuHi BitomocTi

B Teopii aBTOMaTn4HOro KepyBaHHS BaKIMBE MicLle MPHUIUIIETHCS
aHaji3y Ta CHHTE3y CHUCTeM aBTOMAaTHYHOTO KepyBaHHs. OmHuM 3
MPOTPaMHUX MPOAYKTIB, MPU3HAYEHUX JAJIsI MOJEITIOBAHHSA IIMX CHUCTEM, €
cucrema MATLAB, sika peasi3ye MHUPOKUH CHEKTP MaTEMaTHYHUX METOIIB,
3aco0iB Bi3yarizarlii Ta TOIOMIKHHX 3aCO0iB.

1.1.1 Po6ouwnii npoctip cuctemu MATLAB i ii komanaHe BikHO

[Micns 3amycky mnporpamu MATLAB Ha ekpani 3’sBIS€THCA
koMaHaHe BikHO cuctemu MATLAB, mo MicTuTh MeHIO, JiHIHKY 3
KHOIIKaMH 1 KJIIEHTCHKY YaCTHHY 13 3HAKOM 3aIlPOILEHHS >>.

[Ticas 3HaKy >> MO’XKHA BBOAWTH 3 KJIaBiaTypH 4Hcia, iMEHa 3MiHHUX
1 3HAKH OTIepalliii, [0 CKIAIAI0Th AesKkui Bupa3. [Ticist HaTuCHEeHHS KIaBili
Enter Bupa3 004HCITIOETHCSI 1 pe3ysIbTaT BUBOAUTHCS Ha ekpaH (puc. 1.1).

Ilicast oOGuncinenHs: BUpa3y 3HHU3Y BiKHA 3 SBISETHCA BUTBHUH PSAIAOK
JUIS BBEJIEHHS HOBUX JAHUX 1 3HAK >>.

Bci 3HaueHHs1 3MiHHUX, 00YHCIIEH] TPOTATOM MOTOYHOTO CEaHCy poOoTH,
30epiraroThCs B CIEIialibHIN 00J1acTi maM’siTi, poOOYOMY IIPOCTOPi CHCTEMHU
MATLAB (Workspace).

Bces Buguma indopmaris y Bikai cuctemu MATLAB po3tamoByeThbes
B ZIBOX 30HAaX: NEPETJISAY 1 peJaryBaHHsl.

B 30HI mepernsagy MoKHa Teperisimath Oyab-sAKy iHGOpMAIIifo,
BUJIUIATH 11 Ta KOIIIOBATH, aji¢ HE MOYKHA BUIIPABJISTH.

30Ha peparyBaHHs 3aiiMa€ OAWH PSIOK KOMAaHIHOTO BiKHA 3 3HAKOM
>> Ta Ha3UBAETBbCA PAIKOM BBEICHHS, SKHH MOXE 3aiiMaTH IeKiIbka
(Gi3MYHUX PAIKIB. AJie pelaryBaTH MOXKHA TiJTbKH Ha OCTaHHIH PSIOK.
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Pucynok 1.1 — Komannne Bikno cucremu MATLAB

Komanpma clear im’ gl im’ s2 BUOaId€ 3aJaHl 3MiHHI, a KOMaHAa
clear BHOAJIE Bipasy BCi 3MiHHI.

Komanma clc ouwmiye BHIMMHUN 3MICT KOMAaHJIHOTO BIKHa, aje
3HAYECHHS BCIX OOYMCIICHUX 3MiHHMX MPHU 1bOMY 30€piraloThes. IX MoskHa
TIPOAMBUTHCA, SIKIIIO 337aTH iM sl 3MIHHO] 1 HaTUCHYTH Enter.

Komanmoro who MOXHA MEpeBIpUTH, SKI 3MiHHI 3aJUIIMIMCA B
pobodomy mpocTopi.

Juis 30epexxeHHsT 3MICTy pOO0YOro MpOCTOPY TMOTPIOHO BUKOHATH
komany MeHro Save Workspace, 3amaBiy KaTaaor Ha AUCKY Ta iM’s daiimy
3 pO3MIMpeHHsIM .mat, abo HaOpaTh B KOMaHIHOMY BIKHI KOMaHIY:
save miax_no darny\im’sa MAT-darory. Taki ¢aiinn HazuBaroTbhCA
MAT-daitmamm.

IToroynuii KaTagor MO’KHA BU3HAYNUTH 3a JJOIOMOTOI0 KOMaHIM cd, a
3MIHUTH HOTO MOXKHA KOMaHJIOI0 cd WJIfgX OO HOBOI'O KaTajory.

Ha O0ynp-sixy komanny cucremu MATLAB Mo)kHa OTpUMaTH IOBIIKY,
BUKOHABIIIM KOMaHy: help im’sa xomaHOu.

Cucrema MATLAB migTpumye 11ie TakeTHAN PeKUM POOOTH, B TKOMY
MOXHa PO3pOOJIATH MPOTPaMH, IO CKIATAFOTHCS 3 MOCIHITOBHOCTI KOMaH]I
KOpHCTyBada Ta 30epiraroThCsi Ha AMCKY Y BHUIIIAII OKpeMmoro daitny 3
PO3LIMPEHHSAM .M.

Qaiinu, ki mictare  komaHmu  Mod  MATLAB  (M-moBn),
Ha3uBaroThess M-daiinamu.



CrBoproBatt  M-daiin  MOXKHa BUKOPHCTOBYIOUH  CIICHiabHAN
penakrop M-daiinis, mo Bxoauth A0 ckinaxy MATLAB. Ilpu npomy Bei
(aiinmu mpoxoasiTh CHHTAKCUYHUE KOHTPOJIb.

€ nBa tunn M-daiinis: Qaitnmu-cuenapii i painu-QyHKII.

1.1.2 CtBopenHs (aiij-cueHapir

daiin-cuenapiit, ado Script-gaiin, € HaHIPOCTIIIOW NpPOrpamor 3
3armmcoM cepii komaHn 6e3 mapamerpi. daiin-ciieHapiii He Mae BXITHHX 1
BUXITHMX apryMEHTiB, BUKOPHCTOBYE TIJIbKH TJ00ajbHI 3MiHHI 3 poO0YOi
0071acTi, B IpOIeCi BUKOHAHHS HE KOMITLTIOETHCS.

Qaiin-crieHapii Mae HACTyNHY CTPYKTYpy: OCHOBHHI KOMEHTap,
JOATKOBUH KOMEHTap, TuIo aimy 3 Oyab-kuMH Bupazamud. OCHOBHUIA
KOMEHTap — Ii¢ MEepIIUi PsAIOK TEKCTOBMX KOMEHTApiB, IO MOYUMHAETHCS 31
3HAKY % B IIEPIIIiH MO3MIIIT, & TOMATKOBUH — TIOAAJBIII PSAKY 31 3HAKOM %. [Ipu
BUKOHAHHI KOMaHIU help im’ s daitiy OCHOBHMH KOMEHTAp BUBOAUTHLCS B
KOMaH/THOMY BiKHi.

s ctBopennst M-gaiiny notpibHo BukoHatu komanay New|Script
royioBHOI naHeni iHcrpymenTiB MATLAB (puc. 1.2). 3’sBUTbCSI HOBE BIKHO —
TEKCTOBHH PEAAKTOP 3 TOTOBUM JUTS peJIaryBaHHS TOPOXKHIM JJOKYMEHTOM.
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Pucynok 1.2 — CtBopenns M-gaiiny
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[Ticns Habopy TEKCTY (ailil-crieHapiro B TEKCTOBOMY PelaKTopi i Horo
BIJUTaro/DKeHHST HeoOXigHOo 3ammcatd M-daiin, mis yoro BHOpaTH IMyHKT
MeHIo Save|Save As im’si M-gaiiny. [{ns Bukonanus M-daiina-cuenapiro
MOXHa CKOPHCTAaTHCS KOMaHIOI0 MeHIo Run, abo sukimmkatum M-daiin B
KOMaH/JHOMY BiKHi, BKa3aBIIX TUTBKH iM s IIbOTO (haiiiry 6e3 po3IHpeHHs.

[Mpumitka: iM’st M-gaiiiny He TOBUHHO IIOYUHATHCS 3 TUPPH.

PosrnssHemMo  HacTymHuUit  aiin-cueHapii s AOCIIKCHHS
OUHAMIYHUX XapaKTepUCTHK IHTETPYIOUOi JIaHKW, K4 OMHCYETHCS
pIBHSHHSIM X, = 3X;, Ta Mae mepenatHy ¢yskmiero W1(s) = 3/s.
B texcToBOoMy penakropi Habupaemo TekcT M-gaiiny (mict. 1.1). [lepumit
PSAIOK — IIe OCHOBHHM KOMEHTAp, iHII — T1T0 (aiiTy Ta KOMEHTapi.

Jlictuar 1.1 — Teker M-daiimy

SHociimxeHHS OMHAM1UHMX XapaKTePUCTUK JIaHKU

clc; % OumcTka 3MiCTy KOMaAHIHOT'O BiKHAa
f1=[0 3]; %Koed-Tu umcesbHMKaA IepemaT. ob-uiil
£f2=[1 0]; %Koed-Tmu 3HamMeHHMKA IepemaT. ob-uiil

Wl=tf (fl, £2) %$dopmyeBanusa nepenmat. b-uii JjaHkM
$llobynoBa nepeximHol XapaKTEePUCTUKM JIAaHKU
subplot(2,1,1); step(Wl); grid on;

$llobynoBa 1MIYyJIBCHOI XapaKTEPUCTUKM JIAHKU
subplot (2,1,2);impulse (Wl); grid on;

OyHKmis tf (f1,£2) QopMmye mepenaatHy QYHKIIIO IAHKH, €
f1, £2 — xoe(ilieHTH YHMCENbHUKA 1 3HAMEHHHMKa mepenaTHoi (QyHKii
JaHKH.

OyHKIiS subplot (m,n,p) BUBOJIUTH B OJHOMY BIiKHI Bifpasy
KiTbKa rpadikiB, TOOTO po30MBac BIKHO HAm X n MiJBIKOH, JI€ m — KUJIbKICTb
IiIBIKOH 110 BEPTHUKAJli, n — KUIBKICTh IiJIBIKOH IO TOPHU3OHTANTI, p — HOMEp
migBiKHA (TMiIBIKHA MiAPaXxOBYIOTHCS MOCTITOBHO 32 PAIKAMH).

Komanzga grid on BHKOPHUCTOBYETHCS IJIi BHMBEICHHS CITKH Ha
rpadiky. [IpumiTKa: SKmIo micis BUpa3y HEMae KOMH, TO 3HAYEHHS BHpa3y
OyIle BUBEIICHO Ha EKPaH.

[Micnst Habopy TekcTy Qaitn 3anucyeMo (Hampuknaa, labl 1.m) Ta
3armykaeMo Ha BUKOHAHHS, CKOPUCTABIIUCH KOMaH1010 MeHIo Run (puc.1.3).

B pesynbrati oTpuMyemo Taki rpadiku (puc.1.4).

s 3amucy rpadikie ooupaersest myHKT File|Save AS, e 3amaeTbes
iM’s1 pailiry 3 TOTPIOHUM PO3LIMPEHHSM (HANPHKIAL, . JPJ).
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Continuous-time | 5 _ W=tf(fl,£2) iPopmysaEss nepemaTsol oymruil mamm
6 $MoBynosa nepexifHOl XAaDaKTEPUCTUMEM JAHEW
frx = 7 - subplot(2,1,1); step(W): grid on;
8 $[I0BynoBa iMOyAECHOL XapakTEDUCTMRM JaHEM
9 - subplot(2,1,2);impulse (W) grid on: v
- I [tn 10 col 1
Pucynok 1.3 — M-¢aiin 3 mporpamoro
[ Figure 1 — O X
File Edit View Insert Tools Desktop Window Help o
NEdS M ARUDEL- |G| 0E | ad
Step Response
150 T T T T T T T
© -
© 100 e 1
= —
EL —
g w0
o T | I I I 1 .
0 5 10 15 20 26 30 35 40
Time (seconds)
Impulse Response
4 T T T T T T T T T
© 35 J
o
2
a5 3
=
<251 1
3 I I I I I 1 I I I
0 002 004 006 008 04 012 014 016 018 02
Time (seconds)

Pucynoxk 1.4 — Pesynbratu pobotu

10
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1.1.3 CTrBopennsst M-dyHkuii

M-daitn-pyHKIiss € caMOCTIHHUM NPOTPAMHMM MOJYJIEM, SKHN
CIUIKY€ETBCS 3 IHIIMMHU MOJIYJISIMH Yepe3 CBOI BXi/IHiI 1 BUXiZHI IapaMeTpH.
Busnauennss M-daitn-QyHkuii modnHa€eThCs 31 ciioBa function. Daifn-
($YHKILIS MOKE BUKOPHCTOBYBATHU JIOKAIBHI 3MiHHI, AKi HiSIK HE BIUIUBAIOTh
Ha 3HA4YCHHS 3MIiHHHUX 3a Mexamu ¢yHkuii. I[Ipu BusBneHHi B mpoueci
BUKOHAHHS TporpamMu (aiia-QyHKINS 3aBXKIA KOMITLTIOETECSA, a TUTBKH
MOTIM BUKOHYETHCS.

Qain-¢pyHKUis 3 JEKUIbKOMa BHUXIIHUMH [apaMeTpaMud Mae
HacTynHud 3amuc (mict. 1.2), ne cnmcox napaverpis — iMEHa BXIJHHX
[IapaMeTpiB, 3aIIMCAHUX Yepe3 KOMY B KPYIIIMX y>KKax, £ name — iM s pyHKIIIL,
varl, var2,.. — iIMEGHa BHXIJHHX 3MIHHHX, 3aIllICaHHX dYepe3 KOMY B
KBaJIpaTHUX JTY’KKaX, OCHOBHMI KOMEHTap — IEpIINH PIIOK KOMEHTapiB, 110
BHUBOJIUTHCS HA €KPaH, SKIIO 331aTH B KOMAaHIHOMY BiKHI help £ name.

Jlictunr 1.2 — ®aiin-¢yHKIIis 3 IeKUIbKOMa BUX1THUMU MTapaMeTpaMu

function([varl,var2,..]=f name (cnMcox_mnapamMeTpis)
$OCHOBHUM KOMEeHTap

$IOOTIOM1XHUII KOMEHTAap

Tino danny 3 OyOb-SKUMM BUpa3aMu

varl=Bupas

var2=supas

3a I0NOMOT0I0 3anucy varl=empas, var2=supas (paiia-QpyHKIis
MIOBEPTAE Pe3yIbTaTh 00unCIeHb. Ko (ain-pyHKIlis Mae OAMH BUXiTHUHI
mapaMmeTp, To Woro iM’st He OepeThCcsl B KBajgpaTHI MyXKkH. Taka QyHKIiA
MOJKE BHKOPUCTOBYBAaTHCA B MaTeMaTHYHHUX BHpa3ax B  3amuci
f name (cnmucok mnapameTpis).

Qaiin-(pyHKUilo 3 IeKiIbKOMa BUXIJHUMHU NapaMeTpaMyd He MOXKHA
BHUKOPHUCTOBYBAaTH 0Oe31ocepelHb0 B MaTeMaTHUHUX BUpa3ax. Taka QyHKuUis
CIIOYaTKy 3aIMCY€ThCS SK OKPEMUH €IEeMEHT MNporpaMu Yy BHUIVIALIL:
[varl,var2]=f name (cnMcok napameTpis), a OTIM BUXiAHI 3MiHHI
varl, var2 MOXKHa BUKOPHCTOBYBATH B ITOJANIBIINX BUPA3aX.

Qaiin-QpyHKIiF0 ~ CTBOPIOIOTH  aHAIOTIYHO  (pailiry-clieHapito.
Hab6uparots TekeT M-byHKII, BiIIaromkyoOTh i, cTBOpooTh M-daiir 3a
JIOTIOMOTOI0 TIyHKTY MeHio Save|Save As. Tlpumitka: im’ss M-daitny 3
M-}yHKIIi€r0 TOBUHHO CIIBIIAATH 3 iM’IM caMmoi (yHKIIII.



12

Buximkatn M-daiin-GyHKiiro MoKHa 3 KOMaHIHOTO BiKHA, abo 3
M-atiny-crieHapito, BKa3aBIly iM’s 11b0r0 (Baiiny 3 daitn-dyHkiiero.

Posrnsremo mpukinany M-QyHKIHT Uisl JOCTIDKEHHS JTUHAMIYHUX
XapaKTepUCTUK JIAHKW (TepexigHoi Ta IMIYIbCHOI XapaKTepPHCTHK) 3
3agaHuMu napamerpamu (mict. 1.3): St im — iM’s M-yHKuii, nl, n2 —
BEKTOPH-PSIAKH KOE(DIIi€HTIB dYHCETbHUKA Ta 3HAMCHHHKA IIepeIaTHOL
(hyHKIii 1aHKK, Tk — KIHIIEBUH Yac MOJIENIOBAHHS, h — KPOK MOJICIIOBAHHS.
Buxigni mapamerpu: yl, y2 — BEKTOPU-PAOKH OOYMCICHUX 3HAuYCHb
TIepexiTHOI Ta IMITYJIbCHOT (YHKITIH JTaHKH, t — MacHUB TOYOK Hacy.

Jlictunr 1.3 — JlocniKeHHS AUHAMIYHIX XapaKTePUCTHK JTAHKU
function [yl,y2,t]=St im(nl,n2,Tk,h);
$HoCHimKeHHA OMHaMidHMX XapaKTePUCTUK JIaHKU
W=tf (nl,n2) $PopMyBaHHSA IIepelaTHOol ¢-1iil JaHKU
i=1:1:fix(Tk/h)+1; %$3aBOaHHAg Kijg-Ti Touok
T(i,1)=(i-1) *h; $OOpMyBaHHSI MaCHUBY dYacy
[sl T]=step (W, T); %00umcieHHs nepeximHol o¢-uil
[s2,T]=impulse (W, T) ; 500umcyieHHss iMnyJabCcHOI ¢-1ii
yl=sl; y2=s2; t=T; S%Buxigui napameTpu

3anucyemo M-(ain-¢yHkuiro 3 iM’sM St im.m, sKe CIHIiBIagae 3
iM’siM camoi GyHKLIT St im (puc.1.5).

PUBLISH

r [l Find Files =l [) @ . I
Ifl:ll:I E ﬁ _ L%| Run Section LL)>
|1/ Compare = L{)ﬂ GoTo ~
New Open Save EDIT Breakpoints. Run Run and @ Advance Run and
- - > ([ =Prit ¥ | Find = - ~  Advance Time
FILE NAVIGATE BREAKPOINTS RUN
| Stirmm |+ |
function [v¥l,¥2,t]=5t_im(nl,n2, Tk, h); a
$MocnimeeHHA OMH X XapaKTepu H.

- W=tf(nl,n2) 3%$0DMYEaAHHA NeDEedaT
= i=1:1:fix(Tk/h)+1; %3zema i
T(i,1)y=(i-1)*h; T¥opMysa
- [31,T)=step(W,T):
= [22,T]=impulse (W, T):
- vl=sl; y2=s2; t=TI;

xlapar:c' SPUCTUEM
Xap
1 EMXimHMX DapaMeTpis

PUCTHUEM

S|
|

St_im ln & Col 45

Pucynok 1.5 — M-¢aiin 3 M-gaiin-¢pyHkiiero St im
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Jami po3pobmnsieTses hahim-crieHapid IS AOCTIIKCHHS THHAMIYHAX
XapaKTePUCTUK IHTETPYIOYOl JIAHKY 3 HACTYTHIUMH BX1JTHUMH TTapaMETPaMH,
B SIKOMY BHKIHKa€eTbcst M-ynkuis (rmict. 1.4).

Jlictuar 1.4 — M-dyHKIIS 471 TOCTiHKSHHS 1HTETPYIOYO0i JTaHKH
clc;

Tk=25; h int=0.01; % Tk=a0/al*5 -uac MOHeJNOBaHHSL
f1=[0 31; f2=[1 01;

[sl,s2,T]=St im(fl,£f2,Tk,h int);

subplot (3,1,1);

set (plot(T,sl,’-b’",T,s2,’'-.x"),’'LineWidth’,1.5);
grid on; legend(‘hl’,’qgl’);

f1=[0 20]; f2=[5 11;

[sl,s2,T]=St im(fl,£f2,Tk,h int);

subplot (3,1,2);

set (plot(T,sl,’-b’",T,s2,’'-.x"),’'LineWidth’,1.5);
grid on; legend(‘hl’,’gl’);

f1=[20 0]; f2=[5 11;

[sl,s2,T]=St im(fl,£f2,Tk,h int);

subplot (3,1, 3);

set (plot(T,sl,’-b’",T,s2,’'-.x"),’'LineWidth’,1.5);
grid on; legend(‘hl’,’qgl’);

OyHKIis  plot (. . .) BUBOAUTH HA eKpaH rpadiku GpyHKIIN s1 (T) Ta
s2(T) 3 3aBOaHHSM BUTJLILY Ta KOJIbopy JiHii (puc.1.6). JIiHis Mmoxe OyTu:
OesmepepBHa - ,  IUTPUX-TIYHKTHpHA —. ,  IOJABIHHA  MyHKTHpHA :,
IITPUXOBA ——, a KOJIp JiHIl: k — YOpHHHA, g — 3eneHuit Ta iH. DyHKIIA
set (...) 3aJa€ TOBMIMHY JdiHiA 1.5 mT.

—ht
eyt

0 1 2 3 4 5 6 7 8 9 10

Pucynoxk 1.6 — Pesynbrat BukoHanHs: M-gaiiny
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1.1.4 IocainoBHi kopuryrwui npuctpoi (IILJ] peryasropu)

CrpykrypHa cxema CAK 3 III/I-perymnstopom moka3aHa Ha puc. 1.7,
o€ g — BXIIHWU CHWTHAN, y— BUXIOHUA CHUTHAN, Y = g — Y — TOMMJIKA
cucremMd, U — Kepyroumi curnan, Wy; — nepenarna ¢ynxumis M-
perymsitopa, W, (s) — nepenaraa (yHKIis 06’ €KTa KepyBaHHSL.

Wrin(s) — To(s)

\J

Pucynox 1.7 — Ctpykrypaa cxema CAK 3 I1IJ[-perynstopom

[Mepenatna ¢pynkuis [T I-perynstopa mae Burisiz [1, 2]:
ki
WHI[[(S) = kp + ? + de. (11)

IIpu mpoMy Trepira ckiamoBa siBisie codoro mponopitiiiay idanky (I1),
Opyra ckinamoBa — iHterpyrouy Jsanky (I), Tpers ckiagoBa —
mudepentitotouy naaky ([). Ha miacrasi iiporo perynsrop mae Haspy [11/1-
peryastop. Icnyrote Takox II, I, ta II/[-peryndaropu, CTpyKTypa SIKUX
3aJICKUTh BiJ] TOTO, SIKi CKJIAJIOBI BXOJIATH JIO PETYJISATOPA.

Crpyxkrypna cxema [11/I-perynstopa 300paxena Ha puc. 1.8.

— f’cp

s

Pucynok 1.8 — CtpykrypHa cxema 11 /I-perymnsaropa
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Jns mokparmeHHsT 3aBafOCTIMKOCTI Ha TPAKTHIN TPETIO CKIAIOBY
v (1.1) 3amiHOIOT Ha IUQEPEHIOYH JIAHKY 3 YIOBUIbHEHHAM. Toi
nepenarHa ¢yskuig [11/I-perynstopa Oyne MaTé BUTIISA

ki k
Wiip(s) =k + =+ —Tk:il- (1.2)

CrtpykrypHa cxema iaeanbHoro IIIJ[-perynsitopa 300paxkeHa Ha
puc. 1.9.

—| ;’cp
X
—» %
- fqs
Ts+1

Pucynoxk 1.9 — CtpykrypHa cxema ineansHoro [11/[-perymnsropa
1.2 Buznauenns koegiuientis 11/ peryasitopa

Jns  Bu3HaueHHs  Koe(illi€HTIB  peryisropa  HaifgacTime
BHKOpHCTOBY€eThCS MeTonl Llurnepa — Hikonbca. [Ipn BukoprcTanHi 10ro
merony koedimientu Kp, Ki, Ke  Moxna 3Haiith nBOMa cmocobamu:
eKCIIEpUMEHTATbHO  a00  aHamiTHYHO. [IpM  eKCrIepuMEHTaIbHOMY
BU3HAYCHHIO KoedimieHTn Ki, K¢ mpupiBHIOIOTECS Hy0, a KoedirieHT Ky
301TBIIYETHCS 10 3HAUYCHHS Ky, TOKM CHCTEMA CTaHE HECTIHKOW. 3HAUCHHS
ke — 1e Mexa konmBanbHOI criiikocTi it koedinienta Kp. Ipu K=k,
O0YHCITIOETHCS TIEPiO/T aBTOKOIHBAHD — Pyy,. (00MpaeThCst KilbKa KOJIMUBaHb,
OOYHNCITIOETRCS Yac MHMX KOJIMBaHb Ta MUTUTHCA Ha KuUTbKicTh) IloTim
koedinienTn oduncimoThes 3a hopmynamu: K, = 0.6Ky, ki = 0.6ky/Py,
kd = 0.15kyPy. TlepeBaroro 11p0ro METOy € Te, IO BiH HEe MOTPeOye 3HAHHS
MaTteMaTnuHoi Mozeni OK.

AHaNITHYHUNA METO]] BUKOPUCTOBYETHCSI, KOJIM BiJOMa MaTeMaTHYHA
monens OK. [lpu aHamiTH4HOMY pO3paxyHKy KOe(iLli€HTIB CIIOYaTKy
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3HaXOAATh KOJUBAJIbHY MEXY CTIHKOCTI i 4aCTOTYy KOJWBAaHb CHCTEMH Ha
MeXI1 CTIHKOCTI @ MOTIM IO 4acTOTi KOJIMBaHb CUCTEMHU Ha MEXIi CTIHKOCTI
3HAXOJATH MEPi0J aBTOKOJIUBAHD Py

[Ipuknan. Hexait mepematouHa ¢yHKINST 00’€KTy KepyBaHHS Mae
BUTJIAL:

_ Kok
Wok (s) = (Ty5+1)(Tys+1)°

Jist moKpartieHHs SKOCTi nepexiHoro npouecy BukopucroByemo IMI1-
PEryJISITOp 3 IepenaTHOIO (QYHKIIETO, 10 Ma€ BUTIIAA:

ki kas
s TEs+1’

Vl/per(s) = kp +

ne Kp, Ki, Ka— xoeitienTn nepenadi nponopiiioHaabHOi, IHTErpy04oi Ta
mudepeHITiHOT CKITaTOBHUX;
Tk — TocTiliHa 4dacy mudepenninoi ckmamosoi I1I/[-perymstopa (Moxe

nopisuroBatu 0.1...0.3 Kq /kp).

Jnst Bu3HaueHHsI KOe(illiEHTiB PEryJsITopa BUKOPHUCTAEMO METOJ
Hurnepa-Hikomnbca.

Hdna pospaxynky koedimientiB IIIJ[ perymsropa BHKOpHCTaEMO
aHamiTnyHud Meton. Jns umporo 3Hainemo mepenarny ¢yskmito OK i3
P-3akoHoM perymoBanus (puc. 1.10).

G E T, Y
ky  F—® Wo(s) >

Pucynoxk 1.10 — ITepenatHa ¢ynkiis OK i3 P-3akoHOM peryiitoBaHHs

Maemo

kpyWor(s) kpKok
Wy (s) = —2— = r2 :
1+kpWor(s) (T15+1)(Tes+ 1) +kpKok

(1.3)
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XapakTepuCTUIHE PIBHSIHHSI CHCTEMH Ma€ BUTJISIT
(Tys + 1)(Tps + 1) + kKo = 0. (1.4)

S0 s Takol CUCTeMH 3HANTH KOJIMBaIbHY TPAHHUIIIO CTIHKOCTI, TO

OoTpuMaeEMO
1+kyK
pfok
w = /— 1.5
KOJI T, T, ( )

BpaxoByroun mo wy,,; = 27/p, 3HAXOOUMO TIEPiOJl HE3aTyXarodHx

KoJuBaHb P
_ i Ty
P=2m /—Hkaok. (1.6)

J171s1 moanbIiX pO3paxyHKiB JUIsl BA3HAYEHOCTI TTOKIIaneMo k,, = 10,
ky, =2, T, = 0.6, T, = 0.5. Toni orpumaemo

ku = ) = 2,
P=2n _hh 27T 0605 _ 21 93 _ 0.25,
1+kpK ok \/ 1+2-10 \/ 21
kp = 0.6,k = 1.2,
k=06 =06-2 =16
P 0.25

kg = 0.15k,P.

M-daiin s monmemoBanHs pobotn OK 3 IIIJ] perymstopom mae
HACTyIHUiA Bursia (Jtict. 1.5).

[Micns 3anmycky M-gaiin-cuenapito oTpuMaemMo mepenatHy (GyHKIIIO
cucremu 3 [1II-perynstopom

2.4335%+12.245+15.98
0.00455%+0.316553+3.54852+13.245+15.98"

Wpip =

Pesynprati MonentoBanHs cuctemu kepysanus 0e3 [11/]-perynstopa Ta
3 [IJ-perynstopom (kp, =1.2, ki = 1.5929, ky = 0.2253) HaBezeHi Ha puc.1.11.
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Jlictuar 1.5 — Mogemosanus poootu OK 3 ITIJ] perymsropom
clc

% napameTpu OKa

Kok=10;T1=0.6;T2=0.5;

%pospaxyHok koebinientis III]] perymisarTopa

ku=2;

P=2*pi*sqrt (T1*T2/ (1+ku*Kok)) ;

kp=0.6*ku; ki=kp/P; kd=0.15*ku*P; tau k=0.015;
$3HaAXOIXEeHHS IepenaTHol ObyHKLU1I 3aMKHYTOl CHUCTeMU
Wl=tf ([0 Kok], [Tl 1]); % l-a nepenaTHa OQyHKLisS;
W2=tf ([01],[T2 1]); % 2-a nepenmaTHa OQyHKUisa;
Wo=W1*W2; S%nepemaTHa OyHKL1sa PO31MKHYTOL cCHUCTeMM;
Wi=tf ([0 kil, [1 0]); % mepen. d-uis iHTerp.CKJIamoOBOI;

Wd=tf ([kd 0], [tau_k 1]); % nmepen. ¢o-uisg mmd.cknamgoroi;

Wpid=kp+Wi+Wd; $nepenaTrHa ooyHkuisa [IIJ-perynsaTopa;
W=Wo*Wpid %Snepen. b-uisa pozimx. cucremm 3 I[IIJ per.;
% nepen. b-uig samMkH. cuc. 3 [IIJ-pery.;
Wos=feedback (W, 1) ;

t mod=3 %$uac MOIeJIoBaHHHA

step (Wo,’b’ ,Wos,’r’, t mod); %nobynoea mnepex. Xap.
grid on;

Step Response

Amplitude

i H i i
] 0s 1 15 2 25 3
Time (seconds)

Pucynok 1.11 — Pesynbrati MogenmtoBanns cucremu 6e3 [11]] ta 3 IT1J]-
PEryIsTOpOM
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1.3 llopsinoxk BUKOHAHHS POOOTH

1. O3naiiomTecr 3 KomaHgHuMm BikHOM cuctemu MATLAB.
OOuuCiTh HACTYNHI MaTeMaTHYHI BHpa3u Ta 30epexite y daitm 3
posmpeHHsaM .mat: 2+3, X=pi/4, z=2.301*sin(x), w=4+exp(3)/5, y=8+z,
f=sqrt(y)/2.

2. O4HUCTITH pOOOYHNH TIPOCTIP, & MOTIM 3ITPITh BUAUMHHA 3MICT POOO-
9OT0 MPOCTOPY, Ta 3aBAHTAKTE 3MiCT POOOUOTO IIPOCTOPY 3 (haliy.

3. Po3paxyiite mapamerpu Ui mNepeAaTOYHHX (GYHKUIH 3agaHuX
PiBHSIHB, KOe(ilieHTH [Tl SKUX BUOEpiTh 3 Ta0mmi 1.1.

PiBHsAHHS 3 TepeaaToYHUMH GYHKITISIMH TIPUBEICH] HIDKYE:
by _ bo/ay

’ X2
AgXy + a1xy = byxy, W2(s) === = ;
02 1+2 0-*1» (s) X, ags+a; ag/a;s+1
ﬁ boS _ bo/als
X1

apxy + a;x, = boxy, W3(s) =

aps+a;  ap/a;s+1’

CtBOpITH ¢aiin-cueHapiit TUIS JOCHIIKEHHS JTUHAMIYHUAX
XapaKTEPUCTUK JIAHOK 3 OTPUMAHHMH T[epelaTHUMH  (QYHKIISIMA ~ Ta
BUKOHAWTe mporpamy. BuBenmiTe rpadiky MepexiJHUX Ta IMITyJIbCHUX
XapaKTEepUCTUK. 3amuIIiTh (aii-cueHapid Ha AWCK 1 3amycCTiTh HOro Ha
BUKOHAHHSI.

4. CtBopith M-(daiin-pyHkiito s JOCHIIKEHHS JUHAMIYHUX
XapaKTEePUCTHUK JIAHKH 3 3aJaHOI0 TIEPeIaTHOO (QYHKIIETO.

5. CrBopiTh (haiin-crieHapiid, B SIKOMy 3pOOiTh TpU BHKIUKH M-aiin-
GbyHKIT U MOCHIDKEHHS JTUHAMIYHMX XapaKTEPUCTHK JIAHOK 3  yciMa
nepenarinmu pynkmisima W1, W2, W3. Busenits rpadiku mepexizHux Tta
IMITyTTbCHUX (DYHKIIIH B TPH MiZBIKHA. 3ayCTiTh (DAl Ha BUKOHAHHS.

Tabmuug 1.1 — Koedinientn 11 nepenaTouHux QyHKIin

Ne B. 1 2 3 4 5 6 7 8 9 10
o 15 | 20 | 25 | 50 | 60 | 70 | 80 | 60 | 90 | 100
a 3 4 5 10 | 3 7 10 | 12 | 15 | 20
bo 60 | 40 | 50 | 80 | 60 | 70 | 30 | 48 | 60 | 50

6. Po3po0itTh cTpykTypHi cxemu cuctemu KepyBaHHs s OK 3
MepeaTHO0 (YHKITE:
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KOK
(T15+1)(Tps+1)(T35+1)

Wo(s) =

0e3 BBeieHHs Ta 3 BBeneHHAM 111 /[-perymsTopa.

7. CtBOpiTh (haitn-cueHapiii 1yisi MOJENIOBaHHS 3aMKHYTOI CHCTEMH
6e3 [1I/I-perynstopa Ta 3 [11JI-peryastopom.

[Ipumitka. [IpuBenenuii OK MokHa MOJIETIOBATH TPHOMA MOCITiJOBHO
3’€JJHAHUMU THEPIIHHIUMH JTAaHKAMH,

Ko 1 1
(Tis+1) (Tps+1) (Tzs+1)’

Wo(s) =

a xoedimientu I11/I-perynaropa po3paxyBaTy 3a HACTYITHIMH BUPa3aMH:

a,a;
Qo
Kok

T4 T,
P=2n |—2—
1+kaOk

kp =0.6ku, ki =0.6ku/P, kd =0.15kuP.

1
ky, =

1e
ap = T1T,T3,
a, =TT, + T T; + T,T;,
a, =T, +T, + T3,
as =1+ k,Ky.

Koedinientn o6epiTh BiamoBiaHO BapiaHTy 3 Tabmumi 1.2.
8. 3anycrtite M-¢aiin i orpumalite rpadiku nepexiqHUX QYHKLIH A1
cuctemu Oe3 BBeJieHH: Ta 3 BBeneHHAM [11/]-perymsropa.



Ta6mums 1.2 — Koedirtientn [11/]-perynsaropa

Ne | Ko | Ti,c | Ta,c | Ta,c | t,c | Tximc
1 10 0.5 0.15 0.1 0.01 8
2 5 1.0 0.5 0.3 0.05 10
3 40 5.0 0.5 0.1 0.04 12
4 15 8.0 1.0 0.5 0.1 30
5 10 6.0 2.0 0.8 0.25 50
6 20 10.0 4.0 0.6 0.3 80
2 12 4.0 15 0.3 0.15 25
8 8 2.0 1.2 0.25 0.12 15
9 10 3.0 0.9 0.4 0.1 20
10 15 2.5 0.45 0.2 0.06 15

1.4 3micr 3BiTY

1. TurynpHUi TUCT.

2. Mera po6oTH.
3. lepenatri pyHKIiT A7 3aHaHUX PiBHSAHB 3a 1.3 miaposniny 1.3.
4. T'padiku  JUHAMIYHUX XapakTepUCTHK JIAHOK 3a 1.4,

migposniny 1.3.

5. CrpykrypHi cxemu cuctemu 3 I11]] Ta 6e3 I11/]-perymnsropa.
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1.5,

6. PospaxyHnok koedinientis [11J]-perynsaTopa Juis 3a1aHOT CUCTEMU:

Ko, ki, Ka.

7. Ilepenatna QyHkuis cucremu 3 [111-perynsaropom.
8. Pesynbratu monenroBanus cucremu 3 [11]] Ta 6e3 I1I/]-perymnsropa.
9. Ctuci BiAMOBII HA KOHTPOJIbHI TUTAHHS.

1.5 KonTpoJbHi nuTaHHs

1. Illo Take poboumii MpOCTip, 30Ha MEPETIALY Ta 30HA peaaryBaHHs;

cuctemu MATLAB? Sk 3amucaté y (aiis, cTepTH Ta BHUAAIUTH 3MICT

pobouoro npocropy?
2. Illo Take gaiin-cuenapii, pain-pynkuis? B womy ix pizHUIS?

3. Illo Take CAK? JlaiiTe BU3HAUCHHS Ta HABEIITh MIPUKIAIA CHCTEM
cTalimi3allii, CJiIKyBaHHs, TEPMIHAIBLHOT.
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4. o Take manka CAK? laiite BH3Ha4YeHHsA TepenaTHOI (QyHKIIIT
naHkd. Sk 3agat nepenaatHy ¢yHkuito B cuctemi MATLAB?

5. SIki moKa3HMKH SKOCTI mepexigHoro mporiecy Bu 3Haere?

6. HaBemiTe BH3HA4YeHHS PI3HUX 3BOPOTHHUX 3B SA3KIB (THYUYKI,
YKOPCTKI, TOMATHI, BiJl’€MHIi, MICIIEBi, TOJIOBHI, OWHIYHI).

7.5k aHAMITHYHMM CIOCOOOM OOYHCIIOETBCS IOMHIIKA, IO
cKJanacs?

8. SIxi mocmimoBHI Koperyrodi mpuctpoi Bu 3HaeTe?

9. SIKi cUCTEMH € CTATHYHUMH, a SIKI aCTAaTHYHUMH?

10. flka ponp mnpomnopuilHOi, AudepeHUiiHoi Ta IHTErpyrUYoi
ckmagopux IIIJ[-perymstopa? Hasenmite mnepematHi GYHKIT KOXKHOI
CKJIaJI0BOI.

11. flxkumu  MeTOmaMH  MOXHA  3MEHIIUTH  MOMUIKY, IO
BCTaHOBUJIACS?

12. Inst  po3paxyHKy KOeQiIi€eHTIB Ta TOOYAOBH TepeXiIHuX
XapakTePUCTUK MOXKHA cKopucTatucs (aiinom 3 mictury 1.6.

Jlictunr 1.6 — IToOynoBa nepexiiHuX XapaKTEPUCTHK

clc;

fprintf ('BusHaueHHS koebiuieHTiB II-perynsa-
Topal\n’) ;

% Hani 3 Tabmuui 2 1 BapianT W10

Kok=15; T1=2.5;T2=0.45; T3=0.2;tau k=0.06; time=15;

a0=T1*T2*T3;

al=T1*T2+T2*T3+T1*T3;

a2=T1+T2+T3;

a3=Kok+1;

fprintf (‘rabm.2 1 BapiaHT N\nKok=%.4f al0=%.4f
al=%.4f ad4=%.4f a3=%.4f\n’,Kok,al0,al,a2,al);

ku=(al*a2/a0-1) /Kok;

P=2*pi*sqrt (al/ (Kok*ku+1)) ;

fprintf (‘Mexa critikocTi ku=%.4f\n Ilepiom aBTOKOIU-
BaHb P=%.4f\n’,ku,P);

kp=0.6*ku;

ki=0.6*ku/P;

kd=0.15*ku*P;

fprintf (‘KoedinienTu NIN-perynsaropa kp=%.4f ki=
kd=%.4f\n’, kp,ki,kd);

Wl=tf ([0 Kok], [Tl 1]1); % l-a nepemaTHa ObyHKL1s;

W2=tf£ ([0 1],[T2 1]); % 2-a nepenmaTHa O(yHKUisa;

oo

.4f
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Kiners mictuary 1.6

W3=tf£ ([0 1],[T3 1]); % 3-a mepezmaTHa GyHkLisg;
Wo=W1*W2*W3; $nepenaTHa obyHkuis OK;

Wi=tf ([0 ki], [1 0]);% mepen. d-uis iHTerp.cCckJIamoBOl;
Wd=tf ([kd 0], [tau_k 1]);% nmepen. ¢-uis mmud. cxramo-

BOI;
Wpid=kp+Wi+Wd; % nepen. o-uia NIJ-perynsaTopa;
Wopid=Wo*Wpid; %nepen. d-uig pozimk. cucrt. 3 [II-pe-
Ty

fprintf (‘llepenaTHa dbyHKUIl1s 3amMxHeHOI cucremm 3 IIIN-
peryn ‘) ;

Wspid=feedback (Wopid, 1) % nepenmarHa QyHKL1sa 3aMKHe-
HO1 cucTteMu 3 I[Il-peryi.;

figure;

step (Wo,’b’, time); %$nobynmoBa mnepex. xap.
figure;

step (Wspid,'r’, time); %nobynmora nepex. xap.
grid on;

HonatkoBwuii marepian 1o 1.3 migpo3ainy 1.3.
Dopmyinu uist pisastaas 1 (tict. 1.7):

aoxé + ale = boxl,
aOSX2 + a1X2 = bOXli
(aos + a1)X; = boX;,

W(S) — & — bO — bO/al

X1 aps+a;  ap/ais+1’

Jlictuar 1.7 — [Ins piBuasaas 1

£f1=[0 b0/all; S%$umcesbHMK nepen. oG-mil
f2=[ a0/al 1]; %3HamMeHHUMK Oepen. ¢-uil
W=tf (f1, £2)
lpuknan niasg BapiaHTy 1
f1=1[0 60/3]; S%umcenbHUK nepen. ¢o-uiil

f2=[ 15/3 1]; %3HamMeHHUuK nepen. o-uii
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dopmyiu s piBHAHHES 2 (micT. 1.8):

agxy + a;x; = boxy,
aosXZ + a1X2 = bOSX1,
(aos + al)Xz = bOSX1!

W(S) — é — boS — bo/a1$

Xy ags+a; ap/a;s+1’

Jlictunr 1.8 — ns piBHsAHHES 2

fl1=[b0/al 0]; SumcesnbHUK mnepern. ob-uii
f2=[ a0/al 1]; %3HamMeHHUWK mnepem. ob-uil
W=tf (fl, £2)
lpukjan njsg BapiaHTy 1
f1=[60/3 0 ]; %umcesnbHMK nepen. ¢G-uil
f2=[ 15/3 1]; %3HaMeHHMK nepen. ¢o-uiil

Ipuknan otpuManHs nepenaTHol GyHKIT (X1 — BXiJHA, X2 — BUXiTHA
BEITNIMHM):

nrr nr

agxy" +a1xy" + ayxg + azxy + azx, = bxy.

IIeperBopenns 3a Jlarmacom:

ap S4X2 + a; - 53X2 + a - SZXZ + as - SXZ + a4X2 - le,

(ap-s*+a,-s3+a, s?>+ag-s+a)X, =bX;.

Ilepenatna dynkis:
X, b
W(S) = X_ = 4 3 2 ’
1 apS*+a s +azs“+azs+ay
X b/a
w(s)=%2= /as

X1 ag/asst+aq/azs3+az/assi+as/ass+1’

ne k=b/as — xoedimient nepenaui.
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JIABOPATOPHA POBOTA Ne2
CTBOpeHHd Ta J0CaizkeHH MaTeMaTHIHUX Moaesieii CAK
y mpocTopi cTaHiB

Mera poboTH: oO3HalloMUTHCS 3 METOJaMH CTBOPEHHS Ta
JOCTIDKEHHSI MaTeMaTHYHUX MOJIeNel JIiHIHHOI CTaIliOHApHOI CHCTEMH B
cepenosutti mporpamu MATLAB y mpocTopi cTaHy 3a ZOITOMOTOIO ITaKeTy
Control System Toolbox.

2.1 Teopernuni BizomocTi

Y 3aranbHOMY BHUNAAKy KUIBKICTH 3MIHHHMX, SIKI TIOBHICTIO
XapaKTepU3yIOTh CTaH 00’€KTa IOPIBHIOE MOPSAKY cuctemu. Lli 3MiHHI
OpUAMArOTh 3a KOOPAMHATH N-MIPHOTO BEKTOpPY, SIKUH Ha3HBAETHCSA
BEKTOPOM CTaHy. N-BUMipHHUiI BeKTOp X € R™, KOOpaHHATAMH SKOTO € N
3MIHHUX, SKi TIOBHICTIO XapaKTepHU3YIOTh CTaH o00’€KTa KepyBaHHSI,
HAa3WMBAETHCS BEKTOPOM CTaHy. be3sid MOKINBHX MOJI0KEHb BEKTOPY CTaHIB
HA3UBAETHCS IPOCTOPOM CTaHIB.

3arajloM BEKTOp CTaHy OIIMCYEThCS CHUCTEMOIO HETIHIHHUX
nudepeHItiaTbHuX piBHIHD BHIY (2.1)

x=f(x,u),x ER", u€R™, (2.1)

IIe X — BEKTOp CTaHiB,;
U — BEKTOP BXIHUX 3MIHHUX UM BEKTOpP KEpyBaHHSI.

Ha Oynp-sixkomy 00’€KTi KepyBaHHS 3aBXIW € JaTYMKH NIE€PBUHHOI
iH(popmMartii. PiBHAHHS, 110 3B’ A3y€ KOOPAMHATH BEKTOPY CTaHY 3 BUX1THIMH
CUTHAJlaMHM JIaTYMKIB, TPHHHATO HA3WBATH PIBHSIHHSAM BHMipIOBaHb.
3arayioM 1ie piBHSIHHS TaKOX € HemiHiitHuM [3]:

y=g(x,u),yeR". (2.2)

PiBHsHHS (2.1), (2.2) € MaTEMATUYHOIO MOJIEIUTIO 00’ €KTa KEPYBaHHS
y mpocrtopi craHy. Jlami OymeMo poO3TismaTH JIUIIE JIHIHHI CHCTEMH 3
MOCTIHUMU MapaMeTpaMu.

Bekrop craHiB JNiHIHHOT CHCTEMHU ONMHUCYETHCS JIHIHHOIO CHCTEMOIO
midepeHItianbHIX piBHAHE Budy (2.3), (2.4):
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x(t) = Ax(t) + Bu(t), (2.3)
y(t) = Cx(t) + Du(t) (2.4)
ne
x(t) e R™,u(t) e R™, y(t)e R

X1 Uy Y1

X u
x(t) = (2 | =| 7 |y =2

xn um y}'
ai1 Qi - Qip

b - b
A(t) = Q21 Q22 *° Qzp B(t)=<%1 . 1m>

anl aTlZ ves ann bnl e bnm

€11 " Cin di; - dip
c<t)=<s s),D@:(s )
Cr1 " Cm dry - dm

Jnst onmcy JHIAHMX CHUCTEM y TpocTopi craHy B makeri Control
System Toolbox 3acTocoByrOThCS MOJIETI MIKIACY S8, SIKi IPYHTYIOThCS Ha
JTHIKHUX AUepeHIiadbHIX Y PI3HULIEBUX PiBHSHHSIX.

Junst hopMyBaHHS MOJIENI B MiJKJIACI SS BUKOPUCTOBYETHCS (DYHKIIis
sys=ss (A, B,C,D). B pesynbrari oTpuMaemMo onuc ss 00’€KTY y BUTIISAIL
HacTyIHOI YeTBipKH MaTpumb [A B (C D], AKi IOBUHHI MaTH Y3TOKEHI
po3mipu. s Mojenei 3 HyJIbOBOIO MAaTPHUIICI0 MOKHA BHKOPHCTOBYBATH
npucBoeHHs D = 0, sk ckopoueHy (GopMy 3aIucy HyJIbOBOI MAaTPHUILI.

IIpukman. PosrnsaeMo Mozaenb €JIeKTPUYHOTO JBHTYHA. Y ABHUTYHI
MPOTIKAIOTh J[BA TPOIECH — MEXaHIYHHMI (XapaKTepU3YEThCS KYTOBOIO
LIBUIKICTIO 00EpTaHHA) Ta eNEKTPUIHUH (CTPYM B 0OMOTKAX).

J1st MeXaHIYHOTO MIPOLIECY MAEMO:

JQ = K. (2.5)
Jnst enexTpruyHOTO Nporecy:

LS+ Ri+K,0 = u. (2.6)
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B piBusHHsAX (2.5), (2.6) BHKOpHCTaHO HACTYIHI TO3HAUeHHS: J, L,
R, K., K;;, — KOHCTPYKIUiiHI apaMeTpH JBUTYHA, U — BXiIHA HAIIPYyTa.

3HaifoBIIM  MOXigHi 3 piBHAHE (2.5) Ta (2.6), OTpHMaeMo
cucremy (2.7):

a _ Km,

a -~ J @2.7)
di R. K 1 :
=i -0 +-u
dt L L L

X
BBiBIIM 70 pO3MIIALY BEKTOp CTaHYy X = (x;) = (?), cucremy (2.7)

MOXKHa 3alucaT TakK

ax; _ Km
ac ~ J 2

dx, _ -R Ke 1 (2.8)

LT T

abo
X = Ax + Bu, (2.9)
Km
A= Kk, -r ,B= (1) (2.10)
L L L

PiBasiHHs (2.8) 1 € TOTPIOHMM pIBHSHHSAM It BEKTOpa CTaHy
enekTpoaBuryHa. [lpumycTtiMo, mo MU BUMIPIOEMO KYTOBY IIBHJIKICTb
o0epTaHHs eNeKTpoABUTrYHA. To/i piBHSHHS BUXOAY: ¥ = X;. TakuM 4YMHOM,
MaEMO HACTYITHY MOJICJIb €JIEKTPOIBUTYHA B IPOCTOPI CTaHiB, sIKA B MAKETi
Control System Toolbox moxe 6yTu chopmoBana sik y sict. 2.1.

x = Ax + Bu,
y = Cx,
0 KT’" 0
A= K, -R ,B=<%>,C=(1 0),D=0

L L
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Jictunr 2.1 — Mozens B makeri Control System Toolbox

$®OpMyBaHHS UYMCEJILHUX IapaMeTpiB Mozesi
Km=0.015;

Ke=0.2;

J=0.02;

R=2;

1L=0.5;

O3PaxyHOK MaTpHuilb Momei

[0 Km/J; -Ke/L -R/L];

[0;1/L];

[1 01;

0;

CrBOpeHHs MoIeJil B ninkjaci ss
sys=ss(A,B,C,D)

gl

o\OUOU”jDﬁo\O

B pesynbTaTi Ha ekpaHi OTpUMA€EMO TaKi JaHi:

sys =
A =
x1 X2
x1 0 0.1
X2 -3 =2000
B =
ul
x1 0
x2 10
C:
x1l x2
yat 1 0
D =
ul
yat 0

Kpim ¢opmu sys=ss(A,B,C,D), SKka H0O3BOJSE CTBOPUTU B
cepenoBumii mporpamu MATLAB wmomens OK B mpocrtopi crany 3a
MaTpulsiMu A, B, C, D, € ¢opma, ska no3Boisge cTBoputd Mmoaens OK B
MIPOCTOP1 CTaHy 3a MepelaTHO (QYHKITIET.

Hexait momens OK 3amaHa y BUTTISII IepenaTHOT QYHKITT

s+1
53435243542

Wi(s) =
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Monens OK B mpocTopi crany Moxe OyTH chopMOBaHa sIK y JicT. 2.2.
Jlictunr 2.2 — Mogaens OK B npocTopi ctany

W=tf ([l 1]1,[1 3 3 2])

sysl=ss (W)

Ha expani orprmaemo:

sysl =
A =
x1 X2 X3
x1 -3 -1.5 -1
X2 2 0 0
x3 0 1 0
B =
ul
x1 1
X2 0
X3 0
C =

x1 X2 x3
yl 0 0.5 0.5

2.2 AHaJii3 KepoBaHOCTI Ta CNOCTEPEKIMBOCTI CHCTEMU

IToHATTS KEepOBaHOCTI 1 CIOCTEPEXIUBOCTI € OAHUMH 3 OCHOBHHX
MTOHSTH TEOPii KepyBaHHS.

Ha 3MmicTOBHOMY piBHI KEpOBAaHICTb O3HA4Ya€ MOIMKJIUBICTh
MPUBEACHHS CUCTEMHU y OyIb-KHH 3aJaHUi CTaH, CIIOCTEPEKIUBICTD —
MOXKJIMBICTh BH3HAYEHHS CTaHy CHCTEMH 3a pe3yipTaramMu BuMipiB. Lli
BIIACTHBOCTI JyXe CYTTEBI Uil TOOYJOBH TMpane3JaTHUX CHCTEM
aBTOMAaTUYHOTO  KepyBaHHA. Po3rmsHeMO cmocobu — aHamizy — IHx
BractuBocteil y maketi Control System Toolbox.
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2.2.1 AHaJi3 KepoBaHOCTi

KepoBanicTs — BnacTHBiCTh 00’ €KTY KepyBaHHS OyTH NIEpEBEICHUM 3
OyIIb-KOT'0 TTOYaTKOBOTO CTaHy B OyAb-SIKUH KIHIIEBHH CTaH 32 0OMEKESHUN
MIPOMIXKOK 4Yacy 32 YMOBH BiICYTHOCTI 0OMeKe€Hb Ha KepYBaHHSI.

[Jana BnacTuBicTh BU3HAUAE, UM MOXIMBO B3araii kepyBaru OK Tak,
SIK TOTPIOHO AJIST JOCATHEHHSI IEBHOTO BUXiIHOTO 3HAYCHHS.

Jlns BU3HAYECHHSI KEPOBAHOCTI CUCTEMH IMOTPiIOHO 3HAWTH MATPHITIO
KepoBaHOCTI P cuctemnu, sika GOpMyeTbcs 3 MaTpHIb MOJEIi MPOCTOPY
craniB 4 Ta B:

P = (B AB A’B ..A"B),

a MOTIM 3HAWTH PaHT 1€l MaTpHLi 3a gonomororo ¢pyHkii rank(P).

Jns crucreM 3 TMOCTIHHMMH TapaMeTpaMH ICHye€ Taka TeopeMa:
N-BUMipHA JIiHIHHA CHUCTeMa 3 TOCTIHHHMH TapaMeTpaMHu € KEePOBaHOIO,
SIKILIO PAHT MaTPHLi KEPOBAHOCTI AOPiBHIOE N.

B makeri Control System Toolbox icuye ¢ynkiist ctrb(A, B) sixa
JTO3BOJISIE 3HANTH MATPHITIO KEPOBAHOCTI CHCTEMH.

[Mpuknan. 3HaiieMo  MaTpULIO  KEPOBAHOCTI Ui MOJENi
enextpoaBuryHa (Jtict. 2.3).

Jlictunr 2.3 — AHani3 KepoBaHOCTI

$dopMyBaHHA UMCEJIbHUX [IapamMeTpiB MmomeJsii
Km=0.015;

Ke=0.2;

J=0.02;

CTBOpeHHs MoIeJll B ninkjaci ss

sys=ss (A,B,C,D)

P= ctrb (A, B)% 3HaXOIDXeHHS MaTpulll KepoBaHOCTI
rankP=rank (P) % BusHaueHHd pPaHTy MaTpull KepoBaHOCTL
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Ha expani orprmaemo:
rankP =
2

Panr MaTpumi kepoBaHocTi P 1opiBHIOE 2, OTXKE cHCTeMa KepoBaHa.

2.2.2 AHaJi3 crnocTepe:KIMBOCTI

CriocTepeXIMBICTIO CUCTEMH HAa3UBAETHCS Taka il BIACTHUBICTh, KOIH
IUISIXOM CITOCTEpeKEHHS (BHMIPIOBAHHS) Ha KiHIIEBOMY IHTEpBaNi Yacy ii
BUXIZIHUX BeaW4YMH Y(t) MOXKHA OJHO3HAYHO BH3HAYUTH BCi KOOPIMHATH
BeKTOpy X(t) cTaHy cHCTeMH. Y IbOMY BHIAJKy KaXyTh, IO CHCTEMa €
MOBHICTIO CIIOCTEPEXKYBaHa.

CucreMa Ha3UBa€ThCS HE B TIOBHOMY 00CSI31 CIIOCTEPEKIUBOIO, SKIIO
yepe3 BUMIip y(t) MOKHa BH3HAYMTH JIUILIE YAaCTUHY KOOPAMHAT BEKTOPY
CTaHy.

3 TOYKH 30py NOOYAOBH PETYJIIATOPIB, 1I€ O3HAYAE, L0 SIKIIO CUCTEMA
HE CIIOCTEPEKyBaHa, TO JJIS HEl HEMOXKIIMBO Oy/1e BIIHOBUTH BEKTOP CTaHY
1 BIATIOBITHO HEIO HE MOKHA OyJie KepyBaTH Ha MPAKTHIII.

VY peansaux OK ny»xe pifko BiloMHid BECh BEKTOP CTaHY i IJIsl CUCTEM
TAKOTO THUIy HE MOXHA TOOYAyBaTH perynsTop. TOMy JOCIHiKEHHS
CIIOCTEPEIIIMBOCTI NIPU MPOCKTYBAHHI CUCTEMH KEPYBaHHS JyXKE BasKJIMBE.
B maxketi Control System Toolbox icuye ¢ynkuis obsv(A, C), sika no3Bosse
3HAUTH MATPHIIIO CIIOCTEPEIKIINBOCTI CHCTEMH.

[Mpuknan. AHali3 CIOCTEPEKINBOCTI MOJIEN] €IeKTPOABHIYHA.

Jlictunr 2.4 — AHani3 criocTepeKIMBOCTI

$AHaAJIM3 CIIOCTEPEeXyBaHOCT1 MOoIeJl eJleKTPpOoOBUIYHAa
clc

$®OopMyBaHHS YMCEJILHUX IapaMeTpiB Mozmesii
Km=0.015;

Ke=0.2;

J=0.02;
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o

% CrTBOpeHHs Momesii B nigkisiaci ss
sys=ss (A,B,C,D)
Q=obsv (A, C) $3HaxXOIXeHHSI MaTPMUL1 CIOCTEpPeXJIMBOCTI
rankQ=rank (Q) % BmMBHaAUEHHS PaHI'y MATPUL1 ClIOCTepex-—
JIVMBOCTL

Ha expani orpumaemo:
rankQ =
2
Panr wmarpuii  kepoBanocti Q JOpiBHIOE 2, OTXKe cHCTeMa
CIIOCTEPEKyBaHa.

2.2.3 AHaui3 criiikocTi MoaeJii B mpocTopi cTany

CTifKicTh € omHiero 13 ocHoBHUX BUMOT 10 CAK.

ITig crifikicTiO TiHIKHOI CHCTEMH PO3YMIIOTH BIACTHUBICTH 3aracaHHs
MIePEXiTHOTO TPOIIECY 3 YacOM, IHAKIIe KaKydd, — HACTYITHA BJIACTHUBICTH
BJIACHOTO PYXY CHCTEMH X, (t) — 0 mpu t — oo,

s cTiKOCTI iCHye HacTymHa TeopeMa: JUis TOro 100 JiiHiiiHa
cucremMa KepyBaHHs OyJia cTiiika, He0OXiHO 1 JOCTAaTHBO, 1100 yci KOpeHi il
XapaKTepUCTHYHOTO PiBHSAHHS MM BiJl’€MHY JIHCHY YaCTHHY.

I3 miei Teopemu ciigye, MO0 aHai3 CTIHKOCTI JIHIKHOI CHUCTEMH
MOJISITA€ B 3HAXO/KEHH]1 KOPEHIB XapaKTEPUCTHYHOTO PiBHSIHHA cUcTeMH. B
nakeTti Control System Toolbox st 11boT0 icHY€ QyHKIIS pole. 3BEpHEHHS
JI0 HET1 HACTyNHE Korni=pole (sys).

Ipuknan. AHai3 CTiKOCTI Momeni enekTpoasuryHa (mct. 2.5).

Jlictuur 2.5 — Anaini3 cTiikocTi

$POopMyBaHHSA UMCEJIbHUX IlapaMeTpiB MozmeJsii
Km=0.015;
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Kinemns mictunry 2.5

% CTBOpeHHs MoneJsii B migkjaci ss

sys=ss (A,B,C,D)

$3HAXOXKEeHHS KOPEeH1B XapaKTepUCTUUHOT'O PiBHAHHS
Korni=pole (sys)

Ha expani orpumaemo:
Korni =
-0.0765
-3.9235

2.2.4 OTpuMaHHS mNepexiiHOI Ta iMIYJbCHOI XapaKTEPUCTHK
cHCTeMHU

[lepexigHy Ta iIMIyJIbCHY XapaKTEPUCTHKY CUCTEMH MOKHA OTPHMATH 3a
JOIIOMOT 00 KOMAaH/I step (sys), impulse (sys).

IIpu 1poMy Tmepedmik KOOpAMHAT BEKTOPY CTaHy, Uil SIKHX
PO3paxoBYIOThCS YaCOBI XapaKTEPUCTHKH, 3a/1a€Thes Matpurieto C.

IToOynoBa 4acoBUX XapaKTEPUCTHK MO KOOPAMHATI X; (JIicT. 2.6), 1Mo
KOOpIMHATI X, (iicT. 2.7). Pe3ynpratn moOymOBH XapakTEPUCTHK MOXKHA
Gaunth Ha rpadikax (puc. 2.1, 2.2).

Jlictunr 2.6 — [ToOy/10Ba 4YacOBUX XapaKTEPUCTHK IO KOOPAMHATI Xq
$POBpaxyHOK MaTpUIbL MOIeJjii

A=[0 Km/J; -Ke/L -R/L];

B=[0;1/L];

=[1 0];%BMBHAUEHHS KOOPAMHATM, IJIsd SKOI OyOyThb

% OyIoyBaTUChb YaCOB1 XapaKTepUCTUKHU

% (B maHOMy BMIIAIKY Le Xqp)
=0

@

W)

% CrBOpeHHA Mogzeini B ningxjaci ss

sys=ss (A,B,C,D)

$lloBynoBa YAaCOBUX XaPaKTEPUCTUK IJIS KOOPIMHATHU Xq
figure;

step(sys)

figure;

impulse (sys)
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Step Response

Amplitude

0 L ! L ! L I L
] 0 20 30 40 50 60 70 ao

Time (seconds)

Impulse Response
0.4 T T

Amplitude
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o 10 20 30 40 50 60 70 6o iz
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Pucynok 2.1 — Pe3ynbraTtu moOyn0oBH YaCOBUX XapaKTEPUCTHK IS Xq

Jlictunr 2.7 — IToOy/10Ba YacOBUX XapaKTEPUCTHK 11O KOOPIMHATI X

C=[0 1]; % xoopIMHATM X, OJa NOOYyIOBM YACOBUX Xapa-—
KTEePUCTUK

sys=ss (A,B,C,D)

%[loBynoBa YACOBMX XaPaKTEPMUCTUK IJIS KOOPIMHATHU X

figure;

step(sys)

figure;

impulse (sys)
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Step Response
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Pucynok 2.2 — Pesynbratu moOy1oBH 4acOBUX XapaKTEPUCTHK AT X,

2.3 IlopsigoKk BUKOHAHHS POOOTH

1. Ilo mepenmatHit ¢yskuii manku W(s) = 1 TaHUMU

tabuii 2.1 noOymyBaTH MOJE/b JJAHKH Y IPOCTOPI CTaHy.
2. JlocnimuTy KepoBaHiCTh OTPUMAHOT MOJIEIT.
3. lochianTy CHOCTEPEKINUBICTS OTPUMAHOT MOJETTI.
4. lochianTy CTIHKICTh OTPUMAHOT MOJIEIT.
5. IToOymyBaTH 9acoBi XapaKTEPUCTUKH MOJEII 1T KOOPAMHATH X1 .
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Tabmumsa 2.1 — Buxigai maHi ais moOyAoBH KOJUBAIBHOI JTAHKH Y
MIPOCTOPi CTaHy

Ne 1(2|3|4|5|6|7|8]9]|10(11|12|13| 14|15
K 112|134 |5|1(2|3|4|5|1]|]2|3]|]4]|5
T, c 05/05(05(05(05(1.0[{10/10|10(10|2.0|20|20|20/|2.0
d 01]01{02|08[{03|05/07(05{06(03|02| 0 |04|0.7|0.1

2.4 3micT 3BiTY

1. TuryneHU THUCT.

2. Merta poborn.

3. Texctu crBopeHux M-aiaiB s MPOBEACHHS MOCIIIHKEHb 1
pe3yabTaTH iX poOOTH.

4. Ctucni BiAMOBiAI HA KOHTPOJBHI MUTAHHS.

2.5 KOHTPOJIbHI MUTAaHHS

1. BusHa4eHHS BEKTOPY CTaHY

2. Bu3HaueHHs IPOCTOPY CTaHy

3. Teopema mpo KEpOBaHICTh JIHIHHOI CHCTEMH 3 TMOCTIHHHMHA
napameTpamu

4. Teopema Npo CIOCTEPEKIIUBICTD JIIHIHHOT CUCTEMH 3 MOCTIHHUMHU
napameTpamu

5. Sk cTBOpHUTH MOACIHE CHCTEMH KepyBaHHS y MIPOCTOPi CTaHy?

6.3a gonomoror skux (YHKOIH MOXXKHa TOOyAyBaTh 4YacoBi
XapaKTEPUCTUKU CUCTEMU?

7. SIk 3HAWTH KOpEHi CHCTEMU KEPYyBaHHS Y POCTOPi CTaHy?
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JIJABOPATOPHA POBOTA Ne3

CuHTe3 MOAAJBHOIO yIpaBaiHHa A diniiinux CAK

Meta poboTu: o3HalloMHTHCS 3 METOJaMH TOOYIOBH Ta
JOCIIPKEHHSI MOJANBHUX PErYJIATOPIB AJIs JiHIHHOT cTallioHapHOT CHCTEMH
B cepenosuii nporpamu MATLAB 3a nonomoroto nakety Control System
Toolbox.

3.1 Teopernuni BimomocTi

XapakTep MepexiJHUX TMPOLECIB Yy CHUCTEMI BHU3HAYAETHCS
po3TamryBaHHAM KOpeHiB A; ii xapakTepucTuuHOro piBHSHHSA. [lilicHO,
PpILlICHHS OTHOPIAHOTO AU(EPEHIIaTbHOTO PIBHIAHHS N-T0 MOPIAKY Xx(t) Mae
BUTJISL

x(0) = ) GOxR®,
i=1

ne moctidHi C; BU3HAYAIOTBCS MOYAaTKOBMMH yMmoBamu [4]. Tomy
3a0e3MeYeHH «XOPOIINX» TEPEXiTHUX TIPOLECIB y CHUCTEMI MOXKIHBO
JOCSITHYTO SIKIIO XapaKTepUCTHYHMK MHOTOWIEH Mae 3anaHi kopHi. Lle
NPU3BOAUTH 10 3aJadi OTPUMAaHHS KOEQili€HTIB XapaKTepHUCTHYHOIO
PIBHSIHHS 3aMKHYTOI CHCTEMH, $Ki 3a0e3MedyloTh 3aJlaHUi PO3IOJILT
kopeHiB. KopHI XapakTepuUCTHYHOTO PIBHSHHS OJHO3HAYHO 3aJIeKaTh BiJ
Horo koedilieHTiB, TOMY MOAAJIbHE YIPaBIIiHH — L€ L[iJIECTIPSIMOBaHE 3MiHa
KOe(illiEHTIB XapaKTePUCTUYHOTO pIBHAHHSA 00’€KTa 3 JIOTIOMOTOIO
3BOPOTHOTO 3B’A3Ky 3a CTaHOM. Perymstopu, moOymoBaHi BHXOISYH 3
3a3Ha4eHOi BUMOTH, Ha3UBaIOTHCSI MOJTAILHUMU PETyJISITOPaMHU.

[TocranoBka 3a1a4 CHHTE3y MOAAJIBHOTO PEryJIATOpa HACTYIMHA: JUIs
MTOBHICTIO KEPOBAHOTO 00’ €KTA 3 OJTHUM BXOAOM:

X = Ax + bu, (3.1)
ne A — MaTpHIsl po3Mipy 7 Xn;

b — n-MipHuit BeKTOp-CTOBICIIB;
u = —kyx; — kyx, -+ — kyx,— ckansapHe ynpapJiHHS.
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IMTotpi6HO 3HaliTu Koedirientn ki, i=1,2,...N, 3aKOHy yIIpaBIIiHH, AKi
3a0e3MeUYyloTh HEOOXITHHH PO3MOJIN  TONIOCIB  XapaKTEPHCTHYHOTO
PIBHSIHHS

M+ ay_ A1+ ay = 0.
Po3p’s13aHHs 3amaui 3acHOBaHE HA HACTYNHIM TeopeMi: JiiHiHa
KepoBaHa CHCTEMa 3 MOCTIHHUMH THapaMeTpaMu Ta CKAISPHOIO BXiJTHOIO
3MIHHOO U

x = Ax + bu

3aBXKI1 MOKe OyTH MepeTBOpeHa 10 KaHOHIYHOT (hopmu Buay (3.2):

x' = Ax' + bu, (3.2)
ae
0 1 0
[0 o 1 o | /9
A = cee y b = ;
0 0 0 1 1
_ao _a1 “es ves _a’n—l
[Ipu iboMy MaTpuIls IEpEeTBOPEHHS B KAHOHIUHY (HhOpMY Ma€e BUIIIS]
T =pp1,
neP=( Ab A2%b .. A™b)— MaTpUIsd KEPOBAHOCTI CUCTEMH;
P = (5 Ab A?h .. A"E) — MaTpulsl KEepPOBAaHOCTI CHCTEMH B

KaHOHIUHIN dopmi.
Bubepemo U y BUrsai

u = —kyxy — koxy - — knxy = —kx' k = (kyky -+ ky),
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ITigcrapuBiy B piBHSAHHA (3.2) yIpaBIiHHA U, OTPUMAEMO PiBHSIHHS
3aMKHYTOI CHCTEMH Yy KaHOHIUHi# hopmi

x' = Ax/,
e
0 1 0o - 0
0 0 1 - 0
A=
0 0 o - 1
—(ag+ky) —(ay+ky) - - —(ap_1+ky)

BBCI[eMO IIO3HAUYCHHA
gi1 = a1+ k;
Toni Matpuiyio A, MOKHA TIPEICTABUTH y BUIIISAI
0o 1 0 - 0
0 0 1 - 0
0 0 0 1 |
—9Jo -9 e =01

XapakTepuCTHUHE PIBHSHHS IS I1i€] MATPHIIl MA€E BUIJIST
M+ g A1+ g,=0.
Lle piBHSIHHSI BUPQKAEThCS YePe3 CBOE KOPHI (&; HACTYITHUM YHHOM:

At g+ go = A —a) (A —az) (A — ay).

[Tpu poMy 3rimHO 3 Teopemoro Biera koedimieHTH HOTO PIBHIHHS
BH3HAUAIOThCS BUpazoM (3.3):
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In-1=—(a; taz + - ay),
In—2 = 10y + ajaz + a1, +azaz + o+ a1y,
In-3 = —(a1aza3 + @04 + - ay_p0n_10y),  (3.3)
91 = (D" N @03 - @y + @100,y + o dp s e ay),

go = (=D™(ayazas - ap_q).

3agaBmch OaXaHUMHM KOPIHHSAMH (; MOXKHA CIOYaTKy 3HAHTH
koediIlieHTH g;, a TOTiM KoediienTH k; = g;_; — Q;_1 3aKOHY yIIPaBIiHHS
u=—kyxj —kyxy - —kyx).

Ha mpaktuni Hemae HeoOXimHOCTI mrykatw KoedillieHTH ¢; 3a
dopmynamu  (3.3). Jlns peanmizamii  3a3HAYCHOrO AJTOPUTMY MOXHA
ckopucraTucs BOynoBanuMmu (yHkuismu nakera Control System Toolbox
cucremu MATLAB. VY npomy mnaketi € 7Bl kKoMaHau: acker (A, B, P) Ta
place (A, B, P), sKi JO3BOJIAIOTH JJIS 33JIlaHOI B TPOCTOPI CTAaHy MOJEINI
cUcTeMH (A,B) MO BEKTOpy OakaHMX KOPEHIB 3aMKHYToi cuctemu P
po3paxyBartu KoedimieHTH k; 3aKOHYy ynpaBIiHHSI

u = _klxl - kzxz tee— knxn.

Mpuknan. [ns moxmeni A, B ta Bekropy P (mict. 3.1) GaxaHoro
po3TamlryBaHHs KOPEHiB A; XapaKTEpUCTUYHOTO PIiBHSHHS 3aMKHYTOL
CHCTeMH 3HalTH KoedillieHTH k; 3aKOHY yrIpaBIiHHS U:

1= o8 == o)
Jlictuar 3.1 — Peanizanis npukiamgy

$POBpaxyHOK MaTpPUIlbL MOIeJii
A=[0 1; 0 01;

B=[0;1];

C=[0 0];

D=0;

P=[-0.1;-0.2]

sys=ss (A,B,C,D) % CrBOpeHHa MOIejyii B nimksaci ss

%3HaxomxeHHa kKoedliuiecHTiB k; 3aKOHY yNpaBJiiHHA U
K=acker (sys.A,sys.B,P)
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Ha expani orprmaemo:

sys =
A =
x1l x2
x1 0 1
X2 0 0
B =
ul
x1 0
X2 1
C =
x1l x2
vl 0 0
D =
ul
vt 0

Continuous-time state-space model.

P =
-0.1000
-0.2000

ans =

K =

0.0200 0.3000

3.2 [lops1oK BUKOHAHHS POOOTH

K
aszs3+ays?+ags+ag
tabauui 3.1 moOyayBaTH MOJIENb IAaHKH y IIPOCTOPI CTaHy.

2. locnimuTy KepoBaHiCTh OTPUMAHOI MOJEITI.

3. JlocmiauTy CTIMKICTh OTPUMAaHOT MOJIEIII.

4. Tlo BekTopy OakaHMX KOPEHIB 3aMKHYTOT CHCTEMH ) PO3paxyBaTH
koedimieHTH k; 3aKkoHy ynpaBiiHHSI U = —k,X; — kyX, -+ — kyx,. Baxani
KOPEHi B3ATH 13 Tabmuii 3.2.

5. IToOymyBaTH dYacoBi XapaKTEPHCTHKH 3aMKHYTOI MOZEIN s
KOOPJIWHATH X .

1. TTo nepenarniii pynkiii manku W(s) = 1 TaHUMHU
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Ta6mums 3.1 — Jlari 11 To0yI0BH MOJIENI JIAHKH Y TIPOCTOPI CTaHy

Bapiaar| as ar ai ao K
1 1 -1 -0.07 0.534 1
2 1 -0.9 -0.01 0.105 1
3 1 1 -0.07 -0.534 1
4 1 -04 0.33 0.09 1
5 1 0.8 0 -1.024 1
6 1 0.1 0.2 -0.2 1
7 1 0.6 -0.11 -0.366 1
8 1 -1.5 0.71 -0.105 1
9 -1 1.5 0.71 0.105 1
10 1 0.9 -0.01 -0.105 1

Tabmuug 3.2 — KopeHi 3aMKHYTO1 CUCTEMH

Bapiant| A4 A, A; |Bapiant| 44 A, A3
1 -0.1 -03 -0.07 6 -1 -0.3] -0.2
2 -0.01 -09 -001 7 -0.33  -0.6) -0.11
3 -0.5| -05 -0.07 8 -1l -15 -0.71
4 -0.1] -04 -033 9 -0 -05 -0.71
5 -0.6| -0.08 -0.2 10 -0.21 -09 -0.01

3.3 3micr 3BiTY

1. TuryneHUI TUCT.

2. Meta po6oTH.

3. Texctu crBopeHnx M-(aiimiB i TpOBENEHHS JMOCIHIHKEHb 1
pe3ynbTaTH ix poOoTH.

4. Ctuchi BiANOBIAI HA KOHTPOJIBHI MUTAHHS.

3.4 KoHTpoJbHi NUTaHHSA
1. BuzHavyeHHs1 GIHOMHOTO PO3IOALTY KOPEHIB.

2. BusHauyeHHs po3nolTy KOpeHiB 3a barrepBopTom.
3. [NocranoBKa 3a1a4i MOJATLHOTO KEPYBaHHSI.
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4. Kanonivyna (opMa JHIHHOI CHCTEMH 3 TTOCTIHHIMH MTapaMeTpaMu
Ta CKaJSIPHOIO BXiTHOIO 3MiHHOIO U.

5. Marpuus nepeTBOpeHHs 10 KaHOHIYHOT OPMHU.

[lpumitka: 118 po3paxyHKy Koegilli€eHTIB 3aKOHY KEpyBaHHSA Ta
noOyJOBM  MEpexXiJIHUX  XapaKTepUCTHK  MOXKHAa  CKOpPHCTaTHCS
JicTUHroM 3.2.

Jlictunr 3.2 — [ToOynoBa yacOBUX XapaKTEPUCTHK

clear

clc

den=[1 -1 -0.07 0.534]; %$3HaMeHHUK INepemaTHOl dyHKIiIl
PO31iMKHYTOI cucTeMu

num=[0 0 0 1];%umMcesnbHMK INepelaTHOIl OQyHKU1I po3i-
MKHYTOIl CHUCTEMU

p=[-0.1-0.3 -0.07];%0axaHl xopeH1l 3aMKH. CHUCTEMM

% CTBOpeHHs Momesili y BuIuigni nepemaTHOl GyHKIII
W=t f (num, den)
sys=ss (W) % CrTBopeHHSA MOIejyili B nimkjaci ss
Korni=pole(sys) %3Hax. KOPEH1B PO3IMKHYTOIl CUCTEeMMU
%$AHAJI13 KEepOBAHOCT1 cucCTeMM
P= ctrb(sys.A, sys.B);% 3Hax. MaTrpuil KepoBaHOCTL
rankP=rank (P) % BuM3HauUYeHHS pPaHI'y MaTpulil kepoBaHOCTI
if rankP==3

fprintf (‘cucrema xepoBaHa')
else

fprintf (‘cucrema He xepoBaHa')
end
$38HaxomkeHHA koediuieHTiB k 1 3aKoHy yNnpaBJIiHHA U
K=acker (sys.A,sys.B,p)
% CTBOpPEeHHS MOZeJsii 3aMKHYTOl cucTeMu B HNinkjaci ss
Az=sys.A-sys.B*K;
C=[1 0 0];%BM3HaAUEHHS KOOPAMHATM IJii HOOYIOOBU
% YacCOBMX XapakT. (B IaHOMy BUIAAKY Le X 1)
D=0;
sys_ z=ss(Az,sys.B,C,D)
Korni z=pole(sys_ z) %3Hax. KOpeH1iB 3aMKHYTOL CHUCTeMU
$[loByrnoBa YWacoOBUX XapaKTePUCTUK IOJS KoopIMHaATH X 1
figure;
step (sys_z)
figure;
impulse (sys_z)
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JIABOPATOPHA POBOTA Ne4

Hocaigxenns nuckpernux jginiiinnx CAK

Meta poGoTu: HaBuuTHCS aHamizyBatu muckpetHi CAK, BHBUHTH
BIUIMB Nepioy AUCKpeTu3alii Ha mokazHuku auckpetnoi CAK.

4.1 TeopernuHi BizomocTi

4.1.1 Juckperni CAK

JMcKpeTHUMH CHUCTEMaMH Ha3WBalOTh CHUCTEMH ABTOMATHYHOTO
KepyBaHHsI, B IKUX BUKOPUCTOBY€EThCS TUCKPETU3ALlisl BXITHUX a00 BUXITHUX
curHaiiB. [Ipu muckperusamii cUTHaTIB «Oe3MepepBHI» 3HAUCHHS CUTHAIB
3aMiHIOIOTbCS ~AMCKPETHUMH. JIMCKpeTH3amlis CHTHaliB Moxe OyTu
BHKOHaHa 3a 4acoM, 3a piBHeM, ab0 3a yacoMm Ta piBHEM ogHo4acHO. Jlo
TaKUX CHCTEM BITHOCSITHCS IMITYJIbCHI Ta ITUGPOBI CHCTEMH.

B iMmynbcHUX cUcTeMax TPOBOAUTHCS KBAaHTYBAaHHS CHUTHATIB 3a
gacoMm, abo 3a piBHEM, a B IM(POBUX — 3a 4aCOM Ta piBHEM OAHOYACHO. B
IMITyJIbCHUX CHCTEMaXx € OfHa a00 KijbKa JaHOK 3 IMITJIbCHUM €JIEMEHTOM.

IlndpoBa cucrema ckimamaetbes 3 00’ekty kepyBanHs (OK), 3
anayoro-uugpposux (ALI) i nudppo-ananoropux (LJAIl) neperBoproBauis,
TaliMepy 4acy Ta NPUCTPOIO KEpYBaHHsI, L0 peati30BaHUK Ha KOMII I0Tepi
(criertoGuMCITIOBaYi, MiKPOITPOIIECOPH).

st aHami3y TMCKPETHUX CHCTEM MO>KHA BUKOPUCTOBYBATH PI3HHUIICBI
PIBHSAHHS, B SKUX CTaH CHUCTEMM BHU3HAYCHO TUIBKM B TOYKax
kBaHTyBanus [4].  Jlost  aHamisy — pi3HMICBMX  DPIiBHSHb  3py4YHO
BUKOPUCTOBYBaTH Z-TIEPETBOPCHHS, IO € AaHAJIOrOM IEPETBOPCHHS
Jlannaca. SIkimo B nepeTBopeHHi Jlamiaca BBeCTH KOMIIEKCHY 3MiHy Z = eS's
3 epioloM AUCKpeTu3aLii Ts, TO OTPUMAEMO:

X(2) =Z{x;} = LZoxi e = XZox; 27",

OCHOBHI BIACTUBOCTI Z-TI€PETBOPECHHS:

— NIHIAHICTB: Xi =a1X1i +@2X2i ; X(2)= a1 Xu(2)+az2 X2(2);

—3cyB 3a yacoM: Z{Xim}= z"™X(2); Z{Xism}= Z"(X(2)
Fy(z) = ;-”:_01 xjz7;

—sropranus: Z(x - g) =Z ¥iLox; gk —j) = Z(x) - Z(9g).

Fo(2)),
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JluckpeTHi cuUCTEMH TOAUIAIOTHCS Ha JIiHIAHI Ta HemiHiAHI. B
3araJJbHOMY BUIIQJIKY BCi CHCTEMH € HEJIHIMHUMU.

Jlinitina nuckperHa cuctema (JIC) — me cucrema, sxa Moxe OyTH
peadizoBaHa 3a JIONOMOTOIO TPbOX 0a30BHX ONEpaIii: CKIAICHHS;
MHOJKEHHS Ha MOCTIHHUHN Koe(ilieHT; 3aTPUMKH.

Iepenatna Gpyukuis JIAC — 1ie BigHOIIEHHS Z-IEPETBOPESHHS BUXIiJI-
HOI TIOCHIJIOBHOCTI CUTHANIB 1O Z-TIEPETBOPEHb BXIiTHOI IOCIIiJOBHOCTI
CUTHAJIB 32 HYJIbOBUMH IIOYaTKOBUMHU YMOBaMH.

J1st CTIKOCTI MTUCKPETHOI CCTEMH HEOOX1THO Ta TOCTATHBO, 00 BCi
nojrocu nepenatHoi (QyHKUii (KOpHI XapaKTEepUCTUYHOTO DIiBHSHHS)
3HAXOIMJIMCS Ha Z-TUIOIIMHI BCEPEIMHI OAMHUYHOTO Koa | Z |<1.

Yacrotai xapakrepuctuku JIJIC — ue GpyHKLii aprymenty eJa’TS, BOHHU
€ TEepIONUYHMMHU 33 4YacTOTOK 3 TIEepioJoM, IO BiJMOBiJa€ 4YacTOTi
nuckpern3aitii ws =27/ Ts.

Jlisl TUCKPeTHUX CHCTEM OJHUM 3 BaKIMBUX MapaMeTpiB € mepiox
TUCKPETH3AIIii.

Ilefi mepion MOXHAa BHU3HAYUTH, SIKIIO CKOPUCTATUCS TEOPEMOIO
KorenpuukoBa: curnan X(t), neperBopentst yp’e SKOro He Mae CKII0BHX
3 4acTOTaMM OUIBIN HIXK S, IMOBHICTIO BU3HAYAETHCS CBOIMH MUTTEBHMU
3HAYCHHSIMH, 11O BiJIPaXOBYIOThCS B IUCKPETHI MOMEHTH 4Yacy Ts<27/ws.

Yacroty on= ws/2 na3uBaioTh yactotoro Haiiksicta. Tomy Teopemy
KorenpHrKOBa MOXHA chopMmyJroBaTH iHakie: curnain X(t), mepeTBopeHHs
®dyp’e gKkoro mpsMye 10 HyJIS OPU YaCTOTaX OUIBIIMX, HDK dYacToTa
HatikBicta @n, MOXe OyTH OBHICTIO BiJTHOBJICHUM.

IIpu poboTi 3 AUCKPETHUMHU CHCTEMaMH BaXXJIUBO OOpaTH YacCTOTY
TUCKpeTH3allii Takoro, mo0 BOHA Oyia JOCTAaTHHO BEJIMKA MOPIBHSHO 3
YaCTOTHOIO CKJIQJI0BOIO cUTHaTy. KpiMm Toro, mepes KBaHTYBaHHSAM Oa)kaHO
npodineTpyBaTH Oe3mepepBHUI CHrHaju, MO0 YacTOTHI CKJIAAoOBi, LIO
nepeOinbInyoTh  4acToTy HaiikBicta @n=@s/2, He CHOTBOPIOBAIN
HU3bKOYACTOTHI KOMIIOHEHTH OCHOBHOTO CHTHAITY.

Kputepiem Bubopy nepioay nuckpernsaiii Moxe OyTH TaKOXK 4ac JJIs
MIEPETBOPEHHS, BIIHOBJICHHS BXITHUX CHTHAJIIB Ta MOCTIHHI 4acy 3aMKHEHOT
CHCTEMH.

st mepeTBopeHHs Oe3nepepBHOI 3aMKHYTOI CUCTEMH KEpyBaHHS B
IMCKPETHY Tepioj JucKpernsanii MoxHa obpatu Ts=0,15...0,5/wc, ne
@Wc¢—4acToTa 3pi3y OesmepepBHOI PO3IMKHYTOI CHCTEMH KEpyBaHHS
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B paxn/cex. Ilpu Takomy mepiomi muckperusaii yacrota HaiikBicta Oynme B
5-20 pa3iB OijbllIa YaCTOTH 3pi3y.

Hdns  meperBopeHHst  Oe3nmepepBHOI  CUCTEMH B JUCKPETHY
BHKOPHUCTOBYIOTH  Pi3HI  €KCTpamoisaTopu abo  IpiOHO-palrioHambHy
anpOKCUMAIIIIO.

ExctpanonsTtop HyJIbOBOTO MOPSAKY OTPUMY€E AUCKPETHHH CUTHAI
ulk], remepye OesmepepBHMii curHanm U(t), MO EKCTPAIOIIOE KOXHE
MUCKPETHE 3HAYEHHS IIOCTIHHAM 3HAYCHHSIM IIig9ac OJHOTO TIepioxy
JIMCKPETH3aIlil, SIKMi MOJA€ThCs Ha BXij Oe3nepepBHoi nanku: U(t)=u[k] npu
kTs<t<(k+1)Ts.

B exctpamonsaTopi mepmoro MOPsAKY BHKOPHUCTOBYETHCS JIiHIMHA
excrpanossis: U(t) =ufk] + (t-kTs)(u[k+1]—u[K])/Ts mpu kTs<t<(k+1)Ts.

JpiOHO-parfionansHa anpokcuMariis TacTiHa BUKOPHCTOBYE TPHUOJIM3HE
BiTHOIIIEHHS JIJIS1 [PE/ICTABIICHHST €KCTIOHEHTH:

1+sTg/2
1-sTs/2"

z = exp(sTy) =

B cucremi MATLAB € Oararo QyHKOil 1019 AOCHIIKEHHS
JMCKPETHUX CHCTEM.

@Oyukuis  SysD=tf(num,den,Ts) dopmye mnepenatHy GyHKIIi0O
JMCKPETHOI CUCTEMH 3 MEPi0IOM AUCKpeTU3amii T§.

@ynkmis  SysD=c2d(SysC, Ts, 'MeTon’) peanisye  nepeTBOPEHHS
6esnepepBHOi cuctemu SYSC B muckpeTHy SysD 3 mepiogom Juckpern3anii
TS 3 BUKOPHCTAHHSM OJIHOTO 3 METO/IiB: €KCTPAIOJISTOPIB HYJIHOBOTO (z0oh),
nepuoro (foh) mopsAAKiB, IpiOHO-palioHaNBHY amnpokcumaniro TactiHa
(Tustin).

Oyukuisn Sys=d2d(Sys, TS) bopMye quckpeTHy ciucteMy SYS 3 HOBUM
nepiogoM auckperusanii TS. [lpy mpomy IUCKpeTHIH cHCTeMi TMOBHHEH
BIJNOBIAaTH EKCTPAmoJsATOpP HYJIBOBOTO TMOPSAAKY Ta BIANOBIigaTd
MOCJTi TOBHICTE mepeTBopensb Sys1=c2d(d2d(Sys), Ts).

Oymukiis SysC=d2¢(SysD,Ts) peaizye mepeTBOpeHHS B Oe3mepepBHY
cucremy SysC muckperHoi cucremu SysD 3 mepiogom auckperusamii TS,
SKII0 BUKOPHCTOBYBABCS EKCTPAIOJSATOP MEPIIOro MOPSIKYy, a (QyHKIsS
SysC=d2¢(SysD) — sKIIO BHKOPHUCTOBYBaBCS €KCTPAIOJISATOP HYIHOBOTO
MOPSIIKY .
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4.1.2 Jocaimxkenns BniauBy auckpernoro II/-peryasitopa

[IpoaHnaiizy€eMo BIUTMB JUCKPETHOTO PETYJIATOPA HA XapaKTEPUCTUKU
Bciei cuctemu. Hexait mepematHa GyHKIL Oe3mepepBHOTO 00’ €KTY
KEpYBaHHA Ma€ BUTJIA:

kOK
Wor(s) = (Ty5+1)(Ty5+1)"
ne k,=20 — koedilieHT mepemadi,
T:=0.6, 7>=0.5 — mocTiitHi gacy.
Iepenarna ¢pyukiis 6e3nepepsroro [11JI-perymnsropa Mae BUTISIT;

ki kgs
M/per(s) = kp + 5 4

Ts+1’

ne Kp, ki, ki— xoediuieHTn nepenadi mponopLioHANBHOI, IHTErpyrOYoi Ta
nudepeHIiitHoT CKIaoBuX, 110 TOPiBHIOIOTH Kp=1.2, ki=2.18, kg = 0.165;

k—mocTiiHa 4vacy audepeHuiinoi ckmagoBoi  [IIJI-perynsropa
(#=0.015).

[leperBOopuMo Oe3mepepBHI 00 €KT Ta pEryJsITOpP B IOUCKPETHI 3
pI3HMMH TIepioZlaMM  JUCKPETH3allii, CKOPUCTABIIHCH EKCTPAIOISTOPOM
HYJIOBOTO MOPSIJIKY.

SIKII0 BW3HAYWTH YACTOTY 3pi3y po3imMkHyToi cuctemu 3 [II[-
PEeryJsTopoM, TO MOYKHa BHU3HAYMTH NEpiox JMCKpeTu3awii 3a ¢opmyIoro
Ts=0,15...0,5/ @c. Jns vamoi cucremu o =12.3375, Ts=0.012...0.04.

[Ipu mepeTBOpEHHI aHANIOTOBOTO PETYJATOpa B LM(POBUI MOXKHA
obuparn mepion OUCKpeTH3allii 3 ypaxyBaHHSAM Koe(illieHTIB mepemadi
npornopiiiHoi Ta audepeniiitnol ckiaanosoi perymisropa Ts=0.1...0.4Kkq/Kp.
st Hamoi cucremu Ts=0.0143...0.053.

Oo6wupaemo aBa nepiogu auckperusarii Ts1=0.025, Ts2=0.0125.

3a gomomoroto M-daiin-cuenapito (itict. 4.1) oTpuMaeMo mnepenatHi
(byHKIIT perynsTopa Ta BCi€i cuCTeMH, a TIOTIM HPOMOEIIOEMO CHUCTEMY 3
piI3HUMH  TIepiojjaMH  JAWCKpeTH3amii 3 BUKOPHUCTAHHSAM  METOIIB:
EKCTPaIoJIATOPiB HYJIHOBOTO (zoh) Ta mepmroro (foh) MOpsSAKiB.
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Jlictunr 4.1 — M-¢aiin-crieHapito MOIEITIOBAaHHS CHCTEMH

$OTpMMaHHSa 3arajibHOI nepenmaTHOl dyHKU1I cucTemu;
clc;

K1=20; T1=0.6;

K2=1; T2=0.5; tk=0.015;

kp=1.2; ki=2.23; kd=0.161;

Wl=t£f ([0 K1],[T1 1]); % l-a nepemaTHa ObyHKLisdA;
W2=tf ([0 K21, [T2 1]1); % 2-a nepemaTHa ObyHKL1I;

W12=W1*W2; S%Snepen.obyHkUuisa po3iMKHYTOI cucTeMmu;
Snepexn. ¢-uisa [IIO-peryngaropa;

Wpid=kp+tf ([0 ki]l, [1 O])+tf([kd O], [tk 11);
$nepenaTHa -4 po3iMKH. cucTeMmu 3 [IIJ-peryssaToOpPOM;
W12pid=W12*Wpid;

%00UMCIIeHHsT 4acTOTU 3piszy

[Am, Pm,Wca,Wcp]l=margin (Wl2pid) ;

Wcp %BMBeIEeHHS Ha €KpaH 4YacToTy 3pizy

$nepenaTHa QyHKL1a 3aMKH. cucTeMu 3 [IIJ-perysiaToOpOM;
Wo=feedback (Wl2pid, 1) ;

%$llepeTBOpPeHHsa Oe3NepPepPBHOL CUCTEMM B IOUCKPETHY

%3a OONOMOTOK €KCTPONOJNATOPY HYJHOBOTO NOpanky ‘zoh’
Ts1l=0.025; %$3aBmaHHS Hepionmy IuckpeTrms3anii
$IMCKpPeTHa PO31iMKH. cucTeMa

W12 dl=c2d(Wl2,Tsl,’zoh’);

souckpeTHut [I-peryyisaTop

Wpid dl=c2d(Wpid, Tsl,’zoh’)

$OUCKpeTHa IepelarTHa QyHKI1s

$Ppo3iMKHYTOI cucTeMu 3 [IIJJ-peryjIsaTopoM;

Wl2pid dl1=W12 dl*Wpid dl;

$IMCKpeTHa nepenaTHa G-1isg 3aMKHEHOI cuUCTeMMu

% 3 NIJ-peryisaTopoM;

Wo dl=feedback (Wl2pid dil,1)

Ts2=0.0125; %3aBmaHHS HOBOT'O Ileplionmy IOucKpeTus3alil
W12 d2=c2d(W1l2,Ts2,’zoh’);

Wpid d2=c2d(Wpid, Ts2,’zoh’)

Wl2pid d2=W12 d2*Wpid d2;

Wo d2=feedback (Wl2pid d2,1)

%$BuBeneHHs rpadmkir 3 uacoM mogmesmoBaHHA 0.8 cC.
step (Wo,’-.k’,Wo_dl,’b’",Wo _d2,"'r",0.8); grid on;



Ilicmta  mopenroBaHHS Taki TmepeaarHi

IMCKPETHUX PETYISTOPIB:

OTPUMAEMO

11.932z%2-22.84z +10.95
W.iq1(2) =
pid1(2) 22-1.1897+0.189 '

11.932z2-23.16z +11.24
W.iq,(2) =
pidz (2) 22-1.4357 +0.4346 '

Ta TaKi mepenaTHi QyHKII{ CUCTEM:

0.241123-0.22762%2-0.2263 z +0.2146

W, (z) =

001 () z*-2.85323+3.14522-1.6722 +0.3869

W, ()= 0.06121 z3-0.0585222-0.05933 z +0.05679
0d2 "/ ™ 74-3.32823+4.13522-2.279 7 +0.4719
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GyHKIT

(4.1)

(4.2)

(4.3)

(4.4)

3 pe3ynbTaTiB MOZENTIOBaHHS Oe3nepepBHOI CHCTEMHU Ta TUCKPETHHX

CHCTEM 3 TepiofioM muckpemutamii 0.025c¢ i 0.0125c¢

3a JOIIOMOI'OI0

EKCTPOIIONATOPY HYJIBOBOTO HOPSIKY ‘zoh’ (puc. 4.1) 6aunmo, 1o npu
3MEHILEHH] Nepioly JUCKPETU3aLil nepexisHa XxapaKTepruCcTUKa TUCKPETHOT
CAK HaOmmxaeThbest 10 mepexigHoi xapakrepuctuku oesmnepepaoi CAK.

Step Response

s —=-Wo
——— e Wo_d1
Wo_d2 [”

Amplitude

01 02 0.3 04 0.5 06 07 08

Time (seconds)

Pucynok 4.1 — Pe3ysnpraT MOIIOBaHHS (3@ IOMTOMOTOIO *zoh' )
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Ilpu mneperBopeHHI Oe3mepepBHOI CHCTEMH B JTHUCKPETHY 3a
JIOTIOMOTO0 €KCTPOTOJIATOPY MEPIIOTO MOPAAKY ‘foh’ OTpUMAEMO Taki

nepenaTHi (pyHKIIT JUCKPETHUX PETYIATOPIB:

6.93452 22—-11.85 z +5.445
W41 (2) =
pid1(2) 22-118972+0.189

8.496 22-16.28z +7.798
W.iqo(2) =
pidz(2) 22-1.4357 +0.4346 '

Ta Taki nepenaTHi QyHKLIi cHCTEM:

W, (2) = 0.0438 z*—-0.09076 z3+0.23572%2—-0.06765 z +0.0353
Od1 T 1.0442z%4-3.009 23+ 3.13722-1.378 2 +0.2076

)’

W, (2) = 0.01436 z*-0.0297 z3—0.08285 z2—0.02562 z +0.013
0dz2 2/ ™ 1.015z4-3.3623+4.11122-2.194z +0.4282

(4.5)

(4.6)

4.7

(4.8)

PesynbTatn MomentoBaHHS Oe3MepepBHOI CUCTEMH Ta JAMCKPETHUX
CUCTEM 3 TepiofoM auckpemutamii 0.025 c i 0.0125 ¢ 3a JOIMOMOTO0

EKCTPOIIOJATOPY MEPILIOTo MOpsAKY ‘foh’ Ha puc. 4.2.

Step Response

=:=-Wo
Wo_d1
Wo_d2 |™|

Amplitude

01 03 05 07 08

Time (seconds)

Pucynok 4.2 — Pe3ynsrati MoJeIIOBaHHS (3a JOTIOMOT0I0 ‘foh')
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4.2 Tlops10K BUKOHAHHS POOOTH

1. Ilpomogemioiite  cuctemu KepyBaHHa o0 ’exktom 3 IIIJI-
perynsitopoMm. [lepenataa QyHKLis 00’ €KTY:

kOK
(T15+1)(Tp5+1)(Tgs+1)’

Wok(s) =
koedimierTn s sikoi 00epiTh BianmosimHO A0 Taodm. 1.1 i3 maboparopHOoi
po6otu Nel. Tlepenarna dynxuist [1IJ]-perynstopa:

ki kgs
Woer(s) = kp + 2+ 4

TEs+1’

ne Tk— nocriiina vacy [1IJ[-perynsitopa, 3Ha4eHHS SKOi 3aaiiTe BiIIOBITHO
1o tabmn. 1.1;

Ko, Ki, ka— xoedimientu ITI/I-perynsrtopa, 3HaUCHHS SKUX JOPIBHIOIOThH
THUM, 110 004HcieHi B 1abopaTopHiii pobdoTi Nel.

2. CtBopite M-aiin-cuenapiii, B SKOMy BHU3HAYUThH MeEpeIaTHY
¢dyukmito ans cucremu 3 6e3nepepBHIME 00’ ekToM Ta I11/[-perymsitopom.
Pospaxyiite mepiox muckperusauii Ts 3a pizHUMH MeTogukamu. OOepiTh
niepio quckpernsamnii s (OIU3pKHAi 0 MiHIMAIBHOTO).

3. CtBopite M-daiin-cuenapiii, B sIKOMy IepeTBOPITh Oe3nepepBHi
00’ext Ta IIIJI-perymsarop B OUCKpETHI 3 mepiogamMu JUCKpeTu3alii s Ta
Ts/2.

4. IlpoBeniTh ~ MOAETIOBaHHS CHUCTEM 3  O€3NEepepBHUM  Ta
muckperaumu [11/I-perynsropamu: Wo, Wo_d1, Wo_d2. 3 pi3HUMH METOIaMU
TIEPETBOPEHHS OE3IEPEPBHNUX PETYISITOPIB B JIMCKPETHI  (EKCTPaIiosITopu
HYJIbOBOT'0, TIEpIIIOro NopsikiB). Yac MoaemoBanHs 00epiTh 3 Tabu. 4.1 3rimHO
Bapianty. ['padiku epexiHuX XapaKTePUCTHK [UX CHCTEM 30€PEXKITh.

5. 3anumite nepenatHi ¢yskuii auckpernux IIIJ-perymistopi Ta
repeaatHi GyHKINT AUCKPETHUX CHUCTEM.

Taomus 4.1 — Yac momenoBaHHA

Nemap. | 1 2 3 4 5 6 7 8 9 10
Tin, € 15| 60 |[3.0]100|20.0]200] 80 | 70 | 6.0 4.0
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4.3 3micT 3BiTY

1. TurynpHUI TUCT.
2. Meta po6oTH.
3. Pesynmbrati  MOJENIOBaHHSI CHCTEM 3  O€3NepepBHUM  Ta

nuckpetHumu IIIJ{-perymnstopamu.

4. TepenatHi ¢ynkuii muckpernux [IJ]-perynsaropiB Ta mepenaTHi

(hyHKIIT TUCKPETHHUX BCIi€l CHCTEMH.

5. Ctucni BiAmoBiai Ha KOHTPOJIbHI ITUTAHHS.
4.4 KoHTPOJbHI MUTAHHS

1. fxi cucremu € TUCKPETHUMU?

2. 3 KX 000B’SI3KOBHX CKJIQAOBHX CKIamaeTbes nmudposa CAK?

3. SIki 3aco0u I aHAI3y JUCKPETHUX cucTeM Bu 3HaeTe?

4. SIki BnacTUBOCTI y Z-TiepeTBOPEHHS?

5. 3a momomororo AKMX omepauiid Moke OyTu pearnizoBaHa JiHiiHA

JTUCKpETHA cUcTeMa?

6. B sixoMy niama3oHi po3risIal0ThCsl YACTOTHI XapaKTePUCTUKHU AJIS

AUCKPETHUX cucteM?

7. SIk BU3HAYUTH TIEPiof] TUCKPETH3aIii?
8. Sk mepeTBOpUTH OE3MEepepBHY CHCTEMY B IUCKPETHY?
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JIABOPATOPHA POBOTA Ne§
CuHTe3 ONTUMAJIBHOTO YNIPABJIIHHA 1JId JiHIiHUX cucTeM y
cepenoBumii MATLAB

Mera poGoTm: o3HaiOMUTHCS 3 MeTOJaMH TMOOYJOBH Ta
JIOCTI/DKEHHS ONTHUMAIBHUX PErylsaTopiB Ui JIHIHHOI cTalioHapHOT
cuctemu B cepenonui nmporpamu MATLAB 3a nomomororo makety Control
System Toolbox.

5.1 Teopernuni BigomocTi

IMocTaHoBKa  3aga4y  CHHTE3y  ONTHMAJIBHOTO  peryistopa
HactymnHa [2, 3, 4]: 4715l MOBHICTIO KEPOBAHOTO 00’ €KTA

x = Ax + Bu,
ne A — MaTpHIst po3Mipy # Xn;
B — mMarpuiis po3mipy n xm;
= —KX — 3aKk0H ynpaBIiHHS,

MOTpiOHO 3HaWTH Marpumio KoedimieHTiB K 3akoHy ympaBmiHHA, sKa
MiHIMi3y€e QyHKIIOHAT

[o0]
J@) = [, (" Qx + u"Ru + x" Nu)dt.

[Mo3utuBHO Bu3HaueHi cumerpuuHi Matpuii Q, N, R Bu3HaudawoTh
CHIBBIIHOLICHHS MDXK SIKICTIO PEryJiOBaHHA (TPUBANICTIO MNEPEXiJHOTO
IpoILeCcy) Ta BUTPATaMH Ha YNPABIIiHHS 1 MPHU3HAYAIOTHCS KOPUCTYBAa4YeM.
Marpuris 380poTHUX 3B’ s13KiB K 009HCITIOETECS 32 GOPMYIIOI0

K =R Y(BTS +NT),
ne S — pilmieHHs anredpaiuHoro piBHSHHS Pikkari:

ATS + SA— (SB+ N)R"Y(BTS +NT) + Q = 0.

Ilefi 3akoH ympaBIiHHA HA3MBAETHCS JIHIKHUM KBaJIPaTUYHUM
onTUMaiIbHUM ynpamiHHIM (JIK).
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s peamizamii 3asHaueHoro amroputMmy B makeri Control System
Toolbox cucremu MATLAB € ¢pynkuus Iqr. CuaTakcuc GyHKIii HacTy mTHHAN
(sixio aprymeHT N onyIieHu#, To 3a ymoByanHsM N = 0):

[K, S, e] =Igr(A, B, Q,R)

[K, S, e] =lgr(A, B, Q, R, N)

Omnuc: dynkuis [K, S, e] =I1qr(A, B, Q, R, N) po3paxoBye marpuio
koedirieHTiB 3BOPOTHUX 3B’s13KiB K, TaKy, 1110 3aK0H YIIPaBIiHHSI

u= —Kx

MIHIMI3Yy€ KBaApaTHUHUIN KPUTEPIH AKOCTI
oo
Jw) = f (xTQx + uTRu + x" Nu)dt
0

IUIst Oe3mepepBHOI MOjem, 3amaHoi y mpocTtopi ctaHiB. Ha momarokx mo
MaTpulll KoedilieHTiB 3BOPOTHHX 3B’s3KiB K ¢yHKUis Iqr moBeprae
pimmenHs S piBHsAHHSA PikkaTi Ta BiacHI 3HAYEHHS e MaTPHIl 3aMKHYTOI
cucremu. Hmxde HaBezeHo M-daiin cHHTE3y ONTUMAalbHOTO PeryisiTopa
(mict. 5.1) 1 pesynpratu MozemioBaHHs (puc. 5.1) s npukiIagy: Ui
MoJIeNli A, B 3HAMTH MaTpHUIIO0 KoeilieHTiB 3BOPOTHHX 3B’s13KiB K 3akoHy

YOpaBIiHHS U!
=G D 5=

Jlictuar 5.1 — M-daiin cuHTE3y ONTUMAIILHOTO PEryJisiTopa

$llapaMeTpn CUCTEeMU
A=[0 1; 0 071,

B=[0;1];

C=[0 0];

D=0;

$llapamMeTpy KPUTEPiln SKOCT1 yHNpaBJIiHHS
0=[1 0;0 11;

R=1;

sys=ss (A,B,C,D) % CrBopeHHs MoIeJjli B ninmkjaci ss
[K,S,el=1lgr(sys.A,sys.B,Q,R) $8HaxXOmXeHHSI MaTpuii
koebiuienTir K 3akOHY yHOPaBJ1iHHS U



Ha expani orprmMaemo

sys =
A =
x1l x2
x1 0 1
X2 0 0
B =
ul
x1 0
X2 1
C:
x1l x2
vl 0 0
D =
ul
vt 0

Continuous-time
K:

1.0000 1.
g =

1.7321 1.

1.0000 1.
e =

state-space model.
7321

0000
7321

-0.8660 + 0.50001
-0.8660 - 0.50001

Step Response

025
02t
0.15 |

0.1 f

Amplitude

-0.1
0

\ o
\
-0.05 - \
2 4 6 8

10 12
Time (seconds)

Pucynok 5.1 — Pe3ynbraTét MOIETIOBaHHS
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5.2 Ilopsaiok BUKOHAHHS POOOTH

1. 3agaTtu mapaMeTpH KPUTEPIIO SIKOCTI YIPABIIIHHSA JJIsI CBOTO BapiaHTa
3rigHo Tabmumi 5.1.

2. PospaxyBatu oONTHMaabHy MAaTPHIIO KOS(DIIiEHTIB 3BOPOTHHX
3B s13KiB K.

3. [loOyxyBaTn 4YacoBi XapaKTEPHCTHKH 3aMKHYTOI MOJIeNi Jyis
3aJlaHOi KOOPAWHATH 3TiHO Tadmuii 5.1.

Tabmuus 5.1 — 3amana kooparHATA

Bapiant Martpurst Q Matpuns R | 3amana koopauHaTa
1 [100;010;001] 1 x1
2 [200;010;002] 1 X2
3 [200;010;002] Y X3
4 [300;0%0,002] 3 x1
5 [/400;0%0;002/2] 1 X2
6 [200;010;005] 1 X2
7 [%00;,0'%0;002] 1 x3
8 [200;010;002] 1 x1
9 [600;010;007%] 1 X2
10 [200,010;002] 1 x3

5.3 3micT 3BiTY

1. TuryneHUI THUCT.

2. Meta po6oTH.

3. Texctu crBopenux M-aiiai i NPOBEACHHS JOCIHIPKEHb 1
pe3ysbTaTH ix poOOTH.

4.YacoBi XapaKTepHUCTUKH 3aMKHYTOI MOJeTl JJsl  3aJaHoi
KOOP/IMHATH.

5. Ctucni BinoBiIi Ha KOHTPOJIBHI MATAHHS.

5.4 KoHTpoJIbHI NUTAHHSA

1.3a saxor0 GOpMYIOI0 OOYHCITIOETHCS MATPHUIT  3BOPOTHUX
3B’s13kiB K.

2. llpuBectu anreOpaiuHe piBHAHHS Pikkari.

3. ITocTanoBKa 3a/1a4i ONTUMAIIEHOTO KePYBaHHS.
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4. JIns 9oro mpu3HadeHa QyHKIM Iqr, 1i cHHTaKCcHC.

5. nis yoro npusHadeni matpuiii Q, N, R.

[pumiTka: IS po3paxyHKy KOeQili€HTIB 3aKOHY KEpyBaHHS Ta
noOyJOBM  MEpexiIHUX  XapaKTepUCTHK  MOXHAa  CKOpPHCTaTHCS
JIICTHHTOM 5.2.

Jlictunr 5.2 — [NoOynoBa nmepexiHuX XapaKTEPUCTHK

clear

clc

den=[1 -1 -0.07 0.534];%3HaMeHHUK NepemaTHOl byHKIiil
PO31MKHYTOI $CHUCTeMU

num=[0 0 0 1];%umcesnbHUK mnepenaTHol oGyHKIiI po3i-
MKHYTO1 CHUCTEMU

% CTBOpPeHHs Momesi y BuIuigni nepemaTHol GyHKIiI
W=t f (num, den)
$llapaMeTpu KpuUTepilo gkocTi ynpaBJjiiHHSA
Q=[1 0 0;0 1 0;0 O 11;
R=1;
sys=ss (W) % CrBOopeHHs MoIeJjli B nizmkjaci ss
Korni=pole(sys) %$Jocaimx. CTiMKOCT1 PO3iMKH. CUCTEeMMU
$AHaJIi3 KepoBaHOCT1 cucTeMu
P= ctrb(sys.A, sys.B);% 3BHax. mMaTpuiil kepoBaHOCTI
rankP=rank (P) % BuBHaueHHA pPaHTy MaTpulili KepoBaHOCTL
if rankpP==

fprintf (‘cucrema xepomaHa')
else

fprintf (‘cucrema He kxepoBaHa')
end
$3HaxomxeHHA koedinienTtis k isakoHy ympaBJiHHA u
[K,S,el=1lgr(sys.A,sys.B,Q,R)
% CTBOpeHHA MOozejll 3aMKHYTOIL cHCTeMM B Ninkjaci ss
Az=sys.A-sys.B*K;
C=[1 0 0];%Bmus3Ha4Y. KoOpP.. (B HaHOMy BMIaAKy Le x 1)
D=0;
sys_ z=ss (Az,sys.B,C,D)
Korni z=pole(sys z) %3Hax. KOPEHiB 3aMKHYTOl CHUCTeMU
3llo0ynoBa YacCOBMX XapPaKTEPUCTMK OJIA KOOpAMHATU X 1
figure;
step(sys_z)
figure;
impulse (sys_z)
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JJABOPATOPHA POBOTA Ne6
3HaxomkeHHs ekcTpeMadii pyHKIioHaay 3aco6amu nakery MATLAB

MeTta poGoTH: O3HAMOMHUTHCA 3 METOJAMHU 3HAXO/KEHHS  Ta
JOCIIPKEHHSI eKCcTpeMali (yHKIioHay B cepenoBuii nporpamu MATLAB
3a JIOTIOMOTOI0 MAKEeTy CUMBOJIBHUX po3paxyHKiB Symbolic Math Toolbox.

6.1 Teoperuuni BizomocTi

Busnauenns 1. OyHKIiiero Ha3UBaeThCA Oyb-SKE MPABUIIO, 33 SIKUM
3aJJAaHOMY YHCIY X 3 JCSIKOI IX MHOXKWHU CTaBUTHCS Y BiJIIIOBIIHICTh YHCIIO V.
3a3Buy4aii MU TI03HAYAEMO (PYHKIIIIO TaK:

y = fx). (6.1)

MHoOXHHA YHCeN X, I SKMX BHU3HAa4YeHa (DYHKIIIS V, HA3UBAETHCS
o0acTio BU3HA4eHHS QyHKIIi. 3a3BU4aii 007acTh BU3HAYEHHS PYHKIIIT — 11e
iHTepBain abo cuctemMa iHTepBaliB (BIAKPUTHX, HATIBBIAKPUTUX, 3aKPHTHUX),
a00 Bcs YMCIIOBA Bich. Y BHITAJKY, SKIIO (PyHKIIIT CTABUTHCS y BIAIOBITHICTD
qucIIo, To 1e Oyae pyukmionan [7].

Busnauenns 2. OyHKI[IOHAIOM HA3UBA€EThCA Oy/b-AKE MPABUIIO, 32
SIKUM 33J1aHii GyHKIIT y(X) 3 1esKOi IX MHOKMHHU CTaBUTHCS Y BiJIIOBIIHICTh
YUCIIO J

J=1(r)). (6.2)

MuoxuHy QYHKIINA y(X), Ha SKUX Bu3HadeHo ¢yHKiioHan J(y(x)),
Ha3BeMo KiacoM GyHKIi. [Tpu boMy KOXKHY (QYHKIIiF0 Y(X), 10 HAICKHUTH
3aJaHOMYy KJlacy, pO3IJIJaroTh SK TOYKY Aeskoro mpocropy. Ilpocrip,
€JIEMEHTaMH SIKOTO € (YHKLil, Ha3UBa€ThCS (PYHKIIOHATBHUM HPOCTOPOM.
OyHKmioHaNMbHUI TpocTip R Ha3MBaeTbcss HOPMOBAaHUM, SIKIO KOXKHIH
¢yukmii y(x) 3 R cTaBuThCA y BIAMOBIAHICT HeAKE MMO3UTHBHE YHCIIO,
HPHUIHATE HA3UBaTH HOpMOK (yHKIii Y(X) i MO3HAYATH HE OAMHAPHUMH
BEPTUKATBHUMHU PUCKaMHU, SIK MOIYJIb, a noABiitHuMH || . 17151 omHO3HAYHOTO
TIyMa4yeHHs Ha3Ba KJacy IPOCTABILIETHCS y BUIVISAL IHAEKCY BHU3Y IICIA

BU3HAYCHHS HOPMHU. 3aJIS)KHO Bifl IPaBUIia OOUUCICHHS HOPMH PO3Pi3HSIOTh
kiacu: Ci1 (6.3), L2 (6.4), Co(6.5).
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I G)lle, = max(, max [f(x)l, Wgr[lg{<x2]lf @), (6.3)
I GOl = /f,j‘ffZ(x)dx, (6.4)
IfCOlle, =, max  If(O)]- (6.5)

Busnauenns 3. Bapiauiero ¢yHkuii y(x) Ha QyHKIIT yo(x) Ha3MBa€THCS
BEIMYNHA

8y (x) = y(x) — yo(x).

Buznauenns 4. 30inbmenssM  GpyHkuionany J Ha  QyHKmii  yo(X)
BiAMOBiAHKM Bapiallii QyHKINT 8y, Ha3UBAETHCS BEIUYMHA

A (o) =] (o + 8y) — ] (o)

Busnauenns 5. OCHOBHOI0O 3ajadero BapiamifiHOTO OOYHCIIEHHS €
JOCITIKEHHST Ha €KCTpeMyM (YHKITIOHATIB, TOOTO 3HAXOMKCHHS TaKUX
¢yHKLIH (3 AaHOro Kiacy), sKi HajalTh (DYHKIIOHATY HaiOinblIe 4u
HaiiMeHIe 3HaueHHs. Taki (GyHKLIT HA3UBAIOTh EKCTPEMAIIIMHU.

OcHoBHa Teopema BapiallifHOro oOuucieHHs. SIKImo QyHKIioOHAT
J(y(x)) mocsrae B Toumi y MiHIMyMy (MakcuMymy), TO Au(epeHiian
($yHKLIOHANY, SKIIO BiH iCHYE, y LIl TOUYLi TOPIBHIOE HYJIIO

dj = J,dy =0,
J) = f;lz F(x,y, y')dx — extr,

ne J, —4acTUHHA HOXiaHa GyHKIioHaTy J 110 Y.

Hudepenuiitne piBusauHs Eiinepa.

Hexaii 3aganuii ¢pynkuionan (6.6), mo 3anexuTs Big QyHKLIT oxHiel
3MIHHOT y(Xx) Ta ii moxigHo1 ) '(X):

JO) = [} F(x,y,y)dx (6.6)
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3 3aJJaHUMH TPaHUYHUMH yMoBaMmHu (6.7)
y(x1)) =y

6.7
{y(xz) =2 ®7)

ne F(X, y, y’) — bynkuis, 1o audepeniiroerses mo yiy'.
Heo0OxigHoro yMoBOIO icCHyBaHHS eKkcTpeMyMy (yHKuioHany (6.6) €
BUKOHAHHS YMOB:

dFyI _
1:;3;— - -0 (6.8)
a—y,(?y = 0, W x1, X, (6.9)

PiBusuus (6.8) HazuBaeThes AudepeHITialbHIM piBHSIHHAM Eitnepa-
Jlarpamxa, a piBasuus (6.9) — yMOBOI0O TpaHCBepcambHOCTI. IIpu mbomy
HEOOXiZHOI0 YMOBOIO iCHYBaHHSI MiHIMyMy (MakcuMyMy) (DyHKLiOHATIy €
Te, IO HA ONTHMAJbHIA TpaeKkTOpii qpyra Bapialis GyHKIioOHaTa Mae OyTH
9%F
27 =0 (<0).

[puknan 1. 3HaiiTH ekcTpeMaslb QYHKLIOHATY

_(2(1.2 s y(0) =1
J=1, (Zy +yy+y+y)dx—>extr {y(2)=—2'
Maemo
1. ., .
F=>y2+yy+y+v,
E,=1+y,

Piusinns Eitnepa miist nporo GyHKIIOHATY MaTUME BUTIIST
E-eqyy—j-—y=1-5=0 6.10
Yy~ =1+y-y-y=1-y=0. (6.10)

Po3p’s13aBmu qudepennianbhe pisasHHS (6.10), oTpumaemo
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XZ
y(x) =C + Gx + =,
y(x) =C, + x.
Jnsa Buznayenss C1 1 C; CKOPUCTAEMOCS TPAHUYHIMHE YMOBaMHU:

y(0)=C =1,

3BiIKH OTPUMYEMO

C1:1,C2:7

IIpuknazn 2. Po3ristHEMO 1110 3a1a49y alie ) BHITAIKY KOJH TPaHUTHI
YMOBH HE BU3HAUCHI: 3HAUTH eKCTpeMalib (PYHKIIIOHATY

21
]=f (Ey2+yy+y+y)dx—>extr
0

Tenmep s BusHaueHHs Ci Ta C2 CKOPHCTAaEMOCS yMOBaMH
TpaHcBepcalibHOCTI. Maemo st x=0

2
Fy=y+y+1=C+x+C+Cx+>=C+C+1=0,

L x =2

2
X
Fy=y+y+1=C2+x+C1+sz+_=

2
=C,+2+C+2C,+2+1=0.
Tenep i3 cCUCTEMH CIIUTEHUX PiBHSIHB
C2 + Cl =—1, 362 + Cl =-5

MoykHa 3Haiitu C; u C,.



62

Ilpuknan 3. dochimkeHHs: ekcTpeMaii (pyHKIIIOHATy B CEpeIOBHIII
nporpamu MATLAB 3a 10moMoroio makeTy CHMBOJBHHX PO3pPaxyHKIB
Symbolic Math Toolbox.

3aBgaHHA: 3HAUTH eKCcTpeMab (DYHKIIOHATY 1 MoOymyBaTH Tpadik
JUTS:

_ (1 (1.7 s y(-1) =1
]—f_l(zy +yy+y+y)dx—>extr, y(1) = -2

V upoMy mpukian mginrerpansHa QyHKIiL F(x, y, ¥’) € QyHKIE0
3arajlbHOTO BHJY, TOMY ckianemo piBHsHHs Eitnepa-Jlarpanxa i Bupimmmo
fioro 3acobamu MATLAB. Ilotim 30yayemo rpadik pimeHHs.

Ougnctumo mam’aTh. HagpykyemMo 3aroiloBOK po3B’s3yBaHOi 3amavi.
Onmmemo cuMBONbHI 3MiHHI. /JIns Bupimenns piBusHHS FEiinepa
BUKOpUCTOBY€eMO nipuitaaTi B MATLAB no3nauennst noxigaux: Dy mis y' i
D2y mis y". ApryMeHT IMO3HaYMMO X, a QyHKIIifo — y (iicT. 6.1).

Jlictunr 6.1 — ITocTa”HoBKa 3amayi

Q

clear all % ouwmmeHHa nam’ aTi

clc $ oumMmeHHS KOMAHIHOTO BlKHAa
disp (‘Po3B’ a3aHHg 3ajaui ‘) % BimoOpaxeHHS HABBU 3a-—
BIOAHHS

syms x y Dy D2y % ommMC CHMMBOJIBHMX 3MI1HHUX
% BBezeHHsd HiniHTerpasnbHOI GyHKU1I Ta IPAaHMUHMUX yMOB
F=y*Dy+Dy+y+Dy*2/2; % TyT Mae OyTu Bama ninminrerpa-
JbHa OGyHKI1sS
% TpaHMUYH1 yMOBM 3JjiiBa
x1l=-1;
yl=1;
% TPaHMUH1 YyMOBU HIpaBOpPyY
x2=1;
y2=2;
% IpyKyeMoO iXx.
disp (' Buxinui mani: ‘)

fprintf (‘MligiuTerpaneHa obyHkuis F(x,y,y’’)=%s\n’,
char (F))
fprintf (Y%$s\n’,’''paunuHi ymoBM 3JiBa:’ )

fprintf ('$s\n %e\n %s\n %e\n’, ‘x1=%,x1, ‘yl=",vy1)
x1=
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Kiners mictuary 6.1

-1.000000e+00

yl=

1.000000e+00

fprintf ('%$s\n’,’''pauuuHi ymoBUM npaBopyd:’ )

fprintf ('$s\n %e\n %s\n %$e\n’, ‘x2=%,x2, ‘y2=",y2)
X2=

1.000000e+00

y2=

2.000000e+00

Busenemo nudepenniansae piBassHHA Elinepa-Jlarpamka. 3uaiimemo
yacTkoBi noxinHi Fy i Fy'. Hanpykyemo ix (ict. 6.2).

Jlictusr 6.2 — BuBenenus nudepeHiiaabsHOrO PiBHIHHS

dFdy=diff (F,y); % obumcia. noximHol ¢yHkUuil F mno y
dFdyl=diff (F,Dy); % obumcyn. noxigHol oyuxuil F no y’
fprintf (‘Fy=%s\n’, char (dFdy))

fprintf (‘Fy’’=%s\n’,char (dFdyl))

Fy=Dy + 1
Fy’=Dy + yv + 1

Ho piBusius Eitiepa BXoauThb noBHa noxiana d/dx. O6uuciumo ii 3a
3BUYANHOI0 PopMyII0I0 TG EPCHITIIOBAHHS CKIIATHOT (BYHKITIT:

dFyI _ 6Fyr N aFyr o+ aFyr "
dx 0x dy ay' 7’

Hanpyxkyewmo ii (itict. 6.3).

Jlictunr 6.3 — BuBepenHs cknanHoi QyHKIIT

d dFdyl dx=diff (dFdyl,x); %$Fy’/dx

d dFdyl dy=diff (dFdyl,y); % Fy’/dy

d dFdyl dyl=diff (dFdyl,Dy); % Fy’'y’

dFyldx=d dFdyl dx+d dFdyl dy*Dy+d dFdyl dyl*D2y;
fprintf (*dFy’’ /dx=%s\n’,char (dFyldx))

dFy’ /dx=D2y + Dy
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CkriameMo JIiBY YacTHHY AWQEpPEHIaTbHOTO piBHAHHSA Eitnmepa Ta
crpocTuMo ii. [lepeTBOpUMO CUMBOJIbHY 3MiHHY Euler Ha psajok (mict. 6.4).
st po3s’sizaHHst piBHsAHHS Eiiniepa ckopucTaeMoch KOMaHA0I0 dsolve, IO
J03BOJISIE  IIYKAaTH pilleHHA AuepeHuianbHuX piBHsAHb  (JticT. 6.5).
ChopMyemMo piBHSHHSA I TpaHWIHUX yMoB. IlincTaBumo y 3HaimeHe
aHaJITUYHE PIilIeHHS Sol TPaHMYHI TOYKH x1 Ta x2 Ta HNPUPIBHAEMO X
BiAMoOBiaHO y1 Ta y2 (wmict. 6.6).

Jlictunr 6.4 — IlepeTBOpeHHS CUMBOJIBHOT 3MIHHOI Ha PSIOK
Euler=dFdy-dFyldx; % piBHsaHHa ElJepa
degEuler=[char (Euler) ‘=0']; % B psanox pomayu =0
fprintf (‘PiBHaHHa Einepa:\n%s\n’,degEuler)
PiBuaHHA Enepa:

1 - D2y=0

Jlictunr 6.5 — [Nomyk pimeHHs nudepeHiatbHuX PiBHIHB

o)

% Bupimyewmo piBHaHHSA Elynepa
Sol=dsolve (degEuler,’'x");
% HeMae pimeHb abo Oijbme OIHOTO
if length(Sol)~=1

error (‘Hemae pimenb abo Oimbpme omHOTO pimenHsa!’);
else

disp (' BaranbHe pimenHs piBHAHHS Eljepa:’);
fprintf (‘y (x)=%s\n’,char (Sol))
end
BaraynpHe pilmeHHs piBHaHHA Elnepa:
v(x)=C2 + (x*(Cl + x))/2

JlictuHr 6.6 — PiBHSIHHS UI1 TPAHUYHUX YMOB

SolLeft=subs (Sol,x,x1) ;% nimcraBruim x1
SolRight=subs (Sol, x,x2) ;% nincraBuimu x2
EgLeft=[char (SolLeft) ‘=" char(sym(yl))] ;% =
EgRight=[char (SolRight) ‘=' char(sym(y2))] ;%
disp (‘PiBHAHHA IJ9 TPaAaHUYHUX YMOB:')

fprintf (*$s\n’,Eqgleft, EqRight)

PiBHAHHSA IOJ9 TPAHUYHUX YMOB:

C2 - Cl/2 + 1/2=1

Cl/2 + C2 + 1/2=2

%

yl

y2
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Po3B’s13yeMO OTpHMaHy CHCTEMY KIHIICBHX PIBHAHb — 3HAXOIUMO
3HaueHHs noBUIbHMX mocTiiHuX Cl1 1 C2. [IpuBnacHioeMo 3HaWICHI
pilleHHS CHMBOJBHMM KOHCTaHTaM, OTPUMaHMM MiJ 4Yac BHPIIICHHS
IrepeHIiialbHOr0 PiBHSAHHA Ta OOYMCIIIOEMO aHAIiTH4He pimreHHs S0I121
(micT. 6.7). Take oOYMCIIEHHS 3BOJUTHCSA JO TOTO IO, IO Y HHOTO OYAyTH
mijcTaBieHl 3HailaeHi 3HayeHHs koHctaHT Cl = 1, C2 = 1. JIpykyemo
3HaliieHe piBHIHHSA ekcTpemani (puc. 6.1):

y(x)=0.5*x * (x + 1.0) + 1.0.

Jlictunr 6.7 — [ToGynoBa rpagiky

Q

% nodymoma rpabiky
xpl=linspace (x1l,x2); % BazmaemMo MacusB abcLuC
y21l=subs (Sol2l,x,xpl); % OOUMCIIOEMO OPIOMHATHU
figure;
set(gcf,’color’,[1 1 1]);
Insl=line (xpl, y21);
set (1nsl,’LineWidth’, [2.5],"color’, [O 0 01,
"LineStyle’,’'-");
set (gca,’GridLineStyle’,’ -’ ,’LineWidth’, [1.5],
"FontAngle’,’normal’,’FontName’,’ Times New Roman Cyr’,...
‘FontSize’,14);
xlabel (Yx');
ylabel (‘y");
grid on;

-1 0.5 0 0.5 1

Pucynok 6.1 — I'padix excTpemairi
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Jst mocmimpkeHHs eKkcTpeMalti QYHKITIOHATY B CEPEIOBHIII TPOTpamMu
MATLAB 3a 10noMororo nakery CHMBOJILHUX po3paxyHkiB Symbolic Math
Toolbox HaBo MO TOBHMIA JTICTHHT Iporpam# (JIict. 6.8).

Jlictunr 6.8 — [lochimkeHHs ekcTpemMalti (GyHKITIOHATY
clear all % ouummeHHA nam’ garTi
clc % oummeHHS KOMAaHOHOT'O BilkHa
disp (‘Po3B’ s3aHHa 3amauil ‘) % BimoOpaxeHHS Ha3BU 3a-—
BIAHHSA
syms x y Dy D2y % onmMcC CHUMBOJIBHMX 3MI1HHUX
% BBEeIEeHHs CyDlHTerpasbHOI QyHKIL1I Ta I'PaHUYUHUX YyMOB
F=Dy"2+4*y"2-8*x*y+2*x"2; % TyT Mae OyTu Bama ninmi-
HTerpayibHa OyHKI1s
% rpaHMuHl yMOBM 3JiBa
x1=-1;
yl=1;
% TPaHMUH1 YyMOBM NpPaBOPYY
x2=1;
y2=2;
% Ipykyemo 1x.
disp (' Buxingui mani: V)

fprintf (‘MligiuTerp. d-uig F(x,y,y’’)=%s\n’,char (F))
fprintf (‘%$s\n’, TI'paumuHi ymoBM 3JiBa:’ )

fprintf ('$s\n %e\n %s\n %e\n’, ‘x1=%,x1, ‘yl=1,vy1)
fprintf (‘%$s\n’,’''paunudi ymoBU mnOpaBopyu:’ )

fprintf (*$s\n %e\n %$s\n %$e\n’, ‘x2=',x2, ‘y2=',y2)
% IouMHaeMO BUMBeIeHHS IubepeHuias. piBHSHHSA Eijepa.
% 3BHammemo yacTuH. noximHi Fy, Fy’ Ta HagpykKyeMmo ix.
dFdy=diff (F,y); % obumcin. noximuol dyuxuii F mo y
dFdyl=diff (F,Dy); % obumci. noxigHol oyHkxuil F no y’
fprintf (‘Fy=%s\n’, char (dFdy) )

fprintf (‘Fy’’=%s\n’,char (dFdyl))

Jo piBHsHHS EMjiepa BXOIOMTL MNOBHAa noximHa dFy’ /dx.
ObumciamMo 11

d dFdyl dx=diff (dFdyl,x); %Fy’/dx

d dFdyl dy=diff (dFdyl,y); % Fy’/dy

d dFdyl dyl=diff (dFdyl,Dy); % Fy’'y’

dFyldx=d dFdyl dx+d dFdyl dy*Dy+d dFdyl dyl*D2y;
fprintf (YdFy’’ /dx=%s\n’,char (dFyldx))
Euler=dFdy-dFyldx; % piBHsaHHa ENJepa
degEuler=[char (Euler) '=0’']; % B psanok monmaynu =0

o°

oe
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IIpomoBxeHHs HicTHHTY 6.8

fprintf (‘PiBugHusa Einepa:\n%s\n’,deqgEuler)
% Bupimyemo piBHAHHA Elnepa

Sol=dsolve (degEuler, "x");

if length(Sol)~=1 % Hemae pimenbr abo Oiybme OXHOTO
error (‘Hemae ©pimens abo Oijbme onmHOTO pPi-

meHHa!’) ;

else

disp (' 3aranbHe pimeHHs piBHAHHSA Elyepa:’)
fprintf (‘y (x)=%s\n’,char (Sol))

end

ChopMyeMO Temnep PiBHAHHSA OJI8 TPAaHUYHUX YMOB.
[IigncTaBMMO y 3HaWIeHEe aHaJlliTuMuHe pimeHHs sol
rpaHuMyHl Toukm x1 M x2, Ta HnpupiBHsAemoO ix Bingno-

’

o° oo

o\

BimHo %yl Ta y2.

SolLeft=subs (Sol, x,x1) ;% nizmcraBuiam x1
SolRight=subs (Sol,x,x2) ;% nincraBuim x2
EgqLeft=[char (SolLeft) ‘=' char(sym(yl))] ;% =yl
EgqRight=[char (SolRight) ‘=" char(sym(y2))] ;% =y2
disp (‘PiBHAHHA IJg TPAHUYHUX YMOB ‘)

fprintf (‘$s\n’,Eqgleft, EqRight)

Q

% Po3B’43yeMO OTPUMaHy CUCTEeMYy CKIHUEHHMX PiBHSAHBL 1

3HAXOOMMO BHAUeHHS OOBljapHMxX koHcTaHT Cl 1 C2.

% IllprBHauyaeMoO 3HalMNeHl Po3B’ A3KM CHMMBOJIBHMM KOHCTa-—
mo OoTpMMaHl npm poss’a3aHl mubepeHulaNbHOTO pPiB-—

HAHHA. Tenep oOuUMCIMMO aHaJlTHMuHMM Po3B’ a30k sol2l.

OynoyT

% Taxull po3paxyHOK 3BOIUTBHCS OO TOT'O, WO B HBOTO
b NigcTaBiagaTHCd 3HaMOeH1l 3HaueHHd KoHcTaHT Cl i C2.
% IpykKyeMO 3HalileHe P1BHSAHHS eKCcTpeMaJii.

[C1,C2] = solve(SolLeft == char(sym(yl)),SolRight

==char (sym(y2)))

Sol2l=vpa(eval (Sol),14); % nincraBumau C1l,C2
disp (‘PiBHsAHHA excTpeMasi:’)
fprintf (‘y (x)=%s\n’,char (Sol21))
% nobynoma Irpaduxky
xpl=linspace (x1l,x2); % 3amaemMo MacuB adcumuc
y21l=subs (So0l2l,x,xpl); % OOUMCIIOEMO OPIOMHATHU
figure;
set (gcf,’color’,[1 1 1]);
Insl=line (xpl, y21);
set (lnsl,’LineWidth’, [2.5],"coloxr’, [0 0 0],

"LineStyle’,’'=");
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Kinerns mictuary 6.8

set (gca,’GridLineStyle’,’-", ' LineWidth’, [1.5],
"FontAngle’,’'normal’,’FontName’,’' Times New Roman
Cyr’, ...

‘FontSize’,14);

xlabel ('x');

ylabel (‘y");

grid on

6.2 Iopsaaok BUKOHAHHS POGOTH

1. TTo nanum Tabnwui 6.1 3agatu migiHTerpanbHy GyHKI0 F(X, 1, 1)
(hyHKIIOHATY, IO AOCTIIKYETHCS, 1 TPAHIUYHI YMOBH.

2. Orpumatu qudepenuiitae piBasHHs Efnepa.

3. 3Haiitu pimenHs piBHsaHHA Eiinepa.

4. CopmyBaty piBHSHHA Ul TPAaHUYHUX YMOB 1 3HAWTH 3HAYCHHS
koHcTanT C1 1 C2.

5. [lobyxayBatu rpadik ekcTpemari.

6.3 3micT 3BiTY

1. TuryneHUI THUCT.

2. Meta po6oTH.

3. Texctu crBopenux M-daiiniB ans TPOBEACHHS OCHIKEHb 1
pe3ynbTaTH ix poOoTH.

4. Ctuci BiAMOBINI HA KOHTPOJIHHI TUTAHHS.

6.4 KoutpoJbHi nuTaHHs

1. I{o take QynKuionan? Yum BiH Bipi3HA€THCS BiJ PyHKIII?
2. Y 4oMy moJisirae OCHOBHA 3aJla4a BapialliftHOro 004nciieHHs ?
3. SIki kacuyHi 3a/1a4i Bapial[iitHOro 004KCIICHHS BU 3HAETE?
4. o na3uBaeThCs KiacoM QyHKHiNH? Ski Ktacu Bu 3HaeTe?

5. lllo Ha3uBaeThCs Bapiamieo QyHKITIT?

6. ChopMyImroiiTe OCHOBHY TEOpPEMY BapiaIliifHOTO OOUYHCIICHHS.
7. lpusenite nudepenuiiine pieasaus Eitnepa.
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Tabmums 6.1 — Bapianty 1715 iHIUBITyaIbHOTO 3aBIAHHS

Bapiant Fx, v,y I'panunyHi
YMOBHU
1 v y(-1) =-1
] = f (% — 4y? + 2xy — x¥)dx y(1) =2
B (—1) =2
2 1) =
J= J (¥? + 4y% — 8xy + 2x?)dx Y (1) =4
1_1 -
3 y(-1) =2
— 52 2 2
J= f_l(y + 4y? 4+ 4x*y + xcosx)dx y(1) = 05
4 2 ' y(0) =2
J= f (% — 4ycos2x + 4x?%y + 5sin3x)dx y(2) = -3
0
5 2 0)=1
] = J (¥2 + 9y? + 2xy + xsinx)dx y&% -5
% 50) =
6 0)=1
] = f (yz + 9y2 + ny - xsinx)dx y(z) =2
NG 70
7 4y y@) =1
— w2 __ _ 7 i
J= fl (y o + xsmx) dx y(3) = -2
8 ! -1) =2
] = f (y? — 2ye* + cosx)dx y}g(l)): 3
=1
9 ! y(0) =1
— 22 _ g2 v 32X
J _-fo (y? — 9y? + 2ysinx — x“e*)dx y(1) = -1
10 1 -D=1
] = f ¥? + y? + 4ye* — xsinx)dx yy(l) =3
-1
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