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TRANSIENTS
6.1 Transients Defined

Transients are the phenomena which occur between two permanent
(or steady-state) conditions, as a rule periodic, differing from each other in,
say, peak value, phase, wave-form or frequency of the e.m.f., the parame-
ters or configuration of the circuit.

Hence the changing process of any electrical circuit from one of the
stationary conditions to another is called the transient. The stationary condi-
tions is called such a rate when currents and voltages can exist infinitely
long without changing of their character with given configuration of the
circuit and its parameters.

5 A
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Fig. 6.1

Normally, transient phenomena are brought about in electric circuits
by switching operations, that is by closing or opening switches. There may
be, however, transients due to other causes, such as faults.

In diagrams the operation performed on a switch is shown by an ar-
row. Thus, the arrow (Fig. 6.1, a) shows that the switch is to be opened,
and the one (Fig. 6.1, b) that it is to be closed.

Physically, transient phenomena associated with switching opera-
tions are changes leading from the energy state existing prior to a switching
operation to an energy state which exists after a switching operation. Tran-
sients usually last for a few tenths, hundredths or even millionths of a sec-
ond; it is seldom that they may last for several seconds. Their study is im-
portant, as it shows in advance what dangerous rises in voltage or current,
many times their steady-state values may happen in the individual sections
of a circuit. Transient analysis also throws light on how signals are distort-
ed in wave-form or amplitude as they pass through different circuit ele-
ments.




6.2 Step Response of an RL Circuit

Any circuit composed of resistance and inductance represents a situation
in which there occurs a dissipation of energy as well as storage of energy in a
magnetic field. Since we now know how do deal with both voltage and current
sources, the step response of the RL circuit is found for each source type. At-
tention is directed first to the step-voltage response.

YR

Fig. 6.2

Appearing in Fig. 6.2 is the circuit arrangement of an initially deen-
ergized inductor in series with a resistor. It is desired to fond the complete
solution for the current when the switch Q is close. The governing differen-
tial equation results upon applying Kirchoff’s voltage law to the circuit of
this figure. Thus

E-ri+L Y (6.1)
dt

We have got a linear differential equation with constant coefficients
here. The current i is the solution being sought and E is the applied forcing
function which causes the response i to exist.

From mathematics it is known that the general solution to a linear
differential equation is the sum of a particular solution of an inhomogene-
ous equation and the complete solution of a homogeneous equation. The
particular solution (or the particular integral) of Eq. (6.1) is

s =1= E
SS R '
where E is the direct current voltage. The homogeneous equation is ob-
tained from the original one by equating its right-hand side to zero:
L a +Ri=0 (6.2)
dt

Let's transfer from the differential equation to the algebraic one



R+Lp=0. (6.3)
This algebraic expression is termed a characteristic equation, as its
root determine a form of a free component.
Solving the equation, we will get
R
p - (6.4)
The solution of the homogeneous equation (or the complementary
solution or function) is an exponential function of the form
R,
ip =AePl=pe L | (6.5)
where 4 is a constant independent of time (time-invariant) and p is a root of
the characteristic equation.
We assume that for all transient time t =0 corresponds to the instant
when the switch is thrown from one position to the other. A and p are con-
stants independent of time (time-invariant). Without proof, for our case

they are A=~ % and p=- % . Therefore, the solution to Eq. (6.1) may
be re-written thus

(6.6)

where % is the particular integral of Eqg. (6.1) and the next value is the

complementary solution to Eg. (6.5).

The particular integral represents the forced or steady-state compo-
nent of the response (current or voltage), and the complementary solution is
the force-free, or transient component of the response. The name "free" (or
"force-free") is due to the fact that transient component of the response is
independent of the excitation or drive.

To tell one component from the other and both from the total quanti-
ty, the convention is to supply the symbol of the steady-state component
with the subscript s, the transient component with the subscript t, and the
total current with no subscript at all. Thus i =ig +1i;.

Physically, the forced or steady-state component has the same fre-
guency as the excitation or drive. If the drive is a sinusoid of frequency w,
the steady-state component will be also a sinusoid of the same frequency w



and of the same wave-form. In a circuit containing a d.c. voltage source
(see Fig. 6.2), the forced component will be d.c. one.

It should be remembered that capacitance presents an open-circuit to
a direct current. Therefore, there will be no forced current in the response
of a capacitor. Also, inductance presents a short-circuit to dc circuits, and
there is no forced voltage in the response of an inductor.

6.3 Evaluation of initial conditions

Information concerning the initial value of the response, and its de-
rivatives when required, is always derivable from the defining differential
equation. Sometimes there is need for appropriate algebraic manipulation
of the differential equation before the specific information can be deduced,
but the important thing is that this equation can always be made to yield the
required information. In the case at hand, for example, knowledge of the
value of the response immediately after switching, ;(0+), is obtained by in-
tegrating both sides of Eq. (6-1) with respect to time from 0— (the time
just before switching) to 0" (the time just after switching). Thus

ot ot ot
. di
J:Edtz J:Rldt+ L[a (6.7)
0~ 0~ 0~
Now note that the quantity
0+
[Edt=0
o
because for a constant integrand the net contribution of the integral from 0
to O+ is infinitesimally small. A similar reasoning applies for the first term
on the right side for a finite value of i. Accordingly, Eg. (6.7) may be writ-
ten as
O+
0=0+L [dior o=Llio") i) (6.8)
o
It follows then that
i(07)=i(07) (6.9)



Therefore Eq. (6.9) states that the current flowing through the RL
circuit immediately after the switch is closed is equal to the current existing
before switching. This is another way of stating that the current through an
inductance cannot change instantaneously.

The forced solution is often called the steady-state solution because,
after all transient terms have virtually disappeared, it is the only current
which remains for the circuit of Fig. 6.2 with the switch closed.

However, note that as time elapses the transient term decays to zero,
leaving just the forced solution. Of course, as i decays, time is allowed for
transferring energy to the inductance. When steady state is virtually
reached, the energy stored in the inductor is

2
W= 1 L(Ej (6.10)
2 \R

It is because this energy cannot be transferred instantaneously that
the need for the transient term arises.

If the changing of the inductive current carried out instantaneously
(i.e. by great advance) it would lead to appearing of perpetually large e.m.f.
of self-induction

__Gv_ —LdI—L -,
dt dt

The energy of magnetic field would also vary instantaneously and,
hence, the circuit supply source should develop perpetually large power

aw,, .. di_
p gt L||_ at —> 00,

As the e.m.f. of self-induction and the power source in real circuits
have finite values, the transition from one steady-state condition of the cir-
cuit with an inductive element to another one is possible only during some
period of time.

If the voltage uc is applied to the terminals of a capacitor, some charge

is retained on its facings, and the electrical field energy is reserved here:

CM(Z:]_
G =Cucy, Wy = "
If voltage is changed to the value uc, the new installed condition
will be characterized by the new values of a charge and an electrical field

energy




Cu(2:2
)

If this transition was carried out instantaneously, it would lead to ap-
pearing of the perpetually large charging (or discharge) current

i= d_q =C du_C —>
dt dt

The electrical field energy would also change instantaneously, and,

hence, the circuit supply source would develop perpetually large power
dWa dUC
p= " =Cuc ot —> 00,

The values of the transient current and voltage components depend
on a level of disparity of the energy reserved in magnetic and electric fields
to a new steady-state rate. In process of diminution of this disparity the
transient currents gradually decrease to zero values.

One can represent a real circuit current during transient as a sum of
two components: a new steady-state current and a transient current

i =ligg +it .

The transient time is spotted by a small time interval, at the end of
which currents and voltages so come nearer to the steady-state values, that
the distinction appears to become practically imperceptible.

Consider the transient solution

Oz =Cucy, W,p =

R
. E !
it - e (6.11)
which makes it clear that the decay of the transient term is dependent upon the
circuit parameters R and L and entirely independent of the source function.
This is certainly not unexpected when it is recalled that the transient
term is really a description of the manner in which the circuit reacts to ex-
ternal disturbances, whatever their origin or nature.
The only influence that the forcing function has on the transient term is in
determining the magnitude of the coefficient of the exponential, but it in no
way influences the rate of decay of the transient term. A plot of Egs. (6.6)
and (6.11) appears in Fig. 6.3. Note that at t = O the steady-state and the
transient solutions have equal and opposite values, thus yielding a zero val-
ue for the total current as called for by the boundary condition.



i, 4

Fig. 6.3

Note also that as the transient term decays to zero, the total current
reaches its forced value. In the interest of establishing a convenient meas-
ure of the duration of transient, let us look more closely at the exponential
function of Eq. (6.11). A glance at the power of the exponential, which
must be a numeric, reveals that the quantity L/R must in turn bear units of
time. Because of this fact and because the quantity is determined in terms
of the circuit parameters, it is called the time constant of the circuit and is

denoted by 7. Thus t=L R Its physical sense: it is the time during which

a free component decreases in e~ 2,718 times in comparison with its ini-
tial value i; (0+)

. . 4 ik (0
i (1) =i, (0t = 0D A (6.12)
e e
The value inverse to the time constant termed as a damping factor
a=1.
T

Transient current damps more slowly and, hence, the more a time
constant (and the less a damping factor), the longer a new steady-state rate
is installed. As we can see from the figure, in spite of the fact that transient
process lasts perpetually long, in practice it is accepted to consider that the
transient lasts only during the time t =(3..5)t.
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6.4 The Rules of Switching

Under any transient or steady-state conditions two basic points hold:
the current through any inductance and the voltage across a capacitance
cannot change instantaneously. The case of a current through inductance
can be proved by reference to the network of Fig. 6.2. By Kirchhoff's volt-

age law: L%+ Ri=E. The current i and the voltage E can take on only

finite values. Assume that the current i can change instantaneously. In other
words, the current changes by a finite amount Ai during an interval of time

At —0 tending to zero, such that AyAt:oo. If o« is substituted in Eq.

(6.1), the left-hand side of the equation will no longer be equal to its right-
hand side, and Kirchhoff's voltage law will not be satisfied. In other words,
the assumption that the current through an inductance can change instanta-
neously runs counter to Kirchhoff's voltage law. While the current through
an inductance cannot change instantaneously, the voltage across it can. This
does not contradict Kirchhoff's voltage law.

Consider now the simple circuit with a capacitance (see Fig. 6.4).

Q
E
Il
] |
Fig.6.4
Write an equation by Kirchhoff's voltage law for this network
Ri+u;,=E (6.13)

where E is the source voltage (which is a finite quantity) and u. is the

voltage across the capacitance. Since

duc
dt

it follows that
d
Rc%+ uo = E (6.14)
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If we assume that the voltage u, can change instantaneously than

%z%zw, and the left-hand side of Eq. (6.14) will no longer be

equal to its right-hand side. Hence the assumption that the voltage across
the capacitance can change instantaneously runs counter to Kirchhoff's
voltage law.

du . .
However, a current equal to Cd_tc flowing through a capacitor can

vary step-wise; this does not contradict Kirchhoff's voltage law.

There are two corollaries to the above two basic points, which may
be called switching rules.

Let i  (0-) be the current through any inductance just prior to

switching. It is equal to the current through the same inductance immedi-
ately after switching, i, (0+), or

i (0-) =i (0+) (6.15)
Time t =0- is the instant immediately before switching; t=0+ is the
time just after switching. Eq. (6.12) expresses the first rule of switching:
the inductor current immediately prior to and immediately after a switching

operation must be the same.
Let the voltage across a capacitance just before switching be

UC(O_), and that immediately after switching, uc (0+) . Since the voltage
across a capacitance cannot change instantaneously, it follows that
Uc (0-) =uc (0+) (6.16)
Eq (6.13) expresses the second rule of switching: the capacitor volt-
age immediately prior to and immediately after a switching operation must
be the same.

6.5 Independent and Dependent Initial Conditions

In the literature, under initial values or conditions are meant the values
of current and voltage in the circuit at time t = 0. As have already been stat-
ed, currents through inductances and voltages across capacitances immedi-
ately before and after switching are respectively equal. Other quantities, such
as voltages across inductances and resistances, currents through capacitances
and resistances, can change instantaneously, and so their values immediately
after switching may differ from those before switching. Hence, a distinction
should be made between initial conditions before and after switching. Initial
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conditions before switching are those which exist at time t=0—. Initial con-
ditions after switching are those which exist at time t=0+.

For any circuit the currents and voltages that exist in or across any
element at time t=0+ (after switching) can be found by Kirchhoff's laws.
In the equations written by these laws the currents through inductances and
the voltages across capacitances known from the state of the circuit prior to
switching are referred to as independent initial conditions (i.i.c.) The re-
maining currents and voltages at t =0+, found by Kirchhoff's laws are re-
ferred to as dependent initial conditions.

If by the time a transient is initiated, that is, before switching, all cur-
rents through and all voltages across passive elements have become equal
to zero, the circuit is said to be in the state of zero initial conditions and the
respective values are termed zero initial conditions.

If, however, by the time of a transient the same values are other than
zero, the circuit is said to be in the state of non-zero initial conditions, and
the respective variables are termed non-zero initial values.

6.6 Short circuit in a RL circuit

Let's guess, that an inductive coil which has been connected through
resistive element R, to a source of a direct current e.m.f., at the time in-

stant t=0 becomes to be short circuit. Before a switching at time instant
t =0— the current flows through the circuit
i (0-)= E :

R, +R

As a result of the switching in the organized contour which includes
an inductive coil, thanks to a stored energy of a magnetic field, the current
will not disappear instantaneously. The e.m.f. of self-induction which has
the same direction, as a current before switching, tends to support the cur-
rent in the mesh at the expense of energy of a disappearing magnetic field.
As the magnetic field energy is gradually diffused, being transmuted into
heat in a resistor, the current in a contour decreases to zero. The steady-
state value of a current in a short-circuited contour is equal to zero. The
transient process taking place in this mesh is free or (transient) and the so-
lution consists only of a free component, i.e. i =i;. As well as in the previ-

ous case, the free component of a current does not depend on the energy
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source, therefore the equation for it, a characteristic equation and its solu-
tion, a form of a transient component are the same

. di
Ug +U_ =0, or Ri +Ld—tt=0.

R R

O T

The characteristic equation
R
R+ pL=0, from where p:—t.

Then the transient component

. t 751[

i =AeP =Ae L .
For integration constant definition we use initial conditions and the

first law of switching

i(0-)=i(0+) = =A
(0-)=i(0+) R+ R
From here
E -5
i= e b
Ro +R

The change of the current in a short-circuited contour and the voltage
across the inductor are plotted in Fig. 6.6.
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The transient process in a short-circuited contour theoretically lasts
perpetually. Just as in the previous case, in a short-circuited contour it is
possible to consider that the transient is practically over after the time
t =(3...5)t. With that the energy is deposited in the form of heat in the re-
sistor

2

0 o0 —Bt o0 _E
IRizdtzj.R i(0-)e L dt:Riz(O—)J.e L gt =
0 0 0

o0

2R
0% 200
— Ri2(0-) Lo B
2R 2

0
i.e. all energy reserved in a magnetic field of the coil before a switching.
6.7 Step Response of an RC Circuit
Appearing in Fig. 6.7 is the circuit arrangement of a resistor in series
with a capacitor. The capacitor is assumed to have an initial charge of value
go owing to the flow of a previously applied current. Let us now find the

complete expression for the current after the switch Q is closed.

O

"

JORNNETE &
H

Fig. 6.7

The governing differential equation is obtained upon applying
Kirchhoff's voltage law to the closed circuit. Thus,

Ri+Uc =Ri +jidt =E. (6.17)
We search the solution of the given differential equation in an aspect
u +u

c “Ucg TUcy
where u Ces is a steady-state component and u et if a free (transient)

component of the capacitive voltage.
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As the e.m.f. is constant, all steady-state magnitudes (including ca-
pacitive voltage) will be also constant Uee = E.

du
As the capacitive currentis i =C d_tc , the equation by the KVL is

du
RC—S +uc =E
dt

Before switching at t = 0-, the capacitor has not been charged. After
closing a key the capacitive voltage must be the same after switching
uc (0-) =uc (0+) =0
Let's make a characteristic equation and, on solving it, we will find a
form of the free component

pRC+1=0 from where pz_i,
RC

1
-t
uc, =AeP =Ae RC
Thenat t =0+ we have got
O=E+A.
From here A=—E . Hence, on combining the solution for ss and free

components, we’ll get a transient voltage across the capacitive element
1

-t
Uc =E—EeP'=E—Ee RC (6.18)

The time constant t = ﬁ =RC.
p
Now we can determine the current in this contour

. d ot
dt dt
. NS I
=C|-——| —-Ee RC |=—¢ RC (6.19)
RC R
And the voltage across the resistor
1 1
. _E oot ot
uR:RI:REe RC —Ege RC (6.20)

A plot of these equations as functions of time is depicted in Fig. 6.8.



16

uc(t)

ur(t) ¢

Fig.6.8

Example 6.1. In the circuit of Fig. 6.7 the capacitor has an initial
charge of such value that the voltage appearing across its plates is 40 V.

The active resistance is equal to 0.2 x10% 3, the capacitance is equal to 10

mF. Find the expression for the current which flows when the switch is
closed. Also, find the total energy dissipated in the resistor during the tran-
sient state and compare it with the energy initially stored in the capacitor.
Solution: Taking voltage drops in a clockwise direction as positive.
Kirchhoff's voltage law applied to the circuit with Q closed yields

Ri +jidt =0 (6.21)

A comparison of Eq. (6.18) with Eq. (6.14) discloses that it ts identi-
cal except for the fact that E is zero. Accordingly, the complete current re-
sponse for this ease follows from Eq. (6.16) upon setting E to zero. Thus

1
i = _Eeiﬁt
R

The time constant is t=RC =0.2x10° x10x10® =2 5. During

this time interval, the function i(t) decreases by the factor e = 2.71.
The current solution may therefore be written as

i(f)=—— 0oVt _ 5 g0 2t p (6.22)
0.2x108
The negative sign indicates that the actual current flow is counter
clockwise rather than clockwise as initially assumed.
The amount of energy dissipated in the resistor is found from

Wi = Tiz(t)dt=of(4x10—8)o.2xloﬁe—t/zdt =
0 0

~ 8x103ft ]%:8x10_3 J (6.23)
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The amount of energy initially stored in the electric field of the ca-
pacitor is given by

Wy :%CU 2 =%10—5 x 402 =8x1073 J

A comparison of Egs. (6.20) and (6.21) shows that all the capacitor
energy is dissipated as heat after the switch is closed.

6.8 Short Circuit in RC Circuit

In dealing with a current source the resistance and capacitance pa-
rameters are considered to be in parallel as illustrated in Fig. 6.9.

= ip *fc
(1) % g 1t

Fig. 6.9

As previously explained, a step-current forcing function is applied to
the parallel combination by opening the switch. Then by Kirchhoff's cur-
rent law we can write

i=iR +iC (624)

Moreover, the same potential difference appears across R and C.
Hence
t

jicdt
Rig =2 . (6.25)

There can exist no initial charge on the capacitor because the switch
Q is initially assumed closed. Inserting Eq. (6.24) into Eg. (6.25) yields

t
Ri=Ric + jicdt (6.26)
0
A study of the last equation can be made to reveal information about
the steady-state value of ic without resorting to the operator form of the
governing differential equation and setting p to zero.
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First note that the left side of the equation is a finite quantity, IR. Al-
so note that, as time increases after opening the switch, the contribution
from the integral term becomes larger and larger. As time gets very large
and approaches infinity, the only way the right side of the equation can re-
main finite so as to balance the left side is for the current to approach zero.

Our experience with differential equations having the form of Eq.
(5.26) tells us that the capacitor carries a transient current given by

ic =i, = Ae VRC (6.27)
To evaluate A, we need the initial value of ic. This too can be de-

duced from Eq. (6.23) upon inserting t=0+. In this instance the contribution
from the integral term is infinitesimal so that it follows that

ic =1 (6.28)
Therefore, the complete expression for the capacitor current is
ic =le YRC (6.29)

The time solution for the current through the resistor is found from

Eq. (6.21) and (6.24). Thus
ig=1—-ic =1(1-eYRC (6.30)

In the configuration of Fig. 6.9 the total source current initially flows
entirely through the capacitor and then, as time elapses, it gradually trans-
fers to the resistor. At steady-state all the current | flows through R and
none through C.

6.9 Step Response of Second-order System (RLC Circuit)

The behaviour of a circuit which contains two independent energy-
storing elements is described by a second-order differential equation.

Let it be desired to find the complete current response in the circuit
of Fig. 6.10 after the switch is closed. Assume that the capacitor has an ini-
tial charge ofq,. The governing differential equation for the circuit is

found upon applying Kirchhoff's voltage law. Thus
E:Ri+|_ﬂ+ijidt (6.31)
dt C
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o i L
—_— —
1
Up L + luc

Fig.6.10

Equation (6.31) is a second-order nonhomogeneous linear differen-
tial equation. Introducing the initial condition voltage we can then write

E-= R|+L—+ —j idt (6.32)

Rearranging and employmg the differential operator, the expression
becomes

%o 1)
E-—=|R+pL+—1i 6.33
C ( P pC] ( )

_ 1 Jeg_%
_[R+pL+J/pC] [E CJ' (639

First let us discuss the steady-state solution. One must remember; to
find the steady-state solution for dc sources for any branch voltage of any
energy storage element, we replace the inductor with a short circuit and the
capacitor with an open circuit. Note that in the series LC problem only the
steady-state capacitor voltage is nonzero and is determined by the remain-
der circuit. Similarly, for the parallel LC problem, only the steady-state in-
ductor current will be nonzero.

The steady-state (or forced) solution is found upon setting p equal to
zero in the last equation which clearly leads to

isg = forced solution =0

Since the capacitor represents an open circuit to a constant forcing
function, this result is entirely expected.

The first step consists of finding the characteristic equation which
here is readily determined by setting the denominator of Eq. (6.34) equal to
zero. After rearranging terms, we get

1
Z —p+—=0 6.35
(p)=p° + p+LC (6.35)

or
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It is worth noting that this equation also results when the left side of
Eq. (6.33) is set equal to zero, thus yielding the homogeneous differential
equation in operator form. Moreover, note that each of the three circuit pa-
rameters appears and that the highest order of ps is 2, which is consistent

with the presence of two independent energy-storing elements. If p;and
p, denote the roots of this equation, the formal expression for the response
can be written as
i(t) = AP + AjeP2t (6.36)
Although Eqg. (6.33) presents a formal solution of the problem at
hand, we are interested in writing this solution in amore useful and signifi-

cant form. In this connection, then, let us return to Eg. (6.32) and write the
specific expressions for the roots. Thus

2
R R 1
SR AT 6.37
PL2 =750 (ZLJ LC (6.37)

Depending upon the expression under the radical the transient re-
sponse can be any one of the following: (1) overdamped if (R/2L)* > 1/LC;
(2) critically damped if (R/2L)? = I/LC; (3) underdamped if (R/2L)? < 1/LC.

Now let us investigate each of these three cases in more detail.

The first case: Two unequal real roots.

The characteristic equation has the form

p? +ap+b=0 (6.38)

The two roots are given by

pLs = —% + %\/az _ab, (6.39)

which can be written, by factoring out —a/2, as

a 4b
P2 =—7|1% 1——} (6.40)
2{ \/ a2

The two roots will be real and unequal if 4b/a2 < 1. Then, from Eg.

(6.40) it is clear that if a is positive, both of these roots will be negative.
For circuits containing positive resistors, inductors, and capacitors, R, L and
C will be positive and also will a. Therefore, for realistic circuits, both
roots will be negative and we will designate them as
p1 =—aq; Pp =—op; Where o4 and o, are positive numbers.
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Therefore, transient solution will be of the form

i(t) = AePt + Aje P2t — pemt 4 Ajem! (6.41)
where A, and A, are undetermined constants.
)i 4 i 4
Algpf

pal
- Ae / f
.»‘1212 F

i) .

@gpzf

) B
Fig.6.11

Thus, the transient solution consists of the sum of two decaying ex-
ponentials, as shown in Fig. 6.11, a. For this case the transient solution is
said to be overdamped.

The second case: Two equal real roots. If 4b= a2 . The radical in Eq.
(6.40) will be zero and the roots will be equal: p; = p, = —&/ =—a.

From mathematics it is known that if among the roots of the charac-
teristic equation there are two which are equal, the respective parts of the
solution may be written thus

i = AlePt + Ajte Pt = (A +tA))e™™ (6.42)

This solution cannot be reduced any further and that is contains ex-
actly two undetermined constants. For this case, the transient solution is
said to be critically damped, that is shown in Fig. 6.11b.

The third case: Complex Roots. Because the underdamped case is the
most interesting as well as the most frequently encountered case, attention
is confined to it throughout the remainder of this section. The term damp-
ing is an appropriate one to use in our description because, as previously
demonstrated, it is characteristic of the resistance parameter to dissipate en-
ergy. Its presence serves to prevent an uninterrupted interchange of energy
between the two energy-storing elements. Such an uninterrupted inter-
change would constitute a sustained (or undamped) oscillation.



22

For the underdamped case, then, the expression for the roots of the
characteristic equation becomes

2
R . |[R 1
=——*= — -, 6.43
Pra==50+! (ZLJ LC (6.43)
This result is obtained by factoring out the minus sign under the radi-
cal and recalling that j=+/-1.

The critical value of damping for fixed values of L and C corre-
sponds to that value of R which makes the radical term go to zero. Hence

Ry 1
(Zj . (6.44)

where Rc denotes the value of resistance which yields a critically damped
transient response. In order to express the roots of the characteristic equa-
tion, two figures of merit are introduced and defined.

i)

Fig. 6.12
If 4y2 >1in Eq. (6.45), we can rewrite this equation as
a

a ) 4b2
=—Z|1+ ,/——1 6.45
P12 > W (6.45)

So that we will denote the roots as
p1,2 =3t j(DO (646)

Complex roots always occur in conjugate pairs. If one root is
Pp=—0+ jog, the other will be p, =—8— jo, . It is known that the re-

spective term, say the transient current i; should be written thus
i; = Ae ™ sin(wgt + v (6.47)
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This is illustrated in Fig. 6.12 and is called a damped sine-wave. It is
of angular frequency o, and of initial phase (epoch angle) y. The enve-

lope of the wave is decided by the curve Ae® The greater &, the faster

the transient decays. The magnitude A and an initial face of damped sinus-
oid y depend on the circuit parameters, initial conditions and the energy

source. On the other hand, ®, and & depend solely on the circuit parame-
ters after switching. The complex frequency o, is termed the angular nat-
ural frequency, and 6 is the decay factor, or decrement. The value

T= 2% is called the period of a function.
(o]

6.10. General Outline of Transient Analysis as Applied to Linear
Circuits

Transient analysis involves basically the following steps:

1. At first we represent an electric circuit before switching. Positive
directions of currents through inductive elements and voltages across ca-
pacitive elements are assumed. Then one must find independent initial con-
ditions (i.e. the values of currents through inductive elements and voltages
across capacitances immediately before switching). Independent initial
conditions are found by some calculation method for direct current circuits,
if energy sources are dc; or by the calculation method for sinusoidal alter-
nating current, if energy sources are ac.

2. Now we represent an electric circuit after switching. Positive di-
rections are assumed for branch currents and voltages. Positive directions
of inductive currents and capacitive voltages must be the same, as in the
circuit before switching. One must work out the integro-differential equa-
tions for transient, using Kirchhoff's laws.

3. Define the steady-state components of currents and voltages after
switching when transient process has been over. The steady-state compo-
nents are found by some calculation method for direct current circuits, if
energy sources are dc; or by the calculation method for sinusoidal alternat-
ing current, if energy sources are ac.

4. The characteristic equation is written down and its roots are found.
Now we can define the law of change of transient components by the form
of the roots.
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5. Required values are written down as the sum of steady-state and
free components.

6. Then we can calculate the constants of integration which enter into
transient components. If the transient component contains more than one
constant of integration, it is required to find at first not only the values of
currents and voltages, but also their derivatives for the moment of time af-
ter switching.

The main difficulty of a classical method just also consists in defini-
tion of dependent initial conditions and the constants of integration.

7. The unknown currents and voltages are expressed as functions of
time in the form of algebraic sum of the steady-state and transient compo-
nents (taking into account the calculated constants of integration).

6.11 Determination of Integration Constants in the Classical
Method

The classical method shows that the current flowing under transient
conditions is described by a differential equation whose solution is the sum of a
particular integral (the steady-state component) and a complementary function
(the transient component), The constants of integration of the complementary
function (the transient current or voltage) are found by solving a system of al-
gebraic equations from the known roots of the characteristic equation and from
the known values of the transient currents and its derivatives for t = 0+.

Any transient current or voltage may be represented as the sum of
exponential terms. The number of such terms is equal to the number of
roots of the characteristic equation. For any network using Kirchhoff's laws
and the switching rules one can find:

(1) the numerical value of i; (0+) , or the transient currentat t=0+;

(2) the numerical value of the first and, if necessary, higher deriva-
tives of the transient current for t=0+.

Let's consider how the constants of integration A, and A, are

found, assuming that i;(0+) and i'; (O+) and the roots p; and p, are
known. When a network is described by a first-order equation, then
ir = AeP'. The constant of integration is determined from the transient cur-
rent i; (0+) : A=i;(0+).
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When a network is described by a second-order equation which has
real and unequal roots, then

i, =AjePlt 4+ AyeP2t (6.48)
Differentiating this equation with respect to time gives
ilt = plAle Pt + pzAze pot . (649)

Writing Egs. (6.48) and (6.49) for t =0 (and noting that for t =0,

eP1it = eP2t =) gives
iy (0+) = Al+ A2
{itl(OWL) = P AL+ pp A2

Solving these two equations simultaneously gives us unknown val-
ues Ay and A,.

If the characteristic equation has conjugate complex roots, the transi-
ent current is given by Eq. (6.47), where the angular frequency o, and the
decay factor & are known from the solution of the characteristic equation.
So, the transient current is given by

iy = Ae Ot sin (wgt +7) . (6.51)
Differentiating Eq. (6.51) with respect to time gives

i'e (0+) =—Ade Ot sin(wyt +7) + Awge X cos(wet +7)  (6.52)

Writing Egs. (6.51) and (6.52) for the time t =0, we get
it (0+) = Asiny (6.53)
i't (0+) =—Adsiny+ Am, COSY. (6.54)

Thus, we have two equations to determine two unknown values: the

constant in integration A and the initial phase vy .

Example 6.2. There were zero initial conditions in the network of
Fig. 6.10 before switch closure. The parameters of the network are E = 60
V, R=10 @, L=0.1 H, C=10"*F. Determine the law according to which the
current vary with time.

Solution: (1) Assign positive directions to the current. The positive
directions for the voltages will, as always, be assumed coincident with the
current.

Before switch closure, the inductive current and the voltage across
the capacitor were zero:

i(0-)=i(0+)=0
uc (0-) =uc (0+)=0

(6.50)
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Hence, we have zero initial conditions here.

In accordance with the second switching rule, they remain zero im-
mediately after closure of the switch, at t = 0+.

After switching the key Q is close. The equation by the second
Kirchhoff's law:

uR+uL+uC=Ri+L%+éjidt=E (6.55)

where i and uc are zero initial conditions. Then u =E=60V .

(2) Consider steady-state condition. Remember: to find the steady-
state solution for dc sources for any branch voltage of any energy storage
element, we replace the inductor with a short circuit and the capacitor with
an open circuit. Note that in the series RLC problem only the steady-state
capacitor voltage is nonzero and is determined by the remainder circuit.
Hence, igg =0, Ucgg =E =60V .

(3) To find the transient current, represent the current at t = 0+ as the
sum of a steady-state and a transient component

i1(0+) =igg(0+) +i; (0+) =0
The characteristic equation of the network

Z(p)=R+ pL+i=0
pC

or p2LC + pRC +1=0
has two complex conjugate roots

~RC+VR?C?-4LC -1073+j6.24-107°
2LC 2.107°

ce the characteristic equation has such roots, the transient component will

have the form

=-50+ j312 s7*.Sin

P2 =

iy = Ae ™% sin (312t +v)
where A and y can be found from the transient solution and its first deriva-
tive for t = 0+.

From (1) above, u; =E= L%,
d E

from where — =— =600 .
A

The function it for t = 0+ is equal to Asiny .
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The derivative of the function Ae ™ sin (w,t +7) for t = 0+ is equal

to %(OH =—A8siny + Aw, cos. To determine A and v for the transient
component of the current, write two equations:

Asiny=0

— Adsin y + Aw, cosy = 600

Solving them simultaneously gives y = 0%, A=1.92 A.
Therefore,

i(t) =i (t) =1.92e % sin 312t .
A ity =192 gin 3128

A=1192 % _____ ?Tr_ﬁﬂ_ﬁ%\
R >

Fig. 6.13

This function is represented by curve in Fig. 6.13. The period of the
functionisequalto T = 2%12 =0.02s, the time constant

1 . . . . _
T= m =0.02s. During this time interval, the function 1.92e 50t decreas-

es by the factor e = 2.71.
6.12. Complete Response of RL Circuit to Sinusoidal Input

Now we determine the total response of a series RL circuit when a
second type of input, the sinusoidal function, is applied to the circuit termi-
nals. The circuit is depicted in Fig. 6.14. The voltage source is assumed to
be varying in a cosinusoidal fashion. When the switch is closed, the gov-
erning differential equation for the circuit becomes

e(t) =Emcosot =Ri + L%v (6.56)
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The solution is searched as the sum of two components
i =igg +it-
Q R
X | I

Up

) CD ur @ :

i
————

Fig. 6.14
In operator form the response is

i :{ 1 }Em cos wt (6.57)
R+ pL

The forced solution is found directly from the Eq. (6.57). Before do-

ing so, recall that a considerable saving of effort results when the cosinus-

oidal function is replaced by the corresponding exponential function which
contains it. Accordingly, we have

. E it E
Iss = Ri{Tme(J“)t W)}ZTmCOS(cot —y)=

=l cos(ot —vy), (6.58)
where Z =vVR? + 0’L? ; wztan‘l%l‘

It is instructive here to note that the forced solution has the same
form as the forcing function but that it differs in two respects: amplitude
and phase. The amplitude of the current is modified from that of the source

voltage by the factor 1/ R? + w’L? =1/Z . The phase or argument is al-

tered by the angle .

To find the transient component of the solution, we first obtain the
characteristic equation. This follows upon setting the denominator of Eq.
(6.57) equal to zero. Thus

R+ pL=0 (6.59)

from which p= F%_
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This is a familiar result and leads to an expression for the transient
solution that is the same as was found for the case with dc energy source.
See Egs. (6.3) and (6.4). Thus

R
i = Ae Pt = Ae L (6.60)

The complete solution is obtained by adding Eq. (6.58) to Eq. (6.60),

which yields
i =i +if = Iy cos (ot —y) + AePt (6.61)

The presence of the inductor means that i(0+) =0. Inserting this re-

sult into Eq. (6.61) for t = 0+ identifies the value of A as
0=1Iycos (—y)+A
from here
A=—ig(0+)=—1,cos y
The final expression for the response thus becomes

i(t) =1y, cos(ot —y)— Iy, eP cosy (6.62)

A graphical representation of Eq (6.62) appears m Fig 6.15. Initially
transient component of the solution provides a magnitude of current which is
equal and opposite to the instanta-neous value of the steady-state current at the
instant of switching. In Fig. 6.15 it is assumed that the switch is closed at the
instant when the voltage has its positive maximum value. But corresponding
steady-state current is not zero at this instant. In Fig. 6.15 it is shown to have a
value Oa. Since the boundary condition demands that the current at this instant
be zero, it is necessary for the transient term to have a value equal and oppo-
site. This is depicted as —0a. As time elapses after switching, the transient term
decays to zero at a rate determined by the circuit time con-stant, and the total
current in Fig. 6.15 then becomes identical to the steady-state current.

The presence of a transient component in the total solution for the
current is called for whenever the initial value of current in the RL circuit is
at variance with the value of the steady state current it the instant of switch-
ing. As an illustration, if in the problem just discussed the initial current
flowing through L were equal to Oa there would be no need for a transient
term because the ensuing current would proceed directly into the steady
state As a result of the correspondence of the currents before and after
switching, then is no force attempting to bring about an abrupt change in
the amount of energy stored in the inductor.
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Fig. 6.15

This behaviour can be described in another way. Let tl in Fig. 6.15
denote the time when the steady-state current is zero. If the switch in Fig.
6.14 is closed at this instant, no violation of the boundary condition oc-
curs; consequently, there is no need for a transient current. In such a case
the response proceeds directly into the steady state. Note that although the
steady-state current is zero the corresponding value of the applied voltage is
not. This is characteristic of the RL circuit for sinusoidal forcing functions.

Example 6.3. A sinusoidal forcing function e(t) = 141 sin 377t is ap-
plied to an initially series RL circuit in which R =100 Q and L = 0.5 H.

(a) If the switch which applied the voltage to the RL circuit is closed
at the instant when e(t) is passing through zero with a positive slope, de-
termine the initial value of the transient current.

(b) Write the complete expression for the transient solution.

(c) Write the expression for the complete solution of current.

(d) At what instantaneous value of the applied voltage will the clos-
ing of the switch result in no transient component of current?

Solution: (a) The general form of the steady-state solution is

g =E—msin (ot — 0) (6.63)
R? + 0?2
This follows directly from Eq. (6.58) except that the sine function is
used in order to make it consistent with the assumed sinusoidal forcing
function. Since w = 377 it follows that
wL=377(0.5)=188.5 Q
and

JR? + 212 =1002 +188.52 = 213.5Q
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Also
0=tan! %" —tan11.885=62°

Therefore, the value of the steady-state current at t = 0+, which is the
time immediately following application of the forcing function, is

. Em 141
|ss(0+)_m n(- 9)_ 5sln( —62°)=-0.584 A

However, in accordance with the boundary condition the initial value

of the current through the inductance must be zero. That is
1(0) =igg (0+) +i; (0+) + 0

or 0 =-0.584 + i;(0+). Hence the initial value of the transient current is
ir=0.584 A.

(b) The rate of decay of the transient term is determined by the time
constant of the circuit, which here is

L 05 1
R 100 200
Therefore, the complete expression for the transient term becomes
i; =0.584e 7200t A
(c) Then the equation for the total solution results:
i(t) =0.665in (377t — 62°) +0.584e 20 A

(d) In order that there be no transient current in the solution, it is
necessary to close the switch at that time instant for which if is zero. A
glance at Eq. (6.63) shows that this occurs whenever

(ot —y) =0, m, 2mx,...

Choosing the first value, it follows that wt = w = 62°.

The corresponding instantaneous value of the forcing function is then
e =141sin 62°=124.2 V.

Therefore, if the switch is closed when the applied voltage has an in-
stantaneous value of 124.2 volts, there is no need for a transient term and so
none exists.
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6.13. Response of RLC Circuit to Sinusoidal Inputs
The treatment of this case presents nothing new in the way of con-

cepts about transients; therefore, the development of the solution is kept
brief. The circuit configuration is shown in Fig. 6.16.

o : R I
—
o) C) * L ll c
uc —‘7
i

Fig. 6.16
With the switch closed, the differential equation for the circuit is

E COSmt_R|+L—+—J|dt

All initial conditions are assumed to be zero.
Proceeding as outlined in the previous section, we can write the ex-
pression for the forced solution directly as

. Em
iss = —M g J(0t=6) _ . =M ¢os(wt — 6)

where now

ol L

2
V4 =\/R2 +(mL—ij and eztan_lT“)C

oC

Again note that this forced solution has the same form as the source
function but differs in its amplitude and argument.
Write down the characteristic equation equalled to zero. Thus

R+ pL+iC:O or p2LC+ pRC +1=0
p

This characteristic equation has two roots, p: and p.. Accordingly,
the transient component takes the form (if we have two real roots)

i, = Aje P cosmt + Aye P2 sin ot
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The expression for the total solution then becomes
. . . E .
i(t)=igg +1i¢ = ?mcos (ot —y) + Ae Pt cos ot + Aye P2t sin oot

|

Fig.6.17

Comparing the last equation, the current response of the RLC case,
with the similar one, the current response for the RL case, shows that the
responses differ essentially in the character of the transient terms. Because
the RL configuration involves one energy-storing element and is described
by a first-order differential equation there occurs just a simple exponential
decay of the transient. The steady-state solution merely rides on this expo-
nential decay, as illustrated in Fig.6.15. For the underdamped RLC configu-
ration, however, the transient solution itself involves an exponentially
damped oscillation with definite frequency. Here the steady-state term can
be looked upon as riding on the damped oscillation, as depicted in Fig.
6.17. It is basically in this respect that the two responses differ.

Example 6.4. In the figure of Fig.6.18, the switch in the third branch
is to be closed. Before closure the network is in a steady state; e(t) = 127
sin (314t + 40°) volts. The parameters of the circuit are R1 = R3 =50 Q, R,
=10 Q, L = 2H, C = 150 xF. Find uc (0+).

Solution: Before closure of the switch

L En 1276}
M TR +Ry + jX| 60+ j628
The instantaneous steady-state current
iy =0.202sin (ot — 44°)

—0.202¢ 1% A
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At the close of the switch (t = 0)
iy =0.202sin (—44°)=-0.14 A
Write down independent initial conditions
i1(0+)=-0.14 A, uc (0+)=0
Now find the steady-state currents to determine the steady-state volt-

age across the capacitor after closure of the switch.
The driving-point impedance of the network

: j
(Rz + joL)(Rg ——7) .
Zog =Ry + oC_ _104.8¢~ 110
Ry + joL+ Rz — &
oC

Then
E jao® .
Iy ==t 22TE 12136 150° A
Zeq 104.8¢ 110
1
|
R ELQ
c 1

g.:z;; ?D -

i3

Fig. 6.18
The instantaneous steady-state current after closure of the switch
ijss =1.213sin (ot +50°) A
ijss (0+) =1.213sin50° = 0.923 A
The complex impedance of two parallel branches is

. J
(Ry + joL)(R3——>) .
Z23 = (DC 256.3e_J180 Q
Ry + joL +Rg— 1
oC

The complex voltage across the parallel portion of the network
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=0 -1 00 . o
U pgm =Ly -Zp3 =1.213e1°0 .56.3¢ 7118 —pg.2e 132" v
Then we can find the current through the capacitor
U,; 68.2ei%°
l3m = = -
Z; 50-j21.3

The steady-state voltage across the capacitor after closure of the
switch

~1.2530154° A

_ o . .
Qmﬂsm(—éj:lzwel“ 2137190 _ 06771367 v

The instantaneous steady-state voltage across the capacitor and the
instantaneous steady-state currents i, and i3 after closure of the switch

Ucgs = 26.7sin (wt —36°) V
Uggs (0+) = 26.7sin (—36°) = -15.57 V
inss = 0.11sin (ot —58°)
i3ss =1.253sin (ot +54°) A
And their values at the moment of switching
Ugss (0+) = 26.7sin (—36°) = -15.57 V
ioss (0+) = 0.11sin (-58°)=-0
igss (0+) =1.253sin 54° =1.02
Now find iz (0+). By the first switching rule
i2(0-) =iz (0+) =~0.14 =g (0+) +iz (0 );
From here
2t (04) =ip(0+) —ipgs (0+) =-0.14+0.1=0.04 A
The transient voltage across the capacitor after closure of the switch
is found by the second switching rule:
Uc (0+) =ucss (0+) +uc, (0 +);
Uc; (0+) =uc (0+) —ucss (0+) =0—(~15.57) =15.57 V
To determine iz (0+), write an equation for the loop formed by the

first and third branches:
Ryigt (O+) + Rsigy (0+) +uct (0+)
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Substituting —0.04+i3(0+) for ix(0+) and noting that
Uc, (0+) =15.57 volts, we get

i (0+) = % =-0.1357 A

L du .
From the equation iz, (0+) =C TCI we can determine

(dUCtj _ I3t (0+) _ —013576 — 005 V/s
dt Ji_os C 150-10~

The characteristic equation
P2LC(Ry +Ry) + P[C(R{Ry + RyRg + RiRg)+ Ly [+ Ry + Ry =0
has two roots
pp=—42+j15257% p, =—42—- j15.2 571,
Therefore, the transient component should be given the form

uc,, (0)=Ae™ sin(wg +7)

where 6 = 42 and @, = 15.2. A and y can be found from the transient com-
ponent and its first derivative for t = 0+,
To determine A and y for uc: write two equations
Asiny =15.57
-3 Asiny + wy Acosy =-905

Solving them simultaneously gives
A=215andy=137%
Therefore

Uc,, (0) = 26.7sin(-36°) =-15.57 V
The total capacitive current
Uc (0+) = Ugss (0+) + Ug (0+) = 26.7sin (wt —36°) +

+ 215642 sin (15.2t +137°) V
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6.14. The Laplace-Transform Method of Finding Circuit
Solutions

The mathematical formulation of the Laplace transform permits a
uniformity of analysis and of interpretation of results in situations which
we find constantly recurring in all areas of electrical engineering and many
other branches of engineering and science.

In the treatment which follows, the emphasis is put on the Laplace-
transform method. A matter such as obtaining the final solution to a prob-
lem after applying the Laplace transform is accomplished through the use
of tables. When we accept the use of tables as a valid means of performing
the inverse Laplace transformation, there is every reason to use the Laplace
transform as a means of solving linear differential equations.

6.15. The Nature of a Mathematical Transform

The Laplace transform is a mathematical tool for transforming func-
tions. In linear analysis it also serves to convert operation in time, such as
differentiation and integration, into simpler algebraic functions of an inter-
mediate variable such as multiplication and division.

The first step in the procedure is to find the transform of each num-
ber. Finally, the solution in the original system of numbers is obtained by
consulting the logarithm table. This last step is known as performing the
inverse transformation through the use of tables.

Thus, to solve an integrodifferential equation the same basic steps
are involved. (1) The Laplace transform is used to convert the in-
tegrodifferential equation into an algebraic equation. The algebraic equa-
tion is expressed in terms of a new (or transformed) variable. (2) The sim-
pler operation of solving the algebraic equation is performed in the trans-
formed domain. (3) The solution in the original domain is obtained by con-
sulting appropriate tables.

6.16. The Laplace Transform: Definition and Usefulness

A typical form of the differential equations encountered in the study
of electrical engineering is illustrated by Eqg. (6.64)

2. .
Ay d Igt) . di(t)
dt dt

M=+ Al - Aqfidt =), (6.64)
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where f(t) is the source function, the coefficients A denote constants, and i(t) is
the solution or desired response. Since Eq. (6.64) involves derivatives as well
as an integral, and because of the importance of preserving the identity of the
response function in spite of these operations of differentiation and integration,
it can reasonably be concluded that the Laplace transform must in some way
involve the exponential function.

A time function (current, voltage, e.m.f.) is written f(t). Direct La-
place transform of a function f(t) is defined as

F(p)= [ f®e Pt (6.65)
0

where p is the intermediate or transformed variable. Note that p is part of
the exponential function. Equation (6.65) states that to obtain the Laplace
transform of a function f(t) it must be multiplied by e™ and then integrated
fromt=0tot=co. In general, the variable p is a complex number such that
p=a+ jb, where ais a real part, and b is the imaginary part. To solve the

integrodifferential equation by the Laplace transform, it is necessary to ap-
ply the Laplace integral to each term of the equation. This converts the
original time-domain equation to one expressed entirely in terms of the in-
termediate variable p.

The function f(t) is the inverse transform of F. In Eq. (6.64) the un-
known response i(t) is identified in the transform domain as I(p), i.e., the
correspondence between them is written thus

L[f(®)]=F(p). (6.66)
Also, a glance at Eq. (6.65) shows that L[Agi(t)]= Agl(p). Thus one

of the five terms of Eq. (6.64) is transformed. Let's desire to find the La-
place transform of a function f(t)=A, where A is a constant. Substituting A
for f(t) in Eq. (6.66) and integrating gives

0] [e0] _pt
F(p)sze‘ptdt=A(—ijjd(e—pt))}Ae ~A . (e67)
0 PJ5 p p
Thus, the Laplace transform of a constant may be written as
|_[A]:é or A= 2 (6.67)
p p
where .= is the sign of correspondence. Accordingly, the imagine of an

exponential function f (t) =e™t,
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e(a*p)tro_ 1
o-p ‘0 Co-p

F(p) = [e™e Pat = [ Plat - 0-1n=—
p_

0 0
et pia. (6.69)
If f(t)=Ae™,
Aetot — p’;a. (6.70)

In deriving the transform Eq. (6.69), it is taken into account that the
real part of the operator p is greater than a, that is a >a. It is only then that
the integral converges. This transform (6.69) has a number of important
corollaries. Thus, putting a = jw gives

peiot A (6.71)
p-Jo

To demonstrate that the Laplace transform is useful for simplifying
the solution of integrodifferential equations, let's start by stating that F(p) is
a transform of f(t). We examine the first derivative transformation, knowing
that for t = 0, f(t) = f(0).let us start with the statement that F(p) is the trans-

form of f(t).We inquire about the transform of a first derivative df(t%t,

knowing that for t = 0, f(t) = f(0). Converting the function df(t%t by the
Laplace transform method gives

@) —pt _ Tt
jdt je d[f ).

The right side of this equatlon is readily recognized as the integral of
the product of two variables. From the calculus we know that

'[udv=uv—-[vdu.

Putting e ' =u and d[f (t)]=dv, and integrating by parts gives

Te‘ptd[f ©]=e Pt (t)HOO —Tf(t)d[e_pt].
0 0 0
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However, e Pt f (t)‘w —0- f(0)=—f(0), and

f(t)d[ pt] pj f (e Pldt= pF(p).
Thus, the Laplace transform of a derivative term is

df (t
di ).— pF(p) — (0). (6.72)
_ Extension of the Laplace transform to derivatives of higher order is
readily accomplished by repeated application of the general procedure im-
plied in Eq. (6.72). Thus, the Laplace transform of the second derivative is

d2f(t df (t
(),— p F(p) pf (0) - [ d()} . (6.73)
L
Therefore, the Laplace transform of the second derivative of i is
d2it . .,
O 021 (p) - pi (@) - pi'(©).
dt
And at last, if f(t).=" F(p), then
t
j £ (1) dt.= F(P) (6.74)
0 p

6.17. The Laplace Transform of the Voltage Across the
Inductance

The Laplace Transform of a current i is I(p). Then the transform of

the voltage across the inductance will be u = L%

To find the imagine of this function we will take the advantage of the
Laplace transform (integrating in parts)

di o Pt w=e P dW:—pe_ptdt:

dv=di V=i

U, (p) = J.L dt:LTeptdi:
0

:iLe_pt‘: ~ [iL(-p)ePdt=0-Li(0) + pL[ie P'dt=~-Li(0) + pLI(p).
0 0
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Therefore,

u = L%,z' pLI (p) - Li(0) . (6.75)

6.18. The Laplace Transform of the Voltage Across a Capacitor

The voltage across a capacitor, uc, if often given the form
t

Uc = %Iidt . But the more exhaustive form is uc =uc (0) + %jidt :
0

In accordance with Eqg. (6.74) the transform of %J'idt is @ , and
P
the transform of the constant u (0) is the constant itself divided by p.

To find the imagine of this function we will take advantage of La-
place transform (having presented the integral in the form of the sum of in-
tegrals and integrating in parts) as

o0 t 0 ot
_ L[ bty — —ptge o+ L [ [idt e~ Plat —
UC(p)—j{uC(O)Jerldt} dt_uC(O)je dt+C”|dte dt =
0 0 0 00
uc(0) N @_
pC
Therefore, the Laplace transform of the capacitive voltage is

(after transformation) =

t
U = éjidu uc (0).= % +“C—F§0) . (6.76)
0

The Laplace transform and the respective inverse Laplace transform
are referred to as a transform pair.

A formal solution to a linear integrodifferential equation is readily
obtained in an intermediate form by Laplace transforming each term. This
procedure leads to the represented results.

Once the Laplace transform F(p) is found for a specific time function
f(t), it is tabulated for future reference just as is done for logarithms or inte-
grals. Such a tabulation is particularly useful because, as can be shown, the
Laplace transform of a time function, if it exists, is unique. The most useful
of the transform pairs are listed below in Table 6.1.
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Table 6.1
F(p) f(t)
1 Fat
pta €
- — jot
p- jo €
1 1
p(p+a) o e
L —ot
p(p+a) 1-e
1 —at
(p+a1)2 te
p .
(00 1—at) e™™
1 t 1 e ™
p(p+a)? a a2 a2
1 1 —at —bt
(p+o)(p+h) &)
p 1 —at bt
(p+a)(p+b) NG
1 o
—SIn (a
p? +a® (at)
p
cos (at
p? +a’ (at)
1
-y t
p2
1
=3 St
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6.19. Ohm's Law in Operational Form. Internal Electromotive
Forces

Let's consider the electrical branch which consists of e.m.f. source
and resistive, inductive and capacitor elements is connected to two nodes a
and b. The current in the branch is directed from node a to node b.

g(_f:] R £ [
2 @ — /*v‘v‘\_”_ob
i Up ur W

Fig. 6.19. A part of the complex ramified electrical circuit.

The switching in other part of the circuit leads to the transient. Inde-
pendent initial conditions for a considered section are: the current through
an inductor i(0) =i(0—) and voltage across a capacitor uc (0) =uc (0-).

The voltage between nodes a and b for the circuit after switching

Uab = @a —@p = UR +U +Uc —e(t) (6.77)
. di 1. -
where ug =Ri; ULZLE; uc =Ejldt+uc(0).Aftersubstltutlng
0
Coodi 1.
=Ri+L—+=|idt —e(t). 6.78
ab oo Jidt-e® (6.78)

Since the Laplace transform is a linear operator, it follows that the
transform of a sum is equal to the sum of transforms. On substituting the
respective transforms for each of the terms in Eq. (6.78), we get

U (p) = RI(p) + pLI(p) - L|(O)+p 1()+29 gy, (6.79)

The effect of the above transformation is that instead of a differential
equation (6.78) we have the algebraic equation (6.79) relating the current
transform I(p) to the e.m.f. transform E(p) and the voltage transform
U ap (p) . From Eq. (6.78) it follows that

Uab(p)+E(p)+Li(o)_L@

1(p) = — (6.80)
R+pL+—
pC
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where Z(p)=R+ pL+ % is the operation impedance of the branch ab.
p

It is similar in structure to the complex impedance of the same branch with
p substituted for jw. The term operation impedance is preferred in this de-
scription because resistance, inductance and capacitance are involved.

Eqg. (6.80) may be termed Ohm's law in operational form for the cir-
cuit branch containing a voltage source under non-zero i.i.c.s.

The term Li(0) is the internal e.m.f. due to the energy stored by the
magnetic field of an inductive element, produced by the current i(0)
through the inductance just before a switching. The term uc (0)/p is the

internal e.m.f. due to the energy stored by the electrostatic field of a capaci-
tor, produced by the voltage across the capacitor just before a switching.

In a case, when a branch contains no e.m.f. and we have zero initial
conditions at the instant of switching, Eq. (6.80) takes on a simpler form

I(p) = Uzt(’—é';’) . (6.81)

Eq. (6.81) is a mathematical expression for Ohm's law for the circuit
branch containing no e.m.f., under zero independent initial conditions.

6.20. Kirchhoff's Laws in Operational Form

According to the first Kirchhoff's law an algebraic sum of instanta-
neous values of the currents in any junction of a circuit is equal to zero

n
D ik=0
k=1
Current by Laplace transform can be presented in operation form
n
D I(p)=0. (6.82)

According to the 2nd Kirchhoff's law in a closed loop the sum of the
instantaneous voltages is equal to the algebraic sum of electromotive forces:

Z Rk kK + z Lk Z[ jlk + Uck (O)J = Zek . (6.83)
k=1
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_Having transferred to operational imagines, we have got the second
Kirchhoff's law in the operational form as

iRklk<p)+i(pLuk(p>—LkiLk(O))i('k—‘mM}iEk(p)
k=1 k=1 k. PC p ]
n

or Y Zy(p)l(p) =D, Ek(p)+|_ki|_k(0)_UCkp(p)]

whekrﬁliLk 0), uck (()lsz%lre initial conditions of currents through inductor
and voltages across capacitor. At zero i.i.c. the 2nd Kirchhoff's law:

n n
D> Zi (P (p) = D Ex(p) (6.84)
k=1 k=1
In the case of nonzero initial conditions (the general case), E(p)
also includes all internal electromotive forces.

6.21. The equivalent operational circuit

The relationships between circuit elements for instantaneous values
of currents and voltages and the elements of the operational circuit are pre-
sented at the end of this section. The internal e.m.f.s caused by a reserve of
energy in reactive ele-ments at the moment of switching, are taken into ac-
count here. In case of zero i.i.c. the internal e.m.f.s are equal to zero and
there are no internal e.m.f. in the equivalent operational circuit.

i R 192 R
—{ } o o—{ 1o
—= Up — Up(p
;. £ 1) E(p)

i 1) 5, L
o N

Upie
ioc 1 Y D
Bl B



46

6.22. Inverse Laplace Transformation Through Partial Fraction
Expansion

Let the image looks like a proper fraction (i.e. polynomial extent m
in a numerator is less a polynomial n in a denominator m<n)

F(p) =P (6.85)
F>(p)
and a numerator and a denominator have no common roots.

To accomplish this in the common case, it is necessary first to find
the roots of this equation by any of the standard methods of algebra. For the
sake of illustration assume these roots are found to be , ,...and so on to
and that each is real. Then Eqg. (6-85) may be rewritten as of a partial-
fraction expansion (6-86)

To accomplish this in the common case, it is necessary first to find
the roots of this equation by any of the standard methods of algebra. For the

sake of illustration assume these roots are found to be p;, p,,to p, and
that each is real. Eq. (6-85) may be rewritten in terms of a partial fraction

n
A(p) A + Ao +.ot An =Z A . (6.86)
F2(p) P-p P-P2 P=Pn (o PPk
~ Now since each term on the right side of this expression is identifia-
ble in Table 6-1, a complete description of the time solution merely re-

quires an evaluation of the n coefficients. Let us formulate the transformed
solution of Eq. (6-86) in completely general terms and we may write

n
S D Ja S (X1)
Fa(p) P-p1 P-P2 P=Pn = P— Pk
For definition of coefficient A; we will multiply both parts of Eq.
(6.86) by (p— pq) . We will get the following equation

Fi(p) - A
=~ (p-pP)=A+(p-p) - (6.88)
F2(p) ' . k; P— Pk
At p — p;, Eq. (6.88) may be rewritten thus
_Rm)
Fa(p1)

Analogically one can determine the remaining coefficients as
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_ Rl (6.89)
F(px)

n n
Hence, F(p) =12 3" A s RP)._1_ g4
Fo(P) S P—Pk o Fo(py) P— Pk
As it has been shown earlier that

Ac Pyt
= Aet,
P— Pk
Fi1(pk)/F2'(pk) on the right-hand side of Eq. (6.90) are constants,
and that the functions of p on the right-hand side are the factors 1/(p — py)

corresponding to a time function of form e Pt (see Eqg. 6.69), we may write

n
t)=> P gpet (6.91)
k=1 F2(Px)
The inverse transformation with the aid of Eq. (6.91) is based on the
expansion of the transform into partial fractions of the form

[F1(pk)/ F2'(pk)][1/(p - pk)], whose corresponding time functions are
exponential functions [Fy (py)/F2'(pk)] e Pxt.

The expression in the right-hand side of Eg. (6.90) has as many terms
as there are roots of the equation F(p) = 0. The factors F;(pyx)/F2'(pk)

may be likened to the constants of integration of a differential equation in
the classical method. If one of the roots of the equation F(p) = 0 is p = 0,
and the corresponding term on the right-hand side of Eq. (6.91) will be

n
t) =0 3 Al opit (6.92)
F(0) (2 Fa(px)

The term is the component of the unknown cur-rent or voltage
due to a direct-current voltage. If equation has complex conjugate roots,
the sum of com-plex conjugate magnitudes is equal to the doubled value of
the real part of any of these numbers. And it is enough to calculate the val-
ue of this function only for the root and find the real part of this term.

pt pot pat
F(pe™  Fi(po)e™ _ ZRG(M}_ (6.93)

Fo(p1) Fa(p2) Fo(p1)
The apportionment into vulgar fractions can be made by the method
of undetermined coefficients which is related to the solution of the system
of equations, that it is not convenient in practice.
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Required time function looks like

m 1
£ (1) = Pt 1 d* (Fl(P)J M-
0=e qZ::l(q—1)!-(m—<1)!(dpq_1 F3(p) b=py ’

n
LY R ot (6.94)
k=2F2(Px)

6.23. Common steps in operational analysis

Transient analysis by an operational method is made in the following
seguence in connection with the Heaviside expansion theorem:

1. The analysis of a circuit before switching and the definition of in-
dependent initial conditions as in a classical method. Note that expansion
formula is applicable under any i.i.c.

2. Non-zero i.i.c. are dealt with by introducing "internal” electromo-
tive forces in N(p). Then draw equivalent operational circuit immediately
after switching. This formulation of equivalent operational circuit is made
by replacement of energy sources and passive elements by their images.

3. Make up the system of equations in an operational form. This sys-
tem can be generated by any of methods which we use for the calculation of
steady-state modes in the linear circuits for the equivalent operational circuit.

4. The solution of this system of equations concerning the images of
required currents or voltages by any known method.

5. The definition of originals of required currents or voltages through
the use of Eq. (6.91) or table 6.1. If the image of function represents the ra-
tio of two polynomials rather p, it is possible to take advantage of expan-
sion theorem for making up of an inverse Laplace transform.

6.24. Step Response of a Direct Current RL Circuit

Consider the transient in dc circuit which is presented in Fig. 6.20.
g R

Cg 13

Fig. 6.20. Series RL circuit.

Appearing in Fig. 6.20 is the circuit arrangement of an initially deen-
ergized inductor in series with a resistor. It is desired to find the complete
solution for the current when the switch is closed.
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By Kirchhoff's voltage law one can write
E=Ri+ Lﬂ (6.95)
dt
Because the switch in Fig, 6.20 is initially open, it follows that
1(0)=0.

Since we have a zero i.i.c. here the internal e.m.f. due to the energy
stored by the magnetic field is also equal to zero. Then we have the follow-
ing operational circuit which is presented in Fig. 6.21.

——
= 1) |3
£

Fig. 6.21. Operational RL circuit.
Substituting the respective transforms for each term of Eq. (6.95) gives

E
. I(p) (R+pL).
Therefore, the transformed solution for the response becomes
E E/L
(-2 Bt
R+pL p(p+R/L)
To obtain the time solution which corresponds to Eq. (6.96) we must per-
form the inverse Laplace transformation, which requires putting I(p) into a

form whose terms are readily identifiable in Table 6.1. Accordingly, we can
E/L E 1

p(p+R/L) L p(p+a)’

(6.96)

rewrite this equation as I (p) =

where a.=R/L.
From the table of Laplace transform pairs we find that
1 = 1 1-e™
p(p+a) o

By the application of this transform we have the following result

it) =%{ﬁ(l—e_m/ L)‘)} =%—% e~ (R/L)t (6.97)
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where the term E/R is a steady-state component of the current, and the term
%e‘(R/ Lt s a transient (or free) component of the required current. Thus,

by means of Table 6.1 this operation is carried out by proceeding from the p-
function column to the corresponding time-function column. It is interesting
to note in Eq. (6.96) that the presence of p in the denominator is associated
with the step forcing function, and this in turn is responsible for generating the
steady-state solution. The operational impedance (R + pL) is associated with
the generation of the transient term, as also revealed by Eq. (6.97).

It is useful to formulate the ratio of the output response (in this case,
current) to the input forcing function (voltage) of the Laplace-transformed
function for zero initial conditions. This ratio is called the transfer function of
the circuit. In the case of the RL circuit the transfer function can be written as

ip_1 1 (6.98)
E(p) Z(p) R+pL
Right side of Eq. (6.98) indicates, the transfer function indirectly conveys
information about the transient response of the circuit. The transfer function
involves just the circuit parameters.

6.25. Step Response of a Direct Current RC Circuit

Consider the circuit with a resistor in series with a capacitor.
5 R

‘® ol
Fig. 6.22. Series RC circuit.

Let us now find the current after the switch S is closed. Taking volt-
age drops in a clockwise direction as positive the governing differential

equation is obtained by KVL to the closed circuit: E = Ri + %Iidt (6.99)
Laplace transforming each term yields
E: 1(p) (R+i). (6.100)
p Cp
As the switch was open, it follows that uC (0) = 0. Than e.m.f. due

to the energy stored by the electrostatic field of a capacitor also equal to ze-
ro. Then we have the following operational circuit described in Fig. 6.23.
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Therefore, the transformed solution for the response becomes
E/p _ ECp E 1 E 1

(P) rR. 1 P(RCp+D) R ( 1 j R (p+a) ( )
+— p+—
Cp RC
where a.=1/RC.
From the table of Laplace transform pairs we find that
1 = e—(xt .
(p+o)
ip) __ R

£

£ 1 | uc
? pCT

Fig. 6.23. Operational RC circuit

By the application of this transform we have the following result
1
. E -t
i(t) = Fh RC | (6.102)

So, by means of inverse Laplace-transformed functions (see Ta-
ble 6.1) this operation is carried out by proceeding from the p-function
form to the corresponding time-function form.

6.26. Step Response of Second-Order system (RLC Circuit)

__ Let consider the circuit with series RLC. Note, that the capacitor has
no initial charge before switching.

5 K L
i i
iy R L o luc
fe— ]
Fig. 6.24

Because the switch in Fig, 6.24 is initially open, voltage uc (0) = 0. So,
the internal e.m.f. due to the energy stored by the electrostatic field of a ca-
pacitor, is also equal to zero and we have the following operational circuit
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’ T
Fig. 6.25. Operational RLC circuit.

~ The governing differential equation for the circuit is found upon ap-
plying Kirchhoff's voltage law. Thus

E=Ri+ L—+—j|dt (6.103)

Equation (6.103) is a second-order differential equation because it in-
volves a derivative and integral term. The Laplace transform gives

E:I(p)-(R+ pL+i]. (6.104)
P pC

The function in brackets is the operational impedance of RLC circuit.
The expression for the current solution in the p domain readily becomes

CE _ E/ L

. _
p2LC + pRC +1 (p s pR j
L' LC

A glance at Eq. (6.105) shows that the denominator expression does
not include an p factor standing alone as was the case for the RL circuit.
This means that a constant term in the steady-state solution does not exist.

We must first find the specific roots of the quadratic expression. That is, we
must determine those values of p which satisfy the equation

R+ pL+i=O. (6.106)
pC

I(p) = (6.105)

This expression is called the characteristic equation of the second-
order system. The roots of this equation, depend on the circuit parameters.
To understand this better, consider that p1 and p2 are the roots of the char-
acteristic equation. The expression for the time solution becomes

i(t)=A et + A eP2t, (6.107)
Thus, the characteristic manner in which the transient terms decay is

solely dependent on the roots pl and p2. As an example we will consider
the transient in the dc circuit presented in Figure 6.26.
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Example 6.5. In the circuit of Fig.6.26 with parameters E = 60 V,
Ry =10Q, R, =20Q, R3=30Q, L=0.1H, C=0.002F find the ex-
pression for the currents when the switch S is closed.

5
—T—1

Tlh:;], ie |
ECD ’ ¢ == |

R
R E

1
el
5 <

Fig. 6.26
Solution: Let's define independent initial conditions:
i 0)=i ()= =0 1A
Ri+R,+R3 10+20+30
60

10+20+30
The equivalent operational circuit after switching is in Fig. 6.27.
Let's work out the equations by mesh-current method:

uc (0) =uc (0-) = Ryiy (0-) =20 20V

111(P)(Ry + Ry + pL)— I 2(Ry + p|)=%+ Li_(0)

~111(Rp + pl)+ 'zz(p)(Rz + pL +p%} ~ L, (0)-2c©

Solve the system of equations by matrix method. Than required current:

E +EpC(Ry + pL) + pLiy (0) —uc (0) pC(Rp+pL) _
p[pZLCRl + P(CRR, + L) + (R, + RZ)]

_ E + EpC(R, + pL) N Li (0) Cuc(0)(Rp+pL) .

pZ(p) Z(p) Z(p)
(E(Rg + pL) —RypLi (0) ~uc (P)(Ry + Ry + pL)IC _
h%£m+p@&&+pr@+&ﬂ
_EC(Ry+pL) pLCR4i; (0) Cuc(p)(Ri+Ry+pL)

Z(p) Z(p) Z(p)
where Z(p) =0 is the characteristic equation.

l11(p)=11(p) =

I22(p)=12(p)=
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A

Ky —= — Io(p)
Imml L

1
RO e R

£
£ Ct) Ill(PQR fzz(PQ %
5

Fig. 6.27. The equivalent operational circuit after switching.

Now we pass from the image of a current to the original with the use
of expansion theorem in case of the real different roots.

E+EpC(Ry + pL) + pLi, (0) ~uc (O PC(Ro+pL) _ Fi(p) .
p[pZLCRl + P(CRyRy + L) + (Ry + RZ)] pZ(p)
(E(Ry + pL) — RipLip (0) ~uc (P)(Ry +Rp + PL)IC _ Fa(p) |
[pZLCRl + P(CRyRy + L) + (Ry + Rz)] Z(p)
Let's consider characteristic equation and find its roots:
P?LCR; + p(CR{R, + L) + (R; +Ry) =0

l1(p) =

12(p) =

—(CRyRy + L) £ +/(CR{R + L)% —4LCR{(R; + R»)
_ 1R 1R 1(Rg+Ry)

p1,2 2LCR1
~ —(0.002 -10~20+0.1)i\/(0.002 10-20+0.1)2 ~4-0.1-0.002-10(10 + 20) _
- 2.0.1-0.002-10 -
=-150; -100s™

Let's observe the receiving of the time solution for the first current. As the
denominator contains a factor p we search original by the formula

RO, v R pa

Z0) = ez (px)

F(0)=E =60.
F1(~150) = 60 + 60 - (~150) -0.002 - (20 + (~150) - 0.1) + (~150) - 0.1-1—
~20-(~150)-0.002 - (20 + (~150)-0.1) = -15.
F,(~100) = 60 + 60 - (~100) - 0.002 - (20 + (~100) - 0.1) + (~100) - 0.1.1—
—20-(~100)-0.002 - (20 + (~100) - 0.1) = —30;

()=
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Z(0)=R;+R, =10+20=30;
Z'(p)=2pLCR; +(CR{R, + L) ;
Z'(~150) = 2-(~150) - 0.1-0.002 - 10 + (0.002 -10 - 20 + 0.1) = -0.1;
Z (~100) = 2 (~100)-0.1-0.002 -10 + (0.002-10- 20 + 0.1) = 0.1;
i (t)= F1(0)+ Fl(pl) ep1t+ Fl(lpZ) epzt _

Z(0) pzZ'(p) P2Z (P2)
_ 60, (15 s, (=30)  -100t _
20 " (~150)(~0.1) (~100)(0.1)

=2-1.e7150t  3.7100C A

Let's find time solution for the 2nd current. As the denominator does
not contain a factor p we search the current original by the formula
2

()= 2P gpit,
k=1 Z (Px)

F, (~150) = (60 (20 + (~150) - 0.1) —10 - (~150) - 0.1-1) - 0.002 —

—20- (10 + 20+ (~150) - 0.1) - 0.002 = 0.3:
F, (~100) = (60 (20 + (~100) - 0.1) —10 - (~100) - 0.1-1) - 0.002 —

—20-(10 + 20 + (~100)-0.1) - 0.002 = 0.6 ;
() = le(pl) oPit Fg(pz) P2t _ 03 asot 06 o0t _

Z (py) Z (p2) (-0.1) 0.
_ _q. o150t ~100t

+6-e

Consider the case with two conjugate roots. The roots of the character-
istic equation and a form of a free component depend on the parameters of a
circuit. Suppose, that one of parameters has changed (for example, inductance
has increased four times and became equal L=0.4 H ). As i.i.c.s don’t depend

on the inductance, they remained invariable.
In this case the roots of the characteristic equation look like

~(0.002-10-20 + 0.4) £/(0.002-10-20 + 0.4)2 — 4.0.4-0.002-10(10 + 20)
, = -

2-0.4-0.002-10
=-50+j35.4; —5-j35.4 st
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Find the time function for the current in the first branch:
ip (t) = RO, Re[—Fl(, P) o pltJ :
Z(0) P1Z (P1)
F(0)=E=60;
F (-50+ j35.4) =60+ 60-(-50 + j35.4)-0.002 - (20 + (50 + j35.4)-0.4) +
+(-50+ j35.4)-0.4-1—20- (-50 + j35.4) - 0.002 x
x (20 +(-50 + j35.4)-0.4) =—0.10 + j42.48;

Z(0)=R;+R, =10+20=130;

Z'(p)=2pLCR; +(CR{R, + L) ;
z (-50 + j35.4) =2-(-50 + j35.4)-0.4-0.002 -10 + (0.002-10-20 + 0.4) =

=—j0.566 ;

o —0.10+ j42.48 o—(50+j35.4)t
(-50 + j35.4)(—j0.566)

=2+ 2.448e % sin(35.4t + 55°) A .
Find the time function for the current in the second branch:

iz(t)zzRe[—F%(p") epk‘}

] 60
hit)=—+2R
1(t) 20

Z (pk)
Fy(~50 + 35.4) = [60 - (20 + (50 + j35.4)-0.4) —10- (~50 + j35.4)-0.4-1) -
—20-(10+20 + (<50 + j35.4) -0.4)]-0.002 = —j0.850 :

ip(t)=2Re = 10.850 (-50+j354)t | ppe [1.5e j0% g (-50+ j35.4)t ) =
~j0.566

=360 cos(35.4t) = 36 2% sin(35.4t + 90°) A.



