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Bctyn

[MTpornioHOBaHI iHAMBIAYaAbHI 3aBAGHHS AIOpaAHO Y BIATIOBIAHOCTI AO
porpaMu 3 Kypcy «Buia MaTeMaTHKa» 0araToCTyIeHeBOl IATO-
TOBKM (DaxiBIIiB.

3aBAQHHAM IIEPEAYE CTUCAE BUKAAACHHS TEOPETUYHUX BiAOMO-
CTeU Ta IIPUKAAAU PO3B'43KIB TUIIOBUX 3aAay.

MeTor0 BUKOHAaHHS 3aBAAHb € 3aKPillA€HHS TeXHIKU poOoTH 3
MaTpULAMH, @ TAKOK 3 BEKTOPaMU 1 IX KooppuHaTaMu. Tomy iHAU-
BiAyaABbHI 3aBAAHHS AIOpaHO B TaKuUM CIIOCiO, 1100 NpOMiXKHI pe-
3YABTATA PO3PAXYHKIB I OCTATO4YHI BIAIIOBiAl OyAnM sIKOMoOra IIpo-
CTIIIMMU: HAa AYMKY aBTODPIB, yBary Tpebda NpUAIAITH OPMYyAaM 1
Me’KaM 1X 3aCTOCOBHOCTI, He MAacKyIOuH Ije apudMEeTUYHOIO I'POMi-
3AKiCTIO.

360ipHUK MicTuTh 15 piBHOI[IHHMX BapiaHTiB. HoMep BapiaHTy
CTYAEHTA BIATIOBIAGE IIOPSIAKOBOMY HOMEDPY B JKYPHAAI aKapeMiuHOL

IPYIIN.



1 TEOPETUYHI BIAOMOCTI

1.1 OcHOBHU AiHINHOI aAreOpu

1.1.1 Marpumni

Mampuuysa — e IpsIMOKYTHa TaOAUIA YKUCeA. B 3araaABHOMY BHIIAA-
Ky BOHA MICTUTB m PSAKIB 1 n cToBHOIiB. UncAaa m, n Ha3UBAIOThb
nopsgkamu martpuii. MaTpulli I03Ha4alOTh BEAUKUMU AlTepaMu.
Ha mepeTuHi i-ro psaka (i = 1,m) i k-ro crosmng (k = 1,n) posTa-
IIIOBAHO MAmMpPUYHUU eAeMenm, TKUU MM03HAYal0Th BiATIOBIAHOIO Ma-
AOIO AITEPOIO I CYIIPOBOAJKYIOTh ABOMA IHA€KCAMU: HOMEPOM pPSIAKa
i HoMepoMm croBmUs: A, xyn = {a;}. B posinmpenoMy BUTASIAL

a11 a2 te Q1n
A— a21 a22 te a2n
Am1 Am2 e Amn

CyKyIIHICTh MaTPUYHUX €AeMEeHTIB a;; YTBOPIOE I'OAOBHY giaro-
Haab MaTpuli. I'lpu n = m MaTpUIlI0 Ha3WBAIOTh KBAGPAMHOK IIO-
psAaKy m. Ilpu m = 1 OTpUMYIOTh HEKBAAPATHY MaTPUIIO-PIAOK,
a npu n = 1 — HeKBaAPaTHY MaTPUIIO-CTOBIIEIb.

SKII0 BCi MaTpHU4YHI eAeMeHTH KBaApaTHOI MaTpHUlli AOPiBHIO-
IOTh HYAIO, II Ha3MBAIOTb HYAbOBOIO i mo3HaudaroTb O. fAKmio Bci
MaTPU4YHI eAeMEeHTU TOAOBHOL AlaroHaAl KBAApPATHOI MATPHUILL AO-
PIBHIOIOTb OAVHUINI, & pelllTa MaTPUYHUX €AeMEHTIB — HYAIO, TO
MaTPULO HAa3UBAIOTh OJUHUYHOIO MATPULEIO0 BiAIIOBIAHOIO IIOPSA-
Ky i mo3navawoTs E.

Ha MHOXUHI MaTpullb BU3HQYEHO HACTYIIHI Ollepaliil: AOAABa-
HHA MaTpHUIlb, MHOXKEHHS MATPUIli Ha YUCAO, MHOKEHHS MaTPHUIL
Ha MaTpHUIIO, TPAHCIIOHYBAHHS MAaTPUIli, 3HAaXOAKeHHS 0O0epHEeHOI
MaTpuIii.

AopaBaTU MO’KHa AOBIABHI MaTpPHUIll OAHAKOBUX IIOPSAKIB; IIe
POOASITH TIOEAEMEHTHO:

Aan+Ban = Umxn,
IPUYOMY Cix = Qik + bk, 4= 1,m, k = 1,n.
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MHOXUTU Ha YHNCAO MOSKHAa AOBiABHY MaTpunlo, e pO6AHTB
II0OeAEeMEHTHO:!

)\Amxn = Bmxn7

npuaomy b, = Ak, 4= 1,m, k=1, n.

MHOXUTH OAHA Ha OAHY MOJKHA AMIIle MATPUIL, Y3rOAXKeHI 3a
nopspKaMu: A, x s Bsxn = Crxn. MaTpUUHI €A€MEHTH PEe3yABTaTy
3HAXOAATH 3@ POPMYAOIO:

S
ik = Y aijbjk. (1.1)
j=1

Llga dopMyra € o3HaueHHSAM i TOMY AOBepeHHS He moTpebye. Lig
dopMyAa € AOBOAIL TPOMI3AKOIO, are Ii BUTASAA 3abe3leuye HacCTy-
IIHi BAQCTHUBOCTI MHOJKEHHS MaTpullb. 1) acoyiamuBHiCcmb MHOKEH-
Hs: (AB)C = A(BC); 2) gucmpubymuBHicmb MHOKEHHS BiAHOCHO
popaBanHa: A (B4 C) = AB + AC. KomymamuBHicmb MHOKEHHS
He 3a6e31evyeThes, TOOTO B 3araAbHOMY BUIIAAKY AB # BA. Brim,
icHyIOTh OKpeMi BuapAKu, Koau AB = BA. B npoMy pasi KaxxyTb,
o Mmatpuni A i B komymyromb opHa 3 OAHOIO. Hammprkraap, opmHE-
YHa MaTPUII KOMYTYeE 3 OYAL-SKOIO KBaAPATHOIO MaTpUIEIO BiA-
IIOBIAHOI'O IIOPSAKY.

TpancoHyBaHHS MaTpHIl OASATAE B 3aMiHi PIAKIB Ha CTOBIIL,
a CTOBIIIIB Ha PAAKU. Pe3yABTaTOM TPAHCIIOHYBaHHSA AOBIABHOI Ma-
Ui A, xn = {a;} € MaTpunsa B = AT, npudomy By« = {bir}, Ae
bix = ay;. TeoMeTpUYHO TPAHCIIOHYBAaHHS BUTASAQE 9K 3AIMCHEHHSI
OCBOBOI CHUMEeTPII BIAHOCHO IIPSAMO], IKA IIPOXOAUTH Yepe3 eAeMeH-
THU TOAOBHOI AlaroHaai. 3 BukopucTtaHHsAM (1.1) HeBa’KKO AOBeCTHU
nikaBy popmMyay

(AB)T = BTA™.

Liga dopMyAra € clipaBEAAUBOIO AASL OYAB-IKMX MaTPUIb AOBIABHUX
TIOPSIAKIB (SIKIIO AOGYTOK AB € BU3HAUYEHUM).

OcTaHHIO oTepallilo (3HaXOAKeHHS oOepHeHOl MaTpuIli) pos-
TATYTO HUXKUE.

1.1.2 Bu3HAYHUKH

AAsL KOXHOI KBAAPATHOI MAaTPHUIlI MOKHAQ OOYUCAUTH BU3HAUHUK
(AeTepMiHAHT), IKUM € YUCAOBOIO XapaKTEPUCTUKOIO MaTpHUIli. A



MATpHUIb APYT'OI'O IIOPSIAKY 3d O3HAYEHHIM

ail a2

A=|Al=detA=
a1 a2

= 11022 — 412021 -

AAH MaTpUb TPETHLOTO IIOPSIAKY 3a O3HAYEHHIM

a1 G12 G413
G21 Q22 Q23| = (11022033 + @12023031 + 013021032 —
as1 a3z 433
—@13022031 — 412021033 — A11A23032.
TyT po3mnoair 3HAKIB AETKO 3amam'saTaTh 3a AOIOMOI'OI0 MHEMOHI-
yHoro npaBuiAa Cappioca (IpaBuAa TPUKYTHUKIB).
INopansliie y3araabHEeHHS TaKe: BU3SHAYHUK KBaAPAaTHOI MaTpUIli

AOPIBHIOE CyMi AOOYTKIB MAaTPUUYHUX €AEMEHTIB IIepPIIOro pspKa Ha
1X aarreOpaluHi AOIIOBHEHHS:

ar a2 - A1n n
a a PR a
det |72t 722 =" ar Ay (1.2)
k=1
an1 an2 o Ann

TyT aareOpaiuHe AONOBHEHHS A;; AAS KOJKHOI'O MATPUYHOTO ene-
MEHTa ¢} 3HaXOASTh 3a (POpMyAOIO A = (—1)”’“ - M;.. HUucao My,
Ha3WBAIOTh MIHOPOM, IKUU BIAIIOBIAGE MATPUUYHOMY €AEMEHTY ajf.
Minop M;j, € BU3HAUHUKOM HOBOI MaTpPUIli, IKa BUHUKAE 3 BUXIAHOL
MaTPHITi IPU BUAAAEHHI 3 Hel i-Tro psiaka i k-ro croBmsa. OTxe, 06-
YUCAEHHS BU3HAYHMKA KBAAPATHOI MaTpPHUIli IIOPSIAKY 1 3BOAUTHCS
AO OOUMCAEHHSI N BU3HAYHUKIB HOPSIAKY (1 — 1) KO>KHUM.

KaxyTts, mo dopmyaa (1.2) € po3rrapaHHIM BHU3HAUHUKA 3a
eAeMeHTaMU IIepIIoro psinka. B aHaaoriuHui croci® MO>KHa po3-
KAAQCTU BHU3HAUHUK 3@ €AeMEeHTaMU OyAb-IKOTO PSAKE, & TaKOXK
OyAB-SIKOTO CTOBIILIA:

det A = Z aikAik = Z aikAZ-k. (13)
k=1 i=1

Marpuiiro A Ha3UBalOTL BUPOGKeHOI0, skino |A| = 0, abo HeBu-
pogkeHoto, skio |A| # 0.

Mo>kHa AOBECTH HACTYIIHY TeopeMy: SIKIIO MaTPUIld BUPOAIKe-
Ha, TO il PIAKM (CTOBIIII) AIHIWHO 3aAe’KHI, i HABIaKU, SKIO PIAKU
(cToBHIi) MaTpUIli AiHIMHO 3aAe’XHi, TO BOHa BUPOAJKEHA.

OCHOBHI BAACTUBOCTI BU3HAYHUKIB!



— det A = det (AT), ToGTO TIPU OGUMCAEHH] BU3HAYHMKA PSAKH
i CTOBMIII € PIBHOIPABHUMU;

— SKIIO OOMIHATH MicHISIMH ABa OYAb-IKUX PSIAKU (CTOBIIL), TO
BU3HAYHUK 3MiHUTH 3HAK Ha TPOTUAEKHUY;

— SKIIO AO j-TO PsSAKa MOEAEMEHTHO AOAATHU i-U PSIAOK, IOTe-
PEAHBO AOMHOYXEHUI Ha AOBIABHE YHMCAO v, TO BU3HAYHUK HE

3MIiHUTBCS:
a1 @12 - Qlp
a1 G2 - G2p
det a1 a;2 ce Ain _
agl ajg ajn
an1 An2 o Apn
a11 a12 T A1n
a21 22 e A2p
— det ;1 a;2 T Qin,
aj1 + Qa1 G2+l o Gjp T Qg
an1 an2 e Ann

SKIIO a; # 0, TO OCTaHHS BAACTUBICTb AO3BOASIE, B TIEBHUM CIIOCIO
MAOUPAIOUYM YHMCAO « AAS KOJKHOI mapu psipkis (i i 7/, i i 57 i
T.A.), 3pOOUTH PIBHMMU HYAIO BCi MAaTPUUHI eAeMeHTHU k-To CTOBIIA
(kpiM a;x). Toal Tpu po3KAaAaHHI BU3HAUHUKA 3a eAeMeHTaMu k-To
croBmg cyma (1.3) Oyae MICTUTU AHIIE OAMH AOAQHOK a;j A, IO
3HAQYHO CIIPOIIY€ IMOAAABIII OOYHUCAEHHS.

BaacTuBicTh 3 AO3BOASIE TAKOXK IIPU3BECTU MATPUIIO AO TPU-
KyTHOI'O BHUTASIAY (HYAlI PO3TAIIOBAHI HAa KOJKHOMY MICINL IIip TO-
AOBHOIO AlarOHaAAIO). B IbOMy pasi IIOCAIAOBHO 3AIMCHIOIOYH PO3-
KAQAQHHSI BH3HAUHMKA 3a €eAeMeHTaMM IIepIIOTO CTOBIIIS, AETKO
AOBECTM HACTyIIHe: BH3HAQUHUK MaTPUIi, 3BEA€HOI A0 AlaroHaAb-
HOTO BUTAGAY, AOPIBHIOE AOOYTKY MaTPUYHUX €AeMeHTiB TOAOBHOI
AlarOHaAl.



[HI1i BAQCTHUBOCTI BU3HAUHUKIB (HAIIPUKAAA, SKIO MATPUILLT Mi-
CTUTh ABAa OAHAKOBUX PSAKHU, TO BOHA BHPOAKEHA) € HaCAipKaMU
BJKe IlepeAideHnX BAACTUBOCTEMN.

1.1.3 OOepHeHa MaTpulsd

KaxyTn, mo MaTpunsg A~! € obepnenoiro a0 MaTpuri A, SKIIO
AA ' =A"1A=E.

Sxiio maTpunsa A € HeBUPOAJKeHOIO, TO oOepHeHa A0 Hel icHye
i € epAuHOI0. AATOPUTM IIOLIYKY MaTpUlli, 0OEpHEHOI A0 MATpHIIi
A, Takun:

— 00unucAoioTh A = det A i mepekoHyIOThCH, o A # 0;

— AASL KOJKHOTO MaTPUYHOTO €AEMEHTA a;; 3HAaXOAATH MOro Mi-
HOp M, i Aani — BipmoBipHe aareOpaiuHe AOTIOBHEHHS Ap;

— PO3MIilIyIOTh 3HaMAEHI arreOpaluHi AOIIOBHEHHS Ha BiAIIOBiA-
HUX MICIIX, i AIAITH KOJKHE 3HaYeHHS Ha A;

— TPAHCIOHYIOTh OTPUMaHy MaTpPHUIIIO.

Orxe:
T
a a a
aﬁ aﬁ TXL a1l a1 Al
o | AR R L ez an o
2% Qn QAnn
Gnil 4n2 e Snn a1n Ao, e Ann

HeBa)xko poBecTH TikaBy gopmyay: (AB)~! = B~1A~L

1.1.4 Cucremu AiHiITHUX aareOpaiyHUX PiBHSIHb

CucreMa AiHIMHUX aarrebpaiudux piBHIHL (CAAP) Mae BUTASA!

a1121 + a12%2 + -+ A1 Ty = by
a21%1 + a22%2 + -+ + A2 Ty = by

Am1T1 + Qm2X2 + -+ + Amp Ty = bm

[TosHauuMO A,xpn = {aik}, i = 1,m, k = 1,n, a TakoxXK

Xox1 = (xl T2 - xn)Ta Bx1 = (bl by - bm)T
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Toai CAAP nHaOyBae MampuyHOIrO BUTAAQY
AX = B. (1.4)

Martpuiito A HazuBaTh mamputeto CAAP, a maTpulito B — cmoB-
nuem BiAbHUX uAeHiB. Po3B'szkom CAAP Ha3uBaloTh CTOBIEIb X,
pu skomy (1.4) BUKOHaHO IIPW AQHUWX MaTpunsax A, B.

Axmo CAAP mae xoua 6 OAMH PO3B'S30K, II HAa3WBAKOTh CyMIi-
crnorw. SIkmo CAAP He Mae KOAHOTO PO3B's3Ky B3araai, II Ha3uBa-
IOTb HECYMICHOIO.

[HTEepec cTaHOBAATH TPU MeTOAU po3B'a3yBaHHsI CAAP: MmaTpu-
YHUHN MeTop, IpaBuAa Kpamepa, meTtop lNaycca.

1°. IMpunyctumo, mo A — KBappaTHa HeBUpoaKeHa (det A # 0)
Marpuig. Camy CAAP B npoMy pasi TAKOK HAa3UBAIOTh HEBUPO-
gxenoro (pu det A = 0 maTpuIla A BUPOAJKEHa; B IIbOMY pasi Bia-
nosipny CAAP TakoX Ha3uMBaIOTh BupogxkeHoio). Topi A~! icaye i
€ epuHom0. [ToMHO)xuMoO (1.4) Ha A~! MaTpuuHO 3AiBa:

X =A"'B.

Lle i € po3s'a3ok CAAP, oTpuMyBaHUM MaTpUYHUM MeTOAOM. OT-
xe, HeBUpoAKeHI CAAP 3aBXAU CyMicHI. IX po3B'SI30K € €AMHUM.

2°. Po3B's30k HeBupopkeHOI CAAP Tako)X MO’KHA OTPUMATH
3a npaBuramMmu Kpamepa:

A
T = —.
' A
Tyt A = det A, a A; — BU3HAUHUK MaTpWUIli, TKa BUHUKAE IIpU

3amini B MaTpuiii CAAP i-ro CTOBMIISI CTOBMIEM BIABHUX YAEHIB.

3°. Metop, l'aycca noasirae B MOCAIAOBHOMY BHUKAIOUEHHI HEBI-
pomux. IIpu MOro 3acTOoCyBaHHI BUIIUCYIOTh PO3UUDPEHY MATPHUIIIO
CAAP, ponosHioroun Matpunio CAAP cTOBHIIEM BiABHUX YAEHIB, 1
NIPUBOAATD II AO TPUKYTHOTO BUTASAY WIASIXOM AiHiIMHOI KOMOiHa-
il psAKIB (mpsimubt xip). TToTiM MOCAIAOBHO 3HaXOASTHL HeBipoMi,
TTOYMHAIOUN 3 OCTAHHLOTO (3BOPOTHUU XiA).

IMepeBara meTopy 'aycca moasdrae B TOMy, IO MOrO MOJKHA 3a-
crocyBatu A0 6yab-akux CAAP (HaBiTb y BUIIAAKY M # n).

Panrom mampuyi Ha3UBAIOTh HAMOIABIIY KIABKICTH AIHIMHO He-
3aAEKHUX PSAAKIB.

Axmio MaTpung CAAP mopgpKy n HEeBUPOAJKeHa, TO AiHINHO
3aAeKHUX PSIAKIB BOHA He MICTUTh; B IIbOMY pa3i paHr MaTpuIl
AOPIBHIOE ii TOPSIAKY: rang(A) = n. 3BUYAMHO, B I[LOMY pasi paHr
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posummpeHoi Matpuili Takoxk rang(A|B) = n. Toal micas mpuBeae-
HHS AO TPUKYTHOTO BUTASIAY OTPUMAEMO a,, 7# 0. OT)Ke, 3 ocTaH-
HBOTO PiBHAHHY BEAWUYMHA T,, MOKe OyTH 3HalipAeHO0. [Topanbmmii
3BOPOTHUM Xip MPU3BEAE AO OTPUMAHHS OAHO3HAYHOTO PO3B'43KYy
CUCTEMHU.

Hexati Tenep maTpurtisi CAAP € BUPOAKEHOIO i MiCTUTE 7 AiHIN-
HO HEe3aAeKHHUX PIAKIB, 7 < n. B iipomy pasi rang(A) = r. KiabkicTb
AIHIMHO 3aAeKHUX PSIAKIB CKAapae d = n—r. Toal TIiCAS TpUBeAeH-
HSI AO TPUKYTHOIO BUTASAY MaTpuilsgs CAAP 6yae MicTuTH d PSIAKIB,
SIKi CKAQAQIOTHCS AUIlle 3 HYAIB (3ayBa’kuMo, Ile He 000B'sI3KOBO d
OCTaHHIX PgAKiB). SIKIIO IIpU BOMY Y BIAIIOBIAHUX ITPABUX YaCTH-
HaX TaKO’K BUHUKAIOTH HyAl, To rang(A|B) = rang(A). Bianosipni
piBHAHHS HaOyBaroThb BUTAGAY 0 = 0. BoHM He MicT4Th IpOTHUPIU-
us, 1 TOMy MOXXYThk OyTH BIAKMHYTHMH. 3 THX I DiBHSHB, IO 3a-
AUIIUAMCH, MOJKHa 3HAWUTHU r HeBipomux. Pemrty d HeBipoMux z;
MOJKHA IIepeHeCTU B IIPaBl YaCTUHM PIiBHAHB I BBA)KaTU AOBIABHU-
MM He3aAeKHUMU IlapaMeTpaMU (3ayBa’kHMO, Ile He 0OOB'SI3KOBO
d ocTtaHHiX HeBipoMUX). BuHukae 6e3Aiu poO3B'A3KiB.

SAxmio XX xoda 0 y OAHINM BIAIIOBIAHIN NPaBill 4YaCTUHI BUHUKHE
gucaro C # 0, To rang(A) < rang(A|B). BianoBiaHe piBHAHHS Ha-
oyBae Buraspy 0 = C, pe C' # 0. BoHo micTuTh mpoTHUpivus, sKe
He MO>Xe OyTH YCYHEHHUM Hi IIpU AKOMY BUOOPI 3HaueHb ;. OTxXe,
HIiIKHUX pO3B'a3KiB HeMmae B3araai, Tooto CAAP € HecyMicHO.

Ha HaBepeHUX MipKyBaHHSX 0a3yeThbCsS AOBEAEHHS HACTYITHOI
TeopeMH, BipoMoi ik meopema Kponekepa-Kaneaai. Ii ¢popmyatosa-
HH4 Take: gKiio paHr Matpuli CAAP AOpiBHIOE paHT'y pO3UINPEHOI
matpuryi, rang(A) = rang(A|B), o CAAP e cymicHoro. I HaBnaky,
axkmo CAAP e cymicHomO, TO panr Matpuili CAAP popiBHIOE paHry
posmmmpenoi Matputi, rang(A) = rang(A|B).

Teopema Kponekepa-Kaneani He 3paTHa BU3HAUUTHU KiABKIiCTh
po3B'sa3kiB CAAP. ko rang(A) = rang(A|B) = n, To po3B'si30K
icuye i € epunuM, a skifo rang(A) = rang(A|B) < n, TO PoO3B's3-
KiB 0e3Aid. AAST YCYHEHHS MOKAMBUX HEIOPO3yMiHb HaBeAEMO Ha-
CcTynHy Tabauiio 1.1, sKa BHM3Haya€ KiABKiCcTH po3B'sa3kiB CAAP.
3BUYANHO, KAITUHKA «HEBUPOAKEHa-HeCyMiCHa» 3aAUIIAEThCI He-
3aIllOBHEHOIO, OCKIABKH HeBUpPOAKeHa CAAP 3aBXXAM € CyMIiCHOO.

4°. OxkpeMu#t inTepec cTaHOBAATHL ogHopighHi CAAP. Tak Hazu-
BatoTb CAAP, v gakux b; = by = --- = b,;, = 0. O4eBUAHO, OAHOPI-
pHI CAAP 3aBXAU CyMicHI: BOHU MalOTh IIPUHANMHI mpuBiaibHUl
PO3B'SIZOK: 1 =9 = -+ =x, = 0.
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Tabaung 1.1 — KiabkicTs po3B'a3kiB CAAP

HEeBUPOAJKEHA | BUPOAJKEHa
HeCyMiCHa 0
CyMicHa 1 o0

Axmio opnopiaHa CAAP € HeBUPOAJKEHOIO, TO IeM TpuBianb-
HUM Po3B'a30K € eaAnHUM. OTKe, SKIINO MOTPiOHO, 00 OAHOpPiAHA
CHUCTeMa MaAa IIPUHAWUMHI OAVH HETPUBIAABHUM PO3B'{A30K, TO 3
HeOOXiAHICTIO BOHA Mae OyTH BUPOAXKeHOI0. ToMy 3 iCHyBaHHSA XO-
4a O OAHOTO HETPUBIAABHOTO PO3B'SA3KYy OAHOPIAHOI CUCTEMH Oyae
BUIIAUBATHU ICHYBaHHS Oe3Aidl HETPUBIAABHUX PO3B'A3KiB.

1.2 OcCHOBU BEKTOPHOI aAreOpu

1.2.1 Omnepariii 3 BeKTOpaMu

Bexmop — 11e CIIpAMOBAHUM BiAPI30OK. SIKIO BiH CIIOAYYa€E IOYAaTOK
(Touka A) 3 KiHIleM (To4yKa B), TO MOro IMO03HAYaIOTh q = ﬁ

BeKTOp € HOCIEM ABOX BAACTUBOCTEH: MOAYAS | @ | = a i Hampsm-
Ky. HanpsMoK AaHOTO BeKTOpa XapaKTepU3yloTh KyTaMU, YTBOPIO-
BaHUMU AQHUM BEKTOPOM 3 iHIIUMU BeKTOpaMH ab0 IMeBHUMU KO-
OPAMHATHUMM OCIMHU.

Ha MHOXMHI BeKTOpPIB BU3HAYEHO HACTYIIHI oleparil: A0AaBa-
HHS BEKTOpPiB, MHOKEHHS BeKTOpa Ha YHUCAO, CKaAIPHUU AOOYTOK
BEKTOpPiB, BEKTOPHUM A00yTOK BeKTOpiB. [Ipu KOMOiHyBaHHI ITux
oIepallili MOJKHa YTBOPUTH MilllaHUU 1 TOABIMHUIN BEKTOPHUU AO-
OyTOK.

AogaBaHHsA BEKTOPiB BU3HAYAETHCSA IPABUAOM TPUKYTHHKA!

O—zzl—i—ﬁ:@;

IIOYATKH i KiHIi INX BEKTOPiB YTBOPIOIOTH TPUKYTHUK OAB. Byab-

SIKUA BeKTOp ADB 3pydYHO ONUCYBaTX BiAHOCHO II€BHOI CHCTEMU
KOOPAMHAT 3 IOo4YaTKOM B Toulli O, BUKOPHUCTOBYIOUM MHEMOHIUHe
IIPABUAO «KiHeIlb MiHyC ITOYaTOK»:

AB = 0B - OA.
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TyT HOAO}KeHHH TO‘IOK A, B BHU3HaUYeHO 3a AOIIOMOTOIO iX pagiyc-
BEKMopiB E{ = OA TB = O§
- — . .
Icuye HyAbOBuM BekTOp 0 = AA — €AWHUU BEKTOp, SKUH He
Ma€ HAaIMpSIMKY.
MHOKeHHs YUCAA Ha BEKTOD BiAOYBA€ETLCS 3a TAKUM IIPABUAOM:

— — —
gkmo b = \d, To 1) ‘ b ‘ = |\-|d|;2) b i d MaroTh OAHAKOBHIA

HAIPSIMOK Ipy A > 0,1 b CIIPSIMOBaHUIT IPOTHAEKHO @ Ipu A < 0;

akio A =0, To b = 0 i HaIpsIMKOM He XapaKTepU3yeEThCS.
_>

Ckarsipnum AOOYTKOM BEKTOPiB dib, ski YTBOPIOIOTH KYT

Mi>K COO010, Ha3UBAETHCSA CKAASP (UHUCAO)
— —
c=7d-b :|7|-‘b‘-cosgo.

L[e YHCAO BUABASAETBCA AOAATHHM, HKU_IO QD - I‘OCTpI/II/I KYT, abo

BiA'€MHUM, AKIIO ¢ — TYIHU KYT. SKIIO d a1 b T0 @ b = 0. OTxe,
PiBHICTE HYAIO CKAASIPHOTO AOOYTKY ABOX HeHYABOBI/IX BEKTOpiB €
O3HAKOIO IX OPMOTrOHAALHOCMI (IIEePIEeHAUKYASIPHOCTI).
BaacTuBOCTI cKaAgpHOTO AOOYTKY:
- =
-d-b=10-d;

- (@)= T2

_>
0D (7 b),
- 7-720, HpI/I‘{OMyE)~E):O @E):ﬁ.

OcTaHHS BAAQCTUBICTH AO3BOASE 3HAXOAUTH AOBKUHY AOBIABHOIO
BeKTOpa 3a (popMyAOIO:

|d|=Vd- 4.

Mexaniunull 3MIiCT CKaAIPHOTO AOOYTKY ? . ¥ — poGoTa CuAK

Ha IepeMillleHHi 5.

Opm BekTOpa @ — BEKTOP G4, OAVHUYHHI 3a AOBJKHHOIO i CITpsi-

MOBAHHI B3AOBXK BeKTOpa . OUEBHAHO, a) = |j1|
a
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. - .
poekuyis BeKTOPa @ Ha HATPSIMOK ¢ BeKTOpa b — 1e ckaArsipHUH
AOGYTOK BEeKTOpa @ Ha OPT BEKTOpa b :
_)
= a-b abcos
d by = ‘_>‘ = = acosy,

—- _
Hp—b>a— : b

A€ ¢ — KYT, Ha KA BIAXMAEHO BEKTOD @ Bip HAIpPsIMKYy MOTrO IIpoe-
KTyBaHHS. 3BIACH BUIIAUBAE reOMempPuUYHUU 3MIiCT CKAASIPHOTO AO-
OyTKY: CKaAIpHUN AOOYTOK BEKTOpPa d Ha OAMHWYHMII BEKTOP AO-
piBHIOE TpOeKIIii BeKTOpa @ Ha HapriMOK_> OAMHHUYHOTO BEKTOpA.

Bexmoprum AOOYTKOM BEKTOpiB dib, sxi YTBOPIOIOTH KYT
. —
© MK COBOI0, HA3UBAETLCH BEKTOP € = d X b, AOBXKHMHA SIKOTO
AOPIBHIOE
— =
|?|:‘E>>< b‘:|7|-‘b‘-sm<p.

Hanpsamoxk ¢ BU3HAYAETLCS TpbOMa BUMOraMu: 1) 7.Ld; 2) ?J_?;
3) BeKTOpHU E), _b>, 7, B34Ti caMe B IJil IIOCAIAOBHOCTI, YTBOPIOIOTh
IIPABOTBUHTOBY CHUCTeMY (TpPiliKy) BeKTOpiB. O4eBUAHO, AKIIO Be-
KTOpH 7, ? IapaAeAbHi, TO KyT Mi>K HUMHU ¢ = 0 abo ¢ = 7, i TOAl
dx b= ﬁ OT>Ke, PIBHICTb HYAIO BEKTOPHOI'O AOOYTKY ABOX He-
HYABOBUX BEKTOPIB € 03HAKOIO IX KOAIHeapHOCmI (IapaAeAbHOCTI).
) ) — —
Iama dopma yMOBH KOAiHeapHOCTi: I\ : b = \d,d#£0.
BAacTHUBOCTI BEKTOPHOIO AOOYTKY:

A x b =-b xq:
- (7+7>x?:7x?+?x?;
- (A?)x?:/\(ﬁxﬁ).

MexaRiynull 3MIiCT BEKTOPHOTO AOOYTKY: SKIIO 7 - paaiyc-
BEKTOP TOUKHU IIPUKAAAAHHS CUAU ? TO T X ? — MOMEHT CHUAU
BIAHOCHO ITOYaTKy KOOPAWHAT.

I'eomempuunull 3MiCT BEKTOPHOTO AOOYTKY OUYEBUAHUMI: MOAYAB
BEKTOPHOTO AOOYTKY ABOX BEKTOpPiB i ? AOPIBHIOE IIAOLIL I1a-
panreaorpama, IoOyAOBAHOTO HA IMX BEKTOpPAX SK HAa CYMIKHHX

%
cTopoHax, S = ‘E) X b ‘
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%
Miwanuti p0OyTOK TPbOX BEKTOPIB — CKaASAp (7 X b ) .. Teo-

METPUYHUU 3MICT: MOAYAB MIIIAHOIO AOOYTKY TPBOX BEKTOPIB AO-
PiBHIOE 00'eMy IapaieAellinepa, MoOyAOBAaHOIO Ha IUX BEKTOpax

JK Ha CYMiXKHUX pebpax, V = ‘(7 X ?) ~?‘. BipmoBipaHo, 00'eM
TeTpaeapa, TOOYAOBAHOTO Ha IIMX BEKTOpax fK Ha CYMiIKHUX pe-
Opax, AOPIBHIOE Vierp, = & ‘(7 X ?) . ?’

PiBHICTE HyAIO MIIIAHOTO AOOYTKY TPhOX HEHYABOBUX BEKTODIB,
(7 X ?) . @ = 0, € 03HAKOIO iX KOMNAGHApHOCMI (TpU BEKTOPU
apareAbHI OAHIU ITAOIINHI).

1.2.2 Onmnepariii 3 BeKTOpamMy B KOOpAUHATax

ITpocTip Mae poO3MIpHICTE N, AKIIO B HBOMY iCHY€ n AlHIMHO He3a-
AeKHUX BEKTOPiB, a OyAb-gKi (n + 1) BeKTOpH € AiHINHO 3aAesKHU-
MH.

IrommHa € IPOCTOPOM PO3MIPHOCTL n = 2: Oypb K1 ABa He-
KOAIHeapHI HEHYABOBI BEKTOPH €] i e_g> € AIHIMHO He3aAe>XHUMH, i
OyABb-SIKHUM TpeTili BEKTOP d Moxe OyTH BUpPaXeHUU AiHiNHO ue-
pe3 HUX y BUTASAL d = aef + e, IPUTOMY B €AMHHUM CIOCIO.
Ka)XyTh, 110 CYKyIHICTH {€], €3} yTBOPIOE 63uC Ha MAOMIHHI, a
BIIOPSIAKOBAHA Tapa umceA (a,3) € KoopguHamamu Bekmopa d B
1IbOMY Oa3uci.

3BUYAMHUM IIPOCTIP Ma€ PO3MIpHICTE n = 3: OyAb AKi TpU He-
KOMIIAQHAPHI HEHYABOBI BEKTOPH e, € i € € AiHiifHO He3aae-
SKHUMH, 1 OyAb-IKUH YeTBepPTUM BEKTOD a Moxe OyTH BUpa’KeHUM
AIHIMHO yepes3 HUX y BUTASAL q = ae_1>+56_2>+'ye_3>, IIPUTOMY B €EAU-
HUM crioci0. KaXxyTp, 110 CyKyIIHICTh {e_f, e_2>, 6_3>} YTBOPIOE 6a3uc y
MIPOCTOPi, @ BIOPSIAKOBaHa Tpitika unce («, 3,7) € KoopguHamamu
Bexkmopa B oMy Oasuci.

B Oyap-IKOMY IIPOCTOPI iCHye HeoOMe>KeHa KiAbKIiCTh TeOpeTHU-
YHO piBHOIIPaBHUX 0a3uCiB. Are 3 IPAKTUYHOI TOYKH 30PY 3PYYHO
oOpaTu OPTOHOPMOBaHMUM 0a3uc — 0a3uC, BEKTOPU SKOI'O MalOTh
OAMHUYHY AOBXKHHY 1 € IIOAapHO OPTOrOHAABHUMHU. B 1boMy pasi
3aMiCTh MO3HAYEHb €], €3, €3 BUKOPHUCTOBYIOTh IO3HAUYEHHS 7) 7
?, IPUYOMY ‘7‘ = ’7‘ = ‘?’ =1, ?L?, 7L?, ?L? Biamo-
BiAHO 3aMicTh mO3HAaYeHb «, (3, 7Y KOPUCTYIOTHCS ITO3HAYEHHSIMU X,
y, 2. Hexalli moyaTKu BeKTOPiB 7), 7, k mepeneceni B Touky O,
i B3AOBXK WX BeKTOpiB obpano Bici Ox, Oy, Oz. Toal z, y, z cTa-
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I0Th 3BUYaMHUMU AEKAapTOBUMU KOOPAMHATAMU KIiHITST AOBIABHOTO
BEKTOpa 3 IIOYAaTKOM B TOUIIi O, i oT)Ke — KOOpAWHATAMM IIbBOTO

BeKTopa B 6a3wuci { i, j, k p. [HakIIe, KO Toyka A Mae KOOPAU-

Hatu A(x,y, z), TO po3krapanss Bekropa OA 3a OPTOHOPMOBAHUM
- = =
Gazucom { i, j, k€

|

E):OA:x-7+y~7+z~?:{x;y;z}. (1.5)

TyT i Hapaal B pasi NAOIIMHN OOMEKYIOTBCS IIEPUIMMHU ABOMA AO-
paHKamu'. AopaHku B popMyai (1.5) Ha3MBAIOTH KOMNOHEHMAMU
(abo ckaragoBumu) BeKTOpa q.

3aBpgaKu popMyai (1.5) mopaabii Ail 3 BeKTopaMu MO>KHa 3Be-
CTH AO Al 3 IX KoOppMHaTaMu. B IboMy i IIoAdTaEe mepeBara Koop-
AMHATHOTO MeTOAYy. PO3ragHeMO OCHOBHI oIlepallil 3 BEKTOpaMu B
KOOpAMHATAX.

%
AogaBanns Bekmopis. Hexatt a = {z1;91;21}, b = {x2;y92; 22}
Toai

_>
T4 b= {1+ T2y + Y2321 + 22}

Aobymok uucaa Ha Bekmop. Hexan q = {z;y;z}. Toai
AN = {\z; \y; Az}

%
Ckarsipruii go6ymoxk. Hexaix qd = {z1;y1521}, b = {x2;y2; 22}
Toai
% %
d - b =z129+y1y2 + 2122.

%
Bexkmopnuii godymok. Hexait a = {z1;91521}, b = {x2;y2; 22}
Topi

- 77
— 7 v
ax b= xr1 U1 21

T2 Y2 22
. . . = -
Miwanuii gobymok. Hexatt @ = {z1;y1;21}, b = {x2;y2; 22},

T = {x3;ys; 23} Toal

- r Y1 2
(E} X b) . ? = | T2 Y2 Z9
T3 Ys =3

! 3puyatino, BekTopHUiL i MintaHui AOGYTKH MPHU 1[LOMY HE BU3HAYAIOTh.
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3a HaBepAeHUMHU (popMyAaMU PO3B'd3YIOTh HACTYIIHI 3apadi.

1°. 3Hax0AKEeHHS KOOPAUHAT BeKTopa. AOMHOXUMO CKAASIPHO
po3rAapanHg (1.5) MOCAIAOBHO Ha BEKTOPU 7, 7, ?:

@-i=2, @ j=y d- k==

3 ypaxyBaHHIM O3HaueHHd IPOEKIlil BCTAHOBAIOEMO: SKIIIO 6a3uc
OPTOHOPMOBAHUM, TO KOOPAWHATAa BEKTOpPa AOPIBHIOE MOrO Mpoe-
KIIil Ha BIAIOBIAHY Bich. Lle TBepAKeHHS AO3BOASIE IEPEXOAUTH BiA
IIOKOOPAUHATHOTO IIOPIBHSHHS BEKTOPIB AO IOPiBHSAHHS ITPOEKIil
ux BekTopiB. CaMe Ha IIbOMY i 3aCHOBAHO PO3B'SI3yBaHHS 3ajpay
¢i3uKM 1 MexXaHIiKH, B 9KUX IIePEXOAATh Bip BEKTOPHOTO PiBHAHHSA
(HaIpHUKAQA, PIBHAHHS APYIOTO 3aKOHY HBIOTOHaA md =3 i) DO
CUCTEMU CKAASIPHUX PIBHSAHD «B IIPOEKIIiSIX».

2°. MoAyAb BeKTOpa @ = {a;y; 2}:

4| =Vad-d =22 +y2+ 22

%
3°. KyT Mi>k BeKTOpaMu qd = {z1591;211 1 b = {@2;y2; 22}

_>
a-b 1%2 + Y1Y2 + 2122

=7 .
\?\~‘b’ Vat+yi+22 /o3 +y3 + 232

cosp =

30KpeMa, IKIIO B IKOCTi BeKTopa ? BUCTYIIA€ YeproBUM O0a3NCHUM
BEKTOD, TO (p CTAE KyTOM MiXXK BEKTOPOM i BiaTIOBipAHOIO Biccro. He-
Xail BeKTOp @ = {x;y;z} yTBOPIOE KyTH o, f3, ¥ 3 AOAQTHUMH
HanpsMmkamu oceit Oz, Oy, Oz BipnioBipHO. Toai

%
@i T T
cosa = — === ——
@7 T4l Vet
-
COSB: a- j :%:#
7| FlOIE Vet g+ 22
%
-k z z
cosy = = =
2 [E] 191 Vet
3 inmoro GOKy, OpT @) BeKTopa a:

- — -
x4ty j+z-k

7
[a] ~ ki

ag =
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r = LY —,>+ P { x oy oz }
| ld| Id| @) [a|" [a]
INopiBHIOIOUM 3 IIONEpeAHIMU TpbOMa (DOPMYAAMU, OTPUMYEMO:
ag = {cos «; cos B; cos v} .

3 [iel IPUYUHU KOOPAMHATH OpTa ag BEKTOpa d Ha3MBaIOTh HA-
NPAMHUMU KOCUHYCAMU BEKTOpPA d (a TAKOXK i BEKTOPA y).
LlikaBo 3ayBakuTH HacTymHe. OCKIABKH |ag| = 1, TO

cos® a4 cos? B + cos® y = 1.

4°. Tlopin BIAPI3KYy B 3apaHOMY BipHomieHHI. Hexal Biapizok
AB 3apaHO KOOpAVMHATaMM CBOIX KiHIB. 3HarpeMo Touky K € AB
Taky, mo AK : KB = X\ : 1. Maemo:

AK = OR — 04, KB=0B-OK.

3a ymoBoo AK = AK B. IlipcTaBASIOUN CIOAM IIpaBi YacTHHU IIO-
nepeAHIX (popMyA i PO3B'SA3yIOUM YTBOPEHe PiBHAHHS, 3HAaXOAVMO:!

— OA+/\O§
OK = ——~——.
14+ A

AN 3HaXOAKEHHS KOXXKHOI KOOPAWHATU TOYKU K OKpeMO AOCTa-
THBO IIe PiBHAHHSA CHPOEKTyBaTH Ha Bici Oz, Oy, Oz.

1.3 EaAeMeHTH aHaAITHYHOI reomeTpii

1.3.1 TIIpsiMa Ha NMAOMIUHI

[MTobyayeMO piBHSIHHSA NpPSAMOl Ha IAOIIMHI, SIKa IPOXOAUTH uepes
Touky My(xo,yo) MEPIEHAUKYASIPHO HEHYABOBOMY BEKTOPY HOp-
MAAQ W{A;B}. Hexait M(x,y) — AOBiAbHa TOuYKa mpsmoi. Toai y
BEKTOPHIN popMi
—
- MM = 0.

B ckaasipHi#i dopmi maemo: A(x — x¢) + By — yo) = 0. [TozHaumumo
C = —Axg — Byg. 3ararbHe PiBHIHHSI IPSIMOI:

Az + By +C=0.
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Slxkmo B # 0, To
y =190+ k(z — x9).

Tyt k = —% — KYTOBHUM KOe(IIieHT (AOPIBHIOE TAHTEHCY KYTa,

KUY IpsIMa YTBOPIOE 3 AOAATHUM HAIpsIMKOM oci Ozx). OcTaHHE
PiBHSIHHS — PiBHSAHHS IIPSIMOI, sIKa IPOXOAUTH Uepe3 3agaHy MOUKy
nig 3aganum KymoMm. I'Ipu po3KpUTTI AY’KOK OTPUMYEMO:

y=kx+b.

TyT b — BiAbHUM YAeH. YMOBHU ITapaA€AbHOCTI i IepIeHAUKYASIPHO-
CTi ABOX IIPSAMUX 3 KyTOBUMU KoedinieHTamu k; i ko:

ko = kq, 1+ ki1ke = 0.

[MobyayeMo piBHAHHS IIPSIMOI Ha HAOIIWHI, K& IIPOXOAUTH 4Ye-
pes touky My(zo,yo) HapareAbHO HEHYABOBOMY BEKTOPY 7 {u; v}
(ftoro Ha3MBaIOTL HANPAMHUM Bekmopom). Hexat M (z,y) — AOBiAB-
Ha Touka npsamol. Toal y BeKTOpHIN (opMi

—_—
MM =t7.
B ckaaspHil dopMi MaEMO:
r— 1z =tu N T =x9+ tu
Yy—yo=1tv y="Yyo+1tv

OcTaHH4 cUCTeMa — napaMmempuyiHe PiBHAHHSA HPIMOI Ha ITAOIIU-
Hi. [i MexaHiuHW 3MiCT — PIBHAHHS PIBHOMIPHOTO MPSIMOAIHIHOTO
PYXy 3 HadaAbHOTO moAoKeHHS Mo(zg,yo) 31 HIBUAKICTIO, IIpoe-
KIIii sikoi Ha oci Ox, Oy AOPIBHIOIOTH u, ¥ BIATIOBiAHO; Tlapamerp t
BiAIrpa€e poab 4acy.

Bukarouarouu 3 OCTAHHBOI CUCTeMU ITapaMeTp ¢, OTPUMYEMO Ka-
HOHI4YHe PIBHAHHS IPSAMOL:

T—% _ Y~ Y%

u [

OpHa 3 KOOpPAUHAT HAIIPSAMHOTO BEKTOpPAa MOJKEe AOPIBHIOBATHU
HyAto. Hampukaap, Hexail u = 0. 3anuc % = ... BBaykaloThb
IpUIyCTUMUM. AAe HOTO PO3YMilOTh B TakKu¥ crocid: gakino u = 0,
TO £ —xg = t-0, TOOTO = 7. Lle BUIIapOK NIPAMOI, IKa NapareAbHa

oci Oy.
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B sIKOCTi HATIPSIMHOTO MOJKHa OOGPATH BEKTOP, SIKUU CIIOAYYAE
ABi Toukm Ha mpsmit: My (21, y1) i Ma(ze,y2). Toai

_>
! = M1M2 = OMQ —OM1 = {.1‘2 — T1:Y2 —y1}7

i KaHOHIUHEe PiBHAHHSA HAOyBa€ BUTASAY PIBHAHHA NPAMOI, KA NPO-
xogumbp uepe3 gBI 3agaHI MOUKU:

T—r1 Y-y

T2 — 1 Y2 — 1

3okpeMa, MokHa obpatu Touku M;(0,b) i Ma(a,0) nepeTuny mps-
MOl 3 KOOPAMHATHUMM OCaMH. OTpHMaEeMO DPiBHAHHS HIPIMOL «y
BIgpI3KAX»:

1.3.2 ITroummHa B mpocTOpi

[ToGyayeMO PIBHSHHS MIAOIIMHEM B IIPOCTOPI, SKa IPOXOAUTL Ue-
pe3 3apany Touky Mo(xo, Yo, 20) IEPIEHAUKYASIPHO HEHYALOBOMY
BexTOpy HOopMmaai 7 {A; B;C'}. Hexait M(z,y,z) — AOBiAbHA TOUKa
naomuHU. Toal y BEKTOPHIN dopmi
—
- MoM = 0.

YMOBa TepIeHAUKYASPHOCTI ABOX TIAOIIWH 3 HOPMAASIMU ni, ns:

i Ln3, i i = 0.
. — .
YmoBa IIaPAACABHOCTI ABOX IIAOIIIWH 3 HOPMAASIMHU 11, N2
%
nillns,  wixms=0  abo  nj = Anj.

IlepeTBOpIOOUM BEKTOPHY (pOPMY PIBHSAHHSA IAOIIMHU Ha CKa-
ASIDHY, OTPUMYEMO:

A(x —xo) + By — o) + C(z — 20) = 0.

Lle i € piBHAHHA NAOWUHU, AKA NPOXOgumb uepe3 3AgaHy MOUKY
nepneHguKyAsipHO 3AgaHill HOpMAAi. 3 BUKOPUCTAHHSIM IMO3HAYEH-
Hi D = —Azy— Byo—Czy OTpUMYyEMO 3araibHe PiBHSIHHS IIAOIIVHMA!

Az +By+Cz+ D =0.
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Lle piBHsAHHS ITepepbavae TaKi OKpeMi BUIIAAKMH.

1°. drmo D = 0, OTpUMYyEMO B'A3Ky NAOWUH, SIKi IIPOXOAATH
yepes MoYaTOK CUCTEMU KOOPAUHAT.

2°. dkmo B = C' = 0, oTpUMY€EMO CMOC NAOWUH, TIEPIIEHAUKY-
AspHux oci Ozx. Aasg BunapkiB A = C =0, A = B = 0 oTpuMyeMO
CTOCH IIAOILIMH, MEePIeHAUKYASIpHUX Bicam Oy, Oz BiATIOBiAHO.

3°. Sxmo A = 0, OTPUMYEMO IAOIIWHY, TapareAbHi oci Oz. AAs
BunapkiB B = 0, C' = 0 OoTpUMYEMO IAOIIMHY, ITapareAbHi Bicam
Oy, Oz BipTIOBiAHO.

IMToOyayeMo piBHSAHHSA HAOIIMHMY, SIKa IPOXOAUTH Yepe3 TPHU TO-
YKH, IO He AeXKaTh Ha OAHIM mnpamin. Hexall KooppWHATH IIHX
To9oK Mo (x0,Y0,20), M'(2',y',2"), M" = (2",y", 2"). Maemo:

— —
MoM' = OM' — OMy = {2’ — 059 — yo; 2" — 20},
MoM" = OM" — OMy = {2" — x0;9y" — yo; 2" — 20} .

13

|

Y VR q — e ’
Hexant n = MoM' x MgM". dxmo n = 0, To Touku My, M’,
M’ aAe>kaTh Ha OAHIU HpsIMil, i 3apa¥a OAHO3HAYHOTO PO3B'SI3KY
He Mae. Ko 7 #* ﬁ TO 3@ O3HAUEeHHSIM BEKTOPHOI'O AOOYTKY
WJ_MOM’ i WJ_MOM/’. Toai W - BEKTOP HOPMaAi. 3aAUIIAETHCS 3
LI€I0 HOPMAAAIO IIPOBECTU IIAOIIUHY 4Yepe3 TOUKy M.

Biactans Bip Touku My(zo, Yo, 20) AO IAOUIUHHY, KA Ma€ PiBHSI-
HHA Az + By + Cz + D = 0, 0GUUCAIOIOTH 38 (DOPMYAOIO

_ |ALL‘0 + Byo + Czo + D|

d
JEIB T CO?

1.3.3 IIpssma B mpocTopi

IMobyayeMoO piBHAHHSA IPSIMOI B IIPOCTOPI, SKa IPOXOAUTH Yepes To-
uky Mo(xo, Yo, 20) TAPAAEABHO HEHYABOBOMY HAIPSIMHOMY BEKTODY

{p;q;r}. Hexatt M(x,y,z) — AOBiAbHa TouKa psmMoi. Toal y Be-
KTOPHiN popmi
—
MM =17,
B ckaaspHil opMi MaEMO:
T —x9=1p T =x0+1p

Y —yo =1q = Yy =yo+1tq
z—2zyg=1tr z=2zy+tr
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OcTaHHS cCUCTeMa — napamempuyiHe PiBHIHHS IIPSIMOL Y IIPOCTOPI.
Ii MexaHiyHMIT 3MiCT — PiBHAHHS PiIBHOMIPHOTO MPSIMOAiHINHOTO PY-
Xy 3 HQUAABHOTO IIOAOSKEHHS Mo(aro, Y0, zo) 31 IIBUAKICTIO, ITPOEKIIil
sakoi Ha oci Oz, Oy, Oz AOPIBHIOIOTH p, ¢, r BIATIOBIAHO; TTapamMeTp
t BIAIrpae poAb 4acy.

Bukarouaroum 3 OCTAaHHBOL CUCTEMU IlapaMeTp ¢, OTPUMY€EMO Ka-
HOHIYHe PiBHSHHA IIPSIMOL y IIPOCTOPI:

T—To Y—Y 22— 20

p q r

OpaHe ab0o ABa 3 TPhOX YUCEA P, ¢, T MO}KYTB2 AOPIBHIOBATH HY-
AO. 3aIUCH THUITy “—** = - - BBa)KAKOTh IPUITYCTUMHUM aHAAOTIYHO
AO PO3TASIHYTOI'O BHIIIE.

B sikoCTi HampsIMHOTO MO’KHa OOPATU BEKTOP, SKUM CIIOAYYAE
ABi TOUkHM Ha Tipamin: My (x1,y1,21) i Ma(xa,ys2, 22). Toai

7 = MMy =0OM; — OM; = {552 —T1;Y2 — Y1522 _Zl}a

i KaHOHIUHe PIBHAHHSA HaOyBa€ BUTAGAY PIBHAHHA NpaMol y npo-
cmopi, AKaQ npoxogumsb 4epe3 gBI 3agaHi MOYKU:

Tr — T o Yy—Yy _ zZ— 2z

T2 — 1 Y2 — 1 Z2 — 21

INpsaMy Tako>X MO’KHA 3aAaTHU IIePEeTUHOM ABOX HellapaAeAbHUX
IIAOILIUH Y BUTASAL

A1x+Bly+Clz+D1:0
A2$+Bgy+CQZ+D2:O

Hopmani rT{{Al;Bl;Cl} i @{AQ;BQ;CQ} HeKOAiHeapHi, OCKIABKU
IIAOIIMHU He IIapaAeAbHi. Topl BekTop ¢ = ni xnj #* ﬁ MO’Ke OyTH
IIPUUHATUM B SKOCTI HAIIPSIMHOI'O, OCKIABKA 7L771> i ¢ 1n%. Orxe,
IpsIMy MOJKHA 3aAaTH KaHOHIYHWUM PIiBHSIHHSM, BUKOPHUCTOBYIOUU
AOBiABHUM PO3B's130K cuctemu My(xo, Yo, z0) (O4€BUAHO, BiH iCHYE,
OCKIABKM HeIlapaAeAbHI NAOIIWHU 1ePETUHAIOTHCH).

2He MOXXYTh AOPIBHIOBATU HYAIO yCi TPU YHCAA OAHOYACHO, OCKIABKU B IIbOMY

pasi = 0, i HaIpsIMOK IIPSIMOI € HEBU3HAUEHUM.
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1.3.4 Kpusi Apyroro nopsipAKy

PosrasHeMoO piBHSHHS APYTOrO CTENeHIO BiAHOCHO 3MIiHHUX X, ¥.
Hari6inbIn 3araAbHUM BUTASIA,!

a112” + (a12 + az1) 2y + azoy® + b1z + by + ¢ = 0.
IIpu BBeAeHHI AIHIUHUX 3aMiH

r =011 + a9
Yy = a + an

BUTASA PiBHAHHS 3aAMIINTBCA TaKUM CaMUM; iHIITUMU CTaHYTb AU-
1ie 1ioro kKoeditientu. [TpuiiMemMo 6e3 AOBEAEHHS, 110 3aBXKAU MO-
>KHa 00paTH Taky 3aMiHy, IIPU gKil MiCAS 3BeACHHS IOAIOHUX BAA-
€TBCS I030aBUTUCH AOAQHKY (a12 + ag1) zy. ToMmy Hapani Ge3 o6me-
SKeHHS 3araAbHOCTI PO3TAIAATUMEMO PiBHSIHHS

anx® + agy® + b1z 4+ byy +c=0. (1.6)

Bupiammo noBHI KBappaTu. [Tpumyckatouu, 1o ai; # 0, Maemo:

bix
a112” + b1z = any (96‘2 + 1) =
ai

b b 2 b 2
2 1 1 1
=a x“+2 — x4

H 2a11 v (2(111> <2(111)

_ b _ .
TTo3HaYarOuH Ty = — 5., £ = & — Lo, OTPHEMYEMO:
o bF
a11x2 +b1x = any (x - Io) — r = a11§2 ~+ const.
ail

OTKe, IIpH a1 # 0 3MillleHHS OYaTKy KOOPAMHAT Ha BiACTaHb
B3A0BXK oci Ox A03BOASE ITO30aBUTUCH IIE€PIIOrO CTEIIeHI0 3MiHHOI
. 3aMiHa 3MIHHOI Yy aHAAOTiuYHa. TOMy IiCASL BHAIAEHHS NOBHHX
KBaApPATiB OTPUMYEMO:

a11x2 + a22y2 +c=0.

Ipu ¢ = 0 OTPUMYEMO T.3B. BUPOgKEHI BUMAAKH, 110 BUTIAMBA-
IOTh 3 PIBHAHHS a1122 + ag9y? = 0. K0 YucAa aq; i ags MAOTh
OAHAKOBI 3HaKM, TO BHOPsiAKOBaHa mapa (0;0) € eAMHUM PO3B'si3-
KOM. SKIIO umcAa aj; 1 age MAlOTh Pi3HI 3HAKW, OTPUMYEMO Iapy
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Pucynok 1.1 — KpuBi Apyroro nopsiaAky

OpsaIMux y = +x —Z’i. Armo aj; = 0, age # 0, TO OTPUMYEMO PiB-
usaaHg y = 0, ke € piBHsgHHAM oci Ox. dKuio ay; # 0, ass = 0, TO
OTpPUMYy€eMO piBHAHHA z = 0, fIKe € piBHAHHAM oci Oy.

Cepep HEBUPOAJKEHUX PO3PIi3HAIOTH TPU BUIIAAKU: EAIITUYHUHN,
rinepOoAiuHUM i mapaboOATUHUTN.

EarinmuuHull BUTIAAOK BUHUKAE, AKIIO 0OUABA KOeillieHTH a11,
as2 BIAMIHHI Bip HyAd 1 MalOTh OAHAKOBHM 3HaK. B 1mpomy pasi
piBHAHHA (1.6) 3BOAUTBHCS AO BUTASAY

(z — 20)* + (y — v0)®
a? b2
Lle piBHAHHSA HA3UBAETBHCSI KAHOHIYHUM DIBHAHHAM eAincy. Ilapa-
MeTpHu a, b — miBoci enirnca, Touka M (z,yp) — ¥oro mentp. I'padik
ejirnca npu zg = yo = 0 300pakenut Ha puc. 1.1 AiBopyu.
T'inepboAiunuill BUMIAAOK BUHUKAE, SKINO 00HABa KoedillieHTU
ai1, Q22 BIAMIHHI Bip HyAS 1 MaroTh pi3HI 3Haku. B 1pomy pasi
piBHAHHA (1.6) 3BOAUTHCSI AO BUTAIAY

=1.

(z —2560)2 _ (y —w0)* — 41
a b2

Lle piBHAHHS Ha3WBAEThLCSI KAHOHIYHUM PIBHSHHAM rinepboau. I'la-
pametpu a, b — miBoci rinep6oan, Touka M (xg, yo) — ii nenTp. inep-
Oona (Ha BiAMIHY Bip eairnca) Mae acumnmomu — OpsaMi y = ig - T,
AO dKHX rpadik HeoOMe)KeHO HAaOAMKAETHCA Y HECKIHUYEHHOCTI.
I'padik rinepboau npu xy = yg = 0 300pakeHunt Ha puc. 1.1 B 1en-
TPl (CYLIABHA AlHIA Y BUIIAAKY 3HAKY «IIAIOC» 1 IITPUXOBA AlHIA y
BUIIQAKY 3HAKY «MIHYC»).

Iapaboaiunuli BUTIAAOK BUHUKAE, SKIIO OAWH 3 KoeillieHTIiB
ai11, a2 AOPiBHIOE HyAro. Hampukaap, npu a;; = 0 3 piBHAHHA (1.6)
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OTPUMYEMO KAHOHIUHE DIBHAHHAM NnapaboAu 3 IapaMeTpoM p:
y* = 2pa.

I'padik mapaboau 300pa>keHun Ha puc. 1.1 mpaBopyd.

1.3.5 IloBepxHi Apyroro mnopspAKy

PiBuauns
2 2 2
112" + a22y” + azzz"+

+2a121y + 2a23yz + 2a312T + byx + boy + b3z +¢c =0

APYTOTO CTEIEeHIO BIAHOCHO TPhOX 3MIiHHUX I, ¥, # 3aA@€ B IIPOCTOPI
NOBEPXHIO gpyroro nopsgky. Mo>XHa AOBeCTH, IO iICHyeE TaKa HOBa
CHCTeMa KOOPAMHAT (TOOTO iCHy€ TaKa BIAIIOBIAHA AlHIMHA 3aMiHa
3MIHHUX), 11O B IIbOMY PIiBHSIHHI BAQETHCI MO30aBUTUCH AOOYTKIB
TY, Yz, 2T

a1z + asy® + azz? + biz + by + bz 4+ ¢ = 0. (1.7

KO AedAKUM Koe(iIlieHT IIpU APYrOMY CTelleHi BIAMIHHUMN Bip
HYAS, TO HAA€XHUM 3CyBOM NOYATKy KOOPAWHAT (IIPM BUAIAEHHI
IIOBHOI'O KBaApaTy) BAAETBCS O30AaBUTUCH TAKOK BIATIOBIAHOTO Al-
HIMHOTO AOAAQHKY.

AAMS pIBHSAHHY, 9Ke 3aAMIIAETHCHA, TAKOK MO>KAUBI BUPOAJKEHI
BUIIAAKU (PO3B'43KOM € IIyCTa MHOJKHMHAQ, ab0 IIOOAMHOKA TOYKA,
abo CYKYIIHICThb IIapd AIHIMHUX PiBHAHB TOINo). Hapaal oOMexu-
MOCH AMIIIEe HEBUPOAKEHUMU BUMNAAKAMM: €AINITUYHUM, TillepOOoAi-
YHUMU, 1apabOAIUYHUMHU | HUAIHAPDUYHUMU.

EArinmuynull BUITIAAOK BUIIAAOK BUHUKAE, KOAU yCi KoedilieHTH
IIpU APYTUX CTeIleHSIX AOAATHI. €AMHUMN NPEeACTaBHUK ITOTO BU-
napKy — eaincoig (puc. 1.2). Moro piBHAHHS

£U2 y2 22

3okpeMa, IIpu @ = b = ¢ = R MaeMo cdepy papiycy R 3 nmeHTpoM
B IIOYATKYy CHUCTEMM KOOPAMHAT.

YaBy npo (popMy IIPOCTOPOBOIL IIOBEPXHI MOKHA OTPUMATU Me-
mogom nepepi3iB. B eAIITUYHOMY BUNIAAKY II€pepi3 NOBEPXHI IIAO-
muHaMu r = const, y = const, z = const Mmae opmy eaincy. Lle
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ZA Z A

Pucynok 1.3 — lNinmepOoAiuHi BIIapKA

BUIIAMBAE 3 TOrO, IO PIBHAHHS eAINcoipay NpH dikcaril 0ypb-IKOI

KOOPAMHATHU 3BOAUTBCS A0 KAHOHIYHOT'O PIBHAHHS EAIICY.
Tinep6oaiunuill BUTIAAOK BUHMKAE, KOAM Koedimientu npu z?2 i
y2 — AOAQTHI, a Ipu 2?2 — Bip'eMHUH. 3aAeKHO Bia 3HAKy BIABHOTIO
YAeHAa MAaeEMO TpU CUTYyallil.
1°. ko B (1.7) ¢ < 0, TO 1le PiBHAHHS 3BOAUTHCSI AO BHUTASIAY
2 2 2
T Y z
S+ -5=1
a b2 2
Maemo ogronopoxHuHHUU rinep6oaoig (puc. 1.3, AiBopyu ). ITe-
pepisu IAOILIMHOIO 2 = COonst € eainncaMy, a Mepepi3u MAOLIUHAMU
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Pucynok 1.4 — IlapaboAiuHi BrlapAKHU

z = const, y = const — rinep6oamn.
2°. dxmo B (1.7) ¢ > 0, To 1Lle PiBHIHHS 3BOAUTHCS AO BUTASIAY

2y 22 .

a2 2 2 '
Lle BUIIAAOK gBONOPOXKHUHHOIO rinepooaioiga (puc. 1.3, B meHTpI).
3HOBY Ilepepi3yd r'OPU3OHTAABHUMHU IIAOLIMHAMU — EAIIICH, a Bep-
TUKAABHUMHU — TillepOOAU.

3°. Adxmo B (1.7) ¢ =0, TO 1le piBHAHHS 3BOAUTHECSI AO BUTASIAY

Lle Bunapok koHyca (puc. 1.3, IpaBopyy4), SIKUM € IPOMI>KHUM MixK
OAHO- i ABOTIOPOKHUHHUM TillepOOAOIAaAMU.

B ealnTHuHOMY BUNIAAKY KoeilieHT nIpu P OyB AOAQTHUM, B Ti-
nepOoOAiYHUX — Bip'eMHUM. ITapaboAiuHI BUTTAAKA BUHUKAIOTH, KO-
AM BIH AOPIBHIOE HYAIO (aAe IepIIni CTEliHb z B piBHAHHI (1.7) me
MicTuThCs). [IpepcTaBHMKaMU MTapabOAiYHUX BUMAAKIB € eAinmu-
yHull napaboaoig (puc. 1.4, AiBopyd) Ta rinepboariunuli napaboroig
(puc. 1.4, mpaBopyy). Ix piBHAHHS

22 g2 22 y?
—- + 5 = z, a72 — b72 =z
BIATIOBiAHO.

HapemTi, Mo>ke BUSBUTHCH, 110 B piBH4HHI (1.7) HyArO AOpiB-

HIOE OAHOYACHO i koedilieHT mpu z2, i xoedillieHT IpU z, TO6TO
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Pucynok 1.5 — LluaiHADUYHI BULTIAAKH

3MiHHA z B pIBH4HHI B3araai BiaACyTH4. B mpoMy pasi mepepis mo-
BEPXHI AOBIABHOIO ITAOIUWHOIO z = const Oyae OAHAKOBHUM He3ane-
>KHO Bip 2. Topl pocTaTHBO 300pa3uTU HOTPIOHY KPUBY APYTOTO
MOPSIAKY B niAomuHI Oy i 3AIMCHUTH HEellepepBHUYN pyX Iiel Kpu-
BOI B3A0OBXK oci Oz. [ToBepxHIO, YTBOPIOBaHY IPU IIbOMY (K i cam
TAKUU BUIIAAOK) Ha3UBAIOTH YUAIHGDUYHOIO.

O3HaveHHd ONUAIHADPA MOJKHA HAAATH TAaKOJK B HACTYIIHUM CIIO-
ci6. Ha maomuui Ozy 300pakaeMo AOBIABHY KPUBY i oO6upaeMo
psaMy, apaareAbHY oci Oz, gKa IPOXOAUTE Yepe3 AOBIABHY TOUKY
KpuBOl. IToTiM 3A1HCHIOEMO HellepepBHUM PyX Iiel MpaMol B3AOBXK
KPHUBOI TaK, 1100 IIpsAMa 3aANIIaAACh ITEPIEHAUKYASIPHOIO IIAOIIMHI
Ozy. 1la npsaMa B npolleci pyXy YTBOPUTE OiUHY IIOBEPXHIO BIiATIO-
BiAHO A0 dopMH NIAOCKOI KpuUBOI. Taky IIOBEpXHIO i HA3MBAIOThb
OUAIHAPpHYHOIO. [TpaMy, fKa pyXaaach, B IbOMY pa3i Ha3WBAIOThb
MBIPHOIO.

ITpu moOyp0Bi KAaacudikanil IUAIHAPIB 6epyTh A0 yBaru ¢op-
MY KPHUBOI, B3AOBX KOl PyXa€ThCS TBipHa. TOMY PO3PI3HAIOTH €Al-
OTUYHUY, TinepOOAIYHUN Ta TapaboAIiuyHUM DUAIHAPHY (puc. 1.5, Al-
BOPYY, B LIEHTPI, IIPaBOPYY BIAIIOBIAHO). PIBHAHHSA IIMX IIUAIHAPIB
BIAIIOBIAHO €:

2 2 2 a2

x 2
—+ = =1, b—Q—a—Qzl, z° = 2py.



2 ITIPUKAAAA
PO3B'A3YBAHHSA 3AAAY

3apava 1. 3HaNTH r 3 PIBHAHHA

2 2 e® 2
det[2 4 3 +det<2 1)0.
1 2 2

PozB'sa30k. [lepmiuii BU3HAYHUK PO3KAAAEMO 3@ EeA€MEeHTaMU Iep-
IIIOTO PSIAKA:

2. (=)' . det (;1 ‘;’) +2-(—=1)"2 . det (? g) +

+e’*’-(—1)1+3-det(f ;1) —i—det(x; 1) =0,
=2.(4-2-3-2)—-2-(2-2-3-1)+
+e*(2-2—4-1)+ (2?2 1-1-2) =0,
e’ 0+2%=0, z? =0, x=0.

Bignosige: x = 0.

3apava 2. Ha mpukraaai 3apanux matpullk A, B mepeBipuTH BUKO-
nauns crisBiasomrenns (AB)" = BTAT:

7
1 2 3
a=(i 33 B= s

Po3B's130k. MaemMo:

7
T 1 2 3 .
anr=1(3 5 6) ()] -

T T
1T+ 2.8+3:9\]" [(50\"
_{<4~7+5~8+6~9)} _(122) = (50 122).

29
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3 iHnIoro GOKy, MaeMo:

T

7 T
T T 12 3\ _
B'AT = g <4 5 6> =(7 8 9)

W N =

4
5 =
6

=(7-1+8-2+9-3 7-4+8-5+9-6)=(50 122).

SIk 6a4uMO, pe3yAbTaTHA 30iratoThCA.
3apaua 3. Aag 3apaHOl MaTpuli A 3HaWTH OOepHEHY MaTpHIIIO,
BHUKOHATHU IIePEeBipKYy:

1 2 2
A=12 1 2
3 1 2

Po3B's130K. 1°. 3HaXOAMMO BU3HAUHUK MATPUIL A:

1 2 2
A=detA=det |2 1 2| =
3 1 2

=1:1:242:2:342:2.1—(2-1-342:2.241-2-1) =
=241244—(6+8+2)=2+#0.

OTxe, o6epHEeHa MaTPUIS iCHYE i € EAMHOIO.
2°. AAS KOKHOTO MAaTPUYHOTO eAeMeHTa 3HaXOAUMO HOTO aAre-
OpaluHe AOIIOBHEHHSI.

1 2 2 2 2 1
All‘l 2 07A12‘3 2 27A13‘3 1’15

2 2 1 2 1 2
1‘1212—’1 9 2—271422:‘3 o| = =4 Az = ‘3 1’257

2 2 1 2 1 2
ASl:‘l 9 :271432——’2 9 =2,A33_‘2 1’——3.

3°. PosminiyeMo 3HalpeHI arreOpaluHi AOIIOBHEHHS Ha BIAIO-
BiAHI MICI[9 ¥ KOJKHE 3 HUX AIAMMO Ha BU3HAYHUK MaTpPWUIIL:

0o 2 -1 0o 1 -
-2 -4 5 |=(-1 -2 3
2 2 -3 11 =3

1
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4°. TpaHCIIOHYEMO OTpPUMaHy MaTPHUILIO:

3poOUMO NEepPEBIPKY:

1 2 2 0o -1 1
AA =12 1 2 1 -2 1 |=
312/ \ 5
0+2—-1 —-1—-445 1+2-3 1 0 0
=|l0+1-1 —-2-245 241-3]=(0 1 0]|=F
0+1-1 —-3-2+45 3+1-3 0 0 1
0 -1 1
Bignopigr: A~ = 1 -2 1
1 5 _3
2 2 2

3apauva 4. 3a nmpaBuramMu KpaMepa po3B's3aTH CUCTEMY AIHIMHUX
aareOpalyHUX PIBHSAHB, IOAGHY PO3LINPEHOK MAaTpHUIIEHO:

1 3 2|21
0 5 2|25
3 1 4129

Po3B's130k. MaemMmo:

1 3 2
A=det|{0 5 2] =6,
31 4
21 3 2
Ay 12
Ap=det |25 5 2| =12, xl_Kl_gzz
29 1 4
1 21 2
A, 18
Ay=det |0 25 2| =18, xg_f_gz&
3 29 4
1 3 21
As 30
As=det |0 5 25| =30, xg,:f:g:a
31 29

Bignosige:z; = 2, x2 = 3, T3 = 5.



32

3apaua 5. CucteMy AiHIMHUX aAreOpalyHUX PiBHSHB IIOAQHO PO3-
IIMPEHOI0 MaTpulero. AOCAIAUTHA CUCTeMy Ha CyMIiCHICTB 3a AOIIO-
Moror TeopeMu Kponekepa-Kareaai. B pasi cymicHOCTI po3B'sa3a-
TH CACTeMYy MeTOAOM l'aycca:

1 3 4] 31 1 3 4| 31
a) [3 10 14 |106),06) (3 10 14 | 106
7 23 32| 243 7T 23 32 245

Po3B's130K. a) Bunumiemo po3ninpeHy MaTpPUIIO CUCTEMH i 3Bepe-
MO II AO TPUKYTHOTO BUTASIAY IIASIXOM AIHIMHOI KOMOIHAIIIl PSIAKIB:

1 3 4|31
3 10 14| 106 | +1-(=3) ~
7 23 32| 243) +1-(=7)

1 3 4131 1 3 4131
~l0 1 2|13 ~l0 1 2]13
0 2 42/ 41I-(=2) \o 0 0] 0

Sk 6aummo, rang(A) = rang(A|B) (06uaBa paHTu AOPIBHIOIOTH ABIH-
ni). Otke 3a TeopeMoro Kpornekepa-Kaneani CAAP e cyMicHOO.
TperTili pIAOK He MICTUTBH IIPOTUPIUYL, 1 TOMy MOXXe OyTH BIA-
KUHYTHUU. 3 APYTOrO PsAKa MAaEMO:
T + 21’3 S 13, To = 13 — 2.’E3.
3 HepuIoro psiAka MaeMo:

z1 + 3z + 4x3 = 31,

T =31 —31‘2 —4333 =31 —3(13—2.733) —4.733 = 21‘3 — 8.

[Mosuavatouu x5 = C' — AOBiABHE YHMCAO, OTPUMYEMO:

X1 2C —8
X = xTo = 13 —2C
I3 C

0) BumnuiieMo po3HIMpeHy MaTPHUIIO0 CUCTEMHU i 3BepeMoO ii A0
TPUKYTHOTO BUTASAY IIASIXOM AIHIMHOI KOMOIHAII PSIAKIB!

1 3 4|31
3 10 14| 106 | +1-(=3) ~
7 23 32| 245) +1-(=7)
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1 3 431 1 3 431
~l0 1 2|13 ~l0 1 2]13
0 2 4|28/ 41m-(=2) \o 0 0] 2

Ak Gaunmo, rang(A) = 2, a rang(A|B) = 3. OTxe, 3a TEOPEMOIO
Kponekepa-Kaneanri CAAP € HecyMicHOIO. 3ayBa’KHMMO, B IILOMY
pasi TpeTil pSAOK BIAKMAATU HE MOJKHQ, OCKIABKU BiH MiCTUTbH
nporupivug (0 = 2), AKe He MOXe OyTH yCYHEHUM Hi IIPA SIKOMY
BUOOpi 3HaueHb MIYKAHUX 3MIHHUX T1, T2, T3.
2C' -8
Bignosigr:a) X = | 13 —2C' | ; 6) cucreMa € HeCyMiCHOIO.
C

3apaua 6. 3AilicHIOIOUM €KBiBaA€HTHI epeTBOPEHHS, 3BECTU 3aAa-
HY MaTpumio A A0 HUKHBOTPUKYTHOTO BUTASIAY M 3HAWTH ii paHr:

1 3 2 6
4 13 3 2
A= 5 16 5 8
9 29 8 10
Po3B's130k. MaemMmo:
1 3 2 6
4 13 3 2 | +I-(—4)
5 16 5 8 | +I-(-5H)
9 29 8 10/ +I-(-9)
2 6 2 6
-5 =22 -5 =22

—5 =22 | +1I-(-1)
—10 —44) +11-(-2)

S O o
N = =W
oS O o
OO =W
o
)

Otxe, rang(A) = 2.

Bignosige: rang(A) = 2.

3apaya 7. MetopoM laycca 3HaWTH 3araAbHUM PO3B'SI30K OAHO-
PIAHOI CUCTEMH YOTHUPBOX AIHIMHUX aAreOpalyHUX PiBHAHB 3 YO-
TUpbMa HeBipOMUMHU. MaTpuilsg cucreMu 30iraeTbCs 3 MOAAHOIO B
HOIlepeAHil 3apadi.

Po3B'sa30K. Posmupena matpung opHopipHOl CAAP micasg npuse-
MAEHHS AO TPUKYTHOTO BUTASAY €:
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1 3 2 6 0
0 1 -5 =220
0 0 O 0 0
0 0 O 0 0

ABa OCTaHHIX PIBHAHHA He MICTATb IPOTUPIYYA i MOXKYTh OYTH
BIAKMHYTI. 3 ADYTOrO PiBHSHHS MA€MO:

To = D3 + 22214.
Topl 3 nepiioro piBHAHHS 3HAXOAMMO:
1 = —3x9 — 2x3 — 624 = —3(bxs + 2224) — 223 — 64 = —1Tx3 — T224.

[Mosnauvatouu 3 = C1, x4 = Co — AOBIABHI YUCAQ, OTPUMYEMO:

T —1701 - 7202 —1701 —7202
x| 5C1 + 220, _ 5C1 220, _
X= I3 - 01 - Cl + 0 -
Ty CQ 0 C2
—17 —72
5 22
=4 1 + Cy 0 =C1 X1+ CyXs.
0 1

TyT cToBmmi

—17 —72

5 22
Xl = 1 ) X2 = 0
0 1

YTBOPIOIOTh DYHAAMEHTAABHY CUCTEMY PO3B'SI3KiB.
Bignogigs: X = C1 X7 + C2 X5, pe

Xi=(-17 5 1 0), Xo=(-72 22 0 1)

— (pyHAAMEHTaABHA cucTeMa po3B'sa3kis, C1,Cy € R.
3apaua 8. 3apaHo TpU BEKTOPHU

d ={2;3;5}, 7:{1;2;2}, @ ={7;12;16}.
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AOBeCTI/I, 1o 11i BEKTOPU € KOMIIAAHAPHUMHA i BUPA3UTU BEKTOPD ?
ﬁ

yepe3 BEKTOPU aib.
Po3p'sa30k. Ilpunyctumo, iCHYIOTE YHCAQ «, [ Taki, 1o

?:aﬁ—i—ﬁ?.

HOKOOpAI/IHaTHe HOpiBHHHHH IIPU3BOAUTH AO CUCTEMUN piBHHHbI

7T=2a+p
12 = 30+ 28
16 = 5a + 28

BunumeMo i 1iepeTBOpUMO PO3LINPEHY MATPUIIO I[Ii€l CUCTEMU:

2 1|7 2 1] 7 2 1| 7
3 2|12 4+1-(=2) ~| -1 0] -2 ~l-1 0]-2
5 216) +1-(-2) 1 0| 2/ +1 0 0] 0

3a Teopemoro Kponekepa-Karmeaai cucrema e cymicHoro. i eaunnit
po3B'sa30K a = 2, § = 3, oTxXe 7 =24d + 3_b> HagsnicTe 11i€el
AIHIWHOT 3aA€KHOCTI AOBOAUTH KOMIAQHAPHICTH BEKTOPIB.
Bignosigs: 7 =2d + 3_b>
3apaua 9. Ilipamiay ABCD 3apaHO KOOPAMHATAMM CBOIX BEPIINH:
A(1,2,2), B(1,9,-2), C(0,3,2), D(—10,11,—20). 3uaiiTu:
1) koopaunaTu BekTopiB AB, AC, AD;
2) BeKTOpHUU AOOYTOK /@ X 1@;
3) maomy Sapc ocHoBu AABC mipamiay;
4) MimaHuN AOOYTOK (E X ﬁ) ~ﬁ;
5) 06'eM mipaMiay;
6) Bucory DD; mipamiau, Ae D; — OpTOrOHaAbHA IIPOEKIlid TOUKU
D na naomuny ABC,

e
7) KoopauHaTu BekTopa ADq;
8) xooppuHaTU TOYKU D).
9) TlepekonaTtuchk, mo D; € ABC. AAS IIBOTO TIePEKOHATUCH, IO
BekTopu AB, AC, AD; € KOMIIAQHAPHUMH, i 3HAUTU KOoeillieHTH
«, B AIHIMHOI 3aA€XHOCTI A—l)1> = a/@ + BAC.
Po3B's130K. 1) 3HalipAeMO KOOpPAWHATHU BEKTOPIB zﬁ, 1@, @:

AB = OB - OA = {1:9; -2} — {1;2;2} = {0:7; 4},
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AC =00 — OA = {0;3;2) — {1,2:2} = {~1;1;0},
AD = 0D — OA = {~10;11; 20} — {1;2:2} = {~11;9; 22} .
2) 3HaAeMO BEKTOPHUM AOOYTOK 1@ X 1@:

A
_>
ABXAC=|0 7 —4| =47 +47 +7K = {4:47).
1

-1 0

3) 3HarAeMo HAOITY S4pc OCHOBH IipaMipw:

1 1 9
SABczg‘jﬁxﬁ = — 42+42+72:§_

2

4) 3HalipeMo MimlaHUM A0OYTOK (ﬁ X ,ﬁ) ﬁ

0 7 -4
(Exﬁ)-ﬁ: 11 0 |=-162
1109 —22

Minranuii AOOyTOK B HAIIIOMYy pa3sl TAKOX MOJKHA 3HAUTH K
CKaASIpHUU AOOYTOK 3 BUKOPHUCTAHHSAM PE3YyAbTATIB IIYHKTY 2):

(ﬁ xﬁ) AD =4 (~11) +4-9+7-(~22) = —162.
5) 3HaipeMo 00'eM mipaMipm:

V:%‘(ﬁxﬁ)-ﬁ‘: =162] _ o

6
6) 3a dopmyroro 06'emy mipamiau V = £ SH, 3Biaku
-2
ppy=m=2Y 32 g
Sapc 3

7) OueBUAHO, A—D1> = Xﬁ —&—51‘)? [MosHaummo 71 = ﬁ X @ 3a
O3HAYEHHSIM BEKTOPHOTO Ao6w BEKTOP w TIePIEeHAUKYASIPHUN
naomuui ABC. Aae BeKTEB_) DD, Tako>X IepHeHAUKYASIPHUN ik
naomuHi. Tomy BekTtopu DD, i i KoAiHeapHi. OTXe, iCHy€e 4UCAO
A Take, 110 DD = 7. Toai A—Dl> = /ﬁ + AT, BekTop w TepIieH-
AUKYASIPHUYU AO KOJKHOTO ﬂ"ropa, 10 AeKUTH v naomuHi ABC, B
TOMY 4UCAi i A0 BekTOopa AD;. Topi ADq - 7 = 0. Maemo:

(@Jr)\ﬁ)ﬁzo,
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3BIAKH
W AD-W_ 11449.4-227
T w-d . 44444477 7

Topi
AD, = AD + 27 = {~11;9;—22} + {8;8; 14} = {~3;17; -8} .

8) Toai morosReHHST TOYKM Dy

OD; = OA + AD; = {1;2;2} + {~3;17;—8} = {~2;19; —6} ,

To6TO D1(—2,19,—6).
9) INpunycrumo, iCHYIOTh YUCAQ «, [3 TaKi, 110

A—Dizaﬁ—kﬁﬁ.

Maemo:
{=3;17;, -8} = a{0; 7; -4} + B {—1;1;0}.

HOKOOpAI/IHaTHe HOpiBHHHHH IIPU3BOAUTHL AO CUCTEeMHN piBHHHb:

—3=0-a-8
17="Ta+ 8
—8=—4a+0-p

3 [mepIoro i OCTaHHLOTO PIiBHSAHL 3HAXOAUMO (3 = 3, a = 2.
IMipcTaBAgIOUM i 3HaUEHHS B ApYyTe PiBHAHHS, BCTAHOBAIOEMO, 11O
BOHO TeX 3aA0BiAbHeHe. OTyKe, CACTeMa PIBHAHB € CYMICHOIO; II
po3B'3ok o = 2, 8 = 3. Toai A—D1> = 2/@ + 3/@. HagsnicThb 1iel
AIHIWHOI 3aA€XHOCTI AOBOAUTH KOMIIAQHAPHICTh BEKTOPIB E, R,
m , TOOTO (PAKT HaAEXHOCTI Touku D A0 maomuau ABC.
Bignosigs: 1) AB = {0;7; —4}, AC = {~1;1;0}, AD = {~11;9; —22};
2) AB x AC = {4;4;7}; 3) Sapc = ; 4) (ﬁ x ﬁ) CAD = —162;

5) V=27,06) DD, =18; 7) A—Dl) ={-3;17;-8}; 8) D1(—2,19,—6);
9) AD, = 2AB +3AC = D, € ABC.

3apaua 10. TpukyTHuK ABC 3apaHO KOOPAVMHATAMU CBOIX BEPIIHH:!
A(1,2,3), B(2,4,1), C(9,1,7). 3uaiitu poBxxunu cropin AB i AC, a
TaKOXK BEAMYHMHY KyTa IIpH BepHIiuHi A.

Po3B'sa30K. MaeMo:

AB=0B - 0A = (2,41} — {1;2;3) = {12 -2},
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m:O?fO—le:{9;1;7}—{1;2;3}:{8;71;4}.

Aani:
AB:‘@‘:\/@~@:\/m:3,
AC:\E‘:V@-E:W:&
Toai:
. AB-AC 1842 (-1)+(-2)-4 2
CObZA‘E"’ﬁ‘ 3.0 = 27,LA~94.

BignoBigr: AB =3, AC =9, LA =~ 94°.

3apaua 11. Aano touku A(4,8,9), B(1,2,0) i uucaro A = 2. 3HalTH
Touky K € AB, sika AIAUTB Biapi3ok AB y BipuomenHi AK : KB =
=A:1

Po3B's130K. Maemo:

_>
53 _ OA+)0B

1
1+Xx 3

((74 + 2@) _

_ é({4;8;9}+{2-1;2-2;2'0}) Z%{6;12%9}:{2?4?3}'

Otxe, K(2,4,3).

Bignogign: K (2,4, 3).

3apaua 12. Tpukytauk ABC 3apaHO KOOPAVMHATAMU CBOIX BEPIIHH:!
A(-2,1,10), B(4,1,1), C(11,3,10). 3uaittu Bucory CD.

Po3B'sa30k. Hexait D € AB - ocuoBa Bucotu CD. Toai I\ : E =
= )\E. OueBUAHO,

OB = A - 3¢ = \1B - 70,
3a YMOBOIO @Lﬁ, TOMY @~E=O,

(aB-c) B0 a-2LAC

VY Hac:

AB = 0B - 04 = {4: 1,1} — {~2;1:10} = {6:0; -9},
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AC =00 — OA = {11;3;10} — {~2:1;10} = {13;2;0},

)\_6-13+0~2+(—9)~0_g
624024+ (=92 3

CD = ;E ~AC = {4;0,-6) — {13;2;0} = {~9; —2; 6} ,

D = ‘513‘ —\/CD - CD = /(=92 + (—2)2 + (—6)2 = 11.

Bignosigs: C'D = 11.

3apaua 13. Tpukytauk ABC 3apaHO KOOPAMHATAMU CBOIX BEPIIIUH:!
A(-1,4,2), B(1,6,3), C(5,—2,—1). 3uanitu 6icekrpucy AD.
Po3B'sa30K. MaeMo:

AB = 0B — OA = {1;6;3}) — {~1;4;2} = {2:2:1},

’E‘ -2 122112 =3,
AC = OC — OA = {5;-2—1} — {~1;4:2} = {6; =6 3} ,
’A‘&‘ = /62 + (—6)2 + (—=3)2 = 9.

Hexatt D € BC - ocHoBa OicekTpucH. 3a BAACTUBICTIO OiCeKTpuCH
BD :DC = AB: AC, BD : DC = % : 1. Toai

D — ﬁiﬁ (3,@+ﬁ)_{300},

3

AD| = V32407 102 =3,

Bignosigs: AD = 3.

3apaua 14. [ToOypyBaTu piBHSHHS IAOLIMHY, SIKQ IIPOXOAUTH IIEp-
MTEHAMKYASIDHO AO AQHOTO BEKTOpa N {3;2; —1} uepes paHy TOUKY
My(1,4,2). 3'acyBaTy, HarexxaTb AaHi Touku M (3,1,2), M3 (4,1,2)
oOyAOBaHUH ITAOIIMHI UM He HaAeKaTh.

Po3B'130K. CKOPUCTAEMOCH PiBHAHHAM IIAOIIMHHY, K& IIPOXOAUTH
yepes3 3aAaHy TOUKY IIEPIEHAMKYASIPHO 3aAaHiF HOpMaAi:

z—1)+2(y—4)—(2—2)=0, 3r+2y—2—9=0.

ITipcTaBASIIOUM CIOAM KOOPAMHATHU TOYKU M, IepeKOHyeMOCH, 110
1e PiBHSHHS 3aAOBIABHIOETBHCS. OT’Ke TouKa M HAAEKUTH AQHIN
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naowmyHi. [TiacTaBAsIIOUN KOOPAMHATH TOUKU My, IepeKoOHyeMOocCH,
110 ITe PiBHSHHSA He 3aAO0BIABHIOETLCSA. OT>Xe Touka Mo He Hane-
JKUTHb AaHIU HAOIIUHI.

Bignosigb:o: 3x+2y—2—9=0, M) €0, Ms ¢ 0.

3apaua 15. 3apano Touku A(1,2,2), B(3,1,4), C(2,3,1). [Tepekona-
TUCBH, IIJ0 BOHU He Ae’KaTh Ha OAHINM NPAMIH, 1 TOOyAyBaTH PIBHAHHS
TIAOIITUHMY, JKa IIPOXOAUTH Yepes Ii TOUKU.

Po3B'sa30K. Maemo

AB = OB — OA = {3;1;4) — {122} = {2, 1,2},

AC =00 — OA = {2:3;1) — {1:2;2) = {1;1; -1}
MaeMo Aani:
—

— —
i J k N

N=ABxAC=|2 1 92|=—744743K ={-1;43}£0.
11 -1

OT>ke, BEKTOPU zﬁ i 1@ HeKoAiHeapHi, i Tomy Touku A, B, C He
A€’KaThb Ha OAHIU IIPSAMIN.
3a O3HAYeHHSIM BEKTOPHOI'O AOOYTKY ﬁJ_@ i ﬁj_m, TOMY

BEKTOP ]_V) MOJKe OyTU NPUMHATHUM B AKOCTi HoOpMaAai. CKopucTae-
MOCH PiBHSTHHSIM ITAOIIMHMY, SIKa IIPOXOAUTE Yepe3 3apaHy TOUKy A
MIEPIIEHAUKYASIPHO 3aAaHIM HOPMaAi:

—(r—1)+4y—2)+3(z—2) =0, x—4y—3z+13=0.

Bignosigp:z — 4y — 3z + 13 = 0.

3apaua 16. 3uaiiTu BipcTaHb MK Toukor My (6,6,5) i IAOIIKMHOLO,
3aAaHOI0 PiBHAHHAM 4 + Ty + 4z — 5 = 0.

Po3B'a30K. 3a yMOBOIO MaeMo: xg =6, yo =6, 20 =5, A=4, B =7,
C =4, D= -5. Toai:

_ |A.’L‘o+By0+CZo+D| _ ‘4-6+7-6+4~5—5‘ _

d

9.

Bignosige: 9.
3apaua 17. ABi OAOIIWHY 0] | 09 3aAQHO PiIBHSIHHAMU

20 =2y +2—-1=0, 20 -2y +2—-10=0.

BusHauuTH BiACTaHBb MiXK IIAOIITUHAMM.
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Po3B's130k. HopMaabHUM BEKTOP N {2; —2;1} mromuH opuH i TOM
caMuii, OT’Ke BOHM ITapaAreAbHi. TOAL AOCTATHBO HA APYTiN MAOIIK-
Hi o0paTy AOBiIABHY TOYKY, Hampukaap My(0,0,10), i oGuucauTu
BIACTAHB BiA Hel AO IepLIOl MAOLIVHU:
_ 2-0—-2-0+1-10—1] _
224 (=2)2 +12

Bignosigs: 3.

3apaua 18. 3maiitu Touky (), cuMerpuunHy Touni P(12,—5,7) Bia-
HOCHO naomuHu 6 — 2y + 3z — 5 = 0.

Po3s's130k. OGepeMo Ha 3aAaHIiM NAOILINHI AOBIABHY TOUKY, HAIIpH-
Kaap A(1,2,1). Toai

AP = 0P — OA = {12, 57} — {1:2;1} = {11; ~T;6}.
Hexatt R - mpoekiis Touku P Ha 3apaHy OAomIUHY. Topal Be-
KTOP ﬁi = ﬁ + ﬁ A€JKUTH B IIiM IIAOIUHI, i TOMY IIEPIIEHAUKY-
ASIPHUM A0 HOpMaai N {6; —2;3} (11i KOOpPAUHATH B3SITO 3 PiIBHSHHS
IIAOIIUHU), TOOTO (ﬁ +ﬁ) . ﬁ = 0. Are BEKTOp ﬁ IIepIIeH-
AUKYASPHUM AO IIAOIIUHY, i TOMY KOAIHeapHUM A0 HOpMaAai, TOOTO
icaye Take A, mo PR = AN. Maewmo:

(ﬁJrAﬁ)-ﬁ:o,

A__ﬁ-ﬁ 1164 (-T)-(-2)46-3
- NN 62 + (—2)2 + 32 -
Toai ﬁ = —2ﬁ = {-12;4; —6}. 3 MipKyBaHb cuMeTpil ﬁ% = @

Toai
0Q = OA + AP+ PR+ R = OA + AP + 2Pk =
={1;2;1} +{11;-7;6} + 2{—12;4; -6} = {—12;3; -5} .

Bignosign: Q(—12,3,—5).
3apaua 19. HanpgaMmHuil BeKTOp OpSIMOL m, sIKa HPOXOAUTH 4Yepe3

—2.

Touky My(0,2,2), popiBHIOE ¢ {2;2;1}. OGUUCAUTH BiACTaHb MiXK
TOuKo0 B(2,7,6) i 1ieto mpsamoro.

Po3s'sizok. Hexait Touka A —_ngoeKuiﬁ TOYKU B Ha mpamy m.
Ockirbku A € m, To BekTOp MyA KOAiEe‘%pHHﬁ HAIIPAMHOMY Be-
KTopy. OTXe, icHye uncao A Take, 1o MopA = A £ . Maemo:

AB = MoB — MoA = MoB — )\ 7.
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Tyt
MoB = OB — OMp = {2:7;6) — {0:;2;2} = {2:5;4} .

OueBUAHO, EL?, ﬁ . 7 =0, (m — )\7> . 7 =0,

%
V_MB-T 22452441
A R

Topi

AB = MoB — 27 = {2;5;4) — 2{2 21} = {-2; 1,2},
AB = ‘B‘ —\AB.-AB= /(2211212 =3.

Bignosige: AB = 3.

3apaua 20. 3HaUTH TOUKY (), CUMETPUYHY AaHikt Touri P(9,—1,1)
BIAHOCHO TIPSIMOi m, sika IIPOXOAUTH uepe3 Touky A(1,4,4) B Ha-
IPSIMKY BeKTopa 7 {0;1;4}.

Po3s's130k. Hexail R — npoekiig Touku P Ha npsaMy m. OCKiAbKU
R € m, To BekTOpU AR i 7 KOAiHeapHi, TOOTO iCHY€ YHCAO A Take,
1110 ﬁ = )\7. Maemo:

RP=AP - AR=AP -\ 7.
Tyt
AP = 0P — OA=1{9; 1,1} — {1;4;4) = {8 5,3} .
Ouesnpno, RP 1L, RP- ¢ =0, (AP -27). 7 =0,

AP T 8.0+ (=5) 1+(-3)-4
A 0% + 12 4 42

A =-1

Toai RP = AP + € = {8; —5 3} + {0; 1% — (841},

3a MipKkyBaHHaMu cuMeTpil R() = —RP. Toal

PO = RO — RP = —2RP = {~16:8; -2} .

OcTaTouyHO OTPUMYEMO:

0 = OP + PO = {9, ~1;1) + {~16:8;, 2} = {-7;7; ~1}.
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Bignosignb: Q(—7,7,—1).
3apaua 21. TIpsima m; TIPOXOAMTL depe3 3apaHi Touku A; i Bj,
a mpsiMa meo — 4Yepes 3apaHi Touku As i By, BCTaHOBUTH, TKUM €
B3a€EMHe PO3TalllyBaHHA ITUX IPSIMUX.
Aq(2, 3 1), B1(5,7,3), A2(4,0,4), B5(10,8,8).
6) Al( 1), B1(5,7,3), A2(17,23,11), B2(14,19,9).
Aq1(2, 3 1), B1(5,7,3), A2(4,3,1), B2(6,7,3).
1") Al( ), 31(5,7,3), A2(4,3,1), 32(6,7,4)
Po3B's130K. a) HanpsaMHi BeKTOpY IIpAMUX:

0 = A,B, = OB, — OA, = {5;7;3} — {2:3:1) = {3:4;2},

%
éz = A232 = OB2 — OA2 = {10; 8; 8} — {4; 0; 4} = {6; 8; 4}
Maemo:

€1X€2: 6>

0 s
N

@us.\l/

OTsxe, BeKTOpU {1 i {2 KoAiHeapHi. ToMy npsMi ab0 IapareAbHi,
abo 30iratoThC.
Maemo pani

— (185 1T} £ 0

T 7%
— _—
€1XA1A2: 3 4 2
2 3

-3
Otxe, BekTOopu {1 i A; Ay HekoAiHeapHi. Tomy A ¢ my, i mpsami He

MOJXYTb 30iraTHCh, TOOTO BOHHU IIapaAeAbHi.
0) HampsimHi BeKTOpU IIPSIMUX:

=A1B; =0B; — 0A; ={5;7;3} — {2;3;1} = {3;4; 2},

€_2> = A3By = OBy — OAy = {14;19;9} — {17;23; 11} = {-3; —4; —2}.

Maemo:
- = ?
¢ J
- = —
81 X 62 =13 4 2| = 0.
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- . = . . . .

OTxe, BekTOpH {1 i ¢ KoAiHeapHi. Tomy mpsmi abo mapareAbHi,
abo 30iraroTnCs.
MaeMo pani

A1As = OAs — OAy = {17;23; 11} — {2; 3;1} = {15;20; 10},

B A A

— —

f1 x AjAs =13 4 21=0.
15 20 10

OT>Xe, BEKTOPHU €_1> i m KonineapHi. Tomy Ay € m;. OTRe, npami
my i mg MAIOTh IIPUHAUMHI OAHY CITIABHY TOYKY — TOUKYy As. Ane
IIpgMi HallpsIMAEHI OAHAKOBO, i TOMy BOHM 30iraroThc4.

B) Hanipamui BeKTOpH NpAMUX:

0 = A, By = OB, — OA; = {5;7;3} — {2:3;1} = {3;4;2},

3 = A3By — OBy — OAy = {6;7;3) — {4:3;1) = {2:4;2} .

Maemo:

0 x b =

7
3 = {0;-2:4} £ 0.
2

NN

%
k
2
2

OTXXe, BEKTOpHU €_1> i €_2> HeKOAiHeapHi. Tomy npami abo nepeTuHa-
IOThC, abo € MI/IMO6DI_(>HI/IMI/I.

IMosuaunmo N = {1 X {2, MaeMO N = {0; —2;4}. B pasi mumo-
OKHUX IPSAMUX iCHY€ Iapa HapaseAbHUX AOIIUH 01, 02 3 HOP-
MaAAio IV, TaKUX WO my € 01, Me € 02, 03 # 01. B pasi nepetuny
OpSMUX IIi TIAOIIMHU 30iratoThCs.

MaeMo pani

ﬁ-A1A2=0-2+(—2)-0+4-0:0.

OTsXe, BEeKTOpHU ﬁ i m IIepPIeHAUKYAIPHI. Are A € 01, TOMY
Ay € 01, TOOTO 09 = 01. Lle i 3HaUUTBD, 1110 TPSIMi TTePETUHAIOTHCS.

MoskHa AoBecTH (DaKT IIePeTHHY INPAMHUX i B ABHUM CIIOCIO.
AOCTaTHBO 3HAWUTU TOUKY IIEPETHUHY.
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KaHoHIUHI pIBHAHHSA IPSIMUX 1M1, M2, IPOBEACHUX Yepe3 TOUKU
Ay, As B3pOBX BeKTOpPiB /1, {3 BiATIOBiAHO:
r—2 y—3 z-1 xr—4 y—3 z-1

5~ 1 2 ° > = a1 - 2 N

Topl mapaMeTpHUyYHi piBHAHHS HaOyBalOTh BUTASIAY:

r=24+3t =442\
y=3+4t y=3+4A (%)
z=14+2t z=1+2\

Touka nepeTHHY BHHHUKAE IIPU CYMICHOMY PO3B'S3aHHI IIMX IIIi-
CTBOX piBHAHB. [IpHUpPIBHIOEMO abCIIMCH, OPAWHATH 1 alAikaTH:

243t =442X\
344t =344\
14+2t=1+2\

AErKo TIepeKOHATHCh, IO I CUCTeMa CyMIcHA. [ eAMHMiT pO3B'si-
30K t = A = 2. Topl KOOpAMHATU TOUKM II€PETHHY MOXKYTh OYTHU
3HaiiaeHi 3 6yab-s1KOl 3 cucteM (*) i cranoBasTs M (8,11,5).

r) HanpsamHI BeKTOpU NIPSAMUX:

f_f =A1B1 =0B; —0A; ={5;7;3} —{2;3;1} = {3;4; 2},

U3 = A;By = OBy — OAp = {6;7;4) — {4;3;1} = {2;4;3} .

Maemo:

0 x =

7
3 = {454} £ 0.
2

NN
w o ]

OT>Xe, BEKTOPU €_1> i Z HeKoAiHeapHi. Tomy npsimi abo nepeTuHa-
IOThCsI, abo € MHM061§HI/IM .

Mosxaunvo N = £ x ly, MaEMO N = {4; —5;4}. B pasi mumo-
ODKHUX IIPSIMUX ICHY€ Iapa Napare€AbHHUX IAOUIUH 01, 02 3 HOD-
MaAAto N, TaKuX W0 my € 01, Mg € 02, 03 # 01. B pasi neperuny
IPAMUX IIi TAOIIMHYU 30iratoThe.

Maemo pani
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N A Ap=4-24(—5)-0+4-0=8#0.

OT>ke, BeKTOpU ﬁ i m He IIepHeHAUKYASAPHi. TOMy OCKIiABKH
Ay € 01, TO As ¢ 01, TOOTO 09 # 01. Le i 3Ha4UMTD, 1O TpsIMi €
MUMOOI>KHUMU.

Let cpakT Mo>KHa pAoBecTH i B gBHUM criocib. Cipobyemo 3Ha-
UTU TOUKY IlepeTHHY. KaHOHIUHI piBHAHHA HpﬁMI/IX_> mi, My, IPO-

BeAeHUX uepes TOUKu A;, As B3AOBXK BEeKTOpPiB {1, {2 BiATIOBiAHO:

x—2_y—3_z—1_t x—4_y—3_z—1_)\
3 4 2 7 2 4 3 7

Toal mapaMeTpuUyYHi piBHIHHS HaOyBalOTh BUTASIAY:

r=2+43t =442\
z=1+2t z=1+3\

Touka mepeTuHy MOrAa 0 BUHUKHYTH IIPU CyMICHOMY PO3B'sI3aHHI
OUX IIICTBOX PiBHSAHB. [ IpUPIBHIOEMO KOOPAMHATH X, Y, 2:

243t =442\
344t =344\
14+2t=1+3X

/AerKo mepeKOHAaTUCh, IIO I CHCTeMa € HeCyMiCcHOIO, TOOTO mpsami
mq 1 mo He MalThb JKOAHOI CIiAbHOI Touku. OTXKe, IIi OpsAMi He
IIepeTUHAIOTHCS, i1 TOMY € MUMOOI)KHUMMU.

Bignosigr: a) napareAbHi; 0) 30iratoTbCs; B) IEPETUHAIOTLCSI B €AU-
Hi¥t Toumi: my N'mg = M(8,11,5); r) MUMOGDKHI: My Nmy = .
3apaua 22. [lpsami m; i mo mpoBepaeHO uepes Touku A;(2,3,5),
B1(3,3,4) i A2(0,18,1), B2(3,14,5) BiammoBiaAHO. AoBecTH, 1o mpsiMi
m1, Mo € MUMOOIPKHUMM i 3HAUTU BIACTAHL Mi’K HUMU

Po3B'sa30k. HanpsmHI BeKTOpU IPAMUX

0 = A1 B, = OB, — OA; = {3;3;4} — {2;3;5} = {1;0; -1},

€_2> = A3By = 0By — 0Ay = {3;14;5} — {0;18; 1} = {3; —4;4}.
Maemo:
7
N}:K—fxé—gz 1 0 -1 :{—4;—7;—4}#7.
3 —4 4
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BekTopu £_1> i 8_2> HEKOAIHeapHi, OT)Ke, IIPIMi He IapaAeAbHi 1 He
30iraroTecs.

IMToOyayeMo piBHAHHSA NAOLINMHU 3 HOPMAAAIO ﬁ, SKa IIPOXOAUTH
yepes TOUKYy Aj:

—4(x—2)—T(y—3)—4(2—5) =0, do +Ty+42z—-49=0.
3HaMAEMO BiACTaHB Bip TOUKU As AO IHET IAOIIMHE:

_[4-0+47-1844-1-49]
a VAT + T2 4 42 B

Ockiabku d # 0, TO Touka Ay He HAAEKUTHL TiM IIAOIIWHI, SKa
IIPOXOAUTE 4Yepe3 IIeplly IIPSMy IIapaAeAbHO ApPYTriM npamin. Lle
O3HAyae, 110 Apyra IIpsMa BCA I[IAKOM He A€KUTh y il NAOLINHI,
I OT>XXe, IPAMi He NepeTUHAIOTECA. TOMY BOHU € MUMOOI)KHUMHU.

AN TIepeBipKU MOXKEMO TaKOX OOUYMCAUTU BIACTaHb Bip TOUKU
By A0 1i€l 5K IIAOIIMHU:

d 9.

|43+ 7-14+44-5-49]

d
VA2 + 72 442

9.

Bignosigs: 9.

3ajauya 23. BcTaHOBUTH TUII KPUBOL ADYTOI'O IMOPSIAKY 1 IOOYAYBaTH
il rpadik: 1622 + 9y? — 962 — 36y + 36 = 0.

Po3s's130k. MaemMo:

16 (2° — 62) + 9 (y> — 4y) + 36 = 0,
16 (2> =624+ 9—9) +9(y* —dy+4—4) +36 =0,

16(z—3)7—16-94+9(y—2)>—9-4+36 =0,

-3)° . -2’

16 (z — 3)2 o2 qa, 16 : =
6(x—3)°+9(y—2) Coae g M
G- w2, @ @D,

9 16 ’ 32 42 '

OTpuMarm KaHOHIYHe PIBHAHHSA eAillca 3 mapaMeTpaMu
xg=3, Yy=2, a=3, b=4

Bignosige: eninic, pus. puc. 2.1.
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Ay
6
2
X
0 3 6
—2

Pucynoxk 2.1 — Ao 3apaui 23

3apaya 24. BcTaHOBUTH TUII IIOBEPXHI APYTOrO IIOPSAKY:
2?4 4y? + 422 — 4o +8y+4=0.
Po3B'sa30K. MaeMo:
(2 —dz+4) +4 (¥ +2y+1-1) +42° =0,

(x—2)° +4(y+1)° +42% = 4,

(-2 w+)' (-0
22 12 12 7

110 30iraeThCd 3 KQHOHIYHUM PIBHAHHAM eAilcoipa 3 mapaMeTpaMu

To :27 Yo = _]-7 20 :07 a:27 b= ]-7 c=1.

Bignoignb: enincoip 3 meHTpoM B Touni My(2, —1,0); miBoci eainco-
ipa AOpiBHIOIOTB @ =2, b=1, c = 1.



3 3AAAUI AAS
IHAUBIAYAABHOI POBOTU

3apava 1. 3HaWTHU r 3 PIBHAHHA.

1 3 4 1 9
B-1. det 4 6 8 +det< ):2.
. x
sinz 1 1

—
[\]

2 3 2 5 3
B2 det[4 6 5 +det<8 493):4'
2 1 Inz
2 4 5
1 =z
B-3. det|1 3 2I)+det<3 15)3.
1 2 4
2 1 4
B-4. det|1 2% 0 +det<$ Jf>=2
3 2 6 r
ve 12 2
B-5 det[ 3 3 3 +det(4 6)3
1 2 2
2 z® 3 9 3
B-6. det|1 3 1)+det<x 6):2
2 8 2
2 7 2% 9
B-7 det|[1 3 1 +det(m g):
3 0 2
5
6

B-8. det | cosxz 3

10
1 0 2 9
B-9. det| 3 1 6 | + det < ) =1.
1 3
Inz 1 ) 11
B-10. det 0 1 + det ( > = 3.
9 x

0
1
2
0 3 1
B-11. det | 4 3)+det(m x+4>=4.
8
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0 1 coszx 3
B-12. det (3 1 3 +det 1) — 3
6 2 5
11 2 .
B-13. det | cosz 1 3 +det 1) =
3 92 4
2 1 2 s
B-14. det [ 5 sinz 3 +det * N ) -9
3 2 3
2 3 2
B-15. det | 2 4 5% | +det (g ;’i) -9
6 9 7

3apaua 2. Ha npukaapi 3apanux matpunb A, B mepeBiputn
BUKOHAHHs criBBiaHomenus (AB)" = BTAT,

1
1 2 3
s 4 (3 2 Y)ne

1 3 2

B-2. A= 9 0 4 . B =
1 3 3

B-3. A= 9 0 4 , B =
1 0 4

B-4. A= 9 0 4 . B =

B-6. A=

NSNS
w
—= O

8 3 0

B-7. A= 00 1 . B =
6 5 4

B-8. A= 3 9 1 . B =

WN R R =R RFR R WHE NDWRE R = =W
W N WWO TN W ADNDDN ONW DD DO NN

(
(
(
(
(
(

N DN
O W
N O
—~_ L T N N N
w
I
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B-6. A
B-10. A

<t co
— 1 1
0 HMOAN A AN AN AN~ ANA AN DO O M M

3apaua 3. And 3apanoi maTpurlli A 3HaNTH 06epHEHY MaTPHUITIO.
B-2. A

a) ] Q S ] Q Q
o — — — — — — — — AN — V.,.1121323oo7321343
X
™ < ™o ~N o ~N o oM oM < ™ D2 AN~ O MM 00D
m
[ I} D~ Yollla] =~ o a — m651232122223231
~ ~ ~ ~ ~ ~ N~ m
I Il Il I Il Il I i Il I Il Il I
< < < < < < < Eow < < < <
. o — ~ ™ < t) ) . .
2 - - - - - - 2 ? 2 o 2
m m m m m m m & M m m m m
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B-11. A= B-12. A=

B-13. A= B-14. A=

NN~ o OtO
W W~ Utw

N WO Otw N

B-15. A=

NN~ N O 00 Otk
TTLW W O W TtwiN
=W W NN W

3
3apava 4. 3a npaBunramu Kpamepa po3B'd3aTH CUCTEMY AlHIN-
HUX aATeOpalyHuX PiBHAHB, IOAQHY PO3IINPEHOI0 MaTPHUIIEO.

6 4 115 1 1 1]2
B-1. 5 4 1]13]. B-2. 5 4 3|3
1 7 2|7 3 2 2|2
2 2 119 1 2 3|8
B-3. 3 2 3113 B-4 2 1 1|5
2 1 218 0 1 24
1 0 3|3 3 4 3|7
B-5. 2 1 819]. B-6. 2 1 819
2 1 717 2 3 14
2 4 3|7 2 2 319
B-7. 2 3 216 B-8. 1 3 2|2
3 3 118 1 0 115
2 5 312 4 3 116
B-9. 3 8 411 B-10. (2 7 4|1
1 0 319 1 5 3]0
4 2 1|5 0 2 111
B-11. |5 3 2|6 B-12. {5 3 3|5
8 5 319 8§ 5 518
1 3 2|2 1 0 1|2
B-13. [ 5 0 3| 2]. B-14. {2 3 3|5
2 4 3|3 2 2 3|5
1 3 1|7
B-15. [2 3 4] 8
2 5 3112

3apavya 5. Cucremy AiHIMHHX aAreOpalyHUX PIiBHSIHBb II0AQ-
HO PO3ILIMPEHOI0 MaTpulero. AOCAIAUTH CUCTEMY Ha CYMICHICTH
3a pAomoMoror TeopeMu KpoHekepa-Kameaai. B pasi cymicrocTi
po3B'a3aTu cucTeMy MeTOAOM ['aycca.
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3AINMCHIOIOUM eKBiBaAeHTHI IIePEeTBOPEHHS, 3BECTHU

3apaua 6.
3aAaHy ManI/IHIO A AO HI/I)KHI:OTpI/IKYTHOI‘O BI/II'ASI,A,Y

paHr.

" 3HAUTHU 11

— —~ N ©
N w©ooo T
—_ MDD~ O MmO ©
— - - O — <t O Al AN
4mu N T =) o
REE R N = O = 4w N © 0 N <<
o o ©
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2 5 3 3
1 0 2 0
B-15. A= 405 7 3
6 10 10 6

3apaua 7. MeTopoM ['aycca noO6yAyBaTU 3araAbHUN PO3B'SI30K
OAHOPIAHOI CHUCTeMU YOTUPHhOX AIHIMHUX aAreOpalyHUX PiBHIHDL 3
YOTHUpbMa HeBIAOMUMU. MaTpuIlg CUCTeMHU 30iraeThCs 3 IIOAQHOIO
B IIONIEPEeAHIN 3apadi.

3apaua 8. Tpu BekTOpU 7, ?, z 33AaHO B AedKOMY 0Oasuci
CBOIMM KOOpAWHATaMHU. AOBECTH, IO IIi BEKTOPU € KOMIIAAHAPHU-
MU i BUPA3UTU BEKTOP < 4yepe3 BEKTOpPU i 7

B-1. @ ={1;21}, b ={20;1}, @ ={0;4;1}.
B2, @ ={1;32)}, b ={51;1}, @ =/{13;11;8).
B3, @ ={247T), b ={11,6), @ ={59;20}.
B-4. @ —={1;2;2}, b —={221}, @ = {587}
B-5. @ ={21;2}, b ={31;1}, @ ={12;58).
B6. @ ={1:22)}, b ={441}, @ ={14167).
B7. @ ={1;52}, b ={421}, @={T17:7).
B8, @={LT:8}, b={122}, @=1{31112).
B-9. @ ={2;9;1}, T = {3;3;2}, @ ={11;18;7}.
B-10. @ = {1;3;1}, z ={3;2;1}, ¢ ={7;14;5}.
B-11. @ ={3;0;1}, b ={1;4;2}, @ ={7;16;9}.
B-12. @ ={2;2;3}, ?:{1;0;1}, 7 ={11;8;15}.
B-13. @ = {5;1;2}, E — (51,1}, @ ={51:3).
B-14. @ ={3;3;4}, b ={1;0;2}, ¢ ={11;9;16}.
B-15. @ = {1;2;2}, ?:{2;3;1}, 7 = {5;8;4}.

3apaua 9. Tlipamiay ABCD 3apaHO KOOPAWHATaMM CBOIX Bep-

HINH. 3HAWUTU:

KOOPAMHATHU BEKTOPIB 1@, m, ﬁ;

2
3) mromy Sapc ocHoBu AABC mipamiauy;
4) minaHu A0O6YTOK (zﬁ X ﬁ) 'zﬁ;

5) 00'eM mipamipy;
6) Bucory DD; mipamiau, Ae D; — OpTOrOHaAbHA IIPOEKIli TOUKU
D na naomuny ABC,

1)
) BEKTOpPHUIN AOOYTOK 1@ x AC,
)
)
)

—
7) KoopauHaTu BekTopa ADq;
8) xoopauHaTH TOYKU D;.
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A
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A
A
A
A
A
A
A

-1.
B-10. A
B-11.
B-12. A
B-13. A
B-14. A

B-2
B-3
B-4
B-5.
B-6
B-7
B-8
B-9

B-15. A(0,-3,7),

TpI/IKYTHI/IK ABC' 3apaHO KOOpAMHATaMU CBOIX

BepIINH. 3HaAUTH AOBXUHU cTOpPiH AB i AC, a TakKOX BEAUYNHY

KyTa IIpu BepiuHi A.
1
2
3
1
4
4
7
3
2
2
1
2
2
2
2

3apaua 10.
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-1
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4
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6
7
8
9

=A:1
=1
= 2.

, B iu4ucao \. 3Ha171T1/1 Touky K € AB,
A
A

< .
=

B(3’ 4’ 5)7
B(B’ 47 2)7
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B-3.  A(-3,-2,4), B(5,6,0), A=3.
B-4. A(9,—4,-1), B(1,4,3), A=3.
B-5.  A(7,9,-3), B(-1,1,1), A=3.
B-6. A(-1,-4,-2), B(2,2,4), A=2.
B-7.  A(-1,1,8), B(5,4,2), A=1.
B-8. A(-3,6,4), B(3,3,-2), A=2.
B-9. A(—4,7,4), B(4,-1,0), A=3.
B-10. A(-1,-6,-2), B(7,2,2), A=3.
B-11. A(-1,5,-3), B(5,2,3), A=2.
B-12. A(7,6,6), B(-5,-6,0), X=1.
B-13. A(-3,5,-1), B(3,-1,2), A=2.
B-14. A(1,4,2), B(4,-2,-4), A=1.
B-15. A(-7,8,-2), B(5,—4,4), A=2.
3apaua 12. TpukytHuk ABC 3apaHO KOOpAMHATaMU CBOIX
BepmmH. 3HauTH BUCOTy AD.
B-1. A(—4,-6,5), B(6,-2,6), C(8,-3,8).
B-2.  A(6,4,0), B(0,1,0), C(-2,2,-2)
B-3.  A(4,2,1), B(-2,2,-2), C(0,1,0).
B-4. A(5,-3,0), B(5,3,6), C(3,2,4).
B-5.  A(-2,4,2), B(—4,0,-3), C(-6,-1,-5).
B-6. A(9,-2,-1), B(-3,1,—4), C(-1,2,-2).
B-7.  A(-5,7,0), B(-1,0,5), C(-3,-1,7).
B-8. A(8,-2,3), B(0,0,5), C(2,1,3).
B-9. A(7,-4,3), B(7,5,—6), C(5,4,-4)
B-10. A(-3,0,4), B(5,2,6), C(3,3,4).
B-11. A(5,4,3), B(7,0,8), C(9,-1,10)
B-12. A(-7,-5,3), B(5,-2,6), C(3,-1,4).
B-13. A(4,-1,9), B(4,5,6), C(6,7,7).
B-14. A(6,0,7), B(0,0,1), C(2,2,2).
B-15. A(4,-9,6), B(9,5,4), C(7,3,3).
3apaua 13. TpuryTHuk ABC 3apaHO KOOPAMHATaMM CBOIX
BepmmH. 3HauTu 6icexkrpucy CD.
B-1. A(32,28,8), B(-7,—14,14), C(-26,-16,—20)
B-2. A(-8,20,16), B(10,-7,-2), C(—4,-2,-4)
B-3.  A(0,27,27), B(8,-5,-1), C(-6,-3,-6)
B-4. A(—4,13,11), B(8,1,5), C(-6,3,0).
B-5. A(-10,13,8), B(6,-3,0), C(-8,2,-2).
B-6. A(—16,40,—4), B(—7,—14,14), C(22,—28,—8)
B-7. A(-12,24,0), B(9,—6,—6), C(-2,-4,4).
B-8. A(-9,36,-9), B(7,—4,-5), C(-3,-6,6).



B-9. A(-7,16,-1),
B-10. A(-11,14,4),
B-11. A(28,32,-8),
B-12. A(8,16,20),
B-13. A(0,27,27),
B-14. A(4,11,13),
B-15. A(10,8,13),
3apaua 14.

IIePIIeHAUKYASIDHO AO AGHOT'O BEKTOpPa
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B( ’4’ 7)7

B( K 27 4)’
B(—14,-7,-14),
B(-10,-2,-7),
B(-8,-1,-5),
B(-8,5, 1)
B(—6,0,-3),

ﬁ {4;

5,2,4).
6,0,6).
16, —26,20).
4,—4,-2).
6,—6,—3).
603)
C(8,-2,2).

C(=
C(-
C(-
C(
C(
C(

[MTo6yayBaTH piBHAHHS ITAOIIWHY, SIKa ITPOXOAUTH

B; C} uepes paHy TO-

ury Mo(zo, Yo, 20). 3'sICyBaTH, HaAEKATh AaHi Touku M (x1,y1,21),
My (x9,ys, 22) TOGYAOBAHUIN TAOUIMHI YN HE HAAEKATh.

B-1.
B-2.
B-3.
B-4.
B-5.
B-6.
B-7.
B-8.
B-9.

B-10.
B-11.
B-12.
B-13.
B-14.
B-15.

(2:3;1}, Mo(1,5,2),  My(3,5,~2), Ms(4,2,8)
N{4-22),  Mo(1,5,2), Mi(3,5-2), Ms(4,2, —5)
N{4-2 -1}, My(1,3,2), Mi(3,5,6), Ma(4,2, 14).
N{4-6:1),  Mo(2.6,4), M(3,5—6), Ma(4,2, —21).
N{6:-2:2),  My(2,6,9), M(3,55), Ma(4,2,8).

(22,-2:2}, Mo(1,2,7), M(3,5,12), Ms(4,2,15)
N{L;1;1}, Mo(3,6,4),  Mi(3,5,5), Ma(4,2,9).
N{14;-6:1}, DMo(2.3,1), M(3,5,—1), My(4,2, —40).
N{2:0;-1),  Mo(3,6,6), M(3,52), Ma(4,2,8).
N{L;2:1}, Mo(7,5,3),  Mi(3,5,7), Ma(4,2,13)
N{8:8 -1}, M(523), M(3,511), M(4,2 —1)
N{4-21),  Mo(4,57), M(3,511), Ma(4,2,6)
N{2-2,-1}), Mo(7.4,5), My(3,5,—5), Ma(4,2,—3)
N{4:6,-2),  Mo(1,7,0), Mi(3,5,~2), Ma(4,2,2)
N{-5;-2: -1}, Mo(3.4,—6), M (3,5,—8), Ms(4,2,5).

3apava 15. Tpu Tourku A, B, C' 3apaHO B IIPOCTOPi CBOIMU KOOP-
AvHaTaMu. [lepeKoOHATUCh, IO BOHU He AeKaTh Ha OAHIM NpAMil,
i TOOyAyBaTH PIBHAHHS NAOILIMHY, K& IPOXOAUTH Yepes IIi TOUKH.

B-1.
B-2.
B-3.
B-4.
B-5.
B-6.
B-7.
B-8.

A(1,4,3),

B(2,6,4), C(3,7,6).
B(4,5,6), C(7,8,9).
B(6,7,4), C(3,5,4).
B(6,3,6), C(3,2,6).
B(6,7,3), C(4,8,4).
B(5,3,6), C(5,3,5).
B(0,9,7), C(8,4,7).
B(9,3,6), C(2,2,4).
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B-9. A
B-10. A
B-11. A
A
A
A

) )

1,1,4
8,4,9),
3,5,6
B-12. A(5,4,8
B-13. 2,6,5
B-14. 6,7,0),
B-15. A(3,6,5), B(5,3,6), C(6,3,

3apaua 16. 3uamité BiacTaHb Bip ToukM Mo (Zo; Yo; 20) AO MAO-
uwHu o : Ar+ By+Cz+ D =0.

) )

(1,1,4) B
(8,4,9) B
(3,5,6), B
(5,4,8), B
(2,6,5) B
(6,7,0) B
)

)

B-1. My(5,—3,4), o 2w —2y+2—2=0.
B-2. My(—8,-2,-5), o 9x+4+2y+6z—15=0.
B-3. My(6,6,4), o dx+4y+72+5=0.
B-4. My(-3,-7,1), o dr+8y+2—14=0.
B-5. My(9,8,-2), 0. 6x+6y—T72+5=0.
B-6. My(6,8,-2), o x+2y—2z+1=0.
B-7. My(2,—6,—12), o 22+9y+62+1=0.
B-8. My(8,6,0), o Tox+4y+42+1=0.
B-9. My(—~10,5,—2), o S8x+y+4z+2=0.
B-10. My(10,8,1), o. Tx+6y+62—3=0.
B-11. My(8,2,1), or 2r—y+2:42=0.
B-12. My(9,1,7), 0. 62 —2y+92+6=0.
B-13. My(—4,5,-8), o dr—4y+T7z+ 11 = 0.
B-14. My(4,-7,7), o v —8y+4z—-7=0.
B-15. My(-3,12,-5), or 6x—6y+72+4=0.

3apaua 17. ABi mapareAbHiI HAOHUIUHU 01 1 09 3aAaHO PiBHSH-
wavu Az + By + Cz+ Dy =0, Ax + By + Cz + Dy = 0. BuzHauntn
BiACTaHbL MiXK IIAOIITMHAMM.

B-1. 2x—-y+22-9=0, 20 —y+2z—18=0.
B-2. 2x+y+22-9=0, 2¢ +y+ 22+ 18 =0.
B-3. 2+4+2y+2z-27=0, r+2y+22z—18=0.
B-4. x—-2y+22-27=0, r—2y+224+9=0.
B-5. 2x+2y+4+2-27=0, 2r+2y+2—45=0.
B-6. 2x—-2y+2-36=0, 20 — 2y +2—45=0.
B-7. 2x—y+22-27=0, 2¢ —y+ 2z —54 =0.

B-8. 6xr+3y+2:—196=0, 6x+3y+2z—343=0.
B-9. 6z +2y+32—-98=0, 6r+2y+32+49=0.
B-10. 6x —3y+2z—-49 =0, 6x — 3y + 22 —98 =0.
B-11. 6x+3y—2z—147=0, 6x+3y—2z—196=0.
B-12. 2x+3y+6z—147=0, 2x+3y+62—294=0.
B-13. 2x+6y+32—343=0, 2x+6y+3z—441=0.
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B-14. 3x + 2y — 62+ 49 =0,
B-15. 3x 4 6y — 2z + 294 =0, 3xr + 6y — 224196 = 0.

3apava 18. 3HaliTm TOYKy (), CUMETPUYHY 3aAaHini Touri P
BIAHOCHO TIAOIMVHY 0, Ky 33aA@HO 3araAbHUM DPiBHSIHHSIM.

3z +2y —62—98 =0.

B-1. P(0,-3,-1), o: z+2y+22-10=0.

B-2. P(9,10,7), o: x+3y+2—-24=0.

B-3. P(-1,0,-2), o: 4x+3y+32—-24=0.

B-4. P(5,11,6), o: 20+2y—2z—-17=0.

B-5. P(-1,-3,2), o: x+2y+2z—-13=0.

B-6. P(6,5,—15), oc: z—3z—-21=0.

B-7. P(-5,-3,3), o: 3r+2y+22-19=0.

B-8. P(7,12,3), o: 4x+5y—6=0.

B-9. P(0,-1,3), o: z+2y—3=0.

B-10. P(1,8,6), o: 2y+2-17=0.

B-11. P(—4,—4,-2), o: 2x+2y+32—-29=0.

B-12. P(18,11,9), o: dr+y+z-—-29=0.

B-13. P(—1,-5,—15), o: 2¢x+4y+52+7=0.

B-14. P(5,8,9), o: 2x+2y+T72+25=0.

B-15. P(7,2,13), o: v+32—-6=0.
3apaua 19. Hanpsamuauli BeKTOp HpPIMOL m, gKa IIPOXOAUTH

yepe3 Touky My, popiBHIOE ¢ . OOGUUCAUTH BiACTaHb MiXK 3aA@HOIO
TOUKOIO A i 1Ti€f0 TIPsIMOIO.

B-1. My(1,2,2), £{21;,-2},  A(15 1)
B-2. My(5,2,3), £{6;-52}),  A(19,—6,6).
B-3. My(5.4,3), £ {-6:8 11}, A(—17,25,—30).
B-4. My(6,2,5), £ {-2:3;-2), A(7,-3,5).
B-5. My(2,6,3), € {8-2-2}, A(-16,6,3).
B-6. My(1,5,4), {12,104}, A(11,-9,4).
B-7. My(3,5,8), ¢ {4:3;5), A(14,7,18).
B-8. My(3,3,2), € {-6:6;0},  A(—13,11,4).
B-9. My(2,6,7), £ {-2:0:4},  A(0,2,1).
B-10. Mo(1,6,7), € {14;—4;3},  A(-12 ,12 2).
B-11. My(2,5,1), € {8;4;—6},  A(—18,—1,9).
B-12. My(2,6,5), ¢ {-2:6:8}, A(6,—10 9).
B-13. My(2,6,9), € {6:8 -4},  A(—18,—4,17).
B-14. Mo(3,6,1), € {-2;—6;-8), A(-7,—8,-25).
B-15. Mo(3,9,1), £ {6;—5: -2},  A(34,—14,11).
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3apaua 20. 3HaAUTH TOUKY (), CHMETPUYHY AaHiN Toulli P Bia-
HOCHO IIPSIMOI M, SIKa MTPOXOAUTE Yepe3 AaHY TOUYKY A B HATIPSIMKY

AQHOT'O BEKTOpa

B-13. P(0,9,4), A(2,3,2), € {1;21).
B-14. P(0,-3,17),  A(1,-2,4), £ {2;5;4).
B-15. P(~1,1,4),  A(2,8,6), £ {1:3;2).
3apaua 21. TIpsiMa m; TPOXOAUTH Yepes 3apaHi Touku A; i By,
a mpsiMma mo — 4depes 3apaHi Touku A; i Bp. BCTaHOBUTH, SKUM €
B3a€EMHe PO3TAIIyBaHHS IIUX NPIMUX.
B-1.
a) A1(2,5,4), B1(3,7,5), A2(1,3,3), 32(4 9,6).
6) A1(27_174)v Bl(4?372) A2(67173> ( 7 7)
Aq(

)

B-1. P(4,7,9), A(1,2,2), 7 {1;2:2).
B-2. P(6,6,6), A2, -1,1), € {1;4;2).
B-3. P(10,3,9),  A(6,3,4), 7 {3;3;2).
B-4. P(3,-4,9),  A2.2.8), {241},
B-5. P(1,-8,1),  A(4,2,5), £ {2:4;3).
B-6. P(-2,-3,-2), A(1,4,3), £ {1;2;2).
B-7. P(-9,-8,-1), A(2,2,7), 7 {4;3:6).
B-8. P(1,1,5), A2,8,4), 7 {3:3:2).
B9. P(— 3,12,13) A2,7,5), € {1;-1;2).
B-10. P(7,-1,3),  A(3,3,1), € {l;—1;-1}.
B-11. P(2,4, 10) A2,2,3), 7 {1;1;1).
B-12. P(3,-3,6),  A(1,1,3), £ {1;-3:4}.

( ( )

P( (

B) A1(4,2,3), B1(5,2,3), 42(2,1,3), 32(2,5,3).

1) A1(4,2,3), B1(5,2,3), A2(4,4,8), By(4,8,8).
B-2.

a) A1(1,1,2), B1(3,2,1), A5(9,5,—2), Ba(5,3,0)

6) A1(2a 1; 1)1 B1(43270)' A2(775a 73)' 32(333771)

B) A(4,2,5), B1(5,2,6), A2(0,1,1), Ba(8,5,9)

r) A1(4,2,5), B1(5,2,6), A2(2,4,6), By(10,8,14)
B-3.

a) A1(5,3,4), Bi(6,5,6), A2(7,7,8), Ba(4,1,2)

6) A1(1,0,0), B1(2,2,2), As(—1,1,—1), By(—4, -5, -7)

B) A1(6,2,1), B1(8,2,0), A3(1,1,2), By(5,5,6)

1") A1(6,2, 1), 31(8,2,0), A2(3,4, 7), BQ(?,S, 11)
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—7,-5,0), A5(7,1,6), Bo(—1,—5,4).
,3), A5(0,1,2), By(8,5,6).

(75, 717 71)' A2(75 87 2)' 32(717 270)
(
(5,8

, B1(5,8,3), A5(2,4,7), B2(10,8,11).
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a) A1(2747 1)1 B1(6787_1)v A2(47670)v B2(07272)

6) A1(2,1,4), B1(6,5,2), A3(6,3,6), By(2,—1,8)

B) A1(2,6.5), B1(2.8.6), A>(0.1.1), Ba(8.5,9).

) A1(2,6,5), B1(2,8,6), A2(2,4,6), By(10,8,14)
B-13.

a) 41(2,5,4), B1(0,9,2), As(5,—1,7), Ba(3,3,5).

6) A1(2,0,4), B1(0,4,2), Ay(7,—4,3), By(5,0,1).

B) A1(4,6,3), B1(5,8,3), A2(0,3,2), Ba(8, —1,6).

r) A1(4,6,3), B1(5,8,3), A3(2,6,7), By(10,2,11).
B-14.

a) A1(5,6,3), B1(7,12,1), Ay(3,0, ) By(4,3,4).

6) A;(2,-2,4), 31(4 4,2), Ay(2,—6,9), 32(3, 3,8).

B) A1(47277) Bl( )v A2(4, 72) BQ( 176)'

r) A;(4,2,7), 31(5,2,9), A9(6,6,7), Ba(— 2,2,11).
B-15.

a) A1(2,2,1), B1(4,6,—3), A2(5,8,—5), By(3,4,—1)

6) A1(2,2,4), B1(4,6,0), Ay(7,2,1), By(5,—2,5).

B) Ay(4,—4,5), B1(5,—7,6), A2(0,1,0), By(8,5,12).

1) Ai(4,—4,5), B1(5,—7,6), A2(2,4,5), B2(10,8,17).

3apaua 22. [Tlpsmi my i mo mpoBepeno depes mapu (A, By),
(Az, By) TOYOK, 3apA@HUX B IIPOCTOPi CBOIMU KOOpAMHATaMU. AoBe-
CTH, MO TIPAMi mq, Mo € MUMOOIKHUMM i 3HAUTU BIACTaHb MiXK

HUMMHA.

B-1.
B-2.
B-3.
B-4.
B-5.
B-6.
B-7.
B-8.
B-9.

B-10.
B-11.
B-12.
B-13.
B-14.
B-15.

Ay(=2,-1,6), By(4,—4,6), As(5,8,— ) »(1,-10,18).
A1(2,—1, —4), B1(2,—4,2), Ay(—5,—4,—3), By(5,2,5).
Al(ov 3, ) 1( 3a2) AQ( 1,4 ) B2(9 -6, — )
A1(2,2,4), Bl( 0,4), A2(9,5,3), Ba(7,5,9).
A1(3,—1,-2), By(1,—1,4), A5(18,16,3), By(—2,—24,3).
Ai(1,-1,3), B1(1,2,0), A5(16, — 3,—1) Ba(0,13,11).
A1(3,0,—2), B1(0,0,1), Ay(—1,15,—4), By(11,—-1,12).
A1(—1,2,3), B1(2,2,0), Ay(—3,—13,—1), By(13,3,11).
A1(2,1,2), B1(2,-5,5), Ay(— 1,2,9) 32(9 —6,3).
A1(—2,-3,2), Bi(4,-3, 1), As(3,—6,7), Ba(3,4, —3).
A1(4,3,1), B1(0,3,3), A3(5,2,9), 32(5 8,7).

A1(3,4,0), By(1, -2, ) 45(0,5,23), By(16,—7, —17).
A1(72a270)' Bl( ) 7 )' AQ( 37 7) BZ( 773)
A1(-2,3,0), 31(4,0,0),A2( 3,-4,-3), 32(5,2,7).

Ay(—3,4,-3), B1(3,4,0), Ay(0,—3,—4), B5(0,7,6).

3apava 23. BCTaHOBUTHM THUII KPUBOI APYTOTO IOPSIAKY 1 ITOOY-
AyBartH II rpadik.
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B-1. 16z2 — 9y? — 96z + 36y — 36 = 0.
B-2. 4z? —9y? — 16z + 18y +43 =0.
B-3. 24 4y?+ 2z — 16y + 13 =0.
B-4. 22 —16y? — 6x — 64y — 71 = 0.
B-5. 2?2 —4y? —4x —-8y+4=0.
B-6. 22 +4y®>—6x+5=0.

B-7. 2% —4y? —4x — 24y — 36 = 0.
B-8. 4x? —y? — 32z — 4y +64 =0.
B-9. 2522+ 9y? — 100z + 54y — 44 = 0.
B-10. 22 — 9y? — 36y — 45 = 0.

B-11. 22 —y? — 42 — 10y — 20 = 0.
B-12. 2 + 25y — 4z + 200y + 379 = 0.
B-13. 2522 — y? + 100z + 6y + 66 = 0.
B-14. 2% — 4y + 8z — 24y — 16 = 0.
B-15. 922 + 4y? + 54z — 16y + 61 = 0.
3apava 24.

B-1. 922 + 4y? + 3622 — 8y — 32 = 0.
B-2. 2249?22 —4y—2=0.

B-3. 22 +4y? — 4224220 +5=0.
B-4. 22 +9y%?—224+62—-10=0.
B-5. 4x% + 9y? + 242 — 362 + 36 = 0.
B-6. 22 —1%+ 22+ 10z —21 =0.
B-7. z2—y2—22-22+2=0.

B-8. 22—y?+2y—2—-1=0.

B-9. 922 —9y? — 22 —42—-13=0.
B-10. 922 +y? — 922 —4y — 5 = 0.
B-11. 22 —y? —42 —2y+2+3 =0.
B-12. 22 + 9% — 22 — 2y + 22 = 0.
B-13. 22 +9y? — 922 + 4z + 4 = 0.
B-14. 2% +4y? — 422 — 20 + 242 — 35 = 0.
B-15. 2?2 +9% — 22 —4x +62—5=0.

BCcTaHOBUTH THUII IIOBEPXHI APYTOrO MOPSIAKY.
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