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1 GENERAL INSTRUCTIONS

These methodical instructions include the tasks to calculation-graphic
work (C.G.W. in abbreviated form) on calculations methods of the transient
processes in the linear direct current circuits by the classical and operator
methods.

1.1 The aim and the task of C.G.W.

The aim of this work is to assist students in independent study of
suitable parts of theoretical engineering. Students must get practical skills
in using the method of analysis of the transient processes in the linear elec-
trical circuits with concentrated parameters. The example considered in da-
tum methodical instructions will help the students to fulfil the necessary
calculations and investigations when doing calculation-graphical works
prescribed in the course of electrical engineering.

1.2 Contents and the volume of the work

This design-graphic work consists of the explanatory report with the
volume of about pages including figures' graphs and tables.

The contents of the explanatory report:

- a title-page;

- the technical task to calculation-graphic work;

- an abstract;

- contents;

the essence of the explanatory report:

- explanations to computations and independent calculations;

- checking up of rightness of the calculations;

- conclusions;

- the list of used original sources;

- appendixes.

1.3 Designing and presenting of C.G.W.
When using this work one must carry out the following require-
ments: - the calculation of errors must be lower than 3%;
- the explanatory report must be designed according to the require-
ments of the Ukrainian State Standard:;
- the main parts of the work must be set by the lecturer.



2 THE TECHNICAL TASK TO C.G.W.

2.1 Every student must do his own assignment. The number of his as-
signment equals the number of a student's surname in a group register. The
values of active and passive elements and resources of voltage are given in
appendix A. The diagrams of electrical circuits are given in appendix B.

2.2 An electrical circuit contains the direct current source. The circuit
is in the steady-state condition before the shorting of the first key K1. After
shorting (the first commutation) it takes:

2.2.1 Calculate the transient value of the given current or voltage by
the classical method.

2.2.2 Calculate the transient value of given current or voltage by the
operator technique and construct a diagram of transient current or voltage.

3 INSTRUCTIONS ON USING THE WORK

3.1 The transient process by the classical method

The transient appears in the circuits on account of commutations. In
circuits containing energy storage elements, the inductor current i (t) and
the capacitor voltage u.(t) cannot change value instantaneously; other-
wise, their stored energies Q, (t) = %Lif (t) and Q-(t) = %Cuﬁ (t) would
change instantaneously. Suppose, for example, that we find the solutions
for the element voltages and currents for a particular circuit and then, at
some later time, open or close a switch located somewhere in the circuit;
activating the switch changes the circuit, and now we must solve this new
circuit. The element voltages and currents will have changed due to the
fact, that we have a new circuit caused by the switching operation. The ob-
ject of this work is to determine the behavior of the element voltages and
currents in the intermediate or transient time interval while they are adjust-
ing to the new values. There are two lows of commutation. The first switch-
ing low: the inductor current cannot sudden change .an the initial (the first)
moment after a switching, that is

i (0_) = i.(0,) 3.1)
The second switching low: the capacity voltage cannot sudden
change at the initial moment after a switching, i.e.
uc(0_) = uc(0,) (3.2)
The values of the inductor current and the capacity voltage at t = 0
are called the independent initial conditions.



Thus, the inductor current and the capacitor voltage immediately pri-
or to and immediately after a switching operation must be the same. While
calculating of any transient process side by side with the independent con-
ditions we also use dependent initial conditions: resistance and capacity
currents, resistance and inductor voltages, values of derivatives of voltages
and currents at the first instant (moment) after switching. The independent
initial conditions are determined before the switching. Knowing the inde-
pendent initial conditions we shall be able to define the dependent initial
conditions, which can sudden change at the switching. If we have direct
current source (dc) all currents and voltages in the circuit must also be con-

) ) diy, . . .
stant in value. Since u; =L ﬁ if the inductor current i is constant, then
u; = 0, which is a short circuit. Similarly, if the capacitor voltage 1. is
. dUe . . . . .
constant, then i = C e and iz = 0, which is equivalent to an open cir-

cuit. If the source is sinusoidal (a.c.), we may use any method of calculation
the sine currents in order to find the portion of the steady-state solution due
to this type of source. The transient currents are also called the total cur-
rents. They may be described by the system of integral-differential equa-
tions worked out by Kirchhoff's laws for the after-switching time. The total
succession of the calculation by the classical method:

- make up the positive directions of branch currents.

- calculate the circuit before the switching for the purpose of defining
the independent initial conditions.

- compose the system of differential equations by Kirchhoff's laws
for the after-switching circuit and define dependent initial conditions.

- calculate the steady-state rate after switching.

- define the roots of a characteristic equation. If the roots are real and
different, we look for the decision in the form:

E == ES‘S‘ + “qleplt_'_“qz Epzt (3.3)

For complex-conjugate roots the decision will be in the form:
i=1i.,+ Ae’ sin( wyt + 1) (3.4)

on the grounds of independent initial conditions define the constants of in-
tegration; at last, write down the transient current as the time function in the
form (3.3) or (3.4).



3.2 General Outline of Transient Analysis

Transient analysis involves basically the following steps:

1 At first consider the circuit before switching. Choose positive cur-
rent directions through inductive elements and voltages across capacitive
elements. Determine i.i.c. (i.e. the values of currents through inductive el-
ements and voltages across capacitances immediately before switching). I.i.
c. are found by some calculation method for direct current circuits, if ener-
gy sources are dc; or by the calculation method for sinusoidal alternating
current, if energy sources are ac.

2. Represent an electric circuit after switching. Positive directions are
assumed for branch currents and voltages. Positive directions of inductive
currents and capacitive voltages must be the same, as before switching. One
must work out the integro-differential equations by Kirchhoff's laws.

3. Define the steady-state components of currents and voltages after
switching when transient process has been over. The steady-state compo-
nents are found by some calculation method for direct current circuits, if
energy sources are dc; or by the calculation method for sinusoidal alternat-
ing current, if energy sources are ac.

4. The characteristic equation is written down and its roots are found.
Now we know the type of transient components by form of roots.

5. The value is equal to the sum of steady-state and free components.

6. Then we can calculate the constants of integration which enter into
transient components. If the transient component contains two constants of
integration, it is required to find not only a value of current or voltage, but
also their derivatives after switching.

7. Total current (voltage) is expressed as time function as algebraic
sum of steady-state and transient components (taking into account the cal-
culated constants of integration).

3.3 The transient process by the operator method

The total succession of the calculations by the method: at first we de-
fine the independent initial conditions by the classical method; then the
transient current i(t) is changed by operator image I(p) — is the Laplace
transform of a function; resistance R stays without changing; an inductive

voltage u; = L% changes by the image pLi; (p) — Li, (0, ) and the capac-

itor voltage u. = ificdr - by the image picfc (p) + u-(0,);



draw up the operator circuit for after-switching mode;

write the initial system of operator equations and solve the system of
algebraic equations relative to the image of the unknown quantity and pass
from the image to the original function by the expansion theorem

NG
TO= 2w

where N(p;) - is the multinomial of numerator;

(3.5)

M’(p;,) - is the derivative of the multinomial of denominator;
by - are the roots of denominator;

draw up a diagram of the current as the function of time.

The operator technique allows defining an integral of a linear equa-
tion without defining of constants of integration that usually becomes easier
the solving of a problem.

The Laplace transform of the voltage across the inductance is

Ui(p -=" pLI(p) — Li(0) (3.6)

The Laplace transform of the voltage across a capacitor
1(*t I 1. (0
accz—fidt+ttc(0)=@+ «(0)
€ Jo pc p (3.7)

The Laplace transform and the respective inverse Laplace transform
are referred to as a transform pair.

The Laplace transform F(p) is found for a specific time function f(t),
it is tabulated for future reference just as is done for logarithms or integrals.

Draw up a diagram of the current as the function of time.

The example of the detailed calculation by operator technique at the
end of theoretical material.

3.4. Ohm's Law in Operational Form. Internal EMFs

Let's consider the branch consisting of e.m.f. source and resistive,
inductive and capacitor elements. It is connected to two nodes a and b.

The voltage between nodes a and b for the circuit after switching

Ugp = Pq — B = U + U +Uuc — e(T). (3.8)



ait) R

@ WH

“R

Fig. 4.1. A part of the complex ramified electrical circuit.

Since the Laplace transform is a linear operator, it follows that the
transform of a sum is equal to the sum of transforms. Therefore, we may
substitute the respective transforms for each of the terms and we get

Uy (P) = Rf(p)+pu(p)—u(0)+—f(p)+ fo) E(p)

(3.9
From this equation it follows that
I Uap (0)+E(p) 11 (0)—S"
(p) = RepL : (3.10)

where Z(p) = R + pL + pic is the operation impedance of the branch ab.

The term Li(0) is the internal e.m.f. due to the energy stored by the
magnetic field of an inductive element, produced by the current through
the inductance just before a switching.

The term u. (0)/p is the internal e.m.f. due to the energy stored by
the electrostatic field of a capacitive element, produced by the voltage
across the capacitor immediately before a switching.

3.5 Kirchhoff's Laws in Operational Form
According to the first Kirchhoff's law an algebraic sum of instanta-
neous values of the currents converging in any junction of an electric cir-
cuit is equal to zero

Yi=1ix=0. (3.11)
The current by means of Laplace transform can be presented in the

operation form. As the Laplace transform is linear, the transform of the sum
is equal to the sum of transforms.

Zi=1 (@) =0. (3.12)
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According to the second Kirchhoff's law in any closed loop the sum
of the instantaneous voltages across all the sections which enter into this
contour, is equal to the algebraic sum of electromotive forces:

So, we can write the second Kirchhoff's law in the operational form as

2i=1 Ze (@M (p) = Xi-y Ex (D). (3.13)

3.6 The equivalent operational circuit
At a transient analysis by operational method, it is convenient to
write down the equations by Kirchhoff's laws at once in the operational
form and use known calculation methods.
The relationships between circuit elements for instantaneous values
of currents and voltages and the elements of the operational circuit are pre-
sented in this section:
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4 THE EXAMPLES OF EXECUTION AND FORMATION OF
CALCULATION-GRAPHICS WORK

4.1 The example of detailed calculations by the classical technique in
the case of two different real roots
There is dc electrical circut in fig 4.1 with the next parameters: E=60
V; Ri=10 ; R»=20 £2; R3=30 £2; L=0,1H; C=0,002 F. The key Q is closed
at t=0. Calculate currents i1(t) and ic(t) in the branch with a capacitor.
We choose positive directions of currents, as shown in the figure.

ip ic

Fig.4.1 - Initial electrical circuit

Let's assume that before the switching there was a steady-state mode
in the electric circuit (Fig. 4.2), that is, the currents in all branches and the
voltages across elements were constant over time.

ip ic

||_ -
E
Ro
C o l
R1 L
R3 Uc
—
LI

Fig.4.2 — Electrical circuit before switching

We determine independent initial conditions for the circuit in Fig.
4.2. Remember tot for dc circuit a capacitor is "an open circuit" (branch
break). Then we can find the current through inductive element by the next
way
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: . E 60
i,(0) =i, (0-) = Ry+R,+R;  10+20+30 1 4.
The voltage across capacitive element is
: E 60
Ug (0) = Ug (':'—) = RZIL(O—) = Rzm = ZGm = 20 B.

So, i.i.c. before a switching
i,(0) =i, (0-)=1A
uUc(0) =u-(0—) =20V

Let's consider the circuit after a switching (Fig. 4.3). As a result of
closing key Q, the resistive element R3 is shunted.

ip ic

Fig.4.3 — Electrical circuit after switching
Let's calculate the steady state rate of the circuit after switching
i, =0 A4;
, E 60
I p— p—
Zss TR,4+R, 10420
We determine the initial conditions. Since the electrical circuit has
two independent energy storage elements, it is necessary to calculate both
values of desired currents for the moment t=0+ and the value of their first-

order derivatives. To do this, we compose a system of integral-differential
equations according to Kirchhoff’s laws for instantaneous values.

1.1 :IIL ‘I‘IC
R1f1+llc =FE

. di
RZIL ‘I‘Ld_:_“c =0

iy, = =2 A
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Taking into account independent initial conditions and the Laws of
Switching, we have got

i;)(0)=1 A
i,(0) _E- uc{{l] 601—020 4 A

ic(0) =1,(0) —LL(D) =4—-1=3 A
ﬂ(ﬂ) _ uc(0)-Rpiy(0) _ 20-201 _ 0 A/s

L T 01

Differentiate the system of two equations
diy dip dic

dr de . dt

dll LC
| Ry +,5=0
On solving the system we have got
d:l icl0) _ 3 .
()_ R,C 1021073 150 4fe
daf dil da;__
=(0 ) ==2(0) ——*(0) = —150 —0 = —150 4/c

We compose a characterlstlc equation Z(p) and find its roots using
the input resistance method relative to the EMF source after switching.

(Ry+pL) -7

After transformationsr
p>LCR, + p(CR,R, + L) + (R, + R,) =0
From here

. _ —(CR,R,+L)+,/(CR R, +L)2—4LCR, (R, +R)
1.2 2LCR,

Taking ingo account given data we have

—(0,002-10-20+0,1)+,/(0.002-10-20+0.1)*~4-0,1-0,002-10-(10+20) _
2:0,1:0,002-10 N
= —150; —100 c~*
As we have got two real roots, free (transient) components of cur-
rents are next:

P12 =
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F —150t —100¢t,
Elf—Alle ‘I‘Alze ;

: _ —150t —100t
I’Cf —Acle +ACZE .

Write down transient currents
iy = bygs + gy = 2+ Ay, e 150 4 4, 7100t

ic =lgss Hicp = 0+ Ag e300 4 A4, 71008 4,
The derivatives of transient currents
di;, diyss dilf

o=t =0- 1504;,e710F — 1004, e71%" A/s;

dic diggs digr

T de -I—E =0—- 150A513_150t — 100A523_100t Als.

For the moment of switching for t = 0,

Ll(O) :2+A11 +A12 :4
diy ;
—2(0) = ~1504;, — 1004;, = ~150
iC(O):O+AL1+AL2:3

di, .

Having solved the system of equations, we determine the value of in-
tegration constants and write down the transient currents
() =2—1-e7 130 4 3.71000 4
ic(t) =—3-e7 1% +6- 7100 A

4.2 The example of detailed calculations by the classical tech-
nique in the case of complex-conjugate roots

An electrical circuit is set with the next parameters: E=100 V,
R1=10 «2; R2=50 (2; L=10 mH; C=10° F. The key S is closed at t=0.
Determine transient current ix(t) in the branch with resistance.
The solution by classical method.
We choose positive directions of currents, as shown in the figure.
Define the independent initial conditions - i.i.c.:
Uc(p-) = Uc(o+) = 0;
E 100

ir(0—) = lro+) = l1(o) = = = 1.67 A.

R,+R, 10450
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There are two reactive elements (stored) in this scheme. That is why,
the transient process in it is described by differential equations of the sec-
ond power. Hence, for defining two constants of integration one must also
find dependent initial conditions. For that we write the system of integral-
differential equations, which describe the after-switching process:

iy =1, +i3;
. diy .
E=R,;;+L i + Ryls;

.1

After substituting given values and independent initial conditions in
the system we calculate it and define dependent initial conditions
. Ucin+)
i = =0 4,
2(0+] Rz
i300+) = l1(o+) ~ l2(0+) = 1.67 —0=1.67 A.

A current in the branch we define in the following way:
lp = lz5s T io¢r

The steady-state value of the current is particular solution of the sys-
tem of not uniform integral-differential equations:

. It takes: - define the transient current in the second branch by classical

. . E 100
technique i, = iR, Tomso - 1.67 A

Now one must define the roots of the characteristic equation. For that
we write Z;,, (p) and equal it to O:
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Z!’n(p)sz+Rl 1 =0
Rz R

Reduce this equation to a common denominator, restore similar val-
ues and then equate the nominator with zero:

After substituting numerical values:
p? +3000p +12-10° =0

Calculated it we define the roots:
Pyo =06+ jw, =—1500+ j3120 s73,

where & is called the factor of damping of a transient component;

wy is called an angular frequency.

As we have got the complex-conjugate values of roots a transient
value of current will be in the following form:
i2(04) = i2ss + A€t sin(wyt + 1)

For defining the constant of the integration A and the initial phase y
one must differentiate the previous equation:

di
d; = 6Ae® sin(wyt + ) + wyAe®t cos(wyt + 1)

So, we need calculate (0+)

To define the value of derlvatlve we must differentiate the system of
integral-differential eguatlons

di, dig
—(o+) = (o+) +— (0+)
d d d
R g (04) =B 1 (04) +5E(04)
di, du,
Reae O =4 OV

On solving this system, we define the unknown value
d:z 1 dug

2(04) = -5 0),



17

dug i 1.67

dug . . — 2 _ — . s V
where =< is defined as = = = 7075 1.67-10° V/g

Substitute found values of the current and its derivative in the proper
system of two equations at the moment t =0
lry =167+ Asiny =0

di
d—; (0) = —15004 siny + 31204 cos 1y = 3340
Divide the second equation by the first one:
—1500 + 3120ctg¢p = —2000
ctgy = —0.1603; P = —81°
1.67
A=—————— =169
sin( — 81°9)
As a result, we have the solution for the transient current
i,(t) = 1.67 + 1.69e 3% gin( 3120t — 81°) (4)
4.3 The example of detailed calculations by the operator technique

Let's consider the solution to the problem (fig. 4.2). The initial inde-
pendent conditions we always determine by classical method. So, i.i.c.:

i,(0)=1.67 4 u.(0)=0.

After switching the figure has the following form

—}— A

\\

Ry L L-ig,(0)
9

E Lo R, ==
» D ‘
I, (p) l 3P l
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The term L - i, (0) is the internal electromotive force due to the ener-

gy stored by the magnetic field of inductance, produced by the current
i;(0) through the inductance just before switching.

Let the potential of the node "b" is grounded. According to the meth-
od of node-pair potentials a current in a branch can be found if we divide
the voltage between two nodes into the resistance of the branch:

E 1

> mapr L)

_1r ;1.1
!,(p)zUab(p)z R, +pL R, 1/pC
: R, R,

After necessary conversions we have got the following expression:
Ly < @ _ E +pl-iy(0)
? R,  p(p?R,LC +pCR,R, + pL+ R, +R,)

After substituting known numerical data the operator current has the
following form:

1.67 - 10_2p + 100 N(p)
I (P) = =

p(5-1075p2 + 0.015p + 60) p - M(p)

The roots of the equation M(p) = 0 are
p =0 pp, = —1500 + j3120 s7%, p; = —1500 — j3120 s 1.

As the denominator of the current's image has a zero root and two
complex-conjugate roots, the original of the current i, (t) can be found us-

ing the next formula
_N(p)_ "v{ﬂ) N(py)
= 4+ 7 Re —B1)
p-M{p) = f®) = ¢ pM'(p,)

Define the values of functions mcoming into the equation for the cur-
rent i, (t).

gb1t

N(0) = 100; M(0) = 60;
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N(p,) = 100 + 1.67 - 10~2(—1500 + j3120) = 74.95 + j52.10 =
91.28¢/35°
M'(p,) =1075p + 0.015 = 1075(—1500 + j3120) + 0.015 = 0.03¢/%°°

Then we can calculate the necessary transient current:

j3s°
,(t) = @ + 72 Re 91.282¢ e(—1500+j3120)t | _

60 3461.85e/116° . 0.0312¢/90°
= 1.67 + 1.69e13%% cpg(3120t — 171°) =

= 1.67 + 1.69e 1599 5in(3120t — 81°) A4
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Appendix A
The values of active and passive elements
E Ry | R Ry R, L c-10* Wanted
VIiPIVvViaealalaoalalH F value
1 |1 | 50 |20 |20 |30 - | 01 2 11 (t)
2 |2 | 50 |10 |15 | 20 - | 02 4 11 (t)
3 (3] 120 [40 |40 |10 |20 | 0.3 6 11 (t)
4 |4 | 9 |15 |30 [30 | - | 04 8 i3(t)
5 |5 | 100 |15 |25 [ 10 | - | 05 10 i3(t)
6 |1 | 60 |10 | 20 | 30 -] 01 2 uz(t)
7 |2 | 120 [ 20 | 20 | 20 - | 02 4 11 (t)
8 |3 | 200 [30 |30 |20 |40 | 03 6 13(t)
9 |4 | 120 {12 |20 [ 30 | - | 04 8 £1(6)
10 |5 | 70 |25 |25 |10 | - | 05 10 £1(6)
1 |1 50 | 10 | 5 | 30 - | 01 2 1;(t)
12 |2 | 50 |20 |10 |15 | - | 0.2 4 i3(t)
13 |3 | 60 |10 |30 |15 | 5 | 0.3 5 £1(6)
14 |4 | 60 |18 |30 [ 20 | - | 04 6 i3(t)
15 |5 | 90 |30 |20 |15 | - | 05 8 £1(6)
16 |1 80 | 40 | 15 | 40 -] 01 10 1;(t)
17 | 2 50 | 10 | 25 | 15 - | 02 2 13(t)
18 |3 80 |15 | 10 [ 20 | 15 | 0.3 4 13(t)
19 |4 | 120 | 28 | 20 | 30 - | 04 6 13(t)
20 |5 | 120 | 25 | 40 | 25 - | 05 8 11 (t)
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Appendix B
The diagrams of electrical circuits
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