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IHEPEIMOBA

HeoOxinHicTh mepeBUaHHS HAaBYAILHOTO TOCiOHHMKa «TeopeThuHa
Ta MPUKJIAJHA MEXaHiKa» 3yMOBJIEHA KOMIUICKCOM YMHHUKIB, SIKi BU3HAYa-
I0Th CyYaCHHWI PO3BUTOK BHUIIOi OCBITH YKpaiHu. 3 ogHOrOo OOKY, 30epira-
€TBCS TOTpeda y AOCTYITHOMY Ta CHUCTEMHOMY BHKIAl (yHIaMEHTaTbHIX
TEXHIYHUX JUCUUIUTIH JIJIS CTYJEHTIB HEMEXaHIYHUX CICLIaTbHOCTEH, a 3
IHIIIOTO OCBITHI# TIPOIEC CHOTOIHI BiOYBAETHCS B YMOBAX, IIO CYTTEBO Bi-
TIPI3HSIOTHCS BiJl THX, Y AKX CTBOPIOBAJIOCH IEpIe BUAaHHA. BumyrieHne
JUCTaHIlIifHEe HaBYaHHS, HOBI cTaHAAPTH €BPONEHCHKOrO MPOCTOPY BHUILOI
OCBITH Ta KOMICTCHTHICHHH MigXiJl AWKTYIOTh HEOOXIIHICTh MEPEriIsLy
¢opM 1 MeTOIiB BUKIIAIaHHS, Y TOMY YHCIi i 3MiCTOBOTO HAIIOBHEHHS Ha-
BYAJILHUX MaTepiasis.

[NomepenHe BUAAaHHSA Majio HA METI CTHCIICTh 1 KOMIIAKTHICTh. BOHO
BUKOHYBAJIO POJIb KOHCIIEKTUBHOTO TiAPYYHUKA, KU TO3BOJISIB OXOIUTH
OCHOBHI TeMH JuctuInIiay. [IpoTe mpakTrka OCTaHHIX POKIB MOKa3aa, 1o
CTYJCHTH, OCOOJIMBO y JWCTaHIIHHOMY (opmari, moTpeOyrTh 3HAYHO
OimBII MeTai30BaHOTO BHUKIAAy. TOMYy Yy HOBOMY BHIAaHHI MaTepian po3-
IIFPEHO Ta OHOBIIEHO.

BBeneHo mokimaaHi MOSCHEHHS 10 KJIFOYOBUX IMOHATH 1 TEPMIHIB, 30K-
pema Tam, e y MonepeIHbOMY BHIaHHI iH(opMalis Oyia 3aHaATO CTHC-
JIOK0; AOAAHO Cy4YacHI MPUKIIAAM 3aCTOCYBaHHS TEOPETUYHUX TOJOXKEHD Y
PI3HUX Taly3sX iHXeHepil — BijJ aBTOMaTH30BaHMX BUPOOHUYMX CHUCTEM Ta
poOOTOTEXHIKM N0 OlOMeXaHIKM W Cy4acHHUX TPaHCHOPTHUX TEXHOJIOTIH;
3HaYHy yBary NpUIICHO LITIOCTPATUBHOMY MaTepialy Ta MOSCHEHHSM JO
PUCYHKIB, 110 MiABHUIIYE HAOYHICTH; pO3pOOJIeHO OJIOKM KOHTPOJIBHHUX 3a-
MUTaHb MICJs KOXXHOTO PO3ALTY, IO JalTh MOXJIUBICTh CTYJCHTaM Iepe-
BIpSATH BJIACHUH PIBEHb 3aCBOEHHS; OHOBJICHO CIIMCOK JIITepaTypPH, OPIEHTO-
BaHWH HA CydyacHi JuKepena.

Oco0JuBe Miciie y I[bOMY TePEBUaHHI BiJIBEICHO CAMOCTIHHINA PO-
00Ti CcTyIeHTIB. Y HUHINIHIX YMOBaX, KOJIM 3HauHA YaCTHHA HaBYAJIHHOTO
MPOIIECY BiOYBA€ThCSA MUCTAHINIMHO, 3700yBayi OCBITHM YacTO 3MYIIEHi
OMaHOBYBaTH MaTepian 0e3 Ge3nocepeHboi y4yacTi Bukiazaya. Came ToMmy
KOXKHUI PO3JIiNT TIOCIOHUKA 3aBEepIIyeThCS OJIOKOM 13 KOHTPOJHHHX 3aIld-
TaHb, SKi JIO3BOJIAIOTH CTYJIEHTaM HE TUIBKU MEPEBIPUTH PIBEHb BIACHOTO
PO3YMiHHS, aje W CTPYKTYpPyBaTH 3HAHHS y BHUIJIAJ KIIOYOBUX IOHSTH 1
MPAKTHYHUX 3aBJIaHb.



PREFACE

The need to republish the textbook Theoretical and Applied Mechan-
ics is driven by a set of factors that define the current development of high-
er education in Ukraine. On the one hand, there remains a demand for an
accessible and systematic presentation of fundamental technical disciplines
for students of non-mechanical majors; on the other hand, today’s educa-
tional process takes place under conditions that differ significantly from
those in which the first edition was created. War, forced distance learning,
the new standards of the European Higher Education Area, and the compe-
tency-based approach dictate the need to revise teaching formats and meth-
ods, including the content of learning materials.

The previous edition was intended to be concise and compact. It
served as a summary-style textbook that allowed the main topics of the dis-
cipline to be covered. However, recent years have shown that students, es-
pecially in distance learning, require a much more detailed presentation.
Therefore, in the new edition the material has been expanded and updated.

Detailed explanations have been added for key concepts and terms,
particularly where the earlier edition was overly brief; modern examples
have been included to demonstrate the application of theoretical principles
in various fields of engineering — from automated production systems and
robotics to biomechanics and modern transport technologies; considerable
attention has been devoted to illustrative material and explanations to fig-
ures to increase clarity; blocks of review questions have been developed at
the end of each section to enable students to assess their own level of mas-
tery; the list of references has been updated and oriented toward contempo-
rary sources.

A special place in this new edition is given to independent student
work. Under current conditions, where much of the educational process
takes place remotely, students often have to master material without direct
involvement of an instructor. For this reason, each chapter of the textbook
ends with a block of review questions that allow students not only to check
their understanding but also to structure knowledge in the form of key con-
cepts and practical tasks.



ITociOHHK Ta€ MOXKIIUBICTH CTYACHTAM, SIKi OPIEHTYIOTHCS Ha 3700yT-
TS OCBITH Y JBOMOBHOMY CEPEOBHIIII, HE JIMILE BUBYATH MaTepial Jepika-
BHOIO MOBOIO, ajie i 3aCBOIOBATH Cy4acHY aHIJIOMOBHY T€PMiHOJIOTIIO, IO €
HEOOXiTHOI0 YMOBOIO iHTeTpamii y Mib>KHapOJAHUN HAYKOBHH 1 podeciitanii
mpocTip. BaxximBo migkpeciuTd i opieHTaril0o Ha KOMICTCHTHICHUM ITiJI-
Xij1, 3aKIaJeHuid y Cy4acHUX CTaHIapTax BUIIOI OCBiTH YKpaiHu. 3aBaaHHs
BUKJIa[JaHHA MEXaHIKU MOJISrae He JMIIE Y Nepeaadl TeOpeTUYHUX 3HaHb, a
i y ¢dopMyBaHHI 3IaTHOCTI 3aCTOCOBYBATH iX Yy MPAKTHYHUX CHUTYaIlisX.
Came ToMy y HOBOMY BHJAaHHI 3pOOJIEHO aKIEHT Ha MPaKTUYHOMY CEHCI
MOHATH: HE JuiIe GOPMyNH, a i MOSCHEHHs], K i (OpPMYIIH MPaLOTh Yy
peabHUX TEXHIYHMX 3a/1a4aX, AKI pU3UKH BPAaXOBYIOTHCS IPH MPOEKTYBAH-
Hi MeXaHi3MiB, sIKi IPUKIAAN A€ cydacHa TexHika. OTxke, MiIPyYHUK CTa€e
HE JIMIIe OCHOBHUM JKEPENIoM 0a30BUX 3HAHB 13 JUCLUILTIHY, aje H 3pyd-
HUM IHCTPYMEHTOM JIJIsl CAMOCTIHHOTO HABYaHHSA, OpPi€HTOBaHWM Ha (op-
MYyBaHHS aHANITHYHHX 1 MpoQeciifHNX HABUYOK Y CTY/ICHTIB.

JIBOMOBHICTB MOCIOHHKA BiJIOBia€ BUMOTaM C€BPOIEHCHKOIO MPOC-
TOPY BHIIOi OCBITH, ¢ TIOPs] i3 MPOPeciitHIMU KOMIIETEHTHOCTSIMHU Baro-
Me MicIie 3aiiMae BOJIOIIHHS 1HO3eMHOI0 MOBOIO y mpodeciiiHiii chepi. To-
My HOBE BHJIaHHS BPaxoOBYe€ OLTIHIBaJLHHUM MiaXill, CIpsSMOBaHUN Ha (op-
MYBaHHsI HABUYOK POOOTH 31 CIEIiaIbHOI TEPMiHOJIOTIEI0 JBOMA MOBAMHU.

TakuM 4MHOM, NEPEBUIAHHS LIOTO MOCIOHWKA Ma€ Ha METi He IMpo-
CTE OHOBJICHHS TEKCTY, & CTBOPEHHS CY4aCHOT'O HABYAIBHOTO iIHCTPYMEHTY,
SIKMI BIJIIOBi/Ia€ HOBUM OCBITHIM BHUKJIMKaM, OPIEHTOBAaHUH HA JTUCTAHIIiii-
HE HaBYaHHS, POPMYy€e KOMIIETEHTHOCTI il Ja€ CTyJeHTaM 3MOTY OBOJIOJITH
JUCLUIUTIHOIO HaBiTh y CKJIaJHUX CYCITIJIBHUX YMOBAX.



The textbook enables students studying in a bilingual environment
not only to learn the material in the state language but also to acquire mod-
ern English terminology, which is a necessary condition for integration into
the international scientific and professional community. It is also important
to emphasize the focus on the competency-based approach embedded in
current standards of higher education in Ukraine. The task of teaching me-
chanics is not only to transmit theoretical knowledge, but also to form the
ability to apply it in practice. Therefore, in the new edition emphasis is
placed on the practical meaning of concepts: not only formulas, but also ex-
planations of how these formulas work in real technical problems, what
risks are considered in designing mechanisms, and what examples modern
technology provides. Thus, the textbook becomes not only a primary source
of basic knowledge in the discipline but also a convenient tool for self-
study, aimed at developing students’ analytical and professional skills.

The bilingual nature of the textbook corresponds to the requirements
of the European Higher Education Area, where, alongside professional
competencies, mastery of a foreign language in the professional sphere
plays an important role. Therefore, the new edition adopts a bilingual ap-
proach, aimed at developing skills for working with specialized terminolo-
gy in two languages.

In this way, the reissue of this textbook is not simply an update of the
text, but the creation of a modern educational tool that meets new educa-
tional challenges, is adapted to distance learning, develops competencies,
and enables students to master the discipline even under difficult social
conditions.
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BCTYII

TexHiuHY MOJITHKY Ha Cy4YaCHOMY MiJNPUEMCTBI BHU3HAUYAIOTh TPH
KITFOYOBI (haxiBIli: TEXHOJIOT, MEXaHIK 1 eJeKTpuK. Came BOHU (POPMYIOThH
OCHOBY BUPOOHHYHX IIPOILIECiB, 3a0€3MedyIoTh iXHIO eheKTHBHICTH 1 Oe3re-
pepBHicTh. [IpoBigHA POTh HANIEKUTH TEXHOJIOTY, a/KE PaIliOHAIBHO CIPO-
€KTOBAHMI 1 TPaMOTHO KEPOBAaHMH TEXHOJOTIUYHHUHA Mpolec BU3HAYAE MPO-
TYKTHBHICTH MIATIPHEMCTBA, AKICTh TOTOBOI MPOAYKIIii Ta piBeHb ii cobiBa-
procTi. [IpoTe TexHOMOTIYHMI MpOIIEC HE MOXKE ICHYBaTH caM IO co0i , BiH
pealli3yeThbes yepe3 MaluHY i oOnaaHaHHsa. CaMe TOMy MEXaHIK i eleKT-
PHUK JIOTIOBHIOIOTH pOOOTY TexHoJora. 3aBJaHHS MEXaHiKa MOJIrae B 3a-
Oe3medeHHi Mpaie31aTHOCTI MalIiH, BUOOP1 KOHCTPYKTHBHUX DIiIllleHb 1 J0-
TPUMaHHI BUMOT JI0 eKCIUTyaTanii. EnexTpuk, cBo€o 4eproro, BimoBiAae 3a
CJIEKTPOTIPUBOJM, CHCTEMH KEpyBaHHS, aBTOMATH3aIlil0 W EHEepreTHYHY
edexTuBHICTH 00namHaHHA. Pa3zom mi Tpu daxiBii hopMyrOTh €IUHY CHC-
TEeMy 3HaHb 1 pillIeHb, 0€3 SIKOT HEMOXKIIUBUI CYyYacHUN BUPOOHHYHI MPO-
rec. Taka MDKIUCIMILTIHAPHICTL 3HAHD € HEBiJl'EMHOIO CKJIAJIOBOIO Cydac-
HOI IH)KEHEPHOI OCBITH.

Cepen ycix 3aco0iB BHpPOOHMIITBA IIEHTpaJbHE MiCIle 3alMaroTh
MaliuHA. BOHM BHKOPHUCTOBYIOTBCS y BCIX Tally3sX TOCIOAapCTBA — Bij
Xap40oBOT MPOMHMCIIOBOCTI JI0 aCPOKOCMIYHOI TeXHIKU. Baxkko ysButH chepy
JFOJICHKOT JTisUTBHOCTI, e O He 3aCTOCOBYBAJIMCS MAIIMHU: BOHH IEPETBO-
PIOIOTH €Heprito, 3a0e3MneuyloTh 00poOKy MarepiaiiB, MepeMilllylOTh BaH-
TaXki, aBTOMAaTH3YIOTh nponecu. Came TOMY 3HaHHS IPUHIIMIIB POOOTH Me-
XaHI3MIB 1 MaIIMH € HEOOX1JHUMH HE JIMIIE I MEXaHIKIB, a ¥ I 1HXKe-
HEpiB iHIIWX CIeNiadbHOCTEH: eNEKTPHUKIB, METAITyPTiB, TEXHOJIOTIB, Oymi-
BEJIbHUKIB.

CyyvacHi TeHJeHIIii MaIIMHOOYIyBaHHS TIOB’s13aHi 3 iHTETpallier0 Mexa-
HIYHHUX CHCTEM i3 I(PPOBUMH TEXHOJIOTISIMU. Y BUPOOHHMIITBI JIealli 4acTilie
BUKOPHUCTOBYIOTHCSI KiOepdisuuHi cucTeMu, poOOTH30BaHI KOMITIEKCH, «PO3Y-
MHI» MAIIIFHY, sIKi 37]aTHI CAMOCTIHHO aHaJi3yBaTH BJIACHUI CTaH i ONTHMI3y-
Batd poboty. Lle o3Hayae, M0 iHWKeHep NOBHHEH 3HATH HE JIMIIE NPUHLIMIHN
NPOEKTYBAHHS KJIACHYHUX MEXaHi3MiB, a i Opi€HTYBAaTUCS B NMUTAHHSIX aBTO-
MaTH3allii, CCHCOPUKH, CUCTEM KEPYBaHHS Ta IITYYHOTO 1HTEJIEKTY.
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INTRODUCTION

The technical policy of a modern enterprise is determined by three
key specialists: the technologist, the mechanic, and the electrician. They
form the foundation of production processes, ensuring their efficiency and
continuity. The leading role belongs to the technologist, since a rationally
designed and competently managed technological process defines the
productivity of the enterprise, the quality of the finished product, and its
cost level. However, the technological process cannot exist on its own — it is
implemented through machines and equipment. That is why the mechanic
and the electrician complement the work of the technologist. The mechan-
ic’s task is to ensure the operability of machines, select design solutions,
and meet operating requirements. The electrician, in turn, is responsible for
electric drives, control systems, automation, and the energy efficiency of
the equipment. Together, these three specialists form an integrated system
of knowledge and solutions without which a modern production process is
impossible. Such interdisciplinarity of knowledge is an integral component
of contemporary engineering education.

Among all means of production, machines occupy a central place.
They are used in every industry — from food processing to aerospace tech-
nology. It is difficult to imagine a field of human activity where machines
are not applied: they convert energy, process materials, move loads, and au-
tomate processes. Therefore, knowledge of the principles of mechanisms
and machines is necessary not only for mechanics, but also for engineers of
other specialties: electricians, metallurgists, technologists, and civil engi-
neers.

Modern trends in machine-building are associated with the integra-
tion of mechanical systems with digital technologies. Production increas-
ingly employs cyber-physical systems, robotic complexes, and “smart” ma-
chines capable of analyzing their own state and optimizing their operation.
This means that an engineer must know not only the principles of designing
classical mechanisms, but also be familiar with automation, sensors, control
systems, and artificial intelligence.

11



Busuenns Teopii mexanizmiB i Mame (TMM) 3abe3nedye CTyneHTIB
(GbyHIaMEHTaTbHUME 3HaHHSIMH PO CTPYKTYPY W BIACTHBOCTI MEXaHi3MiB,
PO 3aKOHOMIPHOCTI PyXy JIAHOK Ta B3a€EMOJIIIO iXHIX eleMeHTiB. Po3yMiH-
HSl IUX OCHOB JI03BOJISIE iH)KEHEpaM Pi3HUX CIIELiabHOCTEeH MBHUIKO aJall-
TYBaTHUCS O HOBUX YMOB, IPAMOTHO €KCIUTyaTyBaTH CydacHe OOJIaHaHHS
Ta OpaTH y4acTs y HOro BAOCKOHAICHHI.

OTxe, BeCh KOMIUIEKC MUTaHb, OB’ A3aHUX i3 OyZA0BOIO Ta MPUHIIH-
mamMu poOOTH MEXaHI3MiB, y Til Mipi, B fKii 1le HeOOXiAHO IHKeHepaM He-
MEXaHIYHUX CHeNiaJbHOCTEeH, PO3TIIAAETHCA B KypCl TEOPETUYHOI Ta TPH-
knanHoi mexaniku. Llel xypc dopmye 6aszuc i MOAAIBLIIOTO BHBYCHHS
CrenialbHUX JUCIHMIUTIH i CIIPUSE PO3BUTKY CHCTEMHOTO iHKEHEPHOTO MU-
CJICHHS, HEOOX1THOTO B YMOBaX IIBUIKOI TEXHOJIOTIYHOI €BOIIOIII.

12



Studying the theory of mechanisms and machines (TMM) provides
students with fundamental knowledge about the structure and properties of
mechanisms, the laws of link motion, and the interaction of their elements.
Understanding these fundamentals allows engineers of various specialties to
adapt quickly to new conditions, competently operate modern equipment,
and participate in its improvement.

Thus, the entire set of issues related to the structure and principles of
operation of mechanisms, to the extent required for non-mechanical engi-
neering majors, is considered within the course of theoretical and applied
mechanics. This course forms the foundation for further study of special-
ized disciplines and contributes to the development of systems engineering
thinking, which is essential in the context of rapid technological evolution.
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1 TEOPETUYHI 3ACAIU ITIOBYJIOBU MEXAHI3MIB
1.1 OcHoBHi MOHATTA Teopii MexaHi3MiB i MamH

Kosxen mMexanizM a00 MalIiHa CKIAJAEThCA 3 OKPEMUX EIEMEHTIB, 110
MaroTh BiIacHe (DyHKLiOHAbHE Mpu3HaYeHHs. HaliMeHIIo cKi1agoBoio yac-
THUHOIO, Ky HE MOKHA PO3AUTUTH 0€3 OPYIIeHHS ii IUTICHOCTI, € IeTallb.

Jemannio Ha3WBaIOTh YaCTHHY MAaIIWHH, BUTOTOBIEHY 0€3 3acTocy-
BaHHsI CKJIaJaJIbHUX Omepalii. Y KOHCTPYKLisX CTalliOHAPHUX MAIluH Je-
AKi IeTani 3aUIIal0ThCI HEPYXOMUMH, a IHII 3AIMCHIOITHh PyX BiIHOCHO
nepmux. [t 3pygHOCTI aHANMi3y MeXaHi3MiB y Teopii MEeXaHi3MiB i MalInH
4acTO 3aMiHIOIOTb CKJIQJHI KPECIEHHs HA KiHeMamuuHi cxemu, Jie 300pa-
JKEHHSI CYTTEBO CITPOILLY€EThCS, alie 30epiracthesi HeoOXigHa iHpopMaris s
aHai3y pyxy.

Ha BimMiHy BiJi TEOPETUYHOI MEXaHIKH, J¢ BUKOPUCTOBYETHCS TEP-
MiH «minoy, y TMM 3acToCOBY€ThCS TEPMiH «iankay. JlaHka Moxe OyTh
pyxoMo1o abo HEpYXOMOIO, 1 IIe JO3BOJISE YITKO BiOKpEeMHUTH (DYHKIIIT KO-
JKHOTO elIeMeHTa MeXaHi3Mmy. Pyxoma nanka — 1€ feTanb abo rpymna Jera-
JIel, SK1 YTBOPIOIOTb €OuHy cucmemy 1 37aTHI MEpeMilllyBaTUCS BiIHOCHO
IHIHX eneMeHTiB. HepyxoMi JTaHKu yTBOPIOIOTH CHOsK — OCHOBY, 1O SIKO1
MIpUEIHAHI BCl 1HIIN eNleMeHTH. TakuM YHHOM, y OyIb-IKOMYy MeXaHi3Mi
3aBXK/IM € OJTHA HEPYXOMa JIaHKa 1 KiJIbKa PYXOMHX.

Mexanizm BU3HAYa€THCS SIK MITYYHO CTBOPEHA CHCTEMa Tijl, pU3HA-
YeHa JUIs IepEeTBOPEHHs PyXy OJHMX T y 3aaHui pyx iHmuX. KimodoBum
€JIEMEHTOM OyJIb-SIKOTO MEXaHI3My € KiHeMamuuHuil janyloz, MO CKIajaa-
€ThCS 3 JIAHOK, 3’€IHAaHMX TAaKUM YHHOM, 100 3a0e3meunTH HEeOoOXiTHu
pyx. Came KiHEeMaTHYHUH JaHIOT (opMye OCHOBY /ISl JOCSTHEHHS IIiIeH
BUPOOHMYOTO Tporiecy. Hanpukiaza, y npoMucnoBux poborax KiHeMaTHYHI
JIAHIIOTH JIO3BOJISIOTH PEai3yBaTH PyX MaHIMyJATOPIB i3 BUCOKOIO TOUHIiC-
TIO, @ B TPAHCIIOPTHHX 3ac00ax 3a0e3MeUyr0Th MEPETBOPEHHS 00epTaIbHO-
IO pyXy JBHTI'YHA y TIOCTYNAJIBHHI PyX KOJIIC.

CyyacHUM MPHKIAJOM TaKHX MEXaHI3MIB € JPOHH, SIKi BUKOPUCTO-
BYIOTBCS y IIUBIJIBHUX 1 BificbKOBUX UIsAX. KoxkeH qpoH Mae Habip KiHeMa-
TUYHUX JIAHIIOTIB Y KOHCTPYKLii TBUHTIB 1 MigBICiB Kamep, IO A03BOJISIOTH
NEPETBOPIOBATH O0EPTAILHUN PYX €JIEKTPOABUTYHIB Y MOCTYHNAIBHUNA PyX
amapara B Tipoctopi. [HKeHepH Nmpu NMPOEKTYBaHHI TAKUX CHUCTEM 3aCTOCO-
BYIOTB Ti  cami npuHiunu TMM, 110 # y KTacCHYHUX MalluHaX, ajue JIomo-
BHIOIOTh 1X ajNropuT™Mamu craliiizauii Ta porpaMHUM KepYBaHHSM.
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1 THEORETICAL PRINCIPLES OF THE CONSTRUCTION
OF MECHANISMS

1.1 Basic concepts of the theory of mechanisms and machines

Every mechanism or machine consists of separate elements that have
their own functional purpose. The smallest indivisible component, which
cannot be split without destroying its integrity, is called a part.

A part is defined as a machine element manufactured without the use
of assembly operations. In the construction of stationary machines, some
parts remain fixed, while others move relative to the first. For convenience
of analysis in the theory of mechanisms and machines, complex drawings
are often replaced with kinematic diagrams, where the representation is sig-
nificantly simplified but retains the necessary information for analyzing
motion.

Unlike theoretical mechanics, where the term body is used, TMM
employs the term link. A link can be either moving or fixed, which makes it
possible to clearly separate the functions of each element of a mechanism.
A moving link is a part or a group of parts that form a single system and can
move relative to other elements. Fixed links form the frame, to which all
other elements are attached. Thus, in any mechanism there is always one
fixed link and several moving links.

A mechanism is defined as an artificially created system of bodies de-
signed to transform the motion of some bodies into a prescribed motion of
others. The key element of any mechanism is the kinematic chain, which
consists of links connected in such a way as to provide the required motion.
It is the kinematic chain that forms the basis for achieving the goals of a
production process. For example, in industrial robots, kinematic chains en-
able manipulators to move with high precision, while in vehicles they allow
the conversion of the rotational motion of the engine into the translational
motion of the wheels.

A modern example of such mechanisms is drones, used for both ci-
vilian and military purposes. Each drone contains a set of kinematic chains
in the design of its propellers and camera gimbals, which convert the rota-
tional motion of electric motors into the translational motion of the aircraft
in space. Engineers designing such systems apply the same TMM principles
as in classical machines, but complement them with stabilization algorithms
and software control.
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Le sickpaBo neMOHCTpYE, 10 3HAHHS Teopil MEXaHi3MIB 1 MaIlluH 3a-
JIMIIAETHCS aKTyalbHUM HaBiTh B YMOBaX Cy4acHHX BUCOKOTEXHOJOTIYHUX
pileHb.

Pyxomi maHKY TOMISIOTHCS Ha 6XiOHi ma euxioHi. Bxioui (abo Bemy-
4i) JJaHKW CIIPUHMAIOTh €HEPTiio Bifl JpKepena (IBUTYHA YX 30BHINTHBOI CH-
JIM) Ta epeJaroTh 11 nami. Buxioni (a00 BeCHI) TaHKH BUKOHYIOTh KOPUCHY
po0OTY, IEpETBOPIOIOYN OTPUMAHHUK PyX Y MOTPiOHUI pe3yIbTaT — HAMPH-
KJaa, o0epTaHHsA Kojeca, pyXx pobodoro oprana abo mepeMilieHHs BaHTa-
Ky. JlaHKHW, IO TepenaroTh pyX MK BEOY4OI0 Ta BEACHOI, HA3WBAIOTh
npomidicHumu abo npoecinnumu. Kpurepiii BiAIMIHHOCTI BeIy4doi Ta BEICHOI
JIAaHKW MOJKHA OTIHCATH Yepe3 poOOTy 30BHIMIHIX cwil. Skio poboTa momart-
Ha, TO JIaHKa € BEAYy4Olo, SIKIIO BiJ’€MHa — BOHA BejeHa. Lle Bu3HaueHHS
JI03BOJIIE (POPMABHO OMHUCATH CHEPreTHYHI MPOoILeCH B MeXaHi3Max 1 mpa-
BUJILHO OyAyBaTH pO3paxyHKH IIPH aHaNi31 iX e()eKTUBHOCTI.

Mawuna y 3arambHOMY PO3YMIiHHI — 1€ TEXHIYHUA MMPUCTPIH, 1110 BHU-
KOHYE MEXaHIYHHH pyX 3 METOI0 NEepEeTBOPEHHS eHeprii, marepiaiiB abo
iHdopmartrii. MamuHN CTBOPIOIOTHCS ISl TOTO, MI00 3aMiHUTH YH CYTTEBO
MOJNIETTIUTH (i3uyHy a00 iHTENEeKTyanbHy Mpallio JOAHA. K10 Ha mova-
TKY PO3BHTKY TEXHIKH MAallMHH OYJIH TEpEeBKHO MEXaHIYHUMHU (MJIMHH,
BOJISIHI KoJieca, MPOCTi BepcTaTH), TO Cy4acHi MAlllMHU - 1Ie CKJIajaHi Oara-
TOKOMITOHEHTHI CHCTEMH, 110 BKJIFOYAIOTh MEXaHI4HI, eJeKTPOHHI, Iporpa-
MHi Ta iHpOopMaIliifHi eleMEeHTH.

CyuacHHH PO3BUTOK TEXHIKH JEMOHCTPYE, III0 MeXa MiXK MalTHHAMHU
1 poOOTH30BaHUMH CHUCTEMaMH CTa€ Jiealli yMOBHimow. Hampuknan, y Bu-
POOHMITBI 3aCTOCOBYIOTBCSI BEPCTAaTH 3 YHCIOBUM IPOTPAMHHM KEepyBaH-
Hsm (UIIK), siki € BogHOYAC 1 KIACMYHMMY MAIlMHAMM, 1 1HTEJIEKTyalbHU-
MU KOMITJIEKCaMH, 31aTHIMHU CaMOCTIHO KOHTPOIIOBATH MapaMeTpu o0po-
Oku. Y TpaHCHOPTI aKTUBHO PO3BHUBAIOTHCS OE3MIJIOTHI aBTOMOOLII, e Me-
XaHIYHI CHUCTEMH IHTETPOBaHI 3 KOMIT IOTEPHUMH alropuTMamu. Y
MEIMIMHI MEXaHi3MH IepPeTBOPIOIOTHCS Ha POOOTH30BaHI XipypriuyHi KOM-
TUIEKCH, 110 T03BOJISIFOTH NPOBOAMTH ONepalii 3 MIKpOHHOIO TOYHICTIO.

TakuM 4MHOM, BUBYEHHS! OCHOBHHX IIOHATH TEOpPil MeXaHi3MiB 1 Ma-
IIMH € HEOOXiTHOI YMOBOIO JIJISl PO3YMIHHSI CYYaCHHX TEXHIYHHUX CHCTEM.
e nae crysenTam He nuuie QpyHIaMEHTANbHI 3HAHHS, ale W MOKIJIMBICTH
YCBIIOMUTH POJIb MEXAHI3MIB y Cy4aCHOMY CBITi, /I¢ IHXECHEp MOBHHEH 0Y-
TH TOTOBHM TIPAIIOBATH 3 IHTETPOBAHUMH T4 BHCOKOTEXHOJOTTYHHMH CHC-
TEMaMHu.
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This clearly demonstrates that knowledge of the theory of mecha-
nisms and machines remains relevant even in modern high-tech solutions.

Moving links are divided into input and output. Input (or driving)
links receive energy from a source (an engine or external force) and trans-
mit it further. Output (or driven) links perform useful work by converting
the received motion into the desired result — for example, the rotation of a
wheel, the motion of a working element, or the transportation of a load.
Links that transmit motion between the driving and the driven are called in-
termediate (transmission) links. The criterion for distinguishing a driving
link from a driven one can be expressed through the work of external forc-
es: if the work is positive, the link is driving; if it is negative, the link is
driven. This definition makes it possible to formally describe energy pro-
cesses in mechanisms and correctly build calculations when analyzing their
efficiency.

A machine, in the general sense, is a technical device that performs
mechanical motion in order to transform energy, materials, or information.
Machines are created to replace or significantly facilitate human physical or
intellectual labor. At the early stages of technological development, ma-
chines were mainly mechanical (mills, water wheels, simple lathes), but
modern machines are complex multi-component systems that include me-
chanical, electronic, software, and information elements.

Modern technological development demonstrates that the boundary
between machines and robotic systems is becoming increasingly blurred.
For example, production employs computer numerical control (CNC) ma-
chines, which are at once classical machines and intelligent complexes ca-
pable of independently controlling processing parameters. In transportation,
self-driving vehicles are actively developing, where mechanical systems are
integrated with computer algorithms. In medicine, mechanisms have
evolved into robotic surgical complexes that allow operations to be per-
formed with micron-level precision.

Thus, the study of the basic concepts of the theory of mechanisms
and machines is a necessary condition for understanding modern technical
systems. It provides students not only with fundamental knowledge but also
with the ability to comprehend the role of mechanisms in today’s world,
where an engineer must be ready to work with integrated and high-tech sys-
tems.
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1.2 KinemMaTH4Hi mapu ta JaHIIOTH

VY Oyap-sikoMy MexaHi3mi a0 MalIrHI OKpeMi JJaHKW He iCHYIOTh ca-
Mi Mo co0i, a B3aEMOJIIOTh MiX COOOH, YTBOPIOKOUU €IWHY CHUCTEMY.
3’eqHAHHA IMX JIAHOK Mae 3a0e3ledyBaTH He JIUIIe IXHE 3YerUieHHS, a U
MOJKJIMBICTh BIIHOCHOTO pyXy. Take pyxome 3’€THaHHA IBOX JIAHOK, SIKi
CTHKAIOTHCS OJJHA 3 OJJHOIO B IIEBHUX TOUKaX, JiHIsIX a00 MOBEPXHAX, OTPH-
MaJio Ha3By KiHeMamuyHa napa.

B 0cHOBI bOr0 BH3HAYEHHS JISKUTH MPUHIUIL KOXKHA JIAHKA MeXa-
Hi3My MO>X€ MaTH IIiCTh CTYNEHIB BiJILHOCTI, ajie KON BOHA 3’ €HYETHCS 3
1HIIOIO JIAHKOIO, YaCTHHA IIMX CTYINEHIB BiIBHOCTI OOMEKYEThCS YMOBaMH
KOHTakTy. KiJbKiCTh 1 XapakTep HaKlIaJeHHX OOMeKeHb BU3HAYAIOTh KIIAC
KIHEMaTUYHOI ITapU Ta MOKJIMBI TPAEKTOPIT PyXYy.

Konu fBi naHKM B3a€EMOJIIOTH, TO CYKYIHICTh ITOBEPXOHB, JiHii a00
TOYOK, AKi 3HAXOATHCS B KOHTAKTI IIPHU BITHOCHOMY PYCi, HA3UBAaIOTh ejle-
menmamu Kinemamuynoi napu. Came (opma i TeOMeTpist IUX eIIeMEHTIB
BU3HAYAIOTh XapakTep pyXy: MOCTyNaNbHUI, 00epTalbHUN, FTBUHTOBHI TO-
mo. Hampukian, mumiHgpudHa MOBEPXHS, IO PYXAEThCS BCEPEIUHI BTYII-
KW, YTBOPIOE IIJIIHAPUYHY Tapy; TUIOCKA TOBEPXHs, SKa KOB3a€ IO 1HIIIN
TUIOCKIM TTOBEPXHI, YTBOPIOE MOCTYMATIBHY Hapy.

Kinemarnuna mapa Moxke OyTH YTBOpEHA SIK ABOMa PYXOMHMH JIaH-
KaMH, TaK 1 MMOEJHAHHSAM PYXOMOI JIAHKH 3 HEpyXoMolo (crosikom). Hass-
HICTh CTOSIKa B KOKHOMY MeXaHi3Mi € 000B’SI3KOBOI0 YMOBOIO, aJKE€ came
BiH cIyrye 6a3010, BI/IHOCHO SIKOT Bi/IOYBA€THCS PYX yCiX 1HIIHMX €JIeMEHTIB.

Beoyui ma éedeni nanxu. Y CTpyKTypl KIHEMaTHUHOTO JIAHIIOTA OJJHA
3 JIAaHOK 3aB’KIM BUKOHYE pojb Bexaydoi. Lle o3Hauae, mo 1o Hel npukiana-
€ThCs pylIiiiHa cuia ab0 MOMEHT, SIKi 3yMOBIIOIOTH pOOOTY BCHOI'O MeXaHi-
3My. Periita 1aHoK MOXyTh OyTH a00 BeeHUMH (Ti, 1110 O€3MOCePETHBO BH-
KOHYIOTh Po0O0TY), a00 pOMi>KHUMHU (Ti, IO JIKIIIE TIepeAarOTh PyX Bijl Be-
Iy4oi 10 BeAeHoi). Take po3MeXyBaHHS Ja€ 3MOTY aHAII3yBaTH Tepenady
eHeprii Ta BU3HAUYATH, SKi €JIEMEHTH MiJUIAraloTh HalOiIbIIOMy HaBaHTa-
JKEHHIO.

Knacughixayis xinemamuynux nap. BaxxnmuBo miIKpeciIuTH, 0 KiHe-
MaTHYHI Mapy PO3PI3HAIOTH 32 KUIBKICTIO CTYIEHIB CBOOOH, SIKi BOHHU 3a-
numaroTh JaHoi. e no3Bonse (opmanbHO BiHECTH Mapy A0 OJHOTO 3
'ty kaacie: Big I mo V. Hampuknaa, oOepranbHa mapa JO3BOJISE Tily
3IHCHIOBATH JIMIIE O0EPTATBHUN PyX HABKOJIO ONHIET OCi, OTXKE, HAKIIA/A€E
I’ SITh OOMEKEHb 1 Ma€ JIMIIIE OJIUH CTYIIHb CBOOOIH.
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1.2 Kinematic Pairs and Chains

In any mechanism or machine, individual links do not exist by them-
selves, but interact with each other, forming a single system. The connec-
tion of these links must provide not only their coupling but also the possi-
bility of relative motion. Such a movable connection of two links that come
into contact with each other at certain points, lines, or surfaces is called a
kinematic pair.

The basis of this definition is the principle that each link of a mecha-
nism may have six degrees of freedom, but when it is connected to another
link, part of these degrees of freedom is limited by the conditions of con-
tact. The number and nature of the imposed constraints determine the class
of the kinematic pair and the possible trajectories of motion.

When two links interact, the set of surfaces, lines, or points that are in
contact during relative motion are called the elements of the kinematic pair.
The shape and geometry of these elements determine the character of the
motion; translational, rotational, helical, etc. For example, a cylindrical sur-
face moving inside a bushing forms a cylindrical pair; a flat surface sliding
along another flat surface forms a translational pair.

A kinematic pair can be formed by two moving links as well as by
the combination of a moving link with a fixed link (the frame). The pres-
ence of the frame in each mechanism is a mandatory condition, since it
serves as the base relative to which the motion of all other elements takes
place.

Driving and driven links. In the structure of a kinematic chain, one of
the links always performs the role of the driving link. This means that a
driving force or moment is applied to it, which causes the entire mechanism
to operate. The other links may be either driven (those that directly perform
work) or intermediate (those that only transmit motion from the driving link
to the driven link). Such a distinction makes it possible to analyze the trans-
fer of energy and determine which elements are subject to the greatest load.

Classification of kinematic pairs. It is important to emphasize that
kinematic pairs are distinguished by the number of degrees of freedom they
leave to the link. This allows the pair to be formally assigned to one of five
classes: from 1 to V. For example, a rotational pair allows a body to perform
only rotational motion around one axis, thus imposing five constraints and
having only one degree of freedom.
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Bumi xmacu map 3a0e3nedyioTs OibIly PyXJIWBICTB, ajl€é BOIHOYAC
3HIKYIOTh MOYKIIUBICTB IT€peIaBaTH 3HAUHI HABAHTAKCHHSL.

Ipaxmuune 3navenns. Y MalIMHOOYAYyBaHHI Ta Cy4acHHX TEXHOJO-
risSiX aHami3 KIHEMaTHYHHX Nap Mae MPUHUUNOBE 3HauyeHHs. [IpaBunbHuit
BUOIp THIy 3’€THAHHS BHU3HAYa€ HE JIMINE JOBTOBIYHICTH MEXaHi3My, a U
TOYHICTH BUKOHaHHA HUM (yHKIIH. Hampuknazn, y mpomucinoBux poboTax
YacTO 3aCTOCOBYIOTBCS CEpUUHI MapH, SKi 3a0€3MeUyloTh O0araToBUMIpHY
PYXJIMBICTh MaHIMyNATOPIB. Y TPaHCIOPTHUX 3ac00ax, HAaBMAaKH, OLIBII
MIOMIMPEHI TOCTYTANbHI Ta 00epTaNbHI MapH, a/yke BOHU TapaHTYIOTh Ha-
JiMHICTB 1 BUTPUMYIOTH 3HaYH1 HABAaHTAKECHHSI.

Kinemamuuni  nanyroeu. Komm  nexinpka KiHEMaTHYHUX — MIap
00’ €THYIOTBCS 'y TIOCHIIOBHICTh, YTBOPIOETHCS KIHEMATHYHHN JIAHITIOT. BiH
MOJKe OYTH MPOCTUM (KOJIM KOYKHA JIAHKA HAJIC)KUTh He OLIbIINe HiXK /10 TBOX
nap) abo CKJIaAHUM (SIKIIO SKAach JIAHKA OJIHOYACHO BXOJUTH OLIbIIE, HIK Y
nBi mapu). KinemaTnaHWiA TaHIIOT MOXKe OYTH 3aMKHYTUM (YTBOPIOE KOH-
Typ) abo He3aMKHYTHM (JIaHIIOT Mae Biakpwuti Kinmi). Came 3 KiHeMaTnd-
HUX JIAHIIFOTiB KOHCTPYIOIOTHCS BC1 MEXaHI3MH.

VY cydacHii MpakTHUIll KiHEMaTHYHI JTAHIFOTA 3HAXOMIATH 3aCTOCYBaH-
HS HE TUIBKM B KJIACHYHUX MAIllMHAX, aje W y HOBITHIX Taly3sX, HaIllpH-
KJa, y OloHimi AJsl CTBOPEHHS MPOTE3iB 13 MPUPOTHOIO TPAEKTOPIEIO PyXyY
a00 y cdepi KOCMIYHHX anapaTiB AJIsl MaHIYJISITOPIB, IO MPALOIOTh Y Bil-
KPHTOMY KOCMOCI.

TakuM YUHOM, KiHEMaTHU4HI Napu € (yHAaMEHTaJIbHUM EIeMEHTOM
noOyZ0BM MexaHi3MiB. Po3yMiHHSI iXHIX BIacTUBOCTEH 1 CIOCOOIB Kiacu-
¢ikamii 103BOIIsAE IHXKEHEPY MPOTHO3YBATH TMOBEMIHKY CKIQJIHUX CHUCTEM 1
CTBOPIOBATH HAJiHHI TEXHIYHI IPUCTPOi. Y MOJATBIIOMY PO3TISIHEMO NpH-
KJIaJ — CXeMy MeXaHi3My npeca (quB. pucyHok 1.1), sika i1rocTpye 3acToCy-
BaHHsI KiIHEMaTHYHKX Nap y peanbHii mammHi. Jlanku 1, 2, 3, 41 5 — pyxo-
Mi. Jlanka 1 — Bexyya, a i nanku 2, 3, 4, 5 — Beneni. Jlanka 6 — Hepyxo-
Ma, TOOTO cTiiika. SIk MpaBHiI0, BEIYUOIO JIAHKOIO € BX1/IHA JIAHKA.

L1i nanku yrBoproroTh Kinematuyi apu: O (6-1), A (1-2), B (2-3, 2-
4), C (6-3) i D (4-5, 5-6).

SIK BiJOMO 3 TEOPETUYHOT MEXaHIKH, BiIbHE aOCOIIOTHE TBEPJIE TLJIO
ABC (puc. 1.2), mo pyxaerbest y IpoCTOpi, Ma€e IIicTh CTYIEHIB CBOOOIH
H.
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Higher classes of pairs provide greater mobility, but at the same time
reduce the ability to transmit significant loads.

Practical significance. In machine-building and modern technolo-
gies, the analysis of kinematic pairs is of fundamental importance. The cor-
rect choice of type of connection determines not only the durability of a
mechanism but also the accuracy of its functions. For example, in industrial
robots spherical pairs are often used, ensuring multidimensional mobility of
manipulators. In transport vehicles, by contrast, translational and rotational
pairs are more widespread, since they guarantee reliability and can with-
stand significant loads.

Kinematic chains. When several kinematic pairs are combined into a
sequence, a kinematic chain is formed. It can be simple (when each link be-
longs to no more than two pairs) or complex (if some link simultaneously
belongs to more than two pairs). A kinematic chain may be closed (forming
a contour) or open (the chain has free ends). All mechanisms are construct-
ed from kinematic chains.

In modern practice, kinematic chains are applied not only in classical
machines but also in advanced fields, for example, in bionics to create pros-
theses with natural motion trajectories or in space engineering for manipu-
lators operating in outer space.

Thus, kinematic pairs are a fundamental element in the construction
of mechanisms. Understanding their properties and methods of classifica-
tion allows the engineer to predict the behavior of complex systems and to
create reliable technical devices. Further, let us consider an example — the
diagram of a press mechanism (see Fig. 1.1), which illustrates the applica-
tion of kinematic pairs in a real machine. Links 1, 2, 3, 4, and 5 are moving.
Link 1 is the driving link, while links 2, 3, 4, and 5 are driven. Link 6 is
fixed, i.e., the frame. As a rule, the driving link is the input link.

These links form the following kinematic pairs: O (6-1), 4 (1-2), B
(2-3, 2-4), C (6-3) i D (4-5, 5-6).

As is known from theoretical mechanics, a free rigid body ABC (see
Fig. 1.2), moving in space, has six degrees of freedom H.
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Puc. 1.2. Ctyneni cBobou Tina y mpocTopi

Pyx Takoro Tinma
MOKHAa DO3IJSAATH  SIK
o0epTaHHsA HAaBKOJIO Ocei
X, Y, Z Tta xoB3aHHA
B3J0BXK LHX CaMHUX OCel
(Tpm obGepranpHI Ta TpH
[IOCTYNANIbHI PYXH).

BxomkeHHs TaHOK
y KiHEeMaTU4Hy TMapy Ha-
KJIaJla€ Ha X BiIHOCHHA
PYX TIEBHI YMOBH 3B’SI3KY
(B’s131).

Hucno Takux yMoB
3B’S3Ky S 3MIHIOETBCS Y
mexax Big I mo 5 1 BU-
3HAYa€TbCA 3a (opMy-
7010

S=6-H, (1)

ne H — aucno cry-
IEHIB CBOOOIM, AKI Mae
JaHKa, 10 BXOAUTH y Ki-
HEMAaTU4YHY Tapy.

Tpeba BiamiTHTH,
mo nupu S=0, nanku He
CTHKAIOTHCS, 4 OT)KE KiHe-
MaTH4Ha Tapa MpPUITHHSIE
CBOE ICHYBaHHS, a IIpH
S=6 naHku BTpayaroThH Bi-
JTHOCHY PYXOMICTb 1 KiHe-
MaTMYHa Tapa Mepexo-
JUTH y TBEpIC 3 €THAHHSI
JIBOX JIaHOK.

TakuM 4YHHOM Ki-
JBKICTh CTYIIEHIB PyXO-

MOCTI JIAHKM KIHEMaTUYHOT Iapy Y BIZIHOCHOMY pycCi MOXKe OYTH BU3HAUCHO
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Fig. 1.2. Degrees of freedom of a body in space

The motion of
such a body can be
considered as rotation
around the X, VY, Z
axes and sliding along
these same axes (three
rotational and three
translational motions).

The inclusion of
links into a kinematic
pair imposes certain
constraints on their
relative motion. The
number of such
constraints S varies
from 1 to 5 determined

by the formula:

S=6—H, (1)
where H is the number of
degrees of freedom that a
link entering a kinematic
pair possesses.

It should be noted
that when S = 0, the links
do not come into contact,
and therefore the
kinematic pair ceases to
exist; and when S = 6,
the links lose their
relative mobility, and the
kinematic pair becomes
a rigid connection of two
links.

Thus, the number
of degrees of mobility of

a link in a kinematic pair during relative motion can be determined as
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H=6 -§, 2
ne S — KUTbKICTh B’ si3ei.

KinemaTnuHi napu MOKyTh OyTH MOJiNEH] HA KJIacH Y 3aJISKHOCTI Bif
KUTBKOCTI YMOB B’SI3€H, SIKi HAKJTaJar0ThCs Ha BiTHOCHHUN PyX JTaHOK. OCKiib-
KH, KUTBKICTh YMOB B’5I3€# 3MIHIOETHCS Bif 1 10 5, TO KUTBKICTH KJIACiB KiHe-
MaTHYHUX T1ap JOpiBHIOE 1’aTH. Tomy MaeMo kiHematuuni napu I, 11, 111, 1V
1V xiaciB (tabn. 1.1), kinac sskux BU3Ha4aeThes 3a popmymnoro 1.1.

V tabmumi 1.1 1t HaBeAeHUX KiHEMAaTHIHUX Map CTPiIKaMHu BKa3aHi
MOJKJIMBI pyXH OJHI€] JIaHKU BiTHOCHO Ipyroi, 3HaueHHsa S 1 H Ta xnac Ki-
HEMATHYHOI mapu. Y CYYacCHUX MEXaHi3Max HaWIOIIMPEHIIl KiHeMaTU4HI
nmapu V, IV Ta Il knacis.

Tabmuus 1.1 — Knacudikanist KiIHEeMaTHYHHX T1ap

Ne PucyHok YmoBHe Haspa mapu |[H | S Kaac
pUCYHKA HO3HAYCHHS napu
1 /C)\ obeprampHa |1 | 5| V

F—
=
X
2 / nocrynmanpHa| 1 | 5| V
!
7
3 y a? reuHTOBa |1 |5| V
% Z e
“
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H=6-S5, (2
where S is the number of constraints.

Kinematic pairs can be divided into classes depending on the num-
ber of constraints imposed on the relative motion of the links. Since the
number of constraints varies from 1 to 5, the number of kinematic pair
classes equals five. Therefore, we have kinematic pairs of Classes I, Il, II,
IV, and V (see Table 1.1), with the class determined by formula (1.1).

In Table 1.1, for the given kinematic pairs, arrows indicate the pos-
sible motions of one link relative to another, as well as the values of S and
H and the class of the kinematic pair. In modern mechanisms, the most
widespread are kinematic pairs of Classes V, IV, and Il11.

Table 1.1 — Classification of kinematic pairs

Fllgltére Figure Symbol |Name of pair|H | S |Class
1 /O\ Rotational |1 |5| V
—
P
2 / Translational | 1 |5 | V
3 Helical 15| V
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[Ipomosxenns Tadmmmi 1.1

Ne YMoOBHE Kiac
Pucynox Hasga napu
pHCYHKa MO3HAYCHHS napu
4 ——  |owTiHApuYHA v
5 chepuyHa 3 v
% , nasbIeM
6 chepuuHa Il
I
7 / TUIOIIMHHA 1
7
z
8 MW H]IP- I
TUTOIIMHA
X
y
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Continuation of Table 1.1

F'lgllére Figure Symbol |Name of pair Class
4 Cylindrical v
5 Sp_herlt_:al vV

with pin
6 Spherical "
7 Planar i
z
6 Cylinder- I
plane
x
y
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[Ipomosxenus Tadmmmi 1.1

Ne YMoOBHE Kiac
PucyHOK Hazsa mapu |H | S
pUCYHKa HO3HAYEHHSI napu

KyJIsi-

9 ; 4121 n
IWITHP

10 Y=g |
IIOLIMHA

3anexHo Bi QOPMH €IeMEHTIiB KiHEMaTHYHUX Map iX MPUIHATO 10-
JIUJISTA HAa HIOKY1 T4 BUIL.

Huorcui xinemamuuni napu yTBOPIOIOTBCS TOJI, KOJIM KOHTAKT MIXK
JaHKaMu BiiOyBaeThes o noBepxHi. [Ipuknanamu € obepranbHi mapu (Bich
y TAMUIHUKY KOB3aHHS), MOCTYNalbHI (KOB3aHHS HANPSMHOI Y T1a3y), K-
niaapuyHi abo chepuuni mapu. IlepeBara Takux 3’€THaHb MOJIATAE Y 3HAY-
HIil TUTOII KOHTAKTY, IO J03BOJISIE TIEpeaBaTH BEJIUKI HABAaHTAXCHHS 0e3
BTpaTH CTilikocTi. Hampukiaa, y IpoMHUCIIOBHX BepcTaTtax HalpsMHI KOB-
3aHHSI BUKOHYIOTBCSI caMe SIK HWKYl TapH, aJke BOHM 3a0€3MedyloTh TOU-
HICTh PyXY BaXXKUX JieTajieil. Pazom 3 TuM, uepe3 BENHKY IJIONIY KOHTAKTY
3pOCTAalOTh CHJIM TEPTs, a OTKe 1 BTpaTH eHeprii. Tomy y cydyacHOMY Ma-
MIMHOOYYBaHHI 7151 3MEHILIEHHS TEPTS B HIKYUX Mapax IIUPOKO 3aCTOCO-
BYIOTHCSl aHTUQPUKLIIHI MaTepiaau Ta MaCTHIIbHI CUCTEMH.

Buwi xinemamuuni napu XapakTepU3yHOThCS THM, L0 KOHTAKT MK
JaHKaMu BiIOyBaeThCs JHILE Mo JIiHiT abo y touui. o Takux map Haie-
KaTb, HAPUKIAJ, Mapa «UWIIHAP-TUIOMKHAY a00 «KyJs-LwIinapy. Bumi
napyu MaroTh HEBEIHMKY TUIONLY JOTHKY, 3aBISKH YOMY BTpPAaTH Ha TePTH
MEHIII, a pyX — OUTBII JIETKH# 1 TTaBHuid. 1le poOuTh IX KOPUCHUMH.
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Continuation of Table 1.1

F'lgllére Figure Symbol |Name of pair|H | S |Class
5 Sphere- | 4 1o | )
cylinder
Sphere-
10 plane S|t

Depending on the shape of the elements of kinematic pairs, they are
conventionally divided into lower and higher pairs.

Lower kinematic pairs are formed when the contact between links
occurs over a surface. Examples include rotational pairs (a shaft in a sliding
bearing), translational pairs (a guide sliding in a groove), cylindrical, or
spherical pairs. The advantage of such connections lies in the large contact
area, which allows the transmission of heavy loads without loss of stability.
For example, in industrial machine tools, sliding guides are made precisely
as lower pairs, since they ensure the accuracy of movement of heavy parts.
At the same time, due to the large contact area, frictional forces increase,
leading to energy losses. Therefore, in modern machine-building, antifric-
tion materials and lubrication systems are widely used in lower pairs to re-
duce friction.

Higher kinematic pairs are characterized by contact between links
only along a line or at a point. Such pairs include, for example, the “cylin-
der—plane” or “sphere—cylinder” pair. Higher pairs have a very small con-
tact area, which results in significantly lower friction losses and lighter,
smoother motion. This makes them extremely useful in devices requiring
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y mpuiafax, mo MmoTpedyoTh BUCOKOT YyTIUBOCTI, HAPUKIA, Y BUMIpIO-
BaJIbHUX MEXaHi3Max ab0 TOAMHHHUKOBHX cucTeMax. OmHak uepe3 maiy
TUIOILy KOHTaKTy BOHU HE 3[aTHi CIIpUAMaTH BEJIWKI HAaBaHTAKEHHS, IIO
oOMexye cdepy iX 3aCTOCYBaHHSI.

Bapro migkpecauTH, M0 BHOiIp MidK HIDKYUMHU Ta BUIIUMH KiHEMATH-
YHUMH TIApaMH 3aBXKIM BU3HAYAETHCS YMOBAMH EKCIUTyaTallii MEXaHi3My.
Tawm, e moTpiOHA MIIHICTE 1 3IaTHICTH MPAIFOBATH ITiJl BACOKMM HaBaHTa-
JkeHHsM (OyZiBellbHA TEXHiIKa, MEeTalopi3alibHI BEPCTaTH), BUKOPHCTOBY-
IOTBCS HIOKYl mapd. SIKIo K BaXIUBIIINME € TOYHICTb, JETKICTh XOIy Ta
MiHIMaJIbHI BTpaTH €Heprii (TOAMHHHMKOBI MeEXaHi3MH, MEIUYHa TEeXHiKa,
POOOTH-MaHIMyASTOPH), BiJAAIOTH IIEPEBAry BUILUM Mapam.

OxkpiM 1IpOTO, KiIHEMATHYHI TTapu KIACH(IKYIOTh 1 32 XapaKTepoM py-
Xy, SIKAA BOHH 3a0€3MeuyroTh. K10 eeMEeHTH JIAHOK MEepeMIllyIoThCs ma-
paJieNIbHO OZIHIN IIOMIMHI, TO TaKi Mapyu Ha3UBAIOTh nIockumu. BoHu € oc-
HOBOIO OLTBIIIOCTI KJIACHYHHUX MAIlIMH Ta MEXaHi3MiB, aJKe MPOCTOTa IXHBOT
TeoMeTpii TO3BOJISE MPOBOAUTH aHAIITHYHI PO3PaXyHKHU i OyTyBaTH HAOUHI
KiHeMaTnyHi cxemH. [Ipuknamamu MOXXyTh OyTH MEXaHi3MHU JBUTYHIB BHY-
TPIIIHBOTO 3TOPSHHS, IIPECOBI MEXaHi3MH a00 BaXiJIbHI TIepeadi.

Skmo >k pyX elneMeHTIB BiOyBaeThCs y PI3HUX HemapaiedbHUX
TUIOIIMHAX, KIHEMaTHYHI Iapu BiTHOCSTh 10 HPOCMOoposux. Y TakuXx mapax
TpaeKTOPii pyXy OLIBII CKIIAIHI, IO A€ 3MOTY pealli3oByBaTu OaratodyH-
KIIIOHAJTbHI MexaHi3Mu. [IpocTopoBi mapu € 0CHOBOIO CydacHOi poOOTOTEX-
HiKH, aBiallifHUX CUCTEM KepyBaHHS Ta MEJIWYHUX XipYPridYHUX POOOTIB, e
NOTPiOHO TIOETHATH PYX Y KIIBKOX HANpsIMKax.

o cknanmy MmiocKuxX MexXaHi3MiB MO-
Yy /a JKYTh BXOJUTH JIMIIE KiHeMaTuuHi napu [V
Ta V kiaciB. lle HOSCHIOETBCS THM, IO Bi-
JIbHE TBEPJIC TUIO B IUIOUIMHHOMY PYCi Mae
TIBKH TPU CTYIEHI BUIBHOCTI: JIBa TOCTY-
NaJibHI PyXH B3JI0BXK Ocell koopauHaTt (X Ta
Y) i oguH obepranbHuil pyx y mwiomumHi XY
— (muBuch pucynok 1.3). Came ust oOmexe-
O X HICTh 1 POOUTH IUIOCKI MEXaHi3MU 3pYyYHH-
MH JJISI PO3paxyHKiB Ta MPAKTHYHOTO 3a-
Prc. 1.3. Cryneni cpoGommi tina s~ CTOCYBAHHSL. VY Toli "ac SK mpOCTOPOBi Me-
TUIocKOMy pyei XaHi3MM, MalO4H LIiCTh CTYNEHIB CBOOOAH,
3HAYHO CKJIAJHIII JUIs aHaji3y, ajie i Ha0a-

raTo yHiBepCAILHIII Y BUKOPHCTAHHI.
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high sensitivity, such as measuring mechanisms or clockwork systems.
However, due to the small contact area, they cannot withstand heavy loads,
which limits the scope of their application.

It should be emphasized that the choice between lower and higher
kinematic pairs is always determined by the operating conditions of the
mechanism. Where strength and the ability to work under high loads are re-
quired (construction equipment, metal-cutting machine tools), lower pairs
are used. Where accuracy, lightness of movement, and minimal energy loss
are more important (clock mechanisms, medical equipment, robotic manip-
ulators), preference is given to higher pairs

In addition, kinematic pairs are also classified according to the type
of motion they provide. If the elements of the links move in parallel to a
single plane, such pairs are called planar pairs. They are the basis of most
classical machines and mechanisms, since the simplicity of their geometry
allows analytical calculations and the construction of clear kinematic dia-
grams. Examples include internal combustion engine mechanisms, press
mechanisms, or lever transmissions.

If the motion of elements takes place in different non-parallel planes,
the kinematic pairs are classified as spatial pairs. In such pairs, the motion
trajectories are more complex, enabling the realization of multifunctional
mechanisms. Spatial pairs form the basis of modern robotics, aviation con-
trol systems, and medical surgical robots, where it is necessary to combine
motion in several directions.

Only kinematic pairs of Classes IV

Ya ﬁ and V can be included in planar mecha-

nisms. This is explained by the fact that a

A free rigid body in planar motion has only

three degrees of freedom: two translational

motions along the coordinate axes (X and

C Y) and one rotational motion in the XY

— plane (see Fig. 1.3). It is precisely this limi-

O X tation that makes planar mechanisms con-

venient for calculations and practical appli-

cation. Spatial mechanisms, on the other

hand, having six degrees of freedom, are

much more complex for analysis but also
far more versatile in use.

\

Fig. 1.3. Degrees of freedom of a body
in planar motion
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®opmyn (1) 1 (2) m1st MIOCKUX KiHEMAaTHYHUX Tap OYAyTh:
H=3-5; S=3-H. 3)

Jnst Toro mo0 eneMeHTH KiHEMaTUYHHX Map 3IUINAIUCS y CTaJoMy
B3a€MHOMY KOHTaKTi, HEOOXiJHA HasBHICTb 3amuxanua. Ilig 3aMuUKaHHIM
PO3YMIIOTh YMOBH, SIKi TAPaHTYIOTh HENEPEPBHICTh 3’ €AHAHHS JIAHOK y TPO-
neci ix BIAHOCHOTO pyxy. SIKIIO 3aMHUKaHHS BiJCYTHE, TO KiHEMaTH4Ha mapa
BTpava€e CBOIO MpAle3aTHICTh: PyX CTa€ HEKOHTPOIHOBAHUM, BHHHKAIOThH
JIOJATKOBI yAapw, BiOpaiiii, a iHO/i HaBITh TOBHE P03’ €THAHHS JETaICH.

3aMukaHHsS MOXe OyTH eeomempuynum abo cunogum. I eomempuune
3aMUKaHHs PEATi3yeThCs 3aBIsSKM (OpMi MOBEPXOHB JIAHOK, IO CTHKAIOTh-
cs. Hanpuknan, y kimacnaHux o0epTanbHUX abo MOCTYHadbHUX Mapax KOH-
TakKT 3a0e3MevyeThCs CIiBNAAIHHAM NWIHAPUYHUX YU MPU3MATHYHHX T10-
BEpXOHb. Takuii THI 3aMHUKaHHS HEe MOTpeOye 30BHIMIHIX CHII YU JOAATKO-
BUX €JIEMEHTIB — BiH «BOyZOBaHW» y reomerpito neraneil. Came ToMy Te-
OMETPHUYHI TApX € OCHOBOIO OUTBIIOCTI MAITMHOOYAIBHIX KOHCTPYKITiM.

Cunoge 3amuxanmus Tiependadae, M0 KOHTAKT JAHOK MiATPUMYETHCS
JI€F0 TIEBHUX 30BHIMIHIX cvul. HalfacTime e cuia mpy»KHOCTI (HanpuKiaz, y
MIPY’)KUHHUX MeXaHi3Max), CHjia Bard a0 K eNeKTPOMAarHiTHI CHII y cydac-
HUX BHUCOKOTEXHOJIOTIYHHMX IMPUCTPOSIX. Y BUMAIKY LMNIHAP-TUIONIMHA a00
KyJIS-TUIONIMHA KOHTAKT OyB OM HecTilikuMm 0Oe3 ToJaTKOBOI [iil, i came mpy-
JKMHA Y¥ IHIIHH eJIEMEHT CTBOPIOIOTH THCK, SIKUH YTPUMYE JIAHKHU Y TIapi.

VY cyyacHOMy MalMHOOYIyBaHHI CHUJIOBE 3aMUKaHHS 4acTO BUKOPH-
CTOBYEThCS TaM, ¢ HeoOXiJHA peryyiboBaHa abo TUMuacoBa ¢ikcaris. Ha-
NPUKIJIAJ, Y aBTOMOOUTEHIX aMOpTU3aTopax NPYKHWHH 3a0€3MedyloTh I0C-
TIHHUI KOHTAKT JIeTallell He3aJIeKHO BiJI IOPOXKHIX YMOB. Y poOOTOTEXHIlli
MOJIOHI MPUHIMIIK Peasi3yloThCs 3a JOMOMOTOI0 MTHEBMATUYHUX abo Tif-
PaBIIYHUX OWIIHAPIB, IO CTBOPIOIOTH HEOOXITHY CHITY ISl yTPUMAHHS KO-
HTaKTYIO4HX TTOBEPXOHb.

Bapro 3a3HaunTH, 1m0 BUOIp MK T€OMETPUYHHM 1 CHIIOBHUM 3aMU-
KaHHSIM € Ba)XITUBUM KOHCTPYKTOPCHKHM pillleHHsIM. ['eomeTpuuHe 3amu-
KaHHs 3a0e3Meuye BUCOKY HaAiWHICTD 1 MEHIIY 3aJIeKHICTh BiJl 30BHIIIHIX
(akTopiB, MPOTE BUMarae OiIbII CKJIAAHOT 0OPOOKH JieTaliell 1 TOYHOIO BH-
roroenenHs. CHIIOBE 3aMUKaHHS, HaBIAKU, THYUKIIIE, JIA€ 3MOTY PeryJio-
BaTH CHJIy KOHTAKTYy, ajie¢ BHOCHTbH JOJATKOBI HaBaHTAKECHHs Ha JIAHKH, 10
MOJKe MPHU3BOAMUTH 110 3HOWIYBaHHs. CaMe TOMY IpH NMPOEKTYBaHHI cydac-
HUX MEXaHI3MIiB YacTO 3aCTOCOBYIOTb KOMOIHOGAHI CUCHEMU 3AMUKAHMHS,
SIK1 TIOEIHYIOTh IepeBaru 000X MiJaX0/IiB.

32



For planar kinematic pairs, formulas (1) and (2) take the form:
H=3-S; S=3-H (3)

For the elements of kinematic pairs to remain in constant mutual con-
tact, closure is required. Closure refers to the conditions that guarantee con-
tinuity of the connection of links during their relative motion. If closure is
absent, the kinematic pair loses its functionality: the motion becomes un-
controlled, additional impacts and vibrations occur, and sometimes even
complete separation of parts.

Closure can be geometric or force-based. Geometric closure is real-
ized through the shape of the contacting surfaces of the links. For example,
in classical rotational or translational pairs, contact is ensured by the coin-
cidence of cylindrical or prismatic surfaces. This type of closure does not
require external forces or additional elements — it is “built into” the geome-
try of the parts. That is why geometric pairs form the basis of most ma-
chine-building designs.

Force closure means that the contact of the links is maintained by the
action of certain external forces. Most often this is elastic force (as in spring
mechanisms), gravitational force, or electromagnetic forces in modern high-
tech devices. In the case of a cylinder-plane or sphere-plane pair, the con-
tact would be unstable without additional action, and it is the spring or an-
other element that creates the pressure keeping the links in the pair.

In modern machine-building, force closure is often used where ad-
justable or temporary fixation is required. For example, in automotive
shock absorbers, springs ensure constant contact of parts regardless of road
conditions. In robotics, similar principles are implemented through pneu-
matic or hydraulic cylinders that create the necessary force to maintain con-
tact between surfaces.

It should be noted that the choice between geometric and force clo-
sure is an important design decision. Geometric closure provides high relia-
bility and less dependence on external factors, but requires more complex
machining of parts and precise manufacturing. Force closure, on the contra-
ry, is more flexible, allows regulation of the contact force, but introduces
additional loads on the links, which can lead to wear. That is why in the de-
sign of modern mechanisms, combined closure systems are often used,
which combine the advantages of both approaches.
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SIckpaBUM TPUKIIAIOM BUKOPHCTAHHS CHIOBOTO 3aMHUKAHHS € Cydac-
Hi Oe3MmiJOTHI JiTaNbHI amapatu (IpoHHU). Y KOHCTPYKIIi KBaJpOKONTEPiB
Ta IHIIMX THIIB JAPOHIB YacTO 3aCTOCOBYIOThH 3’€AHAHHS 3 MPYXKHHHUM a00
MarHiTHUM 3aMHUKaHHSIM.

Cxkramasi mpornenepr. Y 0araTb0X IPOHIB JIOMATI MPOIENIEPiB CKITa-
JTAIOTHCS TSI 3MEHIIICHHS TabapuTiB i Yac TPaHCIOPTYBaHHA. Y poOoUo-
MY PEXUMi BOHH YTPUMYIOTbCS 3aBASKH MPYKHUHHUM eJIeMEHTaM, sKi 3a-
0e3meuyoTh CUJIOBE 3aMUKAHHSI 1 HE 103BOJISIIOTh JIONATAM BIAXWIATHCS Bif
po060YOro MONOKEHHS i 9ac oOepTaHHS.

Kpinnenns Garapeli Ta MoayniB. AKyMynIsTOpH Ta 3MiHHI KamepH
(iKCYIOTBCS 32 JOTIOMOTOI0 CIELiabHUX CHIIOBHX 3aMHKAJBHUX MEXaHi3-
MiB (mpykuHHI (pikcatopu, MarHiTHI 3aMku). Lle m03BOIsE MIBUAKO 3aMi-
HIOBAaTH OaTapero 4Yu MOJYJb 0€3 3aCTOCYBaHHS IHCTPYMEHTIB 1 OJJHOYACHO
rapanrye HaJiiHHH KOHTaKT y TOJbBOTI, A¢ BiOpalii Ta HaBaHTa)KEHHS JO-
CHUTbH 3HAYHI.

Cucremu cradimizamii. Y CKIQIHUX MMiBicaX IS KaMep BHKOPHCTO-
BYIOTBCSl KOMOiHaIlii TeOMETPUYHOTO Ta CHJIOBOTO 3aMUKaHHA. MexaHiuHa
¢dopMa 3abe3nedye OCHOBHE TOJIOKEHHS, a MPYXUHU a00 eIeKTPOMArHiTH
KOMIIEHCYIOTh MiKpOBiOparii.

TakuM 4MHOM, y APOHAX CHUJIOBE 3aMUKaHHSI BiAIrpae BaXKIMBY POJb
JUTsE KOMITAKTHOCTi, MOIYJIBHOCTI Ta HaniiHocTi. Lle cyuacHuil mpukian,
SKUH MOKa3ye, M0 KIACHYHI TOHATTS TeOpii MeXaHi3MiB i MaIllMH 3aJIHIIa-
I0TBCSI aKTyaJIbHUMHU, ajieé 3HAXOJATh HOBI C)epH 3aCTOCYBAHHS y BHUCOKO-
TEXHOJIOTTYHUX MPUCTPOSIX.

1.3 CrpykrypHa kiacudikauis Ta aHaAJI3 JIOCKUX MeXaHi3MiB

3B’s3aHa cUCTeMa JaHOK, 110 BXOAATh Y KIHEMaTH4HI [apHu, YTBOPIOE
Kinemamuynuil aanyroe. Came 3 HBOTO (OPMYETHCS OyAb-KHH MEXaHi3M,
HE3JIeKHO BiJl CKIaJHOCTI HOTO KOHCTPYKIIii UM rany3i 3acrocyBaHHs. J{ist
TOTO, 00 MEXaHi3M MIT BUKOHYBATH 33/IaHy (YHKIIIfO, JJAHKH TTOBHHHI OY-
TH 3’€JTHaHI B TIEBHOMY TOPSJKY i YTBOPIOBATH 3aMKHYTY 200 HE3aMKHYTY
CTPYKTYpY.

KinematnyHi TaHIFOTY TOIUISIFOTHCS HA HPOCHI Ta CKIAOHI.

IIpocmum KinemamuyHyumM Ha3WBAIOTh TAKUHN JIAHLIOT, Y SIKOTO KOXHA
JIaHKa BXOJIMTh HE OiJIbIle HiXk Y JIBi KiHemaTuuHi mapu (puc. 1.4, a). e, mo
CyTi, HAUMpOCTIII KOHCTPYKLii, SIKi 4aCTO 3aCTOCOBYIOTBCS B IiAHOMHHUX
MeXaHi3Max, IBEpPHUX NeTIIAX a00 NeJalbHUX CHCTeMaX.
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A vivid example of the use of force closure is modern unmanned aer-
ial vehicles (drones). In the construction of quadcopters and other types of
drones, connections with spring or magnetic closure are often applied.

Folding propellers. In many drones, propeller blades fold to reduce di-
mensions during transportation. In operating mode, they are held in place
by spring elements that provide force closure and prevent the blades from
deviating from the working position during rotation.

Battery and module mounts. Batteries and interchangeable cameras are
fixed by special force-locking mechanisms (spring latches, magnetic locks).
This allows quick replacement of the battery or module without tools, while
guaranteeing reliable contact during flight, where vibrations and loads are
quite significant.

Stabilization systems. In complex camera gimbals, combinations of ge-
ometric and force closure are used. The mechanical shape ensures the main
position, while springs or electromagnets compensate for micro-vibrations.

Thus, in drones, force closure plays an important role in compact-
ness, modularity, and reliability. This is a modern example that shows that
classical concepts of the theory of mechanisms and machines remain rele-
vant, but find new applications in high-tech devices.

1.3 Structural Classification and Analysis of Planar Mechanisms

A connected system of links that enter into kinematic pairs forms a
kinematic chain. It is from such a chain that any mechanism is formed, re-
gardless of the complexity of its design or its field of application. In order
for a mechanism to perform a given function, the links must be connected
in a certain sequence and form either a closed or an open structure.

Kinematic chains are divided into simple and complex.

A simple kinematic chain is one in which each link belongs to no
more than two kinematic pairs (Fig. 1.4a). These are essentially the sim-
plest designs, often used in lifting mechanisms, door hinges, or pedal sys-
tems.
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Cki1aOHuM BBaXKAETHCA JIAHINIOT, y SIKOMY € X04a O OJlHA JIaHKa, IO
BXOJUTH OibIlle HIXK Yy 1B KiHematnuHi mapu (puc. 1.4, 6). CxiragHi kiHe-
MaTHYHI JIAHIIOTH 3a3BHYall 3yCTPI4alOThCS Y Cy4acHHUX pOOOTH30BaHUX
MaHimynsTopax abo y BaXKKHX BEpCTaTax 3 YMCIOBHM IIPOTPaMHUM Kepy-
BanHsM (UIIK), me Bim omHi€l MaHKKM 9acTO 3aNEXKUTh PyX KITBKOX BHKO-
HaBUYMX OPTaHiB.

a — TIPOCTH HE3aMKHYTHH, 6 — CKJIQJHUI HE3aMKHYTHH;
6 — MIPOCTUH 3aMKHYTHH; 2 — CKJIaJHUH 3aMKHYTHH

Puc. 1.4. Knacudikarisi KiIHEMaTHYHUX JIAHIIOTB

Y cBOO Yepry, NpocTi Ta CKJIaHI KIHEMAaTHYHI JIAHIIFOTH IO IISFOTHCS
Ha 3aMKHymi Ta He3amMKHymi. Y He3aMKHYMOMY JaHyio2y 3aBXKIHU € JIaHKU,
10 BXOJIATH JIMINIE B OJHY KiHeMaTwuHy mnapy (puc. 1.4, a, 6). Ilpuxmanom €
MAaHIMYJSATOP 3 «BIIKPHUTOIO» CTPYKTYPOIO, IO BUKOPUCTOBYETHCS Yy MEIHY-
Hill pOOOTOTEXHIIIl /11 BAKOHAHHS MiHIMAJIbHO IHBA3UBHHUX OIEpAITiid.

Y 3amknymomy namyrozy KOXKHA JIaHKAa BXOIUTH, NPUHANMHI, Y IBi
napu (puc. 1.4, ¢, 2). Came Taxi JIAaHIFOTH XapaKTepHi Ui OUTBIIOCTI Ma-
MIMHOOY/IIBHUX KOHCTPYKIIIH — BijI aBTOMOOUIFHUX JIBUTYHIB BHYTPIllTHBO-
TO 3rOPSAHHS 0 CYy4acHUX NMPOMHUCIOBUX 3D-npuHTEpiB, A€ TOUHICTH i MO-
BTOPIOBaHICTh PYXiB 3a0€3MeUyI0THCS 3aBASKHA 3aMKHYTHM JIaHIIOTaM.

Kpim Toro, 3a aHayoriero 3 KiHEMaTHYHUMH IapaMH, KiHEMaTH4HI
JIAHITFOTH TOUISIFOTH € HA AIOCKI Ta BPOCHMOPOSL.
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A chain is considered complex if it contains at least one link that be-
longs to more than two kinematic pairs (Fig. 1.4b). Complex kinematic
chains are usually found in modern robotic manipulators or in heavy com-
puter numerical control (CNC) machine tools, where the motion of several
working elements often depends on a single link.

a — simple open, b — complex open;
¢ — simple closed; d — complex closed

Fig. 1.4. Classification of kinematic chains

In turn, simple and complex kinematic chains are divided into closed
and open. In an open chain, there are always links that belong to only one
kinematic pair (Fig. 1.4, a, b). An example is a manipulator with an “open”
structure, used in medical robotics to perform minimally invasive surgeries.

In a closed chain, each link belongs to at least two pairs
(Fig. 1.4, c, d). Such chains are typical of most machine-building designs —
from automobile internal combustion engines to modern industrial 3D
printers, where accuracy and repeatability of motion are ensured precisely
by closed chains.

In addition, by analogy with kinematic pairs, kinematic chains are
further divided into planar and spatial.
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Y mmockux MexaHi3Max yci JaHKH PyXarmThCs MapaielbHO OIHIN
TUTOMIMHI, 1 TPUKIAANA iX MOXXHA 3HAWTH y OUIBIIOCTI TPAHCTIOPTHHX 3aCO-
0iB, Bl BEJOCHIICIB JI0 TpaHCMICiit aBToMoOuTiB. [IpocTOpOBi KiHEMaTHUYHI
JIAHIIOTH BUKOPUCTOBYIOTHCS TaM, Jie HeOOXiTHO 3a0e3MeUYuTH pyX Yy TpH-
BAMIPHOMY TIPOCTODI: Y MPOMHUCIOBUX poOOTax, APOinax, a TaKOXK B €K30C-
KeJIeTax, 10 MOBTOPIOIOTh PYXH JIFOJCHKUX CYTI00iIB.

BapTo HaromocuTH, Mo y Cy4acCHHX yMOBaX iHXKEHEPH 4acTo KOoMOi-
HYIOTh DPi3HI THIM KiHEMaTHYHWX JaHIoriB. Hampukian, y emekTpoModi-
JITX CUCTEMH TiABICKM 0a3yrOThCS Ha IUIOCKUX 3aMKHYTHX JIAHITFOTaxX, TOJI
K MEXaHi3MHU KepyBaHHS KEPMOM Ta aJanTHBHI CUCTEMH cTabimizamii mMa-
I0Th O3HAKH MPOCTOPOBUX KiHEMAaTHUYHUX CTPYKTYP.

TakuM YMHOM, KOKHUHA MEXaHI3M MOXHA PO3IIIAATH K KiHeMaTH4-
HUH JIAHITIOT 13 MPUHANMHI OJHIEI0 HEPYXOMOIO JIAHKOIO, II[0 BUKOHYE POJIb
cTosika. BacTHBOCTSIMU Oy Ib-SIKOTO MEXaHI3MY € CHIYNIHb PYXOMOCT
(KiTBKICTh HE3aJIEXKHUX PYXiB, SIKI MOXKYTh BUKOHYBAaTH PyXOMi JIJAaHKH BiJI-
HOCHO CTOSIKA) Ta BU3HAUEHICMb aAb0 Y3200M4CeHiCmb pyXy, IO TapaHTYE
MOJKJIUBICTH MepeadaunTH poOOTY MEXaHI3My B KOHKPETHUX YMOBaX.

Came 11i XapaKTEPUCTHKH J03BOJISIIOTH 1HKEHEPAaM HE JIMIIE ONHUCATH
MEXaHi3M TEOPETHYHO, & ¥ OI[IHUTH HOTO MPAaKTHYHI MOKJIMBOCTi, BU3HA-
YUTU MOTCHIINHY €EKTUBHICTh Ta OOMEKEHHS IPU 3aCTOCYBaHHI y cydac-
HUX TEXHOJIOTIfX.

3 D

Puc. 1.5. MexaHi3M MaHimysTopa

1.3.1 Bu3Ha4yeHHsI CTYNEHIO PYXOMOCTi IVIOCKUX MeXaHi3MiB

i BU3HA4YEHHS 4MCiia CTYNEeHIB pPyXOoMOCTi OyIb-IKOTr0 KiHeMaThn4-
HOT'O JIaHIIora (TOOTO MeXaHi3My) HEOOXIHO MiIpaxyBaTH YUCIIO CTYTICHIB
CBOOOIM BCiX PyXOMHX JIAHOK, BBa)Karouu iX BIJIbHUMH, HE 3B’SI3aHUMU Ki-
HEMAaTUYHUMHM MapaMu TiJll, a TMOTIM BiJ LBOTO YHUCa CIiA BIIHATH YUCIIO
YMOB 3B'SI3KY, sIKi HAKJIaJ[aI0ThCS HA JIAHKU KIHEMAaTHYHUMU [1apaMHu.
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In planar mechanisms, all links move parallel to a single plane, and
examples can be found in most vehicles, from bicycles to automobile
transmissions. Spatial kinematic chains are used where motion in three-
dimensional space must be ensured: in industrial robots, drones, and also in
exoskeletons that replicate human joint movements.

It should be emphasized that in modern practice engineers often
combine different types of kinematic chains. For example, in electric vehi-
cles, suspension systems are based on planar closed chains, while steering
mechanisms and adaptive stabilization systems exhibit features of spatial
kinematic structures.

Thus, any mechanism can be considered as a kinematic chain with at
least one fixed link that performs the role of the frame. The main properties
of any mechanism are the degree of mobility (the number of independent
motions that the moving links can perform relative to the frame) and
the determinacy or consistency of motion, which guarantees the ability to
predict the operation of the mechanism under specific conditions.

It is these characteristics that allow engineers not only to describe a
mechanism theoretically but also to evaluate its practical capabilities, de-
termine potential efficiency, and identify limitations when applied in mod-
ern technologies.

Fig. 1.5. Manipulator mechanism

1.3.1 Determining the degree of mobility of planar mechanisms

To determine the number of degrees of mobility of any kinematic
chain (that is, a mechanism), it is necessary to count the degrees of freedom
of all moving links, assuming them to be free bodies not connected by kin-
ematic pairs, and then subtract the number of constraints imposed on the
links by the kinematic pairs.
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Hexaii Mexani3M ckiagaetbes 3 K manok. KoxkHa BibHa JTaHKa, IIPO
0 BXK€ MIIIOCS paHilie, Mae y 3aralbHOMY BHUIAJKY IIICTh CTYTIEHIB CBO-
6oau. OnHa i3 TaHOK MeXaHi3My € HepyXoMolo. ToMy KilbKiCTh PyXOMHUX
JaHOK MexaHi3My ckiamae N = k—1. Skmo 6 naHKK MexaHi3My He OyiH
3B’s13aH1 MK c00010, TO 3arajibHa KiJIBKICTh MPOCTUX PYXiB yCIX PyXOMHUX
JIAHOK MeXaHi3Mmy ckiafana 6 H = 6 n. Aye x JJaHKH MEXaHi3My HE € Billb-
HUMH TUJIaMU, BOHHU 3B’s13aHI MiX COOOI KiHeMaTWyHMMHU napamu. KokHa
KiHemaTu4Ha mmapa | ...V kiraciB 3MeHIIye 3araibHy KUTBKICTh PYXiB Ha 9H-
cno Py, 2P,, 3Ps, 4Py, 5Ps, ne P; — mapu Biamosiguux kmacis (i = 1...5).

BignsBiy 1 38°s13ku Big H = 6 N, gicTaHEMO YUCIIO CTYIEHIB CBOOO-
v, SIKi MarOTh JJAHKU MEXaHI3My:

W=6n-5P—4P,~3P;—2P,—P;. (4)

PiBHicTh (1.4) HOCUTB HA3BY CIPYKMYPHOI (YOPMYIU RPOCOPOBO2O
KiHeMamuyHo2o Jnanyoea 3a2anvho2o  euenady (gopmyna Comosa—
Manuwesa) i n103BONsIE OOUUCTUTH KUTBKICTh CTYIIEHIB CBOOOIN KiHEMATH-
YHOT'O JIAHLIOTa BITHOCHO JIAHKM NpuiHATOI 3a Hepyxomy. Yucio W nasu-
BAEMbCA CMYNEHEM PYXOMOCHI KIHEMAMUYHO20 AAHYI02A.

Ha puc. 1.6 300pakeHWid KiHEMATHYHHWHA JAHIIOT, JAHKU SKOTO
3’e€aHaHI MiX co00I0 TapaMu V KIIacy 3 MapajieIbHAMHU OCSMHU.

y

Puc. 1.6. ITnockuit mapHipHUil YJOTUPUIAHKOBUI MEXaHi3M

Takuii KIHEMaTHYHHIA JIAHIIOT € TUIOCKKAM, TOMY IO BC1 HOTO JIAaHKH
PYXaloThCs MapajenbHo AesKiid ogHil wionuHi YOZ, sika neprneHIuKyspHa
JI0 ocelt oOepTanbHUX map. JIaHKKu MexaHi3My He MOXYTh PyXaThCs B3IOBK
oci x 1 o0epTaTucst HaBKOJIO OceH ) 1 Z, TOOTO 3 MIECTH MOXKIIMBHX PYXiB TpH
HE MOXYTb OyTH 3711 ICHEHUMHU.
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Let the mechanism consist of k links. Each free link, as already men-
tioned earlier, has, in the general case, six degrees of freedom. One of the
links of the mechanism is fixed. Therefore, the number of moving links of
the mechanism is n = k — 1. If the links of the mechanism were not connect-
ed with each other, then the total number of simple motions of all moving
links of the mechanism would be H = 6n. However, the links of the mecha-
nism are not free bodies; they are connected by kinematic pairs. Each kine-
matic pair of Classes I...V reduces the total number of motions by the value
Pi, 2P,, 3P3, 4P,, 5P5, where P; is the number of pairs of the correspond-
ing class (i = 1...5).

By subtracting these constraints from H = 6n, we obtain the number
of degrees of freedom that the links of the mechanism possess:

W=6n-5Ps—4P,~3P:—2P,—P;. 4)

Equation (4) is called the structural formula of a spatial kinematic
chain of general form (Somov—Malyshev formula) and makes it possible to
calculate the number of degrees of freedom of a kinematic chain relative to
the link taken as fixed. The number W is called the degree of mobility of the
kinematic chain.

In Fig. 1.6 a kinematic chain is shown whose links are connected by
Class V pairs with parallel axes.

y

Fig. 1.6. Planar four-bar hinge mechanism

Such a kinematic chain is planar because all its links move parallel to
a certain plane yOz, which is perpendicular to the axes of the rotational
pairs. The links of the mechanism cannot move along the x-axis and cannot
rotate around the y and z axes, that is, of the six possible motions three can-
not be performed
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OTxe, Ha JJAaHKH IHOTO MEXaHI3My HaKJIaJIeHO TPH 3arajbHi YMOBHU
3B'SI3KY 1 CTPYKTYypHY Qopmyny (4) y IIbOMy BHIAIKy HE MOYKHA 3aCTOCyBa-
Td. Yucao crymneHiB cBOOOIM OKPEMO B3ATOI JIAHKM TAaKOrO JIAHIFOTa i3
BpaxXyBaHHSM 3arajJibHUX 3B'SI3KiB JIOPIBHIOE TPHOM, a 3arajbHE YHCIIO CTY-
TIeHiB CBOOOM N JIAHOK JOpiBHIOE 3N.

Jo ckimamy miIockux MeXaHi3MiB MOXKYTh BXOIWTH TUIbKH mapu 1V i
V knaciB, sKi HaKJIaJarTh BiJIOBIHO OJHY a00 JBI YMOBU 3B’SI3KY, TOMY
JUTSI TZIOCKOTO MEXaHI3My CTpYKTypHa Gopmyda (4) Habupae BUTIIALY:

W=3n—2P5—P4. (5)

PiBHicTh (5) Ha3UBaETHCS popmynoro Yebuuiesa.
Jlist Iockoro MexaHi3my, KM MoKa3aHo Ha puc. 1.6, 4ucio cryme-
HIiB PyXOMOCTI BU3HAYA€ETHCS:
W=3n—2 P5—P4:3 3'24:1 .

1.3.2 ®opmyBaHHs MeXaHi3MiB

Y HaykoBil Tpamuiii Teopii MeXaHi3MiB 1 MamIMH OCOOJIMBE MICIe
Hanexxuts podotam JI. B. Accypa. Bin ogHuM i3 mepmmx cucteMaTH3yBaB
X1 10 TO0YJ0BH MEXaHi3MiB 1 3aIIpONIOHYBAaB METOJUKY, IO JIO3BOJISE
CKJIa/IHI KIHEMaTHUYHI CHCTEMH PO3KIAJaTH Ha MPOCTI CTPYKTYpHI TPYIIH.
Takuii migxin 30epirae akTyaJbHICTb 1 ChOTOJIHI, aJPKe cCaMe BiH JIA€ 3MOT'Y
CTY/IGHTaM 1 paKTHUKaM 3pO3yMITH JIOTiKy TOOY/I0BH MeXaHi3MiB Ta ix dy-
HKI[IOHYBaHHSI.

Accyp BU3HAUMB, 10 HAHIPOCTIIIMM MEXaHI3MOM MOKHA BBa)KaTH
CHUCTEMY 3 JIBOX JIaHOK — Hepyxomoi (cTosika) Ta pyxomoi. Pazom BoHu
YTBOPIOIOTH KiHEMAaTH4YHWU JIaHIIoT V kiacy. llel 6a3oBuii BUMagok oTpu-
MaB Ha3BY nouamkoeuti mexanizv I knacy. Moro ocoGnueicts momsrae y
TOMY, III0 CTYIIHb PYXOMOCTI Takoi cucteMu jopiBHioe onunuil (W=1), a
3HAYUTh, PyX BU3HAYAETHCS OJHI€I0 KoopauHaTtor. Ha puc. 1.7 (a, 6) HaBe-
JEHO MPHUKIAAN TaKUX MEXaHi3MiB: oOepTajbHa Hapa, IO iMITye IBEPHY
METIIIO, Ta MOCTYTANbHA T1apa, aHaJIOTIYHA HAMPSIMHIN ITYXIISIH.

BaxxauBo mifKpecIMTH, 110 MOYATKOBUN MexaHi3M | kjacy He Mae
BEJICHUX JIaHOK, a OT)KE, HE BUKOHYE IepeTBOpeHHA pyXy. [IpoTe came BiH €
0a3010, 10 SIKOT OJAIOTHCS 1HILI TPYIH JIAHOK.
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Therefore, three general constraints are imposed on the links of this
mechanism, and the structural formula (4) cannot be applied in this case.
The number of degrees of freedom of an individual link of such a chain,
taking into account the general constraints, is equal to three, and the total
number of degrees of freedom of n links is equal to 3n.

Only pairs of Classes IV and V, which impose one or two constraints
respectively, can be part of planar mechanisms. Therefore, for a planar
mechanism, the structural formula (4) takes the form:

W=3n—2P5—P4. (5)

Equation (5) is called the Chebyshev formula.
For the planar mechanism shown in Fig. 1.6, the number of degrees
of mobility is determined as follows:
W=3n-2 P5—P4:3 -3-2-4=1.

1.3.2 Formation of Mechanisms

In the scientific tradition of the theory of mechanisms and machines,
a special place belongs to the works of L. V. Assur. He was one of the first
to systematize the approach to constructing mechanisms and proposed a
method that allows complex kinematic systems to be decomposed into sim-
ple structural groups. This approach remains relevant today, as it enables
both students and practitioners to understand the logic of constructing
mechanisms and their functioning.

Assur defined that the simplest mechanism can be considered a sys-
tem of two links — a fixed one (the frame) and a moving one. Together they
form a kinematic chain of Class V. This basic case received the name initial
mechanism of Class |. Its feature is that the degree of freedom of such a
system equals one (W = 1), which means that the motion is determined by a
single coordinate. In Fig. 1.7 (a, b), examples of such mechanisms are giv-
en: a rotational pair simulating a door hinge, and a translational pair similar
to a drawer guide.

It is important to emphasize that the initial mechanism of Class | has
no driven links and therefore does not perform motion transformation.
However, it serves as the basis to which other groups of links are added.
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Bynap-axuit  cxmagHimmid Mexa-
Hi3M 3 BEJICHUMH JIAHKAMH CTBOPIOETHCS
HIISIXOM npueOHanus epynu Accypa —
CrelianbHOl CTPYKTYpHOI TpyIH, sKa
Ma€ HYJIbOBUH CTYIIHb PyXOMOCTI BiA-
HOCHO THX JIAHOK, JIO SIKHX BOHA IPUE-

a) 6) HaHa. TakuM ymHOM, Accyp (pakTUUHO
3aMporoOHyBaB «OyIIBETBHUA KOHCTPY-
Puc. 1.7. Mexanismu I knacy KTOp» JUIsl MEXaHi3MiB: BiJ HaHIpoCTi-

(a — obepranbHa mapa; 6 — MOCTyMAIb-

IIOr0 [0 HAaWCKIAIHIIINX CUCTEM.
Ha mapa)

Cporoani e Mmiaxix axTUBHO
BUKOPHCTOBYETHCS TPU KOMIT I0TepHOMY MojemoBanHi y CAD-cuctemax
(SolidWorks, CATIA, Autodesk Inventor Tomno), Koau MeXaHi3M MPOEKTY-
€TBbCS HE OJpa3y sIK CKJIaJHa CHCTeMa, a 4epe3 HapOIyBaHHsS MPOCTUX
rpyn. Y MeTuIVHI aHaJOTIYHUN TMPHUHITAI 3aCTOCOBYETHCS MPH CTBOPEHHI
OlOHIYHHMX TPOTE3iB: MOYATKOBHI MEXaHi3M MOXE BIATBOPIOBATH PyX CYT-
no0a, a moxaHi rpynu Accypa — 3a0e31euyBaTi CKIaJHIITY TPAEKTOPI0 Py-
Xy KiHITiBKH.
Takum ynHOM, i1t Accypa — 116 He IPOCTO TeOpPETHYHE BH3HAUYCHHS,
a yHiBepcalbHUI 1HCTPYMEHT, SIKHI JIOTIOMAarae 3pO3yMITH i KOHCTPYIOBaTH
CydacHi MexaHi3Mu. BOHa Hajae CTYAEHTY MOXXJIHMBICTH MOOAUUTH JIOTIKY
noOYIOBU CKIJIQJHUX CHCTEM i 3pO3yMITH, IO Oy/b-siKa CKJIaJHa KOHCTPYK-
ISl CKJIQIA€THCS 3 TPOCTHX 0A30BHUX €JIEMEHTIB.
B rpynax Accypa MaeMo TeBHY 3aJIe)KHICTh MiXk KUTBKICTIO JIAHOK i
KiHEeMaTHYHUX T1ap, SIKa BUILIMBAE i3 OCHOBHOT YMOBH iCHYBAaHHS TPYIIH:
W=3n-2Ps—P,=0. (6)

SAxuio Bpaxysary, mo napu IV ximacy MoXHa 3aMiHHTH mapamMu V
KJIacy, TO 3 PiBHSHHS (6) MOXKHA 3aIHCaTH:

Pzgn. @)

OCKUIBKY YMCIIO JIAHOK 1 Tap Moke OyTH 1iiiuM, To yMoBY (7) 3a10-
BOJIBHSIIOTH TaKi CIOJIYYCHHS YMCEN JIAHOK 1 KIHEMaTHYHMX Iap, 10 BXO-
JSITh y TPYITY:

n:2468...
Ps:36912 ...
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Any more complex mechanism
with driven links is created by attaching

I:I’l an Assur group — a special structural
group that has zero degree of mobility

55557& o relative to the links to which it is con-
nected. Thus, Assur essentially proposed
a “construction set” for mechanisms:
Fig. 1.7. Mechanisms of Class | from the simplest to the most complex
(a— rotational pair; b — translational pair) ~ Systems.
Today this approach is actively
used in computer modeling in CAD sys-
tems (SolidWorks, CATIA, Autodesk Inventor, etc.), where a mechanism is
designed not immediately as a complex system but through the incremental
addition of simple groups. In medicine, an analogous principle is applied in
the creation of bionic prostheses: the initial mechanism may reproduce the
motion of a joint, while the added Assur groups provide a more complex
trajectory of limb movement.

Thus, Assur’s idea is not merely a theoretical definition but a univer-
sal tool that helps to understand and design modern mechanisms. It gives
the student the opportunity to see the logic of constructing complex systems
and to understand that any complicated design is composed of simple basic
elements.

In Assur groups, there is a certain dependence between the number of
links and kinematic pairs, which follows from the basic condition of the
group’s existence:

A

W=3n-2PsP,=0. (6)

If we take into account that Class IV pairs can be replaced by Class V
pairs, then from equation (6) we can write:

Pzén
2

: (7
Since the number of links and pairs must be integers, condition (7) is
satisfied by the following combinations of numbers of links and kinematic
pairs included in the group:
n2468...
Ps:36912 ...
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TakuM 9MHOM, KUTBKICT JJAHOK Y TpyHi Accypa MOBHHHA OyTH Tib-
KA TapHOI0, a TOMY MiHIMaJlbHa KUIBKICTh KiHEMaTHYHHX Tap IOPiBHIOE
TPHOM.

[Ipukmamom Takoi rpynu € maTyH i KOpoMucio (2-3) y mapHipHOMY
YOTHpHIAaHKOBOMY MexaHi3mi (puc. 1.6). Ilicis mpukpituteHHS 1€l Tpynn
JI0 Bey4oi JJaHKH, CTYMiHb PyXOMOCTI MEXaHi3My JOPIBHIOE

W=3n-2Ps=3-3-2-4=1,

TOMY IIIO CTYIiHb PyXOMOCTI rpym (2-3)
W=3n-2Ps=3-2-2-3=0,

OCKIJTbKH rpyna Accypa Mae 1Bl pyXOMHUX JJaHKH 1 TpPH KiHEMaTUYHUX MapH.
1.3.3 CtpykrypHa ki1acudikauia MexaHizmiB

CrpykrypHa Kiacu@ikamis MeXaHi3MiB Ma€ BaKIMBE MPAKTHIHE
3HAaYeHHS, OCKUTBKH JI03BOJIIE CHCTEMATH3YBaTH PI3HOMAaHITHI KOHCTPYKIIIi
Ta MIBUJKO OPIEHTYBaTHCA Yy IXHIX BIACTHBOCTSX. 3aMiCTh XaOTHYHOTO Ha-
0opy JaHOK 1 map imkeHep abo CTYJACHT Oa4yMTh JIOTIYHY CHCTEMY, B SKid
KOXKEH €JIEMEHT BHKOHYE IEeBHY pouib. Lle 3Ha4uHO cmpolrye He Juine Ha-
BYaHHSI, ajie ¥ MPOEKTYBaHHS HOBUX MAIIIUH.

IMpu crpykTypHili knacudikamii MexaHi3MiB KOPUCTYIOTBCS TaKUMH
HOHATTAMU:

e Knac mexanizmy BU3HAYAETHCSI HAWBUILMM KJIAaCOM Ipynu Accypa,
10 BXOJUTH 10 Horo ckiany. e o3Hadae, mo 3arajibHa «CKIa-
HICTBb» MEXaHi3My BU3HAYAETHCSl HAWOUIBIII CKIIAHOIO CTPYKTYP-
HOIO TPYIIOH0.

e Knac epynu Accypa BU3HaYa€ThCS HAMBHUIIMM KJIaCOM KOHTYpa, IO
BXOJUTH 10 ii ckJiaay. TOOTO YMM CKIIQJAHIIIUN KOHTYP, TUM
BUIIWH KJIAC MA€ rpyma.

e Knac xonmypa BU3BHAYa€THCS KUTBKICTIO KIHEMAaTHUHUX T1ap, SKi
1oro yTBoproroTh. Hanpukinaza, TpUKyTHHI KOHTYDP HAJIEKUTh 10
III knacy, a 6araroxytHuii — 10 IV abo V knacy.

e  Konmypom Ha31BaIOTh 3aMKHYTY 00J1aCTh IJIOMIMHHY, SIKa OOMexe-
Ha JJaHKaMu MexaHizMmy. Came 11i 3aMKHEHi CTPYKTYpH JI03BOJISIFOTh
BU3HAYATH PyX 1 MepeiaBaTy HOro BiJl BEIy4YUX JIO BEJICHUX JIAHOK.
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Thus, the number of links in an Assur group must always be even,
and therefore the minimum number of kinematic pairs equals three.

An example of such a group is the connecting rod and rocker (2-3) in
the planar four-bar hinge mechanism (Fig. 1.6). After attaching this group
to the driving link, the degree of mobility of the mechanism is:

W=3n-2Ps=3-3-2-4=1,

since the degree of mobility of the group (2-3) is:
W=3n-2Ps=3-2-2-3=0,

because the Assur group has two moving links and three kinematic pairs.

1.3.3 Structural Classification of Mechanisms

The structural classification of mechanisms has important practical
significance, as it allows various designs to be systematized and makes it
possible to quickly navigate their properties. Instead of a chaotic set of links
and pairs, an engineer or student sees a logical system in which each ele-
ment performs a specific role. This greatly simplifies not only learning but
also the design of new machines.

In structural classification of mechanisms, the following concepts are
used:

o The class of a mechanism is determined by the highest class of the
Assur group included in it. This means that the overall “complexi-
ty” of the mechanism is defined by the most complex structural
group.

e The class of an Assur group is determined by the highest class of
the contour included in it. That is, the more complex the contour,
the higher the class of the group.

o The class of a contour is determined by the number of kinematic
pairs that form it. For example, a triangular contour belongs to
Class I11, while a polygonal contour belongs to Class IV or V.

e Acontour is a closed area of a plane bounded by the links of a
mechanism. These closed structures make it possible to define
motion and transfer it from driving to driven links.
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BaxnmBo po3ymiTH, MO CTPYKTypHa Kiacudikailis Aomomarae He
JIMILIE «PO3KIACTH» MEXaHi3M II0 MOJUYKax, ane i mepeadadutu ioro mo-
Beainky. Hanpuknan, y npoctux mexanizmax (I — Il xiacy) Tpaekropii pyxy
JIETKO OMHUcaTH MareMatndHo, a y cknagnimux (III — IV xmacy) nmotpi6Hi
CreIfiaibHI METOAM aHai3Yy.

Y peanpHOMY KHUTTI MPUKIaan Kiacu(ikamii 3yCTpidaroThCs BCIOIH:
y JOBUTYHaX BHYTPIIIHHOTO 3TOPSHHS BHUKOPUCTOBYETHCS KPHBOLIMUITHO-
maryHHuA MexaHi3M Il kimacy; y aBToMaTH30BaHUX JIiHIAX — 0araToIaHKOBI
mexanizmi Il kmacy; y poOOTOTEXHIlll Ta eK30CKeIeTax — CKJIaqHi MeXaHi-
3mu 1V kimacy, 1o 1arTh 3MOTY IOBTOPIOBATH PYXH JIOAWHH.

TakuM YHMHOM, CTPYKTypHa Kiacudikallisi € CBOEPITHOIO «MOBOIO»
JUTSL OMUCY CKIIQJAHOCTI MEXaHI3MiB, fKa 3po3yMmilla SK CTyIEHTY, Tak i
IH)KEeHEepy-TIPAKTHKY.

1.3.4 BuzHaueHHs KJacy MeXaHi3My

st 3py9HOCTI BUBUEHHS MEXaHi3MIB 1 pO3pOOKH 3aralbHUX METOMIB
MPOEKTYBAaHHS JOIUILHO MeXaHi3MH KiacugikyBaTu. PosrisiHemo Bu3Ha-
YEeHHS KJ1acy MeXaHi3My Ha AESKHUX MPUKIIaLax.

1. Kpusowunro-nog3ynuuii mexanizm. Lleit mexanizm (puc. 1.8) ckmana-
€THCS 3 TMOYATKOBOr0 MexaHi3my I kiacy 1 rpymu Accypa, sika CKIaIaeThes y
CBOIO Hepry i3 maTyHa (J1aHka 2) 1 no3yHa (J1aHka 3). KoHTypH, SKi yTBOPIOIOTH
IO TPyMy (JTaHKK
2 1 3), xoxen Il
KJIaCy, OCKLUIbKH
Il JJAHKA Haje-
JKaTh 0 JBOX Ki-
HEMaTUYHUX Tap.
Orxe, rpyna Ac-
cypa Takox Il
KJIacy 1 BeChb Me- Puc. 1.8. KpuBommmHo-moB3yHHuit MexaHi3m II kmacy

xaHi3m Il kiacy.

2. Ha puc. 1.9 300pakeHuid MIECTHUJIAMKOBUI MEXaHi3M, SIKUH Mae€ y
CBOeMY cKJiafi sxopcTkuid TpukyTHuK BFC. Skmio Begydoro € nanka OA, To
rpyna Accypa TiUibku oHa. BoHa ck1ama€eThes 13 TphOX CTEP)KHIB (JIaHKH 2,
415) i omHOTO TPUKYTHUKA (J1aHKA) 3.
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It is important to understand that structural classification not only
“arranges” a mechanism but also helps predict its behavior. For example, in
simple mechanisms (Classes | — 1) motion trajectories can be described
easily with mathematics, while in more complex mechanisms (Classes Il —
IV) special methods of analysis are required.

In real life, examples of classification are found everywhere: in inter-
nal combustion engines the crank-and-rod mechanism of Class Il is used; in
automated production lines — multi-link mechanisms of Class Ill; in robot-
ics and exoskeletons — complex mechanisms of Class IV, which make it
possible to replicate human motion.

Thus, structural classification is a kind of “language” for describing
the complexity of mechanisms, understandable to both the student and the
practicing engineer.

1.3.4 Determining the Class of a Mechanism

For the convenience of studying mechanisms and developing general
design methods, it is appropriate to classify mechanisms. Let us consider
the determination of the class of a mechanism using several examples.

1. Crank-slider mechanism. This mechanism (Fig. 1.8) consists of an

initial mechanism of Class | and an Assur group, which in turn consists of
the connecting
rod (link 2) and
the slider (link
3). The contours
formed by this
group (links 2
and 3) are each
of Class I, since
these links be-
long to two kinematic pairs. Hence, the Assur group is also of Class II, and
the entire mechanism is of Class I1.

2. In Fig. 1.9 a six-link mechanism is shown, which contains within
its structure a rigid triangle BFC. If the driving link is OA, then there is only
one Assur group. It consists of three rods (links 2, 4, and 5) and one triangle
(link 3).

Fig. 1.8. Crank-slider mechanism of Class Il
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Tpukytauk BFC — kontyp Il kiacy, Tomy i Bech mexanizm III kina-
cy. AJe sIKIo BHOpaTy 3a Bexydy JlaHKy FM, To kapTuHa 3MiHIOETBCS 1 TO-
I gicranemo mexani3m 1l kiacy, sikuii ckilagaeThes 13 ABox rpym Accypa Il
kiacy (ue nanku 1-2 i 3-4).

F

Puc. 1.9. Hlectunankoruii Mmexani3m 111 knacy

3. Ha puc. 1.10 300paxeHuii MexaHi3M iHIIOTO Kiacy. TyT y ckiami
rpyma Accypa MaeMo YOTHPHUCTOPOHHIN 3aMKHYTHH HEXOPCTKHH KOHTYD
BCDF. Ll rpymna BimHocuThes A0 IV kiacy, ToMmy i Bech MexaHizMm IV kiacy.

MoxyTb OyTH KOHTYpH 1 rpymu Accypa, a TaKoX i MeXaHI3MHU BU-
UX KJIaciB. AJie gacrimie 3ycTpivatotees rpynu 1 mexanizmu 11 i 111 kmacis.

/ 3 M

Od 6 F D
Puc. 1.10. [llectunankoBuii MexaHizm [V kiacy

Kpim kimaciB MexaHi3MiB i TpyI BaKIIMBO PO3PI3HATHU 1€ U nOpsOOK
epynu Accypa. SIKIo «Kiacy Mmokasye CKIaIHICTh BHYTPIIIHBOI CTPYKTYpH
rpyny (KUTbKiCTh KOHTYPIB 1 KIHEMAaTHYHHX T1ap), TO IOPSIIOK» OIUCYE, K
came epyna npueoHana 00 0CHOBHO20 Mexanizmy. Ilopsoox epynu Bu3Haua-
€THCSI KUIBKICTIO TOYOK (€JIEMEHTIB), Yepe3 sKi Il rpyna 3’€JIHaHa 3 YKe ic-
HYIOYHM MEXaHi3MOM.
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The triangle BFC is a contour of Class Ill, therefore the entire mech-
anism is of Class Ill. But if FM is chosen as the driving link, the situation
changes, and then we obtain a mechanism of Class 11, which consists of two
Assur groups of Class Il (links 1-2 and 3-4).

Fig. 1.9. Six-link mechanism of Class Il

3. In Fig. 1.10 a mechanism of another class is shown. Here, within
the Assur group, we have a four-sided closed flexible contour BCDF. This
group belongs to Class 1V, therefore the entire mechanism is of Class IV.

There may exist contours and Assur groups, as well as mechanisms
of even higher classes. However, groups and mechanisms of Classes Il and
I11 are encountered most frequently.

4

Og 6 F D

Fig. 1.10. Six-link mechanism of Class 1V

In addition to the classes of mechanisms and groups, it is also im-
portant to distinguish the order of an Assur group. If the “class” indicates
the complexity of the internal structure of the group (the number of con-
tours and kinematic pairs), the “order” describes how exactly the group is
connected to the main mechanism. The order of a group is determined by
the number of points (elements) through which the group is attached to the
existing mechanism.
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VY HalimpocTimoMy BUNAAKy Ipylna NPUEAHYETHCS y ABOX TOUKAX —
ne rpyna /I nopaoky. llpuknaa: KpUBOIIMITHO-MIATYHHUN MexaHizM. Tyt
HIATYH i MOB3YH YTBOPIOIOTH TPYILY, SIKa MPUKPIILTIOETHCS A0 KPUBOIIUIIA i
CTIKHM y JBOX Micusix (quB. puc. 1.8).

Slxmmo x s mpuenHaHHSA TOTPiOHI Tpu abo OinbIe TOYOK, TO Tpyma
Mae Bumuit nopsiaok (111 gu IV). Le Bxxe cknamHimI MexaHi3MH, Y SKHX HO-
Ba Ipyna 3B’s3aHa 3 OCHOBHOIO CHUCTEMOIO OUIBII >KOPCTKO i OaraTtocTto-
POHHEBO (auB. puc. 1.9).

Hasiwo ye nompiono? 3uaHHs OpAAKY Tpymy Accypa J03BOIISIE TIpa-
BUJILHO OYy/AyBaTH JITOPUTM CTPYKTYpHOrO aHanizy. Po3ymiHHS TorO, y CKi-
JBKOX TOYKAX TPYyIa KOHTAKTYE 3 MEXaHi3MOM, € 3MOT'Y BU3HAUUTH i1 poiib

- 1pynu Il mopsnxy 3a3Buyail 3acTOCOBYIOTH AJsl POPMYBaHHS TPO-
CTHX MEXaHi3MiB, Jiec TIOTPiOHa mepenava pyxy 06e3 yCKiIaIHeHb;

- rpymu -1V nopsaKy BUKOPHCTOBYIOTBCS y CKIIQIHIIINX MAllld-
Hax, Jie¢ HeOOXIqHO 3a0e3NeunTH 0araTOTOYKOBY OINOpPY, CTaOLIb-
HICTB 1 BUCOKY TOYHICTb PYyXY.

TakuM 9rHOM, KJacHh Ta MOPSAAKU Tpym Accypa — IIe CBOEpiTHUI
«andasiT», IKUM KOPHCTYETHCS 1HXKEHEP, MO0 CKIaIaTH 3 MPOCTHX eIeMe-
HTIB CKJIaJIH1 MEXaHI3MHU.

[Mpuknamu ans xpamoro po3yminas. [loOyrosuit mpuknan (LEGO
a00 KOHCTPYKTOP). YaBiMO, 110 BU npuennyere aetans LEGO no koHctpy-
Kiii. SIko BOHa 3akpimvicHa JIMIIE y JBOX TOYKaX — BOHA PYXJIUBA, 1 1€
rpyna Il mopsiaky. SIKIo * Bu 3aKpinuiy ii y TphOX Y4 YOTHPHOX TOYKAX -
Pyx 0OMEXEHHUI 3HAYHO CHIIBHIILIE, 1 [Ie BXKeE IPyIla BUILOTO TOPIIKY.

CyuacHi npuknaau 3 TexHiku. Y 3D-npunarepax npocrti rpynu I mo-
panKy 3a0e3MedyroTh pyX APYKYIOUOi TOJIBKHU MO0 HANPSAMHHX OCSX. Y Po-
0OTH30BaHUX MAHIMYNATOPax MPOMHUCIOBUX poOotiB rpynu I mopsmky
CTBOPIOIOTH OUTBII CKJIaHI KOMOIHAIT pyXiB pyKH, KOJIH Tpebda TOYHO TO-
3UI[IOHYBATH IHCTPYMEHT y MIPOCTOPI.

VY aBianiiiHiil TexHIl (HanpUKIaj, y MeXaHi3alii Kpuia JliTtaka) BH-
KOPUCTOBYIOTHCS TPYIIH BUCOKOTO MOPSAKY, 00 3a0€3MeUUTH OJHOYACHHUH
1 CHHXPOHI30BaHHH PyX JIEKITBKOX €JIEMEHTIB MPH PO3KIIAIaHHI 3aKPUIIKIB
YH eJIepPOHiB.
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In the simplest case, a group is connected at two points — this is a
group of second order. Example: the crank-and-rod mechanism. Here, the
connecting rod and the slider form a group that is attached to the crank and
the frame at two places (see Fig. 1.8).

If three or more points are required for attachment, then the group is
of a higher order (111 or 1V). These are already more complex mechanisms,
in which the new group is connected to the main system more rigidly and in
multiple ways (see Fig. 1.9).

Why is this necessary? Knowing the order of an Assur group makes it
possible to correctly construct the algorithm of structural analysis. Under-
standing how many points the group contacts the mechanism through al-
lows us to determine its role:

- groups of second order are usually used to form simple mecha-
nisms where motion transfer is needed without complications;

- groups of third—fourth order are used in more complex machines,
where multi-point support, stability, and high precision of motion must be
ensured.

Thus, the classes and orders of Assur groups are a kind of “alphabet”
used by the engineer to compose complex mechanisms from simple ele-
ments.

Examples for better understanding. A household example (LEGO or
construction Kit). Imagine that you attach a LEGO piece to a structure. If it
is fixed at only two points, it remains movable, and this is a group of second
order. If you fix it at three or four points, the motion is much more restrict-
ed, and this is already a higher-order group.

Modern engineering examples. In 3D printers, simple groups of se-
cond order ensure the movement of the print head along the guide axes. In
robotic manipulators of industrial robots, groups of third order create more
complex combinations of arm motions when precise positioning of a tool in
space is required.

In aviation technology (for example, in wing mechanization of an
aircraft), high-order groups are used to ensure simultaneous and synchro-
nized movement of several elements during the deployment of flaps or ai-
lerons.
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1.3.5 CTpykTypHHUii aHATI3 MUIOCKUX MeXaHi3MiB

VY 3aexHOCTI BiJ KJ1acy MeXaHi3My i MOpsAKY rpyn Accypa BUKOPHU-
CTOBYIOTHCSI Pi3HI METOAM KIHEMAaTHMYHOTO Ta AMHAMIYHOTO JOCIHiKEHHS.
CaMe CTpYKTYpHHH aHami3 IO3BOJIIE «po3i0paTm» CKIagHy KOHCTPYKIIIO
Ha TIPOCTi IeMEHTH | Kpallle 3p03yMITH JIOTIKY i1 poOOTH.

CmpyxkmypHuti ananiz — TIpoIleC BU3HAYEHHS PyXOMOCTI MEXaHi3My
(KITBKOCTI CTYIMEHIB PyXOMOCTI), HOro pO3KJIaJaHHs HA MOYaTKOBHN MeXa-
Hi3M Ta rpynu Accypa. Takuid miaxix JO3BOJISIE CHCTEMAaTU3yBaTH BEIUKY
KUTBKICTh Pi3HOMaHITHHX MEXaHi3MiB 1 CTBOPIOE OCHOBY UISI MOJAIIBIINX
KIHEMaTUYHUX Ta CHIIOBUX PO3PaxyHKIB.

[Ipu cTpykTypHOMY aHai3y HEOOXiTHO TOTPUMYBATHCS TIPABHII

e TIOYMHATH BUAUICHHS Tpyn Accypa 3 THUX JIaHOK, sIKi HaiOiLIbII
BiJiasieH1 Bi Beydof;

e B IEPIIy YEePry BiOKPEMITIOBATH OLIBII MPOCTI CTPYKTYPHI TPyIH
(miagm), 106 CIPOCTUTH TMOAATBIIUI aHATI3;

® CTEeXHTH, W00 CTYMiHb PYXOMOCTI MEXaHi3My 3aHIIaBCS
HE3MIHHMM ITICJISI KOKHOTO BHAIJICHHS,

e TaM’STaTH, IO KOXKHA JIaHKa 1 KOXKHA T1apa MOXKE BXOJUTH JIHIIE
JI0 OJTHI€T CTPYKTYPHOI TPYIIH.

PosrnsHeMo Kijibka 3HAHOMHX TPUKJIAJIIB.

Cxnaouuti ousan. Konu Mu po3kinagaeMo JUBaH y JiXKKO, 0adnMo
CKIIQJIHy CHCTEMYy BaKeJiB 1 mIapHipiB. SIKIIO 3acToCcyBaTH CTPYKTYpHUH
aHaJi3, TO MOXHa BWIUTUTH IMOYATKOBHUH MeXaHi3M (OCHOBa JHWBaHA) Ta
KUIbka Tpyn Accypa, IO BIANOBIZAIOTH 3a PI3HI €Tanmu pyxy: HigioMm
CHIIHHS, PO3KPUTTS CIIMHKH, BUCYBaHHS HW)KHBOT CEKIIii.

Hoorcuyi. 1le HaWTIpOCTINI TDIOCKUNA MEXaHi3M: Bl TaHKHU (PYYKH 3
Jie3aMu) 3’€IHaHI OJHIEI0 00epPTATbHOK KIHEMATHYHOK Maporo (LIapHIp).
CTpyKTYpHHUH aHalli3 TYT Jy’Ke MPOCTHH — ycsa cHCTeMa 3BOAMTHCS JIO O/
Hiel rpynu Accypa. [IpoTe 1ieid npukiaj nokasye, o HaBiTh HAWIPOCTIIi
IHCTPYMEHTHU TPYHTYIOTBCS Ha THUX CAMHUX IMPHHIMIAX, 0 W CKIAJHI Ma-
IIMHU.

Ilapaconvka. Ilpy po3KpUTTI NapacoNbKH HPALIOE MEXaHI3M 3 Belly-
Y010 JJAaHKOIO (pyXOoMa BTYJIKA) Ta TPYIOIO CIHIlh, IO PO3XOISTHCS, YTBO-
PIOIOYH KYIOJ. YMOBHO MOXHA BUAUIUTH MOYATKOBUH MEXaHi3M 1 KiJibKa
rpyn Accypa, sIKi BA3HaYal0Th HAPSIM 1 CHHXPOHHICTD PyXy crnuib. Lle uy-
JIOBHH MPUKIIAJ 3pYIHOTO MTPHUKIIAJHOTO MEXaHI3MY.
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1.3.5 Structural Analysis of Planar Mechanisms

Depending on the class of the mechanism and the order of Assur
groups, different methods of kinematic and dynamic analysis are used.
Structural analysis makes it possible to “break down” a complex design into
simple elements and better understand the logic of its operation.

Structural analysis is the process of determining the mobility of a
mechanism (the number of degrees of mobility), decomposing it into the in-
itial mechanism and Assur groups. This approach allows the systematiza-
tion of a large number of different mechanisms and creates the foundation
for further kinematic and force calculations.

During structural analysis, certain rules must be followed:

o start identifying Assur groups with the links that are farthest from
the driving link;

« B first separate the simpler structural groups (dyads) to simplify fur-
ther analysis;

e ensure that the degree of mobility of the mechanism remains un-
changed after each separation;

e remember that each link and each pair may belong to only one
structural group.

Let us consider several familiar examples:

Folding sofa. When we unfold a sofa into a bed, we see a complex
system of levers and hinges. Applying structural analysis, we can distin-
guish the initial mechanism (sofa base) and several Assur groups responsi-
ble for different stages of motion: lifting the seat, unfolding the backrest,
extending the lower section.

Scissors. This is the simplest planar mechanism: two links (handles
with blades) connected by a single rotational kinematic pair (hinge). The
structural analysis here is very simple — the whole system reduces to one
Assur group. However, this example shows that even the simplest tools are
based on the same principles as complex machines.

Umbrella. When an umbrella is opened, the mechanism operates with
a driving link (the sliding sleeve) and a group of ribs that spread out to form
the canopy. Conditionally, we can distinguish the initial mechanism and
several Assur groups that determine the direction and synchronization of rib
movements. This is an excellent example of a convenient applied mecha-
nism.
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Temep mOBepHEMOCS [0 KJIACHYHOTrO MpHKIany (pucyHok 1.11).
PosrnsyBanuii eCTUIAHKOBUN TUTOCKMN MexaHisMm (puc. 1.11, a) mae
'STh PyXOMHX JIaHOK (N = 5) i cTosAK (HepyxoMma JiaHKa 6). BiH yTBOpioe
ciMm kinematnanux nap V kmacy (Ps = 7), cepen AKuX IIicTh o0epTaIbHUX
(6-1, 1-2, 2-3, 2-4, 6-3, 4-5) i onHa nocrynansHa (5-6). Beay4oro € nanka 1.

2) 0)

Puc. 1.11. lllecTunankoBui MIIOCKUI MEXaHI3M
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Now let us return to a classical example (Fig. 1.11). The six-link planar
mechanism shown (Fig. 1.11, a) has five moving links (n = 5) and a frame
(fixed link 6). It forms seven kinematic pairs of Class V (Ps = 7), among
which six are rotational (6-1, 1-2, 2-3, 2-4, 6-3, 4-5) and one translational
(5-6). Link 1 is the driving link.

d) €)

Fig. 1.11. Six-link planar mechanism
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BusHauaemo cTymiHb pyxoMocTi MexaHismy (popmyia Uebuiiesa)
W=3n-2Ps—P,=3-5-2-7-0=1.

Jani mocnmigoBHO BigokpemintoemMo rpynu Accypa. Crodatky Bifo-
KPEMJIFOEMO HaMOUTBINI BiJIajeHy BiJ Beaydoi JiaHku rpyny Accypa. Le
JaHku 4 1 5, Kl yTBOPIOIOTH TpH KiHemMaTu4Hi napu V kiacy (puc. 1.11, 6).
Bamumok cuctemu (N=3, Ps=4) mae W=1, 1o miareepKye npaBUiIbHICTH
BimokpemieHHs rpymu (puc. 1.11, ). HacTymHUM KpOKOM BUIUIAIOTHCS
manku 2 13 (puc. 1.11, 2). 3anumox MexaHi3My — IMOYaTKOBUI MexaHi3M |
kiacy (puc. 1.11, 0). Bei rpynu Accypa apyroro Kiacy, a OT)Ke, BeCb Me-
XaHi3M HajnexuTh 110 11 kiacy.

®dopmyna moOyA0BU IILOTO MEXaHI3MY

1(6-1) « 11(2-3) « 11(4-5).

TakuM YUHOM, CTPYKTYPHUI aHadi3 He € Juie GopManbHOK Mpole-
Iyporo mis imkeHepiB. lle yHiBepcalbHWUE METOMA, SKHU JO3BOJSE 3pO-
3YMITH JIOTiKy poOOTH SIK CKJIaJHUX MAIIUH Y MPOMHUCIOBOCTI, TaK i MPo-
CTHX TPUCTPOiB y moOyTi. Came 3aBIsIKK HOMY iHKEHEPH MOXKYTh MPOTHO-
3yBaTH POOOTy MEXaHi3MiB, MIEPEBIPATH MPABIIBHICTh TPOEKTHHUX PIlIEHb 1
CTBOPIOBATH HOBI, 3py4Hi Ta e()eKTUBHI KOHCTPYKIIIi.

KouTpoabHi 3anuranus

Ilo Take naHKa MexaHi3My?

Y qoMy pi3HHLA MK MEXaHI3MOM 1 MaIIMHOO?

o Take kiHEMaTH4YHA cXeMa 1 YoMy 11 3aCTOCOBYIOTH?
JaiiTe BUBHa4YEHHS BE1y4Ol Ta BEJEHOI JIaHKHU.

SIki iCHYFOTh TUTIN KiHEMAaTUYHHX T1ap?

UwnM BiJIpi3HAIOTHCS HIDKYI Ta BUIII TApH?

o Take crymninb cBoOoIM Tina?

HaBeniTh npukiaay IIOCKUX MEXaHI3MIB.

o Take MPOCTOPOBHIA MeXaHi3M?

Slka opMyna BH3HAYa€ CTYMiHb PyXOMOCTI MPOCTOPOBOTO MeXaHi3-
Mmy?

Sxa gopmyna Yebumena?

XT0 BBiB HOHATTA Ipyn Accypa?

©WoNoogk~whE

-
©

=
N =
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The degree of mobility of the mechanism is determined using Cheby-
shev’s formula:
W=3n-2Ps—P,=3-5-2-7-0=1.

Next, we sequentially separate the Assur groups. First, we isolate the
group farthest from the driving link. These are links 4 and 5, which form
three kinematic pairs of Class V (Fig. 1.11,b). The remaining system (n = 3,
Ps = 4) has W = 1, which confirms the correctness of separating the group
(Fig. 1.11, c). The next step is to separate links 2 and 3 (Fig. 1.11, d). The
remaining mechanism is the initial mechanism of Class I (Fig. 1.11, e). All
the Assur groups are of Class Il, and therefore the entire mechanism be-
longs to Class I1.

The construction formula of this mechanism is:

1(6-1) « I1(2-3) « II(4-5).

Thus, structural analysis is not just a formal procedure for engineers.
It is a universal method that makes it possible to understand the logic of op-
eration of both complex machines in industry and simple devices in every-
day life. Thanks to it, engineers can predict the functioning of mechanisms,
verify the correctness of design decisions, and create new, convenient, and
efficient constructions.

Control Questions

What is a link of a mechanism?

What is the difference between a mechanism and a machine?

What is a kinematic diagram, and why is it used?

Give the definition of driving and driven links.

What types of kinematic pairs exist?

How do lower pairs differ from higher pairs?

What is the degree of freedom of a body?

Give examples of planar mechanisms.

What is a spatial mechanism?

0. Which formula determines the degree of mobility of a spatial
mechanism?

11. What is Chebyshev’s formula?

12. Who introduced the concept of Assur groups?

HBOooo~NoOkrwNE
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13.
14.
15.
16.
17.
18.
19.
20.

st 90r0 3aCTOCOBYETHCS CTPYKTYpPHA KIacu(ikaliis MexaHizMiB?

Ilo Take KOHTYp y MexaHi3Max?

SIKi Kmacu MexaHi3MiB B 3Ha€Te?

Sxa 0cOOMUBICTD KPUBOIINUITHO-TIOB3YHHOTO MeXaHi3My?

Uwuwm BippizustoTees rpynu Accypa Il i I kmacis?

SIki mpaBmIiia CTPYKTYPHOTO aHATI3y MEXaHi3MiB?

YoMy BasKJIMBO 3HATH CTYIiHb PYXOMOCTI?

Sk moB’s3aHI CTPyKTypa MEXaHi3My Ta WOTO JUHAMIYHUI po3paxy-
HOK?

60



13.

14.
15.
16.
17.
18.
19.
20.

For what purpose is the structural classification of mechanisms
used?

What is a contour in mechanisms?

Which classes of mechanisms do you know?

What is the specific feature of the crank-slider mechanism?

How do Assur groups of Class Il and Class 11 differ?

What are the rules of structural analysis of mechanisms?

Why is it important to know the degree of mobility?

How are the structure of a mechanism and its dynamic calculation
related?
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2 KinemaTnune 10CaiIKeHHS MeXaHi3MiB
2.1 3agayi Ta MeTOAH KiHEMATHYHOIO JOCTiZKEHHS

Kinematnane gocmiKeHHS MeXaHi3My — II€ OJIMH 13 KIIFOYOBHX €Ta-
B BUBYEHHS Horo pobotn. Ha mpomy erami MU pO3INIAIAEMO PyX JIAHOK
0e3 ypaxyBaHHs CHJI, SIKi HA HUX JiIOTh. YBara 30CepeilKyeTbCsl BUKIIOYHO
Ha reoMeTpii pyxy Ta aktopi gacy. lle m03BoIsIE CTBOPUTH MaTEeMAaTUIHY
Ta rpadigHy MOIIeNh MeXaHi3My, SKa Ha/Jajl cTaHe OCHOBOIO JUIA IWHAMIid-
HOT'O aHai3y.

SK BiIOMO 3 KypCcy TEOpETHYHOI MeXaHiku, OyAb-IKUi pyX Tijia Mo-
JKHa OIHCATH Yepe3 TPY OCHOBHI XapaKTePUCTHKU

— nepemiwenHs y IpocTopi (3MiHa TOJOXKEHHS 3 4aCOM);

—  WeUOKicmb — TEMII 3MiHH TOJIOKEHHS;

—  NPUCKOPEHHs. — TEMII 3MiHH IIBUIKOCTI.

Came ToMy 3aJ1a4i KiIHEMaTHYHOTO aHaJi3y HOAUISIOTH HA TPH TPYIIH:

1. Bu3HayeHHsI MOJIOKEHD JJAHOK MEXaHi3My B Oyab-KH MOMEHT

4acy, moOy0Ba TPa€KTOPil TOYOK i BU3HAYSHHS TEPEMIIlEHb.

2. 3HaXO0/DKEHHS MIBHIKOCTEH OKPEMHX TOYOK 1 JIAHOK.

3. Bu3HaueHHs MPUCKOPEHBb (HOPMAIBHUX 1 TOTUYHHX CKIIJI0BHX).

3aBOSKM TAaKOMY AOCIHIIPKEHHIO MM OTPUMYEMO KapTHHY PYyXYy, SKY
MOJKHA TIOPIBHSATH 13 «CIleHapiem» poOoTH MexaHi3my. Jami s indopmartis
BUKOPHUCTOBYETHCS JIJIsl PO3PAXyHKY: TUHAMIYHUAX CHII (CHJI iHepIii, MoMe-
HTIB iHep1Iii), KIHETHYHOT €HEePrii, CIOKUBAHOI MOTYKHOCTI MAIlIUHH.

MeTtoau KiHEeMATHYHOT'O JOCTiI7KEHHS

ChOro/iHi 3aCTOCOBYIOTh KiJIbKa METO/IiB KIHEMaTHYHOTO aHaJi3y.

I'pagpiunuii memoo. bazyernscst Ha MOOYIOB1 CXeM, IUIaHIB IIBUIKOC-
Tel Ta MpUCKOpeHb. J[yxe HaouHuil i 3p0o3yMisTuii, 0OCOOIMBO JIJIs TOYATKO-
BOr0 HaBYaHHS. BUKOPUCTOBYETHCA VIS BiTHOCHO IMPOCTUX MEXaHI3MiB, /i€
MOTPiOHA MIBUJIKA OIIHKA MMapaMeTpiB.

Ipaghoananimuunuii memoo. lloenHye reoMeTpuyHi MOOYI0BH 3 all-
reOpaiyHuMuU po3paxyHKamu. Bin 3pyuHuii, Koiu HeoOXifHa Oinblia TOY-
HICTb, HIX Y YUCTO rpad)iYHOMY METO/I].

Ananimuunuti memoo. BUKOpUCTOBYE DIBHSHHS Ta (QOPMYJH, IO
OMHCYIOTh pyX. HalTouHIMMI MeToM, KUK 3aCTOCOBYETHCS B 1HXKEHEPHIN
NPaKTHUL, 30KpeMa 3 BUKOPUCTAHHSIM KOMII IOTEPHOT'O MOAETIOBAHHS
(manpuxian, CAD-miporpam).
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2 Kinematic Analysis of Mechanisms
2.1 Tasks and Methods of Kinematic Analysis

Kinematic analysis of a mechanism is one of the key stages in study-
ing its operation. At this stage, we consider the motion of the links without
taking into account the forces acting on them. That is, attention is focused
exclusively on the geometry of motion and the factor of time. This makes it
possible to create a mathematical and graphical model of the mechanism,
which later becomes the basis for dynamic analysis.

As is known from the course of theoretical mechanics, any motion of
a body can be described through three main characteristics:displacement in
space (change of position over time); velocity — the rate of change of posi-
tion; acceleration — the rate of change of velocity.

Therefore, the tasks of kinematic analysis are divided into three groups:

1. Determining the positions of the links of the mechanism at any
given moment in time, constructing trajectories of points, and de-
fining displacements.

2. Finding the velocities of individual points and links.

3. Determining accelerations ( normal and tangential components).

Through such an analysis, we obtain a complete picture of motion,
which can be compared to the “scenario” of the mechanism’s operation.
Later this information is used for the calculation of dynamic forces (inertial
forces, moments of inertia), kinetic energy, and the machine’s power con-
sumption.

Methods of Kinematic Analysis

Today, several methods of kinematic analysis are used:

Graphical method. Based on constructing diagrams, velocity plans,
and acceleration plans. Very illustrative and understandable, especially for
initial learning. Used for relatively simple mechanisms where a quick
estimation of parameters is required

Graph-analytical method. Combines geometric constructions with
algebraic calculations. It is convenient when greater accuracy is needed
than in the purely graphical method.

Analytical method. Uses equations and formulas that describe
motion. This is the most accurate method, applied in engineering practice,
in particular with the use of computer modeling (e.g., CAD software).
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Excnepumenmanvnuti memoo. 3aCHOBaHHI Ha CIIOCTEPEKCHHI Ta BH-
MIpIOBaHHI MMapaMeTpiB pyxy peajbHOro MeXaHi3My (3 BUKOPHUCTaHHAM Ja-
TYMKIB, KaMep BUCOKOI IIBHJKOCTI TOLIO). 3aCTOCOBYETHCS LIS MEPEBiPKH
CKJIaJHUX CHUCTEM, SIKi BaXKKO PO3paxyBaTH TEOPETUYHO.

[[o6 kpamie 3po3yMiTH BaXKJIWBICTh KIHEMATHYHOTO TOCIIIKEHHS,
PO3TIITHEMO KiJIbKa TIPHUKIIAIiB:

Hiotiomna nnamepopma ineanionozo eizka. Jlns miaBHoOro ta Oe3ned-
HOTO PyXy HEOOXiZHO TOYHO pO3paxyBaTH IIBHAKOCTI 1 MPHUCKOPEHHS.
Bynp-sKi puBKH 4¥ TepeBaHTaXEHHS MOXXYTh 3pOOUTH MPUCTPil HebOe3me-
YHUM.

Cyuachi pobomu-nunococu. BoHn maroTp 0arato pyxoMux BY3JiB
(komeca, miTKH, MEXaHi3M o0epTaHHs). be3 kiHeMaTH4YHOTO aHaIizy Oyio O
HEMOJKJIMBO 3a0€3MCUUTH iX CHHXPOHHY pOOOTY B yMOBax OOMEKEHOIO
POCTOpY.

Oco0auBoOCTI PyXy JJaHOK

3aKoH pyXy Beaydoi JaHKU 3371aeThest QyHKIiieo ¢ = ¢(t) aast obep-
TaJBLHOTO PyXy ab0 S = S(t) [T MOCTYHATLHOTO PYXY.

VY mpakTHii Hai4acTilie MPUITYCKATh, 0 PYX BEAy4Ol JAHKH pig-
HomipHuii (00epTanbHUN 3 ;=CONSt abo mocTymanbHUK i3 S;=const). Lle
HAOJIMKCHHSL CIIPOIIYE PO3PaxyHKH, i BOHO N0Ope BijoOpaxkae peaibHi
YMOBH PO0OTH 0araTb0X MEXaHi3MiB.

binprmicte MexaHI3MIB y MamnHaxX MawTh Hepioouunuu pyx. lle
O3Hayae, 110 Yepe3 MeBHUH MPOMIXKOK uacy (mepiog 7) cuctema moBepra-
€TBCSl Y BHXIJIHE TIOJIOKEHHS, 1 1i MMapaMeTpy MOBTOPIOIOTHCS. i1 KiHema-
TUYHOTO JIOCHI/PKEHHS JTIOCTATHBO MPOAHATI3yBaTH OJMH IUKI, aJpKe BCi
HACTYITHI OyIyTh iIEHTUYHUMHU.

2.2 Ilo6ynoBa nnaniB MexaHizmy i BuUdip Macmradis

VY nonepeIHbOMY HiAPO3ALII MU 3’SICYBaJH, 110 KiHEMAaTHYHUI aHa-
73 J03BOJISIE BU3HAYATH IOJIOKEHHS, IBUIKOCTI Ta MPUCKOPEHHS JIAHOK
MeXaHi3My, 3a0e3Meuyoun iHKeHepa BUXITHUMU JaHUMH JUIS JHHAMIYHUX
pospaxyHkiB. [Ipote st Toro, mo6 nepeiTu Bix TeOpETUIHUX (HOPMYI 10
KOHKPETHHX pillleHb, HEOOX1IHO HaBYMTHUCS OyIyBaTH HAOYHI ITAHW MeXa-
Hi3MmiB. Came 1i rpadiuni noOyJI0BU CIYTyIOTh PyHAAMEHTOM sl TOAATb-
KX OOYMCIICHB 1 JAF0Th MOXJIMBICTD 3PO3YMITH B3a€MO3B’SI3KH MiXkK OKpe-
MHUMH JIaHKaMd. TOMy HAaCTYIIHHM KPOKOM € PO3IJIsii METOIB MOOYA0BU
IJTaHIB MEXaHi3MiB 1 BUOOpY MacIITaliB.
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Experimental method. Based on observation and measurement of
motion parameters of a real mechanism (using sensors, high-speed cameras,
etc.). Applied for testing complex systems that are difficult to calculate
theoretically.

To better understand the importance of kinematic analysis, let us
consider several examples:

» Wheelchair lifting platform. For smooth and safe motion, it is
necessary to accurately calculate velocities and accelerations. Any jerks or
overloads may make the device unsafe.

* Modern robotic vacuum cleaners. They have many moving units
(wheels, brushes, rotation mechanisms). Without kinematic analysis it
would be impossible to ensure their synchronized operation in a limited
space.

Features of link motion

The law of motion of the driving link is defined by the function
@ = o(t) for rotational motion or s = s(t) for translational motion.

In practice, it is most often assumed that the motion of the driving
link is uniform (rotational with @, = const or translational with s; = const).
This assumption simplifies calculations and well reflects the real operating
conditions of many mechanisms.

Most mechanisms in machines have periodic motion. This means that
after a certain time interval (the period T) the system returns to its initial
position, and its parameters repeat. For kinematic analysis, it is sufficient to
analyze one cycle, since all subsequent ones will be identical.

2.2 Construction of Mechanism Diagrams and Choice of Scales

In the previous subsection, we found that kinematic analysis makes it
possible to determine the positions, velocities, and accelerations of the links
of a mechanism, providing the engineer with initial data for dynamic
calculations. However, in order to move from theoretical formulas to
concrete solutions, it is necessary to learn how to construct clear
mechanism diagrams. These graphical constructions serve as the foundation
for further calculations and make it possible to understand the interrelations
between individual links. Therefore, the next step is to consider methods for
constructing mechanism diagrams and choosing scales.
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[TobymoBy mosnoxeHp JlaHOK (miaHiB) mexaHi3MmiB I kimacy moxkHa
3IIACHIOBATH METOJOM 3acidok. Lleit MeTon BBaXKaeThCs OJHUM 13 HAaHAO-
YHIMWX 1 HAU3PYYHIMIUX JJIs CTYJCHTIB, aJKe JO3BOJISE TIOKPOKOBO IMPO-
CTSKUTH PYX OKPEMHX TOYOK 1 JIAHOK Yy MpocTopi. BiH mmpoko 3acTtocoBy-
€THCS SIK y KIacHYHUX 3aBaaHHsXx TMM, Tak i B cydacHHUX IHXKEHEPHHUX PO-
3po0Kax — BiJl aBTOMOOUTBHOT TEXHIKH 0 pOOOTH30BaHUX MaHIIYyJISTOPIB.

PosrnsiHeMo 1ie muTaHHs HA MPUKIIaIi KPUBOLIMITHO-TIOB3YHHOTO Me-
XaHi3My, KiHEMaTHYHa CXeMa Ta 3akoH pyxy kpusommna OA (w;=const)
akoro 3agai (puc. 2.1). [1o0ynoBy 37iiicHIOIOTE y TIEBHOMY MacmuTadi, 110
3a0e3mneuye 3pyyHiCTh BUMIPIOBAHb 1 TOYHICTh PO3PaxXyHKIB.

Puc. 2.1. TlobynoBa moioKeHb TaHOK KPUBOIIUITHO-TTIOB3YHHOTO MEXaHI3MY

Jli1st IbOTO0 BUKOPUCTOBYIOTh MAacIITaOHUIN KOe(illieHT, SIKUH y 3ara-
JTHHOMY BUTJISII € BiHOUICHHSIM (Pi3MUHOI BeMYMHHU (UIUISAXY, HMIBUIKOCTI
TOINO) IO JOBXXWHH BiJpi3Ka, SKUH IO BEIHMYUHY 300paKy€ Ha PUCYHKY.
Macmrabauii KoedilieHT, SKUH y moJaIbioMy OyJieMo Ha3uBaTH “‘Macil-
TaboM", MO3HAYMMO JIITEPOIO 4 3 1HAEKCOM Ti€i BETMUMHH, SIKY 300pakeHO
rpadigno. Macmrab g Ma€e po3MipHICTb, Y YHCETBHUKY SIKO1 — PO3MIPHICTH
BEJIMYUHH, SIKa 300pa)KyeThCs, y 3HAMEHHHKY — PO3MIPHICTh JOBKHUHU
(Mm).

Hanpuknan, konu 300pakaTs JiHIHHI pO3MIpH MeXaHi3My, MaciuTad
(M/MM) BU3HaYa€eTHCS 32 (OPMYJIIOLO:

:'O_A:'_O_A, (7
OA OA
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The construction of positions of links (diagrams) of Class Il mecha-
nisms can be carried out using the arc method. This method is considered
one of the most illustrative and convenient for students, since it allows them
to trace step by step the motion of individual points and links in space. It is
widely used both in classical TMM problems and in modern engineering
applications — from automotive engineering to robotic manipulators.

Let’s consider this issue using the example of a crank-slider mecha-
nism, whose kinematic diagram and law of motion of the crank OA
(w,=const) are given (Fig. 2.1). The construction is performed at a certain
scale, which ensures measurement convenience and calculation accuracy.

IHamyprrc kpusa

Fig. 2.1. Construction of positions of links of a crank-slider mechanism

For this purpose, a scale coefficient is used, which in general is the
ratio of the physical quantity (displacement, velocity, etc.) to the length of the
segment that represents this quantity in the drawing. The scale coefficient,
which we will hereafter call simply the “scale,” is denoted by the letter u with
the index of the quantity being represented graphically. The scale p has
dimensions, where the numerator corresponds to the dimension of the
physical quantity represented, and the denominator corresponds to the
dimension of length (mm).

For example, when representing the linear dimensions of a mechanism,
the scale (m/mm) is defined by the formula:

loa loa
_— == 7
"= oA OA ")
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ne loa — nilicHa JOBXKHHA KPUBOLIKIIA, M;
OA — noexuna Binpizka OA , MM Ha pucyHKy 2.1.

VY NpakTHYHHX yMOBax IOyX€ BaKJIMBO IIPABUIBHO BHOpAaTH MacIi-
Tab. Skmo BiH Oyae HAATO NpiOHUM, TUIAH CTaHE HE3PYYHHM ISl pOOOTH -
JpiOHi AeTai BaXKKO MOOAYMTH 1 1€ BayKYe BUMIPATH. SIKIIO K 3aHAJITO Be-
JMKUM - KPECJIeHHS HE MOMICTHTHCS HA apKylll i cTaHe HEYHTAOCIHHUM.
Tomy iHXXKEeHEpH AOTPUMYIOTHCS CTaHIAPTHHX MAacIiTadiB, YTBOPEHHX i3
takux nudp: 1, 2, 4, 5, 8 abo ix komOiHamiii (25, 125), mOMHOKEHHX Ha
10%, nek=1,2,3...i T.a.

VY cydJacHill iHXXEHEpHIN MPaKTHIli, KPiM TPaAUIlifHIX KPECIeHb, 3a-
crtocoByroThcst KoM toTepHi CAD-cuctemn (SolidWorks, AutoCAD,
Fusion 360 Tor11o0), ne MacmtabyBaHHsI 3A1HCHIOETLCS aBTOMAaTHYHO. OTHAK
0a30Buil MPUHLMI, BUKIAJCHUN TYT, 3aIMIIAE€THCA AKTYalIbHUM: CTYICHT
MMOBHHEH HABUUTHCS «O0a4UTH» TPOTIOPII MEXaHi3My 1 PO3YMITH JIOTiKY
noOy0BH, MEpII HiX MOKJIaaTHCS Ha MIPOrpaMHe 3a0e3MeueHHS.

1106 3HaTH METOIOM JTYTOBUX 3aCiUOK IMOJIOKEHHS BCiX TOYOK 1 Jia-
HOK MeXaHi3My, He0OXiTHO TOCIiJOBHO PO3TIITHYTH PyX KOXHOI JJAaHKH, BiJl
MOYaTKOBOI IO BUXiJHOI, Y TOMY CaAMOMY IOPSIKY, B SIKOMY BOHU TPHE-
HYIOTBCS 10 MexaHi3My. Kpusommn OA 31ilcHIOE piBHOMIpHUIT 00epTalb-
HUM pyx (w;=const) maBkosio Hepyxomoro uenrpa O. lllatyn 4B 3aiiicHioe
CKJIaJHUN PyX: LEHTp IIapHipa A pyxaeTbcs 10 Koy pamiyca OA, a HeHTp
nrapHipa B — o npsMiii pa3oMm i3 MoB3yHOM B, SIKWH MapHipHO 3B’ s3aHUH 13
HIaTYHOM AB 1 pyXaeThCsi B310BK HEPYXOMOI HaNPsIMHOA.

VY npuknazHid iHXeHepii Led MPUHLMI YacTO BUKOPUCTOBYETHCS,
HaNpPHUKIa, IPU pO3paxyHKax MEXaHi3MiB y JIBUTYHAX BHYTPIIIHHOTO 3TO0-
psHHS 200 y MiIHOMHUX TuIaTPopMax. Yci BOHM 0a3yIOThCsl Ha KPUBOLIHII-
HO-TIOB3YHHOMY MEXaHi3Mi, i caMe TpaBWIbHIIA BHOIp MacITady J103BOJISIE
3 BUCOKOIO TOYHICTIO MepeI0aunuTH NOBEAIHKY CUCTEMH.

Jami 3a moyaTkoBe MOJOXKEHHSI MEXaHI3MYy, K TPaBUIIO, BUOUPAIOTH
OJIHE 3 HOTo KpalHiX mosokeHb. Hexail TakuM mosioskeHHSIM Oyie BUTIAIOK,
KOJIW KPUBOIIMII 1 IATyH BUTATAIOTHCA B oAHY JdiHiI0 OAgBy. Y ueHTpais-
HOMY KPHBOIIUITHO-IIOB3yHHOMY MEXaHi3Mi 15l JIiHisl 30ira€Tbesi 3 Harmpsi-
MOM pyXy LieHTpa miapHipa B. lle BayJIMBO, OCKIIBKH caMe BiJ TAKOT'O I10-
JIOEHHS 3pyYHO NOYMHATH MOJAbINi TOOYI0BH.
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where I,, — the actual length of the crank, m;
OA — the length of the segment OA , mm, in Fig. 2.1.

In practical conditions, it is very important to choose the correct
scale. If it is too small, the diagram will be inconvenient to work with —
small details will be hard to see and even harder to measure. If it is too
large, the drawing will not fit on the sheet and will become unreadable.
Therefore, engineers adhere to standard scales formed from the numbers: 1,
2, 4, 5, 8 or their combinations (25, 125), multiplied by 10, where k = 1, 2,
3...etc.

In modern engineering practice, in addition to traditional drawings,
computer CAD systems (SolidWorks, AutoCAD, Fusion 360, etc.) are
used, where scaling is performed automatically. However, the basic
principle outlined here remains relevant: a student must learn to “see” the
proportions of the mechanism and understand the logic of construction
before relying on software.

To find, by the arc method, the positions of all points and links of the
mechanism, it is necessary to sequentially consider the motion of each link,
from the initial to the output, in the same order in which they are connected
to the mechanism. The crank OA performs uniform rotational motion
(w,= const) around the fixed center O. The connecting rod AB performs
complex motion: the center of joint A moves along a circle of radius OA,
while the center of joint B moves along a straight line together with the
slider B, which is connected by a hinge to the connecting rod AB and moves
along a fixed guide.

In applied engineering, this principle is often used, for example, in
the calculation of mechanisms in internal combustion engines or in lifting
platforms. All of them are based on the crank-slider mechanism, and it is
the correct choice of scale that allows engineers to predict the system’s
behavior with high accuracy.

Next, as the initial position of the mechanism, one of its extreme
positions is usually chosen. Let such a position be the case when the crank
and the connecting rod are aligned in a straight line OA,B,. In the central
crank-slider mechanism, this line coincides with the direction of motion of
the center of joint B. This is important because it is from this position that it
is convenient to begin further constructions.
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Jlai momiTuMo TPaeKTOPit0 TOUKH A Ha TOBUIbLHE YUCIIO PIBHUX Yac-
THH, HanpuKiaz 8§, K Iie moka3aHo Ha pucyHky 2.1. Touku momimy mo3Ha-
quMo Ay, A1, Az, ... y HampaMi obepTaHHs KpuBolnuma. ToOTO mepexin 3
OJIHOTO TOJIOKEHHS B iHIIIE 37iliCHIOEThCs 3a yac 7/8, ne T — nepiox obep-
tanns kpusouma (T=60/n, ¢; N — yacToTa 0GePTAHHS KPHBOLIUIIA, XB ).

[MonoxxeHHs TOYKK B BU3HAYa€EMO METOJIOM JyTOBHUX 3aCi4OK, BPaxo-
BYIOUH, LIO JIOBXXKMHA IIaTyHa AB IpoTAroM pyxy 3alHIIa€Thcsd HE3MIHHOIO.
Jnst mboro 3 TO4OK Ay, A1, A; ... A7 paniycom AB poOUMO AyTOBi 3aciuKy Ha
TpaekTopii Touku B. Y pe3ynpTaTi OTpUMAEMO MOJIOKEHHS EHTPIB MIapHi-
pa B: By, B1, B, ... B7. 3’ennaBmu Touku Al i Bi BinpiskoM AiBi, qicTaHEMO
HOJIO’KeHHS matyHa AB i moe3yna B (i=0, 1, ... 7).

Takum camum criocoboMm OymyeTbcsi TpaekTopis Touku C, sKa Iie-
JKUTH Ha matyHi AB. J{is nporo 3 Touok Ai poOHMMO Ha BiAMOBIIHHX MOJIO-
xenusx AiBI nyrosi 3aciuku pamiycom AC. BusnaumBmm touku Ci i
3’€HABIIN X TUIABHOKO KPUBOIO, JicTaHeMO TpaekTopito Touku C. Uepes
Te, mo Touyka C JeKUTh Ha MATyHi, Il TPAEKTOPil0 HA3WBAIOTH MIATYHHOIO
KPHBOIO.

[llaTyHHI KpWBiI MIMPOKO 3aCTOCOBYIOTHCS y CYYACHIA TEXHIIi IS
BHM3HAYEHHS BiJTIOBITHUX PyXiB BUKOHABUYMX OPTaHIB MEXaHi3MiB 1 MaIlIHH.
Hanpuknazn, y MmenuanoMy o0iagHaHHI (DEHTT€HIBCBKI YCTAHOBKH 3 PyXO-
MHUMH CTOJIAMH), Y TPOMHCIOBUX po0OTaX, Y CKIaJaIbHUX JIHISIX aBTOMO-
O1IpHUX 3aBOJIB. Y BCIX LIMX BHUIAJKaX NPaBUIIbHE BiIOOpaKeHHS PyXy 3a-
Oe3meuyye BHCOKY TOYHICTH 1 HaAIWHICTE poOOTH oOnaanaHHs. Ha puc.2.2
MOKa3aHO MPHKJIIAN MATYHHUX KPUBHX.

2.3 Ilo0yn0oBa MJIaHiB IBHAKOCTEH i MpUCKOpeHH

VY nonepeaHpOMY MiAPO3AUIT MU PO3MJISHYJIH, K OYIYIOThCS IJIaHU
MOJIOXKEHB JIAHOK MexaHi3My. OJIHaK JUIs MOBHOTO KiIHEMaTHYHOTO aHAIIi3y
OT'0 HEJIOCTATHBO, AJKE 1H)KEHEPY BAXKIJIMBO 3HATH HE JIUIIIE, JIe OMUHHUTh-
Csl Ta YW iHIIA TOYKA y TIEBHHH MOMEHT 4acy, a i 3 SIKOI IIBHJKICTIO Ta
NPUCKOPEHHSM BOHA pyXxaeTbes. Came 11i nmapameTpu Oe3rnocepeHbo BILIU-
BAIOTh Ha HABAaHTAXXCHHS B JICTANSX, HA iX 3HOCOCTIMKICTh, BUTPATH €HEPTii
Ta HaJiHICTh YCHOTO MEXaHi3My.

Ha mpaktuni ans BU3HauY€HHs! IIBUAKOCTEH Ta MPUCKOPEHb IIUPOKO-
ro 3aCTOCYBaHHs HAaOYB epagoananimuunuli Memoo — METOJ IUIaHIB IIBH-
JKOCTEH Ta MPUCKOPEHb.
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Next, we divide the trajectory of point A into an arbitrary number of
equal parts, for example 8, as shown in Fig. 2.1. The division points are
denoted Ay, Az, Az ... in the direction of crank rotation. That is, the
transition from one position to another takes place in the time T/8, where T
the period of crank rotation (T=60/n, s; n —crank rotation frequency, min™).

The position of point B is determined by the arc method, considering
that the length of the connecting rod AB remains constant during motion.
For this, from points A,, A1, A, ... A;, using radius AB, arc cuts are made
on the trajectory of point B. As a result, we obtain the positions of the
centers of joint B: By, B4, B, ... B;. Connecting the points A; and B; with the
segment A;B;, we obtain the position of the connecting rod AB and the slider
B(i=0,1,..7).

In the same way, the trajectory of point C, which lies on the
connecting rod AB, is constructed. For this, from points A; arcs are drawn
on the corresponding positions AB; with radius AC. By determining points
Ci and connecting them with a smooth curve, we obtain the trajectory of
point C. Since point C lies on the connecting rod, its trajectory is called the
connecting-rod curve.

Connecting-rod curves are widely used in modern engineering to
determine the corresponding motions of actuators of mechanisms and
machines. For example, in medical equipment (X-ray machines with
moving tables), in industrial robots, in assembly lines of automobile
factories. In all these cases, correct representation of motion ensures high
accuracy and reliability of equipment operation. Fig. 2.2 shows examples of
connecting-rod curves.

2.3 Construction of Velocity and Acceleration Diagrams

In the previous subsection, we examined how position diagrams of
mechanism links are constructed. However, for a complete kinematic
analysis, this is not sufficient, since for an engineer it is important to know
not only where a particular point will be at a given moment in time, but also
at what velocity and acceleration it moves. These parameters directly affect
the loads in the parts, their wear resistance, energy consumption, and the
reliability of the entire mechanism.

In practice, the graph-analytical method — the method of velocity and
acceleration diagrams — has found wide application for determining
velocities and accelerations.
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Moro cyTHicTb mosisrae B TOMy, II0 3aMiCTh CKIaTHHX 00UHCICHb yCi
BIJHOCHHHU MIX IIBUIKOCTSMHU Ta NMPUCKOPEHHIMHU BUPAXKAIOThCS Uepes re-
OMeTpUYHi M0OyI0BH Ha KpecieHHi. TakuM YWHOM, 3aBAaHHS, K€ MOTJIO O
BUMaraTH JOBTUX alnreOpaiuHuX po3paxyHKiB, 3BOJUTHCS 1O MOOYIOBH Be-
KTOPHHUX Jiarpam.

OCHOBHI TTepeBary IbOro METOAY

— TOYHICTh — 33 YMOBH NPaBHJIFHO BHKOHAHOTO KPECIEHHS IO-
XHUOKH MiHIMaJbHI;

— HaOYHICTh — CTY/ICHT UM iH)KEHEp OYKBAJIBHO «Oa4HThH) IIBU-
KOCTI Ta IPUCKOPEHHS y BUTIISAI BEKTOPIB;

— TMPOCTOTa y BUKOHAHHI — BIJICYTHS HEOOXINHICTH Y CKJIaTHUX
MaTeMaTHYHHUX BUKJIA/IKaX, TOCTATHHO 3HAHD 3 TEOMETPIi;

—  yHIBEpCaJbHICTh — METOJ MiIXOAMTH SIK JUIS MPOCTUX HABYAJb-
HUX MPUKIAIB, TaK 1 JAJIS aHAJi3y CKJIaJHUX IIPOMHCIOBUX Me-
XaHI3MiB.

Puc. 2.2. [Ipuknagy maTyHHUX KPUBHX HIAPHIPHOTO
YOTUPHIIAHKOBOT'O MEXaHI3MYy
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Its essence lies in the fact that instead of complex calculations, all
relationships between velocities and accelerations are expressed through
geometric constructions in the drawing. Thus, a problem that could require
lengthy algebraic computations is reduced to the construction of vector
diagrams.

The main advantages of this method are:

— accuracy — provided the drawing is made correctly, errors are
minimal;

— clarity — the student or engineer literally “sees” velocities and
accelerations in the form of vectors;

— simplicity — there is no need for complex mathematical
derivations, knowledge of geometry is sufficient;

— versatility — the method is suitable both for simple educational

examples and for the analysis of complex industrial
mechanisms.

Fig. 2.2. Examples of connecting-rod curves of a four-bar hinge mechanism
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VY cydacHill TexHiIl 1eil MeTo He BTPATHUB aKTyaJlbHOCTI, HABITh TIO-
MIPH MIUPOKE BUKOPUCTAHHSA KOMIT F0TepHUX nporpaM. Hanpuknazn, y CAD-
cucremax (SolidWorks Motion, ANSYS, CATIA) ans Bepudikanii pe3yis-
TaTIB YHCEIBHOTO MOJICIIOBAHHS JIOCI 3aCTOCOBYIOTHCS aHAJIOTII 3 TT00Y/10-
BaMH IUIAHIB IMIBUIAKOCTEH 1 NMPUCKOPEHb, SKI JTOMOMAraroTh IEPEBIpUTH
MPaBUILHICT ATOPUTMIB.

Jns xpamoro po3yMiHHA MOKHA YSIBUTH POOOTY aBTOMOOLTBHOTO
JIBUTYHA: TIOJIOXKCHHS! MOPIIHS JIETKO BH3HAYWTH TI0 Jliarpami KPHUBOIIHUITHO-
MOB3YHHOTO MEXaHi3My, aJie ISl pO3paxyHKy HaBaHTaKEHb Ha MIATYH YH I1a-
JIeTlb TIOTPIOHO 3HATH MIBUJKICTH 1 pUcKOpeHHs. CaMe IUIaH MIBHIKOCTEH 1
MPUCKOPEHb Ja€ 3MOT'Y OTPUMATH 1Ii BEIMYMHHU Oe3 JOBI'UX 00UUCIICHb.

Po3risiHemMo oOyIOBY TIaHy IBUAKOCTEH KPUBOIIMITHO-TIOB3YHHOTO
MexaHi3My (puc. 2.3, a), U SKOTO 3aJaHi pO3MipH JIAHOK 1 3aKOH PyXy
kpuBommmna OA, (w1=CONSt) ta kyt @1. lleli MexaHi3M CKIAJa€ThCs 3
TPHOX PYXOMHUX JIAHOK, siKi 3ailicHIOI0Th: | — kpuBommn OA — obGepraib-
HHI PyX HaBKOJIO IEHTpa Hepyxomoro mrapHipa O; 2 — matyH AB - ckian-
HUI pyX; 3 — MOB3YH B — 3BOPOTHO-TIOCTYNAIBHUN PyX BiIHOCHO HEPYXO-
MUX HanpsMHUX. UeTBepTa J1aHKa [[bOr0 MEXaHi3My HepyXoMa i Ha3UBa€Th-
Cs1 CTOSIKOM.

a) 0)

Puc. 2.3. [ToOyoBa 11aHy HIBHIKOCTEH KPUBOIIMITHO-TIOB3YHHOTO MEXaHi3My

{06 moOyayBaTH MaH MBUAKOCTEH MEXaHi3My, CIOYATKy OyayeMo
B JISSIKOMY BHOpaHOMY MaciuTadi JOBXHHHU (BiH BH3HA4Ya€eThCs 3a QOpMYy-
JI010 7) 1 33JaHOMY KYTY @1 TIOJIOKEHHI KPUBOILIKIIA, CXEMY MEXaHI3MY.
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In modern engineering, this method has not lost its relevance, even
despite the widespread use of computer programs. For example, in CAD
systems (SolidWorks Motion, ANSYS, CATIA), analogies with the
construction of velocity and acceleration diagrams are still used to verify
the results of numerical modeling and help validate algorithms.

To better understand, one can imagine the operation of a car engine:
the position of the piston can be easily determined from the diagram of the
crank-slider mechanism, but to calculate the loads on the connecting rod or
pin, it is necessary to know velocity and acceleration. It is precisely the
velocity and acceleration diagram that makes it possible to obtain these
quantities without lengthy calculations.

Let us consider the construction of the velocity diagram of a crank-

slider mechanism (Fig. 2.3, a), for which the dimensions of the links and the
law of motion of the crank OA (@, = const) and angle ¢, are given. This
mechanism consists of three moving links that perform the following:
1 — the crank OA performs rotational motion around the center of the fixed
hinge O; 2 — the connecting rod AB performs complex motion; 3 — the slider
B performs reciprocating translational motion relative to fixed guides. The
fourth link of this mechanism is fixed and is called the frame

a) b)

Fig. 2.3. Construction of the velocity diagram of a crank-slider mechanism

To construct the velocity diagram of a mechanism, we first draw, at a
chosen scale of lengths (determined by formula 7) and at a given angle ¢4
of the crank, the diagram of the mechanism.
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3Har04M KyTOBY IIBHIKICT (1 KpuBomuna OA i Horo IilicHy JOBKH-
1y lo4, 3HaX0MMMO MOy mBHAKOCTI ToukK A 3a Gopmynoro V=w1loy.

BekTop V A HampasieHu#l nepreHIuKy spHo g0 KpuBomuna OA B
0ix #ioro pyxy. Bubupaemo Biapizok pa, 6axxano y mexax 80... 120 mm, i Bu-
3HaYa€EMO MacmTad MIBUAKOCTEH 3a (GopMyInoro:

_Va
pa

Ky (8)

Ilicns doro mei Macmrad 3aKpyriseMo 10  BEIHYHUHHU
(1, 2, 4,5, 25, ZI.25)ik . Binpisok pa 306paxye Ha IuIaHi MBUAKICTE  TOY-
ku A (puc. 2.3, 6.). BpaxoBywoud, IO MIATyH PYyXaeTbCs IUIOCKO-

napaaeabHO, TO MOXKEMO 3allUCaTH aHATITHYHE PIBHSHHS 3 BH3HAYCHHS
LIBUIKOCTI TOUKU B

Ie piBHsHHS pO3B’sA3y€eThes rpadivHo 32 PopMyor MO0y I0BH IUTa-
HY MIBHUAKOCTEH KPHBOLIMITHO-TIOB3YHHOTO MeXaHi3my. Jlis BU3HAYeHHS
mBHAKOCTEH Vg 1 V ga MPoBOANMO Yepe3 TOUuKy a (puc. 2.3, 6) miHiro, sxa
MOKa3ye HarpsiM BigHOCHOI MBUAKOCTI V pa (mepreHaukyssipao AB), a 3
HoJIoca p —IiHil, sKa napajeibHa HampsaMy pyxy nos3yHa B (|| x—x). Tou-
Ka TMepeTHHY IHX JiHii BH3HA4Ya€e TOYKy b — kinempb BekTopiB Vg 1 Vga.
Biapizok ab He TiBKK BH3HAYA€E y MacIiTadbi MOIyJIb BiTHOCHOT HIBHUAKOCTI
V p=ab-uy, ane oJHOYACHO BiH € IUIAHOM MIBUAKOCTEH maryHa AB. A Tomy
touka C, sKa JI&KUTHh HA HHOMY, Ha IJIaHi Oyze, 3TiTHO 3 TEOPEMOIO TIOi0-
HOCTI JIe)KaTH Ha Bijipi3ky ab. CkiiaBIIu mpomopitio:

ab g

=_AB (10)
ac luc

3HAXOJMMO JIOBXKHHY BiJIpi3Ka ac, SKHH BIIKJIATA€EMO Ha IJIaHI IIBHIKOC-
TeH, 3’ €JHABIIH TOUKY C 3 TIOJTIOCOM p, TOOTO Ve = PC-uy.
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Knowing the angular velocity ®,; of the crank OA and its actual
length 7., we find the magnitude of the velocity of point A using the
formula: V,=wlp4. The vector V A is directed perpendicular to the crank
OA in the direction of its motion. We choose a segment pa, preferably
within 80...120 mm, and determine the velocity scale using the formula:

_Va
pa

Hy (8)

Afterward, this scale is rounded to a convenient value

(1,2, 4,5,25,125)™ . The segment pa represents, on the velocity

diagram, the velocity of point A (Fig. 2.3, b). Considering that the
connecting rod moves in a plane-parallel manner, we can write the
analytical equation for the velocity of point B:

This equation is solved graphically according to the construction rule
of the velocity diagram of the crank-slider mechanism. To determine the
velocities Ve and V ea we draw from point a (Fig. 2.3, b) a line indicating
the direction of relative velocity V ea (perpendicular to AB), and from the
pole p a line parallel to the direction of motion of the slider B (|| x—x). The
intersection of these lines determines point b — the end of vectors V& and
Vea . The segment ab not only determines, in scale, the magnitude of the
relative velocity V, g=ab-uy, but it is also the velocity diagram of the
connecting rod AB. Therefore, point C, lying on it, will on the velocity
diagram also lie on the segment ab in accordance with the similarity
theorem. By forming the proportion:

ab g

(10)
ac lac

we find the length of segment ac, which we mark on the velocity diagram,
joining point ¢ with the pole p, thus V¢ = pc-uy.
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IInanom mBunkocteit kpuBommmna OA Oynme Bigpi3ok pa (Touka O
HEpyXxoMa i TOMy BOHA MOTpamuia B IOJIOC p), TOB3yHa B — Touka 6 (yci
TOYKH TTOB3yHA MAIOTh OJJHAKOBY IIBUAKICTD V g ).

3HAMIIOBIIN JIiHIMHI IBUAKOCTI BCIX TOYOK JIAHOK MEXaHI3MY, MOXKHA
3HAWTH KYTOBI IIBUAKOCTI. Y HAIlIOMY BHITAJIKy KyTOBa IIBUJIKICTh MaTyHa 4B

_Vaa _ab- sy

= (11)
las las

2]

s BU3HaUCHHS HampsiMy KYTOBOI IIBHUAKOCTI (¥, IEPEHOCHMO BEK-
TOp MIBUIKOCTI V ga Y TOUKY B i pO3IIISIa€EMO PyX TOYKH B BiJHOCHO TOY-
K A y HanpsAMi MBUAKOCTIV ga . Y HamoMy BUIAAKy (puc. 2.3, a) KyToBa
HIBUJKICTH (¥, HAIIPSIMIICHA 32 TOJMHHUKOBOIO CTPLIKOIO.

PosrnsaemMo MeTomuky moOyIOBH IUIaHIB MPHCKOPEHb Ha TPHUKIIAIL
KPHUBOMIUITHO-TIOB3YHHOTO MeXaHi3My (puc. 2.3). BuximHumu Janumu ajist
NoOYIOBHU TUIAHY MPUCKOPEHb € MOJ0KEHHS JJAaHOK MEXaHi3My 1 TUIaH IIBHUI-
Koctedl. PiBHSHHS, SKi BUKOPHCTOBYIOTHCS IMPH MOOYAOBI IUTaHY MPHCKO-
pEHb, BIAPI3HAIOTHCS TUTHKH THM, IO TIOBHI MPUCKOPEHHS TOYKHA PO3KJIa-
JAI0Th Ha OKpeMi CKJIaJoBi. Y HamioMy BUNAAKy (puc. 2.4, @) MOBHUM MpHU-
CKOpEHHSM TOYKH 4 € TeOMETPUYHA CyMa HOPMAIBHOTO (JOLEHTPOBOTO) 1
JIOTUYHOTO (TaHTeHIIIaJbHOTO) MPUCKOPEHHS:

ap=2ap0 = aRo +aho - (12)

Je d,y — IPUCKOPEHHs TOYKU A npH obepTaHHI kpuBomuna OA HaBKOJIO

Touku O.

HopmanbHe IpHCKOpeHHs ajo HanmpsamieHe no Jinii AO 1o neHTpa

oOepranns kpupomuna O, IOTHYHE aj o — NEPIEHAUKYIApHO 10 AQ y Ok,

SIKM BIJIITOBIIa€ HAPsAMY KYyTOBOTO IIPUCKOPEHHS &1 KpuBoIma OA.
Moy uX MPUCKOPEHb 3HAXOJISATh 13 CITiBBiAHOIICHB:

.av
OA’ Ao = d_tA =& lop- (13)

n _ 2
apo = -
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The velocity diagram of the crank OA is the segment pa (point O is
fixed, so it coincides with the pole p), and the velocity of the slider B is
represented by point ¢ (all points of the slider have the same velocity Vg ).

Having found the linear velocities of all points of the mechanism’s links,
we can determine the angular velocities. In our case, the angular velocity of the
connecting rod AB is:

wy=on My (11)
IaB | aB

To determine the direction of angular velocity ®,, we transfer the
velocity vector Vg to point B and consider the motion of point B relative
to point A in the direction of velocity Vea. In our case (Fig. 2.3, a), the
angular velocity w,, is directed clockwise.

Now let us consider the procedure for constructing acceleration
diagrams using the example of a crank-slider mechanism (Fig. 2.3). The
initial data for constructing the acceleration diagram are the positions of the
mechanism’s links and the velocity diagram. The equations used for
constructing the acceleration diagram differ only in that the total
acceleration of a point is decomposed into separate components. In our case
(Fig. 2.4, a), the total acceleration of point A is the geometric sum of the
normal (centripetal) and tangential accelerations:

an = 3n0 = ko + ako- (12)

where a,, — is the acceleration of point A when the crank OA rotates
around point O.

The normal acceleration aj, is directed along line AO toward the

center of rotation of the crank O, the tangential acceleration apg — is

perpendicular to AO in the direction corresponding to the angular
acceleration ¢, of the crank OA. The magnitudes of these accelerations are
found using the relations:

dv,

: A =—2=¢g-l,. 13
OA AO dt 1 "OA ( )

n _ 2
apo = |
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a) 6)

Puc. 2.4. IToGynoBa niany IpHCKOPEHb
KPHBOLINITHO-TIOB3YHHOT'O MEXaHI3My

Skiro kpusorun OA 06epTaeThest piBHOMIPHO (w1=CONSt), TO
&= dﬂ =0
dt

. aZO = 0
a OTKEC, Y HallIOMY BUIIAJKY.

TOGTO IIPUCKOPEHHS TOUKH A YHCTO HOPMATBHO @, = ahg -

V35BN JeKy TOYKY 7 3a MOJIOC IUIaHy MpUcKopeHb (puc. 2.4, 6),
BIIKJIATa€EMO BEKTOP, SIKMI 300paXkye HOpMaJIbHE TIPUCKOPEHHS TOUYKH A Y
BUTJISIAI BiApi3Ka 7, sIKUi OaxkaHo npuiiMaTti y Mexxax 80... 120 mm.

2
. . .. Mm/c
Toni macmtad (MacmTabHUI KoeDilieHT), :
MM
ap
Ha = 7&
a. (14)
[IpuckopenHst ToukH B 3HAXOIUMO 3 PiBHSHHS
aB =aA+aBA- (15)

VY 1pOMy piBHSHHI BEKTOP IIPUCKOPEHHs Ay HANPsMIIEHUI B3J0BXK MPSIMOi

X — X; IPUCKOPEHHS g, PO3KJIAJAEMO Ha JB1 CKJIA/I0BI:

N T
aga=48pa taga .
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a) b)

Fig. 2.4. Construction of the acceleration diagram of a crank-slider mechanism

If the crank OA rotates uniformly (w;=const), then
[;'1 = dﬁ = 0
dt

H . aZO = 0
and therefore in our case:

i.e., the acceleration of point A is purely normal.  a, = af, .

Taking a point z as the pole of the acceleration diagram (Fig. 2.4, b),
we lay off a vector representing the normal acceleration of point A in the
form of the segment za, which should preferably be within 80...120 mm.

2
Then the scale (scale coefficient), - le” js:

MM
an
7a (14)

The acceleration of point B is determined from the equation:

Ha =

ag =ap +aga- (15)
In this equation, the acceleration vector a, is directed along the straight
line x — x; the relative acceleration a; is decomposed into two
components:

" n T
agp=3app taga_
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Tomi (15) Mo>xHa 3amucaTH Tak:

£:a+agA+aéA- (16)

BekTop HOpPMANbHOTO NMPHCKOPCHHS a,, HANPSMICHHN BIOBXK iHii AB
V2
BA

AB

. o n 2
BiJ TOYKH B 110 Touku A, a iioro MOJYJIb. dgp, =@, - | AB =

. n . . .
Ha mmani IMPUCKOPCHb aBA 306pa)KCHO BIP13KOM.

Ha
KM TPHUKJIAZCHO CBOIM IMOYATKOM Y TOYIl @ (3TAHO 3 MPaBHIOM A07a-
BaHHs BEKTOPiB). Yepes #oro kiHerp (Touky N) MPOBOIMMO HAMpPSIM A0THY-
HOTO NPHUCKOPEHHs g, . BiH meprneHamkyspauii go ninii AB (@g, nep-

19 n .
NEeHIUKYIApHUH Qg, ). | HapemrTi, yepe3 MoNIOC 77 MPOBOJUMO HAIpPSAM
NPUCKOPEHHS TOYKU B (mapaiesibHoO X — X), TO/Ii TOYKa IePETUHY HAMpPSIMiB
npHCKOpeHsb af, 1 ag, AacTs Touky D. 3’exnaBum Touku a i b, 3Haiizemo

BEKTOp MOBHOTO BiJHOCHOTO IIPUCKOPEHHS agp =apa +ags 1 LIUM CAMUM

o0y Iye€MO IUIaH IPUCKOPEHb aTyHa AB.

IMonosxennst Toukn C Ha TUIAHI PUCKOPEHb MOKHA BU3HAYMTH Me-
TOJOM TOAI0HOCTI, ckiaBiwm nponopiiito (10), 3 ssko1 BU3HaYaEMO Bipi30oK
ac. Toxi npuckopenns Touku C-

a, =7nC-u,.
Monaysb KyTOBOTO IPUCKOPEHHS JIAHKH 2!

_ 3, _Nb-g,

&
| g | g

s BU3HAYCHHS HAIPSIMY & MEPEHOCHMO BEKTOP JOTHYHOIO TPHUC-
KOpeHHsl Ag, Yy TOUKY B (puc. 2.4, a) i criocrepiraemo, B sikuii GiK 1eii Be-

KTOp 00epTae matyH AB BiHOCHO BUOpaHOTO mosoca (Touka A4).
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Then equation (15) can be written as:

gzi‘i‘agp\‘i‘aéA- (16)

The vector of normal acceleration aj, is directed along the line AB from
Ve

AB

point B toward point A, and its magnitude is: g, = a)z2 o

On the acceleration diagram af, is represented by the segment:

applied with its beginning at point a (according to the vector addition rule).
Through its end (point n) we draw the direction of the tangential

acceleration ag, . It is perpendicular to line AB (&g, Lag, ). Finally,

through the pole m we draw the direction of the acceleration of point B
(parallel to x — x); then the intersection of the directions of accelerations

ag, i aE gives point b. Connecting points a and b, we obtain the vector

of the full relative acceleration ag, =ag, +ags and thus we construct the

acceleration diagram of the connecting rod AB.

The position of point C on the acceleration diagram can be
determined by the method of similarity, forming proportion (10), from
which segment ac is defined. Then the acceleration of point C is:

a, =7nC-u,.
The magnitude of the angular acceleration of link 2 is:

_ a;A _ nb- My
&= —=—"",

IAB IAB
To determine the direction of ¢,, we transfer the vector of tangential

acceleration @ to point B (Fig. 2.4, a), observe in which direction this
vector rotates the connecting rod AB relative to the chosen pole (point A).
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Takum urHOM, MOOYOBA TUTaHIB MIBUAKOCTEH 1 MPUCKOPEHB JT03BO-
JIsI€ HE JIIIE MPOBECTH TOYHI PO3PAaxXyHKH, a i OTPHIMATH HAOYHY KapTHHY
pyxy MexaHizmy. [nis cTyqeHTa e o3Havae MOXKIIMBICTh «IIO0aYUTH MeXa-
HIi3M Ha marepi» 1ie 10 Horo BUrOTOBJICHHS. BaxkaIuMBO po3yMiTH, 1110 BCi i
moOyIOBY HE € a0CTPaKTHUMH BIPaBaMU: caMe TaK iH)KEHEPH MPOTHO3YIOTh
poOOTY OBUTYHIB, pOOOTH30BAaHUX MAHIMYJISTOPIB UM HABITh CKIAIHHUX IIO-
OyTOBUX IPUCTPOIB.

Hamnpuknan, y mapacosnsii, sika pO3KPHBAETHCS 3aBISKH MIAPHIPHAM
JaHKaM, TUTaH IMBHAKOCTEH MOTOMIr OM mepemdaduTH, 9d He Oyle Mexa-
Hi3M 3ai1aTH B MOMEHT Pi3KOro pyXy; y CKIaJHOMY AWBaHi-TpaHchopmepi
NpaBUJIbHE BU3HAUYEHHSI MPUCKOPEHb PYXOMHX JIAHOK JI03BOJISIE YHHKHYTH
3aBUIX 3yCHJIb JIJISI KOPUCTYBava Ta 301IBIIUTH TEPMiH CIIYy>XKOH MeOiB.

ToOTo BUBUEHHS IJIaHIB MIBUIKOCTEH 1 MPUCKOPEHB AONIOMArae mMaii-
OyTHbOMY iHXKEHEpY HE JIHIIE MPaIoBaTH 3 GOpMyJiaMH, a H HaBUUTHUCS
0aunTH NPUXOBaHy «IMHAMIKY JKUTTS» Y HAN3BUYAWHININX pevax, BiJ JIBU-
TyHa aBTOMOO1IIS 10 0(hiCHOTO CTiIBIIA.

KouTpoabHi 3anuranus

SIKi OCHOBHI 3a/1a4i KIHEMaTUYHOTO AOCIIIKECHHSA MEXaHi3MiB?

UumM Bimpi3HAETHCS KiIHEMAaTHIHE TOCIIKEHHS Bil AHHAMIYHOTO?

SIKi MeToI KIHEMaTHYHOTO aHalli3y MeXaHi3MiB iCHYIOTh?

Y yomy mnosisirae 0coOIUBICT rpadOaHAIITHIHOIO METOLY?

[Io Take 3aKOH pyXy BeIy4Oi JJAHKH 1 SIK BiH 331a€ThCsA?

SIk BU3Ha4a€eThCs nepion (IMKIT) POOOTH MexaHi3My?

Mo Take mMacmTabHMI KoeilieHT i SIK BiH BUKOPUCTOBYETHCS y KiHe-

Marui?

Sk mpaBUITEHO BUOpATH MacITad MpH MOOYIOBI TUIAHIB MeXaHi3My?

Y domy monsirae cyTh METOLy AYTOBHX 3aCi4OK?

10. SIk BU3HAYAETHCS MTOYATKOBE MTOJIOKEHHS MEXaHI3MYy?

11. [llo Take maTyHHA KPUBA 1 IS YOTO BOHA BUKOPUCTOBYETHCS?

12. Yomy noOyoBa MmiiaHiB MEXaHI3My € BaYKJIMBOKO JUIS MOJAIBIIAX PO3-
paxyHKiB?

13. Y yomy nmepeBaru MeToAy IUIaHIB IBUAKOCTEN Ta MPUCKOPEHB?

14. SIk Bu3HauvaeThbCs MacIuTad MBUJIKOCTENR?

Noohk~owhE

© ©
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Thus, the construction of velocity and acceleration diagrams allows
not only accurate calculations but also a clear visualization of the
mechanism’s motion. For a student, this means the ability to “see the
mechanism on paper” even before it is manufactured. It is important to
understand that all these constructions are not abstract exercises: this is
precisely how engineers predict the operation of engines, robotic
manipulators, and even complex household devices.

For example, in an umbrella that opens thanks to hinged links, a
velocity diagram would help predict whether the mechanism might jam at
the moment of a sudden movement; in a complex sofa-bed transformer,
correctly determining the accelerations of moving links helps to avoid
unnecessary user effort and increases the lifespan of the furniture.

In other words, studying velocity and acceleration diagrams helps a
future engineer not only to work with formulas but also to learn to see the
hidden “dynamics of life” in the most ordinary things — from a car engine to
an office chair.

Control Questions

What are the main tasks of kinematic analysis of mechanisms?
How does kinematic analysis differ from dynamic analysis?
What methods of kinematic analysis of mechanisms exist?
What is the peculiarity of the graph-analytical method?
5. What is the law of motion of the driving link and how is it
defined?

6. How is the period (cycle) of a mechanism’s operation
determined?

7. What is a scale coefficient and how is it used in kinematics?

8. How is the scale correctly chosen when constructing mechanism
diagrams?

9. What is the essence of the arc method?

10. How is the initial position of a mechanism determined?

11. What is a connecting-rod curve and what is it used for?

12. Why is the construction of mechanism diagrams important for
further calculations?

13. What are the advantages of the velocity and acceleration diagram
method?

14. How is the velocity scale determined?

el NS
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15.5Ix OymyroTh IJIaH MIBUAKOCTEH IS KPHUBOIIMITHO-TIOB3YHHOTO
MeXaHizmy?

16. ki cxi1agoBi BXOIATH JO HIPUCKOPEHHS TOUKH MEXaHi3My?

17.Yum BiApi3HAETHCS HOPMAIbHE Ta TOTHYHE IPUCKOPEHHS?

18. SIk BH3HAYAIOTH HAMPSIMOK KYTOBOT IBUAKOCTI JTAHKU?

19. SIxi mpakTH4HI TPUKIAIU 3aCTOCYBaHHS KIHEMaTHYHOTO aHaNi3y
BU MOJKETE HaBECTH 3 TOOYTOBOI a00 BUPOOHUUOT TEXHIKH?

20. Yomy BaxIMBO MOEMHYBATH TpadivHi i aHAITHYHI METOU JT0C-
JIKeHHS?
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15. How is the velocity diagram constructed for a crank-slider
mechanism?

16. What components make up the acceleration of a point of a
mechanism?

17. How do normal and tangential acceleration differ?

18. How is the direction of angular velocity of a link determined?

19. What practical examples of applying kinematic analysis can you
give from household or industrial technology?

20. Why is it important to combine graphical and analytical research
methods?
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3 KinemaTu4yHe 10CJiIzKeHHS nmepeaay
3.1 HpocrTi 3y64acTti MexaHizMu

Y pi3HMX MamMHaX 1 mepegadax MIMPOKO 3aCTOCOBYIOTHCS Me-
XaHi3MH IS BIITBOPEHHS 00€pTaIbHOTO PyXY 3 MOCTIHHUM MepeJaToOuHUM
BiTHOIIIEHHSIM MIiXK IBOMA TI0-PI3HOMY 3aJaHUMH OCSIMH.

Taxki MexaHI3MI Ha3UBAIOTh MEXAHIZMAMU Nepedad 0bepmanbHO20 PyxXy,
ab0 CKOPOYEHO — Mexanizmamu nepeday. 1X 3aBIaHHs MONArac B TOMY, 1100
Y3TOJUTH PyX PI3HMX JIAHOK MAIIMHW: 3MEHIIUTH YH 30LTBIIATH IIBUIKICTH
o0epTaHHs, TIepeaTi 0OepTaHHS Ha IHIIMI BaJl 200 3MIHUTH HAIPSIM PYXY.

HatinpocTimmM MexaHi3MoM Tiepeiadi 3 TBEPAUMH JIAHKAMH € THPULIaH-
KOBUIL Mexauizm, SIKUW CKIIaIAEThCSI 13 IBOX PYXOMHX JIaHOK, III0 BXOJSATH Y JIBi
obepTanbHi 1 oHy BuILy Tiapy. Lle o3Hauae, 1m0 3B’430K MK JJAHKAMH JT03BOJISIE
iM 00epTaThCs BiTHOCHO OJIHA OJIHOI 1 ITPU IILOMY 30€piraTi CUHXPOHHICTb.

BinHomeHHS KyTOBOI IBUAKOCTI OJIHIET JIAHKU JIO KYTOBOT IIIBHJIKOC-
Ti IpYroi JJAaHKH y MeXaHi3Mi 3 OJHHM CTYIIEHEM BOJI HAa3WBA€THCS nepe-
damoyHum gioHowienHam. CaMme BOHO BH3HAYAE, CKUTBKH pa3iB Bedyde KO-
neco oOepHEeThcs BiHOCHO BeAeHOro. Hampukmajn, SIKIIO MepeaaToyHe
BiTHOIIIEHHS JOpiBHIOE 1:3, TO MpW OAHOMY OOEpTi BEAY4OrO KoJieca Be-
neHe 3poouts Tpu o6epTu. lllupoke 3acTocyBaHHA B MalllMHAX 1 MpHIagax
MaroTh 3y6uacmi mexanizmu (puc. 3.1), OCKiNbKH 3y04acTe 34erIeHHs 3a-
Oe3mneuye TOUHICTh, HAIIWHICTD 1 BIICYTHICTD MTpOCcin3anHs. Ha BigMmiHy Bij
MmacoBux a0o0 JIAHIIOTOBHX Tepenad, 3y0dacTi 37aTHI mepedaBaTH 3HAYHI
HaBaHTA)KEHHS ITPH KOMIIAKTHHX PO3Mipax.

a) 6)

Puc. 3.1. 3yOuacTti MexaHi3Mu
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3 Kinematic Analysis of Gears
3.1 Simple Gear Mechanisms

In various machines and transmissions, mechanisms are widely used
to reproduce rotary motion with a constant transmission ratio between two
shafts set at different axes.

Such mechanisms are called rotation transmission mechanisms, or simp-
ly gearing mechanisms. Their purpose is to coordinate the motion of different
machine links: to decrease or increase rotational speed, to transmit rotation to
another shaft, or to change the direction of motion.

The simplest transmission mechanism with rigid links is a three-link
mechanism, which consists of two moving links connected by two revolute and
one higher pair. This means that the connection between the links allows them to
rotate relative to each other while maintaining synchronism.

The ratio of the angular velocity of one link to the angular velocity of
another link in a mechanism with one degree of freedom is called the
transmission ratio. It determines how many times the driving gear will
rotate relative to the driven gear. For example, if the transmission ratio
is 1:3, then for one revolution of the driver gear, the driven gear will make
three revolutions. Gear mechanisms (Fig. 3.1) are widely used in machines
and devices, since gear meshing ensures accuracy, reliability, and absence
of slipping. Unlike belt or chain drives, gears can transmit significant loads
while remaining compact.

a) b)

Fig. 3.1. Gear mechanisms
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B Teopii MexaHi3MiB 3y0UacTuX mepenad Kojia paaiycamu I i I, HO-
CATH HA3BY NOYAMKOBUX Kijl, KON pafiycaMu I, | I't, HA3UBAIOTHCSA KOIAMU
3anaouH, Kona pafiycaMu Iy, | Iy, — Konamu sucniynie, abo eepuiun 3y04ie.
Jnst nBox manHok 1 1 2, siki 00epTaroThes 3 KYTOBUMH IIBUAKOCTAMHU (1 1 M7,
NepeaTOYHE BiTHOMIECHHS BU3HAYAETHCS:

IpY 30BHIITHBOMY 3aueruieHHi (puc. 3.1, @)

i _Mh__h__ 2%, (17)
12 = = = = ’
2 n, n Z
[PU BHYTPIIIHBOMY 3a4eruieHHi (puc. 2.16, 6)
. , n r. z
|12:+71:+71:+i:+72. (18)
W, n, h 4

SAxuio pyx 3iHCHIOETbCA MIX TapalieIbHUMH OCSIMHU, TO 1epedamoy-
He 8IOHOWleHHsa Ma€ 3HAaK “TUTFOC”, SIKIIO KYTOBi IIBHIKOCTI JIAHOK MalOTh
OJTHAKOBY HaNpaBJIeHICTH (BHYTPIIIHE 3a4eIUICHHS) 1 3HAK “MiHYC”, SIKIIO
HAIPAaBJICHICTh PYXY NPOTHJIC)KHA (30BHIIIHE 3aUCTUICHH ).

BigHomenHst kpoky P 3yOyie 10 YHCHa 77 HA3UBAETHCS MOOyIeM 3a-
yenienHs 1 TO3HAYAETHCS JIITEPOrO M, MM

P
m=—.
T

O0’ennyroun oOHuaBa BUAM 3a4erieHHs, popmynu (17) i (18) moxHa
3arucaTu

:iﬁ:iﬂ:irizizi:iljz, (19)
@, n, I Z D,

Jie Ny, N — KUTbKICTh 00EPTIB 32 XBUJIMHY BiJIIOBIIHO JlaHOK 11 2;

Z1, Zp — KUIbKICTh 3yOI1iB 1aHOK 1 1 2;
ry, rz, D1, D, — paniycu Ta niaMeTpy MOYaTKOBHUX KiJT 3yO4acTHX KOJIC.

Kpok 3y01iB — 11e BiZICTaHb MiXk JBOMa OJHOWMEHHUMH MPOdIIIMHU
CYCiJTHIX 3yOIIiB KOJIeca
P=m-z.
Bpaxosyroun, o 7d=P-z, orpumaemo d=m-z.
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In the theory of gear transmissions, circles with radii r; and r, are
called pitch circles, circles with radii r; and ry, are called root circles, and

circles with radii ry, and r,, are called addendum circles (or tooth tip
circles). For two links 1 and 2 rotating with angular velocities w4 and w-,
the transmission ratio is defined as follows:
for external gearing (Fig. 3.1, a):
=% h_h_ %, (17)
@, n, n

for internal gearing (Fig. 2.16, b):

. , I Z
|12:+7l:+7:+i:+72. (18)
@, n, I 4

If motion is transmitted between parallel axes, then the transmission
ratio is positive when the angular velocities of the links have the same
direction (internal gearing) and negative when the directions of motion are
opposite (external gearing).

The ratio of the tooth pitch P to z is called the module of gearing and
is denoted by m (mm):

P
m=—.
T

Combining both types of gearing, formulas (17) and (18) can be
written as:

+ 124D (19)
@, n, Z; D,
where ng, n, — number of revolutions per minute of links 1 and 2;

71, Z, — number of teeth of links 1 and 2;

r1, r,, Dy, D, —radii and diameters of the pitch circles of the gears.

The tooth pitch is the distance between two corresponding profiles of
adjacent gear teeth:
P=m-z.
Considering that 7d=P-z, we obtain: d=m-z.
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3ybuacTi MexaHI3MH 3yCTPidatoThCsl OYKBAJIIGHO BCIOAHM — Bia MOOy-
TOBUX HPWIAIB 10 BUCOKOTEXHOJIOTIYHOTO OOJIAAHAHHSA: y TOAWHHHMKAX
MiHiaTIOpHI 3y0uacTi Kojieca 3a0e3MeuyloTh TOUYHHN XiJ CTPLUIOK; MpalibHi
MAalllMHA, MIKCEpH, EJEKTPOApENi BHUKOPUCTOBYIOTh 3y0UacTi peAyKTOpH
JUTSL peTyTIOBaHHS IIBHIKOCTi; B aBTOMOOLISX KOPOOKa repenay € Kiracud-
HUM TIPUKIIAI0OM 0araToCcTyleHeBOro 3y04acToro MexaHizMy.

HaiinpocrTimi 3y0uacTi MexaHi3MU BUKOHYIOTh KJIFOUOBY POJb Y PO-
00Ti cydacHOi TeXHIKH. BUBYEHHS MPHUHIUIIIB iX POOOTH JO3BOJISIE 3PO3Y-
MITH, K yJIaIllTOBaHi CKIa/JHI Tepeaadi, 0 3aCTOCOBYIOTBCS Y MPOMHUCIIO-
BOCTI Ta TpaHCTIOPTi. Po3risiHeMo NpuKiIaay i3 MOBCSIKICHHOTO XKHUTTSI.

Enextpruuna M’sicopyOka Mae HEBETMKHIA €EKTPOIBUTYH, SIKUH 00e-
pTaeThcs Ha BHUCOKIN mBHAKocTi. [IpoTe mis mepepoOku M’sica moTpibeH
3HAYHUI KPYTHUH MOMEHT, a He MBUAKiCTh. Came TOMy MiX ABHTYHOM 1
HOXKEM BCTaHOBJICHUH 3yOuacTuii peayktop. Bin 3MeHITye 00epTH y KilbKa
pa3iB, HATOMICTh 30UTBIIYIOYH CIUTY Ha HOXIi. 3aBIISKHA 3y04acTUM KoJiecaM
M’sicopyOKa TIpalftoe cTabiIbHO 1 He ToTpedye HAAOTYKHOTO ABUTYHA.

EnexrpoBenocunen. Y OuIbIIoCTi MoJieNiell BUKOPHCTOBYETHCSI MO-
TOp-KoJieco abo OBHUTYH i3 PEIYKTOPOM. Y PEAyKTOPHHX MOTOpaxX € CHCTe-
Ma TUTaHEeTapHHUX 3y04acTHX mepenad, sKa JI03BOJISIE HEBEIMKOMY JIBHTYHY
obepTaTHCsl 3 BUCOKOIO IBUAKICTIO, @ KOJIECO BEJIOCUIIE]a OTPUMYE 3HHKE-
Hi, anie TOTyXHili o0epTh. Lle m03BOMNsIE BEMOCUIIE Y JIETKO TOJATH MiJifo-
MH i BoTHOYAC 3a0e3nedyBaTH KOM(MOPTHY MIBHIKICTD PYXY.

OOuBa MPUKIAAHA MOKA3YIOTh, 10 HABITh Y 3BUYalHUX MOOYTOBUX
NpUIajax 4y TPAHCIOPTI MOKHA 3YCTPITH POOOTY 3y0UacTHX MEXaHi3MiB.
Lle mo3BoIIsIE Kpallle YSIBUTH, SIK TEOPETUYHI MOHATTS MPO MepeJaToyHe Bi-
JHOIICHHS 9M poOOTYy TPUIIAHKOBOTO MEXaHi3My 0e3rocepesHbO 3aCTOCO-
BYIOTHCS Y IIOJICHHOMY >KUTTI.

3.2 Papogi 3y0uacTi mexaHizmu

VY peanbHHMX MallMHAX YacTO BUHHMKAE 1MOoTpeda nepenaTd o0epTaHHs
3 Jy’K€ BEIMKHM MepeJaToOYHUM BiAHOIIEHHSIM. Hampuknan, y moOyToBux
MiKcepax, MpaTbHUX MallMHAX YH aBTOMOOUILHUX KOpOOKax mepenad He
3aBXKAM JIOCTaTHBO OZHI€T Mapy LIecTepeHb. AKE OJIHA CTYIiHb 3y0yacTol
nepeaavi Moxe 3a0e3eYnTH IIepPeIaTOYHe BIJHOIICHHS JIMIIEe B MEXaX BiJl
1 no 12.5. SIkmo * HEOOXiJHO 3MEHIIMTH YU 30UIBIIMTUA IIBHIKICTH Y
JecsaTkd abo HaBiTh COTHI pa3iB, 3aCTOCOBYIOTh KOMOIHAMI{ JeKUIBKOX map
3y04acTux KoJIic.
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Gear mechanisms are found literally everywhere — from household
appliances to high-tech equipment: in watches, miniature gears ensure
precise movement of the hands; washing machines, mixers, and electric
drills use gear reducers to regulate speed; in cars, the gearbox is a classic
example of a multi-stage gear mechanism.

Thus, even the simplest gear mechanisms play a key role in the
operation of modern technology. Studying the principles of their operation
allows us to understand the structure of more complex transmissions used in
industry and transport. To make the picture clearer, let us consider two
examples from everyday life.

Electric meat grinder. Inside such a device there is a small electric
motor that rotates at high speed. However, for processing meat, significant
torque, not speed, is required. That is why a gear reducer is installed
between the motor and the knife. It reduces the revolutions several times
while increasing the force on the knife. Thanks to the gears, the meat
grinder works smoothly, without jerks, and does not require an
overpowered motor.

Electric bicycle. Most models use a hub motor or a geared motor.
Geared motors have a system of planetary gears that allows a small motor
to rotate at high speed, while the bicycle wheel receives reduced but more
powerful revolutions. This enables the bicycle to easily climb hills and at
the same time provide a comfortable riding speed.

Both examples show that even in ordinary household appliances or
vehicles, the operation of gear mechanisms can be observed. This helps
better visualize how theoretical concepts of transmission ratios or the
functioning of a three-link mechanism are directly applied in everyday life.

3.2 Compound Gear Mechanisms

In real machines, there is often a need to transmit rotation with a very
large transmission ratio. For example, in household mixers, washing
machines, or automobile gearboxes, a single gear pair is not always
sufficient. This is because one stage of gear transmission can provide a
transmission ratio only within the range of 1 to 12.5. If it is necessary to
reduce or increase speed by tens or even hundreds of times, combinations of
several pairs of gears are used.
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Taki MexaHi3MH Ha3UBAIOTh pA008uMU 3youacmumu nepedavamu adbo
MPOCTO CepisiMH 3yOUacTHX Koilic. BOHM CKiIamaroThCs 3 KIJTBKOX CTYIEHIB
(mocnigoBHUX Tap KOJic), sIKi MpamoTh oJHa 3a ogHOI0. [Ipu mpoMy Bci
Ba BCTAaHOBIICHI Y HEPYXOMHX HiAIIMITHUKAX, M0 3a0e3Mledyye cTadiib-
HICTP 1 HAIIHHICTL POOOTH.

PornsHemMo 11e Ha MPOCTOMY TPHKIAAi. YSBIMO BEJIOCHUNEN i3 Kilb-
koMma nepemavamu. Koiau Mu kpyTumo Tiealti, HeBelIMKa 3ipodka (Beayda)
yepe3 NaHIIor o0epTrae Oy 3ipouKy (BelIeHY), 1 MU OTPUMYEMO BHUTPAII
y cuni. SIKmio sk y MexaHi3mi moTpiOHO e OiibIie 3MEHITUTH IIBUAKICTS,
JOJA€THCS HOBA Mapa KOJiC — 1 TaK yTBOPIOETHCS LK psill epenay.

Ille omuH TpHUKIam — aBTOMOOLTbHA KOpOOKa Tepenad. Y Hilt BUKO-
PHUCTOBYETHCS JIEKUTbKA PAIIB MIECTEPEeHb, 10 JO3BOJSMIOTH BUOMpPATH Pi3HI
nepenaToyHi BimHomeHHs. Ha nepiniii mepenadi aBToMOO1Ib Ma€e HaOLIb-
A KPYTHUH MOMEHT (3aBISIKM BEJIMKOMY MEpEelaTOuHOMY YHCITY), a Ha
I’ SITIM Y MIOCTiN — BUMTY MBUAKICTH IPYA MEHIIIN CHITI.

TakuM 4MHOM, PSAAOBI 3yO0uacTi MEXaHI3MU € HEBIJI'€MHOIO YaCTH-
HOIO CyYacHOT TeXHIKH: BiJl HOOYTOBUX MPHJIA/IiB 0 MPOMHUCIOBUX yCTaHO-
BOK. BOHM JI03BOJIIIOTH ONTUMAIEHO TOE-
HYBaTH MBUAKICTH 1 CHITy, poOsiun poOoTy
MaIluH OUTbII e(EKTHBHOIO.

Bu3HaunMo mepenaTovHe  BiJHO-
HICHHS PSIOBOTO MEXaHI3My, SIKHI CKJIaja-
€TBCS 13 TPHOX Tap MIWIHAPUYHUX 3y0Odac-
THX KoJjic (puc. 3.2).

Komneca 2-3 i 4-5 xopcTKO TIOB’sA3aHi
MIX c00010, TOOTO 00EPTAOTHCS 3 OJHAKO-
BOI0O KYTOBOIO  IIBHIAKICTIO (W2=®3,
w4=ws). 3arajbpHe TMEPEIaTOYHe BiIHO-

| —

th L th )

. . w
WIEHHS MEXaHi3My lg=— . 3anuimemo

),

6

nepeaaTovyHe BIJHOIIEHHSA JUIA KOXHOI Puc. 3.2. PsanoBuii
3y09acToi mapu 3y0OuacTHii MexaHi3M

o I, . Wy I, w5 I

’ |34 ’ I56

h, T
@, Z @, 3 Wy 5
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Such mechanisms are called compound gear trains, or simply gear
series. They consist of several stages (consecutive gear pairs) that operate
one after another. At the same time, all shafts are mounted in fixed
bearings, which ensures stability and reliability of operation.

To understand this more easily, imagine a bicycle with multiple
gears. When we pedal, a small sprocket (driver) through the chain turns a
larger sprocket (driven), and we gain torque. If the mechanism needs to
further reduce speed, another gear pair is added — and thus a whole gear
train is formed.

Another example is the automobile gearbox. It uses several gear
trains that allow selecting different transmission ratios. In first gear, the car
has the greatest torque (due to a large gear ratio), while in fifth or sixth gear
it achieves higher speed with less torque.

Thus, compound gear mechanisms are an integral part of modern
technology: from household appliances to industrial equipment. They make
it possible to optimally combine speed and
force, making the operation of machines
more efficient.

Let us determine the transmission
ratio of a compound mechanism consisting
of three pairs of cylindrical gears
(Fig. 3.2).

Gears 2-3 and 4-5 are rigidly
connected, i.e., they rotate with the same
angular velocity (w, = ws, ws = ws). The
overall transmission ratio of the mechanism

| —

i ﬁ# th ot

e =—— Write the transmission

) @5 ) Fig. 3.2. Compound gear mech-
ratio for each gear pair: anism
L R S S S
12 = - ’ 34 — ’
w, z @, Z,
i =% __%
56 -
23 Zg
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[TepeMHOXKMBIIM TpaBi 1 JiBi YaCTWHH UX PiBHSAHB, AICTAHEMO!

wl._&._% i (20)

=—l.

oyl =—

w, W, O

Orxe, iepeaTOYHE BiAHOLICHHS PSA0OBOTO 3y04acToro MexaHiaMy J10-
piBHIOE TOOYTKYy IEpENaTOYHMX BiIHOIIEHh OKPEMHX 3yO0uUacTHX Map. 3HaK
TIepeIaTOYHOrO BiMHOIIEHHS PSIOBOTO MEXaHI3My MPH MapHIN KiUTBKOCTI 30B-
HIIHIX 3a4YeTUIeHb 000amHUtl, IPY HeTIApHIN KITBKOCTI — 610 eMHuUL.

Ipu nepenadi pyxy Ha 3HA4HI BiICTaHi ab0 MpU HEOOXiAHOCTI BiATBO-
PEHHSI TIepeAaTOYHOTO BiTHOIIEHHSI TIEBHOTO 3HAKY 3aCTOCOBYIOTH TaKi PSIOBI
3’€THaHHS KOJIiC, K TIOKa3aHo Ha puc. 3.3.

Puc. 3.3 Cxema ps10BOTO 3’€IHAHHS
3y04acTUX KOJIIC 3 TAPa3UTHUMH KOJIECAMH

3aranpHe TIepeaTOYHe BiJHOIICHHS TAKOTO 3’ €JHAHHS JOPIBHIOE

e I I T Y T P |

by .
w, , @, o,

Psi10Bi 3y09acTi MexaHi3MH JJOCTATHBO Pi3HOMaHITH (puc.3.4).

Jnst psioBMX MEXaHi3MIiB 3 KOHIYHMMH KOJIECAaMM 3HAK IepeaaTou-
HOT'O BiJIHOLICHHS BU3HAYAETHCS 33 NPAGULIOM CIPLIOK. SKIIO CTPUIKH, SKI
BH3HAYAIOTh HAMPSMOK 00EpTaHHS KOJiC HAMPSIMIIEHI OZJHAKOBO Y BEAYYOTO
1 BEJIEHOTO KOJIiC, TO 3HAK OyJie TOJIaTHUM, SIKIIO MPOTHIIEKHO — 3HAK Oye
BiJ’ €MHHM.
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Multiplying the left and right sides of these equations, we obtain:

PR YL :_wl{_ 3]'(_ wsj:_lle- (20)
@, @, @,

Thus, the transmission ratio of a compound gear mechanism is equal to
the product of the transmission ratios of the individual gear pairs. The sign of
the transmission ratio of a compound mechanism is positive for an even
number of external gear meshes and negative for an odd number.

When transmitting motion over significant distances or when it is
necessary to obtain a transmission ratio of a certain sign, compound gear
connections such as those shown in Fig. 3.3 are used.

Fig. 3.3. Diagram of a compound gear train with idler
gears

The overall transmission ratio of such a connection is:

o[ o) o) _a
o, , @, @,

Compound gear mechanisms are quite diverse (Fig. 2.19).

For compound mechanisms with bevel gears, the sign of the
transmission ratio is determined by the arrow rule: if the arrows indicating
the direction of rotation of the gears point the same way for the driver and
driven gears, the sign will be positive; if they point in opposite directions,
the sign will be negative.
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Puc. 3.4. PsoBi 3y04acTi MexaHi3mMu

BusHaueHHs 1BOro 3HaKy OyleMO BECTM TAaKMUM 4YHHOM. Y MicIi
crukanns xortic 112 (puc 3.5 a6o puc. 3.6) moctaBumo ctpinku a i b, npudomy,
AKIIO CTPiJKa & CIPSMOBaHA Bijl MiCIs CTHKaHHsA, TO i crpinka D noBunna
OyTu crpsiMOBaHa BiJ Micisl cTUKaHHS (puc. 3.5) abo 10 Micls CTHKaHHS

(puc. 3.6).

Ha «xomecax 2, KOpCTKO
OB’ SI3aHMMH 3 KOJIeCaMU 2, B MiCI[sX
CTHMKAaHHS 3 KoJIECAaMHM 3 CTaBHMO
CTPIIKY € TOTO X HAmpsMKy, IO 1
crpinka b. Toxi crpinka d, 3rigHo
BUIIICBKA3aHIH yMOBi, Oyae MaTtu
HaIpAMOK: JUIs Kosieca 3 Ha puc. 3.5
CHIBIIAJAF09MM 3i CTPIIKOIO @, a ais
Kojeca 3 Ha puc. 3.6 MPOTUIICKHUI
CTpUTi a. SIKIO HANpsMKH CTPiIOK
BEy4OT0 i BEJIEHOTO KOJIiC
chiBnagarote (puc. 3.5), TO 3HaK
MepPeaaTOYHOr0  BiMHOIICHHS  CIif
BBaXKaTH  JOJATHUM. Skmo K
HANpSMKH I[MX CTPIJIOK MPOTHIICKHI
(puc. 3.6), To 3HaK MeEpeIaATOYHOTO
B1IHOIIIEHHS CIIif BBa)KaTH
BiJ’€MHHM.
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b) 0)

Fig. 3.4. Compound gear mechanisms

The determination of this sign is carried out as follows. At the point
of contact of gears 1 and 2 (Fig. 3.5 or Fig. 3.6), we place arrows a and b. If
arrow a is directed away from the point of contact, then arrow b must also
be directed away from the point of contact (Fig. 3.5) or toward the point of

contact (Fig. 3.6).

On gears 2', which are rigidly
connected with gears 2, at the points
of contact with gears 3 we place
arrow ¢ in the same direction as arrow
b. Then arrow d, according to the
above rule, will have the following
orientation: for gear 3 in Fig. 3.5,
coinciding with arrow a, and for
gear 3 (Fig. 3.6), opposite to arrow a.
If the directions of the arrows on the
driver and driven gears coincide
(Fig. 3.5), then the transmission ratio
is considered positive. If the
directions of these arrows are opposite
(Fig. 3.6), then the transmission ratio
is considered negative.
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OTxe TmepemnaTovyHe BigHOIICH-
HS JUTSI CXEMH 300paykeHol Ha
puc. 3.5 HaOupae BUTTSAY

a JuIs CXeMH 300pakeHol Ha
puc. 3.6 mepenaTtovHe BiTHOIICHHS
mepeaadi Mae BiJl’ EMHHH 3HaK

T WL R
12 .
W, W, 2]

Puc. 3.6. Cxema JBOXCTYIIEHEBOT
Takum YUHOM, BHUBEJICHI CITiB- KOHIYHOI mepeayi 3 BiJl’ eMHUM

BiJIHOLIEHHS TTOKA3yIOTh, IO 3araabHe TEPCAATOHHHM BUMHOTICHIM

nepeAaToyHe BiJHOIIECHHS PSI0BOTO

MEXaHIi3My € pe3yJbTaTOM IOCIIIOBHOTO MHOXKEHHS BiHOIIEHb OKPEMHUX
3ybuactux nap. Ha mpakTuui ne o3Hauae, mo KOHCTPYKTOP MOXKE «TpaTu-
Cs» 3 KUIBKICTIO KOJIIC 1 X pO3TalllyBaHHIM, OTPUMYIOYH MOTPIOHI 3HAYCH-
HS IIBUJKOCTEH 1 HampsimiB oOepraHHa. Hampukian, y cy4acHUX eleKTpo-
MOOINSX psAMOBI 3yO4acTi mepenadi BUKOPUCTOBYIOTHCS ISl Y3TOIKEHHS
BUCOKOI IIBHAKOCTI OOEpPTaHHS €JIEKTPOABHUIYHA 3 BIJHOCHO HHU3BKOIO
HIBHJIKICTIO KOJMic. A B OOYTOBIM TeXHili ( BiJf MiKCEpiB 10 €IEKTPOBUKPY-
TOK ) PSAZOBI MEXaHI3MH JIO3BOJISIOTH OTPUMATH HEOOXiTHUN KPYTHUN MO-
MeHT 0e3 3aliBUX BTpaT €HEeprii.

3 IpaKTUYHOI TOYKH 30py BaXKJIMBO MaM’SITaTH: 3HAK NEPEIaTOIHOTO
BiJTHOIICHHS BU3HAYA€ HE JIUIIE «MaTeMaTHKy» oOepTaHHs, a i peanbHUit
HanpsiM pyXy BHKOHAaBUMX OpraHiB MammHd. Lle kpuTuuHO, Hampukiaz,
JUTsE pOOOTH30BaHUX MaHIMTyISATOPIB 200 aBTOMAaTUYHUX KOPOOOK Tepenad y
aBTOMOOUISX, € BiJl y3TOKEHOCTI HAIIPSIMy OO0epTaHHs 3aJIeKUTh Oe3Ied-
Ha Ta HaJiiHa po0oTa BCi€i CUCTEMH.

OTxe, MiICYMOBYIOYH: PSIOBI 3yOUacTi MEXaHi3MH — IIe HE JIUIIIE CyXa Te-
opis 3 dopmynaamu, a i QyHIaMeHTalbHA OCHOBAa Cy4YacHOI TEXHIKH, sKa
IIOHS MPALFOE Yy HAILIOMY ITOOYTi, TPAHCIIOPTI Ta MPOMHUCIIOBOCTI.
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Thus, the transmission ratio for
the scheme shown in Fig. 3.5 is
expressed as:

and for the scheme shown in Fig. 3.6
the transmission ratio has a negative
sign:

i I T}

|12 .
W, W, 2]

Fig. 3.6. Diagram of a two-stage bevel
In this way, the derived gear transmission with a negative

relationships show that the overall transmission ratio

transmission ratio of a compound

mechanism is the result of sequential

multiplication of the ratios of individual gear pairs. In practice, this means
that the designer can “play” with the number of gears and their arrangement
to obtain the required values of speeds and rotation directions. For example,
in modern electric vehicles, compound gear trains are used to match the
high rotational speed of the electric motor with the relatively low rotational
speed of the wheels. And in household appliances (from mixers to electric
screwdrivers), compound gear mechanisms make it possible to achieve the
required torque without unnecessary energy losses.

From a practical point of view, it is important to remember: the sign
of the transmission ratio determines not only the “mathematics” of rotation
but also the actual direction of motion of the machine’s actuators. This is
critical, for instance, in robotic manipulators or automatic transmissions in
cars, where the safety and reliability of the entire system depend on the
coordination of the rotation direction.

In summary, compound gear mechanisms are not just dry theory with
formulas but the fundamental basis of modern technology, working every
day in our households, transportation, and industry.
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3.3 CareJtiTHi MexaHi3MH

Mexani3mu, sIKi MalOTh KOJeca 3 PYXOMHMH OCSIMH, HAa3HUBAIOTHCS
camenimuumu. CaM TepMiH TIOXOAUTH BiJ JaTHHChKOTO Satelles, o o3Ha-
Yyae «CymyTHHK». Ha3Ba miKpecIioe CyTh SBUILA: K MPUPOIHI CYMyTHHKH
00epTaroThCcs HABKOJO TUIAHET, TaK 1 CaTeNiT y MeXaHi3Mi 3IiHCHIOE TIO-
IBIHHUHN pyX — BiH 00€pTa€THCS HABKOJIO BIACHOI OCI i OJHOYACHO pa3oMm 3i
CBOEIO BICCIO PYyXa€ThCSl HABKOJIO IIGHTPAIBHOTO Kojteca. Taka KOHCTPYKIIis
HaJa€ caTeNliTHUM MeXaHi3MaM YHIKaJbHUX BJIACTUBOCTEH, SIKi BIJIPI3HAIOTH
X BiJ 3BUMalHUX 3yOUacTHX Mepeaad i3 HEPyXOMIMH OCSMHU.

Ha puc. 3.7 300paxkeHo TUIOBWI MPHUKIAJ] CATEIITHOTO MEXaHI3MYy.
Y HpoMy 3y0OuacTi koneca 1 1 3, oci IKUX 30iratloThcs 3 OJIOBHOIO T€OMET-
PHUYHOIO BICCIO MEXaHi3My, Ha3UBAIOTHCS yeHmpanvhumu Konecamu. Koie-
CO 2 BHKOHYE CKJaJHHH pyX: BOHO 00EpTaE€ThCS HABKOJO BIIACHOI OCi Ta
BOJIHOYAC MEPEMIIYEThCS Pa3oM 3i CBOEIO BICCIO HABKOJIO OJHOTO 3 IICH-
TpanmpHuX Kojic. lle komeco # HaswBaeTbes camenimom. Bick caremita
KpIMTUTHCS Ha CIEMiaJbHOMY BaXKeNi, IO OTPHMaB Ha3BY godusio (MO3HA-
yeHne H). Takum 4uMHOM, y caTENITHOMY MEXaHi3Mi OCHOBHUMH JIAHKAMH €
[EHTPaIbHI KOJeca Ta BOIIIIO.

Puc. 3.7. CareniTHuii MeXxaHi3M

PosrnsiHeMo mpukiIaj i3 HOBCAKICHHOTO JKUTTA. YSBIMO BEJIOCHIIEA-
He Koneco. Moro Bich 3akpilieHa HEPYXOMO, i BOHO OOEpTAETBCS JIHIIE
HaBKOJIO BJIACHOI OCi. A€ SKIIO BiCh 3pOOUTH PYXOMOIO Ta MPUMYCUTH ii
OJTHOYACHO PYXaTUCh HABKOJIO 1HIIOI OCI — OTPUMAEMO MOBEIIHKY, TOTIOHY
no catenmita. Taka iies JeXHUTh B OCHOBI 0ararboX Cy4acHHX MEXaHI3MiB,
BKITFOYHO 3 aBTOMOOUIEHUMH TPAHCMICIsSIMU.
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3.3 Planetary (Epicyclic) Mechanisms

Mechanisms that have gears with moving axes are called planetary
mechanisms. The term itself comes from the Latin satelles, meaning
“satellite.” The name aptly reflects the essence of the phenomenon: just as
natural satellites revolve around planets, so too does the planet gear in a
mechanism perform a double motion — it rotates around its own axis and at
the same time, together with its axis, revolves around the central gear. This
design gives planetary mechanisms unique properties that distinguish them
from ordinary gear transmissions with fixed axes.

In the example shown in Fig. 3.7, gears 1 and 3, whose axes coincide
with the main geometric axis of the mechanism, are called central gears.
Gear 2 performs complex motion: it rotates about its own axis and at the
same time moves with its axis around one of the central gears. This gear is
called the planet gear (or simply planet). The axis of the planet gear is
mounted on a special arm called the carrier (denoted H). Thus, in a plane-
tary mechanism, the main links are the central gears and the carrier.

Fig. 3.7. Planetary mechanism

To Dbetter understand this, let us consider an everyday example.
Imagine a bicycle wheel. Its axis is fixed, and it rotates only around its own
axis. But if the axis were made movable and forced to rotate simultaneously
around another axis, we would obtain behavior similar to that of a planet
gear. This idea underlies many modern mechanisms, including automobile
transmissions.
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Ipaktiyne 3actocyBanns. CarenmiTHi MexaHi3mu (0co0nMBO X pi3-
HOBHJ — TUTAHETAPHI Mepeadi) MIMPOKO 3aCTOCOBYIOTHCS Y aBTOMATUYHUX
KopoOKax Iepeaad aBTOMOOWIIB; TIOPHUIHUX Ta €ICKTPHIHUX TPAHCIIOPT-
HUX 3aco0ax (71e moTpiOHEe KOMIAKTHE MepeaBaHHsS BHCOKOTO KPYTHOTO
MOMEHTY); pOOOTOTEXHIIli, A€ BaKJINBA KOMIAKTHICTH 1 TOYHICTH PYXiB;
aBialliifHi} TeXHilli, HAMPUKJIA/, Y peLyKTOpax reJiKonTepiB.

3aBAAKM UM  BIACTHBOCTSIM  CaTeNTHI MeXaHI3MH  CTalli
HEBiJ’EMHUM €JIeMEHTOM Cy4acHOTO MAIIMHOOYIYBaHHS. IXHS KOMIIAKT-
HICTh 1 BUCOKUN KOCQII[IEHT KOPUCHOI [Iil JO3BOJISIFOTH MEpeIaBaTh 3HAYHI
HaBaHTAKEHHS MPHU BIAHOCHO MaJIMX pO3Mipax MeXaHi3my.

CrymiHb pyXOMOCTI CaTeNliTHUX MEXaHi3MiB, , BU3HAYAIOTh 32 CTaH-
JApTHUMH TpaBUJIAMH CTPYKTYPHOTO aHalli3y, ajne 0coONUBICTh Y TOMY, IO
HasSBHICTh BOJAWJIA CTBOPIOE TOJATKOBI MOXKIUBOCTI Ui (POPMYBaHHS Pi3-
HUX MepPeJaTOYHUX BiHOIICHb. Y ILOMY U MOJSTAE TOJOBHA TepeBara ca-
TEJNITHUX MEXaHi3MiB: BOHM 3a0€3MeuyloTh OUIbIIY Pi3HOMAaHITHICTH KiHe-
MaTHYHHUX CXEM B MEXaX THX CAMHX T€OMETPHUYHHIX rabapuTiB.

Crymiab pyXOMOCTi MeXaHi3My, TOKa3aHoro Ha puc. 3.7:

W=3n-2P,-P,=3-4-2-4-2=2. (21)

Camenimui Mexanizmu, Cmyniib 607 AKUX OOPIGHIOE 080M, HA3UBA-
romuvca ougepenyianvhumu mexanizsmamuy. Lle o3Hadae, 10 BOHU 374aTHI BU-
KOHYBaTH JBa HE3AJICKHI PyXW OJHOYACHO. Taka BIACTHBICTH POOHUTH iX
0co0JMBO LIHHAMH B TEXHIIl, Jie TOTPIOHO Yy3ro/KyBaTH ab0 PO3NOIIISATH
KPYTHHH MOMEHT MiX KiJTbKOMa BUX1JTHIMH JIAHKAMHU.

106 3po3ymiTH NPUHLMI iX POOOTH, 3pyYHO CKOPUCTATHUCS TaK 3Ba-
HUM Memodom obepHenozo pyxy. BiH moisrac B TOMy, IO MU YSBHO
Ha/IAEMO BCHOMY MEXaHi3My JI0/IaTKOBHI 0OepTalbHUI pyX, PiBHUH HIBH/I-
KocTi Boamia H, ane y mpoTHISKHOMY HANPSIMKY (—wy). TakuM YuHOM, MU
«IpUOUPAEMO» PYX BOJWIIA 1 NEPEBOJAMMO 3aJadyy JO OUIbII MPOCTOl -
PO3TIsIaEMO MEXaHi3M i3 HepyxoMuMH ocsiMu. Lle cnpomrye anamiz i mae
3MOTY JIETKO BU3HAYHUTH BiTHOCHI KyTOBI IIBUAKOCTI JIAHOK.

VY TakoMy BUMAJKy KyTOBI IIBUIKOCTI PyXOMHX JIAHOK BiJIHOCHO BO-
Juia OyJayTh PiBHI:

a)'lza)l—a)H; a)'2=a)2—a)H.

Ingexc H o3Hauae, 10 BOAMIIO 3yITHHEHO.

104



Practical applications. Planetary mechanisms (especially their
subtype — planetary gear trains) are widely used in automatic car
transmissions; in hybrid and electric vehicles (where compact transmission
of high torque is required); in robotics, where compactness and precise
motion are important; and in aviation, for example, in helicopter gear
reducers.

Thanks to these properties, planetary mechanisms have become an
integral part of modern mechanical engineering. Their compactness and
high efficiency allow them to transmit significant loads with relatively
small overall dimensions.

The degree of mobility of planetary mechanisms is determined by
standard rules of structural analysis, but with the peculiarity that the pres-
ence of the carrier creates additional possibilities for forming various
transmission ratios. This is the main advantage of planetary mechanisms:
they provide a greater variety of kinematic schemes within the same geo-
metric dimensions.

The degree of mobility of the mechanism shown in Fig. 3.7 is:

W=3n-2P,-P,=3-4-2-4-2=2. (21)
Planetary mechanisms with a degree of freedom equal to two are
called differential mechanisms. This means that they are capable of
performing two independent motions simultaneously. Such a property
makes them especially valuable in applications where it is necessary to
coordinate or distribute torque between several output links.
To understand the principle of their operation, it is convenient to use
the so-called method of inverted motion. This consists in imaginatively im-
parting to the entire mechanism an additional rotational motion equal to the
angular velocity of the carrier H but in the opposite direction (-wy). In this
way, we “eliminate” the motion of the carrier and reduce the problem to a
simpler one — an ordinary mechanism with fixed axes. This simplifies the
analysis and makes it easy to determine the relative angular velocities of the
links.
In this case, the angular velocities of the moving links relative to the
carrier will be:
W'1=01— 0, W9=Wr—wH.

The index H means that the carrier is fixed.
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Hami, sx 1 y 3BUMaliHUX PSIIOBUX 3yOUacTHX 3’€HAHHAX, MOXKHA 3a-
NHCATH TepeaTOYHe BiTHOIICHHS JUIl MEXaHi3My, JIe BOJMIO BBaXKA€ThCS
HEPYXOMHUM

_O7®H (22)
3~ Wy

H
li3 =

818
S

VY 3aranbHOMY BHIQIKy IS AU(EpPEeHIlialbHOTO MEXaHi3MYy, SKUi
cknanaerbes i3 K kouic, mepepaToune BiHOIIEHHS BU3HAYAECTHCS 6i00MOI0
dopmynoro Binica

it = @ _ OO (23)
WK oK oy

Lls popmyna € 6a30BUM iHCTPYMEHTOM Uil PO3PaxyHKy OaraThbox
Cy4JaCHHX PEIyKTOPiB.

Yomy came ¢popmyna Binica easxciusa? BoHa 103BOJISIE MIBUAKO OT-
pUMaTH 3aJICKHICTh MIX IMBUAKOCTAMHU 0€3 TPOMI3IKHX PO3PaxyHKIB. 3aB-
JIIKA TIhbOMY MOYKHA MTPOEKTYBATH KOMITAKTHI Ta €(PEKTHUBHI MEXaHi3MH IS
aBTOMOO1JTIB, POOOTIB UM BEPCTATIB.

SKuio B caTremiTHOMY MeXaHi3Mi HaKJIacTH JIOJJATKOBY KiHEMaTHUHY
B’513b (HAMPUKIIAA, 3yMUHUTH OJIHE 3 IEHTPAIBHUX KOJic, TOOTO 3poOUTH
®3=0) Mu oTpumaeMo nranemapnuii mexanizv. oro cTymiHb pyxoMocTi
nopisaroe W=1. V takomy Bumnanky ¢opmyrna Bimica crporyersbes i HaGy-
BAa€ BUTIISAY:

i M=l—ﬂ=l—im- (24)
— Wy Dy

Lle o3Hauae, Mo MIaHETapHUN MEXaHi3M MOKe 3a0e3ledyBaTh JyxKe
BEJIMIKE TIEpeJaTOYHEe BiTHOIICHHS HABITh MPU HEBEJIWKIH KiTBKOCTI KOJIIC.
Came TOMy BiH HACTiIBKH MOMYJISIPHUH y Cy4acHiH TEXHIIIi.

[puknaau 3 npaktuky. JudepeHiianpHi nepenadi B aBTOMOOUTEHIX
MOCTax J03BOJISIIOTH KojecaM 00epTaThcs 3 Pi3HUMH MIBUIAKOCTSIMH IIiJ] Yac
noBopoty. lle 3abe3neuye Oe3neky Ta 3HOCOCTIHKICTH MUH. B riGpuaHmX
aromobimsax (Toyota Prius, Lexus Hybrid Drive) mianerapauii peaykTop
BUKOPHUCTOBYETHCS SIK «CHIJIOBUH PO3MOMIIBHUKY, Y3TOIKYIOUH poOoTy Oe-
H3WHOBOTO JABHUTYHA 1 €IEKTPOMOTOPA.
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Next, just as in ordinary compound gear trains, one can write the
transmission ratio for a mechanism where the carrier is assumed to be im-
movable:

.

_O T (22)
@3 3 — Oy

‘H
I3 =

In the general case, for a differential mechanism consisting of K
gears, the transmission ratio is determined by the well-known Willis formu-
la:

it = @ _ OO (23)
g Og — oy

This formula is a fundamental tool for calculating many modern gear
reducers.

Why is Willis’s formula important? It allows us to quickly obtain the
relationship between speeds without cumbersome calculations. Thanks to
this, it is possible to design compact and efficient mechanisms for automo-
biles, robots, or machine tools.

If in a planetary mechanism we impose an additional kinematic
constraint (for example, stop one of the central gears, i.e., set wz = 0), we
obtain a planetary gear train. Its degree of freedom is W = 1. In this case,
Willis’s formula simplifies and takes the form:

— 0y H

This means that a planetary gear train can provide a very large trans-
mission ratio even with a small number of gears. That is why it is so popu-
lar in modern technology.

Practical examples. Differential gears in automobile axles allow the
wheels to rotate at different speeds while turning. This ensures safety and
tire durability. In hybrid cars (Toyota Prius, Lexus Hybrid Drive), a plane-
tary reducer is used as a “power splitter,” coordinating the operation of the
gasoline engine and the electric motor.
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[InanerapHi peayKTOpH 3aCTOCOBYIOTHCS Y TENIKONTEPHUX TpPaHC-

MICISIX ISl 3HWKEHHS IIBUAKOCTI 00epTaHHA TypOiHU 10 TMPUHHATHOI IS
yonateii. Y Apwisax, NIypyroBepTaxX i HaBiTh KYXOHHUX KoMOalHax IJiaHe-
TapHi PEeAYKTOPU JO3BOJSIOTH OTPUMATH BEITUKUN KPYTHUI MOMEHT y KOM-
MAKTHOMY KOPITYCi.

Takum guHOM, mudepeHIiadbHi Ta IUIaHEeTapHI MEXaHI3MHU - IIe He

a0CTpaKTHI CXeMH 3 MiJAPYyYHUKA, 2 OCHOBA CY4aCHOI TEXHIKH, BiJ] aBTOMO-
OimiB 10 poOOTIB i MOOYTOBUX MPHUCTPOIB. 3aBISKH iX KOMITAKTHOCTI,
HAIIHHOCTI Ta MAPOKUM MOMIIMBOCTSM 3MiHH IMEPEIATOYHOTO BiTHOIICH-

HS,

10.

11.

12.
13.

14.
15.

BOHH CTaJIHM CIIPABKHIM «CepiieM» 0ararbox MalllvH.
KoutpoabHi 3anuranus

Illo Take mpoctuii 3y04acThii MeXaHI3M 1 SKi OCHOBHI €JI€MEHTH BiH
MICTUTH?

Y domy monsirae BiAMIHHICTH MK 30BHIIIHIM 1 BHYTPIIIHIM 3a4eTlIeH-
HSIM 3y09acThX Kojic?

Sk BU3HAYA€THCS MEpeaToyHe BiTHOMICHHS MIPOCTOTO 3y04YacToro me-
XaHizmy?

Ske MpaKTUYHE 3HAYCHHS Ma€ MOJYJIb 3a4eIJICHHS Ta SK BiH po3paxo-
By€eTbcA?

SKi MpUKIaAW MPOCTHX 3yO4acTHX IMepeaad MOXHa 3YCTpiTH Yy moOy-
TOBI# TeXHIIi?

YumM BiAPI3HAETHCS PANOBUIA 3y0UacTHii MEXaHi3M BiJl POCTOT0?

SIk BU3HAYa€THCS 3arajibHe NepelaTOuHe BiJHOILICHHS PSAI0BOTO 3yOUa-
CTOr0 MexaHi3My?

YoMy 3HaK NEepeaTOYHOTO BiJHOIICHHS 3MIHIOETHCS 3aJIS)KHO BiJl KiTb-
KOCTI 30BHIITHIX 3a4eIUIeHb?

Sk BIUIMBAIOTH Mapa3uTHI KoJieca Ha 3arajbHe NepeJaToYHe BiJIHOIICH-
HS PAJTOBIX MeXaHi3MiB?

SIkMM YMHOM BH3HAUYA€ThCS 3HAK II€PEAATOYHOIO BiJHOLICHHS Y
KOHIYHHX PSOBUX MeXaHi3max?

HageniTe nmpukiagyu BUKOPUCTAHHS PSIOBUX 3yOUacTHX MEXaHI3MIB y
CydYacHii TexHili.

I1lo Take caTeMTHHI MEXaHI3M 1 SIKI HOr0 OCHOBHI CKJIa0Bi?

VY domy moisirae BiIMIHHICTE MK IEHTPAILHUMH KOJIECAMH Ta ca-
Temitamu?

Ilo Take BOAMJIO B CATEIITHOMY MEXaHi3Mi 1 sIKy POJIb BOHO BUKOHYE?
SIki MexaHi3MH Ha3WMBaIOThCs JAU(EpeHIiabHIMHU Ta JIe BOHH 3aCTOCO-
BYIOTBCS?
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Planetary reducers are used in helicopter transmissions to reduce the
rotational speed of the turbine to a value acceptable for the blades. In drills,
screwdrivers, and even kitchen food processors, planetary reducers provide
high torque in a compact housing.

Thus, differential and planetary mechanisms are not abstract textbook
schemes but the basis of modern engineering, from automobiles to robots
and household devices. Thanks to their compactness, reliability, and wide
possibilities of varying transmission ratios, they have become the true
“heart” of many machines.

Control Questions

Lo

What is a simple gear mechanism and what are its main elements?

What is the difference between external and internal gear meshing?

3. How is the transmission ratio of a simple gear mechanism deter-
mined?

4. What is the practical significance of the module of meshing and
how is it calculated?

5. What examples of simple gear transmissions can be found in
household appliances?

6. How does a compound gear mechanism differ from a simple one?

7. How is the overall transmission ratio of a compound gear mecha-
nism determined?

8.  Why does the sign of the transmission ratio change depending on
the number of external meshes?

9. How do idler gears affect the overall transmission ratio of com-
pound mechanisms?

10. How is the sign of the transmission ratio determined in bevel com-
pound mechanisms?

11. Give examples of the use of compound gear mechanisms in modern
technology.

12. What is a planetary (satellite) mechanism and what are its main
components?

13. What is the difference between central gears and planet gears?

14. What is the carrier in a planetary mechanism and what role does it
play?

15. What mechanisms are called differential and where are they used?

no
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16. Sk mpairoe MeToJ] 0OOEPHEHOT0 PyXy HpH aHami3i JudepeHIiaTbHIX

MeXaHi3MiB?

17. Y gomy momsrae cyth ¢opmynu Bimica i ais 9oro BoHa BHKOPHCTO-
By€TbCA?

18. SIxi 0CcOONMBOCTI IJIAaHETAPHMX MEXaHI3MIB IOPIBHSIHO 3 JU(EpPEH-
miaapHUMU?

19. HaBeniTe mpuKIaaud 3acTOCYBaHHS IUTAaHETAPHHX MepeAad y TpaHC-
NOPTi, aBiamii Ta MOOYTOBIN TEXHILII.

20. Yomy maHeTapHi MexaHi3MH 3/1aTHI 3a0e3medyBaTd BeJHKE Iepena-
TOYHE BiJHOIICHHS MTPHU KOMITAKTHUX pO3Mipax?
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16.

17.
18.

19.

20.

How does the method of inverted motion work in the analysis of
differential mechanisms?

What is the essence of Willis’s formula and what is it used for?
What are the features of planetary mechanisms compared to differ-
ential ones?

Give examples of applications of planetary gear trains in transport,
aviation, and household technology.

Why can planetary mechanisms provide a large transmission ratio
with compact dimensions?

111



4 Jlunamika MexaHi3MiB i MalIuH
4.1 OcHoBHi 3a1a4i AMHAMIYHOTIO AOCTI;KEHHS MeXaHi3MiB

VY cydacHiii iHXCHEpHIN MPaKTUIll TUHAMIYHE JOCHIHKCHHS MEXaHi-
3MiB € KJIIIOYOBHM €TarioM I MPOEKTYBaHHI 1 BAOCKOHAJICHH]I MaIlluH, Bij
MIPOMHCIIOBUX POOOTIB 1 MEAMIHOTO OOJIATHAHHS IO APOHIB 1 €IEKTPOMOOi-
7iB. BoHO 103BoOMIsiEe HE NMIIE 3MOMENIOBATH PyX YacTHH MAIIWHHM, ane U
3pO3YMITH, SIK CHJIM BIUTMBAIOTh Ha LEH PYX, K HABAHTAXCHHS MepelaloTh-
Cs MK eJleMEHTaMH, 1 SKi AWHaMidHi e(eKTH MOXXYTh BHHUKATHU IIiJl Yac
poboTH MexaHi3My.

[Tpu nuHamMivHOMY aHami3i MEXaHi3MiB PO3IIISAAETHCA PYX OKPEMHX
JIAHOK 3 YpaxyBaHHSAM YCiX JIFOUMX CHJI: SIK 30BHIIIHIX, TaK 1 BHYTPIIIHIX.
Ile mo3BoIsiE IEPEHTH BiJl MPOCTOTO KiHEMATHYHOTO OMHCY (SK JIAHKH PY-
Xal0ThCS) 10 PO3YMiHHSI MPUYUH 1 HACTIAKIB IBOTO PyXy (YOMY 1 3 SIKHM
e(EKTOM pyXaroThCs).

Po3pizHstoTh ABi 0230Bi MTOCTAaHOBKY 3a/1a4 TUHAMIKH:

Cunosuti ananiz (npsama 3a0aya OUHAMIKU) — BIIOMHH 3aKOH PyXy
MOYaTKoBOi (Kepyrodoi) JIaHKH, HEOOXiHO BU3HAYMTH CWIIH, sKi 3a0e3re-
4uytoTh 1ieit pyx. llpuknan: y cygacHomy 3D-mpuHTepi Kepyroda mporpama
BH3HA4Ya€ TPAEeKTOPiro corura. CHIIOBHIA aHANI3 AO3BOJISIE PO3paXyBaTH, SKi
3yCHJIIS MAIOTh TepelaBaTH eJICKTPOJBUTYHHU Ta SIKi MOMEHTH BHHUKATH-
MYTh Ha OIopax.

36opomua 3a0aua dunamixu — 3a1aHi CHIIH, IO JTIIOTh HA JJAHKW Me-
XaHi3My, HEOOX1IHO BU3HAUUTH 3aKOH PyXy Kepyrouoi jnaHku. [Ipukiam: y
MEXaHi3Mi aKTUBHOTO MiBICY aBTOMOOIJISI 30BHIIIHI CHJIM BiJl HEPIBHOCTEH
JIOPOTH 3MIHIOIOTECS NTOBLIEHO. [loTpiOHO po3paxyBaTH, sik Oyae 3MiHIOBa-
THCB TIOJIOKEHHS KOJIIC Ta Ky30Ba 3aJIe)KHO BiJl ITMX BIUIMBIB.

OOunBi 3ama4i MOXKYTh OyTH aKTyalbHI OJHOYACHO: HATIPUKIAM, Y
O10HIYHUX TIPOTE3aX — JIe BAKIIMBO SIK IepeJ0aYnTH PyX, TaK i 3a0e3nednTH
HOro MiHIMaJTbHUMH 3YCHIIISIMH.

Tenep ciig 3poOUTH TEPMIHOJIOTTYHUNA KOMEHTAp, OCKIIBKH Y JIiTe-
paTypi iCHYIOTh JBI IIKOJIM 3 ACIIO BiAMIHHOIO TepMiHOorie0. Tak, y cy-
yacHIi MexaHili Ta poOOTOTEXHIli YycTajaujgacs Taka BiJIOBIAHICTb:
forward dynamics (mipsima 3agaua) — 3 BizoMux cuil (MOMEHTIB) 3HAHTH PyX;
inverse dynamics (3BopoTHa 3aa4a) — 3 BiZIOMOTO PyXy 3HAHUTH CHIH (MO-
MeHTH). B OkpeMux Kypcax MOXHa 3yCTpiTH iHIIIE HaliMEHYBaHHS IHX Ca-
MHX TIOCTaHOBOK, JI€ Ha3BU MIHAIOTH MiCLISIMU.
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4 Dynamics of Mechanisms and Machines
4.1 Main Tasks of Dynamic Analysis of Mechanisms

In modern engineering practice, the dynamic study of mechanisms is
a key stage in the design and improvement of machines — from industrial
robots and medical equipment to drones and electric vehicles. It allows not
only modeling the motion of machine parts but also understanding how
forces affect this motion, how loads are transmitted between elements, and
what dynamic effects may arise during operation.

In dynamic analysis of mechanisms, the motion of individual links is
considered with account of all acting forces — both external and internal.
This makes it possible to move from a simple kinematic description (how
the links move) to an understanding of the causes and consequences of this
motion (why and with what effect they move).

Two basic problem statements in dynamics are distinguished:

Force analysis (direct dynamics problem): the law of motion of the
input (driving) link is known, and it is necessary to determine the forces
that ensure this motion. Example: in a modern 3D printer, the control
program defines the trajectory of the nozzle. Force analysis allows
calculation of what forces must be transmitted by the electric motors and
what moments will arise on the supports.

Inverse dynamics problem: the forces acting on the links of the
mechanism are given, and it is necessary to determine the law of motion of
the driving link. Example: in an active suspension system of a car, external
forces from road irregularities vary arbitrarily. It is necessary to calculate
how the positions of the wheels and body will change depending on these
influences.

Both tasks can be relevant simultaneously — for example, in bionic
prosthetics, where it is important both to predict motion and to provide it
with minimal effort.

Now it is worth making a terminological note, since there are two
schools in the literature with slightly different terminology. In modern
mechanics and robotics, the following correspondence is generally
accepted: forward dynamics — from known forces (moments) to find
motion; inverse dynamics — from known motion to find forces (moments).
In some courses, the same problem statements may be referred to with
opposite names.
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Kaacu 3aga4: ananis i cuares

[MoniGHO ;O 1HIIUX PO3ILTIB MEXaHIKH, 337adi JUHAMIKH TOLISIOThH
Ha JIBA BEJIMKUX KJIaCH:

Ananiz — BUBYCHHS TOBEIIHKH BXKE 3a[JaHOTO MEXaHi3My IIpU 3a/1a-
HUX HaBaHTOKEHHAX. Hampukimazn, 4n BUTPUMAIOTh AeTalli peayKTopa 3a1a-
HY 4acTOTy 00epTaHHS 1 MOMEHTH?

Cunmes — o0OyT0Ba MeXaHi3My, SIKUH 3a 3aJaHUX TUHAMIYHAX YMOB
3a0e3meunTh MOTPiOHY TOBeMiHKY. Hampuwkiaa, NTpoeKTyBaHHA CHCTEMHU
ctalinizanii KaMep IpoHa 3 ypaxyBaHHAM 30BHIIIHIX BITPOBUX 30ypeHb.

VY Mekax JUHAMIKA MEXaHI3MIB JOCIIDKYEThCS HHM3Ka 3ajad, sIKi
MAalOTh MPaKTHYHE 3HAUCHHS y MAIIMHOOYIyBaHHI, MEXaTPOHIIli, aBiarii Ta
IHIINX Tay35Xx:

— pO3paxyHOK MaxOBHKa — 3a0e3meueHHs] piBHOMIPHOCTI 00epTaH-
Hs IBUTYHA BHYTPIIIHBOTO 3TOPSIHHS 400 KOMITPECOPa;

— 3piBHOBaXEHHS Mac — MiHiMi3amis BiOpauwii y poOorax-
MaHInyJasTOpax, MPOMHCIOBUX Mpecax ado JIBUIYHaX;

— BusHaueHHa KK]I MexaHi3My — KpUTHYHO Ba)XJIMBO, HAIIPUKIIAL,
JUTSL CJIEKTPOTPAHCIIOPTY, Jie KO)KHA BTpaTa €Heprii 3MEeHIIye 3a-
nac Xozuy;

— JlocnmimKeHHs KOJMBaHb 1 BIOPO3aXHUCT — 3aCTOCOBYETHCS Y MPOE-
KTyBaHHI BEpCTAaTiB, TIPOCKOIIiB, aHTEHHUX CUCTEM, JI¢ HaBiTh Mi-
KPOKOJINBAaHHS MOXYTh BIUTMHYTH Ha TOYHICTb.

YoMy 11e BaXXJIMBO JUIsI Cy4acHOTO imkeHepa? be3 rimbokoro posy-
MiHHSI TMHAMIKH HEMOXIIMBO CTBOPHUTH €HeproeeKTHBHi, Oe3le4Hi, Ha-
NiHI MexaHi3MU. 3HaHHS TUHAMIYHUX TIPOIECIB J03BOJIAE iHXEHEPY Iie-
pendavary i MiHIMI3yBaTH yJapH TpU 3MiHI PEeXXMMiB; BTOMHI HaBaHTaXXCH-
HS Ta PU3HKH [TOJIOMOK; 3aiiBi BTpaTu eHeprii, OB’ s13aHi 3 po30banaHcoBaHi-
CTIO YU PE30HAHCAMHU.

Y KOHTEKCTI Mepexoay Ha iHTEeJIEKTYyalbHi CUCTEMH YIpPaBIiHHSI, KO-
T JTATYUKHU 3YUTYIOTh CTAaH MEXaHI3My B PEXHMI peallbHOTO Yacy, a CHC-
TEMH yNpaBJliHHs aJalTUBHO pearyroTh, IWHAMIYHI MOJIEIi CTaloTh 0a3010
JUTSL CTBOPEHHS LM(POBHUX IBIHHUKIB MAIINH.
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Classes of problems: analysis and synthesis

As in other branches of mechanics, dynamic problems are divided
into two large classes:

Analysis — studying the behavior of a given mechanism under
specified loads.

Example: will the gearbox parts withstand the specified rotation
speed and torque?

Synthesis — designing a mechanism that, under given dynamic
conditions, will provide the desired behavior.

Example: designing a camera stabilization system for a drone, taking
into account external wind disturbances.

Within the dynamics of mechanisms, a number of problems with
practical significance in mechanical engineering, mechatronics, aviation,
and other fields are studied:

— calculation of a flywheel — ensuring uniform rotation of an internal
combustion engine or a compressor;

— mass balancing — minimizing vibrations in robotic manipulators,
industrial presses, or engines;

— determination of the efficiency of a mechanism — critically
important, for example, for electric transport, where every energy
loss reduces driving range;

— study of vibrations and vibration protection — applied in the design
of machine tools, gyroscopes, antenna systems, where even micro-
vibrations can affect accuracy.

Why is this important for the modern engineer?

Without a deep understanding of dynamics, it is impossible to create
energy-efficient, safe, and reliable mechanisms. Knowledge of dynamic
processes allows the engineer to predict and minimize impacts during
regime changes; fatigue loads and risks of failure; and unnecessary energy
losses associated with imbalance or resonances.

In the context of the transition to intelligent control systems, when
sensors read the state of the mechanism in real time and control systems
respond adaptively, dynamic models become the foundation for creating
digital twins of machines.
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4.2 Cuiu, o Ail0Th Y MaIIHHAX

VYci cunm, Mo BIDIMBAIOTh HA POOOTY MAIIWH 1 MEXaHI3MiB, MOIIS-
I0Th Ha JIBi 0a30Bi TpyMH:
— pywiiini cuau, TiIOTh y OIK MUTTEBOTO PyXy Tijla, HAMAraroThCs
HOTO IPUCKOPUTH;
— cunu onopy, [iIOTh IPOTH PyXy, HAMAraloThCs HOTO CIIOBITBHATH.
Cunu o1mopy, CBOEIO Yeproro, MOIUIAI0Th Ha:

—  KOpUCHUIl (MexHoI02IYHUll) onip — caMme 3apaand HOro IMOaoJIaHHs
MallluHa ¥ CTBOPIOETHCS (pi3aHHS, MPECyBaHHs, MPOKAUyBaHHS
PIIMHHM TOIIO);

— wKionueull (HegupoOHUYUL) onip — TOH, IO JNHIe 3a0upae eHep-
Til0: TepTS B Mapax, OIip cepeIOBUINa, TApa3UTHI BTPATH.

Pywitini cunu npuBOIATH MEXaHi3M Yy pyX. [lo HUX HaJexaTh THCK
ra3y, mapu 4¥ PiluHH, eNEKTPOMATHITHI CHJIM B €JIEKTPONPHUBOIAX, TPYKHI
CHUTH, 1THKOJTM Bara (SIKIIIO BOHA «IIPAIIOE» Y HAIPSAMI PyXY).

Inesmonpusoou, cioponpusoou: F=pA (TUCK P IOMHOXKUTH Ha ILIO-
1y nopuras A).

Enexmponpugoou: obepTanbHUNE MOMEHT JBHTYHA TPUOJIM3HO TIPO-
MOPLIHHUKI CTPyMYy.

Tpyoicni enemenmu: F=KX — npy>XuHH, TOPCIOHH, T'a30Bi YIIOPH, IIPO-
TUBAary.

Ipasimayin sk pywitina cuna: Bara BaHTaXy MOXE <«IOTIOMaraTu,
SKIIO PyX BiAOYBa€ThCs BHU3 MO CXHITYy a00 MpH OITyCKaHHI MaHIMyJsTopa.

Slkmo HampsM cHIM W MUTTEBOI IIBHIKOCTI TOYKH 30iraerbes abo
YTBOPIOE TOCTPUH KYT — po0OOTa 10/1aTHA,

CyuacHi npukiagu: E-Gaiik 4m eneKkTpocaMoKar: pylnriifHUH# MOMEHT
JIBUTYHA TIepeMarae oIip KOYeHHsI, aepOJUHAMIYHUH OITip 1 MiIHOM Yy TOpY;
JpOH: CyMapHa Tsra I'BHHTIB JI0JIa€ Bary d BITpOBHH OIlip, KEpyBaHHA Ts-
TOI0 KOYKHOTO POTOpa CTBOPIOE MOMEHTH KEPyBaHHSI.

Cuiin onopy: KOpPUCHI Ta IIKiIJINBI

Kopucnuii onip — 11e TeXHOJNOTiYHa «poOOTa» MAaIIMHU: MEXaHiYHa
00po0OKa: cuia pizaHHs (3aJIeXKUTh BiJ| 1oaavi, IIIMOWHH, MaTepialy); Bepc-
TaT Ma€e OyTH >KOPCTKUM, MO0 YHUKATH aBTOKOJHMBaHb; NPOKAYyBaHHS pi-
JIMH, Ta3iB: HaMip, BTPaTH B TpyOONPOBOAAX, KaBiTalis; MPecH, EKCTPYyIepH,
JpoOapKH, MiKCepU: KOPUCHUH MOMEHT 3pOCTaE 31 30LIBIIEHHSIM B’ S3KOCTI
a0o IIUILHOCTI MaTepiaiy.
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4.2 Forces acting in machines

All forces that affect the operation of machines and mechanisms are
divided into two basic groups:

— driving forces, act in the direction of the instantaneous motion of
the body, seek to accelerate it;

—  resistive forces, act against the motion, seek to decelerate it.

Resistive forces, in turn, are divided into:

— useful (technological) resistance — precisely the resistance the
machine is created to overcome (cutting, pressing, pumping a
fluid, etc.);

— harmful (non-productive) resistance — that which only consumes
energy: friction in pairs, resistance of the medium, parasitic
losses.

Driving forces set the mechanism in motion. They include gas,
steam, or fluid pressure, electromagnetic forces in electric drives, elastic
forces, sometimes weight (if it “works” in the direction of motion).

Pneumatic and hydraulic drives: F = pA (pressure p multiplied by
piston area A).

Electric drives: the motor torque is approximately proportional to
current.

Elastic elements: F=kx — springs, torsion bars, gas struts,
counterweights.

Gravity as a driving force: the weight of the load can “help” if
motion occurs down a slope or when lowering a manipulator.

If the directions of the force and the instantaneous velocity of the
point coincide or form an acute angle — the work is positive.

Modern examples: E-bike or e-scooter: the driving torque of the
motor overcomes rolling resistance, aerodynamic drag, and uphill grade;
drone: the total thrust of the propellers overcomes weight and wind drag,
control of each rotor’s thrust creates control moments.

Resistive forces: useful and harmful

Useful resistance is the technological “work” of the machine:
machining: cutting force (depends on feed, depth, material); the machine
tool must be rigid to avoid self-excited vibrations; pumping of liquids,
gases: head, losses in pipelines, cavitation; presses, extruders, crushers,
mixers: the useful torque increases with increasing viscosity or density of
the material.
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Llxionusuii onip — yce, mo 3HmwKkye KKJI: TepTs B KiHEeMaTHYHHX TIa-
pax (cyxe, B’si3Ke, nepexiana «kpusa [lItpubekay); criagaodnii mepexia Bia
3aJIMMAHH JI0 KOB3aHHs, sBUIIe stick-Slip; omip KOYEHHS; OMip cepeTOBHIIA
(xputnuno 115t aBto, BITJIA, mBHAKOXITHUX MEXaHi3MIB); Mapa3uTHI BTpa-
TH B PEAyKTOpaXx 1 MiUIMIHUKAX (3CYB MacTHiIa, TepMETH3ATOPH, TIONepe/i-
Hi HATATH); EJIEKTPOMArHiTHI BTpaTH (ricTepesrc i BUXPOBI CTPYMH B JIBH-
TyHaX MEPeTBOPIOIOTHCS B TEIUIO). Baoicaueo: TepTs HE 3aBXKIAM «ILIKiJJIH-
Bey». Y raipMax, MydTax, KIMHOMACOBHUX Iepefadax i B KOHTAKTi IIUHU 3
JIOpOTOI0 caMe TepTs POOUTH PoOOTYy MOXKIHMBOIO — IiE KepogaHe KOPHUCHE
TepTSI.

Baea, inepyis ma peaxyii 36 ’a3Ki6é - 1l CUIH HE YTBOPIOKOTH OKPEMO-
O KJIacy, 3aJIe)KHO BiJl HAPSMKY MOXYTh OyTH pYIIIHHUME 200 OIOPOM.

Bara — Ha migiiomi Zi€ SIK omip, Ha CIYCKYy MOXKE OYTH pYLIIHHOIO.
UYepes moTeHIIiiHY €HEepTilo BIUIMBAE Ha BUOIp MpOTUBAr i OalaHCyBaHHSI.

Cunu iHepHii — BUHUKAIOTh NPH 3MiHI HIBHIKOCTI a00 HAMPSIMKY.

Y ¢opmyni [’ Anambepa iX 3pydHO NEpEHOCUTH B PiBHSIHHS PIBHOBArH SK
«YSIBHI» CHJIH: 32 TIEPIOJMYHOTO PyXy CyMapHa poOoTa CHII iHEepLii 3a OJTUH
nepiof JOpiBHIOE HYIIO (0€3 ypaxyBaHHS BTPAT HA TePTS) — €HEPTisd HaKo-
MAYY€ThCS 1 TOBEPTAETHCS.

Peakii B KiHEMaTHYHUX MMapax — [1€ BHYTPIMIHI CHIN JJIS1 MEXaHI3My
B miomy. B imeanpHEX Oe3TepTeBUX mapax iX poOOTa HyIIbOBA; 32 HasBHO-
CTI TEPTS — 3aBXKJIM BiJI’EMHA.

Pymriiiai Ta omopoBi cuim 4acto € QyHKIISIMU NepeMillleHb, IIBH/I-
KOCTeH, MPUCKOPEHb 1 Yacy: aepoJuHaMiuHUil OIip (IPOHU, aBTO, BEHTH-
JISITOP); B’sI3Ke TEPTSA B MACTHJII, PiJIMHAX; CHIIM Pi3aHHS 3pOCTAarOTh 3i 30i-
TBIIECHHSM TI0/1a4l, TIMOWHH; BUCOKI 00EPTH MOXYTh BHKIIMKATH PE30OHAH-
cHi konuBanHs; y npuBoaax UIIK Ta 3D-apyky npodimi «oOMexeHHs pUB-
Ka» 3MEHIIYIOTh MKOBI iHEPIiiHI CHJIX | MMiIBUIIYIOTh SKiCTh TIOBEPXHI.

VY cydacHOMY NpOEKTYBaHHI BUKOPHUCTOBYIOTh BUMIPIOBAHHS Ta ifie-
HTU(IKAIIIO CUJI: JaTYMKHU Bard Ta TeH30JIaTYMKH JIJIsI CHJI 1 MOMEHTIB Y Te-
XHOJIOTIYHMX ONepamisx; JaTYMKH KPyTHOrO MOMEHTY Ha Baiax, abo He-
npsiIME OIIHIOBAaHHS 3a CTpyMoM jpuryHa; IMU/akcenepomerpu ajis i7eH-
Trdikarii iHepIIHHNX CKIamIoBHX 1 BiOparrii; Spin-down-tecTu 11t OIIHKA
CyMapHHX OIOpiB 00epTaHHS; iIeHTu(iIKaIlisg Mozelnel (MeTo HallMEHIIIIX
kBagpatiB, ARX-moneni) mist orpumanHs KoedillieHTIB 31 cTeHI0BHX abo
MOJHOBUX JIaHWX; IU(POBI JMBIHHUKKA — 3BIPSIOTH BUMIPSIHI MOTY>KHOCTI,
CTpyMH, BiOpalii 3 po3paXyHKOBUMH, KOPUT'YIOTh ITApaMETPH MOJAEII.

118



Harmful resistance is everything that reduces efficiency: friction in
kinematic pairs (dry, viscous, the transient “Stribeck curve”: a decreasing
transition from sticking to sliding, the stick-slip phenomenon); rolling
resistance; resistance of the medium (critical for cars, UAVS, high-speed
mechanisms); parasitic losses in gearboxes and bearings (oil shear, seals,
preloads); electromagnetic losses (hysteresis and eddy currents in motors).
(Converted into heat).Important: friction is not always ‘“harmful.” In
brakes, clutches, V-belt drives, and in tire-road contact, friction makes the
work possible — it is controlled useful friction.

Weight, inertia, and constraint reactions do not form a separate class;
depending on direction they can be driving or resistive.

Weight — on an ascent acts as resistance, on a descent can be driving.
Through potential energy it affects the choice of counterweights and
balancing.

Inertial forces — arise when speed or direction changes. In
D’Alembert’s formula it is convenient to transfer them into the equilibrium
equations as “fictitious” forces: for periodic motion, the total work of
inertial forces over one period is zero (neglecting friction losses) — energy is
stored and returned.

Reactions in kinematic pairs — these are internal forces for the
mechanism as a whole. In ideal frictionless pairs their work is zero; in the
presence of friction — always negative. Examples: linear guides of CNC
machine tools, bearings of robots.

Driving and resistive forces are often functions of displacements,
velocities, accelerations, and time: aerodynamic drag (drones, cars, fan);
viscous friction in lubricants and fluids; cutting forces increase with
increasing feed and depth; high rotational speeds can cause resonant
vibrations; in CNC and 3D-printing drives, jerk-limited profiles reduce
peak inertial forces and improve surface quality.

In modern design, measurement and identification of forces are used:
weight sensors and strain gauges for forces and torques in technological
operations; torque sensors on shafts, or indirect estimation from motor
current; IMUs/accelerometers for identifying inertial components and
vibrations; spin-down tests to assess total rotational resistances; model
identification (least-squares method, ARX models) to obtain coefficients
from bench or field data; digital twins — reconcile measured powers,
currents, vibrations with calculated ones, adjust model parameters.
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Bukna/ieHi MOIOKEHHSI CTOCYIOThCsI i MOMeHTiB map cut M = Fr.
Jnst obepradpbHIX MeXaHi3MIB 3pYYHO ONMEPyBaTH MOMEHTaMH 1 KyTOBOIO
MIBUIKICTIO.

Orxe, Tpeba mam’ATaTH, IO pyulitini cuiu Jal0Th TOJATHY poOoTy;
KOPHCHHUH OITip — BiI'€MHY, aJie cCaMe BiH 1 € «IIUJUTI0» MAIIHHA; IIKIJTHBAN
omip Tpeba MiHIMI3yBaTH KOHCTPYKTHBHO a00 depe3 PEeKUMU; IHEPIist «I10-
3WYa€» EHEPTIIO MiJ 9ac PO3TOHY 1 «IIOBEPTAE» MPH TaIbMyBaHHI; i/leabHi
peakuii B’s13iB poOOTH HE BUKOHYIOTH, ajie OyAb-sKe TepPTA — Lie BTPATH.

4.3 BuzHaueHHs cuJ1 iHepuii JIaHOK i cuJ1 peakuiii y KiHeMaTHYHHX mapax

Cunu iHepii Ta peakiii B mapax — I1e «MOBay, SIKOI0 MeXaHi3M Bij-
TIOBi/Ta€ HA TIPUCKOPEHHS, TATBMYBaHHS i KOHTAKT. Y CBIiTi pOOOTOTEXHIKH,
npouiB, enexTpomoOiniB i YITK-BepcTartiB Bii KOPEKTHOTO OOJIIKY CHII iHE-
P 1 peakIiii 3alnexaTh TOYHICTH TPAEKTOPill (AKiCTh APYKY, 0OpoOKH,
TUTABHICT PyXy MAaHIMyIsATOpa); JOBTOBIUHICTH (BTOMa MaTepiaiy, MiKOBi
HaBaHTA)XEHHS B OTOPaXx i peyKTopax); eHeproeeKTHBHICTD 1 3armac X0y,
Oe3meka (MpaBWIbHI peakiii B ranbMax, MyQTax, miiBickax).

e ye 3ycmpivacmvcs wooHa?

- PoGoT-MaHIyISTOP: IPU PO3TOHI BAXKKOTO 1HCTPYMEHTA 1HEePITi HHUIA
MOMEHT JIMKTY€E NOTPiOHMI KPYTHUH MOMEHT Y MPUBOAAX 1 HABAHTAKEHHSI
Ha HIAMIAIHAKY,

- Enextpocamokar (e-0aiik): cTpuOOK MPUCKOPEHHS, a OTKE€ BUHUKAE
MiKOBa CUJIa 1HEPIIii, a peakIlii B MiBIiCIIi 3aJaf0Th KOM(MOPT 1 KEPOBAHICTH;

- 3D-npunTep (UIIK): npodini 3 0OMeKeHHSIM pUBKa 3MEHIITYIOTh
IHEepIIiiHI KA, OTPUMYEMO MEHIIIE BiOpaIiil i «XBUISACTOCTI» TTOBEPXHI.

3aBaaHHA.

1. Cknactu piBHSHHS piB-
HoBaru 3a /[’ AsamOepom
JUTSL KOYKHOI JIAHKH/TPYTIH.

2. IlepeBiputu po3mipHOC-
Ti, 3HaKH, TOYKU IPHK-
TalaHHA.

Puc. 4.1. Buznauenus cui inepuil
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All the above applies to moments of couples as well, M = F-r. For
rotational mechanisms it is convenient to operate with torques and angular
speed.

Therefore, one must remember that driving forces do positive work;
useful resistance — negative, but it is precisely the “goal” of the machine;
harmful resistance must be minimized by design or by operating modes;
inertia “borrows” energy during acceleration and “returns” it during
braking; ideal constraint reactions do no work, but any friction is a loss.

4.3 Determination of inertia forces of links and reaction forces in kinematic
pairs

Inertia forces and reactions in pairs are the “language” by which a
mechanism responds to acceleration, braking, and contact. In the world of
robotics, drones, electric vehicles, and CNC machine tools, correct
accounting of inertia forces and reactions determines trajectory accuracy
(print/processing quality, smoothness of manipulator motion); durability
(material fatigue, peak loads in bearings and gearboxes); energy efficiency
and range; safety (proper reactions in brakes, clutches, suspensions).

Where does this occur every day?

— Robot manipulator: when accelerating a heavy tool, the inertia mo-
ment dictates the required drive torque and the bearing loads;

— E-scooter (e-bike): a jump in acceleration produces a peak inertia
force, and reactions in the suspension set comfort and controllability;

— 3D printer (CNC): jerk-limited profiles reduce inertia peaks, yielding
less vibration and less “waviness” of the surface.

Tasks.

1. Write the equilibrium
equations by
D’Alembert for each
link/group.

2. Check dimensions,
signs, points of applica-
tion.

Fig. 4.1. Determination of inertia forces
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Sk BiTOMO 3 TEOPETUYHOT MEXaHIKH, Y 3arallbHOMY BUTIAIKY BCi CHITH
iHepiii Oyap-sxoi nanku AB (puc. 4.1), sika 3IifCHIOE TUTOCKOTIApAIeIbHHIN
pPyX 1 Mae IUIOMKHY CHUMETpii, mapajensHy IUIOMHKHI PyXy, MOXYTh OyTH

3BeJeHi 10 cunu inepuii Fi , sKy npuknagaemo B nentpi mac (Baru) S, i
JI0 IapM CUJT iHePpIIii, MOMEHT sikux popiBHioe M, .

Cuna iHepIil JaHKA BU3HAYAETHCS

F. =-mag, (25)

ne Fi — Bexrop cunu inepuii nanku AB, H;
M — Maca JIaHKH, KT;

dg — BEKTOP MOBHOTO MPHCKOPEHHS LIEHTpa Mac S , M/c?,

Cwa inepuii nanku F;, HampsiMiieHa POTUIIEKHO BEKTOPY IPUCKO-

peHHsI ieHTpa Mac ds .

TakuMm 9uHOM, Il BU3HAYCHHs cwiam iHepuii Fiu maHku Tpeba
3HAWTH i Macy Ta BEKTOp IIOBHOTO NPUCKOPEHHs Ag HEHTpa Mac. SIK BUAHO
13 popmynu (25), cuia iHepiii Mae po3MIpPHICTH [Kr*M/c”], TOOTO BUMIpIO-
€ThCs y HhIoTOHAX (H).

MoMeHT mapu cuil iHepIii HanpsSMIICHHH MPOTHIIEKHO KYTOBOMY
MIPUCKOPEHHIO & 1 MOXKe OyTH BU3HAUCHHH SIK

My =—Jg €. (26)

V opmyii (26) Jg — MOMEHT iHepIlii J1aHKM BiHOCHO OCi, sIKa Mpo-

XOIMThH Yepe3 LEHTP Mac 1 NepHeHIUKYJIsIpHa 10 TUIOLIMHM PYXY JIaHKH, a
£ — KyTOBE NPUCKOPEHHS JIAHKU.

MowmenT inepuii Jg Mae posmipHicTs KM, KyTOBE IPUCKOPEHHSI

— 2 . . . 2, 2
£ —pajn/c, ToMy MOMEHT TIapH CHJI iHepIIii Mae pO3MIpHICTh KI*M/c”, 110
npezacrasisie codooro H-m.
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As is known from theoretical mechanics, in the general case all
inertia forces of any link AB (Fig. 4.1) that performs plane-parallel motion
and has a symmetry plane parallel to the plane of motion can be reduced to

an inertia force F;, applied at the center of mass (weight) S, and to a
couple of inertia forces whose moment equals a certain value M, .

The inertia force of the link is determined by
Fi =-mag, (25)

where Em — the vector of the inertia force of link AB, N;
m — the mass of the link, kg;

a5 — the vector of the total acceleration of the center of mass S, m/s2.

The inertia force of the link F; is directed opposite to the
acceleration vector of the center of mass a .

Thus, to determine the inertia force F;, one must find its mass and
the vector of the total acceleration ag of the center of mass. As follows

from formula (25), the inertia force has the dimension [kg-m/s?] , i.e., itis
measured in newtons (N).

The moment of the couple of inertia forces is directed opposite to the
angular acceleration & and can be determined as:

Mm = _‘]S .

M

(26)

In formula (26) J5 — the moment of inertia of the link with respect to

the axis passing through the center of mass and perpendicular to the plane
of motion of the link, and & is the angular acceleration of the link.

The moment of inertia J has the dimension kg-m>, the angular ac-

celeration £ — rad/s? therefore the moment of the couple of inertia forces
has the dimension kg-m?/s?, which is N-m.
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Cuny inepuii Fi i Moment
napu cun iHepuii M i MoxHa 3a-
MIHUTH OJIHI€I0 PIBHOMINHOIO CH-
noto F'iy, mo nopisHioe cumi iHe-
puii Fi (puc. 4.2), ninist i sikoi
3MillleHa BiZHOCHO LIEHTpPa Mac S

. _ Miu
Ha Bizctans h = ,
in
TOOTO MOMEHT Map CHII iHepuil

MiH :F[H.h

3aMiHFOEMO TTapO0 CHIT

= = Puc. 4.2. 3Benenns cui iHepril
( Fi, Flu ) JIAHKH JIO OJIHi€T piBHOAINHOT

BusnaueHHs cuit peakmiid y KiIHEeMaTHYHUX Iapax 3BOJUTHCS 10 T10-
UIYKY X BETMYMHH, HAPSMKY 1 TOUKH MPUKIIaICHHS.

Cunu peakiiii (CuiiM B3a€MOZIl) MiX JBOMa TilaMH (JaHKaMH), sIKi
CTHKAIOTHCS, TIPH BiJICYTHOCTI TEPTS 3aBXKIU HANpAMIICHI HOPMAalbHO [0
CTHYHHX TOBepXoHb. ToMy B oOepranbHili KiHeMaTW4Hid mapi V kiacy

(puc. 4.3, a) peakuist R21 sika npukinanena mo nanku 1 3 60Ky nanku 2, Oye
3aBX/IW MPOXOJUTH 4epe3 NeHTp mapHipa O. 3HadeHHs 1 HampsaM il miei
cwin R21 HeBimoMuii, TOMy 1110 BOHM 3aJI€KaTh BiJ CUII, SKi IPUKIAIEH] 10
naHok 11 2.

Buknaaene MoBHICTIO CTOCYEThes i peakii Ri2 , ska npukiazeHa 10
JaHKk 2 3 OOKy JaHK# 1, TOMy IO CHJIM B3a€MOJIii 3B’s3aHI MK c000F0

TpeTim 3akoHoM Herotona: R21 =—Ruz.

V nocrynansHiii mapi (puc. 4.3, 6) pe3ynbryroua peakiis Rai Oyne
HanpsiMiieHa TIEPIEeHAUKYISIPHO JI0 OCi PyXy X — X JIaHOK Ii€i mapu, mpu
1[bOMY HEBIJIOMHUMH JIMINAIOTHCS 11 3HAYEHHS Ta TOUKA MPUKIIAICHHS.

V Bumiii mapi IV kmacy (puc. 4.3, 6) peakuis R21 mampsmnena
B3JIOBXK HOpMaui N — N (6e3 BpaxyBaHHS TepTs) 1 NPUKIaeHa y TOUIIl JIOTHU-
ky C. Tomy B Takiii KiHEeMaTW4HI{ mapi BiIOMi TOYKa MPHUKIAJCHHS Ta Ha-
npsM cuiu peakuii. HeBinomum e ii 3HaueHHS.
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The inertia force Fi and
the moment of the couple of inertia

forces M, can be replaced by a
single resultant force F';., equal

to the inertia force Fi, (Fig. 4.2),
whose line of action is shifted
relative to the center of mass S

. M,
by a distance h = —*,
That is, the moment of the couple
of inertia forces

M, =F, -h Fig. 4.2. Reduction of the inertia forces of
. . a link to a single resultant
is replaced by a pair of forces
(Fiu, F’iH)-

The determination of reaction forces in kinematic pairs reduces to
finding their magnitude, direction, and point of application.

Reaction forces (interaction forces) between two bodies (links) in
contact, in the absence of friction, are always directed normal to the
contacting surfaces. Therefore, in a revolute kinematic pair of class V

(Fig. 4.3, a) the reaction Ras applied to link 1 from link 2 will always pass
through the center of the hinge O. The value and direction of action of this

force R2:1 are unknown, because they depend on the forces applied to links
1and 2.

The above fully applies as well to the reaction Ruz applied to link 2
from link 1, because the interaction forces are related by Newton’s third

law: R21 =—Rio.

In a prismatic pair (Fig. 4.3, b) the resultant reaction Ra1 will be
directed perpendicular to the axis of motion x — x of the links of this pair;
at the same time its value and point of application remain unknown.

In a higher pair of class IV (Fig. 4.3, ¢ ) the reaction R2: is directed
along the normal n — n (neglecting friction) and applied at the point of
contact C. Therefore, in such a kinematic pair the point of application and
the direction of the reaction force are known. Its value is unknown.
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a) 0) 6)

Puc. 4.3. Peaxuii B kinemaTnuHux napax V i IV knacis

OTxe, i yac BU3HAYEHHSI peakiliid y KiIHeMaTHYHHX Mapax V Kiacy
HEOOXiHO BiAIIyKaTH IIBI HEBIMOMi Yy KOXHIM mapi. Skmo uwmcmo map
I’ SITOTO KJIacy y MeXaHi3mi Ps, TO YUCIIO HEBIZOMUX AOPIBHIOE 2Ps 1 AKIIO
N — YUCIIO PYXOMHUX JIAHOK, TO YHCJIO PiBHSHB PIBHOBATH JOPiBHIOE 3N. Me-
Xawizm 6yde_cmamuyHo gusHadenuti npu ymogi 2Ps=3n. OTpumaHa piBHICTh
criBmagae i3 CTpyKTypHOIO opmynoro rpynu Accypa. Omxe rpynu Accypa
€ CTaTUYHO BU3HAUCHHUMH, a MiJl 4ac MOUIYKY peakuiil y KiHeMaTHYHHX Ma-
pax MexaHi3My MO)KHa pO3IIISIaTH PiIBHOBAry KOXHOI rpymu Accypa okpe-
MO.

B ocHOBi Merojga BU3HAUCHHS peakliii NPUAHATO TMPHHIUI
I’ Anambepa, y BIONOBIIHOCTI 3 SKUM JWHAMIYHA CHCTEMa YMOBHO 3BO-
JMTBCS JI0 CTATUYHOI IIISIXOM NPUETHAHHS CHJI 1HEpUil 1 Ui po3B's3aHHS
3aj1a4i BAKOPUCTOBYIOTHCSI PiBHSHHS PIBHOBAru CTATHKH:

Fi+Gi+ ) Rji+Fi, =0, (27)
2 2

ae Z Fi — cyma Bcix 30BHILIHIX cHuL, SIKi JiFOTH HA i-Ty JAHKY;
Gi — cuna Baru i-Toi JaHKH;
Z Rji —cyma cunoBoi B3aemoii 3 GOKy iHIIKX JAHOK Ha

[-Ty JNaHKy (J-Ta JaHKa CTHKAETBLCSA 3 [-TOKO JIAHKOIO);
Fi., — cwuna inepuii i-roi mankwy.
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Fig. 4.3. Reactions in kinematic pairs of classes V and IV

Thus, when determining reactions in kinematic pairs of class V it is
necessary to find two unknowns in each pair. If the number of fifth-class
pairs in the mechanism is Ps, then the number of unknowns equals 2Ps and
if n is the number of moving links, then the number of equilibrium
equations equals 3n. The mechanism will be statically determinate under
the condition 2Ps=3n. The obtained equality coincides with the structural
formula of an Assur group. Hence Assur groups are statically determinate,
and when seeking reactions in the kinematic pairs of a mechanism one can
consider the equilibrium of each Assur group separately.

D’Alembert’s principle is adopted as the basis of the method for
determining reactions, according to which a dynamic system is
conditionally reduced to a static one by appending the inertia forces, and the
problem is solved using the equilibrium equations of statics:

Fi+Gi+)» Rji+Fi, =0, (27)
2 2

where Zfi —the sum of all external forces acting on the i-th link;
Gi — the weight force of the t i-th link;
Zﬁji — the sum of interaction forces from other links on

the i-th link (the j-th link is in contact with the i-th link);
Fi., — the inertia force of the i-th link.
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Busnauennsa peaxyiu y xinemamuunux napax Mexamizmié GUKOH)-
EMbCA Y MAKill NOCAIO0BHOCH:

- CIIOYaTKy BHKPECIIOETHCS MEXaHi3M y 3aJlaHuX IOJIOXKECHHAX 1 Y
NpUAHIATOMY MaciuTadi 4.

- MeXaHi3M pOo3MOoIIIIEMO Ha Tpynu Accypa, SKi BUKPECTIOIOTECS Y
BiJIIOBITHOMY MacTabi 4.

- 710 JaHOK Tpynu Accypa y BIANOBIAHUX TOUKaX MPUKIAAAEMO BCi
3a/1aHi CHUJIM 1 MOMEHTH (CHJIH 1HEpIil, CHIIN Bard, CHJIM KOPUCHOTO OTOPY 1
1HIIT1);

- 710 30BHILIHIX Hap KOXKHOI TPYMU NPHUKIATAEMO HEBIAOMI CHIIH
peaKtii, siKi 3aMiHIOIOTh [0 BIIKMHYTHUX JIAHOK CYCIZIHIX TPYII;

- TOTIM CKIJIAJArOThCS PIBHSHHS PIBHOBArW JIAHOK JJIS BUSHAYCHHS
BIJIOBIIHAX TaHTCHIIMHUX CKIAJIOBUX PEakKilid y 30BHIIIHIX KiHEMaTH4-
HUX T1apax;

-y IpUAHATOMY MacmTabi (r OyIyIOThCS CHIIOBI OaraTOKyTHHKH i
BHM3HAYAIOTHCS HOPMAaIbHI CKJIAIOBi, 2 TAKOX TOBHI peakiii y KiHeMaTH4-
HUX T1apax;

- BH3HAYEeHHs peakiliii HeoOXiTHO MOYUHATH 3 TPYNU Accypa, Hal-
OimpIn BimmaneHoi B BeAydol JIAHKH, IMTOCTYIIOBO MEPEXOISYd IO ITOCIHi-
JYIOUMX TPYII, a 3aKiHUYBAaTH JTOCIIPKEHHS BEy4OI0 JIAHKOI, TOOTO MeXxa-
Hizmy | kmacy.

PospaxoByroun cunu iHepiii Ta peaxiiii B KIHEMaTUYHUX T1apax, iH-
JKEHep HACIPaB[li OMHCYE Te, IK MEXaHi3M CHpUiMae BILTMB MPUCKOPEHHS,
rajibMyBaHHS 1 KOHTAaKT y peaJibHuX yMoBax. @opmyna (25) roBopuTh Ham,
110 cuJia iHepii 3aBXau CIPSIMOBaHA IPOTH BEKTOpa NPUCKOPEHHS LEHTPa
Mac, HiOu Haragyroun: Oynb-ske OakaHHS PO3IrHATH JIAHKY KOINTYE AOAAT-
KOBHMX 3yCWJIb y IPUBOJII ¥ miammmnHukax. A ¢opmyna (26) nomae npyrui
1ap 3MiCTy — 0OepTajbHHUN: KOJIM JIAHKa HE JIMIIE 3CYBAEThCS, & M 3MIHIOE
KYTOBY HIBHJIKICTb, 1HEPIisl IPOSIBISIETHCS SIK MOMEHT, TPOMIOPIiHAN MO-
MEHTY iHepIIii Ta KyTOBOMY IPUCKOPEHHIO. Y MiJICYMKY MEXaHi3M BijIOBi-
Jla€e ojpaszy ABOMAa «roJOCAaMM»: CHJIOIO Ta MOMEHTOM, SIKi MM 3pY4HO 3BO-
MO 110 piBHOMIHHOI (puc. 4.2), 30epiratoun eKBiBAJICHTHICTH JIii HAa OIO-
pu. L{s jorika 100pe Bi4yBa€ThCs HA CydaCHUX MPHUKIanax. Y MPOMHCIIO-
BOT'0 MaHIMyJIATOPa TOYHICTh MMO3UIIIOBaHHS BU3Ha4YaeThes He ymnie [11/1-
HaJIAIITYBaHHIM, a W THM, HACKIJIbKM MPAaBIUBO OLiHEHI M, a Ta / KOXHOI
JIaHKH.
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The determination of reactions in the kinematic pairs of mechanisms
is performed in the following sequence:

- first, the mechanism is drawn in the specified positions and at the
adopted scale .

- the mechanism is divided into Assur groups, which are drawn at
the corresponding scale .

- to the links of an Assur group at the corresponding points all
given forces and moments are applied (inertia forces, weight forces, useful
resistance forces, and others);

- to the external pairs of each group the unknown reaction forces
are applied, which replace the action of the discarded links of adjacent
groups;

- then the equilibrium equations of the links are written to
determine the corresponding tangential components of the reactions in the
external kinematic pairs;

- at the adopted scale ur force polygons are constructed and the
normal components, as well as the total reactions in the kinematic pairs, are
determined;

- the determination of reactions must begin with the Assur group
farthest from the driving link, gradually proceeding to the subsequent
groups, and end with the study of the driving link, i.e., the mechanism of
class I.

By calculating the inertia forces and the reactions in kinematic pairs,
the engineer is in fact describing how the mechanism experiences
acceleration, braking, and contact under real conditions. Formula (25) tells
us that the inertia force is always directed opposite to the acceleration
vector of the center of mass, as if reminding us: any desire to accelerate a
link costs additional effort in the drive and bearings. And formula (26) adds
a second, rotational layer of meaning: when a link not only translates but
also changes angular speed, inertia manifests itself as a moment
proportional to the moment of inertia and the angular acceleration. As a
result, the mechanism responds with two “voices” at once: a force and a
moment, which we conveniently reduce to a resultant (Fig. 4.2), preserving
the equivalence of action on the supports. This logic is clearly felt in
modern examples. In an industrial manipulator, positioning accuracy is
determined not only by PID tuning, but also by how truthfully the m, a and
I of each link are assessed.
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Komm iHCTpyMeHT Bakkuii ab0 manexo BUHECEHWH, IHEepIiHHUI MO-
MEHT Pi3KO0 3pOCTa€, i MPUBiJ «OaunTh» MKOBI BUMOTH 10 KPYTHOTO MOMeE-
HTY came depe3 M0JaHoK le. Y miacyMKy peakiii B mapHipax (puc. 4.3, a)
CTalOTh OUTBIIMMH, HXK OUIKYBaJIOCS 338 CTATUYHUMH MIpKyBaHHSIMH, a 1€
BIDIMBA€E HA BUOIp MiIIMITHUKIB, HA )KOPCTKICTh KOPITyCY I HaBiTh Ha PO3K-
nan npodinaktnaaux 3amif. [TogioHa kaptuaa B UIIK-BepcTati abo
3D-npuHTEpi: 3a CKIAQAHUX TPAEKTOPiH MPUCKOPEHHS W PUBKH MOPOJIKY-
I0Th 1HEepUINHI MiKH, SKi MepelaloThCs B HAMPSIMHI, 1 SIKIIO HEXTYBAaTH MO-
MEHTOM iHepIlii pyXOMOro MopTaixy, Y MOJAENSAX 3 SBISIOTHCS «ileabHi»,
ajie HeiCHYI0Yl y MPaKTHLIi TPAeKTOopii.

Peakuii B mapax, onucani Ha puc. 4.3, — 1e 1me i MoBa Oe3nexu. Y
MOCTYMANBHIN Tapi (HampsiMHA KOB3aHHS) Pe3yNbTYIOYa pPEakilis 3aBXKId
NEPIEHIUKYISPHA OCi PyXy, TOX y PeaibHOMY BY3Ji HaBiTh HEBEIHUKE IIe-
pEKoIIyBaHHs a00 JIOKAbHHUI 3HOC HANPSMHOT MOXKE 3MIHUTH TOUYKY MPHK-
JaJaHHSA ¥ PO3MOALT HANpyXeHb. Buml mapu (KOYeHHs, 3a4eIICHHS) IIe
YyTJIMBIII: HOPMAJh y TOYI JOTHKY AUKTYE HAMPSAM PeaKilii, a TOHKI ede-
KTH — MIKPOKOB3aHHs, NIPYKHi nedopmalii npodiTiB — yke NepexosiTh 3
imeamizamii B JpKepeno BTpaT eHeprii Ta Temia. ToMy, KOPHCTYHOUYHCH
npunanunom [’ Anambepa (27) 1 3BoAsiun 3a1ady AWHAMIKH O CTATHYHOTO
BUTJISALY, BOXKJIMBO TaM’ATaTH: «ieajbHi» Mapu — ¢ IHCTPYMEHT IS PO3-
paxyHKy, ajie peaJbHUI BY30Jl 3aBXKAH Ma€ MEXY HaBaHTaKEHHS, KOPCT-
KICTb 1 ICIKHUI PiBEHB TEPTSL.

[MpakTu4HUl ceHC CTPYKTYpHOI yMOBU 2Ps=3N mossirae B TOMY, 110
MU 3a3JaJIeT1Jlb pO3yMIEMO, Y1 BHCTAYUTh PIBHSIHD PIBHOBArd Ui He3ale-
JKHOTO BHU3Ha4YeHHsA peakuid. Komm ymoBa BUKOHYeThCs, Tpymu Accypa
CTalOTh 3PYYHUMH LETIMHKAMI): PO3TILIAI0YH 1X IOYEProBO — BiJ MEpH-
¢epii MexaHI3My J10 BeIydOl JIJAHKA — MU OOMEKYEMO CKJIaIHICTh 1 30epira-
eMo ¢i3n4Hy HaouHicTh. Lle 0cobnMMBO IIHHO B €moxy HU(POBUX ABIHHU-
KiB: YHCENbHUI PO3B’S30K MOKE OyTHM MHTTEBHM, ajie i/iesl TOCIiIOBHOTO
BiJIOKpEeMJICHHSI TPyl 30epira€ KOHTPOJIb HaJl SIKICTIO MOJIENi, J03BOJISIE
IHTepIpETYBaTH PE3yJbTAaTH 1 BUJIIE 3HAXOIUTH JHKEPEIO TIOMHIIKH.

OxpemMo BapTo 3raiaTH Ipo «IEePEBiPKH Ha 310POBHH ITy31», AKi HE
BUAHO y (opMynax, ane psATYIOThb BiJ TUNOBUX MOXHOOK. Po3mipHicHa y3-
TOJDKEHICTD 1 3HAKW — OYEBUHI KaHAWIATH, IPOTE€ HE MEHII KOPHCHO MHC-
JIMTHU Yepe3 eHeprito: 0e3 ypaxyBaHHA TepTs poOOTa iHEpLUiHHUX CHJI 3a Ie-
pion mae 3ifiTrcs 10 HyJS; SKIIO IIOTO HE BiAOYBa€ThCs B MOJENI mepio-
JUYHOTO PyXY, 3HAYUTH JIECh MEPEILTyTaHO HANpsIMOK ab0 TOYKY IpHUKIIA-
JIAHHS.
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When the tool is heavy or has a large overhang, the inertia moment
increases sharply, and the drive “sees” peak torque demands precisely
through the Ie term. As a result, the reactions in the joints (Fig. 2.25, a)
become larger than expected from static considerations, which affects the
choice of bearings, the stiffness of the housing, and even the schedule of
preventive replacements. A similar picture occurs in a CNC machine or a
3D printer: for complex trajectories, accelerations and jerks generate inertia
peaks that are transmitted into the guides, and if the moment of inertia of
the moving gantry is neglected, “ideal” trajectories appear in the models
that do not exist in practice.

The reactions in pairs described in Fig. 4.3 are also a language of
safety. In a prismatic pair (a sliding guide) the resultant reaction is always
perpendicular to the axis of motion, so in a real unit even a slight skew or
local wear of the guide can change the point of application and the stress
distribution. Higher pairs (rolling, meshing) are even more sensitive: the
normal at the contact point dictates the direction of the reaction, and subtle
effects — micro-slip, elastic deformations of the profiles — already pass from
idealization into a source of energy loss and heat. Therefore, when using
D’Alembert’s principle (27) and reducing a dynamics problem to a static
form, it is important to remember: “ideal” pairs are a tool for calculation,
but a real unit always has a load limit, stiffness, and some level of friction.

The practical meaning of the structural condition 2Ps=3n lies in the
fact that we understand in advance whether the equilibrium equations are
sufficient for the independent determination of reactions. When the
condition is satisfied, Assur groups become convenient “building blocks”:
by considering them in turn from — the periphery of the mechanism to the
driving link — we limit complexity and preserve physical clarity. This is
especially valuable in the era of digital twins: a numerical solution can be
instantaneous, but the idea of sequential separation of groups preserves
control over the quality of the model, allows better interpretation of results,
and enables faster identification of the source of an error.

It is also worth mentioning the “sanity checks,” which are not visible
in formulas but save you from typical errors. Dimensional consistency and
signs are obvious candidates, but it is no less useful to think in terms of
energy: neglecting friction, the work of inertia forces over a period should
sum to zero; if this does not occur in a model of periodic motion, it means
that somewhere the direction or the point of application has been mixed up.
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HapemTi, 38’5130K 1[pOT0 PO3ALTY 3 HACTYITHIMH TEMaMH TPUPOTHAN.
Cunm iHepiii, BU3HAYEH] TYT, IEPEXOIATh Y HEPIBHOMIPHOCTI 00epTambHO-
TO PyXY, IUI SKUX JOOUPalOTh MaxOBHK BiJMOBITHOI EHEPTOEMHOCTI; peak-
uii B mapax Ta po3moAil Mac — y 3a1avi OanaHCyBaHHA, NI BiJ TOYHOCTI
OIIHKHU M 1 | 3a1exuTh piBeHb BiOpamii i mrymy. Ti cami peaxitii, HOKIaaeH1
Ha TIPY>KHI MOJIENI OTop 1 paM, CTar0Th BUXITHUMHE JAaHUMH TS aHAJi3y KO-
TMBaHb 1 BiOpo3axucTy. Takum 4rHOM, po3fin 4.3 — ue He nuire GopMyau
W cXeMH, a TIOYaTOK <OKHUBOI» MEXaHIKH MAIllMHHU, y SKid KOXKHE MPHCKO-
pPEHHS Mae€ BiIIOBiAb, @ KOXKEH KOHTAKT — CBOIO 1CTOPiI0 HaBaHTaXKCHHSI.

4.4 CnjoBHH pO3paxyHOK IUIOCKHX MeXaHi3MiB 0e3 BpaxyBaHHA
CHJI TepTs

CunoBwuii po3paxyHOK IDIOCKAX MEXaHi3MiB - IIe Iepexij] BiJ KiHeMa-
TUKH J0 IPUYHUH PyXy: MalOuH 3aKOH PyXy BeAydoi JIaHKM Ta 30BHIIIHI Ha-
BaHTAXXCHHS, MU BH3HAYa€MO Peakilii B mapax i NoTpiOHu pymiiHui Mo-
MeHT (a0o cwiry) y (QyHKIIi MTONOKEHHS Ta 4acy. Y HbOMY Migpo3zinai
CBiJTOMO HE BPaXOBYETHCS TEPTs, MO0 BUAUTATH TOJOBHE: BILTUB Mac, MO-
MEHTIB iHepIii Ta KOPUCHHUX OIOPIB HAa CHJIOBY B3a€EMOJIIO JIAHOK. Takwii
MiIX17 BiAMIOBiIa€ MEPIIOMY €TaIy iHXKEHEPHOTO MPOEKTYBAHHS: CIIOYATKY
3HAXOJIATH «i/IeaTbHUI» CHIIOBHI OajaHC, a BXKe MOTIM OJAl0Th BTPATH Ha
TEpPTS, MACTHJIIO Ta TiPO- UM aepoJHAMIYHI eeKTH.

Jani My mpaioemMo 3 TUIOCKMMU, aOCOTIOTHO JKOPCTKUMU JIAHKaMH,
3’€THAHUMU 1/1eaJJbHUMH KiHEMaTUYHHMH [1apaMH; TI0JIe TSDKIHHS BBa-
JKAEMO CTAJIOI0 30BHIIIHBOIO Ai€0. BiloMHMHU BBaXKAIOTHCS TE€OMETPIst Me-
XaHi3My, MacH JIaHOK 1 iXHI MOMEHTH iHepIlil, 3aKOH pyXy BeJly4oi JaHKH Ta
TEXHOJIOT1UHI (KOpHCHI) crim oropy. Po3B’si3aHHS TPYHTYEThCS Ha TIPHH-
i JI”AnamGepa, KoM 10 KOXKHOI JIaHKU JIOJAIOTHCSI CHIIM Ta MOMEHTHU
IHepIIii, MICIIsA YOro CUCTEMA «JIMHAMIYHA» 3BOJUTHLCS JI0 PIBHSIHb PIBHOBA-
TH 711 OKPEMHUX JaHOK abo rpym Accypa.

TumnoBuit IpenCTaBHUK JUTSA BiNPANIOBAaHHS METOIUKH - IIapHIpHUN
YOTHUPWIIAHKOBHI MexaHi3M. Ha Horo mpukianmi JIerKo MPOCTEXHTH, K
3MIHIOIOTECS PEakKIlii B MAapHipax yIMpoaoBXK IHKITY, K 1HEePIiiHI CKIIa10Bi
(GopMYyIOTh MIKOBI BUMOTH JI0 NPUBOIY 1 SK KOPHCHI ONOPH «IepeKiaja-
IOTBCS» Ha BeAydy JIaHKy. B Takomy (opMysroBaHHI CHIOBHI PO3paxyHOK
BIAMOBi]a€ TOMY, IO B Cy4acHiil TEpPMIHOJOrIi Ha3WBaIOTH INVerse
dynamics: 3 BioMOro pyxy JIaHOK i HaBaHTa)KCHb BU3HAYAKOTHCS CHJIM U
MOMEHTH B 3’ €JHAHHSX Ta Ha MIPUBOJII.
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The inertia forces determined here carry over into irregularities of
rotational motion, for which a flywheel of appropriate energy capacity is
selected; the reactions in pairs and the distribution of masses — into
balancing problems, where the level of vibrations and noise depends on the
accuracy of estimating m and I. Those same reactions, when applied to
elastic models of supports and frames, become input data for the analysis of
vibrations and vibration protection. Thus, Section 4.3 is the beginning of
the “living” mechanics of the machine, in which every acceleration has a
response, and every contact has its own loading history.

4.4 Force calculation of planar mechanisms without accounting
for friction forces

The force calculation of planar mechanisms is the transition from
kinematics to the causes of motion: having the law of motion of the driving
link and the external loads, we determine the reactions in the pairs and the
required driving torque (or force) as a function of position and time. In this
subsection friction is deliberately not taken into account in order to single
out the main thing: the influence of masses, moments of inertia, and useful
resistances on the force interaction of the links. Such an approach
corresponds to the first stage of engineering design: first the “ideal” force
balance is found, and only then are losses due to friction, lubrication, and
hydro- or aerodynamic effects added.

Hereafter we work with planar, absolutely rigid links connected by
ideal kinematic pairs; the gravity field is assumed to be a constant external
action. The geometry of the mechanism, the masses of the links and their
moments of inertia, the law of motion of the driving link, and the
technological (useful) resistance forces are assumed known. The solution is
based on D’Alembert’s principle, when forces and moments of inertia are
added to each link, after which the “dynamic” system is reduced to
equilibrium equations for individual links or Assur groups.

Using the example of a four-link mechanism, it is easy to see how the
reactions in the joints change during the cycle, how inertial components
form peak loads on the drive, and how useful supports are “transmitted” to
the driving link.In this formulation, the force calculation corresponds to
what in modern terminology is called inverse dynamics: from the known
motion of the links and loads the forces and moments in the joints and at the
drive are determined.
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[TpakTU4HUI CeHC Pe3yNbTaTiB HHOTO MiAPO3AUTY — Y A0OOpI MPHUBO-
IiB i mepesay, y mepeBiplli MiIIIWITHUKIB 1 MaJbliB HAa MII[HICTh 1 JOBTOBiY-
HICTh, y (hopMyBaHHI BHUMOT OO >KOPCTKOCTI KOHCTpykuii. Came TyT
3’SBJSIFOTHCS. YMCENIBHO OLIHEH! «IIKW» HAaBAaHTAXEHb, SIKI BAXJIMBO 3HATH
IUTSE eHeproepeKTUBHOCTI, pecypcy Ta Oesnekn MaiOyTHboi MammHuU. [licms
omaHyBaHHs 0a30BOTO, «HETEPTSHOT0» BapiaHTy IIi K CXEMH JIETKO JIOTOB-
HIOIOTBCSI CHJIAMH TEPTS 1 BTpaTaMy, YTBOPIOIOUHM MOBHY KapTHHY CHIIOBOI
poboTH MexaHi3My.

MeToauky CHIOBOTO po3paxyHKy mexani3miB Il kmacy posrisHemo
Ha MpPUKIAAi [IApHIPHOTO YOTHUPUIAHKOBOTO MEXaHi3My, KiHEMaTHUHY
CXEMY SIKOTO 300pakeHO Ha PUCYHKY 4.4.

Puc. 4.4. Cxema CHIIOBOTO HaBaHTaKEHHS MIAPHIPHOTO
YOTHPUIIAHKOBOTO MEXaHi3My

[Ipu mpomy OymeMo BBaXKaTH, IO BCi 30BHIIIHI CHIN (CHIU OIODY,
Baru, iHEPIIi TOIIO), SIKI JIFOTh HA JIAHKH IPYIIH, BIOMI 1 JJIs1 KOKHOT JIAHKH
3BEJICHOI JI0 OJHIET PIBHOMAINHOI cunu Fi Ta 0JHOTO PiBHOAIMHOTO MOMEH-
Ty Mi ne i=1, 2, 3, ..., N — HoMep naHku. Take CpoIIeHHS HEe BHJ‘II/I-"
Ba€ Ha METOJUKY CHIIOBOTO PO3PaxyHKY CTPYKTYPHOI

IPYIIH, sIKa BXOJUTD JIO CKJIaay MexaHismy (puc. 4.4).
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The practical meaning of the results of this subsection is in the
selection of drives and transmissions, in checking bearings and pins for
strength and durability, and in forming the requirements for structural
stiffness. It is here that numerically evaluated “peaks” of loads appear,
which are important to know for the energy efficiency, service life, and
safety of the future machine. After mastering the basic, “frictionless”
variant, these same schemes are easily supplemented with friction forces
and losses, forming a complete picture of the force operation of the
mechanism.

We will consider the methodology of force calculation for class 11
mechanisms using the example of a hinged four-link mechanism, the
kinematic scheme of which is shown in Figure 4.4.

Fig. 4.4. Scheme of force loading of the hinged four-link mechanism

Assuming that all external forces (resistance forces, weights, inertia,
etc.) acting on the links of the group are known and, for each link, have
been reduced to a single resultant force F; and a single resultant moment
Mi where i=1,2,3,..., n is the link number. Such a simplification does not

affect the methodology of the force calculation of the structural group
that is part of the mechanism (Fig. 4.4).
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[Ipu cunmoBoMy po3paxyHKy HEOOXiTHO BU3HAYMTH PEAKIIii y KiHeMa-
THYHUX Tapax Ta 3piBHOBaXyHOUy CWIy a00 3piBHOBaXYIOUMH MOMEHT,
SKHN TPUKITATAI0Th A0 MOYaTKOBOI JaHKH.

Jo cknany MexaHi3My BXOAWTH MeXaHi3M | kiacy, yTBOpeHUH KpH-
BommmmoM 1 i ctosikom 4 Ta rpynu Accypa Il kmacy Il mopsaxy (mmaryH 2 ta
kopomuciio 3). CuitoBHii po3paxyHOK TOYHHAEMO 3 Tpymnu 2-3.

Jns uporo rpymy Bim'emHYeMO BijJ iHIIMX JaHOK (kpuBommmna | i
crosika 4) i 3aMiCTh HUX MPUKIIAJAEMO JI0 CICMEHTIB KiHeMaTuuHuX map 4 i

C peaxuii Ri> Ta Ras (puc. 4.5, a), 3HaueHHs Ta HAIPSIM SKAX HEBIIOMI.

Puc. 4.5. [ToOynosa rmnany cun rpymu Il knacy 11 mopsinky

KpiMm 1p0ro 10 JaHOK rpynH MPHKIaAaEMO BCi 30BHimHI cumn Fa2,
F3 ta momentu M5 i Ms.
3anmiemMo piBHSHHS PiBHOBArd JJAHOK TPYITH ITiJT IR0 TIPUKIIAICHUX CUIT

n — — — — —
ZFi=R12+F2+F3+R43=0. (28)
i=1
V piBusaHI (28) Bimomumu € cud F2 i F3, @ HEBIZOMUMM — peakirii
Ri2 i Ras, TOOTO 4oTHpH HEBIOMI (HEBIZIOMUMH BBAKAKOTHCS | 3HAYEHHS |

Hanpsim ciin). Momentu M; i M3 ta peakiiist y KiHemaruuHiii miapi By pis-
HSIHHSA (28) He BXO/ATS.
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In the force calculation it is necessary to determine the reactions in
the kinematic pairs and the balancing force or balancing moment applied to
the initial link.

The mechanism includes a class | mechanism formed by the crank 1
and the fixed link (frame) 4, and an Assur group of class Il, second order
(connecting rod 2 and rocker 3). We begin the force calculation with the
group 2-3. To this end, the group is disconnected from the other links

(crank 1 and frame 4), and instead of them the reactions R;. and Re are
applied to the elements of the kinematic pairs A and C (Fig. 4.5, a), whose
values and directions are unknown.

a) b)

Fig. 4.5. Construction of the force plan for the class 11, second-order group

In addition, all external forces F., Fs and the moments M, and M3
are applied to the links of the group. Let us write the equilibrium equations of
the links of the group under the action of the applied forces

n — — — — —
ZFi=R12+F2+F3+R43=0. (28)
i=1
In equation (28) the known forces are F, and Fs and the unknowns
are the reactions Ri, and Ras, i.e., four unknowns (both the magnitudes and

the directions of the forces are considered unknown). The moments M, and
M3 and the reaction in kinematic pair B do not enter equation (28).
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3anmava mpo 3HAXO/KEHHS CHJI MOXKE PO3B’S3YBaTHCS aHATITHYHO Ta
rpadigno. Ha mpakTuimi AOCHTH MHUPOKO BHUKOPHCTOBYETHCS TpadidHui
Croci0 BH3HAYECHHS CHJI LUIIXOM TMOOYAOBHM MiaHiB cui. s moOymoBu
TUTAaHY CWJI y PiBHSIHHI piBHOBaru (28) Moxe OyTu He Oijbliie, SK JBa HEBi-
JIOMHX. Y HaIIoOMy BUMAJAKY HEOOXiTHO 3MEHIIUTH KiTbKICTh HEBIIOMUX i3

4 no 2. Posknagaemo peakiii Riz i R4 Ha aBi ckianosi, siki HanpsmieHi
B3/10BXK BiamoBinaux jtaHok AB i BC Ta nepreHanKyIsmpHo 10 HUX, TOOTO

Riz=Ri2+Ri2 i Ras = Ris + Rus. (29)

Bu3nauaemo JOTHYHI CKIJIaZOBI peakiid. J[ns 1poro ckiagaeMo s
KOXKHOT JIAaHKU PIBHSIHHSI PIBHOBAaru y BUTJISII CYMH MOMEHTIB CHJI BiHOC-
HO TOYKH B:

JUTSL TaHKU 2

le(az)(ﬁi): Ryl +F -0, =M, =0,
i1

3BIIKH
M,-F -h
= (30)
| g
JUTS JIAHKH 3
ZME(BS)(P): 43 loc +F -y =M; =0,
i=1
3BIJIKH
. M,—-F-h
i = 3 3'’8 (31)

loc

ne ho i hs — niiicHi BennunHM mIeueii;
lag i lgc — milicHi JOBXHMHU TAHOK.

V zanexuoctsx (30), (31) i mami Bkasani B xykax mudpu 2 ta 3, saKi
MOKa3yrTh HOMEPH JIAHOK, PIBHOBAara sIKMX po3risaaeThes. SIKio npu 00-
YUCIICHH] JOTUYHI CKIIQJIOBI JICTAaHEMO BiJI’ €MHHMH, TO Ha ILJIaHi CHI Tpeda
iX CIpsIMyTH Y IPOTHIICKHUH OiK.
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The problem of finding the forces can be solved analytically or
graphically. In practice, the graphical method of determining forces by
constructing force plans is widely used. To construct a force plan, there
may be no more than two unknowns in the equilibrium equation (28). In our
case, it is necessary to reduce the number of unknowns from 4 to 2. We

decompose the reactions R:. and Res into two components directed along
the corresponding links 4B and BC and perpendicular to them, i.e.,

Riz=Ri2+Ri2 i Ras = Ris + Rus. (29)

We determine the tangential components of the reactions. To this
end, for each link we write the equilibrium equation in the form of the sum
of the moments of forces about point B:

for link 2

ZMI(aZ)(ﬁi): Rl +F-h,—M,=0,
i1

whence

R, =M= F M _I Foohe, (30)

AB
forlink 3
MS)(P): RZB'IBC + Fs'hs - Ms =0,
i=1
whence
. M,—-F-h
Ri=—" ", (30)

loc

where h; and hs — the actual lever arms;

lag and lgc —the actual lengths of the links.

In relations (30), (31) and hereafter the digits 2 and 3 in parentheses
indicate the numbers of the links whose equilibrium is considered. If, in the
calculations, we obtain negative tangential components, then on the force
plan they must be directed in the opposite direction.
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[MigcTaBuBiy 3anexuocTi (29) y piBHsSHHS piBHOBard (28), oTpuma-
€MO:
Ri2+Riz+F2+Fs+Ris+Ras=0. (32)
Y 1boMy piBHSHHI HEBIJIOMi TIJIBKH HOPMaJbHI CKJIAJIOBI peakIiiit

=N =N .
RlZ y R43 3HAYCHHI IKHMX MOXXHA BU3HA4YUTH, H06YIIYB3BIHI/I IJiaH CWJI 3a p1-

e D
BHAHHAM (32). [l 0T MPOBOMMO MpsAMY, TapajieibHy JiHii aii Riz2, Ha
AKili BUOMpaeMO NOBUIBHY TOUKY @, 3 sIKOi y BUOpaHOMY MacmTadi g moc-

. . . .. 72— T
JIJJOBHO BIAKIAAA€EMO BEKTOPHU AOTUYHOI CKIAJI0BOI Riz (puc. 4.5, 6), F2,

Fs, Ris (quB. pisusams 32).

[lman cun — e mepeBipka MPaBUIIBHOCTI: KO 0araTOKyTHUK HE 3a-
MHKA€TBCS, 3HAYUTH JIECh IEpPeIUIyTaHo 3HaK, MacmrTad abo Hampsm. Y
MPaKTHUI e 3pYYHO MOEJHYBATH 3 YHCEILHOIO TIEPEBIPKOI0: KOPOTKUH po-
3paxyHOK Ja€ Ti caMi JOTHYHI CKJIAJOBi, III0 BM BIIKJIaJA€Te Ha IUIaHi, 1
BUUTH «IUTATH» TEOMETPII0 HABAaHTAXKEHb OUMMA IHKeHepa.

U Sl
Bekrop Ru3 mponomxyemo o neperuny 3 Hanpsimom Bektopa Riz.
. BN . [N . .
Touka nepetuny Hanpsivie Riz2 i R43 (Touxa m) BusHauae Benuuuuy Bifpi-

. . . BN . [N
3KiB, SIKi 300paXyr0Th y BuOpaHomy maciutabi ekropu Riz i Rss. Hamps-
MU [IMX BEKTOPIB MOBHHHI OyTH TaKMMH, MO0 MPH 00XOJli KOHTYpa TUIaHy
BCl cuii Oynu HampsiMiIeHi y Hanpsimi o0xony. Ckilajaiodu Ha TUIaHI CHIT

BEKTOPH mz 1 mz, JiCTaHEMO MOBHY peakififo Riz, aHAJIOTIYHO 3HAXOUMO
HOBHY peakiito Ras (29).

11106 BU3HAYMTH peakilio Rz, JaHKK 3 Ha JIAaHKY 2, HAIKIIEMO PiB-
HSIHHS PIBHOBAaru CWI, 1110 JIitOTh Ha JIAaHKY 2:

n
Zﬁi =Ru+F2+Fs. (33)
i=1
Y 1pOMy PiBHAHHI MA€MO J(Ba HEBIJOMHX: 3HAYCHHS Ta HANpPSIM pea-
kiii F 32 . Ix MoHa BU3HAUNTH, TOOY/TyBaBIIN TIIAH CHJI [T JIAHKHU 2 3Tij-
HO 3 piBHsAHHAM (33). Jlns 1poro Ha 1uiadi cui (puc. 4.5, 6) TOCHUTH CITIOJTY-
YUTH [TOYATOK BEKTOpa Riz 3 KiHIIEM BekTOpa F. 1 QiCTaHEMO peaKiliio
Rs2 (BOHa TMOKa3aHa INTPHUXOBOIO JIiHi€0). OUYEBHAHO, IO peaKIlis
R32 = —R23 1 1l MOXKHA BU3HAYMTH TaK Camo, SIK i Rsz, pO3IIISHYBIIH PiB-
HOBary JaHkH 3.
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Substituting relations (29) into the equilibrium equation (28), we
obtain:
Ri2+Riz+F2+Fs+Ris+Ras=0. (32)
In this equation only the normal components of the reactions

Riz, Ris are unknown; their values can be determined by constructing a
force plan according to equation (32). To do this, draw a straight line

parallel to the line of action ?Tz, on which choose an arbitrary point a;
from it, in the chosen scale ur lay off in sequence the vectors of the

tangential component Ri, (Fig. 4.5, b), F., Fs, Ris (see equ. 32).

A force plan is a correctness check: if the polygon does not close,
then somewhere a sign, a scale, or a direction has been mixed up. In prac-
tice, it is convenient to combine this with a numerical check: a short calcu-
lation yields the same tangential components that you lay off on the plan
and teaches you to “read” the geometry of loads with an engineer’s eye.

Extend the vector Ris to intersect the direction of the vector Riz. The

intersection point of the directions Ri2 and Ris (point m) determines the
lengths of the segments which, in the chosen scale, represent the vectors

Rz and Ris. The directions of these vectors must be such that, when
traversing the contour of the plan, all forces are directed along the traversal.

By adding on the force plan the vectors Riz and Riz, we obtain the total
reaction Ri.,similarly, we find the total reaction Ra4s (29).

To determine the reaction Rs. of link 3 on link 2, we write the
equilibrium equation of the forces acting on link 2:

n
Zﬁi =Ru+F2+Fs. (33)
i=1
In this equation we have two unknowns: the magnitude and direction
of the reaction Fs2. They can be determined by constructing a force plan
for link 2 according to equation (33). For this, on the force plan (Fig.4.5, b)
it is sufficient to connect the start of the vector Ri. with the end of the
vector F. and we obtain the reaction Rs. (it is shown by a dashed line).
Obviously, the reaction Rs2 =—R23 can be determined in the same way as
Rs2, by considering the equilibrium of link 3.
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3rigHo 3 puc. 4.5, 6 BenuuuHU peakiiii Ri, i Ri3BU3HAYAOTHCS:
Riz=mb- z-; Raz=md- s . (34)

Crix BUAITUTH, IO MPH CHIIOBOMY PO3PaxyHKY CTPYKTYPHOI TPYIH

KPHBOIIMITHO-TIOB3YHHOT'O MEXaHi3My, TaHTEHIIIIHY CKIaJ0BY peakuii Ris
BU3HAYATH HE MOTPIOHO, TOMY IO HAmpsM peakiii Ris Bimomwuii (peakiis
R43 Mae HammpsiM NEepIeHMKYIISIPHUNA PyXy MEPEMIllICHHS TOB3YyHA).

[licnst cunmoBoro po3paxyHKYy BCiX TPyl Accypa, sKi BXOHSTH [0
CKJIaqy MEXaHi3My, MepexOJHMO A0 CHJIOBOTO PO3PaxyHKY MOYaTKOBOI
JIaHKH, TOOTO MOYaTKOBOI'O MexaHi3My | kmacy.

Benyda manka He € Tpymoro Accypa, i He MOXKe 3HAXOIUTHUCH Y PiB-
HOBa3i MiJ] €0 MPUKIIAJICHUX CHII, TOMY JUIS ii 3piBHOBAXCHHS HEOOXiTHO
NPUKJIaaTH 3PiBHOBAXYBAIBHUI MOMEHT a0 cuity. BenmuunHa 3piBHOBa-
JKYBaIIbHOI CHITH 200 MOMEHTY 3aJIe)KHTh BiJl CIIOCOOY MpHUBENEHHS BEAYy4Oi
JaHKHA Y PyX.

Tak, SIKIIO Ban eJIeKTPOJBHUTYHa Oe3locepeIHbO 3'€HAHNN 3 BaJIOM
JaHKU 1, TO BOHA 3pIBHOBAXYETHCS MOMEHTOM; SKIIO OOEpTaHHS BHKOHY-
€ThCsl uepe3 3yduacty abo (puKIiiiHYy niepenady, To Ha JIaHKy 1 i€ 3piBHO-
Ba)KyBaJIbHA CHJIA.

Jlimist 7ii i Touka mpuknaneHHs cwiu F 5, 3a1eXHUTh Big MeXaHizMy

npuBosy. BenuumHa 1 HampsAMOK 3piBHOBa)XYBaIbHOro MomeHTy M,
(puc. 4.6, @) BU3HAYAETHCS 13 YMOBH PiBHOBATH JIaHKH |

ZMU =0:
_Fl'h1_R21'h21+M3p:0'
3BIIKK M,=F-h+R,-h,. (35)

Ilpy HHOMY BenMYMHA peakilii Rs BHU3HAYAETHCS 32 IUTAHOM CHII
(puc. 4.6 6), siKuil 3a0BOJILHSIE YMOBY

F1+Ra1+Ra1=0. (36)

142



According to Fig. 4.5, b the magnitudes of the reactions Ri» i Ras
are determined:

Riz=mb-ge; Ras=md- . (34)

It should be noted that in the force calculation of the structural group
of a crank-slider mechanism, it is not necessary to determine the tangential

component of the reaction Ris, because the direction of the reaction Rus is
known (the reaction Ras is directed perpendicular to the motion of the
slider).

After the force calculation of all the Assur groups that are part of the
mechanism, we proceed to the force calculation of the initial link, i.e., the
initial class-I mechanism.

The driving link is not an Assur group and cannot be in equilibrium
under the action of the applied forces; therefore, to balance it, it is necessary
to apply a balancing moment or a balancing force. The magnitude of the
balancing force or moment depends on the way the driving link is set in
motion.

Thus, if the shaft of the electric motor is directly connected to the
shaft of link 1, then it is balanced by a moment; if the rotation is performed
through a gear or friction transmission, a balancing force acts on link 1.

The line of action and the point of application of the force F,

depend on the drive mechanism The magnitude and direction of the
balancing moment M,, (Fig. 4.6, a) are determined from the condition of
equilibrium of link 1:

Z M, =0;

-F-h-R,,-h,+M_ =0,
whence M, =R -h+R,-h,. (35)

In this case the magnitude of the reaction Ru: is determined from the
force plan (Fig. 4.6, b), which satisfies the condition

F1+Ra1+Ra1=0. (36)
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SIK1mo 3piBHOBa)XYBaJIbHUNA MOMEHT CIIBIIQJA€ 32 HANPSIMKOM 3 KY-
TOBOIO IIBUJKICTIO JIAHKH 1, TO BiH € PYIIiIHHUM, a SKIIO MPOTH PyXy —
TaJbMOM.

Sxmo nanka 1 3piBHOBaxyeThes cunoo F ., (puc. 4.6, 6), mimis mii

AKOi BIZIOMa, TO il BeJIMYMHA BU3HAYAETHCS 3 PIBHAHHSA Z M, =0.

R,
2
h "\ Ra

Fi
ﬁ21
6)
Ra1

ﬁl 3p
R,
2)

Puc. 4.6.. BusHaueHHS 3piBHOBa)XYBaJIbHAX MOMEHTA Ta CHIIH

_ F-h+Ry-hy
3p h '

3P

37)

Bubip Mix 3piBHOBaXYBAJILHHM MOMEHTOM 1 CHJIOIO — Iie e U
KOHCTPYKTHBHA CTpaTerisi: MpsMe NpUETHAHHS JBUTYHa (ikcye mpodiib
NoTPiOHOrO MOMEHTY TI0 IMKITYy (KOPUCHO JJIsi BUOOPY CepBONPUBO/IA i pe-
JOYKTOpa), TOIi SIK CHJIOBA Jiisl 4epe3 nepeaady J03BOJISE «PO3KIACTHY» KU
HaBaHTaXEHb IO €JIEMEHTAaX 3UeIieHHS a0o maca, iHKOJIM 3MEeHLIYI04H Bi0-
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pariii Ha BaJy ABUTYHA.
If the balancing moment coincides in direction with the angular
velocity of link 1, then it is driving; and if it is opposite to the motion — it is

braking. If link 1 is balanced by a force F., (Fig. 4.6, c), whose line of
action is known, then its magnitude is determined from the equation

>'M, =0.

Fig. 4.6. Determination of the balancing moment and force

— Fl'hl+R21'h21.

P hgp
The choice between a balancing moment and a balancing force is
also a design strategy: direct coupling of the motor fixes the profile of the
required torque over the cycle (useful for selecting a servodrive and
gearbox), whereas force excitation through a transmission makes it possible
to “spread” load peaks across the gearing or belt elements, sometimes

37)
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reducing vibration on the motor shaft.

Benmuunna peakiii R4 y HbOMY BHIIAIKy TaKOX BH3HAYAETHCS i3
PIBHSHHS piBHOBAru JaHku |

Fi+Rai+F, +Ra=0. (38)

e piBHsHHS po3B's3y€eThes rpadidno (auBuch puc. 4.6, d).

CuioBuil po3paxyHOK YOTHPHUIAHKOBOIO MeXaHi3My 0e3 TepTs — 1e
CIOCI0 «IIOYYyTH», SIK Yepe3 TEOMETPII0 Ta 1HepIit0 KOPUCHI OMOpH mepe-
KIAAAal0Thcd Ha TpuBOA 1 omopu. Komm mMu 3BOAMMO 30BHImIHI Oii 70
PIBHOAIMHOI CHMJIM Ta MOMEHTY JJIsl KOXKHOI JIAHKH 1 TOTPUMY€EMOCS TIPUH-
nuny /I’ AnamGepa, TO 6araTOKyTHUK CHJI MIPHUITUHSAE OYTH CYTO rpadidHO0
BIIPABOIO: BiH MOKA3ye, A€ 1 4OMY 3’ ABIISIOTHCS IMIKH Peakilid, y SKi MOMEH-
TH LUKy MOTpiOeH HaHOINMbIINI KPYTHHI MOMEHT, SIK 3MIiHIOETHCS HaBaH-
TaXXCHHS MIAIUITHUKIB 1 TAIBIIB. Y peabHUX By3JiaX caMe Il MKH 3yMO-
BIIOIOTH BTOMY ¥ Harpis, a OT>Ke — BUOip KJacy MiAIINITHIKA, TIepepi3iB je-
Taje i Tumy mpuBoja. SIKMI0 MexaHi3M 3’€qHYeThCS Oe3mocepeaHbo 3
JBUTYHOM, TO 3PiBHOB&)XYBaJbHUH MOMEHT 1O CYTi € «acCIOPTHUM» IS
NPUBO/IA; SKIIO Yepe3 Iepenady — 3piBHOBaKyBalbHA CHJIA JIOTIOMArae Io-
0aunTH, SKi 3yCHIUTS TAYTh ¥ 3y0dacTe 3aderuieHHs abo mac. Jlami mo miel
«iieabHOD» KapTUHH JOAAIOTHCS BTPATH HA TEPTs, MPYXKHICTh 1 JEMII-
(GyBaHHS — 1 CHJIOBHMI MOPTPET MEXaHi3My CTa€ MOBHUM. AJie came TYT
HApOJDKYEThCS 1HXKCHEpPHA 1HTYIIis: 3aMKHYTHMH IUIaH CHJ O3HA4ae
BHYTPIIIHIO Y3TOJUKEHICTh PO3paxyHKY; 3MiHa 3HAKiB JIOTUYHHX CKIIAIOBUX
MOSICHIOE, YOMY «IIPOBATIOIOTHCS» TPAEKTOPii B JIESKUX TOJOXKEHHSX; a
KOHTYpH 3 BEJIIMKAM PO3MaxoM OJipa3y MilKa3yloTbh, Jie MEXaHi3M BUMara-
THUME JKOPCTKIIIOi KOHCTPYKIIiT a00 M’ SKIIOT0 PO MPUCKOPEHb.
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The magnitude of the reaction Ra: in this case is also determined
from the equilibrium equation of link 1

Fi+Ra+F, +Ra=0. (38)

This equation is solved graphically (see Fig. 4.6, d).

The force calculation of a four-link mechanism without friction is a
way to “hear” how, through geometry and inertia, the useful resistances are
transferred to the drive and supports. When we reduce the external actions
to a resultant force and moment for each link and adhere to D’ Alembert’s
principle, the force polygon ceases to be a purely graphical exercise: it
shows where and why peaks of reactions appear, at which moments of the
cycle the greatest torque is required, how the loads on bearings and pins
change. In real units it is precisely these peaks that cause fatigue and heat-
ing, and therefore — the choice of bearing class, cross-sections of parts, and
the type of drive. If the mechanism is connected directly to the motor, then
the balancing moment is essentially the “nameplate” for the drive; if
through a transmission — the balancing force helps to see what forces will
go into the gear mesh or the belt. Afterwards, friction losses, elasticity, and
damping are added to this “ideal” picture — and the force portrait of the
mechanism becomes complete. But it is here that engineering intuition is
born: a closed force plan means internal consistency of the calculation; a
change of signs of tangential components explains why trajectories “fail” in
certain positions; and contours with large span immediately suggest where
the mechanism will require a stiffer structure or a softer acceleration
profile.
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4.5 BuzHaveHHs 3piBHOBAKYBAJIbHOI CHIIH

Meron «kopcTkoro Baxens» (JKyKOBCBKOTo) 3py4Huil Tam, e iH-
JKEHepy He MOTpiOHa MOBHA KapTWHA peaklild y BCiX Hapax, a BaKJIHMBO
HIBUJKO Ji3HATUCH, IKHH caMe 3piBHOBa)KyBaJbHUHA MOMEHT a0o0 cuiia Io-
TpiOHI Ha BeAydill JaHIl B KOHKPETHOMY ITOJIOKEHHI MexaHi3my. lle, 30-
Kpema, eTarl MONepPeIHbOTO MiAdopy MpWBOAa W pemykTopa, Koin Tpeda
OLIHWUTH MIKM MOMEHTIB 1O LHMKIY; ONepaTHBHA MEpeBipKa KOPEKTHOCTI
BUMIPDSHIUX MOMEHTIB Ha CTEeHII; 3aJadi KepyBaHHsI, J& (OpMYyeThCS
«migmip» 3a MomeHtoM (feedforward) mis cepBomprBOda; HaBYANBHI Ta
NPOEKTHI CUTYyalii, KoM TepTs abo OeTajbHI KOHTaKTH HeBimomi abo
HECYTTEBI, a MEXaHi3M Ma€ OJHY CTYIMiHb BUIBHOCTI 1 AOMIHYIOTh 3aJaHi
KOPHCHI OTIOPH M IHEPIiiHI CHUIIOBI CKJIAOBI.

HaromicTh MOBHUI CHJIOBHH PO3paxyHOK palliOHATBHHUNA TOJi, KOJH
MOTPIOHI peakIii JyIs MePeBipKH MiANTUITHUKIB 1 TANBIIB HA MIIHICTh, KOJIU
Ma€eMO iCTOTHE TepTs (TambMa, My(TH, KOB3HI HAIIPSMHI), KON KUJTbKa CTY-
neHiB cBoOoM abo npyxHi nedopMailii CyTTEBO 3MiHIOIOTh KIHEMATHKY.

[MpakTU4HU 3MiCT paBUIIa TAKWA: TUIAH MIBUAKOCTEH 7Sl 0OpaHoro
MIOJIOXKEHHS MEXaHi3My MOXKHA CIIPUHMATH SIK «BarOBUH BaXKiby», 110 Hepe-
TBOPIOE CHJIM HA MOMEHTH BimHOCHO momtoca. Ilicis moBopoTy miany Ha
90° mpoTH MUTTEBOTO OOEpPTaHHs BIJACTaHb BiJ IOJIFOCA JIO BiJIIMOBIIHOT
TOUYKH CTa€ «IIJIeUeM» CUIIM; SKIIO CHJIa B PEalbHOMY MeXaHi3Mi Mpallioe B
MIEBHIN TOYIll ¥ HampsAMi, TO Ha Baxkelli BOHA MPHUKIATAETHCSA TapaielbHO
cama co0i B ogHOIMMeHHi# Touli. CymMa MOMEHTIB yCiX 30BHILITHIX CHJI 1 rap
CHJT BITHOCHO TIOJIIOCA JIOPIBHIOE HYINIO — 3BiJICH 0€3M0CEPEIHBO BUILINBAE
IIyKaHWH 3piBHOBAKYBAILHUI MOMEHT a00 cujia Ha Bexydil Janii. Peakiii
ileallbHUX TIap 3HHUKAIOTh 3 PIBHAHHA, 00 IXHA eleMeHTapHa poboTa Ha
MOYJIMBUX TIEPEMIIIEHHIX JOPIBHIOE HYIIIO; SIKIIO MOTpiOHA TUHAMIKa, CH-
T iHepii Ta mapu iHepuii MPOCTO JOJAIOTHCS SK 30BHIlIHI, 1 MPaBUIIO
NPOJOBXKY€ MpautoBaTd. Ha mpakTumi KOPHCHO AOMOBUTHUCH PO 3HAK: J10-
JATHUM BBa)KaTH MOMEHT, 1[0 HAMAra€eTbCsl MOBEPHYTH «BAXKLIbY Y BUOpa-
HOMY JIOJJATHOMY HampsiMi (3py4HO — MPOTH TOJTUHHUKOBOI cTpinku). Cuna,
Yusl JIiHIS Aii TPOXOAUTH Yepes3 MOJIOC TIaHy, MOMEHTY HE Ja€; YHUCTI MapH
CHJI, IPUKJIAZICHI J0 JIaHOK, IEPEHOCAThCA Y CyMy MOMEHTIB 0e3 3MiH. 3HaK
3HaNIGHOTO 3PIBHOBAXXYBAJIHHOTO MOMEHTY BiJIpa3y MiJIKa3ye pPexHuM IMpH-
BOJIA: AKILO HAMPSAMOK 30ira€Tbcsi 3 KyTOBOIO IIBUAKICTIO BEAY4Oi JJAHKH —
e pyWidHUKA MOMEHT, SIKIO MPOTHJCKHUN — raabMiBHUH (a iHOAl ¥ mo-
TEHIIIHHO PEeKyIepaTuBHUA).
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4.5 Determination of the balancing force

Zhukovsky’s “rigid lever” method is convenient where the engineer
does not need a full picture of the reactions in all pairs, but it is important to
quickly find out what balancing moment or force is required on the driving
link in a specific position of the mechanism. This includes, in particular, the
stage of preliminary selection of a drive and gearbox, when the torque
peaks over the cycle must be estimated; an operational check of the correct-
ness of measured torques on a test stand; control tasks where a torque “pre-
load” (feedforward) for a servodrive is formed; educational and design situ-
ations where friction or detailed contacts are unknown or insignificant, and
the mechanism has one degree of freedom and the dominant factors are giv-
en useful resistances or inertial force components.

Conversely, a full force calculation is rational when reactions are
needed to check bearings and pins for strength, when friction is significant
(brakes, clutches, sliding guides), when there are several degrees of
freedom, or when elastic deformations substantially change the kinematics.

The practical meaning of the rule is as follows: the velocity diagram
for the chosen position of the mechanism can be perceived as a “weighing
lever” that converts forces into moments relative to a pole. After rotating
the diagram by 90090”™circ90e opposite to the instantaneous rotation, the
distance from the pole to the corresponding point becomes the “arm” of the
force; if a force in the real mechanism acts at a certain point and in a certain
direction, then on the lever it is applied parallel to itself at the homonymous
point. The sum of the moments of all external forces and couples about the
pole is equal to zero — hence the sought balancing moment or force on the
driving link follows directly. The reactions of ideal pairs disappear from the
equation because their elementary work on the possible displacements is ze-
ro; if dynamics is needed, the inertia forces and inertia couples are simply
added as external, and the rule continues to work. In practice it is useful to
agree on a sign convention: consider positive the moment that tends to turn
the “lever” in the chosen positive direction (conveniently — counterclock-
wise). A force whose line of action passes through the pole of the diagram
produces no moment; pure couples applied to the links are carried into the
sum of moments unchanged. The sign of the found balancing moment im-
mediately indicates the drive mode: if the direction coincides with the angu-
lar velocity of the driving link — it is a driving moment; if opposite —

a braking moment (and sometimes potentially regenerative).
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[HTYITHBHI TIepeBipKH AOMOMAraloTh YHUKHYTH TOMWJIOK: ITOOIU3Y
«MEpPTBUX» TIOJIO)KEHb OKpeMi IUIedi Ha IUIaHI MIBHIKOCTEH Maii, TOMY
HaBITh TIOMIPHI CHJIM JAlOTh BEJIUKI MOMEHTH; SKIO Ha «Ba)Keli» OaraTo-
KYTHUK MOMEHTIB HE «3aMHUKAETHCS» Y HYJb, 3HAUYUTHh AECh MEPEIUTyTaHO
3HaK a0o macmTal. Y mepiogudHuX 3amadax 06e3 TepTs cyMma BipTyaabHHX
poOIT 3a rmepio]; Ma€ KOMITEHCYBATHUCS — SIKIIO IbOTO HE BiOYBAETHCA, Tpe-
0a mepeBipUTH HAmpsiIM MOBOPOTY IJIaHy, BUOIp MONIOCa i BiATOBIAHICTH
TOYOK.

[[Mo6 BiggyTH MeTOX, BapTO OCMHCIWTH JBa THIIOBI clieHapii. Kpu-
BOILLIUITHO-NIOB3YHHHUI MEXaHi3M 13 CHJIOIO Pi3aHHS Ha MOB3YHi: Ha «KOPCT-
KOMY Ba)KEJIi» MOMEHT IIi€i CHJIU BiJIHOCHO IOJIFOCA JIOPIBHIOE 11 BEJIUYHHI,
MTOMHOXXEHIN Ha IIJIedi A0 TOYKHU IMOB3yHA; piBHOBara HeraifHO Aa€ MOoTpio-
HUH 3piBHOB&)KYBaJbHUHA MOMEHT Ha KPHUBOIIUMI. Y «MEpPTBHX» OKOJIAX
Iieye MOB3yHA BIHOCHO IOJIFOCA Majie — BiJ I[bOTO i BHUCOKI BUMOTH JIO
MKOBOTO MOMEHTY TIpHBOJa B peajlbHOMY IIpeCyBaHHI dYM pi3aHHI.
[MapHipHUi YOTUPUIAHKOBHIA MEXaHI3M i3 BaHTaXEM Ha KOPOMUCIII: SKIIO
Ha BeAy4y JIaHKY MOJAETHCS HE MOMEHT, a JOTHYHA cujla (HApUKJIaJ, mac
abo 3yOuacTe 3a4eIUICHHA), TO ii IIYKaeMO 3 Ti€i )X yMOBH PiBHOBAar#d Mo-
MEHTIB — BiJHOILEHHS MOMEHTY HaBaHTAXXCHHS Ha «BaXKeJI» N0 Iuie4a Be-
Iy4oi TOYKM OJpa3y Ja€ MOTpiOHy BeNWUMHY i 3HaK Aii. Y KepyBaHHI Ie
3HAHHS TIEPETBOPIOEThCA HA MPO]iIb 3aJaHHs Ui CEPBOIPHUBOMA: 3TIIal-
KYIOUH TIKH 4epe3 OOMEXeHHs pHBKa Yd JOJAF0YH MaxOBHUK (IPYKHUI
€IIEMEHT), IH)KEHep 3MEHIIye BUMOTH JI0 CTPYMIB 1 HArpiBY i IMiJBHIIYE pe-
cypc.

TouHICTh METOTY BU3HAYAETHCS AKICTIO KIHEMATHYHOTO TUTAHY: SKIIIO
MePeTUIyTaTH HalpsM MHTTEBOTO oOepTaHHS abo oOpaTH IMONOC HEe B Tid
TOUIII, TUICYl Ha «Bakes» OyIyTh XUOHI, 1 TOMHIIKA Y MOMEHTI 3pOCTE Mpo-
nopuiiiHo. MacmTab Mae 3HadeHHs JiMIie s aOCONIOTHUX YHCENl —
CITiBBiTHOIIIEHHS] MOMEHTIB 30€piraroThcs y Oyb-IKoMy MacmTadi; ToMy B
NepUIMX TPUKUAKAX JOCTaTHBO J0ATH MpO MPaBWIBHUH HampsMm Ta
BIAITOBIAHICTE «OQHOMMEHHHMX)» TOYOK. BaXKIIMBO TaKOX YECHO OLIHHUTH
001aCTh 3aCTOCOBHOCTI: MPAaBHUJIO PO3PaXOBaHE HA MEXaHI3MH 3 OAHUM CTY-
MeHeM CBOOOIU B (PIKCOBAaHOMY TOJIOKEHHI; SIKIO y BY3Ji ICTOTHE CyXe
TepTs abo MpyXxHi JedopMarlii TOMITHO 3MIHIOIOTh HIBUIKOCTI TOYOK, pe-
3yJIbTaT CIIiJi COPUMMATH SIK IPUKHUIKY 1, 32 MOTPeOH, IePEXOJUTH 10 TIOB-
HOT'O CHJIOBOTO aHaji3y abo MOJIEN 3 TePTSIM 1 MPYKHICTIO.
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Intuitive checks help to avoid errors: near “dead” positions individual
arms on the velocity diagram are small, therefore even moderate forces
produce large moments; if on the “lever” the polygon of moments does not
“close” to zero, then somewhere a sign or scale has been mixed up. In peri-
odic problems without friction the sum of virtual works over a period must
compensate — if this does not occur, one should check the direction of rota-
tion of the diagram, the choice of the pole, and the correspondence of
points.

To feel the method, it is worth understanding two typical scenarios.
A crank-slider mechanism with a cutting force on the slider: on the “rigid
lever” the moment of this force relative to the pole equals its magnitude
multiplied by the arm to the slider point; equilibrium immediately yields the
required balancing moment on the crank. In the vicinity of “dead” positions
the arm of the slider relative to the pole is small — hence the high demands
on the peak torque of the drive in real pressing or cutting. A hinged four-
link mechanism with a load on the rocker: if a tangential force (for exam-
ple, a belt or gears) is applied to the driving link instead of a moment, it is
sought from the same moment-equilibrium condition — the ratio of the load
moment on the “lever” to the arm of the driving point immediately gives the
required magnitude and direction of action. In control this knowledge turns
into a feedforward profile for the servodrive: by smoothing peaks through
jerk limitation or by adding a flywheel (elastic element), the engineer re-
duces current and heating demands and increases service life.

The accuracy of the method is determined by the quality of the
kinematic diagram: if the direction of instantaneous rotation is confused or
the pole is chosen at the wrong point, the arms on the “lever” will be
incorrect, and the error in the moment will grow proportionally. Scale
matters only for absolute numbers — ratios of moments are preserved in any
scale; therefore, in first estimates it is sufficient to care about the correct
direction and correspondence of “homonymous” points. It is also important
to honestly assess the domain of applicability: the rule is designed for
mechanisms with one degree of freedom in a fixed position; if there is
significant dry friction in the unit or elastic deformations noticeably change
the point velocities, the result should be taken as an estimate and, if
necessary, one should proceed to a full force analysis or a model with
friction and elasticity.
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TakuM 9UHOM, METOJ <GKOPCTKOTO BaXKEJIsD» — II€ MICTOK MIX T'eo-
METpi€l0 pyXy 1 BUMOTramu 10 npuBoja. Konn 3aBganHsAM € BUOip IBUTYHA
Ta MepelaBaibHOTO YMCIIA, OL[iHKA €HEproCHOXUBAHHS 3a LUK, IIBHIKUH
KOHTPOJIb TIIKOBUX HABaHTa)KEHb a00 CHHTE3 MPOQIII0 MOMEHTY JJs CH-
CTEMH KEepyBaHHS, <OKOPCTKWH BaXKUIb» Ja€ MIBHAKY 1 HAOYHY BiANOBiIb
0e3 o0TsHKIMBAX OOYHCICHb Peakiiid. A KOJHM TOCTa€ MHUTaHHS Pecypcy
MiAIIUITHUKIB, HANPY)KEHb Y MalbIsIX a00 KOHTAKTIB y 3aueIUieHHI — IIe
CUTHAJ TIepedTH BiA Iiei 3pydHOI ifearizallii 7O MOBHOTO CHIIOBOTO PO-
3paxyHKY 3 YpaxyBaHHSAM yCiX YHHHUKIB.

Crioci6 moOymoBU Takoro Baxels ChopMyIbOBAHUN Y TEOPEMI:

Ao sekmopu 6Cix cui, Wo NPUKIAOEHI Y PI3HUX MOYKAX JAHOK I 3pi-
BHOBADICEHUX HA MEXAHI3MI, NepeHecmu NapaneibHo camum cobi 8 0OHOU-
Menni mouku nosepuymozo na 90  npomu Mummesozo 0bepmanHs NiaHy
weUOKOCmel, y3a8uy (icypy niaHy 3a JCOPCMKULL 8adiCiib, Mo cyma mMome-
HMIB YCIX YKA3AHUX CUTL BIOHOCHO NOIIOCA NIAHY 6)y0e 00PIGHI08AMU HYTO.

Y matematnuHii GopMi Iie 3aNHCYETHCS TaK:

iMp(Fi)ziE.hi:o, (39)

ae hj — mieue cunu Fj BiTHOCHO T0ITIOCA TOBEPHYTOTO IUIAHY IIBHIKOCTEI.

Taka reoMmeTpU4Ha IHTEpHpETallis NPUHIUNY MOXJIMBHX MepeMi-
HIeHB JTy’Ke 3py4Ha JJIsl pOo3B’I3yBaHHS 33724 TUHAMIKH.

PosrnsHeMO TIpMK/Ia] BH3HAYEHHs 3PiBHOBAXYIOUOi cumu Fs 3a
JoroMororo npaemia Baxens JKykoBcekoro. Hexait Ham 3aiaHa KiHema-
THUYHA CXeMa KPUBOUIMITHO-TIOB3YHHOTO MexaHi3my (puc. 4.7, a), Ha JIJaHKH
SKOTO HitoTh ¢ Fi, F2, F3 i MOMeHT cui M,, MIBUAKICTH 0OCpTaHHS
kpuBomnny OA AOPIBHIOE ;. 3pIBHOB@XKYIOUY CHIIy NPHUKIAJAEMO [0
kpusomuny OA4 y Touni 4 1 cupAMOBYEMO NEPHIEHIUKYISIPHO 10 JIiHiT OA.
Bynyemo ans 3ajaHOTO MONIOXKEHHSI MEXaHi3My TIOBEPHYTUH MPOTH MUTTE-
Boro obepranus Ha 90° mwian mBuakoctei (puc. 4.7, 6), y BiANOBIAHUX TO-
yKax SKOro MpHKIafaeMo cwid Fi, F2, Fs, Fsp, a Moment M, poskia-

naemo Ha napy cun F, = & (ua puc. 4.7 cunu F, nokasauo mwrpuxosumu
AB

JiHISAMH), SIKI IPUKIIAJa€MO BIAMOBIHO Y TOYKaX a Ta b meprneHIuKyIspHO

no AB (ab || AB).
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Thus, method “rigid lever” is a bridge between the geometry of mo-
tion and the requirements for the drive. When the task is the selection of the
motor and gear ratio, the assessment of energy consumption per cycle, a
quick check of peak loads, or the synthesis of a torque profile for a control
system, the “rigid lever” gives a quick and visual answer without burden-
some computations of reactions. And when the question concerns bearing
life, stresses in pins, or contacts in a mesh — that is a signal to move from
this convenient idealization to a full force calculation with all factors taken
into account. The way to construct such a lever, formulated by M. Ye.
Zhukovsky, is set out in the following theorem:

If the vectors of all forces applied at different points of the links and
balanced on the mechanism are transferred parallel to themselves to the
homonymous points of the velocity diagram rotated by 90° opposite to the
instantaneous rotation, taking the diagram as a rigid lever, then the sum of
the moments of all the indicated forces with respect to the pole of the diagram
will be equal to zero.

In mathematical form this is written as:

Zn:Mp(ﬁi)zzn:Fi-hizo, (39)
i=1 i=1

where h; — the arm of the force F; relative to the pole of the rotated velocity
diagram.

Such a geometric interpretation of the principle of virtual
displacements is very convenient for solving dynamics problems.

Let us consider an example of determining the balancing force F.,

using Zhukovsky’s lever rule. Let the kinematic scheme of a crank-slider
mechanism be given (Fig. 4.7, a), on whose links the forces Fi, F2, F3
and the couple M, act, and the angular speed of the crank OA4 equals w;.
The balancing force is applied to the crank OA at point 4 and directed
perpendicular to the line OA. For the given position of the mechanism we
construct the velocity diagram rotated by 90° opposite to the instantaneous
rotation (Fig. 4.7, b), at the corresponding points of which we apply the

forces Fi, F2, Fs, fgp, and we decompose the couple M, into a pair of
M, .
forces F, =2 (in Fig. 4.7 these forces F, are shown by dashed lines),

AB
which we apply at points a and b perpendicular to 4B (ab || AB).
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BpaxoByroun, 1mo mix Ai€l0 MUX CHII, BKIIOYAIOYH 3PiBHOBAKYIOTY
CHITy, MEXaHi3M 3HAaXOTUThCS y PIBHOBa3i, TO MOXXHA 3allMCaTH Take piB-
HSIHHS MOMEHTIB yCiX CHJI, IO MPHKJIAAeHi 0 MOBEPHYTOro IUIaHy MIBH[-
KOCTEH, IKUH YMOBHO BBYKa€MO KOPCTKUM Ba)KEJIEM.

Fs

lff
FZ‘Z

b
\

~,

a) 0)

Puc. 4.7. BusHaueHHs 3piBHOBaXKYIOUHX CHII 38 JIOIOMOTOIO
<OKOPCTKOTO BaXKEIISD»

n

M,(Fi)=F, pa-F h+F-h-F,-h+F h-Fpb=0,

i=1

3BIIKH MAaEMO

’ ’
= _FR-h-F-h+F-h-F-h +Fpb (40)
sp T !
pa
ne h;y — miedi BIAMOBIZHMX CHJI BiJIHOCHO IOJIFOCA TOBEPHYTOTO ILIAHY
MIBUAKOCTEH, MM. 3ayBa)XMMO, 1110 MOJIYJIb HE 3aJIXKHUTh BiJ TOTO,
B sikui Oik OBepHYTH Ha 90° miaH MIBUIKOCTEH.

B pozninmi 4 3BoguThes TONEpeHI MaTepiall, KU CTyJIeHT OauuB
OKpeMHMH TeMaMH. Hackpi3Ha izest pocTa: KiHEeMaTHKa BIATOBIAE HA <GIK
PYXa€EThCS ?», a MUHAMIKa — Ha TUTAHHS «UOMY U SIKOIO I[IHOIO ?7», 1€ IIHOK €
CHJTM, MOMEHTH, €HEpTis 1 pecypc. Bu HaBumimcs 4utaT pyx o4MMa CHIIOBOIO
OanaHcy, pO3yMITH, SIK KOPHCHI OIOPH TIEPEKIIAIAl0ThCS Ha TPUBLJ 1 OTOPH,
YoMy IHEpIIis «II031Yacy SHEPrit0 HA PO3TOHI Ta «IIOBEPTAE» Ha rajlbMyBaHHI,
SIK 1/1ealTbHI MOJIEII TOTIOMAraroTh CIIPOEKTYBATH PeajibHi BY3IIH.
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Taking into account that under the action of these forces, including
the balancing force, the mechanism is in equilibrium, we can write the
following equation of the moments of all the forces applied to the rotated
velocity diagram, which we conventionally regard as a rigid lever.

a) b)

Fig. 4.7. Determination of balancing forces using «rigid lever»

>

> M,(Fi)=F,pa~F-h+F-h,—F,-h+F-h -Fpb=0,

i=1
whence we have
E — Fl'hl_le'hz+F2'h3_F2"h4+F3pb,

40
» oa (40)

where h; — the arms of the corresponding forces relative to the pole of the
rotated velocity diagram, mm. Note that the magnitude does not
depend on which way the velocity diagram is rotated by 90°.

Section 4 summarizes the previous material that the student has seen in
separate topics. The underlying idea is simple: kinematics answers “how does it
move?”, and dynamics — the question “why and at what cost?”’, where the cost
is forces, moments, energy, and service life. You have learned to read motion
through the lens of force balance, to understand how useful resistances are
transferred to the drive and supports, why inertia “borrows” energy during
acceleration and “returns” it during braking, and how ideal models help design
real units.
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Hapani i iHCTpYMEHTH MPAIIOIOTh 1032 MEXaMH KIIACHIHUX CXEM: Y
poboToTexHIm — A MAOOPy CEepBOIPHUBOIIB 1 CHHTE3Y HPOQLIiB HMPUCKO-
pEHb, Y TPaHCHOPTI — /I eHeproeeKTUBHOCTI i Oe3neKu, y BepcTaTooymy-
BaHHI — JUIS TOYHOCTI Ta JeMiiyBaHHS, Y MU(PPOBUX ABIMHUKAX — JJIS CIIIB-
CTaBJICHHSI PO3PaxXyHKY 3 BUMIPOM.

Lleit mociOHUK He BUYEPIye TEMH — BiH 331a€ MOBY i HaBHUUYKH, Ha
AKUX OyIyeTbes OinbIl ckIaaHuil aHami3. [IpupomHUMU TPOJOBKEHHIMU
CTaHyTh KOJMBaHHSA 1 BIOPO3axuCT, HEPIBHOMIPHICTh 00EpPTANBFHUX PYXIiB 1
mig0ip MaxoBUKIB, OallaHCYBaHHSI Ta 3HIDKCHHS BiOpawiil, Moaemni TepTs i
NPY>KHOCTI, @ TaKOX YHCENbHI MeToAu 0aratodi3smuHOr0 MOJETIOBAaHHS.
Hanpukinmi — mo0axkaHHs, 110 BUXOIWTh 32 MeXi (QopMys: mepesipsiite
3HAKW U pO3MIpHOCTI, TPEHYyHTE iHTYINiI0 HA TPaHUYHUX BUTIAJIKaX, 3BIpsH-
TE pO3paxyHKH 3 EKCIIEPUMEHTOM 1 He OiMTecsl CIpOIyBaTH TaM, Jie Iie
BUIIPABIaHO, PIBHO HACTIIBKH, MO0 YXBAJIWUTH TMPAaBUIbHE i1H)KEHEpHE
pimenss. Came Tak MeXaHiKa CTa€ MOBOO MPAKTHKH.

KouTpoabHi 3anuranus

1. o came BHBYae MWHAMiKa MEXaHI3MiB i MalllMH y TOPIBHSAHHI 3 KiHe-
MaTUKOO?

2. UYum Bigpi3HAIOTHCS MpsMa 3ajada AWHAMIKH 1 OOepHeHa 3ajada JiH-
HaMmiku? HaBeniTh 1o 0THOMY IPUKIIAAy JUIst KOXKHOI.

3. Y yomy pi3HHUI MiX aHAJII30M 1 CHHTE€30M MEXaHi3MiB?

4. 1llo Ha3WBaIOTh PyLIIHHUMY cHlaMi. HaBenliTe TpH JuKeperna Takux CHIL.

5. o take cum onopy? I1osICHITE BIIMIHHICTS Mi)K KOPHCHUM OITOPOM 1
HIKIJJIABAM OITIOPOM.

6. fxy ponb BimirparoTh Bara JIAaHOK, CHJIM iHEpIii Ta peakuii y KiHema-
TUYHUX Mapax?

7. UYomy 3a BiICYTHOCTI TepTst poOOoTa CHJI iHEepIil 3a OIWH Mepio] pyxy
JopiBHIOE HYJ110? [10SCHITH CJIOBaMHU.

8. Sk mpuaimn JlanamOepa 103BOIISIE 3BECTH JHHAMIYHY 33]1a9y JIO YMOBH
piBHOBaru?

9. CdopmynroiiTe yMOBY CTaTUYHOI BH3HAYEHOCTI /Il MEXaHI3MIB 3 Ia-
paMu 1I1’ATOro Kiacy i MOSICHITS 11 3B’ 130K 3 Tpynamu Accypa.
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Further on, these tools work beyond classical schemes: in robotics — for
selecting servodrives and synthesizing acceleration profiles; in transport — for
energy efficiency and safety; in machine tool building — for accuracy and
damping; in digital twins — for comparing calculation with measurement.

This textbook does not exhaust the subject — it sets the language and
skills on which more complex analysis is built. Natural continuations will
be vibrations and vibration protection; nonuniformity of rotational motion
and selection of flywheels; balancing and vibration reduction; friction and
elasticity models; as well as numerical methods of multiphysics modeling.
Finally — a wish that goes beyond formulas: check signs and dimensions,
train intuition on limiting cases, compare calculations with experiment, and
do not be afraid to simplify where justified, exactly as much as needed to
make the right engineering decision. That is how mechanics becomes the
language of practice.

Control questions

1. What exactly does the dynamics of mechanisms and machines
study compared to kinematics?

2. How do the direct problem of dynamics and the inverse problem of
dynamics differ? Give one example for each.

3. What is the difference between analysis and synthesis of mecha-
nisms?

4. What are called driving forces? Give three sources of such forces.

5. What are resistive forces? Explain the difference between useful re-
sistance and harmful resistance.

6. What role do the weight of the links, inertia forces, and reactions in
kinematic pairs play?

7. Why, in the absence of friction, is the work of inertia forces over
one period of motion equal to zero? Explain in words.

8. How does D’Alembert’s principle allow a dynamic problem to be
reduced to an equilibrium condition?

9. Formulate the condition of static determinacy for mechanisms with
fifth-class pairs and explain its connection with Assur groups.
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10. Sk BM3HAYAETHCS HAMPSAM peakilii y NIapHipHii nmapi i y mocTynaibHil
napi 3a BiICYTHOCTI TepTs?

11. [Ing 9oro BUKOPUCTOBYIOTH MOOYAOBY IIAHY CHJI, SIKi THIIOBI TOMMIIKA
TPAIUISIOTHCS i 9ac Horo moOyIoBu?

12. OnumiiTe MOCTiOBHICTE CHIOBOTO PO3PAXYHKY YOTHPHIAHKOBOTO
MeXxaHi3My 0e3 ypaxyBaHHS TEpTs AJsl OZHOTO TOJIOXKEHHS.

13. Yomy y KpHBOIIUITHO-IOB3YHHOMY MeXaHi3Mi 4acTo He MOTPiOHO
OKpeMO BH3HAYATH TAHTCHIIIHHY CKJIAJIOBY peakilii B TOB3yHi?

14. Sk maca JlaHKH 1 BiJIaJICHICTh IIEHTPa MaC BILIMBAIOTh HA MIKOBI BU-
MOTH JJO MOMEHTY Ha BeIy4ii JaHi?

15. Yum Binpi3HAIOTHCS 3piBHOBAXXYBATHHUI MOMEHT 1 3piBHOBa)KyBallbHA
cwia Ha Bexydii stanmi? Komu oOMparoTh KOXKHUN BapiaHT?

16. CdopmyroiiTe mpaBuiio XKOPCTKOro Baxels JKyKOBCHKOTO CBOIMU
CIIOBaMH.

17. Y sxux BHUMagKax JOUIIFHO KOPUCTYBATHUCS MeTOAOM JKYKOBCHKOTO
3aMiCTh ITIOBHOTO CHJIOBOT'O PO3PaxyHKY?

18. Sk y meromi KyKOBCEKOTO BpaxOBYIOTh CHIIH 1HEPIIii 1 mapu iHepIii?

19. Sk pe3ynmbTaTH CHIIOBOTO aHANi3y BIUIMBAIOTH HAa BUOIp ABUTYHA,
nepeaBaibHOTO YHCIA, Ha T IIIAITHUKH, )KOPCTKICTh KOHCTPYKIIii?

20. SIxi TeMH JIOTIYHO MPOJOBKYIOTh BUBUCHHS IIbOTO PO3LTY 1 YOMY
BOHH BXKJIMBI JUIST IPAKTHKH?
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10. How is the direction of the reaction determined in a revolute pair
and in a prismatic pair in the absence of friction?

11. What is the purpose of constructing a force plan, and what typical
mistakes occur when building it?

12. Describe the sequence of force calculation of a four-link mecha-
nism without accounting for friction for one position.

13. Why in a crank-slider mechanism is it often unnecessary to de-
termine separately the tangential component of the reaction in the
slider?

14. How do the mass of a link and the offset of the center of mass af-
fect the peak torque requirements on the driving link?

15. How do the balancing moment and the balancing force on the
driving link differ? When is each option chosen?

16. Formulate Zhukovsky’s rigid-lever rule in your own words.

17. In what cases is it advisable to use Zhukovsky’s method instead
of a full force calculation?

18. How are inertia forces and inertia couples taken into account in
Zhukovsky’s method?

19. How do the results of the force analysis affect the choice of the
motor, gear ratio, and the bearings, structural stiffness?

20. What topics logically continue the study of this section, and why
are they important for practice?
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