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INTRODUCTION

One of the types of unaided work of students is the execution of
calculation tasks during the semester. Their purpose is to develop practical
skills. They are designed to help students more deeply capture theoretical
material and learn how to apply the acquired knowledge to solve practical
problems. The offered workshop with examples of calculation tasks
corresponds to the course "Higher Mathematics" taught to students
majoring in Power Engineering, Electrical Engineering and Electrical
Mechanics full-time in the third module of the two-semester course. This
workbook can also be used for students in other technical majors who study
higher mathematics in a two-semester course.

This workbook covers virtually all major sections of the third module
of the course on higher mathematics; it contains the necessary theoretical
information, methodological instructions for completing the tasks, and
examples of solving problems with a detailed explanation. A list of
recommended literature is also provided. The manual also contains the
necessary background material (tables, etc.). For ease of use, in this manual
the numbering of examples corresponds to the numbering of tasks in the
task book [31].

Calculation tasks are executed during the semester, which provides
students with a systematic study of the course. In carrying out these tasks,
students work with recommended textbooks and manuals, independently
search for necessary literary sources and materials, analyze them and
summarize, independently research and make written presentation of
practical assignments.

The materials of this practicum can be considered as part of a
synopsis of lectures on higher mathematics, in which the theoretical
statements are illustrated in practical examples. That is why the materials in
this manual can be used not only in the performance of calculation tasks,
but also in preparation for the exam.



1 FUNCTIONS OF COMPLEX VARIABLE

There are several forms of writing a complex number:
z = x +1iy —rectangular form;
z =re'? —power form;
z= r(cos @+isin (p) — trigonometric form,

where x=Rez, y=Imz (Cartesian coordinates), 7 =|z|,
@ = arg z (polar coordinates). There are the following relations:
Q= arctgZ , if z belongs to the I or IV quadrants,
X
Q= arctgl t+ 7, if z belongs to the II or Il quadrants, (1.D
X
r:\/x2+y2 , (1.2)

X=rcosQ, y=rSing.
Raising a complex number z =r(cos@+ising) to a power
are given by DeMoivre’s law:
" =r"(cosnp+isinng). (1.3)
The root of degree n of a complex number z has n different
values, which are calculated by the formula

M:W(cos 027K sin ‘”*2”"} k=0,..,n-1. (14
n n

The points on the complex plane corresponding to the values % are
the vertices of a regular 7 -sided polygon inscribed in a circle of radius

R = Q/; centered at the origin.

Task 1.1. Express a complex number in trigonometric and power
forms. Make a graph.

a) z=—1—\/§i;



b)z=—7ﬁ'

o) z=9e6i.

Solution. a) We find the modulus and the argument of the number
z. Number z belongs to the III quadrants because x=-1<0,

y=—4/3<0;

(0:arctg%—wr=arctg\/§+7z=%+ﬂ:4§_

Therefore, the number z can be represented as:
4 .. 4
z=2lcos—m+isin—r |;
3 3
4
-
z=2e3
Fig. 1.1 shows complex number and all calculated quantities.
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Figure 1.1

b) r= 7ﬁ, @ = 7, because radius-vector forms an angle 7 with
the positive direction of the axis OX . So,



z= 7ﬁ(cos7r+isin7z);
z=7V7¢",

Fig. 1.2 shows complex number and all calculated quantities.

ImzA
Q=7
z y=7J7 |0 Rez
Figure 1.2

¢) We find the modulus and the argument of the number z. ¢ = %

. T .. . .
because radius-vector forms an angle 7 with the positive direction of the

axis OX . Further,, r = l% Therefore, the number z can be represented
in trigonometric and power forms as:

T
i
221%(c0s%+isin%j; z="6e 2.
Fig. 1.3 shows complex number and all calculated quantities.
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Figure 1.3

Answer: a) z = 2(cos§7z+isin§7zj =2e3 ;
b) z3 :7ﬁ(cos7z+isin7z)=7ﬁei”'

C) z, = 1\/_(cos +isin j 1\/_6

Task 1.2. Express a complex number in rectangular form a +ib.
Make a graph.

a) w=(1+iv3)-i—1);

1-2i

O W=
—+ i
32
41

B)w +1=0.

Solution. a) We perform multiplication:
w=(1+i3)—i-1)=-i—1+3 -3 = (3 -1)- i3 +1).

Here we have taken into account that 7 -7 = —1.
Fig. 1.4 shows all complex numbers.



Imz
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Figure 1.4

b) To reduce the fraction to the rectangular form, we multiply the
numerator and denominator by the value conjugated to the denominator. In

our case, this value is g — Ei :

, @_%{1_10 1. 1.2,
—2i 3 2 3 2 3

1
O T S T VA T T R T -
St —+ || -1 — T
372 3 2 )3 2 9 4

2 7
3 6 24 &
13 13 13

Fig. 1.5 shows all complex numbers.
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Imz A .
24 i Zz =—+
_= —re 3
13 20 R
! 11 Rez
| 3
| —2i ez =12
i @,
W e ] 13
Figure 1.5

c¢) We use the formula (1.4).
|— 1| =1, arg(— 1):72'. According to

As wt +1=0, then w:\/4—1;
the formula (1.4) there are four

roots:
w:cosﬂ+2ﬂk+1s‘nﬂ+2ﬂk, k=0,123.
7 .o 2 A2
k=0: w =cos—+isin—=——+i—,;
4 4 2 2
3. . . 37 V22
k=1:  wy,=cos—+isin—=———+i—:j,
4 4 2 2
Sz .. 5& ﬁ \/5
k=2: wy=cos—+isin—=———1—:;
4 4 2 2
T Ir V2 A2
k=3: wy=cos—+isin—=——i—.
4 2 2

Geometrically numbers wj, are the vertices of a square inscribed in a

unit circle. (fig. 1.6).
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Rez

Figure 1.6
Answer: a) (\/3—1)— i(\/§+1);
ST
13 13 °
22 V22 2 2
c) —+i—, —_ i, e e
2 2 2 2 2 2

Task 1.3. Using DeMoivre’s law compute the given quantity:
60
(—1+iﬁ) .
Solution. We express a complex number z:—1+iﬁ in

. . L 2
trigonometric form (taking into account that ‘Z‘ =2,argz= ? ):

—1+iyJ3 =2(00S2”+isin2ﬂ-j.
3 3

Applying DeMoivre’s low (1.3) gives:
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ool o0 2 asf )

=2%(cos 407 +isin407)=2%.

Answer: 2%

Task 1.4. Find the set of points on complex plane defined by the

1 —
condition |z ——| < |1 - EZ . Make a graph.

Solution. Let z = x+1y . Then the inequality has the form:

x—l +i l—lx +li
7)Y 2 )Y

By definition of modulus we have:

2 2
1 5 1 1 5
x—=| +y <[ 1=-=x| +=y~.
\/( 2) g \/( 2) 4”7

<

Figure 1.7

Solving the inequality we get:
x? + y2 <1.
This is the inner domain of the unit circle, including the boundary (fig. 1.7).



13

Answer: unit circle x° + y2 <1.

When solving problems, you can use the Euler's identity:

e“ =cosz+isinz, (1.5)
from which it follows:
iz —iz iz + —iz
sinz=—.€, COSZ=L. (1.6)
2i 2
We also give the definition of another elementary function Lnz :
an:ln|z|+iargz+27zki, keZ. (1.7)

The function w = f (Z) maps the points of the complex z-plane
to the corresponding points of the complex w-plane. Let z = x +iy
and w=u+iv. Then the dependency w= f (Z) can be described
using two real functions # and v of two real variables x and y:

)
v=vlx,y

The Cauchy-Riemann conditions are used to investigate the
analytic function:

6u_@ 8l_ ov

FRae, = (1.8)

b

oy o
The existence of partial derivatives of the functions u(x, y) and
v(x, y), as well as the fulfillment of the equations (1.8) is a necessary
condition for the analyticity of the function f (Z), and with the
additional requirement of differentiability of functions u(x, y) and

v(x, y) we get a sufficient condition of analyticity of the function

/(2).

Task 1.5. Find the analytic function f (z) having its imaginary part
v(x,y)=2cos x chy —x2 4yt if f(0)=2.
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Solution. 1f the function f (Z) is analytic, then its imaginary and real

parts satisfy the Cauchy-Riemann conditions (1.8). Using the first
condition, we obtain:

ulx,y)= Jg;dx +y(y)= J(Z cos xshy +2y)dx +y(y) =

=2 sinxshy +2xy + l//(y).
From the second condition we obtain equality:
2. sin xchy +2x +y'(y) = —(= 2 sin xchy - 2x),
from which we get '( y) =0 and l//( y)=C . Consequently:
u(x,y) =2sinxshy +2xy + C;

f(z) =2sinxshy +2xy+ C+ i(2 cos xchy — x? + yz)
= 2i(cos xcosiy —sin xsiniy)— i(x2 + 2xyi — y2)+ C=
= 21'cos(x—i—iy)—i(x+iy)2 +C=2icosz—iz* +C.
We find the constant C from the condition f° (O)z 2: 2i+C=2, then
C =2-2i. We finally have:
f(z)=2i(cosz—1)—iz* +2.
Answer: f(z)="2i(cosz—1)—iz* +2.
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2 DIFFERENTIAL EQUATIONS

The equation of the next forms

fi(x)- g (v)dx + £,(x) g, (y)dy =0. @.1)
v'=[1)AW). (2.2)

are called equations with separable variables.
To solve equation (3.1), we separate the variables so that dx is
multiplied by the function of x alone, and dy is multiplied by the

function of y alone. For this (2.1) is divided by gl(y)'fz(x)
(fo(x)#0.g,(y)#0). We get

L) g ()
dx + dy=0.
e (x) g & (y) g
The general integral of the equation (2.1) is:
L) g ()
dx + dy=C.
J.fz(x) ! jgl(y) g

To solve equation (2.2) we separate the variables, assuming that

fz(y)i():

or

dy

E:fl(x)fz(y)’
dy _
m—fl(x)dx.

The general integral of the equation (2.2):

j%z!ﬂ(x)dx+€.

Task 2.1. Find the general solution of the separable differential
equations.
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2) (x2 +4)y’—y2 =16;
3) (y+yx2)dx+(x—xy2)dy20.
)2

Solution. 1) (x +1)—=y+2.
dx

We separate the variables and integrate this equation:

dy  dx
y+2_m’
_[dy [ +InC,
y+2 x+1
ln|y+2|=ln|x+1|
y+2=C(x+1),
y=Clx+1)-2.

2) (x2 +4)y’—y2 =16.
We separate the variables and integrate this equation:

(x? +4)jx —16+ 7,

dy  dx J _I
Y +16 x> +4’ 2+l6 x2+4

1 y 1
—arctg — = —arct, —+C.
48T RE

3) (y+yx2)dx+(x—xy2)dy=0.

We separate the variables and integrate this equation:

x(y2 —l)dy = y(1+)c2 )dx,

(O
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2
Rl
2
Answer: 1) y = C(x+l)—2 ;

1 y 1 x
2) —arctg—=—arctg—+ C;
)4 g4 2 g2

2
=ln|xy|+%+C.

2 2
y X
3) 7=ln|xy|+7+C.

A function f (x, y) is called a homogeneous function of the m-
th degree with respect to arguments x and y if equality is satisfied

flee,y)=t"f(x,y) VteR, acR.
Differential equation in a norrmal form
Y ‘= S (x Y )
is called homogeneous with respect to variables x and y, if function
f (x, y) is a homogeneous function of zero degree with respect to its

arguments.
Differential equation in a differential form

P(x, y)dx+Q(x, y)dy =0

is homogeneous one, if functions P(x, y), Q(x, y) are homogeneous

functions of the same degree a, ie. Pltx,ty)=t*P(x,y),
Olrx,tv)=1“Q(x, y).
Homogeneous equations by substitution
u= Y , V=u-x,
X
Vv =u+xu'

can be reduced to equations with separable variables with respect to a
new function u = u(x)

Task 2.2. Find the general solution of the homogeneous differential
equation.
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1) xy' = y+q/4x> +y*;
2) (y2 +x2)dx+(xy—2x2)dy:0.
Solution. 1) xy' = y +4x> + y* .

Write the equation in the normal form:

2
y':Z+ 4+(1j :
X X

2
This equation is homogeneous because the function b4 +.4+ (Zj is a
b X
homogeneous function of zero degree.

Let's make the substitution # = 2 ,then y=ux, y'=u+xu'. We
X

u+xu' =u+Vd+u’,

-2 [ (E
4+u? X 4+u? X
Inlu +~4+u?
u+4+u® =Cx.

In the last expression, we return to the variable y :
y4+q44x> +y? =Cx°.

2) (y2 +x2)dx+(xy—2x2)dy =0.
Functions y° +x” and xy —2x” are homogeneous function of two
degree. Therefore, this equation is homogeneous one. Let's make the

have:

=ln|x|+lnC,

substitution u = X, then y=ux, y'=u+xu'. We have
X



y - 2 - H
xy—2x Y _s
X
u’ +1
ux+u=-— ,
u-—2
-2 d.
L .3
2u” —2u+1 X

We integrate the left-hand part of the equation separately:
-2 1¢(4u-2)-6 1¢d2u® —2u+1
[ol2 gy Ll L (2u? ~2u+1)
2u

u=— =
—2u+1 4920 - 2u+1 49 20 —2u+1
1

3 1 1 1. s 3
— [ ———du=—In2u® - 2u+1|-= du =
2 o 4”‘ o ‘ 4'[(u—1/2)2+1/4 !

1 2 3
= Zln‘2u —2u+ 1‘ - Earctg(2u ~1).
The general integral of the equation is:
1 3
Zln‘2u2 —2u+ 1‘ - Earctg(2u ~1)= —ln|x| +C.
In the last expression, we return to the variable y :

l]n|2y2 _ny+x2|—§arctg(2—y—lj = —ln|x|+ C.
‘ ‘ 2 X

4 x2

Answer: 1) y+,/4x> +y° =Cx’;

1. (2y%=2 203 2
2) 2114 Y x;Cy‘*‘x %_Earctg[%— J=—1n|x|+C.

A first-order differential equation is called linear if it can be
written in the form

Y+ P(x)y = O(x). 2.3)
where P(x), O(x) are defined functions.
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Bernoulli's method of solving first-order linear differential
equations. Equation (2.3) can be reduced to two differential equations
with separable variables by substitution y=wuv (Bernoulli's

substitution), where u = u(x) and v = v(x) are some function. Then:
u'v+uv'+ P(x)uv = Q(x) ,
u'v+ u[v' + P(x)v] = Q(x). (2.4)
Let us choose a function v= v(x) such as the expression in square
brackets be equal to zero:

v'+P(x)v=0.

We find the particular solution of this equation v( ) 71 Pl
substitute it in the equation (2.4) and obtain the second dlfferentlal
equation with separable variables (with respect to the function u(x)):

u'v=0(x), ie. u'= Q(x)ejp(x)dx (2.5)

We find the general solution of the equation (2.5)

IQ v+ C. Therefore, we find the general solution
of the original equation (2.3):

y= e_jp(x)dx D Q(x)ejp(x)dxdx + C} .

Differential equation

¥+ P(x)y = O(x)y®
where o =conste R, a #1, a # 0, is called Bernoulli's equation.
It can also be solved with the Bernoulli's substitution.

Task 2.3. Find the general solution of the linear differential equation
of the first order or Bernoulli’s equation.

1) xy'—2y:%;

2) y'—lyzyz(lnerx).
x
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. ' 1
Solution. 1) xy'—2y =—.
X

This equation is linear of the first order. We divide the equation by
x (x#0):

v x% (P(x)z —% O(x)= x%j :

X
We make Bernoulli's substitution: y =uv, then
, , 2 1
uv+vu——uv=—-—,
X x2
, ( 2vJ 1
uv+ul vi——|=—
X xz
2 2
Step 1: v o ﬂ__v: ,
X dx x
dv 2 d d
v _2,0 TS
vV X v X
and we get v=x".
1 du 1
Step 2: Uyl =— => —=—,
P x° dx x*
du—de _[du—_[idx
Pl T
andweget u=———5+0C.
3x°

Thus, the general solution of this equation is:

y=uv=—L+Cx2.
3x

2) y'—ly:yz(lnx—i-x).
X

This is Bernoulli's equation. We make Bernoulli's substitution:
y =uv,then
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1
u'v+vu——uv=u’v:(Inx+x),

x
u'v+u(v'—1j:u2v2(lnx+x).
x
Step 1: v-Y-0 = ﬂ—1= ,
x dx x
a1, dv_jdx
vooX v x
and we get v=1x.
Step 2: ux =u’x*(Inx+x) = %:uzx(lnx+x),
X
d di
M—Z:x(lnerx)dx, Iu—zzj‘x(lnerx)dx,
1 1, 2,1 ;3
andweget ——=—x"Inx——x"+—x" ——, or:
u 2 4 3 12
12
u

-6 Inx+3x% —4x®
Thus, the general solution of this equation is:

12x
C—-6x%Inx+3x* —4x>

y=uv=

1
Answer: 1) y = Cx> ——
3x

12x
C—-6x*Inx+3x>—4x>

2)y=

Differential equation of the first order

P(x,y)dx+Q(x,y)dy:0.

functions P(x, y), Q(x, y) equality holds
oP(x,y) _ 00(x,y)
oy ox

(2.6)

is called exact differential equation, if in the domain of definition of

2.7)




23

The general integral of the equation (2.6) is determined by one
of the next formulas:

[ P(x,y)dx+ [O(x,y)dy = C, (2.8)
[ P(x y)dx + [ Qg y)dy = C, 2.9)

where (xo;yo)e D.

Task 2.4. Find the general solution of the exact differential equation
(2x —4y% + 6xy2)dx + (2 —8xy + 6x2y)dy =0.
Solution. Let's check the condition (2.7):
P(an’): 2x—4y* +6xy°; Q(x,y)z 2-8xy+6x°y.
a—P:—8y+12xy, —8Q(x,y)=_8y+12xy.
oy ox
Condition (2.7) is satisfied, so this equation is the exact differential
equation. The solution of this equation can be found by the formulas (2.8)

or (2.9). The point (xo; yo)e D should be selected so that the functions
P(x, y), Q(x, y) are as simple as possible. Take the point (O;O) as a point
(xo Vo ) .

According to the formula (2.8) we get:

X

y
J.(2x—4-0+6x-0)dx+j(2—8xy+6x2y)dy=C,
0

0
x*+2y—4xy* +3x°y* =C.
Answer: x* +2y—4xy* +3x°y* =C.

Differential equations of order higher than the first.
Reduction of order.
1) Differential equation

v = f(x) (2.10)

can be solved by sequential integration n times. The general solution of
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the equation (2.10):
Kl X2
y=0¢(x)+C, ) +C, D) +..+C,.

2) If we have the equation of the form
Fle,y®,y®0, . y0)=0, 2.11)
which does not contain explicitly the unknown function and its
derivatives up to the (k - l)—th order, then in order to reduce the order of
equation (2.11), a substitution y(k) = z(x) must be made, and
ylt) = Z'(x), ..., y) = z(”’k)(x). Equation (2.11) reduces to the
(n - k) -th order equation with respect to the function z(x) :
F(x,z’,z",...,z(”fk))z 0.
3) If we have the equation of the form
Fly.yy"....y")=0, 2.12)
which does not contain explicitly independent variable x, then in order

to reduce the order of equation (2.12), a substitution y' = p(y) must be
made. Further we get

» _dp
y'=p o
2

2
m __ d_p d P — 12 "
y p[(dyj +p dyzj ol +p-p7)
and so on.

We obtain the equation of the form:

d d2 d(n—l)
F y:p’_pa fa"': (,1[)) :0
dy dy dy”

!

=p-p,

Task 2.5. Find the general solution of the differential equation of
order higher than the first.

1) y"=x"+2;
2) x2yr/ — 2y!2;



25

3) 1+ -2)y"=0.
Solution. 1) y" = x* +2.

This equation is of the type (2.10). We integrate the given equation

three times by the variable x :
4

y"=_[(x3 +2 x=%+2x+Cl,

5

' x4 X 2
y =I(T+2x+Cljdx:%+x +Cx+C,,

6 3
X X

5
X 2 1 2
=|| —=+x +Cx+C, |[dx=—+—+-Cx  +C)x+C;.
yj(zo ! zj 120 3 2 TR
2) x2yﬂ:2y72.
This equation is of the type (2.11), it does not contain explicitly the

unknown function y(x). Let us reduce its order. Let z= ', then z' = y".
We have:

x?.z'=2z7% (2.13)
Separate variable equation is obtained. Let's find his solution:
d d
xz-—Z:ZZz, x2-—Z=222,
dx dx
dz 2 1 2
4= Za
z X z X
b
z= .
2+Cx
Since z = ', then )’ = . We integrate:
2+Cx

y=| LS S | P P x—iln|2+clx| +C,,
2+C1x Cl 2+C1x Cl Cl

it C; #0,
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2
X _X L CifC =0
2 4

3) 1+ -2"=0.
This equation is of the type (2.12), it does not contain explicitly
independent variable x. Let us reduce its order. Let y'= p(y), then

y" = pp'. We have:

1+p* =2ypp' =0, 2ypp’=p’ +1,
2pdp dy JZpdp de
pl+1 y’ p-+1
ln‘p +1‘=ln|y|+lnC1, p'=Cy-1,

: dy
=+/Cy-1, = dx,
g v Cy 1

Id—yzijdx, 2 Cy-1=1x+C,
ﬁCly—l Cl
Answer: 1) —x—6+x—3+le2+C x+C,;
YT Ty Ty T T

1 2

) y=—"|_x——Il+Cx| |+ C, (C; £0),

R A KR
2

x
=—+C,;
4 4

3) %«/Cly_l =+x+0C,.

1

Task 2.6. Solve the Cauchy's problem.

1 3 1
Dy =— y1)=2. y(1)=—=.
)y x3’y() 2’ y() 2
2) 2y(y') +y"=0, y(0)=0, y'(0)=-2;

3y —xy'= 2(1 + xzy”), y(l) =3, y'(l) =2.



Solution. 1) y" = x% y)==, y([1)=—=.

We integrate the given equation:
1 1
"= | —=dx=——-+C,.
d J- x? 2x? :

Using the second initial condition we find C;:
1 1
=—=+C, =——, C, =0.
y ( ) 5 5
Given that C, =0, we get

1 1
=— dx=—+0C,.
4 J-2x2 2x ?

Using the first initial condition we find C, :

1 3
y(1)=5+cz=5,02=1.

Finally we get the solution of the Cauchy's problem:

—L+1
4 2x

2) 2y(y’)3 +y"=0, y(0)=0, y'(O) =-2.
This equation is of the type (2.12), it does not contain explicitly
independent variable x . Let y' = p(y), then y" = pp'. We have

2yp* +pp' =0, p'=-2yp°, p'==2yp°,
Dy, d—l; =—2ydy,
dy p
d 1
[ =2 vy, ——=-y+C,
p p
Loy, (2.14)
y

Using the both initial conditions we find C;:

—l=—02+cl,clzl.
2
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1
Let's substitute C; = 5 in (2.14):

i_ 2_1 r_ 2
y o T Yo
3) [*-3)
—— |dy = dx, ——|dy=|dx,
(y > | fly y=]
vy
——-==x+C,
3

Using the first initial condition we find C, =0.

Solution of the Cauchy's problem:
3

Yy _rY_

3 2

3y —x'= 2(1 + xzy”), y(l) =3, y'(l) =2.
This equation is of the type (2.11), it does not contain explicitly the

unknown function y(x). Let z = y', then z' = " . We have

dz dx
!2 2 — _2 —
Z( g +x) e z-2 x(2x+l)’
dz dx dz 1 2
= , = _—— d ,
22 x2xt)) [ I[x 2x+lj ¥
Injz — 2| = Infa| ~ In]2x + 1+ In C,. 2= 4o
2x+1
Let's return to the variable y :
, Cx
= 2.
4 2x+1Jr

Using the second initial condition we find C, =0, then
y'=2,y=2x+C,.
Using the first initial condition we find C, :
y(1)=2+C, =3, C,=1.
Finally we get the solution of the Cauchy's problem:
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y=2x+1.
1
Answer: 1) y=—+1;
2x
3
2Ly,
3 2
3) y=2x+1,
Differential equation
y(”)+a1y(”_1)+a2y(”_2)+...+any:f(x), (2.15)
(where a,, a,, ..., a, are constants, f (x) is a given continuous

function) is called non-homogeneous linear differential equation
(NLDE) of the n™ order with constant coefficients.
Differential equation

y(")+a1y(”_l)+a2y("_2)+...+any=0, (2.16)
(where a,, a,, ..., a, are constants) is called homogeneous linear
differential equation (HLDE) of the n"™ order with constant

coefficients.
Solution of HLDE of the n™ order with constant coefficients.
We construct a characteristic equation and find its roots:
D ra " va, "+ +a, =0. (2.17)
1) If all the roots of equation (2.17) are real and simple
(different), then we write the general solution of equation (2.16) as:

y=Ce" +Ce +...+Ce.
2) If all the roots of the equation (2.17) are real, but among them
there are the roots of multiplicities m (m > 1) , then each simple root

A corresponds to a particular solution e™, and each root A of

multiplicity m corresponds to m particular solutions

Ax Ax 2 A -1 _X
e, xe™, x e, ..., x"e".

3) If among the roots of equation (2.17) there are complex
conjugated ones, then each pair of simple roots & =i/ corresponds to

two particular solutions e cos fx, e™ sin fx, and each pair of
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conjugated roots « *iff of multiplicity m corresponds to 2m
particular solutions:

m—1

e™ cos fx, x-e™ cos fx, x> -e™ cosPx, ..., x" -e™ cos fx,

e™ sin fx, x-e™ sin fx, x* -e“ sinfx, ..., x™ ' -e™ sin fx.

The structure of the general solution NLDE of the n " order.
The general solution of (2.15) consists of the sum of particular solution
Ynn of non-homogeneous equation and the general solution y, of the
corresponding homogeneous equation.

NLDE of the n™ order with constant coefficients and the

right-hand side of the special form. Let the right part of the NLDE
(2.15) have a special form:

f(x) =e” (R (x)cos bx+Q, (x)sin bx), (2.18)
where P, (x), 0, (x) are polynomials of degrees » and =

respectively, a, b are any numbers.
For differential equations with the right-hand side of the form
(2.18), the partial solution has a similar structure:

Yo =xFe® (ﬁm (x)cosbx + O, (x)sin bx),

where P, (x), ém (x) are polynomials of degree m = max{r,s}, k —
the number of roots of the characteristic equation (given their

multiplicities), which coincide with the number z = a +ib. We define
the structure of the general solution of equation (2.15), in which only

the coefficients of polynomials ﬁm (x), ém (x) are unknown, then we

substitute the particular solution y,; and its derivatives in equation

(2.15), and equate the coefficients of similar terms on the left-hand side
and right-hand side. We obtain the required number of linear algebraic
equations to find the unknown coefficients.

Superposition principle. If the right-hand side of equation (2.15)

is the sum of two functions f(x) = fl(x)+ 1 (x), and yy,5, Vo, are

particular solutions of the equations
y(n) + aly(”’l) + azy(”fz)
y(n) (n-1) (n-2)

+...+any=f1(x),

+a,y +...+a”y=f2(x),

+a,y
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then the function y,, = ¥;,, + V2, 1S the solution of the equation
(2.15).

Task 2.7. Find the general solutions of the linear differential
equations using method of undetermined coefficients.

1) y"+2y' +2y=40e>" cosx;
2) y"+2y" = (2x +1)cos 2x +sin 2x;
3) " +8y"+16y =2x +4x” +3x+1;
4) y"—6y"+9y =¥ ((2x +1)cos x +sin x);
5) y"—4y'+5y =xe" +sin2x.
Solution. 1) y" +2y'+2y =40e> cosx.
Find the roots of the characteristic equation:

A +20+2=0,

A, =-1%i.
Solution of homogeneous equation: y, =e " (C1 cosx +C, sin x).

For a given equation we have a=3, b=1, z=3+1, therefore
k =0 . A particular solution looks like this:

yp =€ (Acosx+Bsinx).
Let's find y,; and y;,:
yiy = ((34+ B)cosx + (- A+3B)sinx),
yh =¥ ((84+6B)cosx+(—64+8B)sinx).
We substitute y;, and y,, into the original equation and divide both parts

of the equation by e’ , then we obtain:
(164 +8B)cos x +(—84 +16B)sin x = 40cos x.
Equating the coefficients at cosx and sinx in the left-hand side and the
right-hand side of the last equality, we obtain a system of algebraic
equations with respectto 4 and B :
CcoS X 164+ 8B =40,

sin x -84+16B =0.
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Wehave A4=2, B=1.S0, y,;, =e>*(2cos x +sinx).
The general solution of the equation:
y=e*(C, cosx+C,sinx)+e’*(2cosx +sinx).
2) y"+2y" = (2x +1)cos2x +sin 2x.
Find the roots of the characteristic equation:
M +20=0,
A =0, Ay, =-2.
Solution of homogeneous equation: y, = C, + C,e " .
For a given equation we have a=0, b=2, z=2i, therefore
k = 0. A particular solution looks like this:
y. = (Ax + B)cos 2x + (Cx + D)sin 2x.
Let's find y,,;, and y;,:
yip =(2Cx+ A+2D)cos2x +(~24x— 2B + C)sin2x,
yhy =(~4A4x—4B+4C)cos2x +(~4Cx — 44— 4D)sin2x.
We substitute y;, and y,, into the original equation:
(-44+C)x+24-4B+4C+4D)cos2x +((—44—-4C)x —
~44—-4B+2C —4D)sin 2x = (2x +1)cos 2x +sin 2x .

Equating the coefficients at cosx, sinx, xcosx and xsinx in the left-
hand side and the right-hand side of the last equality, we obtain a system of
algebraic equations with respectto 4, B, C and D:

xcos2x —44+C=12,
cos2x 24-4B+4C+4D =1,
xsin 2x —44-4C =0,
sin2x -44-4B+2C—-4D =1.

1 1 1
From the obtained system we find that 4 = —Z ,B=0, C= Z , D= g

1 1 1
So, =——XCcos2x+| —x+— |sin2x.
Yuh =7y [4 8)

The general solution of the equation:
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y=C, +Ce™ —lxcos2x+(lx+ljsin2x.
4 4773

3) " +8y"+16y =2x" +4x* +3x+1.
Find the roots of the characteristic equation:
A +80 +16=0,
A, =21, Ay, =20,
Solution of homogeneous equation:
v, =(C, + C,x)cos 2x +(C, + C,x)sin 2x .

For a given equation we have a=0, b=0, z=0, therefore

k =0 . A particular solution looks like this:

Vb — A +Bx? +Cx+D,
v, =34x* +2Bx+C,
yh =6Ax+B, y" =64, vy =0.
We substitute ynh[V and y), into the original equation, then we obtain:

8(64x + B)+16(Ax’ + Bx> + Cx+ D)=2x> +4x> +3x +1.
We equate the coefficients at equal degrees of x in the left-hand side and
the right-hand side of the last equality, so we obtain a system of algebraic
equations with respectto 4, B, C and D:

x’ 164 =2,
x? 168 =4,
x' 484+16C =3,
x° 16B+16D =1.
1 1 3
we find that A=—, B=—, C=D=—. So,
8 4 16

8 4 16~ 16
The general solution of the equation:
1 3 3
=(C, + C,x)cos2x+(C; + C,x)sin 2x +—x" +—x" ——x——.
y ( 1 2 ) ( 3 4 ) 3 4 16 16
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4) y"—6y'+9y =¥ ((2x +1)cos x +sin x).
Find the roots of the characteristic equation:
A —-61+9=0,
A, =3.
Solution of homogeneous equation: y, = (Cl +C, x) e,

For a given equation we have a=3, b=1, z=3+1, therefore
k = 0. A particular solution looks like this:

v = ((Ax + B)cos x +(Cx + D)sinx).
Let's find y,;, and y,,:
yin=e*((34+C)x+A+3B+D)cosx+
+((~4+3C)x—B+C+3D)sinx),
yh =e((84+6C)x+64+8B+2C+6D)cosx +
+((~64+8C)x—24—6B+6C +8D)sinx).
We substitute y;, and y,, into the original equation and divide both parts

of the equation by e**, then we obtain:

(—24x—B+2C)cosx+(~Cx—24—D)sinx =(2x +1)cos x +sinx.
Equating the coefficients at cosx, sinx, xcosx and xsinx in the left-
hand side and the right-hand side of the last equality, we obtain a system of
algebraic equations with respectto 4, B, C and D:

X COS X —A=2,
COS X —B+2C:1,
xsin x -C=0,
sin x -24-D=1.

We have A=-2, B=-1, Cc=0, D=3. So,
Yo = ((-2x—1)cos x +3sinx).
The general solution of the equation:
y=e¥(C, +C,x)+e**((-2x—1)cos x + 3sin x).
5) y"—4y'+5y =xe" +sin2x.
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Find the roots of the characteristic equation:
N —4r+5=0,
M,=2%i.
Solution of homogeneous equation: y, = e>*(C, cos x + C, sin x).
According to the superposition principle, a particular solution has a
form: v, = Y inn + ¥ 2nn -
a) fl(x)zxex, a=1,b=0,z=1,k=0, y,,; :(Ax+B)ex.
b)  fy(x)=sin2x, a=0, b=2, z=2i, k=0,
Voun = Csin2x+ Dcos2x.
A particular solution looks like this:
Vun = (Ax+ B)e™ + Csin2x+ Dcos2x.
Let's find y,,, and y,,:
vl =(Ax+ A+ B)e* —2Csin2x+2Dcos2x,
yiy =(Ax+24+ B)e® —4Csin2x —4Dcos2x.

We substitute y,, and y,, into the original equation:
(24x—2A4+2B)e* +(C +8D)sin2x +(~8C + D)cos 2x =

=xe" +sin2x.

X

Equating the coefficients at xe*, e*, cos2x and sin2x in the left-hand
side and the right-hand side of the last identity, we obtain a system of
algebraic equations with respectto 4, B, C and D

xe* 24=1,
e” —-24+2B =0,
sin 2x C+8D =1,

CcOS2Xx -8C+D=0.
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We have A=B=—, C=—, D=—. So,

1 1 1 8
Yuh =| =x+—=le* +—sin2x+—cos2x.
2 2 65 65

The general solution of the equation:

y=e"*(C cosx+C, sinx)+(lx+ljex + L gin2x+ S cosax.
2 2 65 65
Answer: 1) y = e (C, cosx + C, sin x)+ e**(2cos x +sin x);
2) y=C, +C2e'2x—lxcos2x+ 1l sin2x;
4 4778

3) y =(C) + Cyx)cos 2x + (Cy + Cyx)sin2x +
31 , 3 3

1
+—=X" A+ =X X
8 4 16 16

4) y=e**(C, + C,x +(~2x—1)cos x + 3sin x);

5) y=e**(Cy cos x+ C, Sinx)+[%x+%jex +

1 8
+—sin 2x+—Scos2x.

Task 2.8. Find the general solutions of the linear differential
equations using method of undetermined coefficients (without finding the
numerical values of the coefficients).

1) y"+4y"+3y' ' =¢" (xcos2x— sin2x);

2) " —16y" +64 =5x e* + xsinx;

3)4y" -5y +y=5x> +x+2+cosx.

Solution. 1) y" +4y"+3y"' =¢" (x cos2x —sin 2x).

Find the roots of the characteristic equation:

M +4N +30 =0,
A =0, A, =-1, A;=-3.
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. . - -3
Solution of homogeneous equation: y, =C, +C,e”™ + Cse .

Since a =1, b=2,then z=1+2i, k =0. A particular solution
looks like this:

Vo =€ ((4x + B)cos 2x + (A, x + By )sin 2x).
So, we obtain:
y=C, +Cye™ +Ce™ +e*((Ax + B)cos2x + (4,x + B, )cos 2x).
2) ' —16)'+64 =5x" ™ + xsinx.
Find the roots of the characteristic equation:
AP —16L+64=0,
A =X, =8.

Solution of homogeneous equation: y, = (C ,+C zx)egx .

Using the principle of superposition, we get that a particular solution
has the form: y,;, = Vi + Youn -

a)  fi(x)=5x%", a=8, b=0, z=8, k=2,
Vigh = X° (Ax2 +Bx+ C)egx.

b fo(x)=xsinx, a=0, b=1, z=i, k=0,
Vouh = ( A x+ B )sinx + (Azx + B, )cosx .

The general solution of the equation:

V=30 + Vv =(Cy +Cyx)e® Jr)cz(Ax2 +Bx+C)egx +
+(A4x+ B, )sinx +(4,x+ B, )cos x.
3)4y" -5y +y=5x> +x+2+cosx.
Find the roots of the characteristic equation:
40 -5h+1=0,
1
A =1, A, = s

Solution of homogeneous equation: y, = C, e* + C,e"*.

Particular solution:



a)  filx)=5x"+x+2, a=0, b=0, z=0, k=0,
ylnthx2+Bx+C.
b fo(x)=cosx, a=0, b=1, z=i, k=0,
Voun =Dsinx+ Ecosx.
The general solution of the equation:
Y=Y+ =Cre* +Cre"* + Ax® + Bx+ C+ Dsinx+E cosx.
Answer: 1) y=C; + Cye ™™ + Cye ™" +
+e*((4x+ B)cos 2x +(A4x + B )cos 2x);
2) y=(C) + Cyx)e™ +x2(Ax2 +Bx+C)e8x +
+(Alx—i-Bl)sinx—i-(Azx—i-Bz)cosx;
4 4 Ax® +Bx+C+
+Dsinx+ Ecosx.

3y y=C,e" +Cye
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3 OPERATIONAL CALCULUS

When finding Laplace transforms by given originals, we usually
use Laplace transforms table for elementary functions. This is given in
Appendix D. You can also use the Laplace transformation properties.

They are listed in Appendix C.

Task 3.1. Find a Laplace transforms for a given functions.

1) f(¢)=sin3tcos5t;

2) f(e)=(=3)"n(t-3).
Solution. 1) f(t)= sin3tcos 5t .
Let's make trigonometric transformations:

f(¢)=sin3tcos 5t = %sin 8t —%sin 2t.

We find according to the table (see Appendix D):
5 , sin 8¢ <> —
p-+4 p-+64
Using the linearity of the Laplace transformation (see Appendix C), we
obtain:

sin 2t &

fle)= %sin& —%sin2t

18 1 2 4 1
o =F(p).

2p2+64 2p?+4 p+64 p>+4
2) f(t)=(e=3)"n(e-3).

For the function ¢ 77(1‘) we have (see Appendix D):

'n(t) < %
p

By the delay theorem (see Appendix C) for the function (t — 3)2 n(t — 3)We

have:
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(=3 nle-3) o e 2= F(p).
p

In this case it is important that we look for the transform exactly for
function (t—3)2 77(t—3), that is, it is a function that is zero if ¢ <3.

However, if you consider the function (t - 3)2 77(1,‘), ie. (t2 -6t + 9)77(t) ,
that using the linearity of the Laplace transformation we get:

2 6 9
(t=3)n(0) = (2 =61 +0hple) o = -2+ 2

p p P
4 1

p2+64 pP+44’

Answer: 1) F(p) =

2) F(p)=e? %

p

In addition to using tables the following technique can be used to
find the original f (t) for a given Laplace transform F ( p). If

F ( p) = @ is a rational fraction, then it is decomposed into the sum
(p)

of partial fractions and we can find original for each partial fraction,
using the Laplace transformation properties and tables (see Appendices

C, D).

Task 3.2. Find an original functions for a given Laplace transforms.

= 1 i

b £lo) p(p-2)p* +4)
2 F(p)=-—.
p+1

1

plp=2)p” +4)
We decompose F ( p) into the sum of partial fractions:

Solution. 1) F(p) =
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1 4 B Cp+D _
p(p—2)(p2+4)_;+l7—2+p2+4_.
A(p-2){p* +4)+ Bplp* +4)+ (Cp+ D)p(p~2)
plp—2)p* +4)
_(4+B+C)p’ +(-24-2C+D)p* +(44+4B-2D)p -84

2
p(p-2)p*+4)
We equate the coefficients at equal degrees of p in numerators, so we

obtain a system of algebraic equations with respect to 4, B, C and D.
We get:

I R L R
8 16 16 8

So,

It 1 1 1
Flp)=——+— -2 N :
8p 16 p-2 16p2+4 8p2+4
The originals for each partial fraction of the right-hand side of

equality are given in the tables (see Appendix D). Using the linearity
property of the Laplace transformation, we obtain:

fle)= —l+i62t +Lcos2t—isin 2t.
8 16 16 16
—4p
e
2) Flp)= .
)P

The presence of the multiplier e P indicates the need to apply the

o el , therefore:

delay theorem. We have 7 =4,
p+17

o Ty —g).

Answer: 1) f(t): —é+%ezt +%cos2t—%sin 2t
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The operating method allows solving Cauchy's problems for
ordinary differential equations with constant coefficients. This uses,
in particular, the original differentiation theorem (see Appendix C).

Task 3.3. Solve the Cauchy's problem.
x"+x=2cost; x(0)=0, x'(0)=-1;
Solution. Let x(t) <> X ( p), then by the differentiation theorem for
the original we have:

x'(¢) > pX(p)-x(0)= pX(p),
x"(t) <> p*X(p)- px(0)-x'(0)= p>X(p)+1.

In addition, we find in the tables cost <>

5 . We get the operator

p +1
equation:

2p
sz(p)+l+X(p): .
p +1
We solve the equation and find the unknown function X ( p):
2p
2
+1)X(p)= -1,
2p 1
(p2 + l)2 pr+l
This is an operator solution. Let's find the original function for it. We
find according to the tables (see Appendix D):
. 2p
3 > sint, v
p +1 (p2 + 1)
So, X(p) <> tsint —sint = (t —1)sint = x(t).
Answer: x(t) = (t - l)sint .

X(p)=

& tsint.
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Appendix A
Table of the derivatives

In the table u = u(x) is a differentiable function

(tgu)

(ctgu)

!

(arcsinu)

(arccosu)

’

(arctgu )

(arcctgu)' =T
(log u)' _ _ (shu) =chu-u'
a

!

(Inu) =l-u'
u

(sinu) =cosu-u' (thu)' =

(chu) =shu-u'

!

(cosu) =—sinu-u' (cthu) = —
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Appendix B
Table of the basic indefinite integrals

In the table u = u(x) is a differentiable function

Ictgu du=In |Sin u| +C

u
_[ 5 =tgu+C
cos” u

Ina

je“duze“+C jshuduzchu+C

_[sinudu:—cosu+C Ichudu:shu+C

Icosu du =sinu+C I dzl —thu+C
ch“u

_[tgu du=-In |cosu| +C .[ du
sh*u

=—cthu+C
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= arcsm +C

o

=In u+\/u2ia2 +C

J~ du
\/u2 ia2
I\/az —u’du= %u\/az —u’® +%a2 aVCSl.VlZ-i‘C
a
_[ u’+a’du = %u\/u2 +a? i%azlnu+\/u2ia2 +C
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Appendix C

Properties of the Laplace transformation

Property

The calculation formula

Linearity

S h fo(0) > S A Fe(p)

k=1 k=1

Delay theorem

ft=1)-nt-1)e PF(p)

Shifting theorem

e f(H)o F(p-a)

Similarity theorem

Hlat) o lF(ﬁj

Differentiation of
original

1) & pF(p) - f(0),

D@ o pF(p)- 3 pF D (o)
k=1

Differentiation of
image

10 ) F(p)
dp

Integration of
original

jf(r)dr(—)ﬁ
0 p

Integration of
image

SO T F(pydp

t
4

Convolution
theorem

[@O* [, =] /i) f2(t =T)dT > Fi(p)- Fy(p)
0
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Appendix D
Table of Laplace transforms

Original Laplace transform Original Laplace transform
function function

/() /()
n()

t".neN

e™ -sin wt

e .chwt

e™ -shwt

t-coswt

t -sin wt

t-chot

t-sh ot




