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INTRODUCTION

The textbook has been developed for students of technical
specialties, who study Higher Mathematics in English. At National
University Zaporizhzhia Polytechnic, Higher Mathematics in English
is traditionally taught for students majoring in G3 Electrical
Engineering. The primary objective of the current textbook is
to facilitate comprehension and mastery of fundamental ideas and
concepts in higher mathematics. Given the importance
of mathematical knowledge and skills in technical sciences,
a structured approach that combines essential theoretical knowledge
and methods for solving practical problems has been proposed.

The first part of the textbook consists of the following chapters:
Linear Algebra, Vector Algebra, Analytical Geometry, Limits and
Continuity of Functions of a Single Variable, Differential Calculus
of Functions of a Single Variable and Differential Calculus
of Functions of Several Variables. Each chapter provides essential
theoretical material, including definitions, concepts, equations and
formulas, necessary for students to understand the approaches and
methods of solving the problems in the current textbook. They also
contain the solutions of the typical problems to illustrate application
of the considered theoretical material. Students are provided with
training exercises at the end of each chapter. These exercises are
developed to assist students in comprehending the material in greater
depth and to practice the knowledge and skills they have acquired.
Each exercise contains the answer, enabling students to check their
solutions and detect pieces of material which needs to be studied
additionally. Some materials from the lectures of V.P. Chumachenko [4, 5]
have been used in the preparation of this textbook.

The current textbook can be used for practical classes
or as supplementary material for Higher Mathematics lectures
conducted in English. In addition, it can be utilized by students
to study and master the main ideas, concepts, and methods of
linear and vector algebra, analytical geometry, and differential
calculus.



1 LINEAR ALGEBRA

Matrices
A matrix is a rectangular array of numbers (or functions)
enclosed in parentheses.
If a matrix has m rows and » columns then it is called
an mxn matrix. An mxn matrix is written as follows:

a4y o 4y
ayy dpp 4y

A = " or A = (ai/'),
Aml w2 " Amn

where aj; i1s called the entries or elements of the matrix,

i=Lm, j=Ln.

A matrix which has as many rows as columns is called
a square matrix.

The diagonal of a square matrix 4 containing the entries q,
@y, ..., a,, is called the principal (main) diagonal.

A square matrix with ones on the main diagonal and zeros
elsewhere is called an identity (unit) matrix. 1t is denoted by I .

A square matrix in which all entries above (below) the main
diagonal are all zero is called a lower (upper) triangular matrix.

Matrix operations
1. Scalar multiplication. The product of any number k by any
matrix A= (al-j) is a matrix k4= (kaii) obtained by multiplying each
entry of 4 by k.
2. Addition (Subtraction). Addition (subtraction) is defined
only for matrices of the same dimensions. If 4= (al-j) and B= (bl-j),

then their sum (difference) is obtained by adding (subtracting) the
corresponding entries: 4+ B= (al-j J_rbij).

3. Matrix multiplication. The product C=A4B, where
A=(ay) and Bz(bkj), is defined if and only if the number of

columns of the first factor 4 coincides with the number of rows of




the second factor B . By definition, the entry of the product matrix
located in the i -th row and the ;-th column is equal to the sum of

products of the corresponding entries of the i -th row of 4 and the
j -th column of B :

4. Transposition. The transpose A’ of an mxn matrix 4 is

an nxm matrix obtained by replacing the rows of 4 by
its columns.

Problem 1.1. Matrices Az(z -3 4), Bz(l 4 SJ,

10 -2 3.0 -2
2 1 -2 0 3
2 0
C=|0 -1|, D=| 3 , F:[4 _3}, G=|-2], (4 7) are
3 4 0 5 1
given. Find:
a) (C+2D)-F; ¢) D-F and F-D;
b) 4" -B-5I; d) (4-GY -H-F.
Solution.
-2 0) (-4 0
a)Step 1. 2D=2- 3 1|=| 6 2
0 5
-4 0 1
Step 2. C+2D=[0 —1|+ 21=| 6 1
3 14
-2 1 ~2-2+1-4 —2.0+1-(-3)
Step 3.(C+2D)-F=| 6 1 6-2+1-4  6-0+1-(-3) |=
3 14 3.2+14-4 3-0+14-(-3)
0 -3
=[16 -3
62 —42



2 -3 4JT

b) Step 1. 4T =
) Step [1 0 -2

2
Step 2. AT -B=|-3 0 [1 N SJ:
4 o3 0 =2
2-1+1-3 2-4+1-0 2-5+1-(-2 5 8 8
=| =3-1+0-3 -3-4+0-0 -3-5+0-(-2) |=|-3 -12 -15]|.
4-1+(-2)-3 4-4+(-2)-0 4-5+(-2)-(-2)) (-2 16 24
1 0 0) (500
Step 3. 51=5/0 1 0|=|0 5 0.
001)l0035
5 8 8 500 (0 8 8
Step 4. AT .B-51=|-3 -12 -15|-|0 5 0|=[-3 —-17 -15|.
-2 16 24) (0 0 5/ (-2 16 19
2.0, —2:240-4 —2-0+0-(-3)
¢)D-F=|3 1-( j: 32414 3-0+1-(=3) |=
- 0-2+5-4  0-0+5-(-3)

0 5
4 0
=110 -3
20 -15

The product F-D is not defined because the number of columns
of the first factor F doesn’t coincide with the number of rows of the

second factor D .
2 -3 4\ ] (23 (=3)-(-2)+4-1) (16
d) Step 1. 4-G = T A AN AR S
Lo o-2) 1:340-(=2)+(-2)-1) |1

16\
Step 2. (A-G)T:(l —(16 1).

Step 3. H-F=(4 7)421 _03J:(4-2+7.4 4-0+7-(-3)=36 -21).



Step 4. (4-G) —H-F=(16 1)-(36 -21)=(-20 22).

0 -3 0 8 8
Answer: a) |16 -3 |;b) | -3 —-17 -15|;
62 —-42 -2 16 19
-4 0
¢) D-F=[10 -3 |, F-D isnot defined; d) (-20 22).
20 -15
Determinants

A determinant of the »-th order is a numerical expression
associated with an nx» matrix.

1. A second-order determinant is specified by the equality

a11 2
=dap1app —appdypy -
az) 4

det A=

2. A third-order determinant is specified by the equality (the
triangle rule)

a1 di2 a3
detd=|ay) ay ax3|=ay1a2a33+4a12a23031 +ap1a32013 —
a3 4z 433
—a13dppd31 —d12dp1d33 — dp3a32d | -
3. The determinant of the n -th order is written as

ar aip ... Ay

a a e a
det A= 21 22 2n .

ayl Ay ... Ay

A minor M of an entry a; in a determinant of order n is a
determinant of order n—1, obtained by deleting the i -th row and
the j-th column in the original determinant.

A cofactor 4; of an entry a;; is defined as 4; = D" M i -

A determinant of any order is equal to the sum of the products
of the entries of any row (column) and their corresponding
cofactors.




The expansion of the determinant by the entries of the first row
and second column has the following form:
detA:al lAll +a12A12 +...+(11nA1n 5

det 4= a21A21 + 61221422 +...+ aZnAZn .

Properties of determinants

1. The value of a determinant remains unchanged if its rows
(columns) are replaced by the respective columns (rows).

2. The sign of a determinant changes if any two rows (columns)
are interchanged.

3. A common factor of the entries of any row (column) can be
taken outside the determinant.

4. If any two rows (columns) of a determinant are identical,
then the determinant is equal to zero.

5.If all the entries in any row or column of a determinant are
zero, then the determinant is equal to zero.

6. If corresponding entries in two rows (columns) of a
determinant are proportional, the value of the determinant is zero.

7.1f all entries in a row or column of a determinant are
expressed as the sum of two terms, then the determinant can be
expressed as the sum of two separate determinants. For example:
a+f b+el |la b| |f e

c d c d * c d|’

8. The determinant does not change its value if each entry of
one row (column) is adding to or subtracting from the
corresponding entries of another row (column) multiplied by the
same number.

9. The value of the determinant of a triangular matrix (upper
triangular or lower triangular matrix) is equal to the product of the
entries on the principal diagonal.

10. The sum of the products of the entries of any row (column)
and the cofactors of the corresponding entries of a different row
(column) is equal to zero.



https://www.toppr.com/guides/business-laws/the-sale-of-goods-act-1930/definitions-of-important-terms/

Problem 1.2. Calculate the determinants:

) 4 2 1 -3
a ; b)|-5 4 8
e s )

7 9 6
Solution.
2 -4
a =2.8—(~4)-6=40.
)2 He2sta)
b) Using the triangle rule, we obtain:
2 1 -3
-5 4 8|=2-4-6+1-8-7+(=5)-9-(-3)-(-3)-4-7-
7 9 6

~1-(~5)-6-8-9-2=209.
Answer: a) 40; b) 209.

Problem 1.3. Solve the equations:
x 2 2

=0;b)[3 x-2 1]|=0.
2 1 1

a
) X x—4

2x+3 2 ‘

Solution.
2x+3 2
a)

x x—4
x=-24.

b) Using the triangle rule, we get:
x 2 2
3 x-2 1]=0,
2 1 1

x-(x=2)-142-1-243-1.2-2-(x~2)-2-2-3-1-1-1.x=0,
x2—7x+12=0, x=3, x=4.
Answer: a) -2.4; b) 3; 4.

‘:0, (2x+3)(x-4)-2x*=0, —5x-12=0,

10



30 2 -1
-2 3 2|
-1 o

-1 3 4 2

Problem 1.4. Calculate the determinant

a) using expansion by the first row;

b) using expansion by the second column;

¢) reducing it to the triangular form;

d) reducing it to the second order determinant.

Solution.

a) Let’s expand the determinant by the first row:
30 2 -1

A=l TE 0 s 0 a2 +(=1)-4
=l 0 -1 ol 74 12 13 14

-1 3 4 2

Since the coefficient of 4;, is zero, we calculate only the

cofactors 41, 43 and 44:

-2 3 2
Ay =(1)"My =10 -1 0/=(-2)-(-1)-2+3-0-3+0-4-2—
34 2
~2-(~1)-3-3-0-2—(~2)-4-0=10,
1 -2 2
A3=(1)1"M5=[2 0 0/=20,
-1 3 2
1 -2 3
A= My =2 0 -1|=-35,
-1 3 4

A=3-10+0+2-20+(-1)-(-35)=105.
b) Let’s expand the determinant by the second column:

30 2 -1

acfl 72302 —0- Ay +(=2) Ay +0- A3y +3-4yp.
2 0 -1 0
-1 3 4 2

11



Since the coefficients of 4;, and 43, are zero, we calculate only
the cofactors 4,,, Ay

32 -1

Ay = (1P My =2 -1 0|=-21,
-1 4 2
3 2 -1

Ap =12 My =1 3 2]=21,
2 -1 0

A=0+(-2)-(-21)+0+3-21=105.
¢) By applying properties 2, 3 and 8, we reduce the given
determinant to the triangular form. Then, by using property 9, we

compute it:
30 2 —lnen 1 -2 3 2
Aol 72032 P23 00 2 —ln—on-3p S
2 0 -1 0 — |2 0 -1 O0lp—orn-2
-1 3 4 2 -1 3 4 2lnontn
1 -2 3 2 1 -2 3 2
pr8& 0 6 -7 -TnonPo 1 7 4 pr8
o 4 -7 -4 T 4 -7 —dlnor-4n
o 1 7 4 0 6 =7 =Tr—>r-6n
1 -2 3 2 1 -2 3 2
pr8jo 1 7 4 |pr3 0 1 7 4 pr.8
b o -35 -200= "o 0o 7 4 =
0 0 -49 =3I 0 0 -49 -3l —>rn+Tn
1 -2 3 2
pr.8 0o 1 7 4|pr9
= -5 — —511-7-(-3)=105.
0 0 7
0 0 0 -3

d) Using property 8, we make the element a4, =3 zero, and then
expand the resulting determinant by the second column:

12



30 2 -1 30 2 -1

A_l -2 3 2lp->n+nPdo 1 7 4 pr3
2 0 -1 0 12 0 -1 0 -
-1 3 4 2 -1 3 4 2l—>n-3n

0o 2 -1
32 -1

rrd3o 17 4
— =1-4p=2 -1 0

2. 0 -1 0
-1 -17 -10

-1 0 —-17 -10

By applying property 8 to the obtained third-order determinant,
we make the element a33=—10 zero and then expand the resulting

determinant by the third column:
3 2 -1 3 2 -1
2 -1 0 =12 -1 0|=-1-45=
~1 =17 -105 >r5—-10q  |-31 =37 0
2 -1
=—‘_31 _37‘:—(2-(—37)—(—1)-(—31)):105.
Answer: a) 105; b) 105; ¢) 105; d) 105.

Inverse matrix
Let 4 be a square matrix. A matrix 47! is called an inverse
matrix of A if 4-47'=47".4=1,where I is an identity matrix.
If det4+#0, the inverse matrix of 4 exists and can be found
using the following formula:

_ 1 *
A7 = A, 1.1
det A4 (1.1)
T
Ay Ap Ay
. A1 Ars e A '
where 4 :(AZ-J-)Tz 2 21 s the adjoint matrix of
Anl An2 Ann

4, 4; are cofactors of a; in det 4.

13



Solution of matrix equations
Let 4 and B be the given matrices, and let X be the unknown
matrix.
The solution of the equation 4-X =B is given by the formula

X=41B. (1.2)
The solution of the equation X - 4= B is given by the formula
X=B-A". (1.3)

Problem 1.5. Solve the matrix equations:

ofs Spel ) e AHG )

Solution.
a) The given matrix equation has the form 4-X =B, where

oy )l

Let’s find the inverse matrix of 4 :

_4=1~(—2)—(—4)~5=18;

1
1) we calculate det 4: det A= ‘5

2) we find the cofactors of all its entries:
A=) (2)==2, 4p=(-1)"?5=-5,
Ay =P (4)=4, Ay =(1PP =1,
3) we find the adjoint matrix of 4 :

(M A T (-2 -5\

4) by (1.1), the inverse of matrix 4 is Al = %(

I
(V. I OV I \S)
—_— N =N
D

Using formula (1.2), we get:
X_L[—z 4}[6 -1J_L(—2.6+4-2 —2-(—1)+4-3)_
18(-5 1)(2 3) 18l =5-641-2 —5-(-1)+1-3)

2

:L(“‘ 14}2 )

18(-28 8 14

9

O~ O[

14



b) The given matrix equation has the form X-4=B, where

3 1 30
A = 5 B = .
-2 -4 -5 2
Let’s find the inverse matrix of 4 :

1) we calculate det 4:

_14 =3-(-4)-1-(-2)=-10;

2) we find the cofactors of all its entries:
A= (4)=4, A=) (-2)=2,
Ay = (=1 1=1, Ay =(-1)73=3;
3) we find the adjoint matrix of 4 :
r :(AH AIZJT :(—4 2JT :(—4 —1j '
Ay Ay -1 3 2 3)

1

det 4=

L2 3

-4 -1
4) by (1.1), the inverse of matrix A is A7 ———( j

Using formula (1.3), we get:

X:Cs g)[_%}(_j ;lj 1 ( 35 (E 4);+02.22 —35 (El);+02.33}

_1(-12 -3 12 03
10l 24 11 -24 -1.1)°

2 7
0o o 1.2 0.3
Answer:a) X=| 9 91:b) x= .
)X= 1y 4D [-2.4 —1.J
9 9

x3 has the following form:
aj X + ajpxy +a3x3 = by,
ay1xy +axXy +axx3 =by,
a31X1 +azpxy +azzxy =bs,

Solution of system of three linear equations in three unknowns
A system of three linear equations in three unknowns x;, x,,

(1.4)

15



where a;; are given numbers, called the coefficients of the system,

b; are also given numbers, called the firee terms of the system,
i=13, j=13.

System of equations (1.4) can be written in the matrix form:

AX =B, (1.5)
a 92 93
where A=|ay; ayy ar3| 1is called the coefficient matrix,
az) dzp  as3
x by
X =| x, | is the column vector of the unknowns, B=|b, | is the
X3 by
column vector of the free terms.

If the system of equations has at least one solution then it is
called consistent. If the system doesn’t have solution, it is called
inconsistent.

Matrix solution of the system. If det A0, then the solution of
(1.5) has the following form:

X=4B, (1.6)
where 47! is the inverse of matrix 4 .

Cramer’s rule. If det 4= 0, then the system (1.4) is consistent

and has a unique solution, which is represented by the formulas:

Ay Ay A;
X|=—, Xp=—=, x3=—>=, 1.7
1= =, =g (1.7)
where A=detd 1is the determinant of the coefficient matrix,
by ap  aj; ay b a3 a ap b

Al = b2 ayy Az, A2 =\dr b2 a3, A3 =\|dr1 ap» b2 are the
by a3 a3z a1 by a3 @ a3 by
determinants of the matrices obtained by replacing the ;-th column
of 4 with the column vector of the free terms B .
Gaussian elimination. Gauss’ method consists in consecutive

elimination of unknowns. The procedure for solving the system is
as follows:

1) write the augmented matrix A = (A |B) of the given system;

16



2) reduce A to the echelon form using elementary row operations;
3) write down the linear system corresponding to the augmented
matrix obtained in step 2;

4) solve the system obtained in step 3, starting from the last
equation.

Remark. Elementary row operations of matrices include:
interchanging any two rows; multiplying a row by a non-zero
number; adding or subtracting a row multiplied by a non-zero
number to another row.

2x1—=3xy +x3=—1,
Problem 1.6. The system of linear equations {x; —2x, —3x3 =6,
4x+2xy +x3=8.
is given. Solve the system using:
a) the matrix method; b) Cramer’s rule; ¢) Gaussian elimination.

Solution.
Write the system in the matrix form:
AX =B,
2 -3 1 -1 X
where 4=|1 -2 -3|,B=| 6|, X=|x,
4 2 1 8 X3

a) Let’s find the inverse matrix 47!
1) we calculate the determinant of the coefficient matrix:

2 =3 1
detA=[1 -2 -3=57;
4 2 1
2) we find the cofactors of all its entries:
1411=(—1)1+1_2 _3=—2'1—(—3)‘2=4,
2 1
ap =72, =1-(-3)4)=-13,
(3l 72 (o)
A3 =(-1) A 2‘_12 (-2)-4=10,

17



T i IS SRR B BT
i i e T A
A23=(—1)2+3i _23=—16> 43 =(—1)3+3T :Z‘=—1;
3) we find the adjoint matrix of 4 :
Ay A, AsY (4 -13 10 (4 5 11
A= 4y, Ay Ay| =5 -2 -16| =[-13 -2 7 |;
Ay Ay Ay 1 7 -1 10 -16 -1
4 5 11
4) by (1.1), the inverse matrix of 4 is A7 _L -13 -2 7
10 -16 -1
By (1.6), we obtain:
4 5 11 (-1 4-(-1)+5-6+11-8
x=_1|-13 —2 7|6 |=L —13-(-1)-2-6+7-8 | =
0 -6 -1)(s) 7 10-(~1)-16-6-1-8
—4+30+88 114 2
_ L 3o12456 =L 57 |2 1

7 57
-10-96-8 -114 -2
b) From a) A=det4=57. Let’s find A, A,, Ajz:

-1 -3 1 2 -1 1
Aj=|6 -2 -3=114, Ay=[l 6 -3=57,
8 2 | 4 8 1
2 -3 -1
Ay=|l -2 6|=-114.
4 2 8
Using formulas (1.7), we obtain:
aAL A ST
A 57 A 5T A 57

18



¢) We write the augmented matrix of the system:

2 -3 1]-1
A=l1 -2 -36
4 2 118

By using elementary row operations, we reduce it to echelon form:
2 -3 1]-\neon (1 -2 =36

1 -2 -36 ~12 =3 1|-1|non-25~
4 2 1|8 4 2 1|8 ror—4n
1 -2 -3 6 1 -2 -3|6
~lo 1 7]-13 ~lo 1 7|13 ~
0 10 13|-16)rs >r—10r, |0 0 57114 ), , 13
-57
1 -2 -36
~lo 1 7|-13].
0 0 1]-2

The last matrix corresponds to the following system of linear
equations:

X1 —2XZ —3.X'3 26,
Xp +7X3 :—13,

X3 = 2.
Starting from the last equation, we solve the last system:
X3 = —2, X1 = 2,
Xy =—13-Tx3 =-13-7-(-2)=1, = {x) =1,

q=6+2x43x3=6+2-1+3-(-2)=2.  |x3=-2.
Answer: a) x;=2, x,=1, x3=-2;b) x1=2, xp=1, x3=-2;
C) Xl:2, X2:1,X3:—2.

19



Investigation of a system of m linear equations in n unknowns
A system of m linear equations in n unknowns has the form:
apx +appxy+. .t ay,x, = by,
ap X +agXy+...+ ar,x, = by,

A X1 + Ao X o+ A+ Ay X, = by,

where x  are the unknowns, aj;

coefficients of the system, b; are also the given numbers, known as

are the given numbers, called the

the free terms of the system, i=1,m, j=1n.
Kronecker-Capelli’s theorem. A system of m linear equations
in n unknowns is consistent if and only if rank(A) = rank(4)=r.

If r=n, the system has exactly one solution, which can be
found using any of the methods described above.

If r<n, then the system has an infinite number of solutions,
which depend on n—r parameters.

Gauss’ method is the universal method for solving systems of
m linear equations in #» unknowns.

Remark. The rank of a matrix is equal to the number of non-
zero rows after reducing it to echelon form using elementary row
operations.

Problem 1.7. Solve the systems, provided they are consistent:

3x1 + 9X2 —4X3 =5, x| —4XZ + S.X'3 =7,
a) 4X1 +1 1X2 - 7)(3 =20, b) 2X1 — 7)C2 + 7X3 =12,
X1+2X2—3X3 =4, X1—3X2 +2X3 =5.

3X1 +2)C2 + 5)C4 =8,
Xl +2.X'2 —4X3 +7X4 = 4,

¢)

2x1+x2 + X3 +2.X'4 =35,

X]+ Xy —x34+3x4 =3.

Solution.
a) Write the augmented matrix of the system and reduce it to
echelon form using elementary row operations:

20



3 9 —4{5\nper3 (1 2 =314

A=4 11 -7[20 ~14 11 =7|20|rm > rn—4r~
1 2 -3/ 4 39 —4/5)n—>n-354

1 2 -3| 4 1 2 -3| 4

~l0 3 5|4 ~l0 3 5| 4

0 3 51-7 r3—=>r—n 0 0 0|-11

rank(A)=2, rank(A4)=3.
So, rank(A) # rank(A) . According to Kronecker-Capelli’s theorem, the

given system is inconsistent.
b) Let’s write the augmented matrix of the system and reduce it to
echelon form using elementary row operations:

1 -4 5|7 1 -4 517
A=2 -7 7112|n>n-2n~l0 1 =3|-2 ~
1 -3 2{5 7’3—)1”3—1"1 0 1 -3|1=-2 1"3—)}"3—1”2

1 -4 5|7
1 -4 5|7
~l0 1 =3|-2|~ .
0 I =3/-2

0 0 010

rank(A) = rank(A4) =2 . According to Kronecker-Capelli’s theorem, the

considered system is consistent. The solution will depend on
n—r=3-2=1 parameter.
The last matrix corresponds to the following system of linear
equations:
{xl —4xy +5x3 =7, N {xl =7+4x) —5x3,
Xy —3x3 =-2. Xy =—2+43x3.
{xl =7+4(=2+3x3)—5x3 = —1+7x3, . {xl =—1+7x3,
Xy ==2+3x;3. Xy =—2+3x3.
x =—-1+7¢,
Let’s take x3 =7, then {x, =—2+3¢, where teR.
x3=t,
¢) Let’s write the augmented matrix of the system and reduce it to
echelon form using elementary row operations:
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32 0 nern (12 -4 7|4
e 1 2 -4 B 32 0 5¢8 r2—>r2—3r1N
2 1 1 2 1 2|5\ —>n1n-2x
11 -1 3 11 -1 3[3) mon-n
1 2 -4 7|4 1 1 2 -4 7|4
0 -4 12 —16(-427 72 10 1 =3 41 ~
0 -3 9 -12{-3 r3_)_1_r3 01 =3 4|l|n>on-n
0 -1 3 -—4]|-1 3 01 =3 4|l)ryor-n
r—>-1-r
1 2 -4 7|4
01 =3 4[1| (1 2 -4 7|4
oo o0 00{01—3 4‘1)
00 0 00

rank(A) = rank(A4) =2 . According to Kronecker-Capelli’s theorem, the
given system is consistent. The solution will depend on
n—r=4-2=72 parameters.
The last matrix corresponds to the following system of linear
equations:
{xl +2xy —4x3+7x4 =4, - {xl =4-2x +4x3 —Txy,
Xy =3x3+4x4 =1. Xy =1+3x3 —4xy.
Xy =4-2-(14 30y —dxg )+ 4oy — Ty =2-2x3+ x4, (X =2-2x3+x4,
{xz =14+3x5—4xy4. {xz =1+3x5 —4x4.
X =2-2t+s,
Let’s take x3=¢, x4 =s, then {x, =1+3t—4s, where teR, seR.
X3 =1,Xx4 =5,
x =-1+7¢,
Answer: a) the system is inconsistent; b) <x, =-2+3¢, where f€ R ; ¢)
X3=1,
X =2-2t+s,
Xp =143t —4s, where teR, seR.

X3=1,X4 =5,
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Homogeneous systems of linear equations
A homogeneous system of m linear equations in n
unknowns has the following form:
ap Xy + Cl12X2+...+ Xy = 0,

Ay X +axxr+...tay,x, = 0,

A1 X] + X+t ay,x, =0.

The homogeneous system is always consistent because it
always has the trivial solution. If the rank of the coefficient matrix
r is equal to the number of unknowns n, the system has only the
trivial solution. If »<#n, the system has infinitely many solutions,
which can be found by Gauss’ method.

Problem 1.8. Solve the homogeneous systems:

7X1 + 6)C2 - 7.X'3 = 0, 5)61 - 4X2 —X3 = 0,
a) 3X1 + 2X2 - 5X3 = O, b) X1 — 2X2 — 9X3 = 0,
X1 —8.X3 =0. 3X1 - 3)(32 - S.X3 =0.

X1 +2X2—X3 + Xy :0,
€) 42x1 +7xy —4x3 +3x4 =0,

3x1 + 9X2 —S.X3 + 4.X'4 =0.

Solution.

a) Let’s find the rank of the coefficient matrix:
76 -T\nor (1 0 -8

A=|3 2 -5 ~3 2 =5\n—>nrn-3n~
1 0 -8 7 6 =T)rs—>r-Tn
1 0 -8 1 0 -8
~0 2 19 ~0 2 19

0 6 49)r,>r-31» 0 0 8
rank(4)=r=3, n=3, r=n. Hence, the given system has only a
trivial solution x; =x, =x3 =0.
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b) Let’s find the rank of the coefficient matrix:
5 -4 -\non (1 -2 -9

A=|1 -2 -9 ~|5 -4 -1|\n>rn-54~
3 -3 -5 3 -3 =-5)n—>n-3n
1 -2 -9 1 -2 -9
1 -2 -9
~0 6 44|rn—>05rn ~|0 3 22|~ .
0 3 22
0 3 22)—>r-05nrn |0 O O

rank(4)=r=2, n=3, r<n. Hence, the system has infinitely
many solutions and it is equivalent to the following system:

X 17x
X1 = 2%y —9x3 =0 =75
1 —aXp — X3 SN 3
3X2 +22X3 =0. 22

X2:—?X3.

X1 = —17¢ .
Setting x3 =3¢, we obtain the solution in the form: {x, =227, reR.
X3 = 3t .
¢) We have the homogeneous system of three equations in four

unknowns. Let’s reduce the coefficient matrix to echelon form:
1 2 -1 1 1 2 -1 1

27 —4 3|mon-2n~03 -2 1 ~
39 -5 4 1”3—)7"3—37"1 0 3 -2 1]”3—)7"3—7"2

1 2 -1 1
1 2 -11
~l0 3 =2 1|~ .
03 =21
00 0 O

The given system is equivalent to the following system:

Its solution is
3XZ—2X3+X4: . X _gx _L
2=3W 3N

Setting x3 =3¢, x4 =35, we obtain the solution in the form:

{x1+2x2—x3 +x4 =0, x1=—§x3—§x4,
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Xy =-t-s,

Xy =2t -5,
teR, seR.
X3=3f,
x4 =3s,
X1=—17t,
Answer: a) x =x, =x3=0;b) <x, =-22¢, teR;
X3=3f.
X =—t—s,
X, =2t—s,
c) 2 teR, seR.
X3=3t,
x4 =3s,
Exercises
1 2 0 5 -1 2
1.1. The matrices 4= , B=|0 2|, C=
3 -1 5 41 -1

2 0
Dz[ J,F:(3 -2 1), G=| 2 | are given. Find:

J

4 -3
-3
a)c-(A+2BT); ¢) 4B, BA, AC, CA, BC, CB, FG, GF ;
b) 4-B-5D"; d) B-4-(G-F) .
15 7 23 -7 -17 3
Answer: a) ; b) ; €) AB=
-4 7 13 29 15 29 0
0 7 -5 70
5 3 5
BA=|6 -2 10|, Cd= , BC=|-2 6|, FG=5,
8 -5 15
7 7 5 7 7
12 -8 4 -12 1 4

GF=| 6 -4 2|, AC and CB aren’tdefined;d) | 14 2
-9 6 -3 3
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1.2. Calculate the determinants:

306 b a-2b P2
a) SN % A PR W P S R
-7 =5 a a-b
—4 -2 6
Answer: a) 27; b) b*; ¢) 10.
1.3. Solve the equations:
5 5 3 x
a) | Y lzo; b) x+1 2 3|=0.
x—-8 x+2
3 1 2
Answer: a) 0.5; b) -2; 1.
2 3 0 -4
. -1 0 -2 3
1.4. Calculate the determinant
5 2 1 0
1 0 -1 6

a) using expansion by the first row;

b) using expansion by the second column;

¢) reducing it to the triangular form;

d) reducing it to the second order determinant.
Answer: -48.

1.5. Solve the matrix equations:

Y (—23 ﬂh@ —12} b)X'[—23 ﬂ:@ —12)

16 151
Answer: a) X = 11; 111 :b) X = 11411 191 '
111 [Tt
—-2x+3y-5z=3,
1.6. The system of linear equations {x—-2y+3z=-2, is given.
4dx—y+2z=-4.

Solve the system using:
a) matrix method; b) Cramer’s rule; ¢) Gaussian elimination.
Answer: a) x;=-1, x;=2, x3=1; b) xy=—1, x,=2, x3=1;
C) Xq =—1, Xp =2, X3 =1.
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1.7. Solve the systems provided they are consistent:

5X1+X2—6X3 :5, 2x1—x2 +4x3 :—2,
a) 4Xl +3X2 —7X3 = —3, b) 7X1 —5X2 +3X3 = 1,
x1—2x2 + X3 =2. le—4)C2—.X3 =3.

2x1 + X +SX3 +2.X'4 =5,
X)+ Xy +4x3 =3,
3X1 + Xy +6X3 +4X4 =7,

x| +2.X2 +7X3 —2)(74 =4,

Answer: a) the system is inconsistent; b) {x,=——

X3 =1,
X =2—-t-2s,
where reR; €) yx, =1-3¢+2s, where teR, seR.
X3=t,x4 =5,
1.8. Solve the homogeneous systems:
4x1 —3xy +4x5 =0, 2x1 —x9 +5x3 =0,
a) {15x;—x, +3x3 =0, b) {x; +3x, —2x3 =0,
3x; —5xy +4x3 =0. 4x) +5xy +x3 =0.

3)(?1 —SX2 +SX3 +14)C4 =0,
C) le —2)6'2 +3X3 +IOX4 =0,

4x1 —8)(72 +7X3 +18)C4 =0.

X1 =—13l,
Answer: a) x; =x, =x3=0;b) <x, =9t, teR;
X3:7t,
xy =-5t-1ls,
XZ =t—S,
c) teR, seR.
X3 :41,

X4 =25,



2 ELEMENTS OF VECTOR ALGEBRA

Vectors

A vector is a directed line segment (arrow). Vectors are
denoted by @, AB (A4 is the initial point and B is the terminal
point of the vector) or a, AB.

The length of the vector represents the magnitude or the length
of the vector. The magnitude of a vector @ is denoted by |a|.

A vector of length 1 is called a unit vector.

A vector whose magnitude equals 0 is called a zero vector and
is denoted by 0.

Two vectors are said to be parallel (collinear) if they lie on the
same line or on parallel lines. This is denoted by @ || .

Two vectors @ and b are called equal if they are collinear and
have the same magnitude and direction.

Vectors are said to be coplanar if they are parallel to a plane or
they lie in the same plane.

Given a vector @ = 4B and an axis /. Let 4, and B, be the
orthogonal projections of 4 and B on /. The projection of the
vector a on the axis /, denoted by proj; a , is defined as the length

of the vector 4B, taken with a plus sign if 4 B, has the same
direction as the axis / and with a minus sign if 4B, has the

opposite direction to [ (Fig.2.1). It can be calculated by the
formula:

projja = alcosg,
where ¢ is the angle between the vector and the axis.

B

|

AA___ |

| |

| |

| |
4 B ]

Figure 2.1
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Let’s consider a Cartesian coordinate system Oxyz. Take an
arbitrary vector @ and translate it so that its initial point coincides
with the origin (Fig.2.2). Let points 4(a,0,0), 4,(0,a5.,0),
43(0,0,a3) be the orthogonal projections of the terminal point of
on the x-, y-, and z-axes, respectively, and let A’ be its
orthogonal projection on the xy -plane. Denote by i, j, and k the
unit vectors in the positive directions of the x-, y-, and z -axes,
respectively (|7 | j|=Hk|=1, i Lj, i Lk, jLk). From Fig. 2.2, it
follows that

@ =04y + 04y + 04y = aji +ay ] +aszk .

Figure 2.2

The numbers a;, a,, a; in the last equality are called the
coordinates of the vector. Instead of @=aji +a,j+ask , we can
write simply @ =(a;,a,,a3).

If A(x;,yy.2) is the initial point and B(x,,y,,z,) is the terminal
point of the vector @ = AB, then its coordinates are

AB=(xy =x1, 3, = 1,22~ 71). 2.1)

The magnitude or the length of the vector a=(aj,ay,a3) is

specified by the formula

@ |=+a} +a3 +ad3 . (2.2)

The coordinates of the unit vector @° in the direction of @ are
given by the formula
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a—ozi:[“—_l,“%,“%j. 2.3)
lal \lal'|a| |a|
Let a vector @ =(aj,a,,a;) make angles o, f and y with the
positive directions of the x-, y- and z-axes, respectively. The
cosines of these angles are called the direction cosines. They can be
determined by the following formulas:
cosa:a—_l, cosB=aTz, cosy:a%. (2.4)
la| la| la|
Vector operations
Let @ =(ay,a;,a3) and b =(by,b,,b;) be the given vectors, and
let m be a scalar. Then:
1) ma=(may,may,mas);
2) a+b =(a; £b,ay by, a3 £bs).
Two vectors are parallel or collinear if they lie on the same
line or parallel lines.
a _ay _4a3

Test for parallelism: a||h < L =-2=2,
by by by

Problem 2.1. A vector a=(1,3,-2) and three points A(-2,1,3),
B(2,3,~1) and C(-3,1,4) are given. Find:
7. [ci

a) |al, : b) the unit vector z° and the direction cosines

of a.
Solution.

a) Using formula (2.1), we find the coordinates of vectors AB,
C4:
AB=(2-(-2)3-1,-1-3)=(4,2,-4),
CA=(-2-(-3)1-1,3-4)=(1,0,-1).
By (2.2), we find the lengths of the vectors @, AB and CA:

@ l=y12 +3% +(=2) =14,
4B =47 +27 +(-4f =6,  [Cd =y +0*+ (-1} =V2.
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b) Using formulas (2.3) and (2.4), we find the unit vector z° and
the direction cosines of a :

EOZ( 13 2 ]

Jia' 147 1a)’

COSOL—— =i COSY——L.
i T Ji4

. , o (L3 2
Answer: a) Ja | 6, 2 b) (ﬁ«/ﬁ «/ﬁ]’

cosa = , cCosPp=—=—

1
J14
Problem 2.2. The vectors a@=(-2,1,3) and 5 =(1,2,-5) are
given. Find:

a) |‘
Solution.
a) a+b=(-2+1,1+2,3+(-5)=(-1,3,-2),

|a+13|=\/ 24324 (-2P = 1+9+4=414.
b)a-b=(-2-1,1-2,3-(-5)=(-3,-1,8),
@5 = (=37 + (1P +8 = [o+1+64 = 74.

¢) 2a-3b=2-(-2,1,3)-3-(1,2,-5)=(~4,2,6)-(3,6,-15)=
=(-4-3,2-6,6-(-15)=(-7,-4,21),

|2a—313|=\/(—7)2 +(=4) +212 =J49+16+441 =~/506 .
Answer: a) Ji4 ; b) J74; ¢) V506 .

b) [z -5];

¢) pa-3b].

Scalar (dot) product of two vectors
The scalar (dot) product of two vectors a and b, denoted
by a .b , and defined as:

a-b=allb|cosa, 2.5)

where a is the angle between vectors a and b .
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If a :(al,az,a3) and E:(b19b25b3)’ then

a-b :al-b1+a2~b2+a3-b3. (26)
The properties of the scalar product:
)a-b=b-a; 4 a-(b+c)=a-b+a-c;
2) 5,‘7:“7‘2, \al=va-a; 5)5~I;=5-projal;=l;-pr0jgﬁ.

3)(ma)-b=a-(mby=m(a-b);
The cosine of the angle between two vectors can be found by
the following formula:
a-b
\al-1b|
Test for perpendicularity: @ Lb < a-b=0.
Physical applications of the scalar product. The work 4 done
by the force F when an object is displaced by a vector S is
defined as:

cos(c_z, ’\1;): 2.7

A=F-S. (2.8)

Problem 2.3. Find the scalar product of vectors @ and b
if |a|=8, |b|= 342 and the angle between @ and b is equal to 45°.

Solution.

By (2.5), 5-5:8-3\/§-cos45°:8-3\/§-g:24.

Answer: 24.

Problem 2.4. Find the scalar product of vectors @ =(3,~1,5) and
b=(-2,438).

Solution.

By (2.6), @-b =3-(-2)+(~1)-4+5-8=30.

Answer: 30.

Problem 2.5. m=2a-b, n=a+4b, |al=2, |b=+3,
(E,Al;): n/6 are given. Find:
a) m-n; b) cos(m, 77);  ¢) projz m .
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Solution.
a) Using the properties of the scalar product and formula (2.5),
we obtain:

mi-in=(2a—b)(@+4b)=2a-a+2a-4b-b-a—b-4b =

=2|a P +8a-b—a-b-4b*=2|a > +7|al||b |cosla,b)-4|b =
=2-4+7-2:43. £—4 3=17.
b) By property 2 of the scalar product and formula (2.5), we get:

|”_1|=m=\/4|5|2—4c7~5+|5|2—
=J4|a|2—4|a|-|5|cos(aA5y|g|2
\/4 22—42J_ (f)z 7,
\’7|=W=\/IE|2+85~5+16|5|2:
—J|@P 48] |-|b |cosla b)+165 | =
\/22+82\/_—+16 (J’)z 2J19.

Using (2.7), we find cos(m, n)

) men 17 174133
w7 472419 266

men 17 17419

cos(m, 7

¢) By property 5, we get.

roj= m = = =
T RN TR
Answer: a) 17; b) 17”13 - 0) 173‘/85.

Problem 2.6. Find the value of the parameter p that satisfy the
required condition:
a) a=(-6,14,4),

b) @ =(2.p.-3),

(9,-21,p),and @ ||b;

b=
b=(~7,20,—5),and @ Lb .
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Solution.
a) Using the test for parallelism, we obtain:

6 14 4 -6 4
_6=_=_:> _6=_:> —-6p=36 = p=-6.
9 21 p 9 p

b) Using the test for perpendicularity, we get:
2-(=7)+ p-20+(=3)-(=5)=0 = 20p=—1 = p :-%:-0.05 .
Answer: a) p=—-6;b) p=-0.05.

Problem 2.7. The points 4(2,1,-3), B(3,-15), and the force
F =(2,-4,5) are given. Find the work done by the force F that moves

an object from the point A4 to the point B along the straight line.
Solution.

Let’s find the coordinates of the vector AB:
AB=(3-2,-1-1,5-(-3))=(1,-2.8).
According to formula (2.8), A=F-AB=2-1+(-4)-(-2)+5-8=50.
Answer: 50.

Vector product or cross product of two vectors

The vector product of two vectors @ and b is a vector ¢
(Fig. 2.3) such that:

claandelb;

2) |¢|Ha| b |sino, where a is the angle between @ and b ;

3) @, b and ¢, in this order, form a right-handed triple of vectors.
It is denoted as @ xb or [ﬁ, I;].
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Remark. Any ordered triple of vectors @, b, ¢ with a
common origin in space forms a right-handed triple if these vectors
are not in the same plane and the shortest turn from @ to b as seen
from the tip of ¢ is counterclockwise. Otherwise, the triple is a left-
handed triple.

Sall

c

Right-handed triple Left-handed triple

If @=(aj,a3,a3) and b =(py,by,b3) then

i j ok
axb=|a, a, a3:az L] N (O B i (1 az,;. (2.9)
by byl b b3)7 b by
by by by

The properties of the vector product:

1) bxa=-axb; 4)In the case of nonzero
vectors, axb =0 < al|b;

2) (m&)xgzax(m5)=m(ﬁx5); 5) axa=0.

3) ax(b+c)=axb+axc;

Geometrical interpretation. The area of the parallelogram
formed by the vectors @ and b is equal to the magnitude of the
vector axb : S:|c‘z><5|.

The area of the triangle formed by the vectors @ and b is
given by the formula S, = %|¢7 x b_| .

Physical applications of the vector product. The moment M of
the force F applied at the point 4 , with respect to the point B, is
defined as

M = BAxF . (2.10)
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Problem 2.8. The vectors a= (2,—1,3) and b :(— 3,1,—5) are
given. Find @ xb , |5><5| and the area S of the parallelogram formed

by the vectors @ and b .

Solution.
Using formula (2.9), we get:
T i l;
R E 13 |2 3L |2 -
axb=[2 -1 3|= i— J+ i =
1 -5 |-3 =5 -3 1
-3 1 =5

=2i+1j -1k =(2,1,-1).
|ﬁx5|:\/m=\/g,

S =|axb|=6 (units?).
5><5|:\/g, S =+/6 units?.

Answer: axb =(2,1,-1),

Problem 2.9. m=2a-b, n=a+4b, |al=2, |b=43,
(c‘zfl; )= n/6 are given. Find the area S of the parallelogram formed

by the vectors m and 7 .

Solution.
By the properties of the vector product, we obtain:

i xii = (2a —b )x (@ +4b )= 2axa+2ax4b —bxa—b x4b =
=0+8axb+axb-0=9axbh .
S=|ﬁxﬁ|:9|ﬁx5|:9-|EHI;|sin(c7fl;):9~2-\/§-%=9\/§ (units?).

Answer: a) 17; b) 9J/3 units2.

Problem 2.10. Two points A(Z,l,—3), B(3,—1,5), and the force
F =(2,-4,5) are given. Find the magnitude of the moment A of the

force F , applied at the point 4 , with respect to the point B .
Solution.
Let’s find the coordinates of the vector BA:

BA=(2-3,1-(-1),-3-5)=(-1,2,-8).
By formula (2.10), we have:
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S — 2 -g§. -1 -§. -1 2]|-
M =BAxF =|-1 2 8= i— j+ k=
-4 5 2 5 2 -4
2 -4
=-22{-11j+0k.

ﬁﬂ:J@aﬁz+QJLF+02=J&E:1hﬁ.

Answer: 11\/5 .

Mixed triple product
The mixed triple product or the scalar triple product of three

vectors @, b and ¢, written as abc , is defined as abc = (axb)-c.
If E:(al,az,a3), I;z(bl,bz,b3), E:(C1,02,C3) then

a ay a3
abc=|b, b, by|. (2.11)
Cl C2 C3

Properties of the mixed product:
1) abé=bca=cab ;
2) abc=-bac=—cba=-ach ;
3) three non-zero vectors @, b, ¢ are coplanar if and only if
abc=0;
4) if abe >0, then the vectors @, b, ¢ form a right-handed triple
of vectors, otherwise they form a left-handed triple of vectors.
Geometrical interpretation. The absolute value of the mixed

triple product of three vectors @, b, ¢ is equal to the volume of
the parallelepiped formed by these vectors.
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The volume of a tetrahedron formed by the vectors @, b, ¢ is

given by the formula V' = %|& be | .

Problem 2.11. The vectors a=(2,1,-1), b=(3,0,—2), and
¢ =(1,-1,2) are given.

a) Find abe;

b) determine whether the vectors @, b, ¢ are coplanar;

¢) if the given vectors aren’t coplanar, determine the type of the
triple they form.

Solution.
a) Using formula (2.11), we obtain:
2 1 -1
abc=3 0 -2|=-9.
1 -1 2

b) Since abc =-9+0, the vectors @, b , ¢ are not coplanar.

¢) Since abc=-9<0, the vectors @, b, ¢ form a left-handed
triple.

Answer: a) -9; b) the vectors @, b, ¢ are not coplanar; ¢) the
vectors @, b, ¢ form a left-handed triple.

Problem 2.12. Four points A(l, 1 0), B(—l, 0, 3), C(O, 4,—2), and
D(4,3,-5) are given. Determine whether they lie in the same plane.

Solution. Four points A4, B, C, and D lie in the same plane if
the vectors AB, AC, AD are coplanar. By property 3, three non-zero
vectors are coplanar if and only if their mixed triple product is equal
to zero. Let’s find the coordinates of the vectors AB, AC, AD, and
compute their mixed triple product 4B AC AD:

AB=(-1-1,0-1,3-0)=(-2,-1,3),
AC=(0-1,4-1,-2-0)=(-13,-2),
AD=(4-13-1,-5-0)=(3,2,-5),
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ABAC AD=|-1 3 -2/=0.
3 2 -5
Since 4B AC AD=0, the vectors AB, AC, AD are coplanar and the

points 4, B, C,and D lie in the same plane.
Answer: the given points 4, B, C,and D lie in the same plane.

Problem 2.13. The tetrahedron is given by its vertices 4(2,5,-3),
B(6,4,-13), C(5,3,-13), and D(1,2,2). Find the volume of the
tetrahedron and the altitude from the point D to the base 4BC.

Solution.
Let’s find the coordinates of the vectors on which the tetrahedron
is constructed: D
AB=(6-2,4—5,-13—(-3))=(4,—1,—10), c
AC=(5-2,3-5,-13—(-3))=(3,-2,-10),
AD=(1-2,2-52—(-3))=(-1,-3,5). y '

The volume of the tetrahedron ABCD constructed on the vectors 4B ,
AC and 4D is 1/6 of the parallelepiped constructed on these vectors:

Visco :%‘A_BR‘E‘ . (2.12)
By formula (2.11), we obtain:
4 -1 -10
ABAC AD=| 3 -2 —-10|=-45.
-1 -3 5

Using formula (2.12), we find the volume of the tetrahedron 4BCD:
Vigcp = %~|— 45 = % =7.5 (units®).

On the other hand, the volume of this tetrahedron can also be
calculated by the formula:

1 1
Vapco :g'Sbase'Hzg'SABC'H-

3V4Bcp ‘

From the last formula, H =
SaBc
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Let’s find the area of the triangle 4BC:

i k
_— — -1 -10. 4 -10- |4 -1]-
ABxAC=4 -1 -10|= i— j+ =
-2 —-10, 3 -10" |3 -2
3 -2 -10
=-10i +10j -5k,

[4Bx 40| = (10 +10% + (-5) =15,
SABC:%‘E?XA_C‘:%IS:IS (units?).
Finally, H:%=3 (units).

Answer: 7.5 units®, 3 units.
Exercises

2.1. A vector @ =(2,-1,-2) and three points 4(-3,2,4), B(2,-1,5)
and C(5,—2,3) are given. Find:

a) |al, ‘A_C‘ , |BA|; b) the unit vector z° and the direction cosines
of a.
2
Answer: a) 3, 9, \/g; b) a’ :(%,—%,—%), COSQ:E’

1 2
cosP = —3 cosy = 3
2.2. The vectors a = (2,—1,—2) and b = (— 6,3, —2) are given. Find:
a)la+b); b)|a-b; o \213—35\ .
Answer: a) 6; b) 45 ¢) V409 .
2.3. Find the scalar product of the vectors @ and b if |a}]=6,

|b |= 443 and the angle between @ and b is equal to 30°.

Answer: 36.

2.4. Find the scalar product of vectors a=(-2,3,-4) and
b=(57,-2).

Answer: 19,
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2.5. m=a-2b, i=3a-b, |al=2, |b =32, [@'b)=3n/4 are
given. Find:
a) m-n; b) cos(ﬁAﬁ); ¢) projp m

Answer: a) 90; b) £ ¢) 3410

2.6. Find the value of the parameter p that satisfy the required
condition:

a) a=(12,p,~8), b =(~15,30,10), and a||b ;

b) @=(-53,2), b =(p,~6,7),and a L b .

Answer: a) -24; b) -0.8.

2.7. The points A(3,-2,4), B(4,-3,7), and the force F =(3,-2,4)
are given. Find the work done by the force F that moves an object
from the point 4 to the point B along the straight line.

Answer: 17.

2.8. The vectors @ =(3,-2,-10) and b =(-4,1,10) are given. Find

axb, |5 ><1;| and the area S of the parallelogram formed by the

vectors @ and b .
Answer: axb =(~10,10,-5), |Ex5|=15, S =15 units>.

29. m=a-2b, n=3a-b, |al=2, |b=3v2, (@ b)=3n/4 are
given. Find the area S of the parallelogram formed by the vectors m
and 7 .

Answer: 30 units®.

2.10. The points A(3,-2,4), B(4,—3,7), and the force F =(3,-2,4)

are given. Find the magnitude of the moment M of the force F,
applied at the point 4 , with respect to the point B .

Answer: 30 .

2.11. The vectors @ =(3,-2,1), b =(0,4,—2) and ¢=(-1,2,1) are
given.

a) Find abc;

b) determine whether the vectors @, b, ¢ are coplanar;

¢) if the given vectors aren’t coplanar, determine the type of the
triple they form.
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Answer: a) 24; b) the vectors a, b, ¢ aren’t coplanar; ¢) the
vectors @, b, ¢ form a right-handed triple.

2.12. Four points 4(2,-1,-2), B(1,0,3), C(3-2,-7), D(-1,3,2)
are given. Determine whether they lie in the same plane.

Answer: the points 4, B, C,and D lie in the same plane.

2.13. The tetrahedron is given by its vertices 4(4,0,1),

B(—l,—7,—3), C(—S,—lO,—l) and D(Z,—11,4). Find the volume of the
tetrahedron and the altitude from the point D to the base ABC.
Answer: 45.5 units®, 7 units.
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3 ANALYTICAL GEOMETRY

Distance between two points
Distance between two points A(x;,y;) and B(x,,y,) is

calculated by the formula:

AB=\(xy —x P+ (s - P .

Division of a Segment in a Given Ratio
A line segment, whose endpoints are A(x;,y;) and B(x,,y,), is

divided by a point C(x,y) in the ratio A if |AC|/|CBJ=%. The
coordinates of the point C(x,y,z) can be found by the following

formulas:
codithg o vt Ay
1+ 1+
If A =1 then C(x,y) is the midpoint of the segment 4B, and
x:x1+x2’ Nty
2 2

Straight line on the plane
1. General equation: Ax+ By+C=0,

where 4, B, CeR, n= (A,B) 1s a normal vector of the line.

The normal vector of the straight line is the vector which is
perpendicular to the line.

2. Slope-intercept form of equation:  y=kx+b,

where b is the y -intercept and k is the slope of the straight line.

3. Point-slope equation: y—y,=k(x—xp),

where M (xy, ) is the point on the line.

4. Intercept form of equation: Ty % =1,
a

where a and b is the x -intercept and y -intercept, respectively.

5. Two-point form of equation or an equation of a line passing
through two given points M(x;,y) and M,(x,,y,) has the

following form:
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X-x _y-n
X=X V2= N
The distance from the point My(xy,y) to the line
Ax+ By+C =0 is calculated by the following formula:
Axy+B-yy+C
d = | X0 Yo | ‘

\/AZ+B2

3.1)

Angle between two lines
1) If two lines in the xp -plane are given by their equations in

the slope-intercept form y=kx+b and y=k,x+b,, and ¢ is the
angle between the lines, then

ky — Ky
Ltk ky

Test for parallelism: k& =k, .

tanp = . 3.2)

Test for perpendicularity: kjky =—1.

2) If two lines in the xp -plane are given by their equations in
the general form A4x+B;y+C; =0 and 4,x+B,y+C, =0, and ¢
is the angle between the lines, then

cosp= |ﬁ1ﬁ2| _ |A1A2 +BlB2| '
77242 + B2 43+ B3
4 _ B

Test for parallelism: .
4 By

Test for perpendicularity: 4,4, + BB, =0.

Problem 3.1. Let ABC be a triangle with the vertices at the points
A(1,2), B(2,-3) and C(~3,1) in the xy-plane. Sketch the drawing.
Find:

a) the length of the side BC and its equation;

b) the equation of the median 4AM from the vertex 4 ;

¢) the length of the altitude AH from the vertex 4 and its
equation;

44



d) the equation of the line / passing through the point 4 parallel
to the line BC;

e) the tangent of the angle B .

Solution.

Fig. 3.1 shows the given triangle.

Figure 3.1

a) Let’s find the length of BC:

BC=lxc s +(rc =yl =J-3-2P +(-(-3) =1
Using the equation of a line passing through two given points, we
find the equation of BC':
Bc: X=X _ Y=IB x=2 =y—(—3) x—2:y+3
’ Xc—Xp yC—yB’ -3-2 1—(—3)’ -5 4
4x+5y+7=0 is a general equation of BC,

b

4 7. . .
y=-gr-3 is a slope-intercept form equation of BC.

b) Let M(x,,,y,,) be the midpoint of the segment BC':

_xp+xc _2+(=3)_ 1 _ytyc _3+l_
T T

(1)
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Using the equation of a line passing through two given points, we

find the equation of AM :
AM - XTX4 Y= Va , x—1 _ y=2 ’ x—1 :y—2
Xyp—Xq4 YmM-y4 _1_ -1-2° 3 -3
2

¢) The length of the altitude from the vertex 4 is equals to the
distance from the point 4 to the line BC. By formula (3.1), we find
the altitude AH :
|Ax +By,+C| |4-1+5-2+7] 21 2141

VA2 1 B2 Jazis2 a4

The slope of BC from a) equals ke = —% .

, ¥y=2x.

d=AH =

AH 1 BC = kAH'kBC:_la kAH :_L:%‘

kpc
Using the point-slope equation, we find the equation of
the altitude 4H :
5 3

5
y=yatkanc=x4), y=2+Z(x—1):Zx+Z‘

d) /||BC = kj=kpc = —%. Using the point-slope equation, we
find the equation of the line /:

4 4 14
y:yA+kl(x—xA):> y:2—§(x—1):> y:—gx+?.
kpc —kap 4
e) By formula (3.2), tanB=—2~—2%—_ From a) kpc=——.
+kAB'kBC 5

Using the equation of a line passing through two given points, we find
the equation of 4B and its slope:

4B XTX4 _ Y—V4 x-1_ y-2 x-1_ y-2
" xg-xy yp-vsq 2-1 =-3-2" 1 -5
y:—5x+7,kAB=—5.
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Answer: fig. 3.1; a) BC:\/E, BC:yz—%x—%; b) AM:y=2x;

2141 , AH:y:—x+§;d) l:yz—ix+ﬂ;e) tanBzg.
41 4 5 5 25

¢) AH=

|l

Plane
1. General equation:
Ax+By+Cz+D=0,

where 4,B,C e R, n=(4,B,C) is the normal vector of the plane.
The mnormal vector of the plane is the vector that is
perpendicular to the given plane.
2. The equation of the plane passing through a given point
My(x0,0,20) :
A(x—xp)+B(y—y9)+C(z—29)=0. 3.3)
3. Three-point form of equation. The equation of a plane passing
through three given points M(x,y,z;), My(x2,¥2,22),
M;3(x3,y3,23) that do not lie on the same line:
X=X y=n z—Z
xy—x1 y2-y 22—z =0. (3.4)
X3=X V3=V Z3— 24
4. The intercept form of the equation:
X y z

S+ 2=1, 3.5

a b c
where a, b, c are the x-, y -, z -intercepts, respectively.

The angle v between two planes A;x+ B;y+Cjz+D; =0 and
Ayx+Byy+Cyrz+D, =0 is equal to the angle between their normal
vectors 7 =(4;,B,,Cy) and 7, =(4,,B,,C, ). The cosine of the angle
y is calculated by the formula:

_ Jm 7]

cosy = |cos(ﬁl , 712] = [ o]

(3.6)

where 0<y<90°.
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Test for parallelism: A _B_G # D .
4 B, G D

Test for perpendicularity: 7 -7, =0 or A4, + BBy, + C;C, =0.

Straight line in space
1. Parametric equations:
X =xq+It,
Y=y +mt, 3.7
z=2zy+nt,
where 7€ R is a parameter, 5 =(/,m,n) is a direction vector of the
line, the point M (xy, vy z9) belongs to the line.
A direction vector of the line is the vector that is parallel to the

given line or lies on it.
2. Canonical equations:

X~X _Y~)Vo _Z~20 (3.8)
l m n
where 5=(/,m,n) is a direction vector of the line, the point

M (xg,¥0,29) belongs to the line.

3. Two-point form of equations or equations of a line passing
through two given points M(x;,y,,z;) and M,(x,,y,.2,) has the

following form:

X-x _Y=n _Z-n (3.9)

X=X V2= 2277
4. The general equations of the line. In general case, the straight
line is the result of intersection of two planes:

Aix+By+Ciz+D; =0,

{A2x+Bzy+sz+D2 =0,
where the normal vectors of the planes, 7 =(4,,B,,C;) and
i, =(4,,B,,C,), are not collinear. The direction vector 5 of the
line is given by the vector 5 =7 xn, .
The distance between the point M (x, vy z) and the plane

Ax+ By+Cz+ D=0 is given by the following formula:
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g | Axg +B-yy+C-zg+ D]
\/A2 + B> +C?
The cosine of the angle o between two straight lines is equal

to the one between their direction vectors. It is calculated by the
formula

(3.10)

cosa = |cos(§1f§2l = |fl s_2| , (3.11)
[51[- 52|
where 5, 5, are the direction vectors of the given lines, 0<a <90°.
The sine of the angle ¢ between a line and a plane can be
determined using the formula
-5
7]l
where 5 is the direction vector of the line, # is the normal vector
of the plane, 0 <p<90°.

(3.12)

sing = |cos(ﬁf§)|

Problem 3.2. The points A(1,2,-1), B(-2,43), C(3.4,-2), and
D(-2,5,1) are given. Find:
a) the equation of the plane (4BC) in the intercept form and

sketch the drawing;
b) the equation of the line /; passing through the point C parallel

to the line 4B ;
¢) the equation of the plane @, passing through the point C

perpendicular to the line 4B ;
d) the equation of the line /, passing through the point D

perpendicular to the plane (4BC);

e) the equation of the plane Q, passing through the point D
parallel to the plane (4BC);

f) the distance from the point D to the plane (4BC);

g) the point P of intersection of the line /, and the plane (4BC);

h) the angle between the lines 4B and CD ;
i) the angle between the line CD and the plane (4BC).
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Solution.
a) We substitute the coordinates of the points 4, B, C into
equation (3.4):

x=1 y=-2 z—-(-1 x—1 y-2 z+1
-2-1 4-2 3-(-1) (=0, -3 2 4 1=0.
3-1 4-2 —2-(-1) 2 2 -1
We expand the determinant by the first row:
2 4 -3 4 -3 2
-1) --2) +(z+1)- =0
ey A-6-a ] Al 3o

(x=1)-(=10)=(y-2)-(-5)+(z+1)-(-10)=0,
—10x+5y—-10z-10=0, 2x—y+2z+2=0.
So, 2x—y+2z+2=0 is the general equation of (4BC). The normal
vector of the plane (4BC) is 7 =(2,-12).
Let’s write the equation of (4BC) in the intercept form (3.5):
—il + % + —il =1.
Fig. 3.2 shows the graph of the plane (4BC).

/.

b) | ||4B = 5, =5 5. Let’s find the direction vector of 4B :

Su=AB=(-2-14-23-(-1))=(-324).
Using equations (3.8), we find the canonical equations of /; :
x-3 y-4 z—(—2) x-3 y-4 z+2
-3 2 4 -3 2 4
c¢) Let 7 be the normal vector of the plane O, passing through

2x—y+2z:—2|-—;,

Figure 3.2

the point C perpendicular to the line 4B.
ABLQy = m=5,5=(-324).
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Using equation (3.3), we get the equation of the plane Q;:
O —3-(x-3)+2-(y-4)+4-(z-(-2))=0,
—3x+2y+4z+9=0, 3x-2y—-4z-9=0.
d) Let 5;, be the direction vector of the line /, passing through
the point D  perpendicular to the plane  (4BC).
I, 1(4BC) = 5, =7 =(2.-1,2). Let’s find the equations of /, in the

parametric form (3.7):

x=-2+72t,
y=5-1t,
z=—1+2t.

e) Let i, be a normal vector of the plane O, passing through the
point D parallel to the plane (4BC). Q, ||(4BC) = m, =7 =(2,-1,2).
Using equation (3.3), we find the equation of the plane 0, :

2-(x—(=2)-1-(y=5)+2-(z=(~1)=0, 2x—y+2z+11=0.

f) By formula (3.10), the distance d from the point D to the
plane (4BC) is
R-(-2)-1-5+2-(-1)+2] 3

V22 (1P 422
g) The point P of intersection of the line /, and the plane (4BC)

can be found by solving the following system:
(4BC):2x—y+2z+2=0,

d=

x=-2+2t,
lz: y=5—t,
z=—1+2¢t.

We substitute x, y, z in the first equation of the system with their

expressions in terms of ¢ from the last three equations and solve for
t:

2(~2+2t)-(5-1)+2(~1+2¢)+2=0, t=1.
Substituting ¢=1 into the last three equations of the system, we
determine the coordinates of the point P :
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x==2+2-1, [x=0,
y=5-1 = {y=4,= P04]1).
z=-1+2-1. z=1.
h) From b), we know the direction vector of the line A4B:
545 =AB=(-324). Let’s find the direction vector of the line CD:
Scp =CD=(-2-35-4-1-(-2))=(-51;1). Using formula (3.11), we
obtain:

[4B-cD| -3-(=5)+2-1+4-1|
cosa = =
\AB\ \CD\ (L3P 422442 (5P +12 412
)
J29 27 '
oL = arccos l ~41°.
i) By (3.12),
. isep| |2 )+(=1)-1+2-1 J3
sme = ==
il Beol o2 4 +22 Jespe2err 3
3
= — ~35°.
¢ =arcsin 3
Answer: a) (ABC) I % _—1:1, fig. 3.2;
x=-2+2t,
b) I, x_‘; = y;4 = 212 :0) 3x—2y—-4z-9=0:d) L,: {y=5-1, ;
z=—-1+2t.

e) 2x—y+2z+11=0; ) 3; @) P(O,4,1); h) arccos7‘£_7~4l°;

i) arcsin—3z35°.
3
Problem 3.3. Reduce the general equations of the line

{2x—y—3z—6= ,

to the canonical form.
2y+z-4=0.

52



Solution.
The given line is the result of intersection of two planes with
normal vectors 7 =(2,—1,-3) and 7, =(0,2,1). Let’s find the direction

vector of the line:

i j ok
S=mxi, =2 -1 =3(=5i-2j+4k.
0o 2 1
To find the point that belongs to the line we take z=0 in the system
and solve it:
2x-y—-3z-6=0, x =4,
2y+z-4=0, = {y=2,= M(4,2,0).

z=0. z=0.
The canonical form of the equations has the following form:
x-4 y-2 =z

-2 4

5
4 y-2
Answer: ~ 4 % .

5 -2

Problem 3.4. Find the angle between two planes 2x—3y+z—-5=0

and 5x-2z+4=0.

Solution.

The normal vectors of the planes are 7 =(2,-3,1) and
7, =(5,0,-2). By formula (3.6), we find the angle y between the

given planes:

[2:5-3-0+1-(-2) 4406

cosy = = ,
V22 (3P 412 52402 4 (c2p 203

4+/406 o
Y =arccos 3 ~67°.
Answer: arccos4 406 ~67°.
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Quadratic curves
A quadratic curve is a set of points in the xy -plane whose

coordinates (x,y) satisfy the equation

ay1x% + 201Xy + aryy? + 2a1x +2a,y +ag =0, (3.13)
where a1, a5, ay, a1, ay, ay are real numbers.

Equation (3.13) can represent a circle, an ellipse, a hyperbola,
or a parabola. In degenerate cases, it may also represent a single
point, an empty set, a straight line, or a pair of straight lines.

By applying a rotation and translation of the coordinate system,
equation (3.13) can be transformed into canonical form [4].

Circle
A circle is the set of all points in a plane that are at the same
distance from a given point, called the center. This distance is
known as the radius. The equation of a circle with center at the
point C(xy,y,) and radius R has the following form:

(e=xo ) +(y=yo ) =R?.

Ellipse
An ellipse is the set of all points for which the sum of the
distances from two fixed points, called the foci, is a constant. This
constant is usually denoted by 2a and it must be larger than the
distance 2c¢ between the foci. The ellipse with foci at the points
Fi(~c,0) and F;(c,0) is shown in Fig. 3.3. The points 4,(-a,0),
45(a,0), B(0,~b), B,(0,) are called the vertices of the ellipse.

y
b|B,

Al(V WA%D)
_a&Ja x
—b[B,
Figure 3.3
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The canonical equation of the ellipse has the following form:

X2 y2
b

b

a

where b2 =a? —c?, a and b are termed the major semi-axis and

the minor semi-axis of the ellipse, respectively.

The number e=c/a is called the eccentricity of the ellipse.
For an ellipse, 0<e<1.If a =5 the ellipse becomes a circle, and its
e=0.

Straight lines D;:x=-a/e and D,:x=a/e are called the
directrices of the ellipse.

Hyperbola
A hyperbola is the set of all points for which the difference of
the distances from two fixed points, called foci, is a constant. This
constant is usually denoted by 2a and it must be smaller than the
distance 2¢ between the foci.
The hyperbola whose foci are F(-c,0) and F;(c,0) is shown in

Fig. 3.4.

form:

a b

where b? =c?-a? , a and b are known as the real and the

conjugate semi-axes, respectively.
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The points 4;(-a,0), 4,(a,0) are called the vertices of the
hyperbola.

The hyperbola has two asymptotes: y = iéx .
a

The eccentricity of the hyperbola is defined in the same way as
for the ellipse. For hyperbola, e>1.
The straight lines Dj:x=-a/e and D,:x=a/e are called the

directrices of the hyperbola.

2 2
Y

The hyperbola — x—2 +=> =1 is called the conjugate hyperbola.
a” b
Its vertices are By(0,-b), B,(0,b). The conjugate hyperbola is

represented by a dashed line in Fig. 3.4.

Parabola
A parabola is the set of all points that are equidistant from a
fixed point, called the focus, and a fixed line, called the directrix.
Fig. 3.5 shows the parabola which has the equation of the directrix
x=-p/2, (p>0) and with focus at the point F(p/2,0).

y

Figure 3.5

The canonical equation of the parabola has the following form:
y2 =2px.
where the number p is called the parameter.

The axis of symmetry is the x-axis (Fig. 3.5). The vertex of
a parabola is the point where it intersects its axis of symmetry.

The following equation represents a parabola whose axis of
symmetry is the y -axis:

x? =2py.
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Equations and graphs of quadratic curves

with the center at the point (x, y,)

The type
of the Equation Graph
curve
2 2
Ellipse b ‘ajo) e ‘bf I
(-xf _-n) |
a’ b*
Hyperbola
-po) (r-x) _,
b? a’
v =yo) =2p(x—x,),
the equation of the axis of
symmetry is y =y,
Parabola

(=ro) ==2p(x—x,),
the equation of the axis of
symmetry is y =y,
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y \
(x=x0)" =2p(y = y0), U
the equation of the axis of | y f----3

symmetry is x =x, E

< |Q
=
(=}

(x=x)" ==2p(y = o),
the equation of the axis of | y,

symmetry is x =x, /\ ¥

o 1 %3

Problem 3.5. Reduce the equations of the given curves to their
canonical form. If the curve is an ellipse or a hyperbola, find its center
and its semi-axes. If the curve is a parabola, find its vertex, the
intersection points with the coordinate axes, the equation of its axis of
symmetry. Sketch the graphs of the curves.

a) 9x% +25y% +72x+100y+19=0;
b) 9x> +4y? +36x—8y+4=0;
c) x2 —4y2 —6x-8y+1=0;
d) 25x% —4y? —250x+8y+721=0;
e) 2 —4x+2y+6=0;
f) x> —4x-2y+10=0.
Solution.
a) 9x% +25)° +72x+100y+19=0.
Let’s complete the perfect squares:
9Ecz+8x+16—16)+25(y2+4y+4—4)+19=0,
9(x2+8x+16)—144+25(y2+4y+4)—100+19:0,
9(x+4f +25(y+2) =225.
We divide both sides of the last equation by 225:

(x+4)2 +(y+2)2 -1
25 9
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Thus, the given equation describes the ellipse with the center at the
point O;(~4,-2). The major semi-axis equals a=>5, and the minor

semi-axis is »=3. Fig. 3.6 shows the graph of the ellipse.

Figure 3.6 Figure 3.7

b) 9x> +4y% +36x—8y+4=0.
Let’s complete the perfect squares:
9(x2 +4x+4—4)+4(y2 —2y+1—1)+4:0 ,
9(x2 +4x+4)—36+4(y2 —2y+1)—4+4:0, 9(x+2f +4(y-17=36.
We divide both sides of the last equation by 36:
et o,

The given equation describes the ellipse with the center at the point
0,(=2,1). The major semi-axis equals a =2, and the minor semi-axis

is b=3. Fig. 3.7 shows the graph of the ellipse.
¢) x> —4y? —6x—8y+1=0.
Let’s complete the perfect squares:
(x2 —6x+9—9)—4(y2 +2y+1—1)+1 =0,
(x2 —6x+9)—9—4(y2 +2y+1)+4+1:0 , (x=3P —4(y+1F =4.
We divide both sides of the last equation by 4:
G=3f 01,

4 1
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Thus, the given equation describes the hyperbola with the center at the
point O;(3,-1). The semi-axes are a=2, b=1. Fig. 3.8 shows the

graph of the hyperbola.

d) 25x% —4y% —250x+8y +721=0.

Let’s complete the perfect squares:
25@2—1ox+25—2ﬂ—4ﬁﬁ—2y+1—ﬂ+721=0,
25@2—10x+2ﬂ—625—4b9—2y+ﬂ+4+721=0,

25(x—5F —4(y -1 =-100.
We divide both sides of the last equation by —100:
OotF s,

25 4
Thus, the given equation describes the hyperbola with the center at the

point 0;(5,1). The semi-axes are a=2, b=5. Fig. 3.9 shows the graph
of the hyperbola.
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€) 1 —4x+2y+6=0.
Let’s complete the perfect square:

(y2+2y+1)—l=4x—6, (y+1)* =4x-5, (y+1Y =4(x—%).

This equation describes the parabola with the vertex at the point

ol(é,_lj |
4
Let’s find the intersection points with the coordinate axes:

if x=0, then y?+2y+6=0, D=-20, this equation has no
solution, the curve doesn’t intersect the y -axis;

. 3 . .
if y=0,then 4x+6=0, x= 5> the curve intersects the x -axis at

the point (%0] .

The axis of symmetry is the line y+1=0, y=-1, which is
parallel to the x -axis. Fig. 3.10 shows the graph of the parabola.

f) x> —4x-2y+10=0.

Let’s complete the perfect square:

(x2 —4x+4)—4=2y—1o, (x-2f=2y-6, (x—2)* =2(y-3).

This equation describes the parabola with the vertex at the point
0,(2,3).

Let’s find the intersection points with the coordinate axes:

if x=0, then —2y+10=0, y=5, the curve intersects the

y -axis at the point (0,5);
if y=0, then x*—-4x+10=0, D=-24, this equation has no
solution, the curve doesn’t intersect the x -axis.

The axis of symmetry is the line x—2=0, x=2, which is parallel
to the x -axis. Fig. 3.11 shows the graph of the parabola.
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Answer: a) (x-;54)2+(y +92)2 =1 1is the ellipse; the center is

0,(~4,-2); the semi-axes are a=5, b=3; fig. 3.6;

) (22 -1
4 9
axes are a=2, b=3; fig. 3.7;

2 2
c) @—@zl is the hyperbola; the center is 0;(3,-1), the

semi-axes are a=2, b=1; fig. 3.8;

=1 is the ellipse; the center is Oy(—2.1); the semi-

d) %—@:1 is the hyperbola; the center is 0(1,5), the
semi-axes are a=2, b=5; fig. 3.9;

e) (y+l)2 = 4(x—%j is the parabola; the vertex is O{%,—lj ; it doesn’t
intersect the y -axis, the curve intersects the x-axis at the point

(%O) ; the axis of the symmetry is y=-1; fig. 3.10;

f) (x—2)? =2(y-3) is the parabola; the vertex is 0;(23); it doesn’t
intersect the x -axis, the curve intersects the y -axis at the point (0,5);
the axis of the symmetry is x=2; fig. 3.11.
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Second-order surfaces
The equation of a second-order surface has the following
form:
a 1x2 + a22y2 + 03322 + 2a1 Xy + 26113XZ + 26123)/2 +
R2a1x+2a,y+2a3z+ay =0. (3.14)
In general, the equation (3.14) may define a degenerate surface:
a point, a plane, a pair of planes, a straight line, or an empty set. If
the surface is non-degenerate, then, by applying a rotation and
translation of the coordinate system, equation (3.14) can be reduced
to canonical form [4]. The table below presents the canonical
equations of second-order surfaces and their graphs.

Canonical equations of the second-order surfaces and its graphs

The type .
of the surface Equation
2 2 2
. . X Y z
1 | Ellipsoid — t 5 +—=1
p a2 b2 2
) Hyperboloid ﬁ N ﬁ _ i -1
of one sheet a® b 2
3 Hyperboloid ﬁ + ﬁ _ i -1
of two sheets a> br 2
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Second-order ﬁ LY,
cone 2 b 2
2 2
Elliptic T+d =2z
paraboloid pod
(p>0,¢>0)
2 2
Hyperbolic Y
paraboloid P4
(p>0,g>0)
Elliptic < 07
cylinder 2 bpr
Hyperbolic ﬁ B ﬁ _q
cylinder 2 p:
Parabolic x> =2py
cylinder (p>0)
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Problem 3.6. Reduce the equation of the surface to the canonical
form. Determine the type of the surface and sketch the drawing.

a) 36x2 +16y> +92% +72x—64y+54z+37=0;
b) X2 +4x—4y+16=0;

) 9x2 +36y2 —4z%2 —18x+216y+162+317=0.
Solution.

a) 36x2 +16y> +92% +72x—64y+54z+37=0.

Let’s complete the perfect squares:
36(x2+2x+l—l)+l6(y2—4y+4—4)+9(22+6z+9—9)+37=0,
36(x2+2x+1)—36+16(y2—4y+4)—64+9(22+6z+9)—81+37=0,
36(x+1FP +16(y -2 +9(z +3f =144,

Dividing both sides of the last equation by 144, we obtain the
equatlon:

(le)2 . (y—92)2 +(ZY§)2 .

Taking the point O;(-1,2,-3) as a new origin, we perform a

parallel translation of the coordinate axes. The corresponding

transformation of the coordinates X =x+1, Y=y-2 and Z=2z+3
x* y* z?

results in the equation T+?+ﬁ:1' Hence, the surface is an

ellipsoid. Fig. 3.12 shows the graph of the ellipsoid.

Figure 3.12 Figure 3.13
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b) x*+4x—-4y+16=0.
Let’s complete the perfect square:

(x2 +4x+4)—4:4y—16 , (x+2P =4y-12, (x+2)* =4(y-3).
Taking the point O;(-2,3,0) as a new origin, we perform a parallel
translation of the coordinate axes. The corresponding transformation
of the coordinates X =x+2, Y=y-3 and Z=z results in the
equation X2 =4y . Hence, the surface is a parabolic cylinder. Fig. 3.13
shows the graph of the cylinder.

) 9x% +36y2 —4z% —18x+216y+16z+317=0.
Let’s complete the perfect squares:
o2 —2x+1-1)+36[y2 + 6y +9-9)-4(:? ~4z +4-4)+317 =0,
o[ —2x+1)-9+36(y? + 6 +9)-324-4[z2 ~ 4z + 4)+16+317 =0,
9(x—1)* +36(y+3) =4(z—2)*.
Dividing both sides of the last equation by 36, we obtain the equation:
(-1P (3P _ (2
4 1 9
Taking the point O;(1,-3,2) as a new origin, we perform a parallel

translation of the coordinate axes. The corresponding transformation

of the coordinates X =x-1, Y=y+3 and Z=z-2 results in the
. 2 y? 2 . .

equation T+T =5 Hence, the surface is a cone. Fig. 3.14 shows

the graph of the cone.

Figure 3.14
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2 2 2
Answer:  a)the  ellipsoid XT+YT+%:1’ fig. 3.12;

b) the parabolic cylinder ~X?=4y, fig.3.13; «¢)the cone

2 2 2
XY 27 g 314,
4 1 9

Exercises

3.1. Let ABC be a triangle with the vertices at the points
A(-2,-1), B(2,6) and C(8,-2) in the xy -plane. Sketch the drawing.
Find:

a) the length of the side BC and its equation;

b) the equation of the median AM from the vertex 4 ;

c) the length of the altitude 4H from the vertex 4 and its
equation;

d) the equation of the line / passing through the point 4 parallel
to BC;

e) the tangent of the angle B .

Answer: fig. 3.15; a) BC=10, BC:y:—§x+23—6;

3 1 3 1 4 11

b) AM:y==x——=;¢) AH=74, AH:y=—x+—;d) l:y=—-x——}
) Y 7 7 ) Y 4 2 ) Iy 3 3

e) tanB=3—7.
16

3.2. The points 4(1,3,-1), B(2,-52), C(3,-1,-1) and D(3,4,1) are
given. Find:
a) the equation of the plane (4BC) in the intercept form and

sketch the drawing;

b) the equation of the line /; passing through the point C parallel
to the line 4B ;

¢) the equation of the plane passing through the point C
perpendicular to the line 4B

d) the equation of the line /, passing through the point D

perpendicular to the plane (4BC);

67



e) the equation of the plane passing through the point D parallel
to the plane (4BC);

f) the distance from the point D to the plane (4BC);

g) the point P of intersection of the line 7, and the plane (4BC);

h) the angle between the lines AB and CD ;
i) the angle between the line CD and the plane (4BC).

Answer: a ABC :L+X+i:1, fig. 3.16;
| )3/2 3732 g
3 . . x=3+2t,
b)hixI =y; :Z; €) x-8y+32-8=0; d) h: {y=d+1, ;
z=1+2t.
e) 2x+y+2z-12=0; f) 3; g) P(1,3,—1); h) arccos”l— ‘0271346z43°;
i) arcsin3 9z34°.
y
6 z
3
H 2
M
3y
4 H ]
ANGL - 5
Figure 3.15 Figure 3.16

3x+2y—-z-2=0,

3.3. Reduce the general equation of the line { to

x—4y+3z-3=0.
the canonical form.
x-1_y+05_ =z

-5 -7

3.4. Find the angle between the planes x—2y+5z—-4=0 and
2x+3y—z+3=0.

Answer:

3V105

Answer: arccos ~ 64°.
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3.5. Reduce the equations of the curves to their canonical form. If
the curve is an ellipse or a hyperbola, find its center and its semi-axes.
If the curve is a parabola, find its vertex, the intersection points with
the coordinate axes, the equation of its axis of symmetry. Sketch the
graphs of the curves.

a) x> +4y2 +8x—16y+16=0;

b) 4x%-25y? +16x+50y-109=0;
©) —9x* +4y” —36x-8y—-68=0;
d) 4x? +12x+10y-11=0;

€) y2+2x-2y+6=0.

(c+4P  (-2F

16
0,(~4,2) ; the semi-axes are a=4, b=2; fig. 3.17;

Answer: a) is the ellipse; the center is

2 2
b) (x;sz) b 41) =1 is the hyperbola; the center is Oy(-2,1), the
semi-axes are a=5, b=2; fig. 3.18;
(x+2) (y-1) . :
c) T—Tz—l is the hyperbola; the center is O;(-2,1), the
semi-axes are a=2, b=3; fig. 3.19;
37 s 3

d) (x+5j :—E(y—z) is the parabola; the vertex is 01(—5,2}

the curve intersects the x-axis at the points [ nd

—3-245 J
=0 a

[—_ 3 +22‘/§ ;0} , the curve intersects the y -axis at the point (0;%); the

axis of the symmetry is x = —% ; fig. 3.20;
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e) (y-17 :—2(x+§) is the parabola; the vertex is Ol(—g;l]; the

curve intersects the x -axis at the point (—3;0); it doesn’t intersect the
y -axis; the axis of the symmetry is y=1; fig. 3.21.

y
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|

[0) X

Figure 3.17

Figure 3.19 Figure 3.20

ST *

2|
Figure 3.21
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3.6. Reduce the equation of the surface to the canonical form.
Determine the type of the surface and sketch the drawing.

a) 225x> +36y> —100z> —900x—216y —200z+224 =0
b) 4x% +12y% =322 +8x— 48y —18z+37=0;

¢) X2 +222 +4x—4z-16y+14=0;

d) 25)% +92% —50y+54z-119=0;

e) X2 42x+2y-5=0;

f) 12x2 +4y% 4922 +72x—16y—182+97 =0.

x? y* 72
Answer: a) hyperboloid of one sheet T+2_5_7 =1, fig. 3.22;

x* v 72
b) hyperboloid of two sheets T+T—T:—1, fig. 3.23; ¢) elliptic
2 2 2 2
paraboloid X?+ZT=2Y , fig. 3.24; d) elliptic cylinder %+§—5=1,

fig. 3.25; e) parabolic cylinder X2 =-2Y, fig. 3.26; f) parabolic
x? y? 72
cylinder —+—+=—=1, fig. 3.27.
3 9 4

Figure 3.22 Figure 3.23
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Figure 3.24

Figure 3.26

Figure 3.27



4 LIMITS AND CONTINIUTY OF FUNCTIONS OF A SINGLE
VARIABLE

Limit of a function of a single variable
A real number 4 is called the limit of a function f(x) as x

tends to a (x—> a) if for any positive real number ¢ can be found
apositive real number &=5(¢) such that if 0<[x—d <& then
lf(x)-4<e:

lim f(x)=4.

xX—>a
Let’s also consider a few partial cases:
1) lim f(x)=4 < if for any positive real number ¢ can be found
X—>00

apositive real number M =M(s) such that if |x/>M then
lf(x)-4<e;

2) lim f(x)=co < if for any positive real number & can be found
xX—>a

apositive real number &§=4(¢) such that if 0<[x—a/<& then

|f(x)>g.

One-sided limits
A real number 4, (4,) is called the right -sided (left -sided)

limit of a function f(x) as x —»a from the right (left) if for any

positive real number ¢ can be found a positive real number
5=03(e) such that if a—5<x<a (a<x<a+d) then |f(x)-4|<e

(If(x)—A2| < g):
im /()= 4 [ lim f(x)= Azj :

Left-sided or right-sided limit is generally called the one-sided
limit. Let’s note that one-sided limits can also be denoted:

A= lim flx)= lim f(x)=f(a-0);
Ay = lim Of(x): lim f(x)=f(a+0).

Theorem 4.1. A function f(x) has the limit as x —a if and
only if there exist one-sided limits at the same point, which are
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equal to each other lim f(x)= lm f(x)=4< lim f(x)=4.

x—a-0 x—a+0 x—a

Properties of the limits
If lim f(x)=4, lim g(x)=B8 and C is a constant, then:
x—a x—a
1) im C=C;

xX—a

2) lim [¢r(x)]=C4;

hmf(x)
. f(x)_xaa 4.
5) ilema_g(x)_—x' ag(x)—B,lfB;tO.

Remark. The given properties also work for the one-sided
limits.

Problem 4.1. Using the definition prove the given limits:

a) lim (13x-7)=6; b) lim —2—=0.
x—1

x—w X +1
Solution.
a) lim (13x-7)=6.
x—1

Let & be an arbitrary positive real number, then we have to find
5=5(g)>0 such that the following condition is satisfied:

0<fx—1|<5=|13x-7)-6|<e.
Using the given inequality, we can obtain:
|(13x—7)—6|<€:>|13x—13|<6313|x—1|<53|x—1|<%.
Since we have to obtain inequalities in the terms of (x-1),
therefore we can take:
s=250.
13
We obtained that for any positive real number &, we can find

a positive real number &= % >0 such that if 0<[x—1<& then
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[13x-7)-6<e. Therefore, the given limit was proven

by the definition.
b) lim —>— =0,
x—wo x+1
Let ¢ be an arbitrary positive real number, then we have to find

a positive real number M =M(g) such that the following condition
is satisfied:

|x|>M:‘i <¢&.
x+1

Let’s simplify the last inequality:

Finally, we can obtain the expression for M :

%—1‘}:max{£+l,z—l‘}:£+1>0.
£ £

& &
We obtained that for any positive real number ¢, we can find

_2
&

>

M = max{

.. 2 .
apositive real number M ==+1>0 such that if |x>M then
&

< ¢ . Therefore, the given limit was proven by the definition.

x+1

Indeterminate forms
As the first step in the process of evaluating limits, we should
substitute x (or any other variable) with the expression to which
the variable tends. Quite often one of the following expressions can
be obtained:

9 [2) bt bt kb L

which are called indeterminate forms.

There are some methods to evaluate indeterminate forms. In the
simplest cases, we can transform the initial expression using
algebra. Then it should be easier to apply different approaches to
calculate the limits.
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Problem 4.2. Calculate the limits:

. 3x*-3x-18 . Wx+11-2
a) lim — > e) lim -3
x—>-22x" +18x+28 x=>=Tx“+6x—-7
20 +axt—x? 418 . X0 +3x% +6x+8
b) lim 3 ; —_—
x—o  2x” —13x+100 x—>-2 17-5x-3
2 _ 3
¢) lim 3x2+7x 12; g) fim 2x +3 —x+l .
x—=0 5x° +4x-1 x—=o{ x“ +5x+10 2
2
. x“—4x+110
d) lm ———— ’
x—03x" +x7 —x° +8x—1
Solution.
2) 3% —3x-18 | 3(-2P-3(-2)-18 0
x>-22x7 +18x+28 | 2(-2P +18(-2)+28 O

We obtained the indeterminate form {%} This means that both

the numerator and the denominator have a common root x=-2.
Therefore, we can evaluate this limit by cancelling the factor (x+2).
So we have to find the roots of both polynomials and factor them:
3x2 —3x—18=0=>x, =2, x, =3=>3x> —3x—18 =3(x + 2)(x - 3).
2x? +18x+28=0=>x; =2, x =—7 = 2x° +18x+28 =2(x + 2)x+7).
Finally:
3x2 —3x—-18 i SE+2)x=3)
x5>225% +18x+28 x>-22(x+2)x+7)
3(x-3) 3(-2-3) 3
>22(x+7) 2(-2+7)  2°
2 +4xt —x? 418 |:oo:|

b) lim 3
x>0 2x” —13x+100

0

We obtained the indeterminate form {f} ,  which

0

can be evaluated by factoring out the highest power of the numerator

and the denominator and using the limit lim 1 0.
X—0 X
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s(. 4 1 18
2x° +4xt —x% 418 ¥|2 x 3
lim = lim X

5

X

x> 2x° —13x+100  x—oo 3( 13 100}
x 273

x>0 2_% 1030 , 13,100
X X 0 o0
0(2+0-0+0)
= =00
2-0+0

The same approach can be applied to issue (c¢) and (d).

2 7 12
32 +7x—12 ' * 3+;_7
x—2o 5x° +4x -1

x2(2+4—13+1§j oo(2+4—1+18j
- lim X Xx X _ o0 00 0 _

3+Z—% +l_2
_ x 2 |7 _3+40-0|_3
x_>005 ﬂ_i 5+i 1 5+40-0 5
X x2 o0 o0
2
. x“—4x+110 0
d) lm ———— :[_}:
x203x" +x° —x"+8x—-1 L|*®
x2(1—4+1120J l—ﬁ+1120
= Jm 1 )1C xg ) am 1x1x8 1
X—00 4 xX—w 9
34— S 3 ——
x 2 0 x4j ( x 2 3 i
1 4 110
o o 1-0+0

[ EE lj:oo(3+0—0+0—0)
o3+———+———

o0 o0 o0 o0

& lim \/x+11—2_{ —7+11-2 :9}

x—>-T7 x2 1 6x—7
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We obtained the indeterminate form {%} This means that both

the numerator and the denominator have a common root x=-7.
Therefore, we can evaluate this limit by cancelling the factor (x+7).

So we have to find the roots of the polynomial in the denominator and
factor it. Then we have to rationalize the numerator by multiplying
both the numerator and the denominator by the conjugate
of the numerator.

X 46x-T7=0=x=-7,x,=1= x> +6x-7=(x+7)x—1).
Jx+11-2 :(\/x+11—21\/x+11+2): x+11-4
7o) (7)o DWart1+2) (e+7)x—1)Wxr11+2)

x+7 1

(- Dart1+2) (-1ar11+2)°

Finally:
lim Vvx+1 —2: fim 1 _
w7 x>+ 6x-7 x>-7(x=1)x+11+2)
1 1

7-1)W-7+11+2) 32

437 +6x+8 | (-2 +3(-2) +6(-2)+8 _0
x—>-2 Y17-5x -3 317-5(-2)-3 0

We obtained the indeterminate form {%} This means that both

the numerator and the denominator have a common root x=-2.
Therefore, we can evaluate this limit by cancelling the factor (x+2).

So we have to factor the polynomial in the numerator. Taking into
account that it is a cubic polynomial function and we already know
one of its roots, the quickest way to factor it is to use long division.
Then we have to rationalize the denominator by multiplying both
the numerator and the denominator by the conjugate
of the denominator. The conjugate of the denominator can be obtained
by using the formula of the difference of cubes.
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(x+2 x24x+4

_x3+3x2+6x+8 x+2

2

% +2x2 x“+x+4

x2 +6x+8

x% +2x

4x +8
4x+8

0

x3+3x2+6x+8=(x+2 x2+x+4).

) (x+2)(x2 +x+4)((m)2 +3317-5x +32)

317-5x -3

(3\/17—5x —3)((%/17—5x)2 +3317-5x +32j

(x+2 x2 +x-|—4)((%/17—5x)2 +33/17-5x +9)

{7 —sxf -33

(x+2)x? +x+4)((%/17—5x)2 +3317-5x +9)

17-5x-27

(x+2 x? +x-|—4)((%/17—5x)2 +3317-5x +9)

—5(x+2)

(x2 +x+4)((%/17—5x)2 +3317-5x +9j

Finally:

x—>-2

x3 +3x2 +6x+8 L

-5

(x2 +x+4)((§/17—5x)2 +3317-5x +9)

17-5x-3  x>2

-5

((—2)2 +(—2)+4)((3 17-5(- 2))z +3317-5(- 2)+9j

-5
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~ 6(32 +3~3+9): 627 _ 162

-5 -5 5
¥ 43 1
) lim — Xt =[oo—oo].
x| x“ +5x+10 2

In this limit, the result for the first term was obtained by using
the same approach that was used in issues (b), (c), and (d). As the
result we obtained indeterminate in the form [oo—co], which can be
evaluated by reducing the difference under the limit to a fraction and

then using approach analogously to issue (b).

P43 1 207 +6-2x7 1027 —20x + 37 +5x+10 _
¥ 45x+10 2 2lx? +5x+10)
_ —9x?—15x+16
2% +5x+10)
Finally:
3 042 _
fim 2x +3 —x+l — lim 9x2 15x+16=
x—o x° +5x+10 2] x>0 2(x +5x+10
xz(_g_me
= lim X x?)_-9-0+0__9
o 2(1+0+0 2
= 2x2(1+5+12J (1+0+0)
X x

3 3 1 162 9
A a) -~ ;b)) —;d) 0;e) —— ;) ——;¢g ——.
nswer: a) 5 ) ©; €) 5 ) 0;e) " f) 3 g) 2

The most important limits
The first important limit:
sin x

lim ——=1.
x—>0 X
The second important limit:
1 X
lim [1 + —] =e.

X—>© X
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Some corollaries:
1

1) ]jm(1+x); =e; 2) lim(1+ﬁj =e%; 3) ]jm(1+ouc); =e®.
x—0 X

X—>»00 x—0

Equivalent infinitesimals
A function f(x) is called an infinitesimal as x—a(aeR)
if lim f(x)=0.
x—a

If a(x) is an infinitesimal as x — a (a € R):
1) sin(a(x))~a(x);  2) tan(o(x))~afx); 3) arcsin(a(x))~ afx);
4) arctan(a(x))~ ax); 5) In(1+o(x))~ a(x); 6) ) 1~ alx);
7) a®) —1~ a(x)ina; 8) (1+a(x)) —1~nalx) (2 >0);

9) 1—cos(ax))~ @ .

Theorem 4.2. If ofx)~p(x) as x — a, then:
ko) m ). i 5k i B

vlx) _ o 1)

li .
xnja a(x) x—a B(x)

The most important limits and corresponding corollaries are

mostly used for evaluating some indeterminate in form {%} or llooJ.

Problem 4.3. Use the most important limits to calculate the limits:

1 7 ) 5 3x-1
x—0 c0s4x —cosbx x>0\ 2x2 +6x -3
5x L
2 -2 3(x-1
==, e) lim (5x-4)""" .
x>0 In*(x+1) x>
x+6
¢) lim (4x+5j :
X—o0 4x—l
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=<{cos4x—cosbx =-2sin

Solution.
I-cos7x 1—cos(7-0) 0

a) lim = =—|=

x—0 cos4x —cosbx cos(4-0)—cos(6-0) 0

(7)5)2 _ 49x2
=

1—cos7x ~

,as x — 0.

4x+6x . 4x—6x
sin 3

~—2-5x~(—x):10x2, as x = 0.

49x*
2 . 49%° 49

T 50 1052 x-020x2 20

b) lm

=0In?(Bx+1) | W% (3-0+1) O

_{esx —1~5x, as x > 0.

. 2x-5x 10x2 1

S5x _ 0.0 _~.
2xe 2x:{20<2 2029} .

=—2sin Sxsin(-x)~

_ Zx!esx -1 ’
=0 In%(3x+1)

0

x—0 9_x2 _x—>0 9x2 9"

& im 4x+5x+6_bw}_4x+5_4x—bﬂ+
x—oo\ 4x—1 4x -1 4x -1

5_

x+6
:4x—1+ 6 1t 6 ~tm 14 6 _
4x—-1 4x-1 4x -1 X—>00 4x—1

6 ﬂ€511511&+6) 6
:ﬁrn(1+ J T = lim [l+

X—>0 4x—1 X—>0 4x—1
6(x+6) i 6+36
— hm e 4x-1 = e¥o® 4x-1 —
X—>0

4x—1 451

J 6

2 (Gx+1)= (In(1+ 35)) ~ (32 =9x2, as Ho}:

(x+6)



36
6x +36 x[“j
im &% - m x

x—oo dx—-1 x5 [ lj :5
X
3x-1
2 2
d) i 22)c :[100]: 22x _
x—o| 2x° +6x—-3 2x°+6x-3

=1-
2x% +6x—3 2x% +6x—3 2x*+6x-3 2x% +6x-3

27 +6x-3  6x-3
L (1_ 6x—3 fx_l_. (1_ 6x—3 J 6x-3 2x2+6x73\3x_1)

o +6x-3-(6x-3) 2%+6x-3  6x-3 . 6x-3 }

2x%+6 e
x“+6x-3 |2x% +6x-3 (6x-3)3x-1)

(1_L 6x=3 ~im e 2X°+6x-3 —

2x% +6x-3 X300

i 1837 ~15x43 5 ¥2 18_1£+i
e . 18x7 —=15x+3 . X x2 18
im = lim

—e Y@ 2x%46x-3 _J |

x>0 2x2 +6x—3 x—ow® xz( 6 3} S22

=e
1

1
¢) lim (5x—4)"" =10 =17 | = fsx—4 =14 5x=5=1+5(x—1)} =

x—1

1

= ﬁxn(1+5(x—1))3(”'l) ={t=x-Lx>1=t-0}= 11'm(1+5z)5 =

x—l1 t—0

W | —

1

= lim (1+5t)t =(es)§=e§.

t—0

Answer: a) %;b) %;c) \/e_3;d) e‘9;e) e3 .
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Continuity of a function
A function f(x) is said to be continuous at a point x = x; if:
1) f(x) is defined at the point x = xg;
2) lim f(x) exists;

X—>Xq

3) lim f(x)=s(x).

X—>X(

Using one-sided limits the last definition can be rewritten
in the form:
a function f(x) is said to be continuous at a point x = x, if:

1) f(x) is defined at point x = xg;
2) flxg—0)= lim . f(x) and f(xo+0)= Tlim f(x) exist;

x—x9+0
3) f(xg—0)= f(xo +0)= f(xp)-
Let Ax be an increment of the variable x at a point x=x,
then A f(xg)=f(xo+Ax)—f(xy) is the respective increment
of a function f(x) at the point x=x,.

The definition of continuity of a function at a point
can be rewritten in terms of the increment of a function at a point:
a function f(x) is continuous at the point x = x,, if:

Jim A7(xo)= lim (f(xo+Ax)=f(x0))=0.

Based on the definition of the continuity of a function and
properties of the limits, the following properties of continuous
functions can be obtained:
if functions f(x) and g(x) are continuous at a point x = x,, then:

1) f(x)* g(x) are continuous at the point x = x;;

2) f(x)-g(x) is continuous at the point x = x; ;

3)
glx

Theorem 4.3. If a function y = f(x) is continuous at the point

—

is continuous at the point x = x,, provided g(xq)#0.

~—~—

x =x, and a function z = g(y) is continuous at the point y, = f(x,),
then the composite function z=#h(x)=g(f(x)) is continuous
at the point x =xg.
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A function f(x), which is continuous at every point of some

interval (open or closed), is said to be continuous on that interval.
Theorem 4.4. Any basic function is continuous at each point
of its domain of definition.
Some properties of functions being continuous on an interval
1) If a function f(x) is continuous on the interval [a, b], then

f(x) is bounded on [a, b], which means: there exists a positive real
number L , such that |f(x) <L for every xe[a, b].

2) If a function f(x) is continuous on the closed interval [a, b],
then f(x) takes on the least value m and the greatest value M

on this interval.
3) If a function f(x) is continuous on the interval [a, b], and

f(a)-f(6)<0, then the equation f(x)=0 has at least one root
on the considered interval.

Types of discontinuity
A function f(x) is called discontinuous at a point x=x,

it fails to satisfy at least one of the conditions of continuity.

There are three types of the points of discontinuity
of a function:

1) If there exist both of the one-sided limits of a function f(x)

as x — xy, however f(x;—0)=f(xy+0)# f(xo), then the function
f(x) has a removable discontinuity at the point x = x.

2) If there exist both of the one-sided limits of a function f(x)
as x —xy, however f(xy—0)# f(xy+0), then the function f(x)
has a discontinuity of the first type at the point x =x,. Such type
of discontinuity is also called jump discontinuity, and the number
|/ (9 —0)— f(xo +0) is called a jump of the function f(x).

3) If at least one of the one-sided limits of a function f(x)
as x —x, doesn’t exist or equals infinity, then the function f(x)
has a discontinuity of the second type at the point x = x;. Such type
of discontinuity is also called essential discontinuity.
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Problem 4.4. Investigate the following functions for continuity.
If they have points of discontinuity, determine their type. Sketch
the schematic graph of the functions:

x+4, x<-2,

1, x=-2,

2 i
a) f(x)= T+1’_2<x<0’ b) f(x)z(ﬁ)3+x.

sin%+l, 0<x<l,

5-2x,x2>1;

Solution.

a) Lets notice that every expression in the right-hand side
of the function is a basic function. Moreover, they are defined at every
point. Therefore, according to theorem 4.4, they separately are
continuous at each point. However they connect at points x =-2,

x, =0 and x3 =1, so we have to check them by using the definition

of continuity of a function at the point.
Let’s start with the point x; =-2:

Sla=0)= (0= i (cr4)=[-2-044]=2,

flq+0)= lm f(x)= lim [ﬁ+lJ:{#+l}:2.

x—>-2+0 x—>-2+0 4
Since f(x; —0)=f(x; +0)=2#1= f(x;) then at the point x; =-2

the function has a removable discontinuity.
Let’s consider the point x, =0:

flry=0)= tm f(x)= lm [ﬁ+lJ:[(O_O)Z+I}:1,

x—0-0 x—0-0| 4

x—0+0

£, +0)=x£r(1)1+0f(x)= lim [sin%ﬂj:[sin(OJFTo)ﬂﬂ}:l.

Since  f(x; —0)=f(x, +0)=1=f(x,) then the function is
continuous at the point x, =0.
Let’s consider the last point x3 =1:
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£(xs +0)=x_'hgl_of(x)zxir{l_o(sin%+1)=[sin@+l} =2,

f(x3+0) xir{lﬂ)f(x) = XE{:O(S -2x)=[5-201+0)]=3.

Since  f(x;-0)=2#3=f(x;+0) then the function has

a discontinuity of the first type (jump discontinuity) at the point
x3 =1. Let’s calculate the jump of the function at the current point:

|/ (3 =0)= £ o3 +0) =2 3|=1.
Finally, we can conclude:
if xe(—o, —2)u(=2, 1)U(l, + ), then the function is continuous;
at the point x =—2 the function has a removable discontinuity;
at the point x=1 the function has a discontinuity of the first type
(jump discontinuity).
Fig. 4.1 shows the schematic graph of the function y = f(x).

b) Let’s notice that the function y:h(x):(ﬁ)‘ is continuous
. . . . .
at each point as a basic function. The function g(x)=3— is also
+x

continuous at each point except x =—3 (because the denominator must

be nonzero). Using theorem 4.3, we can conclude that the initial
1

function f(x)=h(g(x))= (\/E )E is continuous
if xe(-oo, —3)U(-3,+0) as a composite function. Therefore,
we have only one point xy =-3 to be checked by using the definition
of continuity of a function at a point.

=00t (- o - -0

)= (s < o - () |-

x—>-34+0

Since the right-sided limit equals infinity then the function has
a discontinuity of the second type (essential discontinuity) at the point
X9 =-3.

Finally, we can conclude:
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if x e (o0, —3)U(-3, +), then the function is continuous;

at the point x =—-3 the function has a discontinuity of the second type
(essential discontinuity).
Fig. 4.2 shows the schematic graph of the function y = f(x).

¥y
3
2
[ ]
-3 -2 -1 0 1 2 3 X
-1
Figure 4.1

Figure 4.2
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Answer: a) if xe(-oo, —2)U(=2,1)U(l, +=), then the function
1S continuous;
at the point x =-2 the function has a removable discontinuity;
at the point x=1 the function has a discontinuity of the first type
(jump discontinuity);
b) if x e (—o0, —=3)U(-3, + ), then the function is continuous;
at the point x =-3 the function has a discontinuity of the second type
(essential discontinuity).

Exercises

4.1. Using the definition prove the given limits:

a) lim (4x+1)=13; b) lim -1 .
x—3 x>0 X—2
4.2. Calculate the limits:
2) lim 3x2 +18x—21 o) lim x2+2x-35
21252 —12x+10 5 Jxtd-3
_ 4 3 _ 3 2
b) lim X7 +3x7 +12x 5; . X" +3x"+9x+14
x>0 x> —10x2 =20 a2 Y2x+12-2
2 _ 2
¢) lim Tx°+2x 2; g) lim 2x +1—2x+10 .
X—>© _xz_x_l x—wo| x—10

3+ 2x? —x+1

d) lim ——
X200 3x" 4+ x° —4x+5

Answer: a) -3;b) —0;¢) -7;d) 0;e) 72;1) 54;g) 30.

4.3. Use the most important limits to calculate the limits:

1
arctan2(4x). . x2+1 o .
s d) lm| ————|
x>0 6xsin(2x) x—o| ¥2 +3x—1
5
b) lim In(1-2x)mn(1+3x) &) fim (2x-3) -2)
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Answer: a) %;b) —%; ¢)e?;d)e>e) e

4.4. Investigate the following functions for continuity. If they
have points of discontinuity, determine their type. Sketch
the schematic graph of the functions:

2-x? ,x<0, 1

a) f(x)={2-In(x+1),0<x<2,  b) f(x)=-31"*.

5-x,x>2;

Answer: a) if xe(-o,2)U(2, +), then the function
1s continuous;
at the point x =2 the function has a discontinuity of the first type
(jump discontinuity);
fig. 4.3 shows the schematic graph of the function y = f(x);

y

Figure 4.3
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b) if x (oo, 1)U(l, + o), then the function is continuous;

at the point x =1 the function has a discontinuity of the second type
(essential discontinuity);
fig. 4.4 shows the schematic graph of the function y = f(x).

&

—101

—
S}
wil
A

Figure 4.4

X
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5 DIFFERENTIAL CALCULUS OF FUNCTIONS OF
A SINGLE VARIABLE

Derivative of a function of a single variable
The derivative of a function y=f(x) with respect to x

at a point x = x; is defined as
lim Ay(-x()) lim f(XO+AX)_f(X0)

Ax—0 Ax Ax—0 Ax
provided the given limit exists.
The derivative is usually indicated by the symbols y’, % ,
X
, d
f(x), —f(x) or D.y.
dx

Differentiation rules
Let u =u(x) and v=v(x) be differentiable functions, then

1) C'=0, C is a constant;
2) (Cu)’ =Cu', C is a constant;
2) (uiv), =u'+V';

3) (w) =u'v+w' (product rule);

’

4) (ﬁ) . V_zuv (quotient rule);
v v

5) if y=f(u) has the derivative with respect to u and u=g(x) has
the derivative with respect to x, then function y= f(g(x)) has
the derivative with respect to x and can be found as follows:
y' =y,u' (chain rule).
Logarithmic derivative:
7= FGein(r ()
The table of derivatives is given in Appendix A.

Derivatives of higher order
The derivative f'(x) of a function y= f(x) is called the first

derivative of the function. However, if /"(x) also has the derivative,

it is called the second derivative of a function y=f(x) and
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2 2
is designated as ", d—;’ , f(x), d—zf(x) or D2y.
dx dx

In general, if the (n—1)th-order derivative of a function has

the derivative, it’s called the nth-order derivative of the same
function and is defined as:
NOMEC

n n
It also can be designated as Z i} , f(”)(x), j” f(x) or Dy,
X X

Derivative of an implicit function
The derivative of an implicit function (F(x, y)=0)
may be obtained by the following procedure. Thinking of y as a
function of x, differentiate the function F(x, y) with respect to x
and solve the derived relation for y'.
The table of the derivatives is given in Appendix C.

Differentiable functions

A function y= f(x) is differentiable at a point x=x, if its

increment Ay at the current point can be represented in the form:

Ay = AAx + o(Ax)
where 4 is independent of Ax, however, in general, may depend
on x.

Theorem 5.1 A function y= f(x) is differentiable at a point
x=xq if and only if it has the derivative at the current point and
A=f '(x).

Differential of a function
The expression:
dy=f '(x)d x
is called the differential of a function.
The differential of a function satisfies rules, which are similar

to the differential rules.
The differential of the n th-order is defined as:

d"y=dlay)= rn)(x)ax"
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Problem 5.1. Differentiate the following functions:

a) y= 141/;—2x3 +i6—arctan(e+5) ;
3x
b) y= ex2 15x—17 ln(cosx)+ arctan(Sx + l) .

N3-Tx
¢) y= ( (x2 N 4))tan5x :

d) y*+x° —7x%y? =32 +14x-7=0.

Solution.
a) y' = (14\/ -2x +i6—arctane+5J (14\1 ) ( )
3x
2 3 ' s .
+| — —(arctan(e+5)) =14 x7 —2(x3) +_(x—6) _0=
3x® 3
5. 2 10 4
=14.-—-x 7—6x2+—'(—6)x*7=__6x2__‘
7 3 7l 2 7

b) y' = (exz +5x-17 1 (cosx)+ arcte;nES;c; l)j _

2 45x-17 ), arctan(Sx + 1)
=|e In(cosx)| +| ————=| .
( ( ) ( v3-Tx
At first, let’s find the derivative of the first term using the product
rule. Then find the derivative of the second term using the quotient
rule (additionally we should use the chain rule):

’

(exz +3x-17 ln(cosx)j = (exz +3x-l 7) In(cosx)+ e +5x717(1n(cosx)) =

—e +5x_17(x2 +5x— 17) In(cosx)+ et ST L(cosx), =

cosx
;(_Sin x):
cosx

= ex2+5x_17(2x+ 5)h1(cosx)—ex2+5x_17 tan x,

=ex2+5x_17(2x+5)h1(cosx)+ X HSx-1T

94



’

(arctan(Sx + 1)] _ (arctan(Sx + 1))’ N3-Tx — arctan(Sx +1V3— 7x)' _
\/3 —-Tx ( 13 _ 7x)2
%(Sx + 1), N3-T7x - arctan(Sx +1)

1+ (5x+1)

(3 - 7x)’

1
2+3-7x

3-Tx
593-Tx arctan(Sx + 1)(— 7)
_ L+ (5x+1) 23-7x . SV3-7x
3-7x 1+ (5x+17 J3-7x)
7 arctan(Sx + 1) 5 7 arctan(Sx + 1)
+ = + .
2/3-7x(3-7x) (1+(5x+1)2)\/3—7x 2\/(3_7)6)3
And finally:
V= ex2+5x_17(2x+ 5)h1(cosx)—ex2+5x_17 tan x +
5 7 arctan(5x +1)
+ + .
(1+(5x+1)2)\/3—7x 2\/(3_7x)3
c) y= (ln(x2 +4» tandx
Here, we obtain the result by using the logarithmic derivative:

v =3liny] =il + 4))tan5x{ln(1n = 4))tan5x]

Let’s find the derivative of the function in the brackets:

ol +4))m5x] fianse-mlinle +4)] = (anse) mfine2 +4)s

+ tan sx(ln (]n (x2 + 4))) = 5 21
In{x“+4)x" +4

ln(ln(x2 - 4))+ tan 5x 2x=

os® 5x
B 5111(111(x2 +4))+ 2xtan5x
- cos® 5x (xz + 4)]11(x2 + 4) .

Therefore:
Y= (ln (x2 + 4))tan5x { 5 ln(ln (x2 + 4)) N 2xtanS5x }
cos® 5x (xz + 4)1r1(x2 + 4) '
d) y*+x3-7x%y2 =3 +14x-7=0.
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In the current case we assume that y=y(x). Let’s find
the derivative of the left-hand side of the equation with respect to x :
(y4 +x° —7)62)/2 —y2 +14x—7), =
=4y%)' +3x% —14xp? —14x%yy' =230/ +14=0.
In order to find y' we have to solve the last equation for j":
4y3y'+3x2 —14xy2 —14x2yy'—2yy'+14 =0;
4y°y' — 14x2yy' -2y = —3x2 + 14xy2 —14;
—3x2 +14x% —14
4y3 —14x2y—2y .

y'(4y3 —l4x2y—2y)= B2 414 —14= ' =

. r_ V2 i .
Answer: a) y' = Z/x_z 6x oE
b) y'= s #3717 (2x 4 5)In(cosx) - 5 Ty
5 7arctan(5x+ l) .
+ +
(l+(5x+l)2)\/3—7x 2\/(3—7x)3

r_ ( ( tan5x 5111(111()62 + 4)) 2xtan S5x :
R e o v v

, =3x% 414?14

d) y= .
4y3 —14x2y—2y

Differentiation of functions represented parametrically
If the functional dependence between y and x is given

by means of a third variable or parameter t : x=¢(t), y=y(t), then
the first and second derivatives can be written as follows:

r

A (5.1)

o)
Ve )-y'') (5.2)

_(//’
ST
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Problem 5.2. Find the first and second derivatives
of the parametric functions:

xzit3+t, x=2cos3t,
a) 3 b) 5

y = arctan?2t, y=2sin"t
Solution.

a) In the current case ¢(t)= §t3 +t, y(t)=arctan2s. By (5.1) and

(5.2), we obtain:

2
. y'(e) (arctan2t)' 1442 2

yx_ ' r 2 - s
') 4% +1 ( 2 )2
(:t3+tj 42 41

’

2 5 2 5\
' _l,z/"(t)go() V/()¢7<l‘) (1+4t2j(1+4t )—1+4t2(1+4t)

YVxx = = =

(@) (1+4t2)3
—16¢ ( )_ 16¢ 16t 16t
(1+4t)Z 47 4 1442 32

(1+4t2)3 ) (1+4z2)3 ) (1+4t2)4.

b) Analogous to the previous issue: ¢(r)=2cos’z, w(r)=2sin’z.
By (5.1) and (5.2), we obtain:
, ') (2sin3 t) B 2-3sin’ ¢ - cost sin?

= = =0 _tanr,
* (D'(t) (2cos3t) —2.3co0s’ ¢-sint cost

o Ve )y We'(e) _

T ey i

/ /
_ (6s1'n2 t cost) (— 6cos’ ¢ -sin t)— (6s1'n2 t costX— 6cos” ¢ -sin t) _

(—6coszt~sint
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(12sint-cos2t—6sin3 tX—6coszt-sint)_
—216¢0s t-sin’

B (6s1112 t-costXlZcost-sin2 t—6cos’ t)

—216¢0s’ t-sin> ¢

B —36sin” ¢ - cos’ t(2cos2t—sin2t+2sin2t—cos2 t)

—216¢c0s® ¢ -sin’ ¢

_cos2t+sin2t_ 1

- 6costt-sint _6cos4t~sint'
Answer: a) y;z#, y;x:_i; b) y, =—tans;
(4t2 + 1)2 (1 + 4t2)4
1

n
y)CX: 4 . M
6cos” t-sint

L’Hopital’s rule for evaluating indeterminate forms
Let both functions f(x) and g(x) be differentiable.
If lim f(x)=lim g(x)=0 or lim f(x)= lim g(x)=co, then:
xX—a xX—a xX—a xX—a

x—ag(x) [0 o x-agl(x)
under condition that there exists a limit of the
of the derivatives.

2
ratio

Remark. The indeterminate form [0-co] can be evaluated
by applying L’Hopital’s rule using one of the following ways:

im f(x)g(x)=[0-2]= tim /) mhi“ /)

x—al/glx) |0 (1/glx)
s - 1 2]

limits:
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Problem 5.3. Applying L’Hopital’s rule find the following

1

a— 1 2
a) lim 1zsin” {7 x) Zsm (”x); ¢) lim (x2+2x—3)ex2—9.
x_% 2x2 =3x+1 x—>-3




by i G5

X—>0 x]n(1+x)’
Solution.
) l—sinz[ﬂj . {
a) lim l—zsmz(ﬂx): — 2)_01_ fim !l—smz(ﬂx)! _
x>t 2x° =3x+1 ——=+1 0 1 (2x2—3x+1)
2 7 2 2
— lim —27zsin(7zx)cos(7zx): fim —7rsin(27rx):—7rsin(7r):0.
1 4x -3 1 4x-3 2-3
X X
2 2
b) fim (x+5)e” :{f}: i !(x+5)ex!, _
X—>00 xln(l+x) 0 | x>0 (xln(1+x))

~ m e’ +(x+5)” — lm e*(x+6) 2{ 0 :f}:

e ]n(l+x)+% (14 x)+

I+x
— I (ex(x+6)) _ tm e*(x+6)+e* e“(x+7)
_x_)oo ! _x_)ooi l+x_x _x—)oo 2+x a
(]n(l+x)+1+J 1+x (l+x)2 (1+x)2
im ex(x+7)(1+x)2 :{2}: fm (ex(x+7)(l+x)2) _
X0 2+x 0 | x>0 (2+x)'
~ lm ex(x+7)(1+x)2+ex((x+7)(l+x)2) _
X—>% 1
= lim ex((x+7Xl+x)2 +(1+xf +2(x+7)(1+x)):
X—>00
= Tim e"(1+x)(x+ 7)1 +x)+1+x+2(x +7)) =
X—>0
= fim ¢ (1+x)x? +11v+22)=00.
X—>0
! L 1
¢) lim (x2 +2x—3)ex2‘9 {(9 (-6)=3)e99 =0e0 =0e® =0-0|.
x—>-3
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In the current issue we can’t apply L’Hopital’s rule, however
the obtained  indeterminate in  form can be  reduced
o0

to the indeterminate form [
o0

} as it was mentioned in the remark:

1 1

1

2 2
2, ex 9 ex 9 ®©
(x2+2x—3)ex -9 = ; STE— 8 x—-3.

818

1 1
x242x-3 x?+2x-3 0
Finally, we can apply L’Hopital’s rule and then we can factor
the polynomial function in both numerator and denominator as it has
been done in problem 4.2 issue (a):

’
1 1

1 ex’ =9 2X 9
x2-9 2 _
im — = fm im0 -
x—>=3 1 x—>=3 1 x—>-3 2x+2
2 -
x“4+2x-3 (x2+2x—3j (x2+2x—3)2

1 1
2x(x2+2x—3)zex2*9 = tm x(x—l)z(x+3)2ex2*9 _
S grfa?oof 3 (e3P 3)
L a 1
Ax—1Pex’0 | -3(-3-1e%° 480 2.

— = = =00 | =00,
>3 (x+1)\x-3F | (-3+1)(-3-3} 72 3

= lim
x—>—

Answer: a) 0;b) oo; ¢) .

Investigating of functions
Even and odd functions
A function f(x) is called even (odd) if for every x from

the domain of definition of the function f(~x)= f(x) (f(~x)=—£(x)).
If a function satisfies the condition neither for even functions

nor for odd functions it is called neither odd nor even.
Sufficient condition of monotonicity. Let a function f(x)

be differentiable on (a, ), then:
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a)if /'(x)>0 (f'(x)>0) when xe(a,b)= f(x) is a non-
decreasing (steadily increasing) function on (a, b);
b)if f(x)<0 (f'(x)<0) when xe(a,b)= f(x) is a non-
increasing (steadily decreasing) function on (a, b).

Extremum of a function
The values of x at which f(x)=0 are called stationary points

of the function f(x). Stationary points and the points at which
f'(x) doesn’t exist are called critical points for f(x).

Sufficient condition for a local extremum. Let x=x
be a critical point of a function f(x). Then:
a) if f'(x) changes from “+” to “~ as x increases through x=x,
£(x) has a maximum at x=x ;
b) if f(x) changes from “~” to “+”as x increases through x=x;,
f(x) has a minimum at x=x;
¢) if the sign of f'(x) remains unchanged as x increases through
x=xy, f(x) doesn’t have an extremum at x = x;.

Maximum and minimum of a function on a segment
Let a function f(x) be differentiable on a segment [q, b]. Let

the points x;, x,, ... x, be the critical points for the current

n
function, which belong to the segment [a, b]. Then we have

to evaluate n+2 numbers (calculate values of the function at all
critical points and endpoints of the segment):
fa)s fx2)s o f(xy)s Sla), £(b).
The greatest and least numbers among the obtained ones
are the maximum and the minimum of the function f(x)

on the segment [a, b].

Direction of bending, points of inflection
Sufficient condition for the convexity (concavity). If f"(x)<0

(f"(x)>0) on (a, b), then the curve y=f(x) is concave downwards
(concave upwards).
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A point x = x, is called a critical point of the 2-nd derivative if
f"(x9)=0 or f"(x,) doesn’t exist.

Sufficient condition for a point of inflection. Let x=x,
be a critical point of the 2-nd derivative for a function f(x). Then
the curve y=f(x) has the point (x,, f(xy)) as the point of
inflection if f"(x) changes its sign as x increases through x =x .

Asymptotes
A straight line x=x; is a vertical asymptote of the curve
y=f(x) if at least one of the limits lim f(x) or lim f(x)
x—>x;—0 x—x;+0
equals +oo or —oo.
An inclined (oblique) asymptote is the line, which is described
by the equation

y=kx+b, (5.3)
where k= lim L"), b= lim [f(x)—kx].
X—>+00 X X—>+00
x—>—0) (x—>—)

If £=0, the inclined asymptote is called a horizontal
asymptote. Its equation is y=b, with b= lim f(x).

X—>+00
(v—>—a0

General scheme of curve sketching
When constructing the graph of a function, it is recommended:
1) to find the domain of definition;
2) to find the points of intersection of the graph and the coordinate
axes (intercepts);
3) to test the function for evenness, oddness and periodicity;
4) to find the intervals of monotonicity, the points of maxima and
minima, the maximum and minimum values of the function;
5) to examine the function for direction of bending and the points
of inflection;
6) to find the asymptotes;
7)to sketch the graph of the function. It is also advisable
to compute values of the function at some points.
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Problem 5.4. Find the maximum and minimum of the functions
on the given segment:
3 1
a)y=(x+1),[0,2]; c)y=2—3[0’3]‘
x“=2x+2

x2

b) y=(G+2x)k 2,[-4,2];

Solution.

a) According to the described scheme at first we have to find
critical points of the considered function, which belong to the given
segment. Let’s find critical points:

v = 1P) =31
y'=3(x+1)2 =0 x =-1.

Since the obtained critical point doesn’t belong to the considered
segment [0, 2], we have to evaluate values of the function only
at the endpoints of the segment:

W0)=(0+1P =1; y(2)=(2+1) =27.

Therefore, we can conclude: the given function has the maximum
Ymax =27 at the point x =2 and the minimum y,;, =1 at the point
x=0.

b) Analogous to the previous issue, as the first step let’s find

the critical points of the function:
xz , xz Xz Xz

y'= (3+2x)ei7 :2e77+(3+2x —xe 2 :e77(—2x2—3x+2);

2

7 X ==2

V' =e 2(—2x2—3x+2):O<:>—2x2—3x+2:0<:> 1
Xy =—.

2

Since both critical points belong to the given segment [-4, 2],

it means we have to test values of the given function at four points
(including endpoints of the segment) for being maximum and
minimum:
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e
1 2
1 f@ —~ 4
y(x2)=[3+2-5)e 2 =4eg=@z3.5300;
22
y(2)=(3+2-2) 2 =7e‘2=elzzo.9473.

As a result we obtain: the given function has the maximum

4 . 1 .. 1

Ymax :$ at the point ¥=2 and the minimum y.;, :—e—2
at the point x=-2.

¢) Since the function to be considered is a fraction let’s analyze
the discriminant:

D=(-2)-42=—4<0=x>-2x+2#0, xeR.

. 1 . .
Therefore, the function y = - Is continuous for all x, so we
x°=2x+2

can obtain the result as we did in the previous issue. Let’s start with
finding critical points of the function:

’

. 1 ~ 2x-2
Yy = P - 5
X" —2x+2 (x2—2x+2)

, 2x—-2
y ==

— =0 2x-2=0cx =1,
(x2 —2x+2)

Taking into account, that the critical point belongs to the given
segment, let’s test values of the function at it and at the endpoints
of the segment for being maximum and minimum:

1 1 1
0)z5———=-; = =1;
A0) 02-2.0+2 2 ) (1 -2-1+2

104



1 1
)= =
70) 32-2.3+42 5

Therefore, we can conclude that the given function has
the maximum y,,,, =1 at the point x=1 and the minimum y;, =—

5
at the point x =3.

4
Answer: a) Ymax =275  Ymin =13 b) ymﬁx:%’ ymin:_e_Z,

1
C) Ymax =1, yminzg'

Problem 5.5. Sketch the graphs of the functions:
4 x—1
(x+1p b)y_l+x2 .
Solution.
a) Let’s use the general scheme of curve sketching.
1) x+120=>x%-1=D(y)=(-o0, ~1)U(~1, + ).
2) Points of intersection of the graph with the x -axis (y=0):

a) y=

2 x4 = 0, x=0,
y=—73=0= 3 = :(0,0).

(x+1) (x+1P =0, x=-L
The point of intersection of the graph and the y -axis (x=0) is the same:
(0, 0).

3) Let’s check a function for evenness or oddness:

v 4
y(-x)= e

(— X+ 1)3 (— X+ l)3
s0 y(-x)#= y(x) and y(-x)#—y(x). It means the function is neither odd
nor even.

!

4) y,:[(xx4 ] _ (x4)(x+1)3—x4((x+1)3)

+ 1)3 (x + 1)6
_ 4)63(x—i-1)3 —x43(x+ 1)2 _ x3(x+1)2(4(x+1)—3x) _ x3(x+4) ‘
(x+1)6 (x-i—l)6 (x+1)4
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3_ =
, x3(x+4)=0, x =0, {x 9,
y=03( =19|x+4=0,=|x=-4
X

4
+1)* %0, rol Y

therefore x=0,x=—4 and x=-1 are the critical points
of the function.

r

v+ — — +

S
y a7 4 \ —1\0/x

When x e(-o0, —4)U(0, +0) y' >0 and y increases.
When xe(-4, ~1)U(~1,0) »'<0 and y decreases.
As x increases through x=-4, ' changes its sign from + to —;

4
hence at x=-4 y has a maximum value y(-4)= ((_i)} = —22i76.
—-4+1
As x increases through x=0, »' changes its sign from — to +; hence
- 0t
at x=0 y has a minimum value »(0)= =0.
3 N ' 4 3 4|
S S ) W S [ES) e )
(x + 1)4 (x + 1)8
B2 a) e fxs 1) e Apr1)

(x+1)8
)c-i—l)3 x+4 +x)(x+1) 4x(x+4)):4x2((x+3)(x+1)—x(x+4)):

(x+1) (x+1)5

_ 4)62(x2 Fax+3—x? —4x)_ 12x2

(x+l)5 _(x+l)5.

, 1252 12x% =0, x=0,
V'=0=——7=0= =
(x+1) (x+1P =0, ¥*-L
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therefore x=0, x=-1 are the critical points of the 2-nd derivative
of the function.

}’H _ + +
. -
N e 0 ~—_~— X

When xe(-1,0) »">0 and the curve is concave upwards.
When xe(-w, -1)u(0,+®) »"<0 and the curve is concave

downwards.
6) lm y(x)=—w and lm y(x)=-+ew. Thus, the line x=-1
x—>—-1-0 x—>-1+0
is a vertical asymptote of the curve. By (5.3):
4 3
ke tim 2 X g Y g Ly
x—to X X—>Foo x(x+ 1)3 X—>Fo0 3(1 1 ]3 xX—>Foo (1 + ())3
x| 1+—
X

b= lm b(x)—kx]: lim { x! —x}: Hrrin:

x—>to0 x—>1o0 (x + 1)3 (x + 1)3
— lim x4—x4—3x3—3x2—x: . —3x3—3x2—x:
X—>Fo0 (x + 1)3 x—>*o0 (x + 1)3

x3(_3_3_12) 3-0-0
- fm X Xy 227V TY g

x—>+00 x3(1 + 1)3 x40 (1 + ())3
X
Hence the line y=x-3 is the inclined asymptote as x—-—oo and
as x — +oo,
7) Fig. 5.1 shows the graph of the function.
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V20

-20

r-30

Figure 5.1

b) Let’s use the general scheme of curve sketching.
1) x2+1¢0©xeR:>D(y)=(—oo, +0).
2) Points of intersection of the graph and the x -axis (y=0):

_ ~1=0,
y=21 =0:{x =x=1=(1,0).

_1+x2 1+x% #0.

The point of intersection of the graph and the y -axis (x=0):
0-1
1(0)= =-1=(0,-1).
0= =120

3) Let’s check a function for evenness or oddness:
—x—1 x+1
y-x)=

- 1+(—x)2 __1+x2 ’
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s0 y(-x)# y(x) and y(-x)#—y(x). It means the function is neither odd
nor even.

, x—1 x—1’1+x2 —(x=1){1+x?
SPEESAE I (1+)x§)2 he)

C1x? —(x—12x  —x?42x 41

) (1+x2)z ) (1+x2)2
y'=0:>{_xz+2x+1:0’:{x:1+\/§’
<1+x2)2¢0, x=1-y2,

therefore x=1-v2 and x=1++2 are the
of the function.

critical points

y — + _

-
v \ 1-42 /7 1+42 \ x

When xe(l—\/E, 1+\/E) »'>0 and y increases.
When xe(—oo, l—ﬁ)u(1+\/§, +oo) y'<0 and y decreases.
As x increases through x=1-+2, y" changes its sign from
— to +; hence at x=1-+2 y has a minimum value
(-v2) 1-2-1 =2 —2p+2) 2242
1P 4-22 2e-V2fe+2) 4
J2 41

=— ~—-1.21.
2

As x increases through x=1+2, changes its sign from

+1to —; hence at x =1++/2 y has a maximum value
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Wi+42)- 1+Y2-1 2 LR-2) _2/2-2
1+(+[)2 T4r22 2pe2fa-V2) 4
V2-1

= ~0.21.
2

5) y”=[_)(cl2 ’f}HJ -

(—x2 +2x+1)'(1+x2)2 —(—x2+2x+lI(l+x2)zj
(l-i-xz)4

_ (—2x+2)(1+x2)z —(—xz +2x+1X2(1+x2)2x):
(1+x2)4

I T (S (T e e v

(1+x2)4

_ 2(1—x+x2 —x® 2% —4x? —2x)= ,’Z(x3 —3x? —3x+1)

(1+x2)3 (1+x2)3

2(x3—3x2—3x+1) x =3x% ~3x+1=0,
=0= =
(1+x2)3 (1+x2)3¢0,
= x® -3x? -3x+1=0.
It’s quite obvious, that one of the roots of the last equation

is x=—1. It means that the left-hand side of the last equation has a
factor (x+1), therefore we can factor the whole equation by using long

V'=0=

division (analogous to problem 4.2 issue (f)):
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x> —3x% —3x+1 |x+1

a2 x? —4x+1
—4x? —3x+1
R e
x+1
el
0
x=-1,
x3—3x2—3x+1:(x+1)(x2—4x+1):O© x=2—x/§,
x:2+\/§,

therefore x=—-1, x=2—-+3 and x=2++3 are the critical points
of the 2-nd derivative of the function.

},n _ n B N
-
Y TN N2 3 N2 3N x

When «xe (—1, 2—\/§)u (2+\/§, +oo) y">0 and the curve
is concave upwards.
When  xe(-o0, 1)U (2 —V3,2+ \/5) y"<0 and the curve

is concave downwards.
As x increases through x=-1, " changes its sign; hence y

has a point of inflection with coordinates
-1-1
y-1)=———=-1=(-1,-1).
1+(-1)
As x increases through x = 2-3, " changes its sign; hence y
has a point of inflection with coordinates

_ 2301 13 V3, g 1443
b £ T ]
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As x increases through x=2++/3, )" changes its sign; hence y
has a point of inflection with coordinates
o )= 2443-1 _ 1443 _3-1 :[zﬂ/g, \/5—1}
1+ (2 3 )2 g+4y3 4 4

6) Since the given function is a ratio of two polynomial functions
and the denominator is a positive number for any real value of x,

therefore the equation lim y(x)=co has no solution for x,. Thus,
X=X

the graph of the given function has no vertical asymptotes.
Let’s check whether the graph of the current function has incline
asymptotes. By (5.3):

() -1 A I
k= lim * = lim x = lim al = lim =0.
x—>t0 X Xx—>to0 xi1+x2i x—>too x1+x2 x—)ioo1+x2

b= lm [y(x)-kx]= lim {x_l —0}: lim L =

x—too ] + x2

Hence the line y=0 is the horizontal asymptote as x——oo and
as x —> +0,

7) Fig. 5.2 shows the graph of the function. The marked points
correspond to maximum and minimum values of the function and
the points of inflection.
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Figure 5.2
Exercises

5.1. Differentiate the following functions:

a) y =15§/x—4—x2 +L8—sin(7z—l);
4x

b) y= 2 5wt arcsin(2x)+ % ;

¢) y = (arctan(2x +1)f" 2% ;

d) y3+x4—2x4y2+3y+10x2—1=0.
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Answer: a) y' = % -2x— % ;b) y' = o2 —5x+l (4x — 5)arcsin(2x) +
x x

aloseel 2 3 _3l(1-3x)

Vica? (=3xV3x+5 5 [3e4sp

c) y= (arctan(?.x + 1))Sin 2x [2 cos(Zx)ln(arctan(Zx + 1)) +
2sin 2x 4x3 —8x3y2 +20x

arctan(2x + 1)1+ (2x +1 32 —4xty+3
5.2. Find the first and the second derivatives of the parametric
functions:

+e

’

;d) y'=-

+

x=lnt, x—1+cos£
a)y 1 b) 2’
yE y=t-sint.
.2 2
Answers @) yi =, =T by dsin,
" t
Vix :4cot5.
5.3. Applying L’Hopital’s rule find the following limits:
X
. e¥-e? . X
a) lm ———; ¢) lim In| I+sin= [cotx.
x—0 Cosﬁsinf x—0 2
2 2
2x
b) lm
x>0 x + ¥

1
Answer: a) 1;b) ;) 5
5.4.Find the maximum and minimum of the functions

on the given segment:
a) y=x>-3x+3,[-2 3]; ¢) y=2sin(2x)+ cos(4x), [0, z].

b) y=(3-x) 4,0, 4];
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Answer:  a) yo.. =21, ypin=15 D) yiax =3,  Ymin ===

3
€) Vmax 257 Ymin =3

5.5. Sketch the graph of the functions:
3 2

X X
T b) y=

a) y= > .
X x“+2
Answer: a) Fig. 5.3 shows the graph of the function; b) Fig. 5.4

shows the graph of the function.
y

an

N
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N

I
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Figure 5.3

Figure 5.4
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6 DIFFERENTIAL CALCULUS OF FUNCTIONS OF
SEVERAL INDEPENDENT VARIABLES

Domain of definition of a function
Let D(f) be the set of points on the xy -plain, where a function

f(x, y) is defined. D(f) is called the domain of definition
of the function f(x, y).

The set of points (x,y) such that \/ (x—x0 P +(y—y0) <&
is called the & -neighborhood of the point (x, ).

A set D is called the open set or domain if every point of D
has neighborhood consisting entirely of points that belonging to D .

A boundary point of a set D is a point every neighborhood
of which contains both points that belong to D and points that do
not belong to D .

A set D is called closed if it is contains all its boundary points.

A region is a set consisting of a domain plus, perhaps, some
or all of its boundary points.

Problem 6.1. Find and sketch the domain of definition of the
function of two variables:

= infl—x? =2 sl
x—y+1

Solution.
The function z assumes real values under the conditions:

16—x2—y2>0, x2+y2<16, x2+y2<16,
ly+1<1, =-1<y+1<1,={-2<y<0,
x—y+120, y#x+1, y#x+1.

Fig. 6.1 shows the domain of definition D(z) of the given function.
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Figure 6.1
x? +y2 <16,
Answer: D(z):{-2<y<0,
y#x+1.

Limit and continuity of a function of two variables
A real number 4 is called the limit of a function f(x,y)

inas M(x,y)  tends  M(xo, v) (M (x, y) = Mo (x0, y0))
if for any positive real number ¢ can be found a positive real

number §=4(g), such that if 0<\/(x—x0)2 +(y=yo)* <& then

lf(x, y)-A4<e:
lim f(x, y)=4.

X=X
y—=>Yo

If M(x, y) is some arbitrary point in & -neighborhood of the point
M (xq, v ) » then the last formula can be rewritten in the form:

MlimMO fM)=4,

where f(M)=f(x, ).
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A function z=f(x,y) is said to be continuous at a point
My(xg, vo) provided f(M,) is defined and lim f(M)= f(My).
—My

A function z= f(x, y) is said to be continuous in a domain
if it is continuous at each point of this domain.

Partial derivatives
Let z=f(x, y) be a function of the independent variables x
and y.
The partial derivative of z = f(x, y) with respect to x, written
0z

3 zy, fy,1s defined as:

0z _ o St A y)- sl y) L A y)

0x Ax—0 Ax Ax—0  Ax
Here A,z=A,f(x,y)=f(x+Ax, y)-f(x,y) is the partial
increment of z with respectto x.
The partial derivative of z = f(x, y) with respect to y, written

oz

5, zy, fy»1s defined as:

oz _ o Sy an)-sloy) L A y)
0y Ay—0 Ay Av—0 Ay

Here A z=A,f(x,y)=f(x, y+Ay)-f(x,y) is the partial

increment of z with respectto y .

Partial derivatives of higher orders
The second-order partial derivatives of the function z = f(x, y)

are defined as the partial derivatives of its first-order partial
derivatives:

?z ofoz\ ,, . 2z ofoz) ..

e b e

0’z _i(%J_ 8zz_i[zj_ o
oyox oOx\ 0y e oy 0ylady e

Analogously, partial derivatives of any order can be defined.
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Theorem 6.1. 1f z= f(x, y) and its partial derivatives f;, f;,

"

xy
then f7, = f7, at this point.

and fy, are continuous in a neighborhood of a point M(x, y),

Total differential
The total increment of a function z=f(x,y) at the point

M(x, y) is the difference:
Az = fx+Ax, y+ap)-f(x, ).

The function z= f(x, y) is called differentiable at the point
M(x, y) if its total increment at this point can be represented
in the form

Az = AAx+ BAy +aAx + Ay ,
where a=a(Ax, Av) >0, B=p(Ax, AY)—>0 as Ax—0, Ay—0,
4 and B are quantities independent of Ax and Ay .
Total differential of the function z= f(x, y) is the principal

part of the total increment Az which is linear with respect
to the increment of the arguments Ax and Ay, namely,

Az = AAx+BAy .
Theorem 6.2. 1f z=f(x,y) has continuous first partial
derivatives at a point M(x, y), it is differentiable at the point and
has the total differential, which can be written in the form:

dz=gdx+gdy. (6.1)
ox oy

Theorem 6.3. 1f z=f(x,y) is differentiable at the point
M(x, y), then the function is continuous at this point.

p— 2 . .
Y s given.

Problem 6.2. The function z= arcsin(x2 + y2)+
Find dz .
Solution. By (6.1), we get:

1 _ 2x + (Sy _ ZX)eSchfx2 :

ox 1_<2+y2)2
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g2 +5xe50 ;
oy

l—(x2+y2

dz = 2—x+(5y—2x)e5xy_x2 dx +

2
+ > +5x> 7 dy

1—(x2+y2

Derivatives of composite functions
If z=f(x, y) and x=x(u, v), y=y(u, v), then:
0z 0z0Ox 0z0Oy 0z 0z0Ox 0z0Qy

— =+ — —+—= (6.2)
ou dxou Oyou’ v ox ov dy ov
If z=f(x, y) and x=x(¢), y = y(), then:
dt Oxdt Oydt
If z=f(x, y) and y = y(x), then:
dz _0 Ozdy (6.4)
dx Ox 8y dx '

Problem 6.3. Find the derivatives of the composite functions:

62 62 dz dz
—,—;b) —;¢c) —.
) )dt )dx
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a) z :sin(2x+y2), x=uNu—v, y=2%"",
b) z= arctan(xy), x=2sin2t, y:e‘ﬁ;
) z—]nb ) —tan(5+x2)
Solution. a) By (6.2) we obtain:
& = 2cos(2x+y2)' & = 2ycos(2x+y2)'
ax 2 6)/ b

ox _ LY L 6x 3 u’ .
514 2\/u v’ 2\/u—v’




W 2usdv 2In2 =226V g D 2 35
ou ov

2\/u %
=2005(2u3\/u—v +24”+6V{ 3u?Ju—

ou

a—Z:2cos(2x+y {3u2\/ -

J+ 2ycos(2x+ 2 )22”+3V+1 In2=

ZJu_vJ

4 p2u3vl COS(2u3 S 24u+6v)_ 22u+3v+1 n2—

:2008(2u3 ey | 5,2 odurbvily o |
2\/14 Y
%:2cos(2x+y2)- - v’ +2ycos(2x+y2)~22”+3v~31112:
ov 2Nu—v
u3cos(2u3\/u—v+24“+6")+
Vu-v

L. p2utdy COS(2M3 u_v+24u+6v)22u+3v.3]nz=
3
:_COS(2M3 u_v+24u+6v{”__24u+6v+131nz]
Nu—v

b) By (6.3) we get:

0z y oz x dx dy _ e‘ﬁ
—= ; —= ;——4cos2t
Ox 1+x2y2 oy 1+x2y2 dt dt 2\/_
dz y x e‘ﬁ 1 Vi
— ﬁ4cos2t+ > 4ycos2t+x—=|=
dt 1+x%y 142292 201 142y 2t
Ji
= ! 4V cos2t+2sin2 S | =
o Jr 2 2\/;
1+(2sinZt) (e )

e‘ﬁ 1
=f— 4cos2t+sin 2t — |.
1+4e>V" sin? 21 Vi

¢) By (6.4) we obtain:
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oz _ —e' oz _ 1 dy_ 2x
ox y—ex’ oy y—ex, dx  cos?|5+x

dz —e* 1 2x 1 X 2x
P * 20, 2| e 2542 =
dx  y—e* y—e* cos (5+x ) y—e” cos“|5+x
1 2
= 5 _€x+ B d b .
taniSer i—ex cos 15+x '
3

Answer:  a) a—Z:2cos(2u3 u—v 2%V 32 [y M
Ou 2Nu—v

AR

3
+24u+6v+1m2);%:_cos(2u3 u_v+24u+6v{u__24u+6v+13h12}
v u-—v

@eﬁ(

:f 4cos2t+si112tlj;
dt 14 4e™V sin2 2

Ji

c) @ _ ! -e* + 2x
dx tan‘S +x? i— e~ cosziS +x2 i '

Extremum of a function of two independent variables
Necessary condition. 1f z=f(x, y) is differentiable and has

an extremum at point M(x,, v ), then:

0. E . 6.5)
ox|,, Oyl
The stationary points of the function are the points at which all
its partial derivatives vanish.
Sufficient condition. 1f M(xy, y,) is a stationary point
2 2 2
of the function z=f(x,y), and A:a—z, B= 0z , 82,
ox? 0x0y 0 y2

D=B?-AC, then:
1)If D(M)<0 and A(M)<0, then z=f(x,y) has maximum

at M(xo. ¥9);
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2)If D(M)<0 and A(M)>0, then z=f(x,y) has minimum
at M(xo, );

3) If D(M)>0, then z= f(x, y) has no extremum at M(xy, y);

4)If D(M)=0, then the nature of the stationary point
is undetermined and this case requires further investigation.

Problem 6.4. Examine function z=x>+3x2-15x-12y for
maximum and minimum values.

Solution. We can obtain stationary points by using
equations (6.5):

0% 3243215, 22 612
ox oy
Oz 22
9z 2 _
P ’ 2 2 _q1e_ 2, .2 c_ x +(—) -5=0,
X - 3x°+3y° -15 0,:> x“+y =5 0,:> x
9z _  (6w-12=0, xy =2, 2
oy y <
4 .2 4 £ 2 _
x2+iz_520:>x 5)26 +4:0<:>x 5x°+4=0,
X x x#0.

xlzl,
4 <2 2 2 h=1L |x=-1
X =5x"+4=0=>y¢=x"(=t"-5t+4=0=> =
l1=4, X3:2,
X4=—2.
Xlzl,

Xy = —1,

. 2
As the result, we’ve obtained and y==, thus we get
X

X3 :2,
X4 :—2,
four stationary points: M,(1, 2), M,(~1, =2), M5(2,1), M4(-2,-1).
2 2 2
Then we find A:6 i =6x, B= 0z =6y, C= 0 22 =6x,
Ox

D= B - AC=36y% ~36x* =36[y% — x?).
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D(M,)= 36(22 - 12): 108 >0 = the given function doesn’t have
an extremum at the point M, .

D(M,)= 36((— 2f —(—1)2): 108>0= the given function doesn’t
have an extremum at the point A, .

D(M)= 36(12 —22)= -108<0 =  the given function has
an extremum at the point My, A(M3)=6-2=12>0 = the given function
has a minimum at this point: z,;, =2 +3-2-12-15.2-12.1=-28..

D(M4)= 36((—1)2 -(- 2)2)= ~108<0 = the given function has
an extremum at the point M,, A(M,)=6-(-2)=-12<0 = the given
function has a maximum at this point: z, =(~2)* +3-(-=2)-(=1)* -
—15-(=2)-12-(-1)=28.

Answer: at both points M, (1, 2) and M,(~1, —2) the given function

doesn’t have an extremum,;
at the point M;(2, 1) the given function has a minimum z,,;, =28 ;

at the point M,(~2, —1) the given function has a maximum z,,,, =28.

Conditional extremum of a function of two independent variables
The term conditional extremum is used when we need to find
an extremum of a function z= f(x, y) under condition that variables

x and y satisfy the equation:

#(x, y)=0
which is called the equation of constraint.
In the current case we should consider so-called Lagrange’s
Sfunction:
Lx, y, 2)= f(x, y)+ 24(x, y). (6.5)
Then the solution of the initial problem is reduced to finding
of an extremum of a function L(x, y, A) of three independent variables.

In the present case the necessary condition is:

124



a_,

o0x

L _y, 6.6)
oy

Ay

on

We should notice that not every solution of the system (6.6) yields
a point of extremum and additional investigation to find the nature
ofthe point is required. However, in solving practical problems,
the nature of a stationary point can be often determined from the entity
of the problem.

Remark. If the variables x and y satisfy to more than one
equation of constraint:

¢,-(x, y)= 0,i=1...n1,
then Lagrange’s function can be considered in the form:
L(x, v, Auseeesn)= [ y)+ 0 (x, 9) - 2y (v, 9)

and system (6.6) can be written in the form:
a_,
ox
oL
oy -
oL

o

03

)

oL
oA

=0.

n

Problem 6.5. Given a region bounded by the x- and y -axes and

the parabola y+x?-3=0 (0 <x< \/5) Find the area S of the largest

rectangle with sides along the coordinate axes which can be inscribe
in this region (Fig. 6.2).
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Solution. Since the length and width of the rectangle are x and

. y respectively, then the area
Y of the rectangle is S=xp.
3- Taking into account, that
the region, in which
the rectangle 1is inscribed,
isbounded in particular
7 by the parabola, x and y

M(x, y) have to satisfy to its equation:

v+ x2-3=0.
It means we have to find
the maximum of the function
S=xy under the condition

that variables x and y

‘ _ . ‘ ‘ > satisfy the equation
05 | 05 1 15 2 X ofconstraint:

y+x2—3=0.

Figure 6.2 Let’s consider

the corresponding Lagrange
function (6.5):

L(x, v, /1)=xy+ﬂ,(y+x2 —3)
and system (6.6):

=y+2xA=0,

oL
X

a—L=x+7u=0,
Yy
L

0 2
—=y+x"-3=0.
on ”

From the first and second equations of the last system we can
obtain x and y interms of A and plug in the results in the third one:

X+A=0=>x=-A; y+2xA=0= y=-2x1=21";

y+x? 320222+ 2 -3=0= 2 =1= 1, = 1.
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Since, for the considered region x>0, then 4 =1 is not suitable,
because the corresponding value of x=-4 =-1 does not belong
to the region. Therefore, we obtain the solution:

h==l=x=y=2=>8.x=2.

Answer: S =2.

Extreme values of a function in a closed domain
Theorem 6.4 If a function z = f(x, y) is continuous in a closed

domain D , then:

1) the function is bounded in the domain D ;

2) the function takes its least and greatest values in the domain
D.

Let a function z=f(x,y) be differentiable in the closed

domain. Then the greatest and least values of the function
in the closed domain can be found by using the following approach:

1)to find stationary points of the function which belong
to the domain;

2) to find stationary points on the boundaries:

—boundary lines can be considered as the equation
of constraint and then Lagrange’s function can be used to find
stationary points on each boundary line (the first method);

—to express one variable in terms of another one from
the equation of the boundary line (if it’s possible). Then, the
obtained expression has to be plugged in the equation of the
function. After we get a function of a single variable from which
stationary points can be found (the second method);

the first or second method should be used for each boundary
line separately;

3) to calculate values of the function at the obtained points and
points of intersection between the boundary lines:

4) to select the greatest and least values among the obtained
ones.
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Problem 6.6. Find the greatest and least values of the function

2 2
z= % —xy+y in the domain D bounded by the parabola y = x? and
the line y =3 (Fig. 6.3).

Solution. Let’s use the described approach.

1) Let’s find stationary
points of the function
in the domain D :

21 = {z&:x—y=0, {y:l,

z;, =—x+1=0;

The obtained point
M;(1,1) definitely belongs

to the considered domain.
Figure 6.3 2) Let’s find all
the stationary points of the
function on the boundary lines using both methods described in issue 2.
The first method. Let’s start with the parabola
2 2
y= % =>y- x? =0, xe[-3,3]. Then the corresponding Lagrange

function is

x=1.

3 2 1 0 1

2 2
L(xa s ﬂ'):x?_xy*—y_i_ﬂ’(y_%J

System (6.6) has the following form:

oL 2
g—x_y_gkx—o, y:X—%MZI‘f‘l;\.—g;\?,
oL 3 3 3
—=—x+1+A=0, =>{x=1+A,

5 32 +h-2=0.
aAL_ X _y
T

. 2 .
From the last equation 4; =-1, 4, = 3 Therefore, we obtain two

additional points:
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(1+zl, 1+%,11 —%ﬂ%j:MZ(o, 0);

1 2 5 5 25
(1+22, 1+§ﬂQ —E/IQ]_M{E, 2—7j
Now let’s do the same, but using the second method. From
the equation of the parabola we have expression for y interms of x:
y= 3
After substitution y with its expression in terms of «x
in the equation of the function, we get:

x? x* x? x> 5x?
Z=——-X—+—=——""+—, xe[—3, 3].
2 3 3 3 6
Therefore, we obtained the function of one independent variable,
which stationary points are:
Z'=—x2+5—x=0<:>x1 =0, xy =§.
3 3

2 2
X X 5 25
[xl, —31 ]:MZ(O, 0); (xz, —;J=M3[§, —27)

We obtained the same pair of points.
The second boundary line has the equation y=3, so we can

substitute y with 3 in the equation of the function and reduce

to a function of one variable:
2
z= X 3x+3.
2

Let’s find the stationary point of the obtained function is:
Z=x-3=0=x=3= M43, 3).
3) Let’s calculate values of the function at the obtained points:

1 125 3
Z] :Z(M]):E; Zy =Z(M2)=O; Z3 =Z(M3)=E; Z4 =Z(M4)=—5 .
Points of intersection between the boundary lines are:
2
Y39 ‘9’:{x i3’:>M4(3, 3} Ms(-3,3)
y=3 y=3 =3
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We obtained only one new point and the value of the function
at this point is:

33
Z5 = Z(M5 ) = ? .

4) The greatest and least values of the function in the domain D

are:
33 3
Zmax = %5 :79 Zmin = %4 :_5-
33 . 3 .

Answer: zp,, = > at the point Ms(~=3,3); zpin = - at the point

M4(3,3).

Exercises

6.1. Find and sketch the domain of definition of the function
of two variables:
. arcsin(y —2x 1)

[4_2 2

x? +y2 <4,
Answer:  D(z):{y>2x, Fig. 6.4 shows the domain
y<2x+2.

of definition D(z) of the given function.

y
/’271 =

Figure 6.4
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2
6.2. The function z = e‘(x2+y 2)[3x2 +yTJ is given. Find dz .
3
Answer: dz = e_(x2 +y? )[6x —6x° - %de +

2 2 — 3
+ e_(x *y ){— 6x2y + %]dy .

6.3. Find the derivatives of the composite functions:

E Lk
dt dx

Oz
a) ~ s T~
ou Ov

2

x u
a) 2=y x=2, y=ut 02,
v

2
b) z=e* "2, x=sin3t, y=23;

c) Z=]Il[%], y=x>+42.

2 22
Answer: a) g:%(u2+v2)z(3u2+vz)+ 2ulv® —u”|
v

b
u vz(u2+v2)3

2 2( .2 2
g_i(uz_i_vz)z(vz_uz)_Zu ‘u +3v ’

== :
vy v3(u2 +V2)3
dz in23—4r3( . 2 dz 4—x3
b) — =3¢"" sin6t—4t~|; €¢) — = )
dt dx 2x‘x3 + 2)

6.4. Examine the function z=x>+)>—6xy+18x—39y+1 for

maximum and minimum values.
Answer: at the point M,(~6,1) the given function doesn’t have

an extremum,; at the point M, (5, 6) the given function has a minimum
Zmin = -105.

6.5. Examine the function z=x+2y for maximum and minimum

values under the condition x? +y% =5.
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Answer: z,,, =5 at the point M,(I, 2): z,, =—5 at the point
M, (-1, =2).

6.6. Find the greatest and least values of the function

max

z=x?+2y*-2x—4y+2 in the domain bounded by the lines x=0,
y=0and 3x+y=4.

Answer: z,,, =18 at the point M;(0,4); zp, =—1 at the point
M,(1, 1).
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Appendix A
Table of Derivatives
(u=u(x) is a differentiable function)

1. (C) =0, C—const; 1. (anu) =——u';
cos” u
2. (x) =1; 12. (cotu) =- _12 '
sin” u
3. (u") —nu" 13. (arcsinu), -1
1-u?
1 1 g 1
4. Wu) = ‘u'; 14. (arccosu) =— .
W) =51 recosf =
5. (a”) =a"-na-u',a—const ; 15. (arctanu)’ = U
1+u
u f u ’ —1 f 1 ’
6. (e ):e ‘u'; 16. (cot u):— >ou's
I+u
7 (logau),: 1 o 17. (sinhu) =coshu-u';
‘Ina
g (lnu)' :l~u'; 18. (coshu) =sinhu-u';
u
N ’. , 1 ,
9. (smu) =cosu-u'; 19. (tanhu) =—u';
cosh” u
10. (cosu) =—sinu-u'; 20. (cothu)':—;zﬂ’.
sinh“ u
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