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INTRODUCTION 

 

The textbook has been developed for students of technical 

specialties, who study Higher Mathematics in English. At National 

University Zaporizhzhia Polytechnic, Higher Mathematics in English 

is traditionally taught for students majoring in G3 Electrical 

Engineering. The primary objective of the current textbook is 

to facilitate comprehension and mastery of fundamental ideas and 

concepts in higher mathematics. Given the importance 

of mathematical knowledge and skills in technical sciences, 

a structured approach that combines essential theoretical knowledge 

and methods for solving practical problems has been proposed. 

The first part of the textbook consists of the following chapters: 

Linear Algebra, Vector Algebra, Analytical Geometry, Limits and 

Continuity of Functions of a Single Variable, Differential Calculus 

of Functions of a Single Variable and Differential Calculus 

of Functions of Several Variables. Each chapter provides essential 

theoretical material, including definitions, concepts, equations and 

formulas, necessary for students to understand the approaches and 

methods of solving the problems in the current textbook. They also 

contain the solutions of the typical problems to illustrate application 

of the considered theoretical material. Students are provided with 

training exercises at the end of each chapter. These exercises are 

developed to assist students in comprehending the material in greater 

depth and to practice the knowledge and skills they have acquired. 

Each exercise contains the answer, enabling students to check their 

solutions and detect pieces of material which needs to be studied 

additionally. Some materials from the lectures of V.P. Chumachenko [4, 5] 

have been used in the preparation of this textbook. 

The current textbook can be used for practical classes 

or as supplementary material for Higher Mathematics lectures 

conducted in English. In addition, it can be utilized by students 

to study and master the main ideas, concepts, and methods of 

linear and vector algebra, analytical geometry, and differential 

calculus. 



 5 

1 LINEAR ALGEBRA 

 

Matrices 

 A matrix is a rectangular array of numbers (or functions) 

enclosed in parentheses. 

 If a matrix has m  rows and n  columns then it is called 

an nm  matrix. An nm  matrix is written as follows: 






















=

nmmm

n

n

aaa

aaa

aaa

A







21

22221

11211

 or ( )ijaA = , 

 where ija  is called the entries or elements of the matrix, 

mi ,1= , nj ,1= . 

 A matrix which has as many rows as columns is called 

a square matrix. 

 The diagonal of a square matrix A  containing the entries 11a , 

22a , …, nna  is called the principal (main) diagonal. 

 A square matrix with ones on the main diagonal and zeros 

elsewhere is called an identity (unit) matrix. It is denoted by I . 

 A square matrix in which all entries above (below) the main 

diagonal are all zero is called a lower (upper) triangular matrix. 

 

Matrix operations 

1. Scalar multiplication. The product of any number k  by any 

matrix ( )ijaA =  is a matrix ( )ijakAk =  obtained by multiplying each 

entry of A  by k . 

2. Addition (Subtraction). Addition (subtraction) is defined 

only for matrices of the same dimensions. If ( )ijaA =  and ( )ijbB = , 

then their sum (difference) is obtained by adding (subtracting) the 

corresponding entries: ( )ijij baBA = . 

 3. Matrix multiplication. The product ABC = , where  

( )ikaA =  and ( )kjbB = , is defined if and only if the number of 

columns of the first factor A  coincides with the number of rows of 
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the second factor B . By definition, the entry of the product matrix 

located in the i -th row and the j -th column is equal to the sum of 

products of the corresponding entries of the i -th row of A  and the 

j -th column of B : 

kjikji1ji1ij bababac +++= ...22 . 

 4. Transposition. The transpose TA  of an nm  matrix A  is 

an mn  matrix obtained by replacing the rows of A  by 

its columns. 

 

Problem 1.1. Matrices 








−

−
=

201

432
A , 









−
=

203

541
B , 

















−=

43

10

12

C , 














−

=

50

13

02

D , 








−
=

34

02
F , 

















−=

1

2

3

G , ( )74=H  are 

given. Find: 

a) ( ) FDC + 2 ;  c) FD   and DF  ; 

b) IBAT 5− ;  d) ( ) FHGA
T

− . 

Solution. 

a) Step 1. 














−

=














−

=

100

26

04

50

13

02

22D . 

Step 2. 














−

=














−

+
















−=+

143

16

12

100

26

04

43

10

12

2DC . 

Step 3. ( )
( )
( )
( )

=
















−++

−++

−+−+−

=








−













−

=+

3140341423

31064126

31024122

34

02

143

16

12

2 FDC  

















−

−

−

=

4262

316

30

. 
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b) Step 1. 
















−

−=








−

−
=

24

03

12

201

432
T

TA . 

Step 2. =








−















−

−=
203

541

24

03

12

BAT  

( )
( )

( ) ( ) ( ) ( ) 















−

−−−=
















−−+−+−+

−+−+−+−

−+++

=

24162

15123

885

225402443214

205300433013

215201423112

. 

Step 3. 
















=
















=

500

050

005

100

010

001

55I . 

Step 4. 
















−

−−−=
















−
















−

−−−=−

19162

15173

880

500

050

005

24162

15123

885

5IBAT . 

 c) 

( )
( )
( )

=
















−++

−++

−+−+−

=








−















−

=

35004520

31034123

30024022

34

02

50

13

02

FD  

















−

−

−

=

1520

310

04

. 

 The product DF   is not defined because the number of columns 

of the first factor F  doesn’t coincide with the number of rows of the 

second factor D . 

 d) Step 1.
( ) ( )
( ) ( ) 








=









−+−+

+−−+
=

















−








−

−
=

1

16

122031

142332

1

2

3

201

432
GA . 

Step 2. ( ) ( )116
1

16
=








=

T
T

GA . 

Step 3. ( ) ( )( ) ( )213637044724
34

02
74 −=−++=









−
=FH . 
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Step 4. ( ) ( ) ( ) ( )22202136116 −=−−=− FHGA
T . 

Answer: a) 
















−

−

−

4262

316

30

; b) 
















−

−−−

19162

15173

880

; 

c) 
















−

−

−

=

1520

310

04

FD , DF   is not defined; d) ( )2220− . 

 

Determinants 

 A determinant of the n -th order is a numerical expression 

associated with an nn  matrix. 

 1. A second-order determinant is specified by the equality 

21122211
2221

1211
det aaaa

aa

aa
A −== . 

 2. A third-order determinant is specified by the equality (the 

triangle rule) 

−++== 133221312312332211

333231

232221

131211

det aaaaaaaaa

aaa

aaa

aaa

A  

113223332112312213 aaaaaaaaa −−− . 

 3. The determinant of the n -th order is written as  

nnnn

n

n

aaa

aaa

aaa

A

...

...

...

det

21

22221

11211


= . 

 A minor ijM  of an entry ija  in a determinant of order n  is a 

determinant of order 1−n , obtained by deleting the i -th row and 

the j -th column in the original determinant. 

 A cofactor ijA  of an entry ija  is defined as ij
ji

ij MA +−= )1( . 

 A determinant of any order is equal to the sum of the products 

of the entries of any row (column) and their corresponding 

cofactors. 
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 The expansion of the determinant by the entries of the first row 

and second column has the following form: 

nnAaAaAaA 1112121111 ...det +++= , 

nnAaAaAaA 2222222121 ...det +++= . 

 

Properties of determinants 

 1. The value of a determinant remains unchanged if its rows 

(columns) are replaced by the respective columns (rows). 

 2. The sign of a determinant changes if any two rows (columns) 

are interchanged. 

 3. A common factor of the entries of any row (column) can be 

taken outside the determinant. 

 4. If any two rows (columns) of a determinant are identical, 

then the determinant is equal to zero. 

 5. If all the entries in any row or column of a determinant are 

zero, then the determinant is equal to zero. 

 6. If corresponding entries in two rows (columns) of a 

determinant are proportional, the value of the determinant is zero. 

 7. If all entries in a row or column of a determinant are 

expressed as the sum of two terms, then the determinant can be 

expressed as the sum of two separate determinants. For example: 

dc

ef

dc

ba

dc

ebfa
+=

++
. 

 8. The determinant does not change its value if each entry of 

one row (column) is adding to or subtracting from the 

corresponding entries of another row (column) multiplied by the 

same number. 

 9. The value of the determinant of a triangular matrix (upper 

triangular or lower triangular matrix) is equal to the product of the 

entries on the principal diagonal. 

 10. The sum of the products of the entries of any row (column) 

and the cofactors of the corresponding entries of a different row 

(column) is equal to zero. 

 

https://www.toppr.com/guides/business-laws/the-sale-of-goods-act-1930/definitions-of-important-terms/
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Problem 1.2. Calculate the determinants: 

a) 
86

42 −
;    b) 

697

845

312

−

−

. 

Solution. 

a) ( ) 406482
86

42
=−−=

−
. 

b) Using the triangle rule, we obtain: 

( ) ( ) ( ) −−−−−++=−

−

743395781642

697

845

312

 

( ) 209298651 =−−− . 

Answer: a) 40; b) 209. 

 

Problem 1.3. Solve the equations: 

a) 0
4

232
2 =

−

+

xx

x
; b) 0

112

123

22

=−x

x

. 

Solution. 

a) 0
4

232
2 =

−

+

xx

x
, ( )( ) 02432 2 =−−+ xxx , 0125 =−− x , 

4.2−=x . 

b) Using the triangle rule, we get: 

0

112

123

22

=−x

x

, 

( ) ( ) 01113222221321212 =−−−−++− xxxx , 

01272 =+− xx , 31 =x , 42 =x . 

Answer: a) -2.4; b) 3; 4. 
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Problem 1.4. Calculate the determinant 

2431

0102

2321

1203

−

−

−

−

: 

a) using expansion by the first row; 

b) using expansion by the second column; 

c) reducing it to the triangular form; 

d) reducing it to the second order determinant. 

Solution. 

a) Let’s expand the determinant by the first row: 

( ) 14131211 1203

2431

0102

2321

1203

AAAA −+++=

−

−

−

−

= . 

Since the coefficient of 12A  is zero, we calculate only the 

cofactors 11A , 13A  and 14A : 

( ) ( ) ( ) −++−−=−

−

=−=
+

240303212

243

010

232

1 11
11

11 MA

( ) ( ) 10042203312 =−−−−− , 

( ) 20

231

002

221

1 13
31

13 =

−

−

=−=
+
MA , 

( ) 35

431

102

321

1 14
41

14 −=

−

−

−

−=−=
+
MA , 

( ) ( ) 1053512020103 =−−+++= . 

b) Let’s expand the determinant by the second column: 

( ) 42322212 3020

2431

0102

2321

1203

AAAA ++−+=

−

−

−

−

= . 
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Since the coefficients of 12A  and 32A  are zero, we calculate only 

the cofactors 22A , 42A : 

( ) 21

241

012

123

1 22
22

22 −=

−

−

−

=−=
+
MA , 

( ) 21

012

231

123

1 42
24

42 =

−

−

=−=
+
MA , 

( ) ( ) 10521302120 =++−−+= . 

c) By applying properties 2, 3 and 8, we reduce the given 

determinant to the triangular form. Then, by using property 9, we 

compute it: 

==

+→

−→

−→

−

−

−

−

−



−

−

−

−

=
8.

144

133

122
2.

21

2

3

2431

0102

1203

2321

2431

0102

2321

1203

prpr

rrr

rrr

rrr

rr

 

===

−→

−→

−−

−−

−



−−

−−

−

−
8.

244

233

2.
42

8.

6

4

7760

4740

4710

2321

4710

4740

7760

2321

prprpr

rrr

rrr

rr
 

===

+→−−

−

−

−−

−−

−

8.

344

3.8.

7314900

4700

4710

2321

5

314900

203500

4710

2321

prprpr

rrr

 

( ) 10537115

3000

4700

4710

2321

5
9.8.

=−−

−

−

− ==
prpr

. 

d) Using property 8, we make the element 342 =a  zero, and then 

expand the resulting determinant by the second column: 
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==

−→−

−

−

+→

−

−

−

−

=
8.

244

8.
422

32431

0102

4710

1203

2431

0102

2321

1203

prpr

rrr

rrr

10171

012

123

1

101701

0102

4710

1203

22

8.

−−−

−

−

==

−−−

−

−

= A
pr

. 

By applying property 8 to the obtained third-order determinant, 

we make the element 1033 −=a  zero and then expand the resulting 

determinant by the third column: 

=−=

−−

−

−

−→−−−

−

−

= 13

8.

133

1

03731

012

123

1010171

012

123

A

rrr

pr

 

( ) ( ) ( )( ) 105311372
3731

12
=−−−−−=

−−

−
−= . 

Answer: a) 105; b) 105; c) 105; d) 105. 

 

Inverse matrix 

 Let A  be a square matrix. A matrix 1−A  is called an inverse 

matrix of A  if IAAAA == −− 11 , where I  is an identity matrix. 

 If 0det A , the inverse matrix of A  exists and can be found 

using the following formula: 

*1

det

1
A

A
A =− ,     (1.1) 

where ( )

T

nnnn

n

n

T
ij

AAA

AAA

AAA

AA






















==







21

22221

11211

*  is the adjoint matrix of 

A , ijA  are cofactors of ija  in Adet . 



 14 

Solution of matrix equations 

 Let A  and B  be the given matrices, and let X  be the unknown 

matrix. 

 The solution of the equation BXA =  is given by the formula 

BAX = −1 .      (1.2) 

 The solution of the equation BAX =  is given by the formula 
1−= ABX .      (1.3) 

 

Problem 1.5. Solve the matrix equations: 

а) 






 −
=









−

−

32

16

25

41
X ;   b) 









−
=









−−


25

03

42

13
X . 

Solution. 

а) The given matrix equation has the form BXA = , where 










−

−
=

25

41
A , 







 −
=

32

16
B . 

Let’s find the inverse matrix of A : 

1) we calculate Adet : ( ) ( ) 185421
25

41
det =−−−=

−

−
=A ; 

2) we find the cofactors of all its entries: 

( ) ( ) 221
11

11 −=−−=
+

A , ( ) 551
21

12 −=−=
+

A , 

( ) ( ) 441
12

21 =−−=
+

A , ( ) 111
22

22 =−=
+

A ; 

3) we find the adjoint matrix of A : 










−

−
=







 −−
=








=

15

42

14

52

2221

1211*
TT

AA

AA
A ; 

4) by (1.1), the inverse of matrix A  is 








−

−
=−

15

42

18

11A . 

 Using formula (1.2), we get: 

( )
( )

=








+−−+−

+−−+−
=







 −









−

−
=

31152165

34122462

18

1

32

16

15

42

18

1
X



















−

−
=









−

−
=

9

4

9

14
9

7

9

2

828

144

18

1
. 
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b) The given matrix equation has the form BAX = , where 










−−
=

42

13
A , 









−
=

25

03
B . 

Let’s find the inverse matrix of A : 

1) we calculate Adet : 

( ) ( ) 102143
42

13
det −=−−−=

−−
=A ; 

2) we find the cofactors of all its entries: 

( ) ( ) 441
11

11 −=−−=
+

A , ( ) ( ) 221
21

12 =−−=
+

A , 

( ) 111
12

21 −=−=
+

A , ( ) 331
22

22 =−=
+

A ; 

3) we find the adjoint matrix of A : 








 −−
=









−

−
=








=

32

14

31

24

2221

1211*
TT

AA

AA
A ; 

4) by (1.1), the inverse of matrix A  is 






 −−
−=−

32

14

10

11A . 

Using formula (1.3), we get: 

( ) ( )
( ) ( )

=








+−−+−−

+−+−
−=







 −−








−









−
=

32152245

30132043

10

1

32

14

10

1

25

03
X










−−
=







 −−
−=

1.14.2

3.02.1

1124

312

10

1
. 

Answer: а) 



















−

−
=

9

4

9

14
9

7

9

2

X ; b) 








−−
=

1.14.2

3.02.1
X . 

 

Solution of system of three linear equations in three unknowns 

 A system of three linear equations in three unknowns 1x , 2x , 

3x  has the following form: 









=++

=++

=++

,

,

,

3333232131

2323222121

1313212111

bxaxaxa

bxaxaxa

bxaxaxa

    (1.4) 
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where ija  are given numbers, called the coefficients of the system, 

ib  are also given numbers, called the free terms of the system, 

3,1=i , 3,1=j . 

 System of equations (1.4) can be written in the matrix form: 
BAX = ,      (1.5) 

where 
















=

333231

232221

131211

aaa

aaa

aaa

A  is called the coefficient matrix, 

















=

3

2

1

x

x

x

X  is the column vector of the unknowns, 
















=

3

2

1

b

b

b

B  is the 

column vector of the free terms. 

 If the system of equations has at least one solution then it is 

called consistent. If the system doesn’t have solution, it is called 

inconsistent. 

 Matrix solution of the system. If 0det A , then the solution of 

(1.5) has the following form: 

BAX 1−= ,      (1.6) 

where 1−A  is the inverse of matrix A . 

 Cramer’s rule. If 0det A , then the system (1.4) is consistent 

and has a unique solution, which is represented by the formulas: 




= 1

1x , 



= 2

2x , 



= 3

3x ,    (1.7) 

where Adet=  is the determinant of the coefficient matrix, 

33323

23222

13121

1

aab

aab

aab

= , 

33331

23221

13111

2

aba

aba

aba

= , 

33231

22221

11211

3

baa

baa

baa

=  are the 

determinants of the matrices obtained by replacing the j -th column 

of A  with the column vector of the free terms B . 

 Gaussian elimination. Gauss’ method consists in consecutive 

elimination of unknowns. The procedure for solving the system is 

as follows: 

1) write the augmented matrix ( )BAA =
~

 of the given system; 
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2) reduce A
~

 to the echelon form using elementary row operations; 

3) write down the linear system corresponding to the augmented 

matrix obtained in step 2; 

4) solve the system obtained in step 3, starting from the last 

equation. 

 Remark. Elementary row operations of matrices include: 

interchanging any two rows; multiplying a row by a non-zero 

number; adding or subtracting a row multiplied by a non-zero 

number to another row. 

 

Problem 1.6. The system of linear equations 








=++

=−−

−=+−

.824

,632

,132

321

321

321

xxx

xxx

xxx

 

is given. Solve the system using: 

a) the matrix method; b) Cramer’s rule; c) Gaussian elimination. 

Solution. 

Write the system in the matrix form: 
BAX = , 

where 
















−−

−

=

124

321

132

A , 














−

=

8

6

1

B , 
















=

3

2

1

x

x

x

X . 

a) Let’s find the inverse matrix 1−A : 

1) we calculate the determinant of the coefficient matrix: 

57

124

321

132

det =−−

−

=A ; 

2) we find the cofactors of all its entries: 

 
( ) ( ) 42312

12

32
1

11
11 =−−−=

−−
−=

+
A , 

 

 
( ) ( )( ) 134311

14

31
1

21
12 −=−−−=

−
−=

+
A , 

 

 
( ) ( ) 104221

24

21
1

31
13 =−−=

−
−=

+
A , 
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( ) 5
12

13
1

12
21 =

−
−=

+
A ,  ( ) 11

32

13
1

13
31 =

−−

−
−=

+
A , 

( ) 2
14

12
1

22
22 −=−=

+
A ,  ( ) 7

31

12
1

23
32 =

−
−=

+
A , 

( ) 16
24

32
1

32
23 −=

−
−=

+
A ,  ( ) 1

21

32
1

33
33 −=

−

−
−=

+
A ; 

3) we find the adjoint matrix of A : 

















−−

−−=
















−

−−

−

=
















=

11610

7213

1154

1711

1625

10134

333231

232221

131211
*

TT

AAA

AAA

AAA

A ; 

4) by (1.1), the inverse matrix of A  is 
















−−

−−=−

11610

7213

1154

57

11A . 

By (1.6), we obtain: 

( )
( )
( )

=
















−−−

+−−−

++−

=














−


















−−

−−=

81616110

8762113

8116514

57

1

8

6

1

11610

7213

1154

57

1
X  

















−

=
















−

=
















−−−

+−

++−

=

2

1

2

114

57

114

57

1

89610

561213

88304

57

1
. 

b) From a) 57det == A . Let’s find 1 , 2 , 3 : 

114

128

326

131

1 =−−

−−

= , 57

184

361

112

2 =−

−

= , 

114

824

621

132

3 −=−

−−

= . 

Using formulas (1.7), we obtain: 

2
57

1141
1 ==




=x , 1

57

572
2 ==




=x , 2

57

1143
3 −=

−
=




=x . 
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c) We write the augmented matrix of the system: 















 −

−−

−

=

8

6

1

124

321

132
~
A . 

By using elementary row operations, we reduce it to echelon form: 

~

4

2

8

1

6

124

132

321

~

8

6

1

124

321

132

133

122

21

rrr

rrr

rr

−→

−→
















−−

−−















 −

−−

−

 

~

57
114

13

6

5700

710

321

~

1016

13

6

13100

710

321

~

3
3233

−
→

















−

−

−−

−→
















−

−

−−

r
rrrr

















−

−

−−

2

13

6

100

710

321

~ . 

The last matrix corresponds to the following system of linear 

equations: 









−=

−=+

=−−

.2

,137

,632

3

32

321

x

xx

xxx

 

Starting from the last equation, we solve the last system: 

( )
( )








=−++=++=

=−−−=−−=

−=

.223126326

,12713713

,2

321

32

3

xxx

xx

x











−=

=

=

.2

,1

,2

3

2

1

x

x

x

 

Answer: a) 21 =x , 12 =x , 23 −=x ; b) 21 =x , 12 =x , 23 −=x ; 

c) 21 =x , 12 =x , 23 −=x . 

 



 20 

Investigation of a system of m  linear equations in n  unknowns 

 A system of m  linear equations in n  unknowns has the form: 













=+++



=+++

=+++

,...

,...

,...

2211

22222121

11212111

mnmnmm

nn

nn

bxaxaxa

bxaxaxa

bxaxaxa

 

where jx  are the unknowns, ija  are the given numbers, called the 

coefficients of the system, ib  are also the given numbers, known as 

the free terms of the system, mi ,1= , nj ,1= . 

 Kronecker-Capelli’s theorem. A system of m  linear equations 

in n  unknowns is consistent if and only if rArankArank == )
~

()( . 

 If nr = , the system has exactly one solution, which can be 

found using any of the methods described above. 

 If nr  , then the system has an infinite number of solutions, 

which depend on rn−  parameters. 

 Gauss’ method is the universal method for solving systems of 

m  linear equations in n  unknowns. 

 Remark. The rank of a matrix is equal to the number of non-

zero rows after reducing it to echelon form using elementary row 

operations. 

 

Problem 1.7. Solve the systems, provided they are consistent: 

a) 








=−+

=−+

=−+

.432

,207114

,5493

321

321

321

xxx

xxx

xxx

  b) 








=+−

=+−

=+−

.523

,12772

,754

321

321

321

xxx

xxx

xxx

 

c) 













=+−+

=+++

=+−+

=++

.33

,522

,4742

,8523

4321

4321

4321

421

xxxx

xxxx

xxxx

xxx

 

Solution. 

a) Write the augmented matrix of the system and reduce it to 

echelon form using elementary row operations: 
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~

3

4

5

20

4

493

7114

321

~

3

4

20

5

321

7114

493
~

133

122

1

rrr

rrr

rr

A

−→

−→
















−

−

−

















−

−

−

=  

















−

−

−→
















−

−

11

4

4

000

530

321

~

7

4

4

530

530

321

~

233 rrr

. 

2)( =Arank , 3)
~

( =Arank . 

So, )
~

()( ArankArank  . According to Kronecker-Capelli’s theorem, the 

given system is inconsistent. 

b) Let’s write the augmented matrix of the system and reduce it to 

echelon form using elementary row operations: 

~

2

2

7

310

310

541

~2

5

12

7

231

772

541
~

233133

122

rrrrrr

rrrA

−→
















−

−

−

−

−

−→

−→
















−

−

−

=















−−

−

















−−

−

2

7

310

541
~

0

2

7

000

310

541

~ . 

2)
~

()( == ArankArank . According to Kronecker-Capelli’s theorem, the 

considered system is consistent. The solution will depend on 

123 =−=− rn  parameter. 

The last matrix corresponds to the following system of linear 

equations: 





−=−

=+−

.23

,754

32

321

xx

xxx






+−=

−+=

.32

,547

32

321

xx

xxx
 

( )





+−=

+−=−+−+=

.32

,7153247

32

3331

xx

xxxx






+−=

+−=

.32

,71

32

31

xx

xx
 

 Let’s take tx =3 , then 








=

+−=

+−=

,

,32

,71

3

2

1

tx

tx

tx

 where Rt . 

c) Let’s write the augmented matrix of the system and reduce it to 

echelon form using elementary row operations: 
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~
2

3

3

5

8

4

3111

2112

5023

7421

~

3

5

4

8

3111

2112

7421

5023

~

144

133

122

21

rrr

rrr

rrr

rr

A

−→

−→

−→





















−

−





















−

−
=  

~

1

1

1

4

4310

4310

4310

7421

~

1
3

1
4

1

1

3

4

4

4310

12930

161240

7421

~

244

233

44

33

22

rrr

rrr

rr

rr

rr

−→

−→





















−

−

−

−

−→

−→

−→





















−

−

−

−−

−−

−−

−















−

−





















−

−

1

4

4310

7421
~

0

0

1

4

0000

0000

4310

7421

~ . 

2)
~

()( == ArankArank . According to Kronecker-Capelli’s theorem, the 

given system is consistent. The solution will depend on 

224 =−=− rn  parameters. 

The last matrix corresponds to the following system of linear 

equations: 





=+−

=+−+

.143

,4742

432

4321

xxx

xxxx






−+=

−+−=

.431

,7424

432

4321

xxx

xxxx
 

( )





−+=

+−=−+−+−=

.431

,227443124

432

4343431

xxx

xxxxxxx
 




−+=

+−=

.431

,22

432

431

xxx

xxx
 

Let’s take tx =3 , sx =4 , then 








==

−+=

+−=

,,

,431

,22

43

2

1

sxtx

stx

stx

 where Rt , Rs . 

Answer: a) the system is inconsistent; b) 








=

+−=

+−=

,

,32

,71

3

2

1

tx

tx

tx

 where Rt ; c) 









==

−+=

+−=

,,

,431

,22

43

2

1

sxtx

stx

stx

 where Rt , Rs . 
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Homogeneous systems of linear equations 

 A homogeneous system of m  linear equations in n  

unknowns has the following form: 













=+++



=+++

=+++

.0...

,0...

,0...

2211

2222121

1212111

nmnmm

nn

nn

xaxaxa

xaxaxa

xaxaxa

 

 The homogeneous system is always consistent because it 

always has the trivial solution. If the rank of the coefficient matrix 

r  is equal to the number of unknowns n , the system has only the 

trivial solution. If nr  , the system has infinitely many solutions, 

which can be found by Gauss’ method. 

 

Problem 1.8. Solve the homogeneous systems: 

 a) 








=−

=−+

=−+

.08

,0523

,0767

31

321

321

xx

xxx

xxx

   b) 








=−−

=−−

=−−

.0533

,092

,045

321

321

321

xxx

xxx

xxx

 

 c) 








=+−+

=+−+

=+−+

.04593

,03472

,02

4321

4321

4321

xxxx

xxxx

xxxx

 

 Solution. 

 a) Let’s find the rank of the coefficient matrix: 

~

7

3

767

523

801

~

801

523

767

133

122

31

rrr

rrr

rr

A

−→

−→
















−

−

−

















−

−

−

=















 −

−→













 −

800

1920

801

~

34960

1920

801

~

233 rrr

. 

( ) 3== rArank , 3=n , nr = . Hence, the given system has only a 

trivial solution 0321 === xxx . 
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b) Let’s find the rank of the coefficient matrix: 

~

3

5

533

145

921

~

533

921

145

133

122

21

rrr

rrr

rr

A

−→

−→
















−−

−−

−−

















−−

−−

−−

=  








 −−















 −−

−→

→














 −−

2230

921
~

000

2230

921

~

5.0

5.0

2230

4460

921

~

233

22

rrr

rr . 

( ) 2== rArank , 3=n , nr  . Hence, the system has infinitely 

many solutions and it is equivalent to the following system: 





=+

=−−

.0223

,092

32

321

xx

xxx











−=

−=

.
3

22

,
3

17

32

31

xx

xx

 

Setting tx 33 = , we obtain the solution in the form: 








=

−=

−=

,3

,22

,17

3

2

1

tx

tx

tx

 Rt . 

c) We have the homogeneous system of three equations in four 

unknowns. Let’s reduce the coefficient matrix to echelon form: 

~

1230

1230

1121

~

3

2

4593

3472

1121

233133

122

rrrrrr

rrr

−→















−

−

−

−→

−→
















−

−

−

 










−

−

















−

−

1230

1121
~

0000

1230

1121

~ . 

The given system is equivalent to the following system: 





=+−

=+−+

.023

,02

432

4321

xxx

xxxx
 Its solution is 










−=

−−=

.
3

1

3

2

,
3

1

3

1

432

431

xxx

xxx

 

Setting tx 33 = , sx 34 = , we obtain the solution in the form: 
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











=

=

−=

−−=

,3

,3

,2

,

4

3

2

1

sx

tx

stx

stx

 Rt , Rs . 

Answer: a) 0321 === xxx ; b) 








=

−=

−=

.3

,22

,17

3

2

1

tx

tx

tx

 Rt ; 

c) 













=

=

−=

−−=

,3

,3

,2

,

4

3

2

1

sx

tx

stx

stx

 Rt , Rs . 

 

Exercises 

 

1.1. The matrices 








−
=

513

021
A , 















 −

=

14

20

13

B , 








−
=

31

12
C , 










−
=

34

02
D , ( )123 −=F , 

















−

=

3

2

4

G  are given. Find: 

a) ( )TBAC 2+ ;  c) AB , BA , AC , CA , BC , CB , FG , GF ; 

b) TDBA 5− ;  d) ( )TFGAB − . 

Answer: a) 








− 1374

23715
; b) 







 −−

1529

177
; c) 








=

029

33
AB , 

















−

−

=

577

1026

570

BA , 








−
=

1558

535
CA , 

















−=

77

62

07

BC , 5=FG , 

















−−

−

−

=

369

246

4812

GF , AC  and CB  aren’t defined; d) 














−

853

4214

4112

. 
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1.2. Calculate the determinants: 

a) 
57

63

−−
;  b) 

baa

baba

−

−− 2
;  c) 

624

313

524

−−

−

−

. 

Answer: a) 27; b) 2b ; c) 10. 

1.3. Solve the equations: 

a) 0
28

2
=

+−

−

xx

xx
;    b) 0

213

321

35

=

−

+x

x

. 

Answer: a) 0.5; b) -2; 1. 

1.4. Calculate the determinant 

6101

0125

3201

4032

−

−−

−

: 

a) using expansion by the first row; 

b) using expansion by the second column; 

c) reducing it to the triangular form; 

d) reducing it to the second order determinant. 

Answer: -48. 

1.5. Solve the matrix equations: 

а) 








−
=









− 25

13

43

12
X ;  b) 









−
=









−


25

13

43

12
X . 

Answer: а) 



















−

=

11

1

11

19
11

6

11

7

X ; b) 



















−

−
=

11

9

11

14
11

1

11

15

X . 

1.6. The system of linear equations 








−=+−

−=+−

=−+−

.424

,232

,3532

zyx

zyx

zyx

 is given. 

Solve the system using: 

a) matrix method; b) Cramer’s rule; c) Gaussian elimination. 

Answer: a) 11 −=x , 22 =x , 13 =x ; b) 11 −=x , 22 =x , 13 =x ; 

c) 11 −=x , 22 =x , 13 =x . 
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1.7. Solve the systems provided they are consistent: 

a) 








=+−

−=−+

=−+

.22

,3734

,565

321

321

321

xxx

xxx

xxx

  b) 








=−−

=+−

−=+−

.345

,1357

,242

321

321

321

xxx

xxx

xxx

 

c) 













=−++

=+++

=++

=+++

.4272

,7463

,34

,5252

4321

4321

321

4321

xxxx

xxxx

xxx

xxxx

 

Answer: a) the system is inconsistent; b) 















=

−−=

−−=

,

,
3

22

3

16

,
3

17

3

11

3

2

1

tx

tx

tx

 

where Rt ; c) 








==

+−=

−−=

,,

,231

,22

43

2

1

sxtx

stx

stx

 where Rt , Rs . 

1.8. Solve the homogeneous systems: 

 a) 








=+−

=+−

=+−

.0453

,035

,0434

321

321

321

xxx

xxx

xxx

    b) 








=++

=−+

=+−

.054

,023

,052

321

321

321

xxx

xxx

xxx

 

c) 








=++−

=++−

=++−

.018784

,010322

,014553

4321

4321

4321

xxxx

xxxx

xxxx

 

Answer: a) 0321 === xxx ; b) 








=

=

−=

,7

,9

,13

3

2

1

tx

tx

tx

 Rt ;  

c) 













=

=

−=

−−=

,2

,4

,

,115

4

3

2

1

sx

tx

stx

stx

 Rt , Rs . 
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2 ELEMENTS OF VECTOR ALGEBRA 

 

Vectors 

A vector is a directed line segment (arrow). Vectors are 

denoted by a , AB  ( A  is the initial point and B  is the terminal 

point of the vector) or a


, AB . 

The length of the vector represents the magnitude or the length 

of the vector. The magnitude of a vector a  is denoted by || a . 

A vector of length 1 is called a unit vector. 

A vector whose magnitude equals 0 is called a zero vector and 

is denoted by 0 . 

Two vectors are said to be parallel (collinear) if they lie on the 

same line or on parallel lines. This is denoted by ba || . 

Two vectors a  and b  are called equal if they are collinear and 

have the same magnitude and direction. 

Vectors are said to be coplanar if they are parallel to a plane or 

they lie in the same plane. 

Given a vector ABa =  and an axis l . Let 1A  and 1B  be the 

orthogonal projections of A  and B  on l . The projection of the 

vector a  on the axis l , denoted by aprojl , is defined as the length 

of the vector 11BA , taken with a plus sign if 
11BA  has the same 

direction as the axis l  and with a minus sign if 11BA  has the 

opposite direction to l  (Fig. 2.1). It can be calculated by the 

formula: 

= cos|| aaprojl , 

where   is the angle between the vector and the axis. 

 

1A  1B  l  

A  

B  

  

 
Figure 2.1 
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 Let’s consider a Cartesian coordinate system Oxyz . Take an 

arbitrary vector a  and translate it so that its initial point coincides 

with the origin (Fig. 2.2). Let points ( )0,0,11 aA , ( )0,,0 22 aA , 

( )33 ,0,0 aA  be the orthogonal projections of the terminal point of a  

on the x -, y -, and z -axes, respectively, and let A  be its 

orthogonal projection on the xy -plane. Denote by i , j , and k the 

unit vectors in the positive directions of the x -, y -, and z -axes, 

respectively ( 1|||||| === kji , ji ⊥ , ki ⊥ , kj ⊥ ). From Fig. 2.2, it 

follows that 

kajaiaOAOAOAa 321321 ++=++= . 

 

 

1A  

2A  

3A  

A  

O  

A  1a  

2a  

3a  

i  
j  

k  

y  

x  

z  

a  

 
Figure 2.2 

 

 The numbers 1a , 2a , 3a  in the last equality are called the  

coordinates of the vector. Instead of kajaiaa 321 ++= , we can 

write simply ( )321 ,, aaaa = . 

 If ( )111 ,, zyxA  is the initial point and ( )222 ,, zyxB  is the terminal 

point of the vector ABa = , then its coordinates are  

( )121212 ,, zzyyxxAB −−−= .   (2.1) 

 The magnitude or the length of the vector ( )321 ,, aaaa =  is 

specified by the formula 

2
3

2
2

2
1|| aaaa ++= .     (2.2) 

 The coordinates of the unit vector 0a  in the direction of a  are 

given by the formula 
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







==

||
,

||
,

||||

3210

a

a

a

a

a

a

a

a
a .    (2.3) 

 Let a vector ( )321 ,, aaaa =  make angles  ,   and   with the 

positive directions of the x -, y - and z -axes, respectively. The 

cosines of these angles are called the direction cosines. They can be 

determined by the following formulas: 

||
cos 1

a

a
= , 

||
cos 2

a

a
= , 

||
cos 3

a

a
= .  (2.4) 

 

Vector operations 

 Let ),,( 321 aaaa =  and ( )321 ,, bbbb =  be the given vectors, and 

let m  be a scalar. Then: 

1) ( )321 ,, amamamam = ; 

2) ( )332211 ,, babababa = . 

 Two vectors are parallel or collinear if they lie on the same 

line or parallel lines. 

 Test for parallelism: ba ||  
3

3

2

2

1

1

b

a

b

a

b

a
== . 

 

Problem 2.1. A vector ( )2,3,1 −=a  and three points ( )3,1,2−A , 

( )1,3,2 −B  and ( )4,1,3−C  are given. Find: 

a) || a , AB , CA ; b) the unit vector 0a  and the direction cosines 

of a . 

Solution. 

a) Using formula (2.1), we find the coordinates of vectors AB , 

CA : 

( )( ) ( )4,2,431,13,22 −=−−−−−=AB , 

( )( ) ( )1,0,143,11,32 −=−−−−−=CA . 

By (2.2), we find the lengths of the vectors a , AB  and CA : 

( ) 14231||
222 =−++=a , 

( ) 6424
222 =−++=AB ,  ( ) 2101

222 =−++=CA . 
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 b) Using formulas (2.3) and (2.4), we find the unit vector 0a  and 

the direction cosines of a : 









−=

14

2
,

14

3
,

14

10a , 

14

1
cos = , 

14

3
cos = , 

14

2
cos −= . 

Answer: a) 14 , 6, 2 ; b) 







−=

14

2
,

14

3
,

14

10a , 

14

1
cos = , 

14

3
cos = , 

14

2
cos −= . 

 

Problem 2.2. The vectors ( )3,1,2−=a  and ( )5,2,1 −=b  are 

given. Find: 

a) ba + ; b) ba − ; c) ba 32 − . 

Solution. 

a) ( )( ) ( )2,3,153,21,12 −−=−+++−=+ ba , 

( ) ( ) 14491231
222

=++=−++−=+ ba . 

b) ( )( ) ( )8,1,353,21,12 −−=−−−−−=−ba , 

( ) ( ) 746419813 222
=++=+−+−=−ba . 

c) ( ) ( ) ( ) ( )=−−−=−−−=− 15,6,36,2,45,2,133,1,2232 ba  

( )( ) ( )21,4,7156,62,34 −−=−−−−−= , 

( ) ( ) 5064411649214732 222
=++=+−+−=− ba . 

Answer: a) 14 ; b) 74 ; c) 506 . 

 

Scalar (dot) product of two vectors 

 The scalar (dot) product of two vectors a  and b , denoted 

by ba  , and defined as: 

= cos|||| baba ,     (2.5) 

where   is the angle between vectors a  and b . 
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 If ( )321 ,, aaaa =  and ( )321 ,, bbbb = , then 

332211 babababa ++= .   (2.6) 

 The properties of the scalar product: 

1) abba = ; 4) cabacba +=+ )( ; 

2) 2|| aaa = , aaa =|| ; 5) aprojbbprojaba
ba == . 

3) )()()( bambmabam == ;  

 The cosine of the angle between two vectors can be found by 

the following formula: 

( )
||||

^,cos
ba

ba
ba




= .     (2.7) 

 Test for perpendicularity: ba ⊥   0=ba . 

 Physical applications of the scalar product.  The work A  done 

by the force F  when an object is displaced by a vector S  is 

defined as: 

SFA = .      (2.8) 

 

Problem 2.3. Find the scalar product of vectors a  and b  

if 8|| =a , 23|| =b  and the angle between a  and b  is equal to 45 . 

Solution. 

By (2.5), 24
2

2
23845cos238 ===ba . 

 Answer: 24. 

 

Problem 2.4. Find the scalar product of vectors ( )5,1,3 −=a  and 

( )8,4,2−=b . 

Solution. 

By (2.6), ( ) ( ) 30854123 =+−+−=ba . 

 Answer: 30. 

 

Problem 2.5. bam −= 2 , ban 4+= , 2|| =a , 3|| =b , 

( ) 6/ ̂, =ba  are given. Find: 

a) nm  ;   b) ( )nm  ̂,cos ;  c) mprojn . 
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Solution. 

a) Using the properties of the scalar product and formula (2.5), 

we obtain: 

( ) ( ) =−−+=+−= bbabbaaababanm 442242

( ) =−+=−−+= 2222 ||4 ̂,cos||||7||2||48||2 bbabaabbabaa  

1734
2

3
32742 =−+= . 

b) By property 2 of the scalar product and formula (2.5), we get: 

( ) =+−=−= 222
||4||42|| bbaabam  

( ) =+−= 22 || ̂,acos||||4||4 bbbaa  

( ) 73
2

3
32424

22 =+−= , 

( ) =++=+= 222
||168||4|| bbaaban  

( ) =++= 22 ||16 ̂,acos||||8|| bbbaa  

( ) 192316
2

3
3282

22 =++= . 

Using (2.7), we find ( )nm  ̂,cos : 

( )
266

13317

1927

17

||||
 ̂,cos =


=




=

nm

nm
nm . 

c) By property 5, we get: 

38

1917

192

17

||
==


=

n

nm
mprojn . 

Answer: a) 17; b) 
266

13317
; c) 

38

1917
. 

 

Problem 2.6. Find the value of the parameter p  that satisfy the 

required condition: 

a) ( )4,14,6−=a , ( )pb ,21,9 −= , and ba || ; 

b) ( )3,,2 −= pa , ( )5,20,7 −−=b , and ba ⊥ . 
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Solution. 

a) Using the test for parallelism, we obtain: 

p

4

21

14

9

6
=

−
=

−


p

4

9

6
=

−
 366 =− p  6−=p . 

b) Using the test for perpendicularity, we get: 

( ) ( ) ( ) 0532072 =−−++− p  120 −=p  05.0
20

1
−=−=p . 

Answer: a) 6−=p ; b) 05.0−=p . 

 

Problem 2.7. The points ( )3,1,2 −A , ( )5,1,3 −B , and the force 

( )5,4,2 −=F  are given. Find the work done by the force F  that moves 

an object from the point A  to the point B  along the straight line. 

Solution. 

Let’s find the coordinates of the vector AB : 

( )( ) ( )8,2,135,11,23 −=−−−−−=AB . 

According to formula (2.8), ( ) ( ) 50852412 =+−−+== ABFA . 

Answer: 50. 

 

Vector product or cross product of two vectors 

 The vector product of two vectors a  and b  is a vector c  

(Fig. 2.3) such that: 

1) ac ⊥  and bc ⊥ ; 

2) = sin|||||| bac , where   is the angle between a  and b ; 

3) a , b  and c , in this order, form a right-handed triple of vectors. 

 It is denoted as ba   or  ba, . 

 
 

|| baS =  

bac =  

b  

a   
Fig. 2.3 
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 Remark. Any ordered triple of vectors a , b , c  with a 

common origin in space forms a right-handed triple if these vectors 

are not in the same plane and the shortest turn from a  to b  as seen 

from the tip of c  is counterclockwise. Otherwise, the triple is a left-

handed triple. 

 
 

a  

b  

c  a  

b  

c  

 
  Right-handed triple   Left-handed triple 

 

 If ( )321 ,, aaaa =  and ( )321 ,, bbbb =  then 

k
bb

aa
j

bb

aa
i

bb

aa

bbb

aaa

kji

ba
21

21

31

31

32

32

321

321 +−== .  (2.9) 

 The properties of the vector product: 

1) baab −= ; 4) In the case of nonzero 

vectors, 0=ba  ba || ; 

2) ( ) ( ) ( )bambmabam == ; 5) 0=aa . 

3) cabacba +=+ )( ;  

 Geometrical interpretation. The area of the parallelogram 

formed by the vectors a  and b  is equal to the magnitude of the 

vector ba  : baS = . 

 The area of the triangle formed by the vectors a  and b  is 

given by the formula baS =
2

1
. 

 Physical applications of the vector product. The moment M  of 

the force F  applied at the point A , with respect to the point B , is 

defined as 

FBAM = .      (2.10) 
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Problem 2.8. The vectors ( )3,1,2 −=a  and ( )5,1,3 −−=b  are 

given. Find ba  , ba  and the area S  of the parallelogram formed 

by the vectors a  and b . 

Solution. 

 Using formula (2.9), we get: 

=
−

−
+

−−
−

−

−
=

−−

−= kji

kji

ba
13

12

53

32

51

31

513

312  

( )1,1,2112 −=−+= kji . 

( ) 6112
222 =−++=ba , 

6== baS  (units2). 

Answer: ( )1,1,2 −=ba , 6=ba , 6=S  units2. 

 

Problem 2.9. bam −= 2 , ban 4+= , 2|| =a , 3|| =b , 

( ) 6/ ̂, =ba  are given. Find the area S  of the parallelogram formed 

by the vectors m  and n . 

Solution. 

By the properties of the vector product, we obtain: 

( ) ( ) =−−+=+−= bbabbaaababanm 442242  

bababa =−++= 9080 . 

( ) 39
2

1
329 ̂,sin||||99 ===== bababanmS  (units2). 

Answer: a) 17; b) 39  units2. 

 

Problem 2.10. Two points ( )3,1,2 −A , ( )5,1,3 −B , and the force 

( )5,4,2 −=F  are given. Find the magnitude of the moment M  of the 

force F , applied at the point A , with respect to the point B . 

Solution. 

Let’s find the coordinates of the vector BA : 

( )( ) ( )8,2,153,11,32 −−=−−−−−=BA . 

By formula (2.10), we have: 
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=
−

−
+

−−
−

−

−
=

−

−−== kji

kji

FBAM
42

21

52

81

54

82

542

821  

kji 01122 +−−= . 

( ) ( ) 51160501122 222
==+−+−=M . 

Answer: 511 . 

 

Mixed triple product 

 The mixed triple product or the scalar triple product of three 

vectors a , b and c , written as cba , is defined as cbacba = )( . 

 If ( )321 ,, aaaa = , ( )321 ,, bbbb = , ( )321 ,, cccc =  then 

321

321

321

ccc

bbb

aaa

cba = .     (2.11) 

 Properties of the mixed product: 

1) bacacbcba == ; 

2) bcaabccabcba −=−=−= ; 

3) three non-zero vectors a , b , c  are coplanar if and only if 

0=cba ; 

4) if 0cba , then the vectors a , b , c  form a right-handed triple 

of vectors, otherwise they form a left-handed triple of vectors. 

 Geometrical interpretation. The absolute value of the mixed 

triple product of three vectors a , b , c  is equal to the volume of 

the parallelepiped formed by these vectors. 

 
 

b  

c  

a   
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 The volume of a tetrahedron formed by the vectors a , b , c  is 

given by the formula cbaV
6

1
= . 

 

Problem 2.11. The vectors ( )1,1,2 −=a , ( )2,0,3 −=b , and 

( )2,1,1 −=c  are given. 

a) Find cba ; 

b) determine whether the vectors a , b , c  are coplanar; 

c) if the given vectors aren’t coplanar, determine the type of the 

triple they form. 

 Solution. 

a) Using formula (2.11), we obtain: 

9

211

203

112

−=

−

−

−

=cba . 

 b) Since 09 −=cba , the vectors a , b , c  are not coplanar. 

c) Since 09 −=cba , the vectors a , b , c  form a left-handed 

triple. 

Answer: a) -9; b) the vectors a , b , c  are not coplanar; c) the 

vectors a , b , c  form a left-handed triple. 

 

Problem 2.12. Four points ( )0,1,1A , ( )3,0,1−B , ( )2,4,0 −C , and 

( )5,3,4 −D  are given. Determine whether they lie in the same plane. 

Solution. Four points A , B , C , and D  lie in the same plane if 

the vectors AB , AC , AD  are coplanar. By property 3, three non-zero 

vectors are coplanar if and only if their mixed triple product is equal 

to zero. Let’s find the coordinates of the vectors AB , AC , AD , and 

compute their mixed triple product ADACAB : 

( ) ( )3,1,203,10,11 −−=−−−−=AB , 

( ) ( )2,3,102,14,10 −−=−−−−=AC , 

( ) ( )5,2,305,13,14 −=−−−−=AD , 
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0

523

231

312

=

−

−−

−−

=ADACAB . 

Since 0=ADACAB , the vectors AB , AC , AD  are coplanar and the 

points A , B , C , and D  lie in the same plane. 

Answer: the given points A , B , C , and D  lie in the same plane. 

 

Problem 2.13. The tetrahedron is given by its vertices ( )3,5,2 −A , 

( )13,4,6 −B , ( )13,3,5 −C , and ( )2,2,1D . Find the volume of the 

tetrahedron and the altitude from the point D  to the base ABC . 

Solution. 

Let’s find the coordinates of the vectors on which the tetrahedron 

is constructed: 

( )( ) ( )10,1,4313,54,26 −−=−−−−−=AB , 

( )( ) ( )10,2,3313,53,25 −−=−−−−−=AC , 

( )( ) ( )5,3,132,52,21 −−=−−−−=AD . 

The volume of the tetrahedron ABCD  constructed on the vectors AB , 

AC  and AD  is 1/6 of the parallelepiped constructed on these vectors: 

ADACABVABCD
6

1
= .    (2.12) 

By formula (2.11), we obtain: 

45

531

1023

1014

−=

−−

−−

−−

=ADACAB . 

Using formula (2.12), we find the volume of the tetrahedron ABCD : 

5.7
6

45
45

6

1
==−=ABCDV  (units3). 

On the other hand, the volume of this tetrahedron can also be 

calculated by the formula: 

HSHSV ABCbaseABCD ==
3

1

3

1
. 

 From the last formula, 
ABC

ABCD

S

V
H

3
= . 

A B 

D 

C 
H 
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Let’s find the area of the triangle ABC : 

=
−

−
+

−

−
−

−−

−−
=

−−

−−= kji

kji

ACAB
23

14

103

104

102

101

1023

1014  

kji 51010 −+−= , 

( ) ( ) 1551010
222
=−++−= ACAB , 

5.715
2

1

2

1
=== ACABSABC  (units2). 

Finally, 3
5.7

5.73
=


=H  (units). 

 Answer: 7.5 units3, 3 units. 

 

Exercises 

 

2.1. A vector ( )2,1,2 −−=a  and three points ( )4,2,3−A , ( )5,1,2 −B  

and ( )3,2,5 −C  are given. Find: 

a) || a , AC , BA ; b) the unit vector 0a  and the direction cosines 

of a . 

Answer: a) 3, 9, 35 ; b) 







−−=

3

2
,

3

1
,

3

20a , 
3

2
cos = , 

3

1
cos −= , 

3

2
cos −= . 

2.2. The vectors ( )2,1,2 −−=a  and ( )2,3,6 −−=b  are given. Find: 

a) ba + ; b) ba − ; c) ab 32 − . 

Answer: a) 6; b) 54 ; c) 409 . 

2.3. Find the scalar product of the vectors a  and b  if 6|| =a , 

34|| =b  and the angle between a  and b  is equal to 30 . 

Answer: 36. 

2.4. Find the scalar product of vectors ( )4,3,2 −−=a  and 

( )2,7,5 −=b . 

Answer: 19. 
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2.5. bam 2−= , ban −= 3 , 2|| =a , 23|| =b , ( ) 4/3 ̂, =ba  are 

given. Find: 

a) nm  ;   b) ( )nm  ̂,cos ;  c) mprojn . 

Answer: a) 90; b) 
10

103
; c) 103 . 

2.6. Find the value of the parameter p  that satisfy the required 

condition: 

a) ( )8,,12 −= pa , ( )10,30,15−=b , and ba || ; 

b) ( )2,3,5−=a , ( )7,6,−= pb , and ba ⊥ . 

Answer: a) -24; b) -0.8. 

2.7. The points ( )4,2,3 −A , ( )7,3,4 −B , and the force ( )4,2,3 −=F  

are given. Find the work done by the force F  that moves an object 

from the point A  to the point B  along the straight line. 

Answer: 17. 

2.8. The vectors ( )10,2,3 −−=a  and ( )10,1,4−=b  are given. Find 

ba  , ba   and the area S  of the parallelogram formed by the 

vectors a  and b . 

Answer: ( )5,10,10 −−=ba , 15=ba , 15=S  units2. 

2.9. bam 2−= , ban −= 3 , 2|| =a , 23|| =b , ( ) 4/3 ̂, =ba  are 

given. Find the area S  of the parallelogram formed by the vectors m  

and n . 

Answer: 30 units2. 

2.10. The points ( )4,2,3 −A , ( )7,3,4 −B , and the force ( )4,2,3 −=F  

are given. Find the magnitude of the moment M  of the force F , 

applied at the point A , with respect to the point B . 

Answer: 30 . 

2.11. The vectors ( )1,2,3 −=a , ( )2,4,0 −=b  and ( )1,2,1−=c  are 

given. 

a) Find cba ; 

b) determine whether the vectors a , b , c  are coplanar; 

c) if the given vectors aren’t coplanar, determine the type of the 

triple they form. 
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Answer: a) 24; b) the vectors a , b , c  aren’t coplanar; c) the 

vectors a , b , c  form a right-handed triple. 

2.12. Four points ( )2,1,2 −−A , ( )3,0,1B , ( )7,23 −−C , ( )2,3,1−D  

are given. Determine whether they lie in the same plane. 

Answer: the points A , B , C , and D  lie in the same plane. 

2.13. The tetrahedron is given by its vertices ( )1,0,4A , 

( )3,7,1 −−−B , ( )1,10,5 −−−C  and ( )4,11,2 −D . Find the volume of the 

tetrahedron and the altitude from the point D  to the base ABC . 

Answer: 45.5 units3, 7 units. 
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3 ANALYTICAL GEOMETRY 

 

Distance between two points 

 Distance between two points ( )11, yxA  and ( )22, yxB  is 

calculated by the formula: 

( ) ( )212
2

12 yyxxAB −+−= . 

 

Division of a Segment in a Given Ratio 

 A line segment, whose endpoints are ( )11, yxA  and ( )22, yxB , is 

divided by a point ( )yxC ,  in the ratio   if =||/|| CBAC . The 

coordinates of the point ),,( zyxC  can be found by the following 

formulas: 

+

+
=

1

21 xx
x , 

+

+
=

1

21 yy
y . 

 If 1=  then ( )yxC ,  is the midpoint of the segment AB , and 

2

21 xx
x

+
= , 

2

21 yy
y

+
= . 

 

Straight line on the plane 

1. General equation: 0=++ CByAx , 

where A , B , C R , ( )BAn ,=  is a normal vector of the line. 

The normal vector of the straight line is the vector which is 

perpendicular to the line. 

2. Slope-intercept form of equation: bkxy += , 

where b  is the y -intercept and k  is the slope of the straight line. 

3. Point-slope equation: )( 00 xxkyy −=− , 

where ( )000 , yxM  is the point on the line. 

4. Intercept form of equation: 1=+
b

y

a

x
, 

where a  and b  is the x -intercept and y -intercept, respectively. 

5. Two-point form of equation or an equation of a line passing 

through two given points ( )111 , yxM  and ( )222 , yxM  has the 

following form: 
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12

1

12

1

yy

yy

xx

xx

−

−
=

−

−
. 

 The distance from the point ( )000 , yxM  to the line 

0=++ CByAx  is calculated by the following formula: 

22

00

BA

CyBxA
d

+

++
= .    (3.1) 

 

Angle between two lines 

 1) If two lines in the xy -plane are given by their equations in 

the slope-intercept form 11 bxky +=  and 22 bxky += , and   is the 

angle between the lines, then 

21

12

1
tan

kk

kk

+

−
= .      (3.2) 

 Test for parallelism: 21 kk = . 

 Test for perpendicularity: 121 −=kk . 

 2) If two lines in the xy -plane are given by their equations in 

the general form 0111 =++ CyBxA  and 0222 =++ CyBxA , and   

is the angle between the lines, then 

2
2

2
2

2
1

2
1

2121

21

21

||||
cos

BABA

BBAA

nn

nn

++

+
=


= . 

 Test for parallelism:  
2

1

2

1

B

B

A

A
= . 

 Test for perpendicularity: 02121 =+ BBAA . 

 

Problem 3.1. Let ABC  be a triangle with the vertices at the points 

( )2,1A , ( )3,2 −B  and ( )1,3−C  in the xy -plane. Sketch the drawing. 

Find: 

a) the length of the side BC  and its equation; 

b) the equation of the median AM  from the vertex A ; 

c) the length of the altitude AH  from the vertex A  and its 

equation; 
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d) the equation of the line l  passing through the point A  parallel 

to the line BC ; 

e) the tangent of the angle B . 

Solution. 

Fig. 3.1 shows the given triangle. 

 

 

3−  x  

y  

1−  2−  2  1  

1  

2  

1−  

2−  

3−  

A  

B  

C  

H  
M  

l  

 
Figure 3.1 

 

a) Let’s find the length of BC : 

( ) ( ) ( ) ( )( ) 413123
2222
=−−+−−=−+−= BCBC yyxxBC . 

Using the equation of a line passing through two given points, we 

find the equation of BC : 

BC : 
BC

B

BC

B

yy

yy

xx

xx

−

−
=

−

−
, 

( )
( )31

3

23

2

−−

−−
=

−−

− yx
, 

4

3

5

2 +
=

−

− yx
, 

0754 =++ yx  is a general equation of BC , 

5

7

5

4
−−= xy  is a slope-intercept form equation of BC . 

b) Let ( )MM yxM ,  be the midpoint of the segment BC : 

( )
2

1

2

32

2
−=

−+
=

+
= CB

M
xx

x , 1
2

13

2
−=

+−
=

+
= CB

M
yy

y , 









−− 1,

2

1
M . 
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Using the equation of a line passing through two given points, we 

find the equation of AM : 

AM : 
AM

A

AM

A

yy

yy

xx

xx

−

−
=

−

−
, 

21

2

1
2

1

1

−−

−
=

−−

− yx
, 

3

2

2

3

1

−

−
=

−

− yx
, xy 2= . 

c) The length of the altitude from the vertex A  is equals to the 

distance from the point A  to the line BC . By formula (3.1), we find 

the altitude AH : 

41

4121

41

21

54

72514

2222
==

+

++
=

+

++
==

BA

CByAx
AHd

AA . 

The slope of BC  from a) equals 
5

4
−=BCk . 

BCAH ⊥  1−= BCAH kk , 
4

51
=−=

BC
AH

k
k . 

Using the point-slope equation, we find the equation of 

the altitude AH : 

( )AAHA xxkyy −+= , ( )
4

3

4

5
1

4

5
2 +=−+= xxy . 

d) BCl || 
5

4
−== BCl kk . Using the point-slope equation, we 

find the equation of the line l : 

( )AlA xxkyy −+=  ( )1
5

4
2 −−= xy 

5

14

5

4
+−= xy . 

e) By formula (3.2), 
BCAB

ABBC

kk

kk
B

+

−
=

1
tan . From a) 

5

4
−=BCk . 

Using the equation of a line passing through two given points, we find 

the equation of AB  and its slope: 

AB : 
AB

A

AB

A

yy

yy

xx

xx

−

−
=

−

−
, 

23

2

12

1

−−

−
=

−

− yx
, 

5

2

1

1

−

−
=

− yx
,  

75 +−= xy , 5−=ABk . 

( )

( ) 25

21

5
5

4
1

5
5

4

tan =

−







−+

−−−

=B . 
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Answer: fig. 3.1; a) 41=BC , 
5

7

5

4
: −−= xyBC ; b) xyAM 2: = ; 

c) 
41

4121
=AH , 

4

3

4

5
: += xyAH ; d) 

5

14

5

4
: +−= xyl ; e) 

25

21
tan =B . 

 

Plane 

1. General equation: 

0=+++ DCzByAx , 

where CBA ,, R , ( )CBAn ,,=  is the normal vector of the plane. 

 The normal vector of the plane is the vector that is 

perpendicular to the given plane. 

2. The equation of the plane passing through a given point 
),( 0,000 zyxM : 

0)()()( 000 =−+−+− zzCyyBxxA .   (3.3) 

3. Three-point form of equation. The equation of a plane passing 

through three given points ),,( 1111 zyxM , ),,( 2222 zyxM , 

),,( 3333 zyxM  that do not lie on the same line: 

0

131313

121212

111

=

−−−

−−−

−−−

zzyyxx

zzyyxx

zzyyxx

.   (3.4) 

4. The intercept form of the equation: 

1=++
c

z

b

y

a

x
,     (3.5) 

where a , b , c  are the x -, y -, z -intercepts, respectively. 

 The angle   between two planes 01111 =+++ DzCyBxA  and 

02222 =+++ DzCyBxA  is equal to the angle between their normal 

vectors ( )1111 ,, CBAn =  and ( )2222 ,, CBAn = . The cosine of the angle 

  is calculated by the formula: 

( )
21

21
21  ̂,coscos

nn

nn
nn




== ,    (3.6) 

where  900 . 
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 Test for parallelism: 
2

1

2

1

2

1

2

1

D

D

C

C

B

B

A

A
== . 

 Test for perpendicularity: 021 =nn  or 0212121 =++ CCBBAA . 

 

Straight line in space 

1. Parametric equations: 









+=

+=

+=

,

,

,

0

0

0

tnzz

tmyy

tlxx

      (3.7) 

where Rt  is a parameter, ( )nmls ,,=  is a direction vector of the 

line, the point ),( 0,000 zyxM  belongs to the line. 

 A direction vector of the line is the vector that is parallel to the 

given line or lies on it. 

2. Canonical equations: 

n

zz

m

yy

l

xx 000 −
=

−
=

−
,    (3.8) 

where ( )nmls ,,=  is a direction vector of the line, the point 

),( 0,000 zyxM  belongs to the line. 

3. Two-point form of equations or equations of a line passing 

through two given points ( )1111 ,, zyxM  and ( )2222 ,, zyxM  has the 

following form: 

12

1

12

1

12

1

zz

zz

yy

yy

xx

xx

−

−
=

−

−
=

−

−
.    (3.9) 

4. The general equations of the line. In general case, the straight 

line is the result of intersection of two planes: 





=+++

=+++

,0

,0

2222

1111

DzCyBxA

DzCyBxA
 

where the normal vectors of the planes, ( )1111 ,, CBAn =  and 

( )2222 ,, CBAn = , are not collinear. The direction vector s  of the 

line is given by the vector 21 nns = . 

 The distance between the point ),( 0,000 zyxM  and the plane 

0=+++ DCzByAx  is given by the following formula: 
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222

000

CBA

DzCyBxA
d

++

+++
= .    (3.10) 

 The cosine of the angle α  between two straight lines is equal 

to the one between their direction vectors. It is calculated by the 

formula 

( )
21

21
21  ̂,coscos

ss

ss
ssα




== ,   (3.11) 

where 1s , 2s  are the direction vectors of the given lines,  900 α . 

 The sine of the angle   between a line and a plane can be 

determined using the formula 

( )
sn

sn
sn




==  ̂,cossin ,    (3.12) 

where s  is the direction vector of the line, n  is the normal vector 

of the plane,  900 . 

 

Problem 3.2. The points ( )1,2,1 −A , ( )3,4,2−B , ( )2,4,3 −C , and 

( )1,5,2 −−D  are given. Find: 

a) the equation of the plane ( )ABC  in the intercept form and 

sketch the drawing; 

b) the equation of the line 1l  passing through the point C  parallel 

to the line AB ; 

c) the equation of the plane 1Q  passing through the point C  

perpendicular to the line AB ; 

d) the equation of the line 2l  passing through the point D  

perpendicular to the plane ( )ABC ; 

e) the equation of the plane 2Q  passing through the point D  

parallel to the plane ( )ABC ; 

f) the distance from the point D  to the plane ( )ABC ; 

g) the point P  of intersection of the line 2l  and the plane ( )ABC ; 

h) the angle between the lines AB  and CD ; 

i) the angle between the line CD  and the plane ( )ABC . 



 50 

Solution. 

a) We substitute the coordinates of the points A , B , C  into 

equation (3.4): 

0

)1(22413

)1(32412

)1(21

=

−−−−−

−−−−−

−−−− zyx

,  0

122

423

121

=

−

−

+−− zyx

. 

We expand the determinant by the first row: 

( ) ( ) ( ) 0
22

23
1

12

43
2

12

42
1 =

−
++

−

−
−−

−
− zyx , 

( ) ( ) ( ) ( ) ( ) ( ) 010152101 =−++−−−−− zyx , 

01010510 =−−+− zyx , 0222 =++− zyx . 

So, 0222 =++− zyx  is the general equation of ( )ABC . The normal 

vector of the plane ( )ABC  is ( )2,1,2 −=n . 

Let’s write the equation of ( )ABC  in the intercept form (3.5): 

2

1
222

−
−=+− zyx ,  1

121
=

−
++

−

zyx
. 

Fig. 3.2 shows the graph of the plane ( )ABC . 

 

 

x  

y  

z  
1−  

1−  

2  

 
Figure 3.2 

 

b) ABl ||1   ABl ss =
1

. Let’s find the direction vector of AB : 

( )( ) ( )4,2,313,24,12 −=−−−−−== ABsAB . 

Using equations (3.8), we find the canonical equations of 1l : 

( )
4

2

2

4

3

3 −−
=

−
=

−

− zyx
, 

4

2

2

4

3

3 +
=

−
=

−

− zyx
. 

c) Let 1n  be the normal vector of the plane 1Q  passing through 

the point C  perpendicular to the line AB . 

1QAB ⊥    ( )4,2,31 −== ABsn . 
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 Using equation (3.3), we get the equation of the plane 1Q : 

1Q : ( ) ( ) ( )( ) 0244233 =−−+−+−− zyx , 

09423 =+++− zyx , 09423 =−−− zyx . 

d) Let 
2l
s  be the direction vector of the line 2l  passing through 

the point D  perpendicular to the plane ( )ABC . 

( )ABCl ⊥2  ( )2,1,2
2

−== nsl . Let’s find the equations of 2l  in the 

parametric form (3.7): 









+−=

−=

+−=

.21

,5

,22

tz

ty

tx

 

e) Let 2n  be a normal vector of the plane 2Q  passing through the 

point D  parallel to the plane ( )ABC . ( )ABCQ ||2  ( )2,1,22 −== nn . 

Using equation (3.3), we find the equation of the plane 2Q : 

( )( ) ( ) ( )( ) 0125122 =−−+−−−− zyx , 01122 =++− zyx . 

f) By formula (3.10), the distance d  from the point D  to the 

plane ( )ABC  is  

( ) ( )

( )
3

212

2125122

222
=

+−+

+−+−−
=d . 

g) The point P  of intersection of the line 2l  and the plane ( )ABC  

can be found by solving the following system: 

( )





















+−=

−=

+−=

=++−

.21

,5

,22

:

,0222:

2

tz

ty

tx

l

zyxABC

 

We substitute x , y , z  in the first equation of the system with their 

expressions in terms of t  from the last three equations and solve for 

t : 

( ) ( ) ( ) 022125222 =++−+−−+− ttt , 1=t . 

Substituting 1=t  into the last three equations of the system, we 

determine the coordinates of the point P : 
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







+−=

−=

+−=

.121

,15

,122

z

y

x











=

=

=

.1

,4

,0

z

y

x

 ( )1,4,0P . 

h) From b), we know the direction vector of the line AB : 

( )4,2,3−== ABsAB . Let’s find the direction vector of the line CD : 

( )( ) ( )1;1;521,45,32 −=−−−−−−==CDsCD . Using formula (3.11), we 

obtain: 

( )

( ) ( )
=

++−++−

++−−
=




=

222222
115423

141253
cos

CDAB

CDAB
 

87

877

2729

21
=


= . 

= 41
87

877
arccos . 

i) By (3.12), 

( ) ( )

( ) ( ) 3

3

115212

121152
sin

222222
=

++−+−+

+−+−
=




=

CD

CD

sn

sn
, 

= 35
3

3
arcsin . 

Answer: a) ( ) 1
121

: =
−

++
−

zyx
ABC , fig. 3.2; 

b) 1l : 
4

2

2

4

3

3 +
=

−
=

−

− zyx
; c) 09423 =−−− zyx ; d) 2l : 









+−=

−=

+−=

.21

,5

,22

tz

ty

tx

; 

e) 01122 =++− zyx ; f) 3; g) ( )1,4,0P ; h)  41
87

877
arccos ; 

i)  35
3

3
arcsin . 

 

Problem 3.3. Reduce the general equations of the line 





=−+

=−−−

.042

,0632

zy

zyx
 to the canonical form. 
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Solution. 

The given line is the result of intersection of two planes with 

normal vectors ( )3,1,21 −−=n  and ( )1,2,02 =n . Let’s find the direction 

vector of the line: 

kji

kji

nns 425

120

31221 +−=−−== . 

To find the point that belongs to the line we take 0=z  in the system 

and solve it: 









=

=−+

=−−−

.0

,042

,0632

z

zy

zyx











=

=

=

.0

,2

,4

z

y

x

 ( )0,2,4M . 

 The canonical form of the equations has the following form: 

42

2

5

4 zyx
=

−

−
=

−
. 

 Answer: 
42

2

5

4 zyx
=

−

−
=

−
. 

 

Problem 3.4. Find the angle between two planes 0532 =−+− zyx  

and 0425 =+− zx . 

Solution. 

The normal vectors of the planes are ( )1,3,21 −=n  and 

( )2,0,52 −=n . By formula (3.6), we find the angle   between the 

given planes: 

( )

( ) ( ) 203

4064

205132

210352
cos

222222
=

−+++−+

−+−
= , 

= 67
203

4064
arccos . 

Answer:  67
203

4064
arccos . 
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Quadratic curves 

 A quadratic curve is a set of points in the xy -plane whose 

coordinates ),( yx  satisfy the equation 

0222 021
2

2212
2

11 =+++++ ayaxayaxyaxa ,   (3.13) 

where 11a , 12a , 22a , 1a , 2a , 0a  are real numbers. 

 Equation (3.13) can represent a circle, an ellipse, a hyperbola, 

or a parabola. In degenerate cases, it may also represent a single 

point, an empty set, a straight line, or a pair of straight lines. 

 By applying a rotation and translation of the coordinate system, 

equation (3.13) can be transformed into canonical form [4]. 

 

Circle 

 A circle is the set of all points in a plane that are at the same 

distance from a given point, called the center. This distance is 

known as the radius. The equation of a circle with center at the 

point ( )00, yxC  and radius R  has the following form: 

( ) ( ) 22
0

2
0 Ryyxx =−+− . 

 

Ellipse 

 An ellipse is the set of all points for which the sum of the 

distances from two fixed points, called the foci, is a constant. This 

constant is usually denoted by a2  and it must be larger than the 

distance c2  between the foci. The ellipse with foci at the points 

( )0,1 cF −  and ( )0,2 cF  is shown in Fig. 3.3. The points ( )0,1 aA − , 

( )0,2 aA , ( )bB −,01 , ( )bB ,02  are called the vertices of the ellipse. 

 

 

1F  2F  1A  2A  

1B  

2B  

a−  c−  

b−  

c  a  x  

b  
y  

 
Figure 3.3 
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 The canonical equation of the ellipse has the following form: 

1
2

2

2

2

=+
b

y

a

x
, 

where 222 cab −= , a  and b  are termed the major semi-axis and 

the minor semi-axis of the ellipse, respectively. 

 The number ace /=  is called the eccentricity of the ellipse. 

For an ellipse, 10  e . If ba =  the ellipse becomes a circle, and its 

0=e . 

 Straight lines eaxD /:1 −=  and eaxD /:2 =  are called the 

directrices of the ellipse. 

 

Hyperbola 

 A hyperbola is the set of all points for which the difference of 

the distances from two fixed points, called foci, is a constant. This 

constant is usually denoted by a2  and it must be smaller than the 

distance c2  between the foci. 

 The hyperbola whose foci are ( )0,1 cF −  and ( )0,2 cF  is shown in 

Fig. 3.4. 

 

 

1F  2F  
1A  2A  

1B  

2B  

a−  c−  

b−  

c  a  x  

b  

y  
x

a

b
y =  

x
a

b
y −=  

 
Figure 3.4 

 

 The canonical equation of the hyperbola has the following 

form: 

1
2

2

2

2

=−
b

y

a

x
, 

where 222 acb −= , a  and b  are known as the real and the 

conjugate semi-axes, respectively. 
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 The points ( )0,1 aA − , ( )0,2 aA  are called the vertices of the 

hyperbola. 

 The hyperbola has two asymptotes: x
a

b
y = . 

 The eccentricity of the hyperbola is defined in the same way as 

for the ellipse. For hyperbola, 1e . 

 The straight lines eaxD /:1 −=  and eaxD /:2 =  are called the 

directrices of the hyperbola. 

 The hyperbola 1
2

2

2

2

=+−
b

y

a

x
 is called the conjugate hyperbola. 

Its vertices are ( )bB −,01 , ( )bB ,02 . The conjugate hyperbola is 

represented by a dashed line in Fig. 3.4. 

 
Parabola 

 A parabola is the set of all points that are equidistant from a 
fixed point, called the focus, and a fixed line, called the directrix. 

Fig. 3.5 shows the parabola which has the equation of the directrix 

2/px −= , ( )0p  and with focus at the point )0,2/(pF . 

 

F  x  

y  

2

p
−  

 
Figure 3.5 

 

 The canonical equation of the parabola has the following form: 

pxy 22 = . 

where the number p  is called the parameter. 

 The axis of symmetry is the x -axis (Fig. 3.5). The vertex of 

a parabola is the point where it intersects its axis of symmetry. 

 The following equation represents a parabola whose axis of 

symmetry is the y -axis: 

pyx 22 = . 
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Equations and graphs of quadratic curves 

with the center at the point ( )00 , yx  

 

The type 

of the 

curve 

Equation Graph 

1 Ellipse 
( ) ( )

1
2

2

0

2

2

0 =
−

+
−

b

yy

a

xx  

 

x  

y  

O  0x  

0y  

 

2 Hyperbola 

( ) ( )
1

2

2

0

2

2

0 =
−

−
−

b

yy

a

xx  

 

x  

y  

O  0x  

0y  

 

( ) ( )
1

2

2

0

2

2

0 =
−

−
−

a

xx

b

yy  

 

x  

y  

O  0x  

0y  

 

3 Parabola 

( ) ( )0

2

0 2 xxpyy −=− , 

the equation of the axis of 

symmetry is 0yy =  

 

x  

y  

O  0x  

0y  

 
 

( ) ( )0

2

0 2 xxpyy −−=− , 

the equation of the axis of 

symmetry is 0yy =  

 

x  

y  

O  0x  

0y  
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( ) ( )0

2

0 2 yypxx −=− , 

the equation of the axis of 

symmetry is 0xx =  

 

x  

y  

O  0x  

0y  

 

( ) ( )0

2

0 2 yypxx −−=− , 

the equation of the axis of 

symmetry is 0xx =  

 

x  

y  

O  0x  

0y  

 
 

  

Problem 3.5. Reduce the equations of the given curves to their 

canonical form. If the curve is an ellipse or a hyperbola, find its center 

and its semi-axes. If the curve is a parabola, find its vertex, the 

intersection points with the coordinate axes, the equation of its axis of 

symmetry. Sketch the graphs of the curves. 

a) 01910072259 22 =++++ yxyx ; 

b) 0483649 22 =+−++ yxyx ; 

c) 01864 22 =+−−− yxyx ; 

d) 07218250425 22 =++−− yxyx ; 

e) 06242 =++− yxy ; 

f) 010242 =+−− yxx . 

Solution. 

a) 01910072259 22 =++++ yxyx . 

Let’s complete the perfect squares: 

( ) ( ) 01944425161689 22 =+−+++−++ yyxx ,

( ) ( ) 01910044251441689 22 =+−+++−++ yyxx , 

( ) ( ) 22522549
22
=+++ yx . 

We divide both sides of the last equation by 225: 

( ) ( )
1

9

2

25

4
22

=
+

+
+ yx

. 
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Thus, the given equation describes the ellipse with the center at the 

point ( )2,41 −−O . The major semi-axis equals 5=a , and the minor 

semi-axis is 3=b . Fig. 3.6 shows the graph of the ellipse. 

 

 

y  

x  1  

1  

2−  

4−  O  

1O  
9−  

y  

x  2−  

1  

4  

2−  

4−   O  

1O  

 
Figure 3.6     Figure 3.7 

 

b) 0483649 22 =+−++ yxyx . 

Let’s complete the perfect squares: 

( ) ( ) 0411244449 22 =+−+−+−++ yyxx ,

( ) ( ) 04412436449 22 =+−+−+−++ yyxx , ( ) ( ) 361429
22
=−++ yx . 

We divide both sides of the last equation by 36: 

( ) ( )
1

9

1

4

2
22

=
−

+
+ yx

. 

The given equation describes the ellipse with the center at the point 

( )1,21 −O . The major semi-axis equals 2=a , and the minor semi-axis 

is 3=b . Fig. 3.7 shows the graph of the ellipse. 

с) 01864 22 =+−−− yxyx . 

Let’s complete the perfect squares: 

( ) ( ) 011124996 22 =+−++−−+− yyxx , 

( ) ( ) 014124996 22 =++++−−+− yyxx , ( ) ( ) 4143
22
=+−− yx . 

We divide both sides of the last equation by 4: 

( ) ( )
1

1

1

4

3
22

=
+

−
− yx

. 
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Thus, the given equation describes the hyperbola with the center at the 

point ( )1,31 −O . The semi-axes are 2=a , 1=b . Fig. 3.8 shows the 

graph of the hyperbola. 

d) 07218250425 22 =++−− yxyx . 

Let’s complete the perfect squares: 

( ) ( ) 0721112425251025 22 =+−+−−−+− yyxx , 

( ) ( ) 07214124625251025 22 =+++−−−+− yyxx ,

( ) ( ) 10014525
22

−=−−− yx . 

We divide both sides of the last equation by –100: 

( ) ( )
1

4

5

25

1
22

=
−

−
− xy

. 

Thus, the given equation describes the hyperbola with the center at the 

point ( )1,51O . The semi-axes are 2=a , 5=b . Fig. 3.9 shows the graph 

of the hyperbola. 

 

 

x  

y  

3  

1−  

O  

1O  
2−  

1  5  

4−  

x  

y  

3  

1  

O  

1O  

1  5  

6  

7  

1O  

Figure 3.8     Figure 3.9 
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e) 06242 =++− yxy . 

Let’s complete the perfect square: 

( ) 641122 −=−++ xyy , ( ) 541
2

−=+ xy , ( ) 







−=+

4

5
41

2
xy . 

This equation describes the parabola with the vertex at the point 









−1,

4

5
1O . 

Let’s find the intersection points with the coordinate axes: 

if 0=x , then 0622 =++ yy , 20−=D , this equation has no 

solution, the curve doesn’t intersect the y -axis; 

if 0=y , then 064 =+− x , 
2

3
=x , the curve intersects the x -axis at 

the point 







0,

2

3
. 

The axis of symmetry is the line 01=+y , 1−=y , which is 

parallel to the x -axis. Fig. 3.10 shows the graph of the parabola. 

f) 010242 =+−− yxx . 

Let’s complete the perfect square: 

( ) 1024442 −=−+− yxx , ( ) 622
2

−=− yx , ( ) ( )322
2

−=− yx . 

This equation describes the parabola with the vertex at the point 

( )3,21O . 

Let’s find the intersection points with the coordinate axes: 

if 0=x , then 0102 =+− y , 5=y , the curve intersects the  

y -axis at the point ( )5,0 ; 

if 0=y , then 01042 =+− xx , 24−=D , this equation has no 

solution, the curve doesn’t intersect the x -axis. 

The axis of symmetry is the line 02 =−x , 2=x , which is parallel 

to the x -axis. Fig. 3.11 shows the graph of the parabola. 
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x  

y  

O  

1−  

2

3
 

4

5
 

1O  

y  

x  

3  

2  

1O  

O  

5  

 
Figure 3.10     Figure 3.11 

 

Answer: a) 
( ) ( )

1
9

2

25

4
22

=
+

+
+ yx

 is the ellipse; the center is 

( )2,41 −−O ; the semi-axes are 5=a , 3=b ; fig. 3.6; 

b) 
( ) ( )

1
9

1

4

2
22

=
−

+
+ yx

 is the ellipse; the center is ( )1,21 −O ; the semi-

axes are 2=a , 3=b ; fig. 3.7; 

c) 
( ) ( )

1
1

1

4

3
22

=
+

−
− yx

 is the hyperbola; the center is ( )1,31 −O , the 

semi-axes are 2=a , 1=b ; fig. 3.8; 

d) 
( ) ( )

1
4

5

25

1
22

=
−

−
− xy

 is the hyperbola; the center is ( )5,11O , the 

semi-axes are 2=a , 5=b ; fig. 3.9; 

e) ( ) 







−=+

4

5
41

2
xy  is the parabola; the vertex is 








−1,

4

5
1O ; it doesn’t 

intersect the y -axis, the curve intersects the x -axis at the point 









0,

2

3
; the axis of the symmetry is 1−=y ; fig. 3.10; 

f) ( ) ( )322
2

−=− yx  is the parabola; the vertex is ( )3,21O ; it doesn’t 

intersect the x -axis, the curve intersects the y -axis at the point ( )5,0 ; 

the axis of the symmetry is 2=x ; fig. 3.11. 
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Second-order surfaces 

The equation of a second-order surface has the following 

form: 

++++++ yzaxzaxyazayaxa 231312
2

33
2

22
2

11 222  

0222 0321 =++++ azayaxa .   (3.14) 

In general, the equation (3.14) may define a degenerate surface: 

a point, a plane, a pair of planes, a straight line, or an empty set. If 

the surface is non-degenerate, then, by applying a rotation and 

translation of the coordinate system, equation (3.14) can be reduced 

to canonical form [4]. The table below presents the canonical 

equations of second-order surfaces and their graphs. 

 

Canonical equations of the second-order surfaces and its graphs 

 

 
The type 

of the surface 
Equation Graph 

1 Ellipsoid 1
2

2

2

2

2

2

=++
c

z

b

y

a

x
 

 

x  

y  

z  

b  

c  

a  

 

2 
Hyperboloid  

of one sheet 
1

2

2

2

2

2

2

=−+
c

z

b

y

a

x
 

 

x  

y  

z  

b  
a  

 

3 
Hyperboloid  

of two sheets 
1

2

2

2

2

2

2

−=−+
c

z

b

y

a

x
 

 

x  

y  

z  
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4 
Second-order 

cone 
0

2

2

2

2

2

2

=−+
c

z

b

y

a

x
 

 

y  

z  

x  

 

5 
Elliptic 

paraboloid 

z
q

y

p

x
2

22

=+  

( 0p , 0q ) 

 

x  

y  

z  

 

6 
Hyperbolic 

paraboloid 

z
q

y

p

x
2

22

=−  

( 0p , 0q ) 

 
y  

z  

x  

 

7 
Elliptic 

cylinder 
1

2

2

2

2

=+
b

y

a

x
 

 

x  

y  

z  

b  
a  

 

8 
Hyperbolic 

cylinder 
1

2

2

2

2

=−
b

y

a

x
 

  

x  

y  

z  

 

9 
Parabolic 

cylinder 

pyx 22 =  

( 0p ) 

  

x  

y  

z  
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Problem 3.6. Reduce the equation of the surface to the canonical 

form. Determine the type of the surface and sketch the drawing. 

a) 03754647291636 222 =++−+++ zyxzyx ; 

b) 016442 =+−+ yxx ; 

c) 031716216184369 222 =+++−−+ zyxzyx . 

Solution. 

a) 03754647291636 222 =++−+++ zyxzyx . 

Let’s complete the perfect squares: 

( ) ( ) ( ) 03799694441611236 222 =+−+++−+−+−++ zzyyxx , 

( ) ( ) ( ) 03781969644416361236 222 =+−+++−+−+−++ zzyyxx , 

( ) ( ) ( ) 14439216136
222
=++−++ zyx . 

Dividing both sides of the last equation by 144, we obtain the 

equation: 

( ) ( ) ( )
1

16

3

9

2

4

1
222

=
+

+
−

+
+ zyx

. 

Taking the point )3,2,1(1 −−O  as a new origin, we perform a 

parallel translation of the coordinate axes. The corresponding 

transformation of the coordinates 1+= xX , 2−= yY  and 3+= zZ  

results in the equation 1
1694

222

=++
ZYX

. Hence, the surface is an 

ellipsoid. Fig. 3.12 shows the graph of the ellipsoid. 

 

 

X  

Y  

Z  

1O  Y  

Z  

X  
 

 

1O  2  

3  

4  

 
Figure 3.12     Figure 3.13 
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b) 016442 =+−+ yxx . 

Let’s complete the perfect square: 

( ) 1644442 −=−++ yxx , ( ) 1242
2

−=+ yx , ( ) ( )342
2

−=+ yx . 

Taking the point )0,3,2(1 −O  as a new origin, we perform a parallel 

translation of the coordinate axes. The corresponding transformation 

of the coordinates 2+= xX , 3−= yY  and zZ =  results in the 

equation YX 42 = . Hence, the surface is a parabolic cylinder. Fig. 3.13 

shows the graph of the cylinder. 

c) 031716216184369 222 =+++−−+ zyxzyx . 

Let’s complete the perfect squares: 

( ) ( ) ( ) 03174444996361129 222 =+−+−−−+++−+− zzyyxx , 

( ) ( ) ( ) 03171644432496369129 222 =+++−−−+++−+− zzyyxx , 

( ) ( ) ( )222
2433619 −=++− zyx . 

Dividing both sides of the last equation by 36, we obtain the equation: 

( ) ( ) ( )
9

2

1

3

4

1
222

−
=

+
+

− zyx
. 

Taking the point )2,3,1(1 −O  as a new origin, we perform a parallel 

translation of the coordinate axes. The corresponding transformation 

of the coordinates 1−= xX , 3+= yY  and 2−= zZ  results in the 

equation 
914

222 ZYX
=+ . Hence, the surface is a cone. Fig. 3.14 shows 

the graph of the cone. 
 

Y  

Z  

X  

1O  

 
Figure 3.14 
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Answer: a) the ellipsoid 1
1694

222

=++
ZYX

, fig. 3.12; 

b) the parabolic cylinder YX 42 = , fig. 3.13; c) the cone 

914

222 ZYX
=+ , fig. 3.14. 

 

Exercises 

 

3.1. Let ABC  be a triangle with the vertices at the points 

( )1,2 −−A , ( )6,2B  and ( )2,8 −C  in the xy -plane. Sketch the drawing. 

Find: 

a) the length of the side BC  and its equation; 

b) the equation of the median AM  from the vertex A ; 

c) the length of the altitude AH  from the vertex A  and its 

equation; 

d) the equation of the line l  passing through the point A  parallel 

to BC ; 

e) the tangent of the angle B . 

Answer: fig. 3.15; a) 10=BC , 
3

26

3

4
: +−= xyBC ; 

b) 
7

1

7

3
: −= xyAM ; c) 4.7=AH , 

2

1

4

3
: += xyAH ; d) 

3

11

3

4
: −−= xyl ; 

e) 
16

37
tan =B . 

 

3.2. The points ( )1,3,1 −A , ( )2,5,2 −B , ( )1,1,3 −−C  and ( )1,4,3D  are 

given. Find: 

a) the equation of the plane ( )ABC  in the intercept form and 

sketch the drawing; 

b) the equation of the line 1l  passing through the point C  parallel 

to the line AB ; 

c) the equation of the plane passing through the point C  

perpendicular to the line AB ; 

d) the equation of the line 2l  passing through the point D  

perpendicular to the plane ( )ABC ; 
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e) the equation of the plane passing through the point D  parallel 

to the plane ( )ABC ; 

f) the distance from the point D  to the plane ( )ABC ; 

g) the point P  of intersection of the line 2l  and the plane ( )ABC ; 

h) the angle between the lines AB  and CD ; 

i) the angle between the line CD  and the plane ( )ABC . 

Answer: a) ( ) 1
23323

: =++
zyx

ABC , fig. 3.16; 

b) 1l : 
3

1

8

1

1

3 +
=

−

+
=

− zyx
; c) 0838 =−+− zyx ; d) 2l : 









+=

+=

+=

.21

,4

,23

tz

ty

tx

;  

e) 01222 =−++ zyx ; f) 3; g) ( )1,3,1 −P ; h)  43
1073

214617
arccos ; 

i)  34
29

293
arcsin . 

 

2−  x  

y  

1−  8  2  

6  

2−  A  

B  

C  

H  
M  

l  

      

 

x  

z  

2

3
 

3  

2

3
 

y  

 
Figure 3.15     Figure 3.16 

3.3. Reduce the general equation of the line 




=−+−

=−−+

.0334

,0223

zyx

zyx
 to 

the canonical form. 

Answer: 
75

5.0

1

1

−
=

−

+
=

− zyx
. 

3.4. Find the angle between the planes 0452 =−+− zyx  and 

0332 =+−+ zyx . 

Answer:  64
70

1053
arccos . 
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3.5. Reduce the equations of the curves to their canonical form. If 

the curve is an ellipse or a hyperbola, find its center and its semi-axes. 

If the curve is a parabola, find its vertex, the intersection points with 

the coordinate axes, the equation of its axis of symmetry. Sketch the 

graphs of the curves. 

а) 0161684 22 =+−++ yxyx ; 

b) 01095016254 22 =−++− yxyx ; 

c) 06883649 22 =−−−+− yxyx ; 

d) 01110124 2 =−++ yxx ; 

e) 06222 =+−+ yxy . 

Answer: a) 
( ) ( )

1
4

2

16

4
22

=
−

+
+ yx

 is the ellipse; the center is 

( )2,41 −O ; the semi-axes are 4=a , 2=b ; fig. 3.17; 

b) 
( ) ( )

1
4

1

25

2
22

=
−

−
+ yx

 is the hyperbola; the center is ( )1,21 −O , the 

semi-axes are 5=a , 2=b ; fig. 3.18; 

c) 
( ) ( )

1
9

1

4

2
22

−=
−

−
+ yx

 is the hyperbola; the center is ( )1,21 −O , the 

semi-axes are 2=a , 3=b ; fig. 3.19; 

d) ( )2
2

5

2

3
2

−−=







+ yx  is the parabola; the vertex is 








− 2,

2

3
1O ; 

 

 the curve intersects the x -axis at the points 












 −−
0;

2

523
 and 













 +−
0;

2

523
, the curve intersects the y -axis at the point 









10

11
;0 ; the 

axis of the symmetry is 
2

3
−=x ; fig. 3.20; 
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e) ( ) 







+−=−

2

5
21

2
xy  is the parabola; the vertex is 








− 1;

2

5
1O ; the 

curve intersects the x -axis at the point ( )0;3− ; it doesn’t intersect the 

y -axis; the axis of the symmetry is 1=y ; fig. 3.21. 

 

 

2  

4−  

y  

 O  

1O  

x  

4  

8−  
   

 

x  

y  

1  

2−  O  

1O  
3  

1−  
3  

 
Figure 3.17    Figure 3.18 

 

 

y  

x  -2 -4 
-2 

1 

4 

O  

1O  

  

 y  

x  
2

3
−  

2 

O  

1O  

 
Figure 3.19    Figure 3.20 

 y  

x  
2

5
−  

1 

O  

1O  

 
Figure 3.21 
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3.6. Reduce the equation of the surface to the canonical form. 

Determine the type of the surface and sketch the drawing. 

a) 022420021690010036225 222 =+−−−−+ zyxzyx ; 

b) 037184883124 222 =+−−+−+ zyxzyx ; 

c) 01416442 22 =+−−++ yzxzx ; 

d) 01195450925 22 =−+−+ zyzy ; 

e) 05222 =−++ yxx ; 

f) 0971816729412 222 =+−−+++ zyxzyx . 

 Answer: a) hyperboloid of one sheet 1
9254

222

=−+
ZYX

, fig. 3.22; 

b) hyperboloid of two sheets 1
413

222

−=−+
ZYX

, fig. 3.23; c) elliptic 

paraboloid Y
ZX

2
48

22

=+ , fig. 3.24; d) elliptic cylinder 1
259

22

=+
ZY

, 

fig. 3.25; e) parabolic cylinder YX 22 −= , fig. 3.26; f) parabolic 

cylinder 1
493

222

=++
ZYX

, fig. 3.27. 

 

 

 
Z  

Y  

X  

Z  

Y  

X  

 
Figure 3.22    Figure 3.23 
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X

 

Y

 

Z

 

3 
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Figure 3.24    Figure 3.25 

 

 Z  

Y  

X  

Z  

X  

Y  
3 

2 

3  

 
Figure 3.26    Figure 3.27 
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4 LIMITS AND CONTINIUTY OF FUNCTIONS OF A SINGLE 

VARIABLE 

 

Limit of a function of a single variable 

A real number A  is called the limit of a function ( )xf  as x  

tends to a  ( )ax→  if for any positive real number   can be found 

a positive real number ( ) =  such that if − ax0  then 

( ) − Axf : 

( ) Axf
ax

=
→

lim . 

Let’s also consider a few partial cases: 

1) ( ) =
→

Axf
x
lim  if for any positive real number   can be found 

a positive real number ( )MM =  such that if Mx   then 

( ) − Axf ; 

2) ( ) =
→

xf
ax

lim  if for any positive real number   can be found 

a positive real number ( ) =  such that if − ax0  then 

( ) xf . 

 
One-sided limits 

A real number 1A  ( )2A  is called the right -sided (left -sided) 

limit of a function ( )xf  as ax→  from the right (left) if for any 

positive real number   can be found a positive real number 

( ) =  such that if axa −  ( )+ axa  then ( ) − 1Axf  

( )( )− 2Axf : 

( ) 1
0

lim Axf
ax

=
−→

 ( ) 







=

+→
2

0
lim Axf
ax

. 

Left-sided or right-sided limit is generally called the one-sided 
limit. Let’s note that one-sided limits can also be denoted: 

( ) ( ) ( )0limlim
0

1 −===
−→−→

afxfxfA
axax

; 

( ) ( ) ( )0limlim
0

2 +===
+→+→

afxfxfA
axax

. 

Theorem 4.1. A function ( )xf  has the limit as ax→  if and 

only if there exist one-sided limits at the same point, which are 
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equal to each other ( ) ( ) ( ) AxfAxfxf
axaxax

===
→+→−→

limlimlim
00

. 

 

Properties of the limits 

If ( ) Axf
ax

=
→

lim , ( ) Bxg
ax

=
→

lim  and C  is a constant, then: 

1) CC
ax

=
→

lim ; 

2) ( )  CAxCf
ax

=
→

lim ; 

3) ( ) ( )  ( ) ( ) BAxgxfxgxf
axaxax

==
→→→

limlimlim ; 

4) ( ) ( )  ( ) ( ) ABxgxfxgxf
axaxax

==
→→→

limlimlim ; 

5) 
( )
( )

( )

( ) B

A

xg

xf

xg

xf

ax

ax

ax
==

→

→

→ lim

lim

lim , if 0B . 

Remark. The given properties also work for the one-sided 
limits. 

 
Problem 4.1. Using the definition prove the given limits: 

a) ( ) 6713lim
1

=−
→

x
x

;   b) 0
1

2
lim =

+→ xx
. 

Solution. 

a) ( ) 6713lim
1

=−
→

x
x

. 

Let   be an arbitrary positive real number, then we have to find 

( ) 0=   such that the following condition is satisfied: 

( )  −−− 671310 xx . 

Using the given inequality, we can obtain: 

( )
13

111313136713


 −−−−− xxxx . 

Since we have to obtain inequalities in the terms of ( )1−x , 

therefore we can take: 

0
13

=


 . 

We obtained that for any positive real number  , we can find 

a positive real number 0
13

=


  such that if − 10 x  then 
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( ) −− 6713x . Therefore, the given limit was proven 

by the definition. 

b) 0
1

2
lim =

+→ xx
. 

Let   be an arbitrary positive real number, then we have to find 

a positive real number ( )MM =  such that the following condition 

is satisfied: 


+


1

2

x
Mx . 

Let’s simplify the last inequality: 










−

−−

+
+


+

.1
2

;1
2

2
1

1

2

1

1

2








x

x

x
x

x
 

Finally, we can obtain the expression for M : 

01
2

1
2

,1
2

max1
2

,1
2

max +=








−+=








−−−=


M . 

We obtained that for any positive real number  , we can find 

a positive real number 01
2

+=


M  such that if Mx   then 


+1

2

x
. Therefore, the given limit was proven by the definition. 

 

Indeterminate forms 
As the first step in the process of evaluating limits, we should 

substitute x  (or any other variable) with the expression to which 

the variable tends. Quite often one of the following expressions can 
be obtained: 










0

0
, 












,  0 ,  − ,  1 ,  00 ,  0  

which are called indeterminate forms. 
There are some methods to evaluate indeterminate forms. In the 

simplest cases, we can transform the initial expression using 
algebra. Then it should be easier to apply different approaches to 
calculate the limits. 
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Problem 4.2. Calculate the limits: 

a) 
28182

1833
lim

2

2

2 ++

−−

−→ xx

xx

x
;  e) 

76

211
lim

27 −+

−+

−→ xx

x

x
; 

b) 
100132

1842
lim

3

245

+−

+−+

→ xx

xxx

x
; f) 

3517

863
lim

3

23

2 −−

+++

−→ x

xxx

x
; 

c) 
145

1273
lim

2

2

−+

−+

→ xx

xx

x
;    g) 














+−

++

+

→ 2

1

105

3
lim

2

3

x
xx

x

x
. 

d) 
183

1104
lim

234

2

−+−+

+−

→ xxxx

xx

x
; 

Solution. 

a) 
( ) ( )

( ) ( ) 












=

+−+−

−−−−
=

++

−−

−→ 0

0

2821822

182323

28182

1833
lim

2

2

2

2

2 xx

xx

x
. 

We obtained the indeterminate form 








0

0
. This means that both 

the numerator and the denominator have a common root 2−=x . 

Therefore, we can evaluate this limit by cancelling the factor ( )2+x . 

So we have to find the roots of both polynomials and factor them: 

( )( )32318333,201833 2
21

2 −+=−−=−==−− xxxxxxxx . 

( )( )722281827,2028182 2
21

2 ++=++−=−==++ xxxxxxxx . 

Finally: 

( )( )
( )( )

=
++

−+
=

++

−−

−→−→ 722

323
lim

28182

1833
lim

22

2

2 xx

xx

xx

xx

xx
 

( )
( )

( )
( ) 2

3

722

323

72

33
lim

2
−=

+−

−−
=

+

−

−→ x

x

x
. 

b) 











=

+−

+−+

→ 100132

1842
lim

3

245

xx

xxx

x
. 

We obtained the indeterminate form 











, which 

can be evaluated by factoring out the highest power of the numerator 

and the denominator and using the limit 0
1

lim =
→ xx

. 
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=









+−









+−+

=
+−

+−+

→→

32

3

53

5

3

245

10013
2

1814
2

lim
100132

1842
lim

xx
x

xxx
x

xx

xxx

xx










=


+


−











+


−


+

=

+−









+−+

=
→ 10013

2

1814
2

10013
2

1814
2

lim

32

53

2

xx

xxx
x

x

( )
=





+−

+−+
=

002

0002
. 

The same approach can be applied to issue (c) and (d). 

c) =









−+









−+

=











=

−+

−+

→→

2

2

2

2

2

2

14
5

127
3

lim
145

1273
lim

xx
x

xx
x

xx

xx

xx
 

5

3

005

003

14
5

127
3

14
5

127
3

lim

2

2
=

















−+

−+
=


−


+


−


+

=

−+

−+

=
→

xx

xx

x
. 

d) =











=

−+−+

+−

→ 183

1104
lim

234

2

xxxx

xx

x
 

=









−+−+

+−

=









−+−+









+−

=
→→

432

2

2

432

4

2

2

1811
3

1104
1

lim
1811

3

1104
1

lim

xxxx
x

xx

xxxx
x

xx
x

xx
 

( )
0

00003

001

1811
3

1104
1

=



















−+−+

+−
=











−


+


−


+


+


−

= . 

e) 
( ) ( ) 











=

−−+−

−+−
=

−+

−+

−→ 0

0

7767

2117

76

211
lim

227 xx

x

x
. 
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We obtained the indeterminate form 








0

0
. This means that both 

the numerator and the denominator have a common root 7−=x . 

Therefore, we can evaluate this limit by cancelling the factor ( )7+x . 

So we have to find the roots of the polynomial in the denominator and 

factor it. Then we have to rationalize the numerator by multiplying 

both the numerator and the denominator by the conjugate 

of the numerator. 

( )( )17761,7076 2
21

2 −+=−+=−==−+ xxxxxxxx . 

( )( )
( )( )
( )( )( ) ( )( )( )

=
++−+

−+
=

++−+

++−+
=

−+

−+

21117

411

21117

211211

17

211

xxx

x

xxx

xx

xx

x
 

( )( )( ) ( )( )2111

1

21117

7

++−
=

++−+

+
=

xxxxx

x
. 

Finally: 

( )( )
=

++−
=

−+

−+

−→−→ 2111

1
lim

76

211
lim

727 xxxx

x

xx

( )( ) 32

1

211717

1
−=

++−−−
= . 

f) 
( ) ( ) ( )

( ) 












=

−−−

+−+−+−
=

−−

+++

−→ 0

0

32517

826232

3517

863
lim

3

23

3

23

2 x

xxx

x
. 

We obtained the indeterminate form 








0

0
. This means that both 

the numerator and the denominator have a common root 2−=x . 

Therefore, we can evaluate this limit by cancelling the factor ( )2+x . 

So we have to factor the polynomial in the numerator. Taking into 

account that it is a cubic polynomial function and we already know 

one of its roots, the quickest way to factor it is to use long division. 

Then we have to rationalize the denominator by multiplying both 

the numerator and the denominator by the conjugate 

of the denominator. The conjugate of the denominator can be obtained 

by using the formula of the difference of cubes. 
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0

84

84

2

86

4

2

2

863

2

2

223

23

+

+
−

+

++
−

++

+

+

+++
−

x

x

xx

xx

xx

x

xx

xxx

 

( )( )42863 223 +++=+++ xxxxxx . 

( )( ) ( )( ) ( )

( ) ( )
=









+−+−−−









+−+−+++

=
−−

+++

23233

23232

3

2

351735173517

3517351742

3517

42

xxx

xxxxx

x

xxx
 

( )( ) ( )

( )
=

−−









+−+−+++

=
333

3232

3517

9517351742

x

xxxxx

 

( )( ) ( )
=

−−









+−+−+++

=
27517

9517351742 3232

x

xxxxx

 

( )( ) ( )
( )

=
+−









+−+−+++

=
25

9517351742 3232

x

xxxxx

 

( ) ( )
5

951735174 3232

−









+−+−++

=

xxxx

. 

Finally: 

( ) ( )
=

−









+−+−++

=
−−

+++

−→−→ 5

951735174

lim
3517

863
lim

3232

23

23

2

xxxx

x

xxx

xx
 

( ) ( )( ) ( )( ) ( )
=

−









+−−+−−+−+−

=
5

9251732517422 3
2

32
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( )
5

162

5

276

5

93336 2

−=
−


=

−

++
= . 

g)  −=













+−

++

+

→ 2

1

105

3
lim

2

3

x
xx

x

x
. 

In this limit, the result for the first term was obtained by using 

the same approach that was used in issues (b), (c), and (d). As the 

result we obtained indeterminate in the form  − , which can be 

evaluated by reducing the difference under the limit to a fraction and 

then using approach analogously to issue (b). 

( )
=

++

+++−−−+
=+−

++

+

1052

1052010262

2

1

105

3
2

2233

2

3

xx

xxxxxx
x

xx

x
 

( )1052

16159
2

2

++

+−−
=

xx

xx
. 

Finally: 

( )
=

++

+−−
=














+−

++

+

→→ 1052

16159
lim

2

1

105

3
lim

2

2

2

3

xx

xx
x

xx

x

xx
 

( ) 2

9

0012

009

105
12

1615
9

lim

2

2

2

2

−=
++

+−−
=









++









+−−

=
→

xx
x

xx
x

x
. 

Answer: a) 
2

3
− ; b)  ; c) 

5

3
; d) 0 ; e) 

32

1
− ; f) 

5

162
− ; g) 

2

9
− . 

 

The most important limits 

The first important limit: 

1
sin

lim
0

=
→ x

x

x
. 

The second important limit: 

e
x

x

x
=








+

→

1
1lim . 
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Some corollaries: 

1) ( ) ex
x

x
=+

→

1

1lim
0

;  2) 
e

x

x

x
=








+

→
1lim ;  3) ( ) 

→
=+ ex

x

x

1

1lim
0

. 

 

Equivalent infinitesimals 

A function ( )xf  is called an infinitesimal as ( )Raax →  

if ( ) 0lim =
→

xf
ax

. 

If ( )x  is an infinitesimal as ( )Raax → : 

1) ( )( ) ( )xx  ~sin ; 2) ( )( ) ( )xx  ~tan ;     3) ( )( ) ( )xx  ~arcsin ; 

4) ( )( ) ( )xx  ~arctan ; 5) ( )( ) ( )xx + ~1ln ;  6) ( ) ( )xe x − ~1 ; 

7) ( ) ( ) axa x ln~1 − ; 8) ( )( ) ( ) ( )0~11 −+ nxnx
n ; 

9) ( )( )
( )

2
~cos1

2 x
x


− . 

Theorem 4.2. If ( ) ( )xx  ~  as ax→ , then: 

( ) ( ) ( ) ( )xxxx
axax

=
→→

limlim , 
( )
( )

( )
( )x
x

x

x

axax 


=





→→
limlim , 

( )
( )

( )
( )x
x

x

x

axax 


=





→→
limlim . 

The most important limits and corresponding corollaries are 

mostly used for evaluating some indeterminate in form 








0

0
 or  1 . 

 

Problem 4.3. Use the most important limits to calculate the limits: 

a) 
xx

x

x 6cos4cos

7cos1
lim

0 −

−

→
;  d) 

13

2

2

362

2
lim

−

→ 













−+

x

x xx

x
; 

b) 
( )1ln

22
lim

2

5

0 +

−

→ x

xxe x

x
;  e) ( )

( )13

1

45lim
1

−

−
→

x

x
x

. 

c) 
6

14

54
lim

+

→









−

+
x

x x

x
; 
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Solution. 

a) 
( )

( ) ( )
=








=

−

−
=

−

−

→ 0

0

06cos04cos

07cos1

6cos4cos

7cos1
lim

0 xx

x

x
 

( )

( )

( )

=





























→=−−

−−=
−+

−=−

→=−

=

.0as,1052~

~sin5sin2
2

64
sin

2

64
sin26cos4cos

.0as,
2

49

2

7
~7cos1

2

22

xxxx

xx
xxxx

xx

x
xx

x

 

20

49

20

49
lim

10

2

49

lim
2

2

02

2

0
===

→→ x

x

x

x

xx
. 

b) 
( ) ( )

( )
( )

=
+

−
=












=

+

−
=

+

−

→



→ 13ln

12
lim

0

0

103ln

0202

13ln

22
lim

2

5

02

05

2

5

0 x

exe

x

xxe x

x

x

x
 

( ) ( )( ) ( )
=















→=+=+

→−
=

.0as,93~31ln13ln

.0as,5~1

2222

5

xxxxx

xxe x

 

9

10

9

10
lim

9

52
lim

2

2

020
==


=

→→ x

x

x

xx

xx
. 

c)  




=
−

++−
=

−

+
==









−

+ 
+

→ 14

5114

14

54
1

14

54
lim

6

x

x

x

x

x

x
x

x
 

=








−
+=





−
+=

−
+

−

−
=

+

→

6

14

6
1lim

14

6
1

14

6

14

14
x

x xxxx

x
 

( )
( )

=


























−
+=









−
+=

+
−−

→

+
−

−

→

6
14

6

6

14
6

14

6

6

14

14

6
1lim

14

6
1lim

x
xx

x

x
x

x

x xx

( )

=== −

+

−

+

→

→ 14

366
lim

14

66

lim x

x

x

x

x

xee  
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.
2

3

1
4

36
6

lim
14

366
lim 32

3

ee

x
x

x
x

x

x

xx
==

























=









−









+

=
−

+
=

→→
 

d)  






=
−+

==














−+



−

→ 362

2
1

362

2
lim

2

2
13

2

2

xx

x

xx

x
x

x
 

( )
=







−+

−
−=

−+

−
−

−+

−+
=

−+

−−−+
=

362

36
1

362

36

362

362

362

36362
222

2

2

2

xx

x

xx

x

xx

xx

xx

xxx

( )

=








−+

−
−=









−+

−
−=

−
−+

−

−

−+

→

−

→

13
362

36

36

362

2

13

2

2

2

362

36
1lim

362

36
1lim

x
xx

x

x

xx

x

x

x xx

x

xx

x

 

( )
( )( )

==




























−+

−
−= −+

−−
−

→

−
−+

−

−

−+

→

362

1336
13

362

36

36

362

2

2

22

lim
362

36
1lim xx

xx

x

x
xx

x

x

xx

x
e

xx

x

=

























==









−+









+−

=
−+

+−
==

→→

−+

+−
−

→ 9
2

18

36
2

315
18

lim
362

31518
lim

2

2

2

2

2

2
362

31518
lim

2

2

xx
x

xx
x

xx

xx
e

xx

xx

xx

x

.9−= e  

e) ( )
( )

( ) =−+=−+=−=














==− 

→

−

151551451145lim 0

1

1

13

1

xxxx
x

x
 

( )( )
( )

  ( ) =+=→→−==−+=
→→

− tx

ttxxtx
tx

3

1

13

1

51lim01;1151lim
01

 

( ) ( ) 3

5

3

1
5

3

1

0

1

51lim eet
t

t
==

















+=
→

. 

Answer: a) 
20

49
; b) 

9

10
; c) 3e ; d) 9−e ; e) 3

5

e . 
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Continuity of a function 

A function ( )xf  is said to be continuous at a point 0xx =  if: 

1) ( )xf  is defined at the point 0xx = ; 

2) ( )xf
xx 0

lim
→

 exists; 

3) ( ) ( )0
0

lim xfxf
xx

=
→

. 

Using one-sided limits the last definition can be rewritten 

in the form: 

a function ( )xf  is said to be continuous at a point 0xx =  if: 

1) ( )xf  is defined at point 0xx = ; 

2) ( ) ( )xfxf
xx 0

0
0

lim0
−→

=−  and ( ) ( )xfxf
xx 0

0
0

lim0
+→

=+  exist; 

3) ( ) ( ) ( )000 00 xfxfxf =+=− . 

Let x  be an increment of the variable x  at a point 0xx = , 

then ( ) ( ) ( )000 xfxxfxf −+=  is the respective increment 

of a function ( )xf  at the point 0xx = . 

The definition of continuity of a function at a point 

can be rewritten in terms of the increment of a function at a point: 

a function ( )xf  is continuous at the point 0xx = , if: 

( ) ( ) ( )( ) 0limlim 00
0

0
0

=−+=
→→

xfxxfxf
xx

. 

Based on the definition of the continuity of a function and 

properties of the limits, the following properties of continuous 

functions can be obtained: 

if functions ( )xf  and ( )xg  are continuous at a point 0xx = , then: 

1) ( ) ( )xgxf   are continuous at the point 0xx = ; 

2) ( ) ( )xgxf   is continuous at the point 0xx = ; 

3) 
( )
( )xg
xf

 is continuous at the point 0xx = , provided ( ) 00 xg . 

Theorem 4.3. If a function ( )xfy =  is continuous at the point 

0xx =  and a function ( )ygz =  is continuous at the point ( )00 xfy = , 

then the composite function ( ) ( )( )xfgxhz ==  is continuous 

at the point 0xx = . 
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A function ( )xf , which is continuous at every point of some 

interval (open or closed), is said to be continuous on that interval. 

Theorem 4.4. Any basic function is continuous at each point 

of its domain of definition. 

Some properties of functions being continuous on an interval 

1) If a function ( )xf  is continuous on the interval  ba, , then 

( )xf  is bounded on  ba, , which means: there exists a positive real 

number L , such that ( ) Lxf   for every  bax , . 

2) If a function ( )xf  is continuous on the closed interval  ba, , 

then ( )xf  takes on the least value m  and the greatest value M  

on this interval. 

3) If a function ( )xf  is continuous on the interval  ba, , and 

( ) ( ) 0 bfaf , then the equation ( ) 0=xf  has at least one root 

on the considered interval. 

 

Types of discontinuity 

A function ( )xf  is called discontinuous at a point 0xx =  

it fails to satisfy at least one of the conditions of continuity. 

There are three types of the points of discontinuity 

of a function: 

1) If there exist both of the one-sided limits of a function ( )xf  

as 0xx→ , however ( ) ( ) ( )000 00 xfxfxf +=− , then the function 

( )xf  has a removable discontinuity at the point 0xx = . 

 

2) If there exist both of the one-sided limits of a function ( )xf  

as 0xx→ , however ( ) ( )00 00 +− xfxf , then the function ( )xf  

has a discontinuity of the first type at the point 0xx = . Such type 

of discontinuity is also called jump discontinuity, and the number 

( ) ( )00 00 +−− xfxf  is called a jump of the function ( )xf . 

3) If at least one of the one-sided limits of a function ( )xf  

as 0xx→  doesn’t exist or equals infinity, then the function ( )xf  

has a discontinuity of the second type at the point 0xx = . Such type 

of discontinuity is also called essential discontinuity. 
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Problem 4.4. Investigate the following functions for continuity. 

If they have points of discontinuity, determine their type. Sketch 

the schematic graph of the functions: 

a) ( )


















−

+


−+

−=

−+

=

;1,25

,10,1
2

sin

,02,1
4

,2,1

,2,4

2

xx

x
x

x
x

x

xx

xf   b) ( ) ( ) xxf += 3

1

2 . 

Solution. 

a) Lets notice that every expression in the right-hand side 

of the function is a basic function. Moreover, they are defined at every 

point. Therefore, according to theorem 4.4, they separately are 

continuous at each point. However they connect at points 21 −=x , 

02 =x  and 13 =x , so we have to check them by using the definition 

of continuity of a function at the point. 

Let’s start with the point 21 −=x : 

( ) ( ) ( )   24024limlim0
0202

1 =+−−=+==−
−−→−−→
xxfxf

xx
, 

( ) ( )
( )

21
4

02
1

4
limlim0

22

0202
1 =














+

+−
=














+==+

+−→+−→

x
xfxf

xx
. 

Since ( ) ( ) ( )111 1200 xfxfxf ==+=−  then at the point 21 −=x  

the function has a removable discontinuity. 

Let’s consider the point 02 =x : 

( ) ( )
( )

11
4

00
1

4
limlim0

22

0000
2 =














+

−
=














+==−

−→−→

x
xfxf

xx
, 

( ) ( )
( )

11
2

00
sin1

2
sinlimlim0

0000
2 =








+

+
=








+==+

+→+→

x
xfxf

xx
. 

Since ( ) ( ) ( )222 100 xfxfxf ==+=−  then the function is 

continuous at the point 02 =x . 

Let’s consider the last point 13 =x : 
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( ) ( )
( )

21
2

01
sin1

2
sinlimlim0

0101
3 =








+

−
=








+==+

−→−→

x
xfxf

xx
, 

( ) ( ) ( ) ( )  3012525limlim0
0101

3 =+−=−==+
+→+→

xxfxf
xx

. 

Since ( ) ( )0320 33 +==− xfxf  then the function has 

a discontinuity of the first type (jump discontinuity) at the point 

13 =x . Let’s calculate the jump of the function at the current point: 

( ) ( ) 13200 33 =−=+−− xfxf . 

Finally, we can conclude: 

if ( ) ( ) ( )+−−− ,11,22,x , then the function is continuous; 

at the point 2−=x  the function has a removable discontinuity; 

at the point 1=x  the function has a discontinuity of the first type 

(jump discontinuity). 

Fig. 4.1 shows the schematic graph of the function ( )xfy = . 

b) Let’s notice that the function ( ) ( )xxhy 2==  is continuous 

at each point as a basic function. The function ( )
x

xg
+

=
3

1
 is also 

continuous at each point except 3−=x  (because the denominator must 

be nonzero). Using theorem 4.3, we can conclude that the initial 

function ( ) ( )( ) ( ) xxghxf +== 3

1

2  is continuous 

if ( ) ( )+−−− ,33,x  as a composite function. Therefore, 

we have only one point 30 −=x  to be checked by using the definition 

of continuity of a function at a point. 

( ) ( ) ( ) ( ) ( ) 02222lim0 0

1

033

1

3

1

03
0 =














====−

−
−−−+

−−→
x

x
xf . 

( ) ( ) ( ) ( ) ( ) +=













====+

+
++−+

+−→
2222lim0 0

1

033

1

3

1

03
0 x

x
xf . 

Since the right-sided limit equals infinity then the function has 

a discontinuity of the second type (essential discontinuity) at the point 

30 −=x . 

Finally, we can conclude: 
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if ( ) ( )+−−− ,33,x , then the function is continuous; 

at the point 3−=x  the function has a discontinuity of the second type 

(essential discontinuity). 

Fig. 4.2 shows the schematic graph of the function ( )xfy = . 

 
Figure 4.1 

 
Figure 4.2 
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Answer: a) if ( ) ( ) ( )+−−− ,11,22,x , then the function 

is continuous; 

at the point 2−=x  the function has a removable discontinuity; 

at the point 1=x  the function has a discontinuity of the first type 

(jump discontinuity); 

b) if ( ) ( )+−−− ,33,x , then the function is continuous; 

at the point 3−=x  the function has a discontinuity of the second type 

(essential discontinuity). 

 

Exercises 

 

4.1. Using the definition prove the given limits: 

a) ( ) 1314lim
3

=+
→

x
x

;   b) 0
2

1
lim =

−

−

→ xx
. 

4.2. Calculate the limits: 

a) 
10122

21183
lim

2

2

1 +−

−+

→ xx

xx

x
;   e) 

34

352
lim

2

5 −+

−+

→ x

xx

x
; 

b) 
2010

5123
lim

23

34

−−

−++−

→ xx

xxx

x
; f) 

2122

1493
lim

3

23

2 −+

+++

−→ x

xxx

x
; 

c) 
1

227
lim

2

2

−−−

−+

→ xx

xx

x
;   g) 














+−

−

+

→
102

10

12
lim

2

x
x

x

x
. 

d) 
543

123
lim

34

23

+−+

+−+

→ xxx

xxx

x
; 

Answer: a) 3− ; b) − ; c) 7− ; d) 0 ; e) 72 ; f) 54 ; g) 30 . 

4.3. Use the most important limits to calculate the limits: 

a) 
( )
( )xx

x

x 2sin6

4arctan
lim

2

0→
;   d) 

1

2

2

13

1
lim

+

→ 













−+

+
x

x xx

x
; 

b) 
( ) ( )

( )230
1

31ln21ln
lim

−

+−

→ xx
e

xx
;  e) ( )

( )22

5

32lim
2

−

−
→

x

x
x

. 

c) 
1

32

12
lim

+

→









−

+
x

x x

x
; 
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Answer: a) 
3

4
; b) 

3

2
− ; c) 2e ; d) 3−e ; e) 5e . 

4.4. Investigate the following functions for continuity. If they 

have points of discontinuity, determine their type. Sketch 

the schematic graph of the functions: 

a) ( )










−

+−

−

=

;2,5

,20),1ln(2

,0,2 2

xx

xx

xx

xf   b) ( ) xxf −−= 1

1

3 . 

Answer: a) if ( ) ( )+− ,22,x , then the function 

is continuous; 

at the point 2=x  the function has a discontinuity of the first type 

(jump discontinuity); 

fig. 4.3 shows the schematic graph of the function ( )xfy = ; 

 

 
Figure 4.3 
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b) if ( ) ( )+− ,11,x , then the function is continuous; 

at the point 1=x  the function has a discontinuity of the second type 

(essential discontinuity); 

fig. 4.4 shows the schematic graph of the function ( )xfy = . 

 

 
Figure 4.4 
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5 DIFFERENTIAL CALCULUS OF FUNCTIONS OF  

A SINGLE VARIABLE 

 

Derivative of a function of a single variable 

The derivative of a function ( )xfy =  with respect to x  

at a point 0xx =  is defined as 

( ) ( ) ( )
x

xfxxf

x

xy

xx 

−+
=





→→

00

0

0

0
limlim  

provided the given limit exists. 

The derivative is usually indicated by the symbols y , 
dx

dy
, 

( )xf  , ( )xf
xd

d
 or yDx . 

Differentiation rules 

Let ( )xuu =  and ( )xvv =  be differentiable functions, then 

1) 0=C , C  is a constant; 

2) ( ) uССu =
 , C  is a constant; 

2) ( ) vuvu =


 ; 

3) ( ) vuvuuv +=
  (product rule); 

4) 
2v

vuvu

v

u −
=











 (quotient rule); 

5) if ( )ufy =  has the derivative with respect to u  and ( )xgu =  has 

the derivative with respect to x , then function ( )( )xgfy =  has 

the derivative with respect to x  and can be found as follows: 

uyy u =  (chain rule). 

Logarithmic derivative: 

( ) ( ) ( )( ) = xfxfxf ln . 

The table of derivatives is given in Appendix A. 

Derivatives of higher order 

The derivative ( )xf   of a function ( )xfy =  is called the first 

derivative of the function. However, if ( )xf   also has the derivative, 

it is called the second derivative of a function ( )xfy =  and 
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is designated as y  , 
2

2

dx

yd
, ( )xf  , ( )xf

dx

d
2

2

 or yDx
2 . 

In general, if the ( )1−n th-order derivative of a function has 

the derivative, it’s called the n th-order derivative of the same 

function and is defined as: 

( ) ( )( )= −1nn yy . 

It also can be designated as 
n

n

dx

yd
, ( )( )xf n , ( )xf

dx

d
n

n

 or yDnx . 

 

Derivative of an implicit function 

The derivative of an implicit function ( )( )0, =yxF  

may be obtained by the following procedure. Thinking of y  as a 

function of x , differentiate the function ( )yxF ,  with respect to x  

and solve the derived relation for y . 

The table of the derivatives is given in Appendix C. 

 

Differentiable functions 

A function ( )xfy =  is differentiable at a point 0xx =  if its 

increment y  at the current point can be represented in the form: 

( )xoxAy +=  

where A  is independent of x , however, in general, may depend 

on x . 

Theorem 5.1 A function ( )xfy =  is differentiable at a point 

0xx =  if and only if it has the derivative at the current point and 

( )xfA = . 

Differential of a function 

The expression: 
( ) xdxfyd =  

is called the differential of a function. 

The differential of a function satisfies rules, which are similar 
to the differential rules. 

The differential of the n th-order is defined as: 

( ) ( )( ) nnnn dxxfyddyd == −1 . 
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Problem 5.1. Differentiate the following functions: 

a) ( )5arctan
3

2
214

6

37 5 +−+−= e
x

xxy ; 

b) ( )
( )
x

x
xey xx

73

15arctan
cosln1752

−

+
+= −+ ; 

c) ( )( ) x
xy

5tan2 4ln += ; 

d) 07147 22234 =−+−−+ xyyxxy . 

Solution. 

a) ( ) ( ) +−










=











+−+−= 37 5

6

37 5 2145arctan
3

2
214 xxe

x
xxy  

( )( ) ( ) ( ) =−


+


−



















=


+−











+ − 0

3

2
2145arctan

3

2 637

5

6
xxxe

x
 

( )
7

2

7 2

727

2
4

6
10

6
3

2
6

7

5
14

x
x

x

xxx −−=−+−= −
−

. 

b) ( )
( )

=












−

+
+= −+

x

x
xey xx

73

15arctan
cosln1752

 

( )
( )












−

+
+









= −+

x

x
xe xx

73

15arctan
cosln1752

. 

At first, let’s find the derivative of the first term using the product 

rule. Then find the derivative of the second term using the quotient 

rule (additionally we should use the chain rule): 

( ) ( ) ( )( ) =


+









=









 −+−+−+ xexexe xxxxxx coslncoslncosln 175175175 222

 

( ) ( ) ( ) =+


−+= −+−+ x
x

exxxe xxxx cos
cos

1
cosln175 1752175 22

 

( ) ( ) ( )=−++= −+−+ x
x

exxe xxxx sin
cos

1
cosln52 175175 22

 

( ) ( ) xexxe xxxx tancosln52 175175 22 −+−+ −+= , 
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( ) ( )( ) ( )( )
( )

=

−


−+−−


+

=














−

+

2
73

7315arctan7315arctan

73

15arctan

x

xxxx

x

x
 

( )
( ) ( ) ( )

=
−


−

−
+−−


+

++
=

x

x
x

xxx
x

73

73
732

1
15arctan7315

151

1
2

 

( )

( )( )

( )( )( )
+

−++

−
=

−

−

−+
−

++

−

=
xx

x

x

x

x

x

x

73151

735

73

732

715arctan

151

735

2

2

 

( )

( ) ( )( )
( )

( )3
2

732

15arctan7

73151

5

73732

15arctan7

x

x

xxxx

x

−

+
+

−++
=

−−

+
+ . 

And finally: 

( ) ( ) +−+= −+−+ xexxey xxxx tancosln52 175175 22

 

( )( )
( )

( )3
2

732

15arctan7

73151

5

x

x

xx −

+
+

−++
+ . 

c) ( )( ) xxy 5tan2 4ln += . 

Here, we obtain the result by using the logarithmic derivative: 

  ( )( ) ( )( )










++=


=

xx
xxyyy

5tan25tan2 4lnln4lnln  

Let’s find the derivative of the function in the brackets: 

( )( ) ( )( )  ( ) ( )( )++


=


+=











+ 4lnln5tan4lnln5tan4lnln 225tan2 xxxxx

x
 

( )( )( ) ( )( )
( )

=
++

++=


++ x
xx

xx
x

xx 2
4

1

4ln

1
5tan4lnln

5cos

5
4lnln5tan

22

2

2

2

( )( )
( ) ( )4ln4

5tan2

5cos

4lnln5

222

2

++
+

+
=

xx

xx

x

x
. 

Therefore: 

( )( ) ( )( )
( ) ( )














++
+

+
+=

4ln4

5tan2

5cos

4lnln5
4ln

222

25tan2

xx

xx

x

x
xy

x
. 

d) 07147 22234 =−+−−+ xyyxxy . 
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In the current case we assume that ( )xyy = . Let’s find 

the derivative of the left-hand side of the equation with respect to x : 

( ) =−+−−+ 7147 22234 xyyxxy  

0142141434 2223 =+−−−+= yyyyxxyxyy . 

In order to find y   we have to solve the last equation for y : 

0142141434 2223 =+−−−+ yyyyxxyxyy ; 

141432144 2223 −+−=−− xyxyyyyxyy ; 

( )
yyxy

xyx
yxyxyyxyy

2144

14143
141432144

23

22
2223

−−

−+−
=−+−=−− . 

Answer: a) 
7

2

7 2

4
6

10

x
x

x

y −−= ; 

b) ( ) ( ) +−+= −+−+ xexxey xxxx tancosln52 175175 22

 

( )( )
( )

( )3
2

732

15arctan7

73151

5

x

x

xx −

+
+

−++
+ ; 

c) ( )( ) ( )( )
( ) ( )














++
+

+
+=

4ln4

5tan2

5cos

4lnln5
4ln

222

25tan2

xx

xx

x

x
xy

x
; 

d) 
yyxy

xyx
y

2144

14143

23

22

−−

−+−
= . 

 

Differentiation of functions represented parametrically 

If the functional dependence between y  and x  is given 

by means of a third variable or parameter t : ( )tx = , ( )ty = , then 

the first and second derivatives can be written as follows: 
( )
( )t
t

yx







= ,      (5.1) 

( ) ( ) ( ) ( )

( )( )3t

tttt
yxx







−
= .    (5.2) 
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Problem 5.2. Find the first and second derivatives 

of the parametric functions: 

a) 








=

+=

,2arctan

,
3

4 3

ty

ttx
    b) 








=

=

.sin2

,cos2

3

3

ty

tx
 

Solution.  

a) In the current case ( ) ttt += 3

3

4
 , ( ) tt 2arctan= . By (5.1) and 

(5.2), we obtain: 

( )
( )

( )

( )222

2

3 14

2

14

41

2

3

4

2arctan

+

=
+

+=










+


=




=

tt

t

tt

t

t

t
yx




, 

( ) ( ) ( ) ( )

( )( )

( ) ( )

( )
=

+


+

+
−+












+
=



−
=

32

2

2

2

2

3
41

41
41

2
41

41

2

t

t
t

t
t

t

tttt
yxx




 

( )
( )

( ) ( ) ( )4232

22

32

2

2

22

41

32

41

41

16

41

16

41

41

16
41

41

16

t

t

t

t

t

t

t

t

t

t
t

t

t

+

−=

+

+
−

+

−

=

+

+
−+

+

−

= . 

b) Analogous to the previous issue: ( ) tt 3cos2= , ( ) tt 3sin2= . 

By (5.1) and (5.2), we obtain: 

( )
( )

( )
( )

t
t

t

tt

tt

t

t

t

t
yx tan

cos

sin

sincos32

cossin32

cos2

sin2
2

2

3

3

−=−=
−


=





=



=



, 

( ) ( ) ( ) ( )

( )( )
=



−
=

3
t

tttt
yxx




 

( ) ( ) ( )( )
( )

=

−


−−−




=
32

2222

sincos6

sincos6cossin6sincos6cossin6

tt

tttttttt
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( )( )
−

−

−−
=

tt

ttttt
36

232

sincos216

sincos6sin6cossin12

( )( )
=

−

−
−

tt

ttttt
36

322

sincos216

cos6sincos12cossin6
 

( )
=

−

−+−−
=

tt

tttttt
36

222222

sincos216

cossin2sincos2cossin36
 

tttt

tt

sincos6

1

sincos6

sincos
44

22


=



+
= . 

Answer: a) 

( )22 14

2

+

=

t

yx , 
( )4241

32

t

t
yxx

+

−= ; b) tyx tan−= ; 

tt
y xx

sincos6

1

4 
= . 

 

L’Hopital’s rule for evaluating indeterminate forms 

Let both functions ( )xf  and ( )xg  be differentiable. 

If ( ) ( ) 0limlim ==
→→

xgxf
axax

 or ( ) ( ) ==
→→

xgxf
axax

limlim , then: 

( )
( )

( )
( )xg
xf

xg

xf

axax 


=












=

→→
limor

0

0
lim , 

under condition that there exists a limit of the ratio 

of the derivatives. 

Remark. The indeterminate form  0  can be evaluated 

by applying L’Hopital’s rule using one of the following ways: 

( ) ( )   ( )
( )

( )

( )( )


=







===

→→→ xg

xf

xg

xf
xgxf

axaxax 1
lim

0

0

1
lim0lim ; 

( ) ( )   ( )
( )

( )

( )( )


=











===

→→→ xf

xg

xf

xg
xgxf

axaxax 1
lim

1
lim0lim . 

 

Problem 5.3. Applying L’Hopital’s rule find the following 

limits: 

a) 
( )

132

sin1
lim

2

2

2

1 +−

−

→ xx

x

x


;  c) ( ) 9

1

2

3

2
32lim −

−→
−+ x

x
exx . 
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b) 
( )

( )xx

ex x

x +

+

→ 1ln

5
lim ; 

Solution. 

a) 
( ) ( )( )

( )
=


+−


−

=



















=

+−









−

=
+−

−

→→ 132

sin1
lim

0

0

1
2

3

2

1

2
sin1

132

sin1
lim

2

2

2

1

2

2

2

2

1
xx

x

xx

x

xx






 

( ) ( ) ( ) ( )
0

32

sin

34

2sin
lim

34

cossin2
lim

2

1

2

1
=

−

−
=

−

−
=

−

−
=

→→



x

x

x

xx

xx

. 

b) 
( )

( )
( )( )

( )( )
=


+


+

=











=

+

+

→→ xx

ex

xx

ex x

x

x

x 1ln

5
lim

1ln

5
lim  

( )

( )

( )

( )
=












=

+


=

+
++

+
=

+
++

++
=

→→ 1

1
1ln

6
lim

1
1ln

5
lim

x

x
x

xe

x

x
x

exe x

x

xx

x
 

( )( )

( )

( )

( )

( )

( )

=

+

+

+
=

+

−+
+

+

++
=












+
++


+

=
→→→

22
1

2

7
lim

1

1

1

1

6
lim

1
1ln

6
lim

x

x

xe

x

xx

x

exe

x

x
x

xe x

x

xx

x

x

x
 

( )( ) ( )( )( )
( )

=


+


++

=











=

+

++

→→ x

xxe

x

xxe x

x

x

x 2

17
lim

2

17
lim

22

( )( ) ( )( )( )
=


+++++

=
→ 1

1717
lim

22
xxexxe xx

x
 

( )( ) ( ) ( )( )( )=+++++++=
→

xxxxxex

x
172117lim

22  

( ) ( )( ) ( )( )=+++++++=
→

721171lim xxxxxex

x

( )( ) =+++=
→

22111lim 2 xxxex

x
. 

c) ( ) ( )( )














===−−+=−+ −−

−→
00036932lim 0

1

99

1

9

1

2

3

2
eeeexx x

x
. 
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In the current issue we can’t apply L’Hopital’s rule, however 

the obtained indeterminate in form can be reduced 

to the indeterminate form 











 as it was mentioned in the remark: 

( ) 3as,

0

1

32

1
;

32

1
32

2

9

1

2

9

1

9

1

2
22

2
−→




=


→

−+−+

=−+
−−

− x

xx

e

xx

e
exx

xx
x . 

Finally, we can apply L’Hopital’s rule and then we can factor 

the polynomial function in both numerator and denominator as it has 

been done in problem 4.2 issue (a): 

( )

( )

=

−+

+

−
=












−+



















=

−+

−

−→

−

−→

−

−→

22

9

1

22

3

2

9

1

3

2

9

1

3

32

22

9

2

lim

32

1

lim

32

1
lim

2
2

2

xx

x

e

x

x

xx

e

xx

e

x

x

x

x

x

x
 

( )
( )( )

( ) ( )

( )( ) ( )
=

+−+

+−
=

−+

−+
=

−

−→

−

−→ 22

9

1

22

322

9

1
22

3 331

31
lim

912

322
lim

22

xxx

exxx

xx

exxx x

x

x

x
 

( )

( )( )

( )

( )( )
=



















=


=
−

−
=

−−+−

−−−
=

−+

−
=

−−

−→ 3

2

72

48

3313

133

31

1
lim

0

1

2

99

1

2

2

9

1

2

3

2
ee

xx

exx x

x
. 

Answer: a) 0 ; b)  ; c)  . 

 

Investigating of functions 

Even and odd functions 

A function ( )xf  is called even (odd) if for every x  from 

the domain of definition of the function ( ) ( )xfxf =−  ( ) ( )( )xfxf −=− . 

If a function satisfies the condition neither for even functions 

nor for odd functions it is called neither odd nor even. 

Sufficient condition of monotonicity. Let a function ( )xf  

be differentiable on ( )ba, , then: 
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a) if ( ) 0 xf  ( )( )0 xf  when ( ) bax ,  ( )xf  is a non-

decreasing (steadily increasing) function on ( )ba, ; 

b) if ( ) 0 xf  ( )( )0 xf  when ( ) bax ,  ( )xf  is a non-

increasing (steadily decreasing) function on ( )ba, . 

 

Extremum of a function 

The values of x  at which ( ) 0= xf  are called stationary points 

of the function ( )xf . Stationary points and the points at which 

( )xf   doesn’t exist are called critical points for ( )xf . 

Sufficient condition for a local extremum. Let 0xx =  

be a critical point of a function ( )xf . Then: 

a) if ( )xf   changes from “+” to “–” as x  increases through 0xx = , 

( )xf  has a maximum at 0xx = ; 

b) if ( )xf   changes from “–” to “+”as x  increases through 0xx = , 

( )xf  has a minimum at 0xx = ; 

c) if the sign of ( )xf   remains unchanged as x  increases through 

0xx = , ( )xf  doesn’t have an extremum at 0xx = . 

 

Maximum and minimum of a function on a segment 

Let a function ( )xf  be differentiable on a segment  ba, . Let 

the points 1x , 2x , … nx  be the critical points for the current 

function, which belong to the segment  ba, . Then we have 

to evaluate 2+n  numbers (calculate values of the function at all 

critical points and endpoints of the segment): 

( )1xf , ( )2xf , … ( )nxf , ( )af , ( )bf . 

The greatest and least numbers among the obtained ones 

are the maximum and the minimum of the function ( )xf  

on the segment  ba, . 

 

Direction of bending, points of inflection 

Sufficient condition for the convexity (concavity). If ( ) 0 xf  

( )( )0 xf  on ( )ba, , then the curve ( )xfy =  is concave downwards 

(concave upwards). 
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A point 0xx =  is called a critical point of the 2-nd derivative if 

( ) 00 = xf  or ( )0xf   doesn’t exist. 

Sufficient condition for a point of inflection. Let 0xx =  

be a critical point of the 2-nd derivative for a function ( )xf . Then 

the curve ( )xfy =  has the point ( )( )00, xfx  as the point of 

inflection if ( )xf   changes its sign as x  increases through 0xx = . 

 

Asymptotes 

A straight line 1xx =  is a vertical asymptote of the curve 

( )xfy =  if at least one of the limits ( )xf
xx 01

lim
−→

 or ( )xf
xx 01

lim
+→

 

equals +  or − . 

An inclined (oblique) asymptote is the line, which is described 

by the equation 

bkxy += ,      (5.3) 

where 

( )

( )
x

xf
k

x
x

−→
+→

= lim , 

( )

( ) kxxfb

x
x

−=

−→
+→

lim . 

 

If 0=k , the inclined asymptote is called a horizontal 

asymptote. Its equation is by = , with 

( )

( )xfb

x
x

−→
+→

= lim . 

General scheme of curve sketching 

When constructing the graph of a function, it is recommended: 

1) to find the domain of definition; 

2) to find the points of intersection of the graph and the coordinate 

axes (intercepts); 

3) to test the function for evenness, oddness and periodicity; 

4) to find the intervals of monotonicity, the points of maxima and 

minima, the maximum and minimum values of the function; 

5) to examine the function for direction of bending and the points 

of inflection; 

6) to find the asymptotes; 

7) to sketch the graph of the function. It is also advisable 

to compute values of the function at some points. 
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Problem 5.4. Find the maximum and minimum of the functions 

on the given segment: 

a) ( )  2,0,1
3

+= xy ;  c)  3,0,
22

1
2 +−

=
xx

y . 

b) ( )  2,4,23 2

2

−+=
−
x

exy ; 

Solution. 

a) According to the described scheme at first we have to find 

critical points of the considered function, which belong to the given 

segment. Let’s find critical points: 

( )( ) ( )23
131 +=


+= xxy ; 

( ) 1013 1
2

−==+= xxy . 

Since the obtained critical point doesn’t belong to the considered 

segment  2,0 , we have to evaluate values of the function only 

at the endpoints of the segment: 

( ) ( ) 1100
3
=+=y ; ( ) ( ) 27122

3
=+=y . 

Therefore, we can conclude: the given function has the maximum 

27max =y  at the point 2=x  and the minimum 1min =y  at the point 

0=x . 

b) Analogous to the previous issue, as the first step let’s find 

the critical points of the function: 

( ) ( ) ( )23223223 22222

2222

+−−=
















−++=



















+=
−−−−

xxexexeexy

xxxx

; 

( )








=

−=

=+−−=+−−=
−

.
2

1

;2

02320232
2

1
222

2

x

x

xxxxey

x

 

Since both critical points belong to the given segment  2,4− , 

it means we have to test values of the given function at four points 

(including endpoints of the segment) for being maximum and 

minimum: 
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( ) ( )( )
( )

0017.0
5

54234
8

82

4
2

−−=−=−+=− −

−
−

e
eey ; 

( ) ( )( )
( )

1353.0
1

223
2

22

2

1

2

−−=−=−+= −

−
−

e
eexy ; 

( ) 5300.3
4

4
2

1
23

8
8

1

2

2

1

2

2

==







+=

−










−

e
eexy ; 

( ) ( ) 9473.0
7

72232
2

22

22

==+= −
−

e
eey . 

As a result we obtain: the given function has the maximum 

8max
4

e
y =  at the point 

2

1
=x  and the minimum 

2min
1

e
y −=  

at the point 2−=x . 

c) Since the function to be considered is a fraction let’s analyze 

the discriminant: 

( ) RxxxD +−−=−−= ,02204242 22 . 

Therefore, the function 
22

1

2 +−
=

xx
y  is continuous for all x , so we 

can obtain the result as we did in the previous issue. Let’s start with 

finding critical points of the function: 

( )222
22

22

22

1

+−

−
−=












+−
=

xx

x

xx
y ; 

( )
10220

22

22
122
==−=

+−

−
−= xx

xx

x
y . 

Taking into account, that the critical point belongs to the given 

segment, let’s test values of the function at it and at the endpoints 

of the segment for being maximum and minimum: 

( )
2

1

2020

1
0

2
=

+−
=y ; ( )

( )
1

2121

1

21 =
+−

=xy ; 
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( )
5

1

2323

1
3

2
=

+−
=y . 

Therefore, we can conclude that the given function has 

the maximum 1max =y  at the point 1=x  and the minimum 
5

1
min =y  

at the point 3=x . 

Answer: a) 27max =y , 1min =y ; b) 
8max
4

e
y = , 

2min
1

e
y −= ; 

c) 1max =y , 
5

1
min =y . 

 

Problem 5.5. Sketch the graphs of the functions: 

a) 
( )3

4

1+
=
x

x
y ;    b) 

21

1

x

x
y

+

−
= . 

Solution. 

a) Let’s use the general scheme of curve sketching. 

1) ( ) ( ) ( )+−−−=−+ ,11,101 yDxx . 

2) Points of intersection of the graph with the x -axis ( )0=y : 

( ) ( )
( )0,0

.1

,0

,01

,0
0

1 3

4

3

4






−

=









+

=
=

+
=

x

x

x

x

x

x
y . 

The point of intersection of the graph and the y -axis ( )0=x  is the same: 

( )0,0 . 

3) Let’s check a function for evenness or oddness: 

( )
( )

( ) ( )3

4

3

4

11 +−
=

+−

−
=−

x

x

x

x
xy , 

so ( ) ( )xyxy −  and ( ) ( )xyxy −− . It means the function is neither odd 

nor even. 

4) 
( )

( ) ( ) ( )( )
( )

=
+


+−+



=

















+
=

6

3434

3

4

1

11

1 x

xxxx

x

x
y  

( ) ( )

( )

( ) ( )( )

( )

( )

( )4

3

6

23

6

2433

1

4

1

3141

1

1314

+

+
=

+

−++
=

+

+−+
=

x

xx

x

xxxx

x

xxxx
. 
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( )

( ) 







−






−=

=










−







=+

=









+

=+
=

,1

,4

,0

,1

,04

,0

,01

,04
0

3

4

3

x

x

x

x

x

x

x

xx
y  

therefore 4,0 −== xx  and 1−=x  are the critical points 

of the function. 

 

 
 

When ( ) ( )+−− ,04,x  0y  and y  increases. 

When ( ) ( )0,11,4 −−−x  0y  and y  decreases. 

As x  increases through 4−=x , y  changes its sign from + to –; 

hence at 4−=x  y  has a maximum value ( )
( )

( ) 27

256

14

4
4

3

4

−=
+−

−
=−y . 

As x  increases through 0=x , y  changes its sign from – to +; hence 

at 0=x  y  has a minimum value ( )
( )

0
10

0
0

3

4

=
+

=y . 

5) 
( )

( )

( )( ) ( ) ( ) ( )( )
( )

=
+


++−+


+

=

















+

+
=

8

4343

4

3

1

1414

1

4

x

xxxxxx

x

xx
y  

( )( )( ) ( ) ( )

( )
=

+

++−+++
=

8

33432

1

144143

x

xxxxxxx

( ) ( )( )( ) ( )( )

( )

( )( ) ( )( )

( )
=

+

+−++
=

+

+−++++
=

5

2

8

32

1

4134

1

441431

x

xxxxx

x

xxxxxxx
 

( )
( ) ( )5

2

5

222

1

12

1

4344

+
=

+

−−++
=

x

x

x

xxxxx
. 

( ) ( ) 



−

=









+

=
=

+
=

,1

,0

,01

,012
0

1

12
0

5

2

5

2

x

x

x

x

x

x
y  
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therefore 1,0 −== xx  are the critical points of the 2-nd derivative 

of the function. 

 

 
 

When ( )0,1−x  0y  and the curve is concave upwards. 

When ( ) ( )+−− ,01,x  0y  and the curve is concave 

downwards. 

6) ( ) −=
−−→

xy
x 01

lim  and ( ) +=
+−→

xy
x 01

lim . Thus, the line 1−=x  

is a vertical asymptote of the curve. By (5.3): 

( )

( ) ( )
1

01

1
lim

1
1

lim
1

limlim
33

3

3

3

4

=
+

=









+

=
+

==
→→→→ xxxx

x
x

x

xx

x

x

xy
k . 

( ) 
( )

( )

( )
=

+

+−
=












−

+
=−=

→→→ 3

34

3

4

1

1
lim

1
limlim

x

xxx
x

x

x
kxxyb

xxx
 

( ) ( )
=

+

−−−
=

+

−−−−
=

→→ 3

23

3

2344

1

33
lim

1

33
lim

x

xxx

x

xxxxx

xx
 

( )
3

01

003
lim

1
1

13
3

lim
33

3

2

3

−=
+

−−−
=









+









−−−

=
→→ xx

x
x

xx
x

. 

Hence the line 3−= xy  is the inclined asymptote as −→x  and 

as +→x . 

7) Fig. 5.1 shows the graph of the function. 

 



 108 

 
Figure 5.1 

 

b) Let’s use the general scheme of curve sketching. 

1) ( ) ( )+−=+ ,012 yDRxx . 

2) Points of intersection of the graph and the x -axis ( )0=y : 

( )0,11
.01

,01
0

1

1
22

=






+

=−
=

+

−
= x

x

x

x

x
y . 

The point of intersection of the graph and the y -axis ( )0=x : 

( ) ( )1,01
01

10
0

2
−−=

+

−
=y . 

3) Let’s check a function for evenness or oddness: 

( )
( ) 22 1

1

1

1

x

x

x

x
xy

+

+
−=

−+

−−
=− , 
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so ( ) ( )xyxy −  and ( ) ( )xyxy −− . It means the function is neither odd 

nor even. 

4) 
( ) ( ) ( )( )

( )
=

+


+−−+


−

=












+

−
=

22

22

2
1

1111

1

1

x

xxxx

x

x
y  

( )

( ) ( )22

2

22

2

1

12

1

211

x

xx

x

xxx

+

++−
=

+

−−+
= . 

( ) 






−=

+=









+

=++−
=

,21

,21

,01

,012
0

22

2

x

x

x

xx
y  

therefore 21−=x  and 21+=x  are the critical points 

of the function. 

 

 
 

When ( )21,21 +−x  0y  and y  increases. 

When ( ) ( )++−− ,2121,x  0y  and y  decreases. 

As x  increases through 21−=x , y  changes its sign from  

– to +; hence at 21−=x  y  has a minimum value 

( )
( )

( )
( )( )

=
+

−=
+−

+−
=

−

−
=

−+

−−
=−

4

222

22222

222

224

2

211

121
21

2
y  

21.1
2

12
−

+
−= . 

As x  increases through 21+=x , y  changes its sign from  

+ to –; hence at 21+=x  y  has a maximum value  
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( )
( )

( )
( )( )

=
−

=
−+

−
=

+
=

++

−+
=+

4

222

22222

222

224

2

211

121
21

2
y  

21.0
2

12


−
= . 

5) 
( )

=

















+

++−
=

22

2

1

12

x

xx
y  

( ) ( ) ( ) ( )

( )
=

+











+++−−+


++−

=
42

222222

1

112112

x

xxxxxx

 

( )( ) ( ) ( )( )
( )

=

+

+++−−++−
=

42

2222

1

21212122

x

xxxxxx

( )( )( ) ( )( )
( )

=

+

−−++−+
=

42

222

1

1221112

x

xxxxxx
 

( )
( )

( )
( )32

23

32

2332

1

1332

1

24212

x

xxx

x

xxxxxx

+

+−−
=

+

−−+−+−
= . 

( )
( ) ( )









+

=+−−
=

+

+−−
=

,01

,0133
0

1

1332
0

32

23

32

23

x

xxx

x

xxx
y

0133 23 =+−− xxx . 

It’s quite obvious, that one of the roots of the last equation 

is 1−=x . It means that the left-hand side of the last equation has a 

factor ( )1+x , therefore we can factor the whole equation by using long 

division (analogous to problem 4.2 issue (f)): 
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0

1

1

44

134

14

1133

2

2

223

23

+

+
−

−−

+−−
−

+−

+

+

+−−
−

x

x

xx

xx

xx

x

xx

xxx

 

( )( )








+=

−=

−=

=+−+=+−−

,32

,32

,1

0141133 223

x

x

x

xxxxxx  

therefore 1−=x , 32−=x  and 32 +=x  are the critical points 

of the 2-nd derivative of the function. 

 

 
 

When ( ) ( )++−− ,3232,1x  0y  and the curve 

is concave upwards. 

When ( ) ( )32,321, +−−−x  0y  and the curve 

is concave downwards. 

As x  increases through 1−=x , y   changes its sign; hence y  

has a point of inflection with coordinates 

( )
( )

( )1,11
11

11
1

2
−−−=

−+

−−
=−y . 

As x  increases through 32−=x , y   changes its sign; hence y  

has a point of inflection with coordinates 

( )
( ) 












 +
−−

+
−=

−

−
=

−+

−−
=−

4

31
,32

4

31

348

31

321

132
32

2
y . 
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As x  increases through 32+=x , y   changes its sign; hence y  

has a point of inflection with coordinates 

( )
( ) 












 −
+

−
=

+

+
=

++

−+
=+

4

13
,32

4

13

348

31

321

132
32

2
y . 

6) Since the given function is a ratio of two polynomial functions 

and the denominator is a positive number for any real value of x , 

therefore the equation ( ) =
→

xy
xx 0

lim  has no solution for 0x . Thus, 

the graph of the given function has no vertical asymptotes. 

Let’s check whether the graph of the current function has incline 

asymptotes. By (5.3): 

( )

( ) ( )
0

1

01
lim

1

1
1

lim
1

1
limlim

222
=

+

−
=

+









−

=
+

−
==

→→→→ xxx

x
x

xx

x

x

xy
k

xxxx
. 

( )  =
+

−
=








−

+

−
=−=

→→→ 22 1

1
lim0

1

1
limlim

x

x

x

x
kxxyb

xxx
 

( )
0

1
lim

01

01
lim

1
1

1
1

lim

2

2

==
+

−
=









+









−

=
→→→ xx

x
x

x
x

xxx
. 

Hence the line 0=y  is the horizontal asymptote as −→x  and 

as +→x . 

7) Fig. 5.2 shows the graph of the function. The marked points 

correspond to maximum and minimum values of the function and 

the points of inflection. 
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Figure 5.2 

 

Exercises 

 

5.1. Differentiate the following functions: 

a) ( )1sin
4

1
15

8

25 4 −−+−= 
x

xxy ; 

b) ( )
( )

53

31ln
2arcsin152 2

+

−
+= +−

x

x
xey xx ; 

c) ( )( ) x
xy

2sin
12arctan += ; 

d) 011032 22443 =−++−+ xyyxxy . 
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Answer: a) 
95

2
2

12

x
x

x
y −−= ; b) ( ) ( )+−= +− xxey xx 2arcsin54152 2

 

( )
( )

( )32

152

532

31ln3

5331

3

41

22

+

−
−

+−
−

−

+ +−

x

x

xxx

e xx ; 

c) ( )( ) ( ) ( )( ) +++= 12arctanln2cos212arctan
2sin

xxxy
x

( ) ( )( )


+++
+

2
12112arctan

2sin2

xx

x
; d) 

343

2084

42

233

+−

+−
−=

yxy

xyxx
y . 

5.2. Find the first and the second derivatives of the parametric 

functions: 

a) 








+=

=

;
1

,ln

t
ty

tx

    b) 








−=

+=

.sin

,
2

cos1

tty

t
x

 

Answer: а) 
t

t
y x

21−
= , 

t

t
yxx

12 +
= ; b) 

2
sin4
t

yx −= , 

2
cot4

t
yxx = . 

5.3. Applying L’Hopital’s rule find the following limits: 

a) 

2
sin

2
cos

lim
2

0 xx

ee

x

x

x

−

→
;  c) x

x

x
cot

2
sin1lnlim

0








+

→
. 

b) 
x

x

x ex

xe
2

2

lim
+→

; 

Answer: a) 1 ; b)  ; c) 
2

1
. 

5.4. Find the maximum and minimum of the functions 

on the given segment: 

a)  3,2,333 −+−= xxy ;  c) ( ) ( )  ,0,4cos2sin2 xxy += . 

b) ( )  4,0,3 4

x

exy
−

−= ; 
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Answer: a) 21max =y , 1min =y ; b) 3max =y , 
e

y
1

min −= ; 

c) 
2

3
max =y , 3min −=y . 

5.5. Sketch the graph of the functions: 

a) 
12

3

−
=
x

x
y ;    b) 

22

2

+
=
x

x
y . 

Answer: a) Fig. 5.3 shows the graph of the function; b) Fig. 5.4 

shows the graph of the function. 

 
Figure 5.3 

 

 
Figure 5.4 
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6 DIFFERENTIAL CALCULUS OF FUNCTIONS OF 

SEVERAL INDEPENDENT VARIABLES 

 

Domain of definition of a function 

Let ( )fD  be the set of points on the xy -plain, where a function 

( )yxf ,  is defined. ( )fD  is called the domain of definition 

of the function ( )yxf , . 

The set of points ( )yx,  such that ( ) ( ) −+−
2

0
2

0 yyxx  

is called the  -neighborhood of the point ( )00 , yx . 

A set D  is called the open set or domain if every point of D  

has neighborhood consisting entirely of points that belonging to D . 

A boundary point of a set D  is a point every neighborhood 

of which contains both points that belong to D  and points that do 

not belong to D . 

A set D  is called closed if it is contains all its boundary points. 

A region is a set consisting of a domain plus, perhaps, some 

or all of its boundary points. 

 

Problem 6.1. Find and sketch the domain of definition of the 

function of two variables: 

( ) ( )
1

1arcsin
16ln 22

+−

+
+−−=

yx

y
yxz . 

Solution. 

The function z  assumes real values under the conditions: 










+

−

+












+

+−

+












+−

+

−−

.1

,02

,16

,1

,111

,16

,01

,11

,016 222222

xy

y

yx

xy

y

yx

yx

y

yx

 

Fig. 6.1 shows the domain of definition ( )zD  of the given function. 
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Figure 6.1 

Answer: ( )










+

−

+

.1

,02

,16

:

22

xy

y

yx

zD  

 

Limit and continuity of a function of two variables 

A real number A  is called the limit of a function ( )yxf ,  

in as ( )yxM ,  tends ( )000 , yxM  ( ) ( )( )000 ,, yxMyxM →  

if for any positive real number   can be found a positive real 

number ( ) = , such that if ( ) ( ) −+−
2

0
2

00 yyxx  then 

( ) − Ayxf , : 

( ) Ayxf

yy
xx

=

→
→

,lim

0

0

. 

If ( )yxM ,  is some arbitrary point in  -neighborhood of the point 

( )000 , yxM , then the last formula can be rewritten in the form: 

( ) AMf
MM

=
→ 0

lim , 

where ( ) ( )yxfMf ,= . 
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A function ( )yxfz ,=  is said to be continuous at a point 

( )000 , yxM  provided ( )0Mf  is defined and ( ) ( )0
0

lim MfMf
MM

=
→

. 

A function ( )yxfz ,=  is said to be continuous in a domain 

if it is continuous at each point of this domain. 

 

Partial derivatives 

Let ( )yxfz ,=  be a function of the independent variables x  

and y . 

The partial derivative of ( )yxfz ,=  with respect to x , written 

x

z




, xz , xf  , is defined as: 

( ) ( ) ( )
x

yxf

x

yxfyxxf

x

z x

xx 


=



−+
=





→→

,
lim

,,
lim

00
. 

Here ( ) ( ) ( )yxfyxxfyxfz xx ,,, −+==  is the partial 

increment of z  with respect to x . 

The partial derivative of ( )yxfz ,=  with respect to y , written 

y

z




, yz , yf  , is defined as: 

( ) ( ) ( )

y

yxf

y

yxfyyxf

y

z y

yy 


=



−+
=





→→

,
lim

,,
lim

00
. 

Here ( ) ( ) ( )yxfyyxfyxfz yy ,,, −+==  is the partial 

increment of z  with respect to y . 

 

Partial derivatives of higher orders 

The second-order partial derivatives of the function ( )yxfz ,=  

are defined as the partial derivatives of its first-order partial 

derivatives: 

xxf
x

z

xx

z
=
















=




2

2

; xyf
x

z

yyx

z
=
















=



2

; 

yxf
y

z

xxy

z
=
















=



2

; yyf
y

z

yy

z
=
















=




2

2

. 

Analogously, partial derivatives of any order can be defined. 
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Theorem 6.1. If ( )yxfz ,=  and its partial derivatives xf  , yf  , 

xyf   and yxf   are continuous in a neighborhood of a point ( )yxM , , 

then yxxy ff =  at this point. 

 

Total differential 

The total increment of a function ( )yxfz ,=  at the point 

( )yxM ,  is the difference: 

( ) ( )yxfyyxxfz ,, −++= . 

The function ( )yxfz ,=  is called differentiable at the point 

( )yxM ,  if its total increment at this point can be represented 

in the form 

yxyBxAz +++=  , 

where ( ) 0, →= yx , ( ) 0, →= yx  as 0→x , 0→y , 

A  and B  are quantities independent of x  and y . 

Total differential of the function ( )yxfz ,=  is the principal 

part of the total increment z  which is linear with respect 

to the increment of the arguments x  and y , namely, 

yBxAz += . 

Theorem 6.2. If ( )yxfz ,=  has continuous first partial 

derivatives at a point ( )yxM , , it is differentiable at the point and 

has the total differential, which can be written in the form: 

dy
y

f
dx
x

f
dz




+




= .    (6.1) 

Theorem 6.3. If ( )yxfz ,=  is differentiable at the point 

( )yxM , , then the function is continuous at this point. 

 

Problem 6.2. The function ( ) 2522arcsin xxyeyxz −++=  is given. 

Find dz . 

Solution. By (6.1), we get: 

( )
( )

25

222

25

1

2 xxyexy

yx

x

x

f −−+

+−

=



; 
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( )

25

222

5

1

2 xxyxe

yx

y

y

f −+

+−

=



; 

( )
( ) +

















−+

+−

= − dxexy

yx

x
dz xxy 25

222

25

1

2
 

( )
dyxe

yx

x xxy

















+

+−

+ − 25

222

5

1

2
. 

 

Derivatives of composite functions 

If ( )yxfz ,=  and ( )vuxx ,= , ( )vuyy ,= , then: 

u

y

y

z

u

x

x

z

u

z








+








=




; 

v

y

y

z

v

x

x

z

v

z








+








=




.   (6.2) 

If ( )yxfz ,=  and ( )txx = , ( )tyy = , then: 

dt

dy

y

z

dt

dx

x

z

dt

dz




+




= .    (6.3) 

If ( )yxfz ,=  and ( )xyy = , then: 

dx

dy

y

z

x

z

dx

dz




+




= .     (6.4) 

 

Problem 6.3. Find the derivatives of the composite functions: 

a) 
u

z




, 
v

z




; b) 

dt

dz
; c) 

dx

dz
. 

a) ( )22sin yxz += , vuux −= 3 , vuy 322 += ; 

b) ( )xyz arctan= , tx 2sin2= , tey = ; 

c) ( )xeyz −= ln , ( )25tan xy += . 

Solution. a) By (6.2) we obtain: 

( )22cos2 yx
x

z
+=




; ( )22cos2 yxy
y

z
+=




; 

vu

u
vuu

u

x

−
+−=





2
3

3
2 ; 

vu

u

v

x

−
−=





2

3

; 
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2ln22ln22 13232 +++ ==


 vuvu

u

y
; 2ln32 32 =


 + vu

v

y
. 

( ) ( ) =++














−
+−+=



 ++ 2ln22cos2
2

32cos2 1322
3

22 vuyxy
vu

u
vuuyx

u

z
 

( ) +














−
+−+−= +

vu

u
vuuvuu vu

2
322cos2

3
2643  

( ) =+−+ +++++ 2ln222cos2 132643132 vuvuvu vuu

( )













+

−
+−+−= +++ 2ln2

2
322cos2 164

3
2643 vuvu

vu

u
vuuvuu . 

( ) ( ) =++














−
−+=



 + 2ln322cos2
2

2cos2 322
3

2 vuyxy
vu

u
yx

v

z
 

( )
+

−

+−
−=

+

vu

vuuu vu 6433 22cos

( ) =+−+ +++ 2ln3222cos22 3264332 vuvuvu vuu  

( )













−

−
+−−= +++ 2ln3222cos 164

3
643 vuvu

vu

u
vuu . 

b) By (6.3) we get: 

221 yx

y

x

z

+
=




; 

221 yx

x

y

z

+
=




; t
dt

dx
2cos4= ; 

t

e

dt

dy t

2
= . 

=













+

+
=

+
+

+
=

t

e
xty

yxt

e

yx

x
t

yx

y

dt

dz tt

2
2cos4

1

1

21
2cos4

1 222222
 

( )
=














+








+

=
t

e
tte

et

t
t

t 2
2sin22cos4

2sin21

1
2

2














+

+

=
t

tt

te

e

t

t 1
2sin2cos4

2sin41 22
. 

c) By (6.4) we obtain: 
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x

x

ey

e

x

z

−

−
=




; 

xeyy

z

−
=



 1
; 

( )22 5cos

2

x

x

dx

dy

+
= . 

( ) ( )
=















+
+−

−
=

+−
+

−

−
=

2222 5cos

21

5cos

21

x

x
e

eyx

x

eyey

e

dx

dz x

xxx

x

 

( ) ( )













+
+−

−+
=

222 5cos

2

5tan

1

x

x
e

ex

x

x
. 

Answer: a) ( )






+

−
+−+−=



 +

vu

u
vuuvuu

u

z vu

2
322cos2

3
2643  

)2ln2 164 +++ vu ; ( ) ;2ln3222cos 164
3

643














−

−
+−−=



 +++ vuvu

vu

u
vuu

v

z
 

b) 









+

+

=
t

tt

te

e

dt

dz

t

t 1
2sin2cos4

2sin41 22
; 

c) 
( ) ( )














+
+−

−+
=

222 5cos

2

5tan

1

x

x
e

exdx

dz x

x
. 

 

Extremum of a function of two independent variables 

Necessary condition. If ( )yxfz ,=  is differentiable and has 

an extremum at point ( )00, yxM , then: 

0=




M
x

z
; 0=




M
y

z
.    (6.5) 

The stationary points of the function are the points at which all 

its partial derivatives vanish. 

Sufficient condition. If ( )00, yxM  is a stationary point 

of the function ( )yxfz ,= , and 
2

2

x

z
A




= , 

yx

z
B




=

2

, 
2

2

y

z
C




= , 

ACBD −= 2 , then: 

1) If ( ) 0MD  and ( ) 0MA , then ( )yxfz ,=  has maximum 

at ( )00, yxM ; 
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2) If ( ) 0MD  and ( ) 0MA , then ( )yxfz ,=  has minimum 

at ( )00, yxM ; 

3) If ( ) 0MD , then ( )yxfz ,=  has no extremum at ( )00, yxM ; 

4) If ( ) 0=MD , then the nature of the stationary point 

is undetermined and this case requires further investigation. 

 

Problem 6.4. Examine function yxxyxz 12153 23 −−+=  for 

maximum and minimum values. 

Solution. We can obtain stationary points by using 

equations (6.5): 

1533 22 −+=



yx

x

z
; 126 −=



xy

y

z
. 













=

=−







+








=

=−+








=−

=−+














=




=




.
2

,05
2

,2

,05

,0126

,01533

,0

,0
2

2
2222

x
y

x
x

xy

yx

xy

yx

y

z

x

z

 









=+−
=

+−
=−+

.0

,045
0

45
05

4 24

2

24

2

2

x

xx

x

xx

x
x  

 











−=

=

−=

=






=

=
=+−==+−

.2

,2

,1

,1

,4

,1
045045

4

3

2

1

1

12224

x

x

x

x

t

t
ttxtxx  

As the result, we’ve obtained 











−=

=

−=

=

,2

,2

,1

,1

4

3

2

1

x

x

x

x

 and 
x

y
2

= , thus we get 

four stationary points: ( )2,11M , ( )2,12 −−M , ( )1,23M , ( )1,24 −−M . 

Then we find x
x

z
A 6

2

2

=



= , y

yx

z
B 6

2

=



= , x

y

z
C 6

2

2

=



= , 

( )22222 363636 xyxyACBD −=−=−= . 
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( ) ( ) =−= 01081236 22
1MD  the given function doesn’t have 

an extremum at the point 1M . 

( ) ( ) ( )( ) =−−−= 01081236
22

2MD  the given function doesn’t 

have an extremum at the point 2M . 

( ) ( ) −=−= 01082136 22
3MD  the given function has 

an extremum at the point 3M , ( ) == 012263MA  the given function 

has a minimum at this point: 281122151232 23
min −=−−+=z . 

( ) ( ) ( )( ) −=−−−= 01082136
22

4MD  the given function has 

an extremum at the point 4M , ( ) ( ) −=−= 012264MA  the given 

function has a maximum at this point: ( ) ( ) ( ) −−−+−=
23

max 1232z  

( ) ( ) 28112215 =−−−− . 

Answer: at both points ( )2,11M  and ( )2,12 −−M  the given function 

doesn’t have an extremum; 

at the point ( )1,23M  the given function has a minimum 28min −=z ; 

at the point ( )1,24 −−M  the given function has a maximum 28max =z . 

 

Conditional extremum of a function of two independent variables 

The term conditional extremum is used when we need to find 

an extremum of a function ( )yxfz ,=  under condition that variables 

x  and y  satisfy the equation: 

( ) 0, =yx  

which is called the equation of constraint. 

In the current case we should consider so-called Lagrange’s 

function: 

( ) ( ) ( )yxyxfyxL ,,,,  += .  (6.5) 

Then the solution of the initial problem is reduced to finding 

of an extremum of a function ( ),, yxL  of three independent variables. 

In the present case the necessary condition is: 
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













=




=




=




.0

,0

,0

L

y

L

x

L

      (6.6) 

We should notice that not every solution of the system (6.6) yields 

a point of extremum and additional investigation to find the nature 

of the point is required. However, in solving practical problems, 

the nature of a stationary point can be often determined from the entity 

of the problem. 

Remark. If the variables x  and y  satisfy to more than one 

equation of constraint: 

( ) 0, =yxi , ni ,...,1= , 

then Lagrange’s function can be considered in the form: 
( ) ( ) ( ) ( )yxyxyxfyxL nnn ,...,,,...,,, 111  +++=  

and system (6.6) can be written in the form: 





















=




=




=




=




.0

...

,0

,0

,0

1

n

L

L

y

L

x

L

 

 

Problem 6.5. Given a region bounded by the x - and y -axes and 

the parabola 032 =−+ xy  ( )30  x . Find the area S  of the largest 

rectangle with sides along the coordinate axes which can be inscribe 

in this region (Fig. 6.2). 
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Solution. Since the length and width of the rectangle are x  and 

y  respectively, then the area 

of the rectangle is xyS = . 

Taking into account, that 

the region, in which 

the rectangle is inscribed, 

is bounded in particular 

by the parabola, x  and y  

have to satisfy to its equation: 

032 =−+ xy . 

It means we have to find 

the maximum of the function 

xyS =  under the condition 

that variables x  and y  

satisfy the equation 

of constraint: 

032 =−+ xy . 

Let’s consider 

the corresponding Lagrange 

function (6.5): 

( ) ( )3,, 2 −++= xyxyyxL   

and system (6.6): 















=−+=




=+=




=+=




.03

,0

,02

2xy
L

x
y

L

xy
x

L

 

From the first and second equations of the last system we can 

obtain x  and y  in terms of   and plug in the results in the third one: 

 −==+ xx 0 ; 22202  =−==+ xyxy ; 

1103203 2,1
2222 ===−+=−+ xy . 

 
Figure 6.2 
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Since, for the considered region 0x , then 11 =  is not suitable, 

because the corresponding value of 11 −=−= x  does not belong 

to the region. Therefore, we obtain the solution: 

22;11 max2 ===−= Syx . 

Answer: 2max =S . 

 

Extreme values of a function in a closed domain 

Theorem 6.4 If a function ( )yxfz ,=  is continuous in a closed 

domain D , then: 

1) the function is bounded in the domain D ; 

2) the function takes its least and greatest values in the domain 
D . 

Let a function ( )yxfz ,=  be differentiable in the closed 

domain. Then the greatest and least values of the function 

in the closed domain can be found by using the following approach: 

1) to find stationary points of the function which belong 

to the domain; 

2) to find stationary points on the boundaries: 

– boundary lines can be considered as the equation 

of constraint and then Lagrange’s function can be used to find 

stationary points on each boundary line (the first method); 

– to express one variable in terms of another one from 

the equation of the boundary line (if it’s possible). Then, the 

obtained expression has to be plugged in the equation of the 

function. After we get a function of a single variable from which 

stationary points can be found (the second method);  

the first or second method should be used for each boundary 

line separately; 

3) to calculate values of the function at the obtained points and 

points of intersection between the boundary lines: 

4) to select the greatest and least values among the obtained 

ones. 
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Problem 6.6. Find the greatest and least values of the function 

yxy
x

z +−=
2

2

 in the domain D  bounded by the parabola 
3

2x
y =  and 

the line 3=y  (Fig. 6.3). 

Solution. Let’s use the described approach. 

1) Let’s find stationary 

points of the function 

in the domain D : 





=

=








=+−=

=−=

.1

,1

;01

,0

x

y

xz

yxz

y

x
 

The obtained point 

( )1,11M  definitely belongs 

to the considered domain. 

2) Let’s find all 

the stationary points of the 

function on the boundary lines using both methods described in issue 2. 

The first method. Let’s start with the parabola 

0
33

22

=−=
x

y
x

y ,  3,3−x . Then the corresponding Lagrange 

function is 

( )













−++−=

32
,,

22 x
yyxy

x
yxL  . 

System (6.6) has the following form: 













=−+

+=

−+=−=


















=−=




=++−=




=−−=




.023

,1

,
3

2

3

1
1

3

2

;0
3

,01

,0
3

2

2

2

2

x

xxy

x
y

L

x
y

L

xyx
x

L

 

From the last equation 11 −= , 
3

2
2 = . Therefore, we obtain two 

additional points: 

 
Figure 6.3 
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( )0,0
3

2

3

1
1,1 2

2
111 M=







−++  ; 









=








−++

27

25
,

3

5

3

2

3

1
1,1 3

2
222 M . 

Now let’s do the same, but using the second method. From 

the equation of the parabola we have expression for y  in terms of x : 

3

2x
y = . 

After substitution y  with its expression in terms of x  

in the equation of the function, we get: 

6

5

3332

23222 xxxx
x

x
z +−=+−= ,  3,3−x . 

Therefore, we obtained the function of one independent variable, 

which stationary points are: 

.
3

5
,00

3

5
21

2 ===+−= xx
x

xz  

( )0,0
3

, 2

2
1

1 M
x

x =













; 








=















27

25
,

3

5

3
, 3

2
2

2 M
x

x . 

We obtained the same pair of points. 

The second boundary line has the equation 3=y , so we can 

substitute y  with 3  in the equation of the function and reduce 

to a function of one variable: 

33
2

2

+−= x
x

z . 

Let’s find the stationary point of the obtained function is: 
( )3,3303 4Mxxz ==−= . 

3) Let’s calculate values of the function at the obtained points: 

( )
2

1
11 == Mzz ; ( ) 022 == Mzz ; ( )

162

125
33 == Mzz ; ( )

2

3
44 −== Mzz . 

Points of intersection between the boundary lines are: 

( ) ( ).3,3;3,3
.3

,3

,3

,9

,3

,
3 54

2
2

−




=

=








=

=










=

=
MM

y

x

y

x

y

x
y
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We obtained only one new point and the value of the function 

at this point is: 

( )
2

33
55 == Mzz . 

4) The greatest and least values of the function in the domain D  

are: 

2

33
5max == zz ; 

2

3
4min −== zz . 

Answer: 
2

33
max =z  at the point ( )3,35 −M ; 

2

3
min −=z  at the point 

( )3,34M . 

 

Exercises 

 

6.1. Find and sketch the domain of definition of the function 

of two variables: 

( )
224

12arcsin

yx

xy
z

−−

−−
= . 

Answer: ( )










+



+

.22

,2

,4

:

22

xy

xy

yx

zD  Fig. 6.4 shows the domain 

of definition ( )zD  of the given function. 

 
Figure 6.4 
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6.2. The function ( )













+= +−

3
3

2
222 y
xez yx  is given. Find dz . 

Answer: ( )
+














−−= +− dx
y

xxedz yx

3
66

3
322

 

( )
dy

yy
yxe yx













 −
+−+ +−

3

22
6

3
222

. 

6.3. Find the derivatives of the composite functions: 

a) 
u

z




, 
v

z




; b) 

dt

dz
; c) 

dx

dz
. 

a) 
2

2
33

y

x
yxz += , 

v

u
x = , 22 vuy += ; 

b) yxez 22 −= , tx 3sin= , 32ty = ; 

c) 













=

y

x
z ln , 23 += xy . 

Answer: a) ( ) ( ) ( )
( )3222

22
22222

3

2 2
3

3

vuv

uvu
vuvu

v

u

u

z

+

−
+++=




; 

( ) ( ) ( )
( )3223

222
22222

4

2 323

vuv

vuu
uvvu

v

u

v

z

+

+
−−+=




; 

b) ( )243sin 46sin3
32

tte
td

dz tt −= − ; c) 
( )22

4
3

3

+

−
=

xx

x

xd

dz
. 

6.4. Examine the function 13918632 +−+−+= yxxyyxz  for 

maximum and minimum values. 

Answer: at the point ( )1,61 −M  the given function doesn’t have 

an extremum; at the point ( )6,52M  the given function has a minimum 

105min −=z . 

6.5. Examine the function yxz 2+=  for maximum and minimum 

values under the condition 522 =+ yx . 
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Answer: 5max =z  at the point ( )2,11M : 5min −=z  at the point 

( )2,12 −−M . 

6.6. Find the greatest and least values of the function 

2422 22 +−−+= yxyxz  in the domain bounded by the lines 0=x , 

0=y  and 43 =+ yx . 

Answer: 18max =z  at the point ( )4,01M ; 1min −=z  at the point 

( )1,12M . 



 133 

REFERENCES 

 

1. Вища математика : підручник : у 2 кн. / Г. Й. Призва, 

В. В. Плахотник, Л. Д. Гординський та ін.; за ред. 

Г. Л. Кулініча. – 2-ге вид., перероб. і доп. – К. : Либідь, 2003. – 

Кн. 1. Основні розділи. – 400 с. 

2. Дубовик В. П. Вища математика: навч. посіб. для студ. вищ. 

навч. зак. / В. П. Дубовик, I. I. Юрик. – 4-те вид. – К. : 

Ігнатекс-Україна, 2013. – 648 с. 

3. Овчинников П. П. Вища математика : підручник : у 2 ч. Ч. 1: 

Лінійна і векторна алгебра. Аналітична геометрія. Вступ до 

математичного аналізу. Диференціальне і інтегральне 

числення / П. П. Овчинников, Ф. П. Яремчук, 

В. П. Михайленко; за заг. ред.. П. П. Овчинникова. – К. : 

Техніка, 2003. – 600 c. 

4. Тексти (конспект) лекцій з дисципліни „Лінійна алгебра та 

аналітична геометрія” для студентів спеціальності 

141 «Електроенергетика, електротехніка та електромеханіка» 

денної форми навчання (англійською мовою) / Укл. 

В. П. Чумаченко, Ю. І. Нагорний. – Запоріжжя : ЗНТУ, 2019. – 

86 с. 

5. Тексти (конспект) лекцій з дисципліни „Математичний аналіз” 

для студентів спеціальності 141 «Електроенергетика, 

електротехніка та електромеханіка» денної форми навчання 

(англійською мовою), частина перша / Укл. В. П. Чумаченко. – 

Запоріжжя : ЗНТУ, 2019. – 82 с. 

6. Bird J. Higher Engineering Mathematics / J. Bird. – Amsterdam-

Tokyo : Newnes, 2010. – 705 p. 

7. Bittinger M. L. Calculus and its applications / M. L. Bittinger, 

D. J. Ellenbogen, S. A. Surgent. – 10th ed. – Addison-Wesley, 

2012. – 729 p. 

8. Strang G. Calculus / G. Strang. – Wellesley-Cambridge Press, 

2010. – 772 p. 

9. Workbook on higher mathematics (1st module) for students 

majoring in 141 Power Engineering, Electrical Engineering and  

Electrical Mechanics / N. Antonenko, А. Fasoliak. – Zaporizhzhia: 

National University «Zaporizhzhia Polytechnic», 2021. – 61 p. 



 134 

Appendix A 

Table of Derivatives 

( ( )xuu =  is a differentiable function) 

1. ( ) 0=


C , constC− ; 11. ( ) u
u

u =


2cos

1
tan ; 

2. ( ) 1=

x ; 12. ( ) u

u
u −=


2sin

1
cot ; 

3. ( ) uunu nn =
 −1 ; 13. ( ) u

u

u 

−

=


21

1
arcsin ; 

4. ( ) u
u

u =


2

1
; 14. ( ) u

u

u 

−

−=


21

1
arccos ; 

5. ( ) constauaaa uu −=


,ln ; 15. ( ) u
u

u 
+

=


21

1
arctan ; 

6. ( ) uee uu =


; 16. ( ) u
u

u 
+

−=
−

2

1

1

1
cot ; 

7. ( ) u
au

ua 


=


ln

1
log ; 

17. uuu = cosh)(sinh ; 

8. ( ) u
u

u =
 1

ln ; 
18. uuu = sinh)(cosh ; 

9. ( ) uuu =


cossin ; 19. u
u

u =
2cosh

1
)(tanh ; 

10. ( ) uuu −=


sincos ; 20. u
u

u −=
2sinh

1
)(coth . 
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