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1 COMPLEX ANALYSIS

1.1 Complex Numbers. Operations with Complex Numbers
A complex number z is an expression
Z=X+1y,

where x and y are real numbers, i is called the imaginary unit, which is
defined as i =+/—1 (i2=-1).

X is called the real part of z and y is called the imaginary part of
Z . The following designations are used: x=Rez, y=Imz.

The complex number Z =x—iy is termed complex conjugate of the
complex number z=x+iy.

Any complex number can be represented as a point M(x,y) or a

vector OM in the xy-plane (Fig.1.1). The xy-plane which is used to

represent complex numbers is called the complex plane, the x-axis is
called the real axis, and the y -axis is called the imaginary axis.

0] X
Figure 1.1
The length of the vector OM is called the modulus or absolute value
of z and is denoted by |z| or p. The angle that the vector OM makes

with the positive direction of the x-axis is termed the argument of z and is
denoted by Argz. For z=0, ¢ is undefined. If z=0, Argz is

determined up to multiples of 2. The value of Argz e (—=x,x] is called
the principal value of the argument. It is denoted by argz or ¢. From
Fig. 1.1, we obtain the formulas:

X=pCosg, y=psing,

p=+X*+y? tanp=y/x. (1.1)



To find arg z, the following formulas are used:

arctanl, x>0,

X

n+arctan1, x<0,y=>0,

argz = X (1.2)

—n+arctan1, x<0,y<0,
X

T I
—,Xx=0,y>0 and -=,x=0,y<0.
2 y 2 y

Trigonometric or polar form of complex number is
z=p(cose+ising). (1.3)
Using Euler’s formula,

e =cosu+isinu, (1.4)
where u is a real number, (1.3) can be represented in the following form
z=pe". (1.5)

Expression (1.5) is called the exponential form of complex number.

Operations with complex numbers.

If two complex numbers z, =x +iy, and z,=x,+iy, are given,
then:

1) =2, & x=Xand y,=Y,;

2) 2,2, =(X %) +i(Y1 1 Y,);

3) 2,2, = (XX, = V1Yo) (XY, + X, ¥1) 5

4) L XXty XN mXY,

+1
2 2 2 2
Z, Xty Xty

The product and the quotient of two numbers z, =p,e* and
z, = p,€'* given in exponential form are introduced as follows:

2,2, = p,p,€ %) =p,p,[cOS(@p, +,) +isiN(@; +,)],
2= Prgiore = Poos(p, — g,) +isin(o, ~p,)].
Z, P, o)

The n-th power of z can be found by the formula
2" =p"e"™ =p"[cosne+isinng], ne N . (1.6)



The last formula is called formula of De Moivre.
Given z = p(cosp+ising). For z=0, the n-th root (ne N ) of z

has n distinct values which can be found by the formula

Wz = \/_(cos (P+n2kﬁj1 k=01...,n-1. (1.7)
Example 1.1. Two complex numbers z, =1+2i and z,=1-i are
given. Find z,+2,, z,-2,, 7,-2,, LY
2
Solution

2,+2,=(1+2i)+(1-i)=1+1)+i(2-)=2+i;

2, -2, =(1+2i)-1-i)=1-1)+i(2—(-2)=3i;

2,-2, =+ 2i)1-i)=1-i+2i-2i* =3+i;

Z, 1+2i 1420 1+i  1+i+2i+2i’ _—1+438i 1+3.

z, 1-i 1-i 1+i  1-i 2 2 2

Example 1.2. The numbers 1, -1,i,—2i and —1+1i are given. Find

their moduli and principal values of their arguments.
Solution
Using the formulas (1.1) and (1.2), we get:

1) for z=1, x=1, y=0, p=+v1>+0% =1, (p:arctangzo;

2)for z=—1, x=-1, y=0, p=+/(-1f +0% =1, (p:arctan%zo;
3)for z=i, x=0, y=1, p=v0?+1% =1, o=71/2;
4)for z=-2i, x=0, y=-2, p=10?+(-2f =2, 9=-n/2;

5) for z=-1+i, x=-1, y=1, p=+/(-)%+1> =42,

P=T+ arctar(iJ = n+arctan(-1)=r—arctan(l)=n —% = 37? o



Example 1.3. Write z=-3-i4/3 in the trigonometric and the

exponential form.
Solution

For z=-3-iy/3 we have x=-3, y:—\/§. By formulas (1.1) and
(1.2), we obtain:
n_ 5z

p= (—3)2+(—x/§)2=2\/§,qo=—7r+arctan%=—;;+g: 5

Hence, by (1.3) and (1.5), z=2ﬁ(cos{—%)+isin(—%n (the

5.
trigonometric form), z= 243 6 (the exponential form). e

Example 1.4. Find (-1+i)*.
Solution
Let z=-1+i. From Example 1.2 p=\/§ and @=3r/4. Hence, by

(1.6), z* =(-1+i)*=p*(cos3p +isin 3¢) = 4(cos3n +sin3n)=—4 .

Example 1.5. Find all values of 3/-8.

Solution
We have z=-8=p=8,p=mn. Hence, by (1.7),

¥z :%/g(cos%zmﬂsin n+§knj, k=012.

Let’s find all values of 3/-8:

k=0: w, =2(cosmt/3+isin n/3)=1+i3,
k=1: w,=2(cosm+isinm)=-2,

k=2: w,=2(cos5n/3+isin5m/3)=1—i/3 .e

1.2 Sets, Domains, Curves
¢ -neighbourhood of z, is interior of a circle of radius ¢ with

center at the point z,.



Let D be a set of points in the complex plane. The point z, € D is
called an interior point of D if there exists an ¢ -neighbourhood of z,

which is contained in D.
The set D is called open if all its points are interior points of D. A
point z,eL is called a boundary point of the set D if every

neighbourhood of this point contains points belonging and not belonging to
D. The set of all boundary points of the set D is called the boundary of
D.

An open set D is called connected if every two points can be
connected with a polygonal line having a finite number of links entirely
lying in D. An open connected set is called a domain.

The domain D together with its boundary L is called the closed
domain and denoted by D =DUL.

A closed curve C without points of self-intersection is called a
closed contour or contour.

The orientation of the closed contour C is said to be positive if the
direction in which it is run is such that the domain D remains on the left.
The opposite direction is called negative. Cor C* (C*) is denoted
positively (negatively) oriented contours.

A domain D is called simply connected if every closed contour C
in D can be continuously shrunk to any point in D without leaving D
(Fig. 1.2). Otherwise the domain is termed multiply connected (Fig. 1.3).

Figure 1.2 Figure 1.3

Let x=x(t) and y = y(t) be real continuous functions of variable t,
a <t < . Then the equation
z=z(t)=x(t)+iyt), a<t< g,
gives a parametric representation of a continuous curve | on the complex
plane.
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A plane curve | is called smooth if the functions x=x(t) and
y=y(t), defining this curve, and their derivatives are continuous and

[X'(t)F +[y'(®)] =0 atall points of this curve.

A continuous curve composed of a finite number of smooth pieces is
called a piecewise smooth curve.

Sometimes the equation F(z)=0 is defined the curve at the complex
plane and the inequality F(z)<0 (F(z)<0) or F(z)>0 (F(z)>0) is
defined the set of the points at the complex plane which satisfies this
inequality. Substituting expressions

z=x+iy, Rez=x, Imz=y, 2% =x*—y? +2xyi,

2-7=xX"+Y?, |f|=4/x* +y?, |z—zo|=\/(x—xo)2+(y—y0)2 . (1.8)
into the equation F(z)=0, we get the equation F(x,y)=0, which
represents the curve on the xy-plane. Substituting expressions (1.8) into
inequality F(z)<0 (F(z)<0) or F(z)>0 (F(z)>0), we get some region
on the xy-plane.

Example 1.6. Sketch the following sets in the complex plane:
a) {zeC:|z-3+2i|=2}; b) {zeC:|z-3+2i|<2};

c) {ZeCZRe[lJS%}; d) {ZECZ|m(ZZ+2)=2+|m(Z)};

z

e) {zeC:1s|z+2—2i|<3,g£argz<%n}.

Solution
a) The set {ZECZ|Z—3+ 2i|=2} represents the circle of radius 2
centered at the point z, =3-2i (Fig. 1.4).
b) The set {zeC:[z-3+2i[<2} represents the disk of radius 2
centered at the point z, =3—2i without its boundary(Fig. 1.5).
c) Using expressions z = X+1y, Z=X—1y , we have
1 1 X+iy X .y

_= — = = +1 ,
7 X—iy X2+y2 X2+y2 X2+y2
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Re(ljz X X 1 x2+y224x,(x2—4x+4)+y224,
z

5 X2+y2’X2+y2_4’
(x—2) +y?>4. The set {z eC: Re(%) < %} is shown on Fig. 1.6.
z
d) Using expressions z=x+iy, Z=x-iy, we have

22 +7=x+x-y* +i(2xy - y), 22 +7=x*+x-y? —i(2xy-vy),

Im(22+z)=y—2xy, Im(z)=y, y-2xy=2+y, xy=-1. The set

{z eC: Im(z2 + Z) =2+ Im(z)} represents hyperbola (Fig. 1.7).

N

J'>(bl'\>|'—\||—\l\)~<
—f—t—t A
Lo 0
-bmmb—‘lpam‘<
—

1 1

Figure 1.4 Figure 1.5 Figure 1.6

-3-2-114 3 X
24
-3 —+

-5 -
Figure 1.7 Figure 1.8

e) The set {zeC:l<|z+2-2i/<3} represents an annulus with
centre at the point —2+2i, its inner and outer radii equals 1 and 3,
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respectively. The set {ZEC:%sargK?’Tﬂ} represents the angle. It is

sketched on fig. 1.8. e

1.3 Functions of a Complex Variable

The quantity w is called a function of a complex variable z in a
domain D if the law is given according to which each value of z (zeD)
is assigned one or several values of w.

This law is written in the form w= f(z). The variable z is called
the independent variable or argument, and w is called the dependent
variable or value of the function.

For each value of ze D w is a complex number, therefore it can be
written in the following form

w=f(z)=u(x,y)+iv(x,y),
where Re f(z)=u(x,y), Imf(z)=v(xy).

If for each value of ze D corresponds only one (several) value
(values) of w, then the function w= f(z) is called one-valued or single-
valued (many-valued).

The domain D is called the domain of definition.

The set of values of f(z) corresponding to all values of zeD is

called the domain of values of the function f(z) and is denoted by E .

Elementary Functions
1. Alinear function — w=az +b, where a, b are complex numbers.
az+b

cz+d

2. A linear-fractional function — w= , Where a, b, ¢, d are

complex numbers.
a,2" +a,z2" " +..+a,

3. A general rational function — w=—— —
boz" +bz" +...+b,

, Where a,, b,

are complex numbers, k=0,1,2,...,n.
4. A power function— w=2z", neN .

5. An exponential function w=e? is defined by the following equality
w=e? =" =¢*(cosy +isin y).
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The function e” has a pure imaginary period 27i .
6. The logarithmic function w=Lnz is defined as the inverse of the
exponential function.
w=Lnz=Inz|+iArgz=In|z|+i(argz + 2k ), k=0,£142,....
This function is many-valued. The expression Inz= In|z|+iargz is called

the principal value of the natural logarithm of a number z.
7. The generalized power function is defined by the following equality

w=z%=e*""? forall z=0,
where o and z are complex numbers.
This function is many-valued. The principal value of z* is defined
by Za — e(xlnz )
8. Let a=0 be a complex number. The generalized exponential function is
defined as

zLna

w=a’=e
This function is multiple-valued. Its principal value is defined by

z

al= ezlna )
9. Trigonometric functions are defined by the following equalities:

. 2 _g™" “re™” sinz cOSz
snz=——,Cc0SZ2=——, tanz=——, cOtz=——.
2i 2 C

0SZ sin z
The modulus of the functions sin z and cosz can be greater than unit. For
the functions sin z, cosz, tanz and cotz the formulas of trigonometry of
a real variable hold true.
10. Hyperbolic functions are defined by the following equalities:

. e’ —e™’ e’ +e”’ sinh z coshz
sinh z = , coshz = , 7=— .
coshz sinh z
For these functions the relationships between the hyperbolic functions of a
real variable hold true.
The relationships between trigonometric and hyperbolic functions:

, tanhz =

sinz=-isinhiz, sinh z=—isiniz,
cosz =coshiz , coshz =cosiz ,
tanz=—itanhiz , tanh z =—itaniz ,

cotz =icothiz, cothz =icotiz .
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11. The functions inverse to the trigonometric functions Arccosz,
Arcsinz, Arctanz, Arccotz are defined as the inverse to the functions
sinz, cosz, tanz and cotz, respectively.

Arccosz = —i Ln(z+\/z2 —1) , Arcsinz = —i Ln(iz +41- 22) ,

Arctanz = _E Ln1+—IZ Arccotz =—— Lnﬂ

—iz 2 z-i
All of these functions are many-valued. Their principle values we will get
if we replace the logarithmic functions with their principle values.

Example 1.7. Find the principle values of the following functions:

_z+i)

) [ e R GG
¢) sin(5-3i); d) cosh(7 +i).

Solution
a) Using the definition of the exponential function with base a, we

get
N Y8
[—\/§+|J e L[ 2 ]
2

Let’s find Ln(_\EHJ:
— 3 +i __ﬁ 1 T 5n

i, |z|=1, argz =n+arctan 2 g RoOT

2 2 —/3/2 6 6
Ln[_‘/SHJzIn|ﬂ+i5§+2nki=i(5§+2nkj, keZ.

(_\/Liji T e

2 1



The  principal value of the given  function is

) -
b) We find Ln(-1):
z=-1,|zF1, asgz=m,
Ln(=1)=In | 1| +irt+ 2mki = (0 + 27K )i .

Hence, (—l)ﬁ _ gV2(mr2nki
The  principle  value of the given  function is
(1) =21 _ V271 _cos\2 n+isiny2 7.
¢) Using the trigonometric formula
sin(o—B)=sinacosp—cosasin@ and formulas  sinz=-isinhiz,
cosz =coshiz , we get:
sin(5 - 3i) = sin 5¢os(3i)— cos5-sin(3i) = sin 5cosh 3 —
—cos5-(—isinh(i-3i))==sin 5cosh3+icos5sinh (- 3)=
=sin5cosh3—icos5sinh 3.
+e

z Z

d) Using the formula coshz = € , We obtain:

T+i —7-i

e’ +e’ eleve’ e

2
_e’-(cosl+isin1)+e” -(cos(—1)+isin(-1))

2
7 ‘- 7 i 7.7 7 a7
_e (cosl+|sm1)J;e (cos1 'S'nl):cosl-e te e 2e _

=cosl-cosh7 +isinl-sinh7.e

cosh(7+i) =

1.4 Differentiation of Functions of a Complex Variable

The notions of limit and continuity of a function of a complex
variable introduce the same as for a function of a real variable.

The number A is called the limit of the function f(z) at the point z,

(oras z — z,), written lim f(z)=A, if Ye>0 35=35(¢)> 0 such that for
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all 2=z, satisfying the inequality |z—z,|<3, the inequality |f(z)- Al<e
is fulfilled.
A necessary and sufficient conditions for lim f(z)=A, where

f(z)=u(x,y)+iv(x,y) and A=u,+iv,, is that lim u(x,y)=u, and
yﬁy?)

lim v(x,y)=Vv,.

X—Xg

Y—=>Yo

A function f(z) is called continuous at a point z, if it is defined at
this point and lim f(z)= f(z,).

If f(z)=u+iv and z=x+iy, u=u(x,y) and v=v(x,y) are real-
valued functions on the complex plane, then the continuity of f(z) at
Z, =X, +1y, s equivalent to the continuity of u and v at the point

(XO'yO)'
Let us consider the expression
im | (z+Az)-1(2)
Az—0 Az

If at the point z this limit exists and is independent of the way in which
Az tends to zero, then it is called the derivative of the function f(z) at the

,2,2+AzeD.

point z and is denoted by f'(z) or %(ZZ)

The function f(z) is called differentiable at the point z if at the
point z a function f(z) has a derivative f'(z).

If function f(z) is differentiable at every point of a neighborhood of
Z,, then it is called an analytic at z,. A function f(z), differentiable in
every point of the domain D and having a continuous derivative f'(z), is
called analytic in the domain D.

For the function f(z)=u(x,y)+iv(x,y) to be analytic in a domain

D, it necessary and sufficient that there exist in this domain continuous
partial derivatives of the functions u(x,y) and v(x,y) satisfying the

Cauchy-Reimann conditions:
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au(xy) _ ovlx,y)

OX oy
1.9
ou(x,y) _ov(xy) (49
oy ox

If the Cauchy-Riemann conditions are fulfilled, then f'(z) can be
written in one of the following forms:
,auavavauau.auavav
f'(z)=—=+i— i— S pat

8x6x8y8y8x5y5yax

Example 1.8. Prove that the function f(z)=cosz is analytic in the

entire plane.
Solution
We have:
f(z)=cos(x +iy)=cos xcosiy —sin xsin iy = cosxcoshy —isin xsinh y ,
u(x,y)=cosxcoshy, v(x,y)=—sin xsinh y,

ou . ov .
— =-sin xcoshy, — =—cosxsinh y,
OX OX

ou . ov .
— =cosxsinh vy, — =-sinxcoshy .
oy oy
The Cauchy-Reimann conditions are fulfilled and the partial derivatives of

the functions u(x,y) and v(x,y) are continuous at any point (x,y). Hence,
the given function is analytic in the entire plane. e

Example 1.9. At what points is the function f(z)=2zz+2 analytic?
Solution
We have f(z)=zz+2=x*+y*+2, u(xy)=x>+y?+2,
v(x, y) = (0. The Cauchy-Riemann conditions have the following form:

2x=0,
2y =0.

The Cauchy-Reimann conditions are fulfilled only at the point (0,0). The
function is not analytic at any point of the complex plane. e
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Example 1.10. Find the analytic function f(z) having

u(x,y)=5e*cosy —2x as its real part.

Solution
From the first condition (1.9) we get:

O = [ Xy olo)= [l cosy 2y +olx)-

ox oy
=5e*sin y —2y +¢(x),
where ¢(x) is an arbitrary function of x.

Using the second condition in (1.9), we obtain:
ou ov 0 (- « 0 (- x ..
EYRrviny E(Se cosy — 2x)= —&(Se siny -2y +g(x)),
—5e*sin y =—5e*sin y—¢'(x), ¢'(x)=0, o(x)=C,
where C is a real constant of integration. Therefore, we deduce
v=>5e*siny-2y+C.
The corresponding analytic function is
f(z)=u(x,y)+iv(x,y)=5e*cosy — 2x +i (5eX sin y—2y+C)=
=5e*(cosy +isin y)—2(x+iy)+iC =5e* -e"Y —2(x +iy)+iC =

=51 —2(x+iy)+iC =5e* -2z +iC .

Example 1.11. Find the analytic function f(z) having
v(x,y)=3x%y +2x—y* as its imaginary part.
Solution

From the first condition (1.9), we have:

DO = [ Dgey(y)= [0 -5y oo wly) 5307 s wly)

where y(y) is an arbitrary function of y .

Using the second condition (1.9), we have:
ou ov , ,
= = —6xy+y(y)=-6xy-2, y'(y)=-2, w(y)=-2y+C,
oy OX
where C is a real constant of integration. Therefore, we deduce

u=x>—3xy? -2y +C . The corresponding analytic function is
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f(z)=u(x,y)+iv(x,y)= x> -3xy? =2y +C +i (3x2y+2x— y3):
= (3 +3x2yi —3xy? —iy® )+ 2(xi— y)}+ C = (x+iyF + 2i(x +iy)+ C =

=73+2zi+C.e

Harmonic Functions. A real-valued function ¢(x,y) of real

variables is called harmonic in a domain D if its first and second

2 2
derivatives are continuous and satisfy the Laplace equation Z—(zp+2y—(2p =0
X

forall (x,y)eD.

If the function f(z)=u(x,y)+iv(x,y) is analytic in a domain D,
then functions u(x,y) and v(x,y) are harmonic functions in this domain.
The converse statement is not true.

1.5 Integral with Respect to a Complex Variable
If f(z) is the continuous and one-valued function on the piecewise
smooth curve C , then
If(z)dz=J'udx—vdy+i-[udy+vdx. (1.10)
C Cc c
From (1.10) it is clear that the properties of integral with respect to a
complex variable are analogous to those of line integrals of the second kind
with respect to a real variable.
Some basic properties of integrals with respect to a complex
variable:
1) If(z)dz:—j f(z)dz, where y* is the contour with a given
' '
positive direction and y~ is the same contour with an opposite direction;
2)if y=v,Uy,, then jf(z)dz='|.f(z)dz+'|.f(z)dz;
Y Y1 Y2
J)if z= (p(t) is an analytic function establishing one-to-one

correspondence between the curve T and y = ¢(I"), then
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[ 1)az= [ tloftlo ).

Y r
If z=2z(t)=x(t)+iy(t) is the parametric representation of the curve
C, corresponding to the values of the parameter t e [a;B], then

[ f(2)z :? f(z(t))z(t)dt . (1.11)

A function F(z) analytic in the domain D is called the primitive or
the indefinite integral of the function f(z) if for all ze D the relationship
F'(z)= f(z) holds true.

If f(z) is the analytic function in the domainD, z,, z, €D and
F(z) is one of the primitives of the function f(z), then the Newton-
Leibniz formula takes place:

4

'[ f(z)dz=F(z)" =F(z)-F(z,). (1.12)

Zo
Zy

Example 1.12. Evaluate the integral J. dz where C is the

line segment joining the points z, =0 and z, _3+| .
Solution
On the xy-plane the point z, =0 corresponds to the point (0,0), and
the point z, =3+i corresponds to the pomt (3 1). We find the equation of
x-=0_y-0 X

the line which passes through these points: ==,
P g P 3—0 1-0"' 'Y 3

I(ZZ—z)dz =J(2(x—iy)—(x+|y))d(x+|y)=

L L

=dex+3ydy+ij.xdy—3ydx= =3 3|=
L L 0<x<3
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3 3
= j(xdx+ 35%j+ ij(x%—BﬁdXJ =ﬂ
0 33 3 3 3

0

Example 1.13. Evaluate the integral Iztj—zz , where C:|z—z,|=R.
C — 40

Solution
Making the substitution z—z,=Re" and taking into account that

dz =Rie'"'dt, t<[0,2x], by formula (1.11) we obtain:
2n

d ie'tdt f .
-C[Z—ZZO =.!R|;eeittzl-([dt=2m .®

Example 1.14. Evaluate the integral I(Gzz—z-z)dz, where
C
C:z|=R,0<argz<m.
Solution
Making the substitution z=Re'" and taking into account that
Zz=Re™, dz=iRe'"dt, t[0,x], by formula (1.11) we obtain:

T

I(Gz"- -z Z)dz = I(6R2e2it —Re'". Re’“)i Re''dt=

L 0
_ iRS]E(Ge‘“‘ _eit)d(P _ R3(2e3it _eitx)[ _R3 (Zei3n _gim _(Zei-o _ei-O)):
0
=R3(2(cos3n+isin3rn)—(cosm+isinm)-1)=—2R>.e

3-i
Example 1.15. Evaluate the integral J.(Zz ~3)dz.
2+i

Solution
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Using the Newton-Leibniz formula (1.12), we get:
3-i

[(22-3)z=(z2-32], =(3-if ~3(3—i)-(2+if + 3(2+i)=2-4i .«

2+i

Examplel.16. Evaluate the integral J. (3z—4)sin zdz .
0

Solution
u=3z-4 du=3dz
dv=sinzdz v=-cosz

J.(Sz —4)sin zdz =
0

=—(3z-4)cos z|'0 +

+ 3jcos zdz=—(3z-4)cosz], + 3.[005 2dz =—(3i — 4)cosi -
0 0

—4c0s0+ 3sin z|:) = -3icosi+4cosi—4+3sini =
=4chl-4+i3(shl-chl).e

Theorem 1.1 (Cauchy’s Integral Theorem). If the function f(z) is
analytic in a simple connected domain D, then for any closed contour

C D (Fig. 1.9) we have § f(z)dz=0.
C

If f(z) is continuous in the closed domain D=DuL, then

§ f(z)dz=0.
L
Theorem 1.2 (Cauchy’s theorem for a multiply connected domain).

If the function f(z) is analytic in a multiply connected domain D with the
boundary L and interior contours I, I,, ..., I, (Fig.1.10), then the
following relationship takes place
n
§f(z)dz = Z§ f(z)dz,
L k=11,
where all contours are traversed anticlockwise.



Figure 1.9 Figure 1.10

Let the function f(z) be analytic in a closed simply-connected
domain D bounded by the countor L. Then the value of the function f(z)
at any point z, e D can be found by Cauchy’s integral formula

fz)= L § @y, (1.13)
2miy 7-17,

where the orientation of the contour L is positive (i.e. L is transversed
anticlockwise).
Formula (1.13) can be written in the form

§Mdz =2mi f(z,), (1.14)
' 2-1,
which is convenient for computing of line integrals.

If the function f(z) is analytic in the domain D and on its
boundary, then f(z) has in this domain derivatives of any order which can
be found by the formulas

|
f<")(zo)=zln'ii$dz, n=12,..., (1.15)
where z,e D, zeC and C isa contour containing the point z, and such
that the bounded by it domain D, c D.
The formulas (1.15) can be written in the form

& _2_7'Ci (n) _
i(z—zo)"” dz=—"1 (z), n=12,..., (1.16)

which is convenient for computing of line integrals.
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Example 1.17. Evaluate §25m$dz if:
22°—4z+3
a) C:|z—4/=05;b) C:[z—4]=2;¢c) C:|z—-4|=4.
Solution
sinh iz sinh iz

a) The integrand

= is an analytic function
22 -47+3 (2-3)z-1) yt

on and inside C:|z—4/=0,5 (Fig. 1.11), so by Cauchy’s integral theorem,
we get:

sinh iz

7 0=
\H\:O,sz —-4z+3
y y
5 5
4 4
3 3
2 2 <
12375 x 4l 1A3454x
-2 -2
-3 -3
-4 -4 -
Figure 1.11 Figure 1.12 Figure 1.13
sinh iz
b) We can write the integrand as sinhiz__ z-1 _ f(z),
(z-3)z-1) z-3 z-3

where f(z)= sinh '12 is an analytic on and inside C:|z—4/=2 (Fig. 1.12),

so by formula (1.14), we have:
_sinhiz_ gy, p 1@ g, o SN2 g rsing,
pun? —4zH3 5,23 1
c) We isolate the points z, =1 and z, =3 by closed contours vy, and
Yo, respectively, lying inside the contour C:[z—4/=4 (Fig.1.13). By
Cauchy’s theorem for a multiply connected domain, we can express the

Z—1 ;3
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given integral as the sum of two integrals, each of them can be evaluated by
formula (1.14):

sinh iz sinhiz sinhiz
dz= d ————dz=
g 24743 ;f(z ~1)z-3) ZJr;f(z—l)(z—3) :
_omSNIZ o SINIZE isinhi + nisinh 3i = n(sin1—sin3). e
-9 |4 Z— z=3
Example 1.18. Evaluate f &hnzzdz .
|z+2i[=1 (22 + 4)
Solution
We can write the integrand as:
coshnz
coshnz cosh iz _(z-2)f _ f(2)
(2 +4)Z (z+2if(z-2i (z+2if (z+2i)’

coshmnz
(z—2if
(Fig. 1.14), so by formula (1.16), we have:

coshmz

\2
coshnz dz— !z—2|! dz

|z+2i|=1 (ZZ + 4)2 |z+2i|=1 (Z + 2')2

where  f(z)= is an analytic on and inside C:|z+2i[=1

_ 2 coshnz n(z—2i)sinh nz—2coshnz|
1\ (z-2if (z-2i) L
7=-2i
_ 5 ~4misinh (- 2n|).—32003h(— 2mi) _
(~4i)
—4nsin(2n)-2cos(2n) w

=2mi - =——:.0
64 i 16

=27
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1. 1 X 2 X
D
-3
Figure 1.14 Figure 1.15
Example 1.19. Evaluate 20523 dz.
2"+
|z|=2
Solution

We isolate the points z, =-1 and z, =0 by closed contours y, and
Y, , respectively, lying inside the domain bounded by the contour C :|z| =2
(Fig. 1.15). By Cauchy’s theorem for a multiply connected domain, we can

express the integral ioszs dz as the sum of two integrals:
2" +z
|z|=2
cosz cosz cosz cosz
———dz= ¢ ——~dz=¢——~dz+¢——-dz.
4 3 3 3 3
IR jzz (z+1) iz (z+1) iz (z+1)
Using formula (1.14), we get:
cosz
3
foodz= {2 —dz=2ri 3| =-2micosl.
vz (z+1) Y741 |,
By formula (1.16), we obtain:
cosz "
§ 3cosz dz=§ 241 dZ:@(coszj _
(z+1) 7z 2\ z+1
2 1 z=0

i (- zcosz —cosz)(z +1)+ 2(zsin z +sin 2+ cosz)
(z+1)

dz=mni(l-2cosl). e

|z:0

COSz

4 3
', 20+

l



26

1.6 Number and Power Series with Complex Terms
1.6.1 Number Series with Complex Terms
Compose a series of complex numbers

L2+ 2= D 2, (1.17)
where z, =X, +iy, .
The necessary and sufficient conditions for convergence of series

(1.17) are the convergence of the real series » x, and Yy, , and if

n=1 n=1
D x,=S,and Y y,=S,,then S=) 7, =5, +i8,.
n=1 n=1 =

Theorem 1.3. Assume that we are given a series with complex terms

L2+ Tyt = D 2, (1.18)
If the series composed of the moduli of its terms

0

) +[z|+-.. # |z +. =D 2 (1.19)

n=1
is convergent, then series (1.18) is convergent too.

If series (1.19) is convergent, then the series (1.18) is absolutely
convergent.

4i )
Example 1.20. Test the series Z - 4)

n=1

for convergence.

Solution
Applying d’Alembert’s test to the series composed of the moduli of
its terms | — = , We obtain:
SP-ss
lim 20l _ = lim 5" n! >

—F=0<1.
n—>w |z| naoo(n+1)!5” nLnoo(n+1) 0<
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. &34l _ .
The series Z# converges. The considered series is absolutely
n!
convergent. e

1.6.2 Power Series with Complex Terms
A series of the form

Co+6(z—20)+C,(z2—2,F +...+¢,(z-2,) Zc z2-17,)", (1.20)

where z is a complex variable, ¢, and z, are complex numbers, is a

power series.
We confine ourselves to studying series

Co+CZ+C2° +...+C,2" +...= D ¢,2". (1.21)

Since any series of type (1.20) can be reduced to type (1.21) with the aid of
the substitution z—z, =t .

If series (1.21) converges when |z|<R and diverges when |z|>R,

then R is called the radius of convergence. A circle on the complex plane
with centre at the origin and radius R is the circle of convergence of the
power series (1.21). At the boundary of the circle of convergence the
question about the convergence of series can be answered, as it was done in
the case of real numbers, by means of an additional investigation.

If the power series (1.21) converges only at the point z=0, then
R =0. If the series converges for any value of z, then R=o0.

The radius of convergence R of series (1.21) can be found by the
formulas:

i 1%l (1.22)
n—o0 |C

R-_— 1 (1.23)

lim gflc,|

n—oo

n+1|
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Example 1.21. Find the radius of convergence of the power series:

a) Zw:e(i—s)“zn; b) i(f/%__l?} .

Solution
a) We have ¢, =", ¢  =el=I) By (1 22) we have:
(i-3)n
ool L 2 |
R h I'I]I£>noo |C | - I'Illi)noo ‘e ( +1) I'I]Lnso|e n+l |

=Iim—

= ‘eﬂ =e’|cosl—isinl=e’.

Consequently, the radius of convergence is R =e®.
| 1 1

SR I
(G0 R (e e

1 1
e e
nN—o0 n—o

Consequently, the radius of convergenceis R=2.e

b) We have c,= By

(1.23), we have:

1.6.3 Taylor Series
The series

()~ 3 el gy

n=0
is called a Taylor’s series of the function f(z) in powers of z—z,. If
z, =0, then this series is called a Maclaurin’s series of the function f(z).

If a function f(z) is analytic in the circle |z—zy|<R, then it is
uniquely represented in it by its Taylor series

=icn(z—zo)n  z-75| <R,
n=0

where
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t0(z) 15 f()
C,= o = 2— —Mdé )
n: s (&-12)
|, :|z—2o|<r, r<R.
The expansions of the elementary functions in powers of z:

Z2 n 0 Zn
e =l+z+—+..+—+...=>» = forall z,
2! n! ~nl!
ZZ 24 N ZZn 0 N ZZn
cosz=1—E+Z—...+(—1) (zn)!+...:§(—1) @) forall z,
. Z3 ZS Z2n+1 0 Z2n+1
=72——+——...+(-1) =y (-1) forall z,
=Ty Ty +(-) (2n+1)!+ HZ:(;( ) (2n+1) oral 2
In(1+z)=z—i+z—3—...+(—l)””£+...=i(—l)”*l£, lz|<1,
2 3 n —~ n
3 5 2n+1 0 2n+1
arctanz=z- >+ %~ +(-1" 2 +...=Z(—1)”Z—, lz|<1,
3 5 (2n+1) i 2n+1
(1+z) =1+az+wzz+..
ococ 1)(a 2) (a_n+1)z“,|z|<1,

n!

‘I—‘ 3M8

o0
- :1+z+zz+...+z”+...=Zz” |7 <1,

o0

=1-z+2° - +(-1)'2"+...= ) (-1)'2", |7 <1.

n=0

-

1+z

Example 1.22. Expand the function f(z)=In(9+2z) into the

Maclaurin series.
Solution

f(z)=In(9+2)=In 9(1+gj=In9+|n(1+éj=2ln3+ln(1+é).
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Replacing z in the series In(1+2)=> (-1 “*12 (| |<1) with 5
n=1
we obtain:

2In3+z gy 2In3+z “*12

This series is convergent for |

<1 ie. |z|<9 .
9

Example 1.23. Expand the function f(z)= into a series in

5-3z
powers of (z+2).
Solution
f)=L - 1 _ 1 1
5-3z 5-3(z+2-2) 11-3(z+2) 111_3(
11

z+2)'

Replacing z in the series izgz” (2/<1) with 1—31(z+2), we

get:

1 3 R z+2
f(z)_EZLl z+2} _—12

n=0 n=0

This series is convergent for 1—?

(z+2*<1, i.e. |z+2|<1—31.o

1.6.4 Laurent Series
The functional series

Zc 2-12,) Zlcn (z-2,) z c.(z—z,)"  (1.24)

n= n=0

is called the Laurent series for f(z) around Zy.
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-1
The first summand " c,(z—2z,)" is called the principal part of the
N=—o0
-1
Laurent series. The series » c,(z—z,)" converges to the analytic

N=-00

function when |z —z,|>r.

e .
r can be found by formulas r = lim o , r=limtfc,| .

new|c4 n—o0

The second summand ¢, (z-z,)" is called the regular part of the
n=0

Laurent series. It converges to the analytic function when |z - zo| <R.

In the circular annulus r < |z - zo| <R the series (1.24) converges to
the analytic function f(z).

The function f(z), analytic in the circular annulus r <|z—z,|<R is
uniquely represented in this annulus by the convergent Laurent series

f(2)= Yeilz-2)"
N=—o0
where coefficients c, are determined by the formulas

1 fE)
Ch=r—¢—%—7dE, n=0,£1,£2,...,
27I||p(§—20) a

where 1 isany circle |z-z,|=p, r<p<R.

Example 1.24. Expand the function f(z)=2; into the
z°+2-30
Laurent series in the following region: a) |z|<5; b) 5<|z|<6; ¢) [z|>6.
Solution

First, we decompose f(z) into partial fractions:

L =
22+72-30 (z+6)z-5) 11\z-5 z+6)
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a) Taking into account the expansion % Z z| <1, we get:

n=0

1 1 1 1S =
s s, 7 s [ ] E (
5

R Rl -

n=0

E<1,|z|<5J,
5

<1,|z|<6}.

Consequently, for |z| <5 (Fig. 1.16) we have the following expansion:

1 1 [ee] o0
f(2)=—— = .
@) 22+7-30 11 [n <5 +n2:;‘ 6n+1 j

7.

54
-6

Figure 1.16 Figure 1.17 Figure 1.18

7

b) In the annulus 5<|z| <6 (Fig. 1.17), we have:

ERNERESNES ) U T
z-5 B 2 W "z

<1,|z|>5J,

Consequently, for 5< |z| <6 we have the following expansion:

1 1< 5" &(-1)2"
o 11(Zzn+f o J

n n=0
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c) In the region |z|>6 (Fig. 1.18), we have:

1 = 5"
§=§Znﬂ  (|7>5),

1 11 1% w(6) &) ,p 6" ‘6
= == 2 (=1) =2 = 1) —, |-
z+6 z,. 6 znZ:(;( )(zj nZ:(;( )z"*l z

z
Consequently, for |z| >6 we have the following expansion:

<1,|z|>6J.

o0

1 1 " &(-1)'6"
fe)z—— == - .
@) 2°+2-30 11(;; "t nZ:(; A J *

1.7 Zeros and Singular Points

1.7.1 Zeros

Let f(z) be analytic function at z,. The point z, is called a zero of
f(z) of order m if f(z,)=0, f'(z,)=0, ..., f™Y(z,)=0, £M(z,)=0.

A zero of order one is called a simple zero. A zero of order two is

called a double zero.
Theorem 1.4. If f(z) is analytic in a neighbourhood of z, and has a

zero of order m at z,, then there is a function o(z) which is analytic in the
neighbourhood of z,, ¢(z,)=0 and f(z)=(z—z,)"¢(2).

Take place the converse theorem.

Theorem 1.5. If f(z) can be expressed as f(z)=(z-z,)"¢(z) for
some analytic function ¢(z), ¢(z,)=0, then f(z) has a zero at z, of order
m.

Example 1.25. Find the zeros and order of the zeros of the following
functions:
9

a) f(2)=cosz-1;b) f(2)=(22 +4f sinz;c) f(Z)zl—zcosz'

Solution
a) cosz-1=0=1z,=2nn (n=0,£1%2,...) are zeros of the

function f(z)=cosz—1. We have:
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f'(z)=-sinz, f'(2rn)=-sin(2rxn)=0,
f"(z)=—-cosz, f"(2nn)=—cos(2nn)=-1=0.
We see that the function f(z)=cosz—1 has the double zeros at the points
z,=2nn (n=0,£1,+2,...).

b) (22 +4)35in z=0=2*+4=0 or sinz=0. The solutions of these
equationsare z=+2i, z, =nk (k=0,+1,+2,...).

If z=2i than f(z) can be represented in the following form:

f(2)=(z-2i)l2),

where ¢(z)=(z+2i)’sinz is analytic in the neighbourhood of z =2i and
o(2i)=(4i)’sin(2i)=64sinh 2 0. By theorem 1.6, the point z=2i is a
zero of order 3.

Analogously, we can prove that the point z=-2i is a zero of
order 3.

Consider points z, =k (k=0,+1,+2,...). We have:

f'(z)= 62(22 +4)sinz +(z2 +4)3 cosz,
£ /(k) = 67k (k) +4sin (k) + (k) + 4 cos(k) =
=04y«nkf+4f¢0,(kzaiLiZVH)

The function f(z):( 2+4)zsinz has the simple zeros at the points
z, =nk (k=0,+1%2,...).

0 2n
c) Using the expansion cosz=»_(-1)° Z_ we get

n=0 (Zn)!’
~ z° ~ 2° 7 1
f(z)_1 ) e _i_ziJr =z £_£+ :
TataT) aTaT T a T
Putting @(Z)z# ,we get f(z)=2"¢(z), where o(z) is an
2 4

analytic function in the neighbourhood of z=0 and (p(0)=2¢0. The
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solution of equation f(z)=z"g(z)=0 is z=0. By theorem 1.6, the
9

function f(z)=—>— hasazero of order 7 at z=0.e
1-cosz

1.7.2 Singular Points
The points at which f(z) is analytic are called the regular points of

f(z). The points at which f(z) is not analytic are called the singular
points of f(z). The point z, is called an isolated singularity of a function
f(z) if there exists neighborhood of z, containing no singular points
except of z;.

There are three types of singular points: removable singularities,
poles of order m (m >1) and essential singularities.

The point z, is called a removable singular point (a removable
singularity) of a function f(z) if the function f(z) is analytic in the
neighbourhood of the point z, and there exists the finite limit
lim f(z)=A.

717,

The point z, is called a pole of order m (m >1) of a function f(z)
if z, isa zero of order m of the function g(z)=1/f(z) and lim f(z)=co.

Theorem 1.6. In order for the function f(z) has a pole of order m at
z,, It is necessary and sufficient that it can be expressed as

f(z):( (P(Z))m, where o(z) is an analytic function at the point z,,
7-1,
¢(z9)=0.

The point z, is called an essential singular point (an essential
singularity) of a function f(z) if the function f(z) is analytic in the

neighbourhood of the point z, and lim f(z) doesn’t exist.
721,

In some cases we can use the following statements for determine the
kinds of singular points:
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1) if in the expansion of f(z) into the Laurent series in the annulus
0< |z - zo| <R the principal part is absent then the point z, is a removable
singularity of the function f(z);

2) if the principal part of the expansion of f(z) into the Laurent
series in the annulus 0<|z—zy|< R contains no more than m terms and all
¢, =0 for n<—(m+1), and c_, #0 then the point z, isa pole of order m
(m>1) of the function f(z);

3) if the principal part of the expansion of f(z) into the Laurent
series in the annulus 0<|z—z,|<R contains infinite number of terms then
the point z, is an essential singular point of the function f(z).

Example 1.26. Find the singular points of the functions and
determine their type:

52-6 sinz
a) f(z)= ; b) flz)= ———;
) () (2_3)4 ) () 23_32_2
_sin® ES
0) f(z)=1=SM 2. g ere,
cosz
Solution
a) We find the zeros of the denominator for f(z):
(z-3)'=0, z=3.
The point z =3 is the singular point of f(z).
Since lim 52—_64:00 then the point z=3 is the pole.
z—>3(z_3)

The point z=3 is the zero of order 4 of the function

1 (2—3)4 .
=——= .H =3 le of 4.
9(2) @) 52-6 ence, z=3 isapole of order

b) We find the zeros of the denominator for f(z):
7*-3z7-2=0, 2(22 —1)—2(z+1):0, (z+l)(22—z—2):0,
(z+1P(z-2)=0, z,=-1, z,=2.

The points z; =—1, z, =2 are the singular points of f(z).
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sinz
2®-3z-2
sin z
z)= -2 _ o(2) ,
(z+1F  (z+1)

where (p(z)z% is an analytic function in the neighbourhood of the
Z—

The function f(z)= can be represented in the form

point z, =-1, (p(—l)zigl;to. By theorem 1.6, the point z; =1 is a

double pole.
Analogously, the function f(z) can be written in the form

sinz

snz _
to)2 2 _old) __sinz_, lytic function in th
(2) = Where o(z) T is an analytic function in the

neighbourhood of the point z, =2, (p(2)=¥¢0. By theorem 1.6, the
point z, =2 isa simple pole.
¢) We find the zeros of the denominator for f(z):

cosz=0, z, =g+nn, (n=0,£L+2,...).

. 1-sin*z [0 ) !1—sin“z! . —4sin®z-cosz
lim === Ilim = lm —=
zegwrn cosz 0 Z%%-H‘cn (COS Z) zegwm —sinz

= lim 4sin?z-cosz=0.

2> 4nn
2
The points zn=%+7zn, (n=0,+1,+2,...) are the removable

singular points.

d) The denominator of the function L4 vanishes at the point
Z+

1

z=-4. To find the type of this singular point we expand the function pz+d
into the Laurent series around the point z=-4:
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! + 1 + ! +...+ 1
z+4 2A(z+4Y 3A(z+4P T ni(z+4)
1

z=-4 is an essential singular point of a function e7*4 | because the
1

principal part of the expansion e?** contains infinite number of terms. e

1
eZ+4 :1+ +....

1.8 Residues of Functions and Their Application

1.8.1 Definition of Residue and Its Evaluation

The residue of an analytic function f(z) at an isolated singularity
Z, is defined as a complex number which equals the value of the integral
L f(z)dz,

il

taken in the positive direction around any closed contour C lying in the
domain of analyticity of the function f(z) and containing a unique
singularity z,. The residue of the function f(z) is denoted by res(f(z),z,)
or res f(z).

Evaluation of residues:
in general case,

res f(z,)=c; (1.25)
if z, is a first-order pole of f(z) then
resf(z,)=lim (z—z,)f(2); (1.26)

if z, isa pole of order m>2 of f(z) then
m-1
resf(z,)= o 1_1)! lim o(ljzml [(z ~z,)" f(z)]; (1.27)
if the point z, is a removable singular point of a function f(z) then
res f(z,)=0;
if the point z, is an essential singular point of a function f(z) then
res f(z,)=c,;
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if the function f(z) is represented in the form of a ratio of two
¢

analytic functions f(z):%, where ¢(z,)#0, w(z,)=0, v'(z,)=0,
v

—

then
res f(z,)= (P,(ZO) : (1.28)
v'(z,)
Example 1.27. Find the residues of the following functions:
e’ . i
a) f(z)=——=—— at the singular points;
) 1) (z+3)z-1)° e
cosgz
b) f(z)= at the singular points;
) f(2)=——25 atthesingular p
sin2z —2sin z . )
¢) f(z)=—""—5"" atthe point z=0;
(sinz—z)sinz
.1
sin =
d) f(z):l—Z at the singular points.
Solution
. e’ . .
a) The function f(z)=-———— has singular points z, =-3 and
) () (Z+3)(Z—1)3 g p 1
z,=1.
&
3
The function f(z) can be written in the form f(z)= (=1 _old) :
z+3  z+3
4
where (p(Z)=( € 1)3 is an analytic function in the neighbourhood of the
Z_

-3
point z, =-3 and (p(— 3)= —2—4 #0. By theorem 1.6, the point z, =-3 isa

simple pole. Using formula (1.26), we find the residue of f(z) at the point
z,=-3:
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. (z+3)? L€ 1
f(=3)=lim —————=1lm ——=-—"13.
resf(-3)= Jim 3(z+3)z-1) ZIm?’(z—l)?' 64¢’

The function  f(z) can be written in the form

z

ze+ (2) e’
f(z)= (2_13;3 = (z(P—l)s , where ¢(z)= —

neighbourhood of the point z, =1 and (p(1)=%¢0. By theorem 1.6, the

is an analytic function in the

point z, =1 is a pole of order 3. Using formula (1.27), we find the residue
of f(z) atthe point z, =1:

resf(l):ilimi(((z‘ﬁJ L jim dz( ¢’ Jz

2121 72 Z+3)(Z—1)3 :Ezald? z+3

1. eZ!zz+4z+5! 5e
=—Iim =

T2l (43 64

cos™z costz
b) The function f(z)=——2

= has singular points at
2+22 2%(z+1) Juarp

z,=0and z, =-1.
I
COS—Z

The function f(z) can be written in the form f(z)=—2%1 - ol2)
z z

I
Cos—z
where o(z)= 21 is an analytic function in the neighbourhood of the
Z+

point z, =0 and @(0)=1%0. By theorem 1.6, the point z, =0 is a double
pole. Using formula (1.27), we get:

2 T T
q|z°cos z q|cos_z

1. .
et O)= 3 o 2y | M| e
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_g(z +1)sin(72t zj —cos(’zt zj L

=lim =
20 (z+17

Let’s consider the point z, =-1. We have:

T

zlL—lzz(z+1)_ 0] 137242z 2

The point z, =-1 is a removable singular point of the function
f(z), therefore, res f(~1)=0.

¢) The point z =0 is a zero of the function ¢(z)=sin2z—-2sinz and

y(z)=(sinz—z)sinz. Let’s determine the order of the zero z=0 for

functions ¢(z) and w(z). Using the known expansion

(L T . T
COS—Z |:0:| ——SINn—2Z

0 2n+l

. n Z .
sin z =nz:0(—1) T we have:
3 5 3 5
(p(Z)zsiHZZ—ZSinZ=22—@+@—...—Z(Z—Z—+Z——..)=
3 51 3 5l
-2 , 2°-2
-3 2+ 5 2°—...=7%,(2),
3 5
where (pl(z)z—%ﬁtz 57222—..., ¢ (0)=-1%0.

Analogously, we have:

: : 2?7 ¢ 7
y(z)=(sinz-z)sinz = Bt it
4 17 2> 7" o
=7 (—é-l-g—... 1—5"'5_--- =Z Wl(z)’

1 z2° A 1
where W1(2)=(—§+§—---J(1—§+§—---J' wl(O)z—g;tO.

J)Sin2z-2sinz _ 2o (x) _ 0,(x)
i) (sinz—z)sinz  z%y,(x) zy,(x)’
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By theorem 1.6, the point z=0 is the simple pole. Using formula (1.26),
we get:

res f(0)=lim z f (z) = lim 20X) _jp 222°00(X) o @0%) _ 0,(0) g

220 20 y(x) 290 2y (x)  0y(x)  wy(0)
sin =
d) The function f(z)=—2 has singular points at z, =0 and
-7
z,=1.
.1
sin =
Since the limit Iiml—Z does not exist then the point z, =0 is the
z->01—-7

essential singular point. To find the residue of f(z) at the point z, =0, we

.1
sin =
expand f(z)= 1—2 into the Laurent series around z, =0

.1 1 1 1 1 9
Sin—==———+—-—... and —=1+z4+2°+...
z 7 3z 5z 1-z

1 .1 5 1 1 1
flz)=—sin==1+z+2°+...| = ———+———... |=
@) 1-z 2 ( {z 3z 5IZ° j

1 1 1 1 1 1
=S| l-ct+— - o ot [t
3 5 z 3 5 z
+ the regular part of the Laurentseries.
resf(O)zc,l=1—£+1—...=sin1.

3 o

sin =
The function f(z) can be written in the form f(z)=1—2=#,
-z 1-z
where (p(z)=sinl is an analytic function in the neighbourhood of the
z

point z,=1 and ¢(1)=sin1=0. By theorem 1.6, the point z,=1 is a
simple pole. By formula (1.26), we have:
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(z—l)sinE 1
- Z - - -
res f (1)=lim ———Z =—limsin = =—sin1.e
71 1-7 -1 z

1.8.2 Application of Residues
Theorem 1.7 (Basic Residue Theorems). If the function f(z) is

analytic everywhere in a closed domain D, except at a finite number of
isolated singularities z, (k=1,2,...,n) lying inside this domain, then

§ (2)dz= Znizn:resf(zk), (1.29)

C k=1
where C is a contour lying inside the domain D and containing the points
2, Z,, ..., Z,, the orientation of C is positive.
Theorem 1.8. Let the function f(x) be a rational function,

f(x)= gmgxg, where P, (x), Q,(x) are the polynomials of degree m and
(X

n, respectively. If f(x) is a continuous at all points of real axis,

(Q,(x)=0) and n>m+2, then

[ f(x)dx=2ric, (1.30)

—00

where o is the sum of the residues of f(x): ( ) at the poles lying in
L (X
the upper half-plane Imz>0.

Example 1.28. Evaluate the following integrals:

z-3 N2 - 1
a) ¢ —————dz; b) (z—2i) sin——dz.
=3 (Z +1)(22 +4 zi—l z-2

Solution
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z-3 B -3
(z +1)(22 n 4)2 C(z+1)z+ 20 (z-2i)
singular points at z, =—1, z, =-2i and z, = 2i . These points lie inside the
circle |z|=3 (Fig. 1.19). By formula (1.29), we get:
§ z-3
|7=3 (Z +:|.)(Z2 +4)2

Y
3

2 pZ,
JET
a2yl 123 X
& z,

3
Figure 1.19 Figure 1.20
The point z, =-1 is a simple pole. By formula (1.26),

res f(—1)= lim {(z +1)-Z—_3} 4

21 (z +1)(z2 +4)2 K=
The points z, =-2i and z;=2i are the double poles. By formula
(1.27),

. 1. d \2 z-3
resf(—2i)==lim —|(z+2i) - =
(~2i) 1 z>-2i dz(( ) (z +1)(z—2i)2(z+2i)2J
922 —4z-3+4i) 2 27
lim 5 5 = l.
7—>-2i (Z +1) (Z_2|) 25 800
. 1. d \2 z-3
resf(2i)==1Iim —|(z-2i) - =
(2i) W22 dz[( ) (z+1)(z+2i)2(z—2i)2]
2% -42-3-4i) 2 27
lim 5 5=t .
752i (Z +]_) (Z+2|) 25 800
z-3 ( 4 2 271. 2 27 j
+ =0

has

a) The function f(z)=

dz =2mi(res f (~1)+res f (2i)+res f (- 2i)).

§ 2 ptr=2mi - i L
Ls(z+1)2? +4f 25 25 800 25 800
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has a singular point at

b) The function f(z)=(z—2i)sin 1
Z_

z =2i. This point lies inside the circle |z—2i|=1 (Fig. 1.20). Let’s find the

kind of this singular point. We have:

sin t 1t 1 + S
z-2i z-2i 3Az-2i) 5z-2if

12_2(2_2i)2[ 11

z-2i 3(z-2if "
1 . 1 1
+—x—...|=(2-20)- + —
5l(z—2i) J (z-2) Az-2i) si(z-2if
The point z,=2i is an essential singularity point because the

principal part of the expansion of the integrant contains an infinite number
of terms. By (1.30), we get:

Z_ZH(Z ~2i) sin . —12i dz=2mniresf (2i), resf(2i)=c, =375

! _dZ=2ni-(—lj —n—l.o
z2-2i 6 3

dx
Example 1.29. Evaluate J; x +4) (x2+9)2 :
Solutlon

(z—-2i) sin

|z-2i|=1

1
(22 +4)2(z +9)2 (z+2if(z-2i)f(z+3i)f(z-3i)
has two double poles z, =2i and z, =3i which lie in the upper half-plane
Imz > 0. Therefore, applying formula (1.30), we obtain:

r ?X =2 (res f (2i)+res f (3i)).
et

The function f (z)=

i)=lim 9| (-2 -
reSf(Z')_zl—>2idz( ) (z+2if(z-2i)(z* +of



_lim 2 L
22 dz| (24 2i)2(z2 + 9)2

res f (3i)= lim a

= lim i[ 1 J
231 dz (22+4)2(z+3i)2

—00

dx .
(e +af(e+of ™! ( 4000 13500

|
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o —2B2 +azi+9) 1
21 (72 4 9] (z+2i)° 4000

'2. 1 =
Haidz[( ¥ (22+4)Z(z—3i)2(z+3i)2J

~2f32 +67i+4) 41
2-3i (22+4)3(Z+3i)3 13500

1. 4 ) 3z
54000
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2 OPERATIONAL CALCULUS

2.1 Laplace Transform

Let f(t) be a function of a real variable t. The function f(t) is
called an original function if it satisfies the following conditions:

a) f(t)=0 for t<O0;

b) f(t) is the piecewise continuous function for t>0 (f(t) has a

finite number of discontinuities of the first kind on every finite interval of
the t-axis);
c) there exist constants M >0 and s>0, such that

[f®)|<Mme*  forall t>0.

.. . L. . 0, t<O0, .
The Heaviside unit function is defined as n(t)z{1 50 This

function is the simplest example of the original function.
We will briefly write the original function f(t), implying that

0, t<0Q,
f(tn(t) =
(n© {f(t),tzo.
The Laplace transform of the original function f(t) is called the
function F(p) of a complex variable p=s+ic, which is defined by

F(p)=Tf(t)‘e‘ptdt, 2.1)
0

provided (2.1) converges.
The functions f(t) and F(p) form the transform pair, which we’ll

denote by
f(t) o F(p).
L(f(t)) is another notation for the Laplace transform of f(t).

Example 2.1. Find the Laplace transform of the Heaviside unit
function.
Solution
By (2.1), for Re p >0 we obtain:
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© b __ -pb
F(p)z-[l-e’ptdtzlim eptdtzlim(—lep“szliml e 1
b—oo b— ool p 0 b—w p p
0 0

n(t)<—>%, Rep>0.e

Example 2.2. Find the Laplace transform of f (t)=e™, where o is

a constant.
Solution
By (2.1),

F(p)=[e* e dt=[e " dt.
0 0

We know from Example 2.1 that

je’ptdt = l, Rep >0.
0 p

Replacing p by p—a in the last equality, we get

F(p):J.e‘(p“‘”dtzL, Rep>Rea.
0 p-a
Hence, e“‘ei, Rep>Rea. e
p—a

Tables of Laplace transforms. Using definition of the Laplace
transform and its properties, the table of Laplace transforms have been
compiled. The brief table of Laplace transforms is located in Appendix A.

Properties of Laplace transform
Theorem 2.1 (Linearity property). If f,(t)<> F(p) and A, are

constants (k =1,n), then

D M) o D MF(p).
k=1 k=1
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Example 2.3. Use Theorem 2.1 and the known transform pair

e"“<—>L to find the Laplace transform for the function sinh wt

p—a
(o) # O).
Solution
By definition,
ot _e—mt

sinh ot =
Therefore, sinh oot:ie"’t —le*ut o= 1 1 11 _ o .®

2 2p-o 2 p+m p? -’

Theorem 2.2 (Similarity Theorem). If f(t) <> F(p) and a>0, then

f(at)e%F[Bj.

a
Proof
% 1, =alt, % Py
(at) o [ f(atledt=|1 1jf(t)e ady = 1F[P
5 —dtl df as a (a

Example 2.4. Use Theorem 2.2 and the known transform pair

sinht

p’-1
(0#0).
Solution

sinhcot<—>i =5 . ®
[0) p) 1 p°-o

Theorem 2.3 (Shifting Theorem). If f(t) < F(p) and aeC, then
e f(t)<> F(p-a).
Proof
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0 o0

e f(t) > [e(t)e ™ dt=[f(t)e "  dt=F(p-a).e

0 0

Example 2.5. Use Theorem 2.3 and the known Laplace transform of
sin5t to find the Laplace transform for the function f(t)=e* -sin5t .
Solution
Using the table of Laplace transforms (see Appendix A), we get

sin5t &

p2+25
By Theorem 2.3 for a=-9, we have
5

e.sinbte>r—8 .
' (_>(p+9)2+25.

The shifted (or delayed) unit step function is defined as
0, t<a,
n(t—a)={

1 t>a

Theorem 2.4 (Delay Theorem). If f(t) < F(p) and teR, >0,
then

f(t—1)-n(t—1) <>e PF(p).

Example 2.6. Use Theorem 2.4 and the known Laplace transform for
f(t)=t’n(t) to find the Laplace transform for the function
f(t)=(t-5)"n(t-5).

Solution
Using the table of Laplace transforms (see Appendix A), we get

t’n(t) o % :
p
By Theorem 2.4, we obtain

(t-5/n(t-5) e~

p°
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But if we need to find the Laplace transform for the function
f(t)=(t—5Fn(t) we get:

£ (t)=(t—5)Pn(t)= (2 ~10t + 25 )(t) =
:tzn(t)—lotn(t)+25n(t)<—>%—;—2+2—p5.o

Theorem 2.5 (Differentiation of an Original Function). Let the
function f(t) and its derivatives f®(t), k=12,...,n, be the original
functions, and f (t) <> F(p). Then

f'(t) <> pF(p)— f(0), (2.2)
£'(t) <> p*F(p) - pf (0) - F(0),

(00 < p'F(p)- P (0)- p21(0)— 100).  (23)

Proof
u=e ", du=—pe Pdt

’ T ! e Pt = -
f (t)<—>£f (t)-eTdt=] fre)dt, v=f(t)

= f(t)eipt‘: + DT f (t)'efptdt:—f(O)_F pF(p)
0

We get f'(t) <> pF(p)— f(0). Using this formula, we find f"(t):
£(t)=(£'(t)] <> p(pF(p) - f(0))- £'(0)= p?F(p) - pf (0) - f'(0).
Analogously, we find f"(t):
£7(t)=("(t)) <> p(p*F(p)- pf(0)- '(0))- "(0)=

=p°F(p)-p*f(0)-p f'(0)-f"(0).
Using formula (2.2) (n—1) times, we get formula (2.3).®

Formula (2.3) is used for solving the initial value problems for the
linear differential equations with constant coefficients:
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y"Wrayia,y" i tay=1f(x),
Y(0)=Y0,Y'(0) = Y1, Y (0) = Y 1

Theorem 2.6 (Differentiation of a Transform). If f (t) <> F(p), then
F'(p) > -t f(t),
F'(p)et2£(t),

F(p) < (D" f (1) . (2.4)

Example 2.7. Find transforms of the following functions:
a) f(t)=t-cosh8t; b) f(t)=t>-sin2t.
Solution
a) Using the table of Laplace transforms (see Appendix A), we get
p

cosh8t & 5 )
p°—64

By Theorem 2.6, we obtain:

!

—tcosh8t<—>( P ]

2

p°—-64

!

r 2 _ _ 2 _ Y 2
tcosh8t <> —| — :_p(p 6";) p(p?-64) - P +64
p°-64 (p?—64p (p?—64F
p? +64
b) Using the table of Laplace transforms (see Appendix A), we get

Thus, F(p)=

sin2t <

p?+4

Applying theorem 2.6, we have:

(-1)°-t3-sin2t & 22 , t2-sin 2t > — 22 :
p°+4 pc+4
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[ 2 ]’__ 4p ( 2 j"_(_ 4p ]_12p2—16
p’+4) (p2+4)zi p’+4) (p2+4)2 _(p2+4)3’
[ 2 jm_(12p2—16J_192p—48p3
p’+4) (p2+4)3 - (p2+4)4 .
192p-48p° _ 48(p* 3p)
(p2+4)4 ( +4)4

Theorem 2.7 (Integration of an Original Function). If f(t) <> F(p),

Hence, F(p)=—

then J f(r)dt e? (integration of the original function corresponds to
0

division of the transform by p).

t
Example 2.8. Find the Laplace transform of the function J.sin %dr :

Solution
Using the table of Laplace transforms (see Appendix A), we get:
sin— < Y5 = > . Applying Theorem 2.7, we obtain:

5 2 25p*+1
(]
5
t
J'sinzdu—) 52 ..
5 0 p125p +1i

Theorem 2.8 (Integration of a Transform). If @ is the original

function and f (t) <> F(p), then

f(’HjF(p)dp
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(Integration of the transform corresponds to division of the original
function by t).

-3t
Example 2.9. Find the transform of the function f (t)= 1_f .
Solution
Using the table of Laplace transforms (see Appendix A), we find
1-e™ e%—pi Applying theorem 2.8, we obtain:

+90 b
1-¢” <_>J' 11 dp= lim 11 dp=
t 5 [o) p+3 b—>+oop p p+3

—in (In|p| |n|p+3|) _b"mwln p+3 zb@w[lnm_ln pisJ:
— Jim (In}l—i In L]=_|nL
b—+w b+3 p+3 p+3
p
H 1 F =_I .
ence, F(p)=-In e R

The convolution f(t)*g(t) of two functions f(t) and g(t) is
defined by the following formula

t
*g(t)=[ f(Dg(t-)d
0
It can be shown that f *g=g™> f . This means that
t t
If(t—r)g(r)drzj.f(r)g(t—t)dr.
0 0

Theorem 2.9 (The Convolution Theorem). If fl(t)<—>F1(p) and
f,(t) < F,(p), then
fL () * f,(t) & F.(p)- F(p) .
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Example 2.10. Evaluate the Laplace transform of the convolution
t

integral f(t)= I(t —1)’ cos5tdr.
0
Solution

The given function is the convolution of two functions f,(t)=t* and
f,(t)=cos5t . Using the table of Laplace transforms (see Appendix A), we
find:

31 6
Fl(p):F:_4’ F(p)=— :
Applying theorem 2.9, we obtain:
f(t)=f,0)* £, (t) & Fy(p)- F(p)=

6 _p _ 6
p* p?+25 p3(p2+25)'
6

Thus, F(p)= .
us (p) pT(m)‘

2.2 Inverse Laplace Transform
Previously, we defined the Laplace transform of f (t) by

F(p)= fe‘ptf(t)dt.
0

We’ll also say that f(t) isan inverse Laplace transform of F(p).

Another notation is L*(F(p))= f(t).
The following methods are used to find the original function f(t) if
the Laplace transform F(p) is known:

1) using the table of Laplace transforms (see Appendix A) and
properties of the Laplace transform;
2)if F(p) is a proper rational fraction, then it is decomposed into

partial fractions, then using the properties of the Laplace transform the
originals for each partial fraction are found.
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Example 2.11. Use the table of Laplace transforms (Appendix A) to
find the original functions for the given Laplace transforms:

P 1
a) F(p)= ; b) F(p)= :
) F(p) i ) F(p) T
Solution
a) Using formula 8 (see Appendix A), we get:
P Y
F(p)= = cos3t.
(p) p2+9 p?+3? <
b) Using formula 9 (see Appendix A), we obtain:
1 1 6 1.
F(p)= == <>=sinh 6t .e
(p) p>-36 6 p°-6° 6

Example 2.12. Find the original functions for the given Laplace
transforms:

Tp+11 2p—7 _
a) F(p)=———""—; b) F(p)=————;
) F(p) p?+12p+61 ) Fp) p>+10p-56
3p°-2p+38 9p?-11p+23 .
F(p)= . d)F(p)= ;
%) F(p) (p?+16)p+5) )F(p) (p—4)p?+4p+9)
5.e°F 1
e) Fp)= : f) F(p)= :
(p) (p+8) (P) (p2+4)z
Solution
7p+11
F(p)=—————.
2 F(p) p?+12p+61
Let’s complete the square in the denominator:
(p)= 7Pl _ 7p+11 _ 7p+11

 p2+12p+6L (p?+2-6p+36)+25 (p+6)+5%
Because of the form of the denominator, we represent F(p) in the

following form:
F(p):7((p+6)—6)+11:7(p+6)—31: 7(p+6) 31 _
(p+6) +5° (p+6f+5° (p+6)+5 (p+6)+5
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. p+6 _§. 5
(p+6)f+5% 5 (p+6)+5%
Using formulas 14 and 13 (see Appendix A), we find the original
function f(t) for the given transform F(p):

f(t)="7e™ cosS5t —%e‘et sin 5t .

2p-7
b) F(p)=———"——.
) F(p) p>+10p-56
We factor the denominator of F(p):
2p—7
F(p)=—~——.
(®) (p+14)p-4)
In order to find the original function, we decompose the obtained
rational fraction into partial fractions.
2p—7 A B
= —+ ,
(p+14)p-4) p+14 p-4
2p-7  A(p-4)+B(p+14)
(p+14)p-4)  (p+14)p-4)
2p-7=A(p—-4)+B(p+14).
Using the collocation method, we find the unknown coefficients:

A
p=—14—35=—18A:> 18’
p=4 1=18B gl
18
(p)= 2p-7 3518 118 35 1 1 1
(p+14)p-4) p+14 p-4 18 p+14 18 p-4~

Using formula 4 (see Appendix A), we find the original function
f(t) for the given transform F(p):

f(t)=§e‘l4t L Lo
18 18
_ 3p°-2p+38

c) F(p) (mm
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In order to find the original function, we decompose the rational
3p®-2p+38
(p>+16)(p+5)
3p°-2p+38 Ap+B C
(p2+16)p+5) p2+16 p+5’
3p2-2p+38 (Ap+B)p+5)+C(p?+16)
(p2+16Xp+5)_ (p2+16Xp+5) ’
3p?—2p+38=(Ap+B)p+5)+C(p?+16),
3p°—2p+38=Ap?+5Ap+Bp+5B+Cp?+16C,
3p®-2p+38=(A+C)p?+(5A+B)p+5B+16C.

To find the unknown coefficients, we use the method of
undetermined coefficients:

p’| 3=A+C, A=0,
p|-2=5A+B, =>B=-2,
p°|38=5B+16C  [C=3.

fraction into partial fractions.

F(p)= 2_2 PR 3 24 ~+3- L
p°+16 p+5 2 p°+4 p+5
Using formulas 7 and 4 (see Appendix A), we find the original
function f(t) for the given transform F(p):

f(t)= —%sin 4t+3e7.

9p*—11p+23
D Fle) (p—4)p®+4p+9)°
In order to find the original function, we decompose the rational
9p®-11p+23
(p—4)p?+4p+9)
9p*-11p+23 A Bp+C
(p—4)p?+4p+9) p—4 p +4p+9’

fraction

into partial fractions:
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9p?-11p+23 _ Alp?+4p+9)+(Bp+C)p—4)
(p—4)p*+4p+9) (p—4)(p*+4p+9)
9p2—11p+23=A(p>+4p+9)+(Bp+C)p-4),
9p?-11p+23=(A+B)p?+(4A-4B+C)p+9A-4C.
Combining the collocation method and the method of undetermined
coefficients, we find the unknown coefficients A, B and C :

p=4 123 =4A, A=3,
p? 9=A+B, =I{B=6,
p -11=4A-4B+C C=1.
3 6p+1
+ :
p—4 p’+4p+9
3 (p+2) 11
+ =
p-4 p+2 (\/—)2
a1 o pe2 11 V5
p—4 (p+2) (\/_)z \/_ (p+2) (\/_)Z
Using formulas 4, 14 and 13 (see Appendix A), we find the original
function f(t) for the given transform F(p):

f(t)=3e" +6e72P cos\/gt—ﬁe’zpsin J5t.

J5

F(p)=

5.7P
&) F(p)=r——v
(p+8)
Using formula 5 (see Appendix A) and delay theorem with ©=3, we
obtain:
-3p _ a)2 o-8(t-3)
5 5 2 5 2q-8 5e 5(t-3fe nt-3).

(p+8F 2 (prop 2 (pvef 2
_a)\2 o-8(t-3)
Hence, f(t)=5(t3)+n(t—3).

f) F(p)=(p2+4)z :
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By theorem 2.9, we obtain:

1 1 1
F = = .
(p) (p2+4)2 p’+4 p°+4

i1 1
YRS f—sin 2(t—1)-=sin2tdt=
0 2 2

1] 11
:Z'[sin 2(t—1)-sin Zrdrzz E-[ (cos2(t —2t)—cos2t)dt =
0

t

:1.(—lsin 2(t—21:)—0052t-rj
g 4

=isin 2t—lt0052t .
, 16 8

Thus, f(t)= %sin 2t —étcosZt .

2.3 Application of Operational Calculus to Solving Linear
Differential Equations with Constant Coefficients

Statement of the problem. Using Laplace transformation, solve the
initial value problem:

y'+ay+ay="1f1), y0)=y, Y(0)=y. (2.5)
Let y(t)«<>Y(p), f(t)=F(p), then by the differentiation theorem
for the original function we have:
y'(t)<> pY(p)= Yo, y'(t) > P*Y(p)- PYo— V-
Taking Laplace transforms of both sides of the differential equation
in (2.5), we get the operator equation
p?Y(p)-pYo—¥s +a(pY(p)-yo)+a,Y(p)=F(p).  (26)
We solve the equation and find the unknown function Y (p):
Y(p)=FR)t P +aYo+y, @7
p?+a,p+a,
Applying the inverse Laplace transform to (2.7), we get the solution of
(2.5).
Analogously, the initial value problem for linear differential equation
(NLDE) of the n™ order with constant coefficients can be solved.
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Example 2.13. Use the Laplace transform to solve the initial value

problem:
y'—4y'+3y=0, y(0)=1, y'(0)=2.
Solution

Let y(t)<>Y(p), then by the differentiation theorem for the original

we have:
y'(t) > pY(p)-y(0)=pY(p)-1,
y'(t)<> p?Y(p)- py(0)-y'(0)=p*¥(p)- p-2.
We get the operator equation:
(P2 (p) 2~ p)-4(pY(p) ~1)+3¥ (p) =0.
Solving the obtained equation for Y(p), we obtain:
(p*-4p+3N(p)=p-2
p-2
Y(p)=——7—
(p) p?—4p+3

In order to find the original function y(t), we factor the denominator

and decompose Y (p) into partial fractions:
p—2 A B
Y(p)= = + :
(p-1)p-3) p-1 p-3
p-2=A(p-3)+B(p-1),

1
p=1-1=-2A 2’
p=3 1=2B 1

2

Using the table of Laplace transforms (see Appendix A) we find:
DI S
p-1 "p-3 '

Therefore, y(t) = %et +%e3t o
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Example 2.14. Use the Laplace transform to solve the initial value
problem:
y'-2y'-8y=6e*, y(0)=2, y'(0)=-5.
Solution
Let y(t)«<>Y(p) then by the differentiation theorem for the original

function we have:
y'(t) > pY(p)-y(0)=pY(p)-2,
y'(t)<> p?Y(p)-py(0)-y"(0)=p?Y(p)-2p+5.
In addition, using the table of Laplace transforms (see Appendix A)

we get 6-e7%' &> LZ . The operator equation has the following form:
+

6
pW(M—Zp+5—2@Y0ﬂ—@—94p%>5:§-
Solving the obtained equation for Y(p), we get:
@2—2p—8W(M=2p—9+5%3,
2p?-5p-12
(p—4Xp+2W(M=—£—Ef%——,
_ 2p°-5p-12
(p-4)(p+2f
This is the operator solution. In order to find the original function y(t), we
2p?-5p-12
(p—4)(p+2f
2p®-5p-12 __A B _C
(p-4)(p+2f p-4 (p+2f p+2’
2p?-5p-12  A(p+2f +B(p-4)+C(p—4)p+2)
(p—4)(p+2f (p—4)(p+2f
2p®-5p-12=A(p+2f +B(p-4)+C(p-4)p+2),

decompose the rational fraction into partial fractions:
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p=4]0=36A  [A=0,
p=-2 6=-6B, = {B=-1,
p?2 [2=A+C. [C=2
-1 2 1 1

Y(p)= + =— +2- .
Q (p+2f p+2  (p+2f  p+2
Using the table of Laplace transforms (see Appendix A), we find:
VAN -2t i PEN e—Zt )
(p+2) ' p+2

So, y(t)=-te® +2e .o

Example 2.15. Use the Laplace transform to solve the initial value

problem:
y"+3y'—10y =47cos3t—sin3t, y(0)=3, y'(0)=-1.
Solution

Let y(t)<>Y(p) then by the differentiation theorem for the original

function we have:
y <> pY(p)-y(0) = pY(p)-3,
y" <> p?Y (p)— py(0) - y'(0) = p°Y (p)—3p+1.
Using the table of transforms (Appendix A), we obtain:
47cos3t—sin3t<>47. L3 _4P=3

p°+9 p°+9 p°+9
The operator equation has the following form:

47p-3
(P2 (P)-3p 1)+ ApY(p) -3)-10v(p) =22
Solving the obtained equation for Y(p), we get:

(p2+3p—10)Y(p): 472p_3+3p+8,
pc+9

47p-3+3p+8)(p*+9)
p?+9 ’

(p—2)p+5)Y(p)=
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3p*+8p® +74p+69
Y(p)= :
(p—2)p+5)p*+9)
This is the operator solution. In order to find the original function y(t), we
decompose Y (p) into partial fractions:
3p*+8p?+74p+69 A B Cp+D
= + + ,
(p-2)p+5)p?+9) p-2 p+5 p°+9
3p° +8p® +74p+69 _
(p—2)p+5)p*+9)
_ A(p+5)(p? +9)+ B(p—2)(p? +9)+ (Cp+ D)p—2)p+5)
(p—2)p+5)p*+9)
3p°+8p° +74p+69=A(p+5)p® +9)+ B(p—2)(p? +9)+
+Cp(p+5) p—2)+D(p+5)p-2),

p=2| 273=91-A A=3,
p=-5 -476=-238-B, B=2,
3 =
p 3=A+B+C, C=-2
p° 69 = 45A-18B —10D. D=3.
Therefore,

3 2 2 3
Y(p)= + -— P .

p-2 p+5 p°+9 p°+9
Using the table of Laplace transforms (see Appendix A), we find:

©sin3t.

L<—>e2t, ! e 2p <>cos3t, —
p+5 pc+9 pc+9

p-2
So, y(t)=3e* +2e " —2cos3t+sin3t . e

Example 2.16. Use the Laplace transform to solve the initial value
problem
y'+2y'+y=t*, y(0)=1, y(0)=0.
Solution
Let y(t)«>Y(p) then by the differentiation theorem for the original
function we have:
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y'(t)<> pY(p)-y(0)=pY(p)-1,

y'(t) <> p*Y(p)-py(0)-y'(0)= p*Y(p)-p.
Using the table of Laplace transforms (see Appendix A), we get
2
_3.

P
The operator equation has the folowing form:
2
p*Y(p)- |0+2(pY(p)—1)+Y(p):F ,

Solving the obtained equation for Y (p), we get:

(p2+2p+1)Y(p)=§+ p+2,

t? &

4 3

p*(p+1)
This is an operator solution. In ordef to find the original function, we
4 3
decompose % into partial fractions:
p*(p+1)
p*+2p’+2 A B C D E

2o o 7 p (pelf Pl
p*+2p®+2=A(p+1f +Bp(p+1) +Cp?(p+1f + Dp* + Ep*(p+1),
p4+2p3+2=A(p2 +2p+1)+ B(p3+2p2 + p)+
+C (p4+2p3+ p2)+ Dp® + E(p4 + ps),

P=0| 2-A A=2,
p=-1 1-—D B=-4,
p* | 1=C+E = {C=8§,
p? 0=A+2B+C, D=-]1,
P 0=2A+B, E =-5.
2 4 6 1 5
P ar et

Using the table of Laplace transforms (see Appendix A), we find:
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1 1
%(—)tz, i<—>t, ~ o1, ;ete’t, p—<—>e’t.
+

p p? p (p+1)
Therefore, y(t)=t>—4t+6—te" —5e™' .o

2.4 Application of Operational Calculus to Solving Systems of
Differential Equations with Constant Coefficients

The solution of the initial value problem for the systems of linear
differential equations with constant coefficients is performed according to
the same scheme as for the linear differential equations. Applying the
Laplace transformation to the equations of the system reduces it to a system
of linear algebraic equations in the transforms of the sought functions.
Using inverse Laplace transform to the found transforms we obtain the
solutions of the initial value problem for the given system.

Example 2.17. Use Laplace transform to solve the initial value
problem for the system

X'=4x-y, x(0)=-3,
y'=-x+4y,  y(0)=6.
Solution

Let x(t)«<> X(p), y(t)<>Y(p) then by the differentiation theorem
for the original function we have:
X(t) & pX(p)-x(0)= pX(p)+3,
y'(t) > pY(p)-y(0)=pY(p)-6.
We write the considered system in the operator form:
{px(p)+3=4x(p)—Y(p), {(9—4)X(p)+Y(p)=—3,
=
pY(p)-6=-X(p)+4Y(p) ~ [X(p)+(p-4)Y(p)=6.
Using Cramer’s rule, we solve the obtained system for X(p) and

Y(p):
p—-4 1 ) -3 1
A= =p°-8p+15, A, = =-3p+6,
1 p-4 6 p-4
p-4 -3

A:
2‘1 6

‘:Gp—Zl,
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-3p+6 6p—-21
X(p)= b Y (D)=
p--8p+15 p-—-8p+15
In order to find the original function x(t), we decompose X(p) into
partial fractions:

is the operator solution.

-3p+6 -3p+6 A B
X = = = s
)= ap 15 (p-51p-3) -5 p-3

~3p+6=A(p-3)+B(p-5),

9
p=5|—9=2a |AT7%
_3|-3-—28 |. 3
P=s]=s= B=2.
2
~92
X(p)="22, 32
p-5 p-3°

We decompose Y(p) into partial fractions to find the original
function y(t):
6p-21 6p-21 A B
Y = = = ’
(P epets (-51p—3) p—5 73
6p—-21=A(p-3)+B(p-5),

9
A==
=5| 9=2A !
p—3 3=-2B = g
p_ =7 B__
2
92 3/2
X(p)=22 , 32
p- 5 p-3°

Using the table of Laplace transforms (see Appendix A), we obtain:
9 st 3 a 9 st 3 a
X(t)=—=e>+—=e", ylt)==e” +=e”.
() 5 5 y() 5 5

So, the solution of the given system has the following form:



y(t)=%e5t+ge :

Example 2.18. Use Laplace transform to solve the initial value
problem for the system
X' =2x+4y+5c0s2t, x(0)=0,
{y’:—x—2y+33in 2t, y(0)=0
Solution
Let x(t)«<> X(p), y(t)<>Y(p) then by the differentiation theorem
for the original function we have:
X(t) <> pX(p)-x(0)= pX(p),
y'(t) < pY(p)-y(0)=pY(p).
Using the table of transforms (Appendix A), we obtain:

50032t<—>25—p,3sin2t<—> 26 )
p-+4 p-+4

We write the system in the operator form:
5
pX(p)=2X(p)+4Y(p)+pzf4, (p=2)X(p)-4Y(p)=—"—,
=
6 6
Y(p)=—X(p)-2Y , X 2)Y(p)=
pY(p)=-X(p)-2Y(p)+ 4 (p)+(p+2)¥(p) 7 a

Using Cramer’s rule, we solve the obtained system for X(p) and
Y(p):

2 -4 2
2 pc+4 :5p +10p+24
p2+4

p+2




5p®+10p + 24 p—-12
X(p)= ,Y(p)=
W (p) 02 (o2
In order to find the original function x(t), we decompose X(p) into
partial fractions:

2
X(p)_Sp +10p+24:

A B
- 2(n2 _2+_+
p (P +4) p P p +4'

2 is the operator solution.

5p®+10p+24=(B+C)p* +(A+ ) 4Bp+4A
, A=86,
p 0=B+C, 5
2|5 A B=2
p +D,: 2
pt |10=4B, c.. 5
00 [24=4A 2’
=-1.
X(p):%+%+%:6%+§l_§2¢_ 21 .
p p p°+4 p° 2 p 2 p°+4 p°+4

We decompose Y(p) into partial fractions to find the original
function y(t):

p°lo=B+C,

p?|0=A+D,
=

p! [1=4B, 1

00 [—12=4A 4’
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-3 14 -1/4p+3 1 1 1 1 1
Y(p)=—2+/—+/2—p=—3-—2+ zp =
p p p° +4 p° 4 p 4 p°+4 p’ +4
Using the table of Laplace transforms (see Appendix A), we find the
originals for X(p) and Y (p):

x(t)=6t+§—E0032t—£sin 2t, y(t):—3t+1—30052t+§sin 2t.
27 2 2 4 4 2

Consequently, the solution of the given system is
x(t)=6t+ S 5 cos2t—Lsin 2t,
2 2 2 R

y(t)=-3t 1 Leosots Ssinat
4 4 2
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Appendix A
Table of Laplace Transforms
Original Laplace Original Laplace
No function transform | No function transform
f(t) F(p) f(t) F(p)
C e vP
1 C = 12 | cos(t-1) P f
p p°+1
t", n! M [0
2 n=123. ol 13 | e"-sinot (p-1) +?
£ I(a+1) " p—2A
3 o> 1 parl 14 | e .coswt (1P +0?
4 eMa L 15 M sinh ©
A=a+i-b p—2 ersimnot | (p ) o’
5 theM L 16 | e™.coshwt b%
(p—2) (p-2) -0
(o +1) 2pm
6 oAt " 17 t-sin ot
t”e (p_)\‘) +1 o (p2+w2
. ® p?—o?
7 sin ot ) 18 t-cosmt
pT+o (p2 +0?
p 2p(o
8 cos at 7 2 19 | t-sinhot 7 2
p"+w (p -
; ® p? + o
9 sinh wt > 3 20 | t-coshot
p?—w (pz 2
p _ Im(p +iw)™ |
10 COShOJt pz_o)z 21 tns|n ot (p2+w2),‘+1 n
sin (t—1), e TP ) Re(p+iw)"" -
11 >0 p2+1 22 t"-cosmt <p2+ 2T+1 :




Appendix B
Table of Derivatives
(u=u(x) is a differentiable function)

1. (C), =0, C—const;

. (tanu) =

11 -u';
cos?u
2. (x) =1; 12. (cotu) = _12 '
sinu
3. (u"):n~u”’1~u’; 13. (arcsinu) = 1w,
1-u?
’ 1 , 1
4, Wu)=——=u; 14. (arccosu) =—
( ) 2Ju ( ) 1-u?
5. (a”),:a“-lnau’,a—const; 15. (arctanu) = S
1+u?
/ / 1
6. ") =e"-u'; 16. (cot™u) =— '
¢ -
7 (Iogau),z 1 17. (sinhu)’ =coshu-u’;
u-lna
8. (Inu),:%-u’; 18. (coshu)’ =sinhu-u’;
9. (sinu) =cosu-u’; 19. (tanhu)’z#zu"
cosh“u
10. (cosu) =—sinu-u’; 20. (cothu) =———

-u
sinh?u
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Appendix C
Table of Basic Integrals
(u=u(x) is a differentiable function)

1 .[du=U+C; 12. j =-cotu+C ;
sinu
a+l du
2. ju“du:u +C,a=-1; |13. |—=Injtan—{+C;
oa+1 sinu
du
3. .[ =2Ju+C; 14, [9U_yy tan(£+£j+c;
cosu 2 4
4. du —In |u|+C 15. Isinhudu:coshu+C;
5 Ia“du:iJrC; 16. Icoshudu=sinhu+C;
Ina
6. IeudU=eu+C; 17. I du2 =tanhu+C ;
cosh“u
7. Isinudu:—cosu+c; 18_J‘ du =—cothu+C;
sinh?u
8. Icosu du=sinu+C; 19. J' Zdu ~ ~LarctanY 1 c
u‘+a’® a a
9. Itgudu=—ln|cosu|+C; 20.] du _ 1, lu- a|+C_
uz-a? 2a |u+al
10. Icotu du=Insinu[+C; 21 J‘Lzm u+vuZ+a?|+C:
Ju? +a’
du
11. =tanu+C; 22. =arcsin— +C
-[coszu J.,/
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23. J-\/a2 —u®du =%u\/a2 —u?+

1 . u .
+=a%arcsin—+C;
2 a

25. I%&?dx:ln“(x)ﬁc ;

24, I\/uz +a’du :%u\/uziaz +
u+vu?+a?

+1a7n +C;
2

26. I f,(x)dx:Z fix)+C.

Vi)
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