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PHYSICAL AND MATHEMATICAL SCIENCES
INFORMATION AND ITS IMPACT ON SOCIAL PROCESSES

APPROXIMATION OF FUNCTIONS OF TWO
VARIABLES AT LYAPUNOV SCELETONS IN
GENERALIZED HOLDER SPACES

Snizhko Nataliia,

Ph.D. ((physics and mathematics)), Associate Professor,
Associate Professor of Department of Higher Mathematics,
National University «Zaporizhzhia Polytechnic»

The approximative properties of interpolational Lagrange polynomials, Faber —
Laurent series of functions of two variables which are defined at an arbitrary closed
Lyapunov sceleton, is stated. For functions from generalized Holder spaces H , the

estimations are conducted for norms of C, H,, L,, p>1 spaces.

This work is a continuation of [1]. Here we generalize the results obtained in [1].
The statements proved earlier for the case of a unit bicircle are extended in this paper
to an arbitrary closed Lyapunov skeleton.

Let /" be an arbitrary simple closed Lyapunov contour which confines the one-

connected domain £ (origin is contained inside F ). Let F~ denotes the
complement of F'UZI to the whole complex plain. Let function

C
w(w)=cw+c, +;]+--- performs the conform transformation of the exteriority of the

unit circle with center at 0 on the domain £~ such that ‘//(OO)ZOO, W'(OO)=C>0
(without loss of generality we can assume that ¢ =1). In this case the unit circle
Iy= {W w=1 } is transformed on 77 continuously and one-to-one-nessly. Let

2n+1
the unit circle £y and ¢; = l//(wj ) J=0,....2n  js the system of its images at the

2ri .
w; :exp{ (J—")}, i’ =1 , J=0....2n be the system of equidistant points at

contour /" (so-called Fejér points).

Let 7 =7 X7 is sceleton which is formed by arbitrary simple closed Lyapunov
contours 7; and 7, (origin is contained inside them). Let w(51,52) be the some
modulus of continuity, and £, (& ), £2,(5) are the simple moduli of continuity, which
respect to that one. Let H_, denotes the space of continuous functions x(t,r) at vy,
which satisfy the conditions:

H(X,a)) — Sup MS 11
52 +67+0 o(6,.5,)
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Htr(x;a)): sup 0)11(51,52;X)<

<C,.
5P +6520 (6)42,(5,)

Here c; and c; are the some constants; «, denotes the mixed modulus of continuity of
the second order [2]. In the space H, the norm is defined as:

[x(tz)]y, Xt +H(x@HHT (X0).

Besides, we'll consider the other kinds of moduli of continuity (such as full, mixed

and  partial  ones) and  constants Ht(x;Ql):supM ,
5, >0 ‘Ql(&l)
H7(x;0Q,)= SupM , which are defined in [3].
5,>0 2(52)
Let
2m  2n m n Kl
(Lmng)(t’f): Z g(tp’rq)p(t)lq(r): Z z At T,
p=0 g=0 k=—m I=—n
2m t—t t m
0= [T 2] - £ 4
k=0 *‘p k k=-—m
k=p

denotes interpolational Lagrange polynomial of the function g(t,z) with respect to the
system of Fejér points (t,; 74), p=0,...2m, g=0,...,2n at the sceleton y.

Theorem 1. Let X(t,f)eHw , the points {tp };’ZO, {Tq }jio form the system of

Fejér points at the sceleton y and (L,mx)t.,7) is the interpolational Lagrange

polynomial which is formed with respect to this system of points. Then the estimation
IS true:

||X -L,, x|| o < clnminnH (xa))a;(i ij
mn)

Let us denote by £, the operator which assignes to any twice continuously
ox Ox

differentiable function x(t.r) at sceleton 7 (whose partial derivatives i or
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2

ﬁt;;' belong to the space 1, ) the mn-th partial sum of its double Faber — Laurent

series.

Theorem 2. For any continuously differentiable function x(t,r), the partial

; . ; @ @ azx H ;
derivatievs of which o O oios belong to the space 1, , and for arbitrary

natural 7, 1 the unequality is fulfilled:

||x -F,, x” cS c(lnm+lnn)H(x;a))a)(i,ij .

m n

In stating approximative properties of the concrete approximative apparatus at
Lyapunov sceleton 7 the analogue of Bernstein unequality is used essentially to

estimate derivatives of polynomials.

Note also that for arbitrary Lyapunov contour £ the constant d exists which
depends on /" only such that sty 15)< dlt; 1, where t;, t, are arbitrary points at
contour I, and s(t;.1,)is a length of the arc 1,1,

With regard to the mentioned remarks all proofs of statements which are
formulated in [1] remain true for arbitrary Lyapunov sceleton 7 .

Theorem 3. Let x(t.7)e H o - 05,08, is such that H,» < H o and
951)(5)/91(2)(5), le)(5)/~0§2)(5) are increasing functions. Then the estimation is

true:
w(z)(l’lj
m n

[
QJ(Z)(;ngZ)( 111 ) Hao

Theorem 4. Let function X(f,T ) be continuously differentiable at 7 and its

. o Ox Ox (P°x _
partial derivatives i o7 oioe belong to hte space o ; 60(2)(51,52) is such

that H,m <H_ > and -Q](])(5)/-Q](2)(5), -le)(5)/f2§2)(5) are increasing
functions. Then for Faber — Laurent operator the estimate is true:

w(z)(l,fj
m

A i
QZ(Z)(’;jggz)U) H .

||x -L,, x||H . < clnminn

||x - anx”H . < clnmn
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Les us state now the estimations of approximations of the functions from the
space H,, at 7 inthespace L, p>1.

Say to the smooth simple closed contour /" then /" belongs to the class C(r,.Q)
(where 7 is an integer non-negative number and €Q(5) some modulus of continuity) if

the Riemann function l//(W) Is continuously differentiable » times in the domain
b | w]> 1}, such that ¥’ (w) satisfies the condition

‘ l//(r) (W,)— l//(r) (W”)

for arbitrary W', w" ey, thatis w(w)e # Woat I

)

< c.Q(] w' —w"

Let Ci.o) denotes the class of sceletons 7 such that »=y,x¥, and
Y1€C4.0), 7, €C.0,), where 2,(5), 2, (5) are the simple moduli of continuity
respecting to the modulus of continuity a)(5 1,0 2) . Evidently, class of sceletons C..)
Is contained in the class of Lyapunov sceletons.

Theorem 5. Let 7€ C(Z,a)) . For the Lagrange operator set
L,,:C—L, p>1 Then the estimation is fulfilled:

C->L, SC(p)’

|| mn

where C(p) is the completely defined constant which depends on 7 only.

2m
p:() ]

Theorem 6. Let 7 € C(Z,a)) , the points {t ,,} {T g };Zo form the system of Fejér

points at the sceleton 7 . Then for any function g(t,T)EHw<1> at 7 the estimation is
true:

1 1
lg-Lngl, < (1+ C(P))H(g!w(l))”(])[;’;j .
Proof. Let b, (f’T ) be the polynomial of the best uniform approximation of the

function g(¢.7). When it is remembered that L, is projector, estimation e[, </, is
fulfilled and the result from Theorem 5 are stated, then we have following unequalities:

C

le=Lugl, <lg~P.

=(1+\

L, T || Lm" (g - Pmn ) mn

L=+, e

Lmn

e, o)< oDl o L2

m n
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From this unequality proof of Theorem 6 follows.

Remark 1. If under the conditions of Theorems 1 - 4, 6 the partial derivatives of
the approximated functions of orders P and ¢ with respestto ¢ and 7 belong to the

space 1, (it means x(l‘, T) € Hc(op’q) ), that the estimations in the mentioned theorems

1 1
can be considerably improved, namely by value v +n—q. This conclusion follows

directly from the unequalities [1, Remark 1]. For example, in this case the theorem
which respects to Theorem 3, can be formulated by the way.

Theorem 7. Let x(t.7)< Hg((ffz’f’); 0)(2)(51,52) is such that 0 < H o and
951)(5)/ 91(2)(5), le)(5)/ 052)(5) are increasing functions.Then the estimation is

true:
L w(,)(z’ 1 j
Hx -L,, xHH < clnmlnn(—p + _qj m n
2) m? n Q}(z)(ljggg)(lj
m n

where the interpolational Lagrange polynomial is constructed with respect to the
system of Fejér points at sceleton 7 .

)

H ()
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