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BCTYVII.

IMincucremu reomerpuyHoro wmonentoBaHas (I'M) 1 MammHHOL
rpadiku (MI') 3aiiMaroTh HeHTpabHE Mictie B MamuHOOyAiBHUX CAITP-K
(cucTemMax aBTOMATH30BAHOTO MPOEKTyBaHH:). KoHCTpytoBaHHS BUPOOIB B
HUX, SIK TPABUIIO, TIPOBOJUTHCS B IHTEPAKTUBHOMY PEKHMI MPHU Omepartii
TCOMCTPUYHUMH  MOJCISMHU, T.€. MATEMATUYHHMH O00'€KTaMu, 1110
BiToOpakaroTh hopMy AeTasield, CTPYKTYPY CKIaAATbHAX BY3JIIB 1 MOXKITHBO
JesIKi JOAaTKOBI mapaMeTpH (Macy, MOMEHT iHepLii, KOJbOPH MTOBEPXHi 1 T.
IL.).

YV migcucremax I'M 1 MI' TumoBuit MapmpyT OOpOOKH HaHHX
nepeabagae OTpUMaHHS MPOCKTHOTO PIICHHS Y MPUKIIAAHIH Tporpami, Horo
MPEJICTABIICHHS Yy BUTJSAAI  TEOMETPUYHOI MOJeni  (TeoMeTpuyHe
MOJICITIOBAHHS), MATOTOBKY MPOSKTHOTO PIIICHHS JO Bi3yali3arlii, BIacHe
Biyamizarfito B amaparypi po0Oodoi craHmii 1 TpH HEOOXITHOCTI
KOPEKTYBaHHsI pillleHHS B iHTEpaKTHBHOMY pexkuMi. JIBi octaHHi omepaii
peanizyroTbes Ha 0a3i anapaTHUX 3ac001B MAIMHHOI Tpadiky.

Komu roBopsiTh Ipo MaTeMaTudHe 3ade3nedenns [ M 1 MI', matoTs Ha
yBa3i, MEpII 3a BCE MOJENi, METOJAM 1 alTOPUTMHU I TE€OMETPUYHOTO
MOJICTFOBAHHS 1 MiJTOTOBKU 10 Bi3yamizamii. Ilpu 1mpoMy uacto came
MaTeMaThdHe 3a0e3ledeHHs MIiATOTOBKM J0 Bi3yajizamii Ha3WBalOTh
MaTeMaTHIHUM 3a0e3IeUeHHIM MaITHHHOI Tpadiky.

PospisHsitorh MaTemaTuuHe 3a0e3neueHHs JBoBUMipHOro (2D) i
tpuBuMipHOTro (3D) MoaemoBanHs. OCHOBHOIO cdeporo 3acTocyBaHHs 2D-
rpaduKu € TiATOTOBKA KPECIIPCHKOi JOKYMEHTaIii B MamnHOOYIIBHUX
CAIIP. V¥ posBunenux mamuHoOyaiBaux CAIIP BuKopHCTOBYIOTH 5K 2D,
tak 1 3D wMopjemoBaHHA IS CUHTE3Y KOHCTPYKIiH, TpPEICTaBICHHS
TPAEKTOPI POOOYMX OPTaHiB BEpCTATIiB MPU OOPOOIT 3aroTiBOK, TeHEpaIii
CITKH KiHIIEBHX €JICMEHTIB IPH aHai31 MIITHOCTI 1 T. II.

B mporeci 3D MonentoBaHHS CTBOPIOIOTHCS T€OMETPHYHI MOJETI,
TOOTO MoOJeni, IO BiZOOpPakarOTh TE€OMETPUYHI BIIACTUBOCTI BHPOOIB.
Po3pi3usatoTh TeOMETpUYHI Mozem Kapkachi (Opomsani), TIOBEPXHEBI 1
00'emMHI (meepdominbHi).

Kapkacna mopgens mpencrasise ¢opMy AeTalli y BUTTISAL KIHIIEBOT
Oe3migi JIiHIN, 0 JIeKaTh Ha MOBEPXHAX AeTami. [t Ko)KHOT JiHil Bigomi
KOOpJMHATH KIHIIEBMX TOYOK 1 BKa3aHa IX IHIMIEHTHICTH  (yMoOBa
MIPUHAJICKHOCTI) pedpam abo noBepxHsM. OrepyBaTH KapKaCHOIO MOJICILTIO



Ha TIONAJBINNX OMEpaIlisiX MapIIPyTiB MPOEKTYBAaHHS HE3PYYHO, 1 TOMY
KapKacHI MOJIeNTi B TaHUH 9ac BUKOPUCTOBYIOTHCS JOCTATHBO PiKO.

IloBepxneBa Moaeab BimoOpaxkae ¢opMy meTaii 3a JOIMOMOTOO
3aBJJaHHS TIOBEPXOHB, 10 OOMEKYIOTH 11, HAPUKJIAA, Y BUIJISA1 CYKYIHOCTI
JIaHUX TIpO TpaHi, pedpa 1 BepmmHU. OCcOOIMBE MiClle 3aiMarOTh MOICTi
JeTaneil 3 TOBEPXHAMHU CKIAAHOiI (OpMH, TaK 3BaHUMHU CKIAJHUMHU
(CKyNBITYPHUMH) MOBEPXHAMH. J[0 TakuX AeTanedl BIAHOCITHCSA KOPITyCH
0aratboX TPaHCIIOPTHUX 3ac001B (HAPUKIIAL, CYIACH, aBTOMOO1IIB), IeTai,
0 OOTIKAIOTh TMTOTOKAMH PIAMHM 1 Ta3iB (JIOMATKH TypOiH, KpHJia JITaKiB) i
iH.

OO0 emui Mopmeni BifPI3HAIOTHECS THM, 10 B HUX B sBHiM (opwmi
MICTATBCSl JaHi IIOJO MPUHAJIEKHOCTI €JIEMEHTIB BHYTPILIHBOMY a0o
30BHIIIHBOMY TI0 BiIHOLIEHHIO 10 AeTali mpoctopy. Po3risHyti mMoxemi
BiIOOpaXkaroTh Tijda 13 3aMKHYTUMH OO0'eMaMH, IO € TaK 3BaHUMH
bazamoodpaszamu  (manifold).  Jleski  cUCTEeMH  T'€OMETPUIHOTO
MOJICTTFOBAHHS JIOMYCKAIOTh OIEPAI0 Hehaeamooopa3Humy MOACISIMU
(nonmanifold), npukmagamMum SKUX MOXYTh OyTH MoOAEm Tid, IO
JMOTUKAIOTBCSI OMWH OJHOTO B OJHIM TOYIll abo YIIOAOBX IPSMOI.
Hebararoobpa3ni Mopeni 3py4yHi B mpoleci KOHCTPYIOBaHHS, KOJHM Ha
NPOMDKHHUX eTamax KOPHUCHO NpaIfoBaTH OJAHOYACHO 3 TPUBHMIPHUMH i
JTBOBUMIPHUMH MOJICITISIMH O€3 3aJIaHHS TOBIIMHHA CTIHOK KOHCTPYKIIIT 1 T. 1.

KinmeBoro metoro 3D MopemoBaHHA € TOOymIOBa MaTEeMaTHYHHX
Mmopeneit reomeTpii 00'extiB. Lli Moneni moTpiOHi A pilleHb, TPOBEACHHS
JOCITIKEHB 1 BUPOOHHUIITBA MaTEPiaIbHUX IIIHHOCTEH.

leomerpuuHe  MOJCNIOBaHHS  BHBYAE  METOAM  TOOYIOBH
MaTeMaTHYHOI MOJENli, 10 ONHCY€ T€OMETPHYHI BIACTHBOCTI MPEIMETiB
HaBKOJIMIIHBOTO CBITYy. SIK BKe 3a3HaYaOCh, TEOMETPUYHE MOACTIOBAHHS
0a3yeThCs HA aHAMITHYHIN 1 AudepeHIliaTbHIl reoMeTpii, 00YUCITIOBAIBHIN
MaTeMaTHlli, BapiauifHOMY , TOIOJOTi] i po3po0Isie BIacHI MaTeMaTH4Hi
METOAN MOJETIOBaHHS.

[HCTpyMEHTOM i1  TEOMETPUYHOTO  MOJICIIOBAHHS — CIYXaTh
MaTeMaTUIHI METOIH BUPIMICHHS THX a00 1HMX. BUKOpHCTOBYBaHI METOIN
JO3BOJIAIOTH OMMCYBaTH T€OMETPUYHI BIACTUBOCTI 00'€KTIB, CTBOPIOBATH iX
MaTeMaTU4dHI MOJEeNi 1 JOCHKYBaTH iX IUIAXOM TPOBEIACHHS PI3HUX
PO3paxyHKIB 1 YUCEIBHUX EKCIICPUMEHTIB. 3a HEOOXITHOCTI MOIEIhOBaHI
00'eKTH penaryloTeCsi 1 BisyamizyloTbes (moOymoBa iX rpadiuHHX
BiZJOOpakeHb).



Jns ommcy reoMeTpUYHHUX BIACTHUBOCTEH HABKOIMINHIX MPEeIMETIiB
OymyroTh TBepai Tima abo mpocTo Tina. Tijga y CBOIO Yepry OMHCYIOTH,
JHISIMY 1 TOBEPXHAMH. Y Ci BOHM MalOTh II€BHI 3arajbHi BIaCTUBOCTI, TOMY
HUMH MOKHa oOmepyBaTH fK o0'ektamu. Toukw, JiHii, TOBEpXHi i Tina
Ha3WBaTUMEMO T€OMETPUYHUMH 00'ekTaMu. ['eoMeTpudHi 00'€KTH CITyKaTh
OCHOBHHMH €JICMCHTAMHM MaTEMAaTHYHOI MOJEJ TeoMeTpii peanbHUX abo
ysIBHUX 00'ekTiB. bBynyBatumMemo iX B TPUBHMIPDHOMY €BKJIiIOBOMY
MPOCTOPi, BBAKAIOYH 32 X HE3MIHHUMH B Yaci.

Y OInpIIOCTI BHMAAKIB BHKOPHUCTOBYIOTH JEKApTOBY CHCTEMY
KoOpauHaT. Y JAeKapTOBi cucTeMi Oa3MCHI BEKTOPH MAlOThb OIHAKOBY
JOBXHHY 1 MOCTIHHMIA HampsM B Oyap-KoMy Micui mpoctopy. Lle crporrye
omuc O0'€KTIB, OCKUIbKM ©Oa3MCHI BEKTOpUM IpH AudepeHIiFoBaHHI
BUCTYNAIOTh B POJIi KOHCTAHT.



1. OCHOBU TEOMETPUYHOI' O 3D
MOJEJIOBAHHA

1.1. Onuc reoMeTpuYHHUX 00'€KTIB
p

T'eomempuuni 006'eckmu

['eomeTpuyHe MOJIETIOBaHHS BUBYAE (POPMY OTOUYIOUMX TPEIMETIB,
4 po3mipu, B3a€MHE pO3TalllyBaHHSA Ta HE po3rsmae ix (isuuHi
BnactuBocTi. KinmeBoto wmeroro 3D  wmogemoBaHHA € moOymoBa
MaTeMaTHYHUX Mojeneld reomeTpii o0'ektiB. Lli Momemi moTpiOHI st
pilieHb, MPOBEACHHS TOCIIHKEHB 1 BUPOOHHUIITBA MaTepiaIbHUX IIHHOCTEH.

leomerpuyne  MOZENMIOBaHHS  BHBYAE  METOAM  MOOYIOBH
MaTeMaTH4YHOI MOJENi, 10 OMHCYe T€OMETPHYHI BIACTHBOCTI MPEIMETIiB
HABKOJIMIITHBOTO CBITY. SIK BXe 3a3HAYaOCh, TEOMETPHUYHE MOJIETIOBAHHS
0a3yeThCs HA aHAMITHYHIN 1 AudepeHIliaTbHIlA reoMeTpii, 00YUCITIOBAIbHIN
MaTeMaTHlli, BapiauifHOMY , TOIOJOTii i po3po0Ise BIacHI MaTeMaTH4Hi
METOY MOZETIOBaHHS.

[HCTpyMEHTOM 1711 TEOMETPUYHOTO  MOJETIOBAaHHS  CIIY)KaTb
MaTeMaTH4YH1 METOIH BUPilIeHHs TUX a0o iHmuX. BukopuctoByBani Mmetoan
JO3BOJIAIOTH OMMCYBaTH T€OMETPUYHI BIACTUBOCTI 00'€KTIB, CTBOPIOBATH iX
MaTeMaTU4dHI MOJENi 1 JOCHKYBaTH iX IUIAXOM TPOBEIACHHS PI3HUX
PO3paxyHKIB i YHCEIHHUX EKCIIEPUMEHTIB. 32 HEOOXiTHOCTI MOJEIhOBaHI
00'eKTH penaryloTbCsi 1 BisyamizyloTbes (moOymoBa iX rpadiuHuX
BimoOpakeHs). [l OMUCYy TeOMETPUYHUX BIACTHBOCTECH HABKOJIMITHIX
mpeaMeTiB  OymyroTh TBepAi Tima abo mpocro Tima. Tima y  cBoio
YEPryONUCYIOTh , JIIHISIMH 1 IOBEPXHAMH. Y C1 BOHM MalOTh MEBHI 3aralibHi
BJIACTHBOCTI, TOMY HHMH MOKHA OIEPYBaTH SK 00'€eKTamMu. TakuM YUHOM,
JiHIL, noeepxHi I mina Hasueamumemo ceomempuynumu o6'ekmamu. (Puc.
1.1).
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Pucynok 1.1 — Buau reomeTpudHux 00’ €KTiB

leomerpuyni  00'€KTH  CIy)KaTh  OCHOBHUMH  €JIEMEHTaMHU
MaTeMaTHYHOI MoAeni reoMmeTpii peaidbHHX abo ySIBHUX OO0'€KTiB.
BynyBaTmMeMo iX B TPHBUMIPHOMY €BKIIiJOBOMY ITPOCTOPI, BBAXKAIOYH 3a 1X
HE3MIHHMMH B 4Yaci.

Y OibmIOCTI BHIAJKIB BHKOPUCTOBYIOTH JIEKAPTOBY CHUCTEMY
KoopAMHAT. Y JeKapToBill cucreMmi 0a3WCHI BEKTOpPH MalOTh OJHAKOBY
JOBXHHY 1 MOCTIHHMIA HampsM B Oyap-KoMy Micui mpoctopy. Lle crporrye
omuc 00'€KTiB, OCKUIbKM 0a3WcCHI BEKTOpU Tpu AudepeHIitoBaHHI
BUCTYIAIOTh B POJIi KOHCTAHT.

Ilosnauennsn

Hns  KIIBKICHHX —~— XapakTepUCTUK  T€OMETPUYHUX  O0'€KTiB
BUKOPHCTOBYIOTH CKJISIPHI BEJIMYMHHU, BEKTOPH, a TAKOK TCH30PH.

CkanspHi BEeIMYMHM MO3HAYATHMEMO PAIKOBHMHU JATHHCHKOTO a0
rpenpKoro angasiTy. BexTopu B mpocTopi MO3HAYaTHMEMO PSIKOBUMH
natuHChKoro angasity. CucreMy KOOpOMHAT 3 mo4yatkoM B Touli O i
0a3MCHUMH BEKTOpaMH el, €2, €3 [T03HaYaTuMeMo depes Oel, €2, e3.

JJ1s BEKTOPiB B IPOCTOPi BUKOPHUCTOBYBATUMEMO 3aIIUCH TUITY

L1
r=rie; +rye, + 1365 = [Tz] =[n r 13" (1.1)
T3



10

€ 71, I'2, '3 - KOMIOHEHTH BEKTODY T.

B psami  BumankiB - 3pydYHINIE BHUKOPHUCTOBYBATH  ITO3HAYCHHS
KOMITOHEHT BEKTOPIB 3 iHAEKCaMH — y BUTJISA1 y3arajJbHEHUX OpTiB. B iHmmx
- TaK0X BUKOPUCTOBYIOTh OiJIbIII 3BUYHI MO3HAYEHHS! KOMIIOHEHT BEKTOPiB
4yepes X, Y, Z.

Jl71s1 omrCy CKIIATHUX TEOMETPUIHHUX 00'€KTIB MOTPiOHI BEKTOPH, K Y
TPUBUMIPHOMY, TaK i y IBOMIpHOMY HpOCTOpi, HampHKJIad, Ha o0JacTi
mapameTpiB moBepxHi. sl TBOMIpHUX BEKTOPIB BHKOPHCTOBYBATHMEMO
3aIHC THITY

p
p =Dpi1e; +pae; = [p;] =[p1 Pp2]" (1.2)

a€ pi1, p2 - KOMIIOHEHTH BEKTOPY p.

Ormeparfito  CKaJISIpHOTO  BEKTOPIiB  IO3HAYATHMEMO  TOYKOIO.
Hanpuxnan:

a-b=ab;+ ab>+ asbs. (1.3)

CumBosioM “X” IMO3HAYaTHMEMO OTEpaIlif0 BEKTOPHOTO IOOYTKY
BekTopiB. Hampukmnan:

a x b = (a;bz — azby)e, + (azb, — ayb3)e; + (a1b, — azby)e; (1.4)

Touka

I'eomeTpryHe MOIETIOBAaHHS OUIIBFHO pPO3MOYMHATH BHUBYATH 3
MPOCTUX OO0'€KTIB 3 MOCTYMOBUM TEPEXOAOM M0 CKiamHimmm. Touka R
MPOCTOPY B 3arajJbHOMY BUIIAJIKY OIIUCYETHCSA KOOPIAMHATAMHU U!, U2, U IETKOT
CHCTEMH KOOPAHMHAT. Y JIEKapTOBiM MPSIMOKYTHINA CHCTEMI KOOPINHAT TOUKY
MO>KHA OTIMICATH 3a JIOITIOMOTOI0 pajiyc-BeKTopy I = [r1r2 r3]". Pamiyc-BekTop
BU3HAYa€ TEPETBOPEHHS TEPECHECCHHS, 10 TIEPEBONUThH IMOYATKOBY TOUYKY
JIEKapTOBOI CUCTEMH KOOPAMHAT B 3aJaHy TOUYKY IpocTopy. KommoHeHTH
pazniyc-BeKTOPY TOYKH JOPIBHIOIOTE i1 KOOpAMHATAM.
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Panmiyc-BekTop Ha BiAMIHY BiZ NPOCTO BEKTOPY IIOB'S3aHUN 3
noyatkoM koopauHat. Ilg pi3HWMOM MO3HAa4YaeThesl Ha  opMynax
MIEPETBOPEHHS KOOPAUHAT i HA (hopMyJaX 3MiHU TOJOKEHHSI B ITPOCTOPI.

1.2. Moaudikauii BekTopiB

MopaudikamisMid Ha3HBaTEMEMO 3MIHH TIOJIOXKEHHS 1 (opmu
reoMeTpuyHux o00'exTiB. bararo miHil, MOBepXHi 1 Tija OMUCYIOTHCS
3B'13aHUM (IIEBHUM YHHOM) HAOOpOM , BEeKTOpiB 1 ckawsipiB. Ilpum 3mini
MOJIOKEHHSI TEOMETPUYHOTO0 O0'€KTY y TMPOCTOPi MOTPIOHO BUKOHYBATH
BiMoBiAHI Moan(iKalii paxiyc-BeKTOPIB 1 BEKTOPiB, IO OMUCYIOTH JaHUN
00'€KT.

IIpocToro MoaudiKaIliero TOUKH € i1 3CyB B MPOCTOP1 HA BEKTOP 3CYBY
t. [lonoxxeHHs TOYKM 1O Momudikalii Ha3UBAaTHMEMO II0YAaTKOBUM, 1
OTHCYBaTHMEMO PaJliyC-BEKTOPOM Fg. [l0J0XKEHHS TOUKH Ticist Moaudikarii
HA3UBATUMEMO HOBHM, 1 OMIMCYBaTUMEMO PaJiiyc-BeKTOpoM r. [TonmoxeHHs
TOYKH IiCIIs MOAUMIKAIT OIMCYBATUMETHCS Paiyc-BEKTOPOM, PIBHUM CyMi
pazaiyc-BeKTopy ii MOYaTKOBOTO TOJIOKEHHS I 1 BEKTOPY 3CYBY £:

r=ry+t (1.5)

KoMITOHEHTH BEKTOPY I IOPIBHIOKOTH CyMi BiJIIOBITHUX KOMIIOHEHT
BEKTOPIB 1y 1 t.

1.4. OnHopinHi koopaUHATH

Mopudikarii 3CyBy, MOBOPOTY i MacmTaOyBaHHS pajliyC-BEKTOPiB
ONMHCYIOThCS  (OopMyNnaMu, IO MAaKOTh OJHAKOBHN BUTIAA. Tomy
MIEPETBOPEHHSAM KOOPIMHAT i MOJU(IKAIiIM TOYKH MOXHA HAaJlaTH €IUHUN
MIPOCTUIN BUTJTIS;

R = At . RO (1.6)

J1s1 1150T0 TTOTPiOHO 301IBIIATH PO3MIPHICTH BEKTOPIB 1 MATPHITh Ha
OJIMHHMITI0. BEeKTop, MOMOBHEHWH IIIe OJIHIEI0 KOMIIOHEHTOI, HA3MBAETHCS
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PO3MIKPEHNM BeKTOpOM. KOMIOHEHTH PO3MINPEHOTO BEKTOPY HA3UBAIOTHCS
O0OHOPIOHUMU KOOPOUHAMAMU.
[IpencraBuMo KOXKEH pajliyc-BEKTOP B PO3IMIUPEHOMY BUTIISIL

T
R=|"2l=m n n 17 (1.7)
3

1

Marpuris A: € MaTpuIieio A, OKaliMOBaHOIO 3HU3Y HYJISIMH, a CIIpaBa -
BEKTOPOM 3CYBY t y PO3IINPEHOMY BUTIISII.

a;; Az 443 4

A, = |21 G2z Gz ta (1.8)
az; dazz azz t3
0 0 0 1

[anexc Matpuimi A: CBITUUTH TPO Te, IO BOHA € PO3MIUPEHOIO 1
BKJIFOYA€ BEKTOP 3CYBY t.

1.5 IlnTanns nas caMmonepeBipku

Po3kpuiiTe 3MICT MOHSTTS «I€OMETPUYHI 00 '€KTH».

SIK 3anMCyIOThCS piBHSHHS BEKTOPIB Ha IUIOLIMHI Ta B IPOCTOPi?
SIki omepartii MOKyTh BUKOHYBATHCS HaJl BEKTOPaMH?

SIKi € OCHOBHI PUHIMITY MOAU(IKaILil BEKTOPIB 1 TOUOK?
Po3skpuiiTe 3MICT MOHATTS «OTHOPITHI KOOPIUHATH».

Sk 3ammcyeThCsl MaTpUIs EPETBOPEHHS B OIHOPIIHHUX
KOOpIUHATAX ?

A S
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2. TOMOJOTIIA OBOJTOHOK

2.1. TonoJjioriuni 00'ekTH

MopentoBaHHs OTOYYIOYHX HAC IPEIMETIB BUMArae 3aydeHHs OLThIT
CKIIQJIHAX TEOMETPUYHUX OO0'€KTIB, HI)K TOYKH, KpHBI 1 IMOBEpXHi. 3a
JOTIOMOTOI0 TiIBKM OJHI€l TIOBEPXHI B 3arajbHOMY BUMAIKYy HEMOXIIUBO
OIMCATH TEOMETPUYHY (POPMY JESIKOTO KOHKPETHOTO TpEIMETY, ajie Iie
MO>KHA 3pOOHTH 3a JOTIOMOT OO0 JIEKiTbKOX TIOBEPXOHB, 3B'S3aBIIH iX ICBHIM
YHMHOM. Te, SIKUM YMHOM TOBEpXHi OyIyTh 3B'si3aHi M c0000, CTBOPIOE
JTIOJTATKOBY 1H(OpMAILito ISl HOBUX 00 '€KTiB, sIKi MOOYI0BaHI Ha OCHOBI BiKe
PO3TIITHYTHX TEeOMETpUYIHMX 00'ekTiB. Hamoro MeToro € omepykaHHs
reOMETPUYHOI MOJIeJi HABKOJUILHIX mpeameTiB. Bei mi mpeameTn 3aiiMaroTh
JesIKy YaCTHHY IPOCTOPY, a00, iHAKIIE KaKy4yH, 3aiMarOTh KIHLEBHHA 00CsT
mpoctopy. s ix MoaenoBaHHs IOTPIOHO ONMHUCATH CYKYITHICTH TTIOBEPXOHbD,
0 BIIOKPEMITIOIOTH BHYTPIIIHIA 00’ €M TIpemMeTa BiJl 1HIIOI YaCTHHH
npocropy. Has 1poro motpiOeH Hadip NMEBHUM YHMHOM MOOYIOBaHHX i
3pi3aHUX IMOBEPXOHb Ta iH(OPMAITis TIPO B3AEMHHMA 3B'130K IHX MTOBEPXOHB,
TOOTO, SIK OTHA TIOBEPXHS MIEPEXOIUTH B 1HIITY.

Obononku

IloBepxHi MOXYTh OYyTH 3aMKHYTHMH 3a OJHMM a0o JBOMa
napaMeTPUYHUMHE HaIpPsIMKaMHu, a00 He3aMKHYTUMHU. He3aMKHYTI MOBEpXHi
MaroTh MeXy. Medicero Ha3UBaTUMEMO JIiHIIO0 Ha TIOBEPXHI, sIKa BiANOBiAa€e
pyxy 11 mapaMmeTpiB 1m0 MeXi ix o0macti Bu3HadeHHS. JIiHIfO Ha 3aMKHYTIH
MTOBEPXHI, 110 Kl BOHA 3aMHKA€ETLCS caMa Ha cebe, Oy1eMo Ha3uBaTH IITBOM.
[ToBepxHi MOXYTb CTUKYBaTHCS OZIHA 3 OJHOIO TI0 MeXax. MokHa cKa3aru,
0 TI0 IMBY 3aMKHYTa IOBEPXHS CTUKYETHCS cama i3 co0o0ro. CyKYITHICTb
MOBEPXOHb, IO CTUKYIOTHCS TI0 MEXaxX, HA3UBATUMEMO OOOJOHKOIO.
O06oioHKa MOKE CKIaAaTUCs 3 OJHI€T MoBepXHi ab0 NEKiNBKOX MOBEPXOHb.
Takox sIK 1 OKpema MOBEpxHS, 00ONIOHKa MoOXe OyTH 3aMKHYTOIO K
HE3aMKHYTOI0. 3aMKHyTa 000I0HKa HE Mae Mexi. HesamkHyTa 00010HKA
Mae€ oHy a0 KiJlbKa MeX.

B Tomonorii Hac OyAyTb WLIKaBUTH BIACTHBOCTI T'€OMETPHYHHX
00'eKTiB, sIKi HE 3aJI€KaTh BiI KUIBKICHAX XapaKTEPUCTHK. Po3risnaTumemMo
OesrepepBHUIL 3B'I130K MidK TOUKaAMHU TeOMETPHIHUX 00'ekTiB. [IpurrycTiumo,
110 000JI0HKA BUKOHAHA 3 €1aCTUYHOI0 MaTepialy, [0 He PO3PUBAETHCS 1 HE
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CKIICIOEThCS. J1OoCTiKYHMO BIACTHBOCTI I1i€i 000IOHKH, Ki 30epiratoThCs
IpH BCUIAKMX 11 gedopmaniax. Jegopmayicio Ha3UBaTUMEMO 3MiHY (OPMHU
00OJIOHKHM IUIAXOM PO3TATYBaHHSA, CTUCKY, 3CYBY a00 BHTHHY ii MOBEpXHi,
SIKi He MPHU3BOASTH 0 PO3PUBIB 1 HE MOTPEOYIOTH CKICIOBAaHHS OBEPXOHB
ob6ononku. Hampuknan, emacTHdHa 00OJIOHKA Y BHTJIAI KyOy MoXe OyTH
nedopMoBana B chepy, emIirncoin, abo 000JIOHKY y BUTIIAII TETpaeapy, aje
He Moxke Oyt nedopmoBaHa B TopoigainbHy 000J0HKY. Cdepa, emincoin,
000J10HKa ¥ BUTIISAI TeTpaeapy adbo KyOy MOXYyTb OyTH IIEpETBOPEHI OJTMH B
JIPYTUH MIIAXOM OE3MepepBHUX 1 3BOPOTHIX Big0OpakeHb, TOMY 3 TOYKH
30py TOTOJIOTi1 BOHH € 1IEHTUYHI a00 20MeomophHi.

BrnactuBocti reoMeTpumuHHX O00'€KTIiB, SIKi 30epiraroTbecs NpH
Oe3repepBHUX 1 3BOPOTHIX BiIOOpaKEHHSAX OIHOTO MPOCTOPY B iHIIHMA,
BUBYA€E HayKa monoaoeis. 3 TONOJOTIYHOI TOYKH 30py cdepa, emincoin,
000JIOHKa y BUTTISAI TeTpaeapy abo KyOy ekBiBajieHTHi. BiactuBocri, siki
XapakTepU3ylOTh  OE3MEepepBHICTh  TOYOK  JIeAKOoi  OOOJIOHKH, €
TOIOJIOTIYHUMH BIIACTUBOCTSAMH. He3Baxkarouu Ha ySBHY HEBH3HAYCHICTh,
TOTOJIOTIYHI ~ BJIACTUBOCTI  T€OMETPUYHMX  OO'€KTIB  TOB'S3aHi 3
(hyHIaMEHTATLHUMH MaTEMATUIHUMH TOHSATTSIMH.

Tomosoris BWBYAaE 3arajbHUN BUITATOK OOOJOHOK, SKIi MOXYTh
CaMOTICPETHHATUCS, MaTH a00 HE MaTh MeXi, iTH B HECKiHYCHHICTb.
Tomonorist onepye CBOiMH 0O0'ekTaMH, fKi HECyTh iHQoOpMamilo mpo ix
B3aEMHHMI 3B'SA30K, 1 BCTAHOBIIOE MK HHMH CIBBigHOmICHHS. [lpu
MOJIENIIOBAaHHI HAaBKOJMIIHIX Hac O0O0'€KTiB OymyBaTUMEMO OOOJOHKH 3
mononociynux 00'ckmie. BOHM HECTUMYTb 1 KUIBKICHY T€OMETPHUYHY
iHpopmMartito, 1 TomosoriuHy iHGopmamiro. KigpkicHa TeoMeTpHUIHa
iHpOpMaIlisT TOMOJOTIYHOTO O00'€KTY MICTHTBCS y HOr0 T€OMETPHIHOMY
HOCI1, IKMM MOXe OyTH TOYKa, KprBa a0 MOBEPXHSI.

Bepuwiunu, peopa, yuxnu, zpani

Posrnsnemo 00010HKH, MOOyIOBaHI Ha OCHOBI TIOBEPXOHb Yy
TPUBUMIPDHOMY €BKJIiIOBOMY mpocTopi. st BicTe:xeHHs 3B'A3KiB, SKi
CKJIa/Ial0Th 000JIOHKY MIOBEPXOHb, TOMOBHUMO MOBEPXHI 1H(MOpMAIIE TIPO
i 3BWM3KM Ta BBexeMO TomojoriuHi o6'ektu. Tomosoriuni 00'exTH
HECTUMYTh OJHOYACHO METPHUHY i Tomojoriuny indopmanito. OgHum 3
TOIIOJIOTIYHUX 00'€KTIB € 000JIOHKA.

IIpu moOymoBi 00OJOHKH BHKOPHCTOBYBATUMEMO TaKi TOTIOJIOTIUHI
00'exTH, sIK TpaHi, pedpa, BepmuHY i ki (Puc. 2.1). Bei Tomomoriuni
00'€KTH MarOTh 3arajbHi MPUHIMIIK TOOYIOBH.
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Pucynoxk 2.1 — Tonosoriysi 00’ €ekTi

I'pannio Ha3MBAaTUMEMO TOTIOJIOTIYHUIN 00'€KT, IKUH TOOYI0BaHMM Ha
OCHOBI MoBepxHi. PaKTHYHO TPaHb € MOBEPXHEIO IUTIOC iHPOPMALis IPO Te,
sIKa CTOPOHA MTOBEPXHi € 30BHILIHBOI0 CTOPOHOIO I'paHi, 1 iHpopmaris mpo ii
MTOJIOKEHHS B 000J10HII1, TOOTO iH(OpMaItis mpo ii cycimiB. [adpopmariro mpo
cycimHi rpaHi opOPMITIOIOTE y BUTJIISAII ITUKITIB.

Luxn - e TONOJOTiYHUIA O0'€KT, IO OMUCYE OHY i3 MEX rpaHi, i
MICTHTH iH(pOpPMAIIiIO TIPO Te, J€ 1 K A0 AaHOI I'paHi IPUMHKAIOTh CyCiIHI
rpafi. OCKiTBKY y3A0BXK OJHOTO ITUKITY IO TaHOI TpaHi MOKYTh IPUMHKATH
KUTbKA CYCIJTHIX TpaHei, TO UK CKIIAa€ThCs 3 ICKIIbKOX TUISTHOK. KoxkHa
IOUIHKA LUKITY OIMPAETbCs Ha JAeske pebpo. Pebpom Ha3UBaTUMEMO
TOTOJIOTIYHUN 00'€KT, SIKWHA MOOYTOBAaHWN HA OCHOBI JIiHII CTUKYBaHHS
CyCiZHiX TpaHel a00 Ha OCHOBI MEXOBO1 JiHii 0000HKHU. ['paHi CTUKYIOTBCS
TiNBKH 1O pebpax. Takum YMHOM, KOKHa T'paHb 3 ycix OOKIB OTOYeHa
pebpamu.

Bepuunoro Ha3uBaTIMEMO TOTIOJIOTIYHUH 00'€KT, AKUiT OO0y T0OBaHUI
Ha OCHOBI TOYKH, y AKii CTHKYIOTbcA peOpa. BepimmHu MOXyTh nexatu
TUTBKH Ha Kpasix pedep. Koxkae peOpo MOYNHAETHCS 1 KIHYAETHCS Y BEPIITHHI.

Slkmo pedbpo 3aMKHYTO, TO BOHO TIOYMHAETHCS 1 KIHYAETHCS B OHIH 1
Ti# sxe BepiuHi. L{uki ckinanaerses 3 pedep, Mo YTBOPSTH 3aMKHYTY JiHilO
Y3I0BX OZHI€T 3 Mex rpani. LIUKI 3aBKAM 3aMKHYTHH 1 HOMy NPUIIHCYIOTH
MIEBHUHA HAIPSMOK. I'paHb MOKe MICTUTH KiJTbKa MUKIIB, IPUYOMY OJHH 3
HUX € 30BHIIIHIM, a 1HII — BHYTPIIIHIMH, SIKi IIIKOM JIeXKaTh BCEPEIHHI
30BHIIIHBOIO IHMKIY. 3a MO3UTUBHUM HANpsIMOK IMKIY HpUHAMAaEThCA
HANPSIMOK PYXy Y3IOBX IHKIY, 32 SKAM TpaHb 3aBXKIAH 3HAXOJUTHCS
JBOPYY, SIKIIIO TUBUTHCS 3 30BHINIHBOI CTOPOHHU TpaHi. TakuM UYHHOM,
30BHIIIHIA LMK TpaHi OpPi€EHTOBAaHO NPOTH TOAWHHHUKOBOI CTPIIKH, a
BHYTPIIIHI ITUKIA — 32 TOAWHHHUKOBOIO CTPLUIKOIO, SIKIIO JWUBUTHUCS 3
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30BHIIIHBKOI CTOPOHM TpaHi. KOXHUH MUK MPOXOIUTH IO OXHIHA 3 MEX
nmoBepxHi. Ha puc. 2.2 HaBeneHO MpUKIIa rpaHi 3 il ITUKIaMH.

Pucynok 2.2 - OpieHTallist 30BHIITHBOrO Ta BHYTPIITHHOTO IIWKIIIB TPaHi

I'pani, pebpa Ta BepmmHU OyAYIOTh Ha 0a3i BiIOMHX T€OMETPHYHHX
00'eKTiB (TOYOK, KPUBHUX 1 IOBEPXOHB) NOAaBAHHAM 10 HUX iH(MOpMAIIii mpo
CBOIX CYCi/IiB 1 PO B3a€MHY Opi€HTaIi10. Y pe3yibTaTi reOMETPUYHI 00'€KTH
HaOyBalOTh HOBY SKICTb, YMM 1 OOYMOBJICHO BBEJEHHS TOIOJOTIYHUX
00'extiB.  CriBBIJHONIIEHHS MK  TOIIOJIOTIYHMMH  IIOHATTIMH 1

TPaAUIIITHUMU MMOHATTSAMH 3 «KOHCTPYKITIHHOI» TeOMeTpii ImokaszaHi Ha Puc.
23

Geometric Entities Topological Entities
- “Construction* et
IR L

fin

T
Cpoint )———{verex

Pucynok 2.3 — CriBBiAHOLICHHST MIXK TOTIOJIOTIYHUMH 1 TEOMETPUYHIMH €JIeMEHTaMU
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2.2 EiijiepoBa XxapakTepuCTHKA 000J0HOK

EiinepoBa xapakTepucTuka € OJHIEI0 3 KUIBKICHUX OLIHOK
TOMOJIOTIYHNX 00’ €ekTiB. OO0’€KTH IO MaloTh OxHaKoBY EfinepoBy
XapaKTepUCTUKY € roMeoMOpGHUMHU. [103HAUMMO KiNBKICTh TOTOJIOTIYHUX
00’€KTiB B 000JIOHIII:

v' 'V — Beplunnmy;

v" E — pe0pa;
v L — nukiy;
v" F - rpani.

Busnauaetncst EfinepoBa xapakTeprcTHKa 32 HACTYITHUM PiBHSHHSM:
H=F—-E+V4+(F—-L)=2F+V—-E-L (2.1)
Ilpuknao

B naBenenomy npukinazi (Puc.2.4) MoxkHa modaunT, Mo 10 aBaHHSI
pebep, rpaHeil Ta nuKiIiB He 3MiHIOE EiiepoBy XapakTepucTHKy. Bona
3MIHIOETBCS TUTBKH TIpH (hOpPMyBaHHI OTBOPY B OOOJIOHINI — TOOTO KOJIH
000JIOHKH TIEPeCTaloTh OyTH TOMEOMOPGHUMHU.

2 3

Pucynok 2.4 — IIpukian 060I0HKH

a) O6on0HKa OOMEKEeHa KOHTYPOM YOPHOTO KOJIBOPY 1- 8

-n
1

H=2-1+8-8-1=1

< m
n
oo 0 R

-
1}
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0) JlomaBanns pebpa 3-6

F=2 H=2-24+8-9-2=1

B) JlomaBaHHs pebpa 2-9 u Bepmuau 9. @opMyBaHHS J0IaTKOBHUX pebep:
7-9, 9-6

F=3 H=2-349-11-3=1

E=11

V=9

=3

r) JlomaBaHHs OTBOPY TPUKYTHOI (hopMu

F=3 H=2:-34+12-14-4=0
E=14
V=12
L=4

Teopema Ilyaukape: bByov sxi 06i 3aMKHeHi NOGEPXHI 3 pI3HUMU
Etineposumu xapaxmepucmuxamu ne 20meomoppui.

2.3 3B’s13HicTH 000JI0HOK

36'a3nicmb — 1€ TOTIOJIOTIYHE TTOHATTS, SIKE XapaKTePU3ye IUTICHICTh
nesskoro o0'ekTy. 3 iHIMOro OOKY 3B'S3HICTH BiZOOpa’kae MOXIIMBICTH
pO3AUIMTH  JIeSIKUHA  TOMOJOTIYHMH O0'€KT HA OKpeMi YacTHHH.
Haiinpocrimoro € He3aMKHyTa 000JI0HKA 3 OJHIE€I0 MEXKEI0 (OIHUM LIUKIIOM)
TOTIOJIOTIYHO €KBIBAJICHTHA KOJy. SIKIIO TIPENCTaBUTH, IO OOOJIOHKH
BUKOHaHI 3 JIETKO Je(OpPMOBYBaHOTO MaTepialy, TO HaHIPOCTIMIOD €
000JI0HKa, SIKif IUISIXOM JeOpMyBaHHS MOXKHA HaAaTH IUIOCKY (opMmy 3
MEXeEI y BHUTIAAl Koja. [IpsMokyTHa, eminTudHa, Oyab-sKa IUIOCKa
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000JI0HKA 3 OJTHIEI0 MEXKEI0 € HAHIPOCTIIIOo. PO3rIsTHEMO NUTAHHS: SKE
MiHIMaQJIbHE YHCII0 JIIHIM MOYKHA ITPOBECTH Ha TTOBEPXHI 00O0JOHKH, 00 T10
X JiHIAX 11 MokHa Oyio O po3pizaTi Ha IBi Hainpoctimi? Halinpocrima
000JI0HKa JIMUTHCA HA Bl OKpEMi YaCTUHH Oy 1b-5IKOIO JIIHI€I0, TPOBEIECHOIO
BiJ| OfHI€T TOUKM Mexi 10 iHuwol. Halnpoctimiii 060MOHMI NPUITHCYIOTH
3B'3HICTB, 5K JIOPIBHIOE OJIMHHUII. 1i HA3MBAIOTH 00HO36 513100 (PHC.2.5).

Takum yuHOM:

36’sa31icmb — TOTOJOTIYHE TOHATTS, M0 XapaKTEpHU3Y€ ITUTICHICTh
00’ eKTy.

Ilpocmitiwa obonouka (00HO38’3HaA) — HE3aMKHEHa OOOJIOHKA 3
OJTHIEI0 MEXKEIO (IIUKIIOM)

Kinoxicmo ninii, wo 3’eonyioms epanuyi i 0iiams 000JOHKY HA 08I
npocmitiwi - 36’s31icmo (h).

s 3aMKHEHOT 000JIOHKY JTiHisl po3pi3y MOBUHHA OYTH 3aMKHEHOIO.

A\

A

Pucynok 2.5 — Ipocriiima 06ooHKa

Ha oGosmomntii 38°s300CcTi h MOkHA OOyayBatn h-1 kpuBHX, MO HE
MOPYIIYIOT ii IiTICHICTb.

Jns Toro, mo6 00O0JIOHKY 3B’SI3HOCTI h poO3KpoiTH B OZHO3B’SI3HY
000710HKY ii Tpeba po3pizatu mo h-1 miHisM.

Ha Puc. 2.6 npeacraBneHa 00010HKa 3B’ s13HOCTI h = 4.



Pucynok 2.6 — O6ononka 38’ s13H0cTi h=4

3aMKHEHI 000JIOHKH MalOTh HETIapHY 3B’ 3HICTh, 3aMKHEHI — MapHY.
Tax manpukian (Puc. 2.7):
» Cdepa—h=1
» Huniaap—h=2
» Top—-h=3

Pucynok 2.7 — 3aMKHeHi Ta He3aMKHEHi 000JI0HKH

m SIkmo B 3aMKHEHiN 000oHII W 3B’SI3HOCTI h BUKOHATH OJTUH OTBip
3 OJHIEI0O 3aMKHEHOK MEXE€K, TO 3B S3HICTh OTPHUMAHOI
HE3aMKHEHOI 000I0HKH (Q HE 3MIHETHCS
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m  KoxHuii HacTyIMHUH OTBIP 3 3aMKHEHOIO MEKEr0 Oyie 301IbIIyBaTH
3B’ s13HICTH 00010HKK Q Ha ogunHuIo. (Puc.2.8)

w

h=1

h=1 h=3

Pucynok 2.8 — OtBopHu B 000JI0HKaX Ta 3B’ SI3HICTH

2.4 OpieHTOBaHiCTH 000JIOHOK

OOO0JIOHKH € OpIEHTOBHHMH, SIKIIO OJHY iX CTOPOHY MOXHa
BU3HAUMTH SIK 30BHIIIHIO, a 1HIIY — SIK BHYTPILIHIO (CTOPOHH MOXKHA
3apapOyBat y pi3HI KOJbOpH). 3OBHILIHI Ta BHYTPIIIHI CTOPOHH
BU3HAYAIOTHCSI HAMPABJICHHSIM BEKTOPY HOpPMalli JI0 TMOBEpXHi, IO
HAIPAaBJSAETHCS B MPOTUIICIKHOMY HANPSMKY JI0 «Tijia» 00ooHkH (Puc. 2.9).
Jlo HEe opieHTOBaHWUX OOOJIOHOK BIMHOCATHCA : JHCT Mebiyca Ta IuIsIKa
Knetina (Puc. 2.10)

A

Pucynok 2.9 — OpieHTOBaHICTH 000IOHKH
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Pucynok 2.10 — HeopientoBaHi 06010HKH

2.5. ®opmyaa Eiinepa-Ilyankape st 3aMKHeHUX OPi€HTOBAHMX 000JI0HOK

Jl1st 3aMKHEHUX, OPiEHTYEMHUX 00OJIOHOK, 1110 HE IEPETHHAIOTHCS CaMmi
Ha cebe, ElinepoBy XapakTepUCTUKY MOKHA BUPA3UTH HACTYITHUM YHHOM:

H=3—h (2.2)

Bynw sxiii 3aMkHeEHil 00oJoHII MOkHA Tipuaatu hopmy chepu 3 G
«pyukamu» 1msixoMm  aedopmariii  (Puc.2.11). Tyr G xapakrepusye
TOTONIOTIYHUH THIT (poJ) 00’ €KTY — genus, IO BUKOPUCTOBYETHCS 3aMiCTh
3B’s3H0CTi  (Pmc.2.12). CmiBBigHomenHs MbK G Ta 3B’S3HICTIO h
BU3HAYAETHCS:

h=2G+1 (2.3)

Pucynox2.11 — Cdepa 3 «pyuxamm»
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G= 0 1 2

Pucynok 2.12 — Tonomnoriunuii pog 06’ exTy (genus)

2.6 O00,10HKH AJI51 MOAEJTIOBAHHS TiJI

PosrnsHeMo B3aeMHO OfHO3HA4HE 1 Oe3lepepBHE BiTOOPaXKEHHS
onHiei oOonmonkn Ha iHmYy. [Ipym mpOMy BigoOpakeHHI CycCiTHI TOYKH
3IMINAIOTBECS  CycimHiMu. Take BimoOpakeHHST MOXKE CIIOTBOPIOBATH
000JI0HKY, aje TpH IbOMY 3B'SI3aHI YaCTHHHU 3aJIMINATHCS 3B'ST3aHUMH.
OpauMm 3 BuziB BigoOpaxkenns € pedopmaunis. [lpu nepopmanii
TOTIOJIOTIYHUH 00'€KT sIK 1iJie OE3yNMMHHO MEPEXONUTh caM y ceoe.

Pyx 000JI0HKH B IPOCTOPI € OKPEMHUM BUIIAAKOM jAedopmaliii, TOmi K
JI3epKaNbHE BiOOpakeHHS OOOJIOHKM BiIHOCHO IUIOIIMHU HE €
nedopmartiero. [lpu  m3epkanbHOMY  BiJOOpaXKCHHI 3MIHIOETBCS —Ha
3BOPOTHHUI HAIPSAMOK O0OXOAY BCSKOI 3aMKHYTOi KpMBOI Ha OOOJIOHIT, a
nedopmMarris 30epirae HampsAMOK 00X01y HE3MIHHHM.

Bce pizHOMaHITTS 000I0HOK MOXKHA KJIacH(iKyBaTH 3 TOMOJIOTiYHOT
TOYKH 30py. 1o OmHOTO 1 TOTO X THIY BITHOCATH OOOJIOHKH, SIKi
TOIOJIOTIYHO MOXYTh OyTH Oe3lepepBHO 1 B3a€EMHO OJHO3HAYHO
BinoOpakeHi oxHa Ha iHmy. /s 1poro moBuHHI OyTH BUKOHAHI HACTYIIHI
YMOBH:

1) oboroHKU nOBUHHI MamMU 0OHAKOBY 36" A3HICNb,

2) 0bonoHKU NOGUHHI OYMU OpIEHMOBAHUMU, ADO HEOPIEHMOBAHUMIL

3) 06010HKU NOBUHHI OYMU 3AMKHYMUMU, DO MAMU 0OHAKOBE YUCLO
meoxc.

Ili Tpu HEOOXiTHUX YMOBH O€3MEPEPBHOTO 1 B3a€EMHO OJTHO3HAYHOTO
BioOpakeHHS TBOX 000JIOHOK TAKOX € 1 TocTaTHIMU ymMoBaMu. [IpuposaHo,
0 00OJIOHKH, SIKi MAaIOTh Pi3HE YHCIO MEX, HE MOKYTh OyTH BioOpakeHi
OJTHA HA IHIITY.

3B’S3HICTH OOYMOBIIIOE ICHYBaHHSI CUCTEMH PO3pi3iB 00OJOHKH, IO
NP TOTIOJIOTIYHOMY BiJOOpaKEHHI MIEPEXOANUTh y CHCTEMY PO3Pi3iB TaKoOi K
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CTPYKTYpH Ha iHMI# o00o0moHI. OTXKe, 000JOHKH PIi3HOI 3B SI3HOCTI HE

MOXXYTbh OyTH BiTOOpaXkeHi OJTHA Ha 1HTITY.

MoskHa JOBECTH, IO BCAKAa OOOJIOHKA, SIKY MOXKHA BiIOOpa3uTH Ha
opieHTOBaHy 00O0JIOHKY, TAKOX € OPi€EHTOBaHOIO. L{e Bi3HAaYaEe TPETIO yMOBY
MPUHAJICKHOCTI O000JOHOK 10 ofHoro tumy. OOOJOHKH, IO MaroTh
OJIHAKOBY 3B’S3HICTh, OPHEHTOBAHICTH 1 YHUCIO MEX, € TOIOJIOTIYHO
€KBIBAJICHTHUMH.

Ji1st MOJIeITIOBaHHS A€TaIeH MM AXOAATh 3aMKHYTI 1BOOIYHI 000JIOHKH,
K1 HE TIepeTHHAIOTh caMi cebe. J1o HUX BiTHOCSATH OOOJOHKH, TOIIOJIOTIIHO
ekBiBajieHTHI cdepi 3 G pyukamu. Came Taki 3aMKHYTI OOOJOHKH
BUKOPHCTOBYBATUMEMO JIJII TEOMETPUYHOrO MoOjentoBaHHs. J[o BepiuH,
peOp, LUKIIIB 1 TpaHel BUCYHEMO HACTYIHI BUMOTH:

» [I'pani He NOBHMHHI IepeTUHATH caMmi cebe.

» I'paHi CTHKYIOThCS TUIBKM MO peOpax, MPUYOMY B KOKHOMY pedpi
CTHUKYIOTBCS TUIbKH 11BI rpaHi. O00JI0OHKa, IIpeacTaBieHa Ha puc. 2.13,
HEKOPEKTHA, OCKIIBKUA B pedpi AB CTHKYIOThCSA YOTHUPH TrpaHi. Taka
000JIOHKa TOMOJOTIYHO TIOBHMHHA OyTH TIPEJACTAaBIICHA OJHHUM 3i
croco0iB, HaBEJACHUX Ha puc. 2.14.

» PeOpa CTHKYIOTbCS TUIBKHA Yy BEpIIMHAX. Y KOXKHIM BEPIIMHI MOXE
CTHUKYBaTUCS OYJIb-SKe KiHIeBE Ynciio pedep. KoxkHy BepIInHy MOXKHA
00iiTH 10 TTOBEpXHi 000IOHKH, ajie IPY bOMY HEOOXiJTHO NEPETHYTH
Bci pebpa, MO0 CTHKYIOTBCS y BEpIIWHI, 1 OOIMTH BCi TpaHi, fKi
MPUMUKAIOTH IO BEpIIMHU. Taki BEpIIMHH HA3MBATUMEMO ITPOCTHMH.
O0onoHKa, mpeAcTaBiIeHa Ha puc. 2.15, TakoK HEKOPEKTHA, OCKIIBKH
BEepIINHY A MOXHa OOINTH IO TIOBEPXHSIX TPaHCH, HE MEePETUHAIOTH
BCIX pedep, sIKi CTUKYIOThCS B Hiil.

Pucynok 2.13 — V koxxHOMy peOpi OBHHHI IIEPETHHATHUCS TiJIbKU 2 rpaHi



Pucynok 2.14 — KopekTHi 000JI0HKH

Pucynok 2.15 — HekopexTHa 000JI0HKa

TakuM YUHOM, JIJIsi MOJICITIOBaHHS BUKOPUCTOBYBATHMEMO O0O0JIOHKH,
BEPIINHU SIKHX € MPOCTHMH, TpaHi MEPETHHAIOThCS 110 pedpax, MPUIoMy B
KOXXHOMY peOpi CTHUKYIOThCS TiUNBKM aABI TpaHi. Taki 000JOHKH
HA3WBAaTUMEMO OJHOPITHUMU. B omHOpiTHMX 00OJIOHOK BCi TOIOJIOTIYHI
€JIEMEHTH TI00YTOBaHI 32 €AMHIUMH IIPABHIIAMHU.
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2.7 IlutanHs QI caMonepeBipKu.

JlaiiTe KOPOTKY XapaKTePUCTUKY TOIOJOTIYHUX 00 €KTIB.

YKaxiTh TOMOJIOTIYHI 0COOIMBOCTI 0O0IOHOK.

YKaxiTh MOPIBHSJIBHI TOMOJOTIYHI OCOONHMBOCTI BEpIIUH, pedep,
LUKIIB 1 TpaHel.

Sk BU3HAYAETHCS HAPSIMOK BHYTPIIIHIX Ta 30BHINTHIX IAKITIB?
Po3zkpuiite 3MmicT OHATTS «EiilepoBa XapakTepUCTHKA 000JIOHOK.
Slka 000sI0HKA € TIPOCTIHIIO?

Po3kpwuiiTe 3MiCT IOHATTS «3B'SI3HICTH 000JIOHOK».

Po3kpwuiiTe 3MiCT TIOHSTTS «OPIEHTOBAHICTH 0O0IOHOK».

SIKi € TonosnoriuHi ocobauBocTi arcta Mebiyca?

SIki e Tononorivni ocobmuBocTi Twistky Kieiina?

SIki € 3aranpHI IPUHITUITN BHOOPY 000IOHOK JJIST MOJICITFOBAHHS T1JT?

Sk BU3HAYUTH TOMOJOTIYHUH il 000IIOHKH, SIKIIO BiJIOME YHUCIO 1i
rpaHeit, pedep, BEPIINH 1 ITUKITIB?
Sk popmymoerbest Teopema [lyankape?
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3. CUCTEMUA TEOMETPUYHOTI O
MOJEJIOBAHHA

Po3pi3HAIOTE HACTYIHI CHCTEMH TEOMETPUYHOTO MOJICIOBAHHS,
PO3BUTOK SIKMX BiJJOYBaBCS Came B IIbOMY HOPSKY:

1) Kapkache

2) IloBepxnese

3) TeepmoTinbHE

4) Hebaratoobpa3ue
5) Tibpumne

3.1. CucreMu KapKacHOIo Mo/ieJTIOBaAHHS

Y  cucmemax kapxacrozo mooentosanus (wireframe modeling
systems) GhOpMy TPEACTABISIIOT, Y BHUTISAAI HA0OpYy XapaKTEPUCTHUHUX
JiHIA, OO0 XapakTepu3yloTh ii, i iX KiHHeBUX TO4OK. JliHii 1 TOYKH
BUKOPHUCTOBYIOTh JJIsl IPEJICTABIICHHSI TPUBUMIPHHUX O0'€KTiB Ha €KpaHi, a
3MiHy OpMHU 3AIHCHIOIOTh IUIIXOM 3MIHH IOJIOKEHHS 1 PO3MIpIB BiAPI3KiB
i To4ok. [HIMMHU cloBamMu, Bi3yalbHa MOJETHh € KAPKACHUM KpECICHHIM
¢opmH, a BiINOBIZHUM MaTeMaTHYHHM ONHCOM € Halip piBHSHb KPHUBHUX,
KOOPIHWHAT TOYOK 1 BiJOMOCTEH PO 3B'SI3HICTH KPUBUX 1 TOYOK. BimomocTi
PO 3B'SI3HICTH OMUCYIOTH IPHHAJICKHICTH TOYOK 10 KOHKPETHUX KPUBHUX, a
TaKOK MEPETHH KPUBUX OAHA 3 0HOI0. CHCTEMHU KapKaCHOTO MOJICTIOBAaHHS
Oynu MOIMyJSIPHi y Ti YaCH, KOJIKM FEOMETPHYHE MO/ICTIOBaHHS TUTBKU MOYaJIo
3apOUKYBATUCS. IX MOMyIAPHICTh TOSCHIOBANM THUM, IO B CHCTEMAax
KapKacHOTO  MOJICJIIOBaHHS CTBOpEHHA (OpM BHUKOHYBaJH  Yepes
MOCIIOBHICTh MPOCTUX Ail, TaK IO KOPHCTyBayaM OYJIO JOCHTH JIETKO
cTBOpIOBaTH (hopMH caMmocTiiHO. [IpoTe BizyanbHa MOJIENh, SIKY CKIaIal0Th
JIUIIEe OMHI JiHil, MOXe OyTH HEOJHO3HAYHOIO. biibmr TOro, BimMOBITHMI
MaTeMaTHYHHH OMUC HE MICTHTh BiIOMOCTEH MpO BHYTPIIIHI 1 30BHIIIHI
MOBEPXHI MOAEIHOBAHOTO 00'ekTy. be3 mux BigoMocTedl HEMOXIUBO
po3paxyBaTd Macy OO'€KTy, BH3HAYUTH TPAEKTOPIi TEpPEeMIIICHHS
iHCTpyMeHTy 1mpu 00poOui o00'ekTy abo CTBOPUTH CITKY JUIs
CKIHYEHOEJIEMEHTHOT0 aHalli3y, He OUBIITYHCH Ha T€, M0 00'€KT 31a€ThbCs
TpuBUMipHUM. OCKIUTBKH IIi OTepariii € HEeBiJI'€MHOIO YaCTHHOIO IPOIECY
NPOCKTYBaHHS, CUCTEMH KapKAaCHOI'O MOJICIIOBAHHS OYJIM IOCTYIIOBO
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BHUTICHCHI CHCTEMaMH IIOBEPXHEBOTO 1 TBEPIOTUIHBHOTO MOJICTIOBAHHS.
IIpukian KapkacHOTO MOJICITIOBaHHS MPEACTaBIeHO Ha Puc. 3.1

Tlycmee
pany” . Tycmot

Inererme! MoGeny

Pucynoxk 3.1 — KapkacHe Moze/toBaHHs

3.2 CucreMH NOBepXHEBOT0 MO/IETIOBAHHS

Y cucmemax nogepxnesozo mooenosanns (surface modeling systems)
MaTeMaTHYHHIA OIMUC Bi3yaJIbHOI MOJIEIi BKJIFOYAE HE TITLKU BiJIOMOCTI PO
XapaKTEePUCTHYHI JIiHIT 1 IX KiHIIEBI TOYKH, K B KapKaCHOMY MOJIEITIOBaHHI,
ane 1 gaxi npo noBepxHi. [Ipu poboTi 3 MozemTIO, sIKa BiNOOpaKa€eThbCs HA
€KpaHi, 3MIHIOIOTHCS PIBHSHHS MOBEPXOHB, PIBHSIHHSA KPUBHX 1 KOOPAWHATH
KIHIIEBUX TOYOK. SIKIIIO MMOBEpXHi He 3a0apBiieHi 1 HE 3aTyIIOBaHi, Bi3yalbHa
MOJIENTb B CHCTEMI TOBEPXHEBOTO MOJICIIOBAHHS MOXE BHIJIAIAATH TOYHO
TakK, K 1 B CUCTEMi KapKaCHOT'O MOJICITFOBAHHSL.

MareMaTHdHUN OMUC MOXKE BKJIIOYATH BIOMOCTI TIPO 3B'SI3HICTH
MOBEPXOHb, TOOTO MPO T€, SIK IMOBEPXHI 3'€HAHI OJHA 3 OJHOI 1 MO AKUX
KpuBuX. [HKOMHM 11 BiIOMOCTI € ayke KopucHHMHU. Hampukian, mporpama
Ut GOopMyBaHHs TpaekTopii nepeminieHHs Gppesu Ha Bepcrati 3 UIIK moxe
BUKOPHCTOBYBATH 1[0 iH(OpPMALIiI0 IS NEPEBIpKU, YU He 3adinae ¢pes3a
MOBEPXOHbB, SKI MPUMHUKaIOTh 10 00poOmoBanoi. [IpoTe B MaTemaTHuHUit
OTIKC MOJENEH, 0 CTBOPIOBAIU B CUCTEMaX MMOBEPXHEBOI'O MOJEIIOBAHHS,
3a3BMYail BKJIIOYQIM PIBHSAHHS HECKIHUCHHUX TIOBEpXOHBH (abo ix
nmapameTpu) 0e3 BiIoOMOCTEH PO 3B'SI3HICTD.

[Ipuknamamu aTpuOyTiB, 1[0 BU3HAYAIOTH MTOBEPXHIO, € IMOJOXKCHHS 1
HaIpsM IIEHTPAITBHOI BiCl 1 paiiyc MITIHIPY.
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IcHye TpHM cTaHZApTHI METOJM CTBOPEHHS IIOBEPXOHb B CHCTEMAax
HOBEPXHEBOTO MOJIETIOBAHHS:

- IHTEPIIOJISIISI BXiHHX ;

- IHTepHOJISLis KPUBOIIHIHHHX CITOK;

- TpaHCIIALis abo oOepTaHHs 3a/1aHOT KPHUBOI.
Cnoco6u BBeIeHHS U1l KOKHOTO METOY MOXKYTh 3aJI€XKaTH BiJl KOHKPETHOT
CHCTEMH TOBEPXHEBOro MojenoBaHHA. l[Ipore 6a30BMiI METOA BBEICHHS
JUISL KOOKHOI CHCTEMH JIETKO BU3HAYUTH 3a IPEICTABICHHIM KPUBHX 1 .

CucteMH TIOBEpXHEBOTO MOJETIOBAHHS BHUKOPHUCTOBYIOTH IS
CTBOPEHHSI MOAeJel 31 CKIaJgHUMK MOBEPXHSIMH, TOMY IO Bi3yalbHa
MOJIENIb JJO3BOJISIE OLIHUTU €CTETHUYHICTH MPOEKTY, a MaTeMaTUUHUI OIHC
JI03BOJIsIE TOOyMyBaTH Iporpamy aisi OOpOOKHM MOBEpXOHb IeTali Ha
Bepcrari 3 UITK.

3a3BUyail MOBEpXHEBE MOJCIIOBaHHS BiAOyBaeTbcd B HACTYIHIN
HIOCJTITOBHOCTI:

1) CTBOpEHHS OKpPEMHUX ITOBEPXOHB;

2) OOpi3Ka MOBEpXOHb IO JNiHisIM MEPETUHY;

3) CropspkeHHS OBEPXOHB (3a0KPYTIICHHS, IIEPEXO/IH Ta iH.)

4) Moaudikailist 000JIOHKH Ta CTBOPEHHS pebep KOPCTKOCTI.

[IngxoM TMOBEPXHEBOTO MOJICIIOBAHHSI MOXXYTh CTBOPIOBATHUCS
3aMKHEHI Ta He3aMKHeHi moBepxHi. [Ipuknaan npuseneni Ha Puc. 3.2

i e ot Bt L e e = 2 il M L |
1 e : i i

Ll s a

R AL e L P R T 1 R | me—

Pucynok 3.2 — IToBepxHeBi Mozeni
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Jlnis mpuaHHs OBEPXHI TOBIMUHM h 10 BUXiTHOT IOBEPXHI JIOJIAETHCS
eKBiJUCTaHTHA. Y IbOMY BUIAJKy KaXyTh MPO CTBOPEHHS Tima y dopmi
nucta. OTpUMaHe TUI0 OMUCYETHCS HACTYITHUM PiBHSHHSIM:

r(u,v) = b(u,v) + h-n(u,v) (3.1

Tyt n(u,v) — BekTOp HOpMaJTi 10 BuXigHOT moBepxHi. [Ipuknan HaBeneHO Ha
Puc. 3.3

B — T — g Jo—

Pucynok 3.3 — [ToBepxHeBa Mozesb — TiIO y Gopmi Jmcra

[Ipu moBepxHEBOMY MOJIEIIOBaHHI BUKOPHUCTOBYIOTHCS TOBEPXHI,
HaseneHi B Taom. 3.1. TaM-xe HaBeIeHO I€AK] ITOSCHEHHS 0 HUX.
3 MOBEPXHSAMH MOXYTh BUKOHYBATHCS HACTYITHI JIii:
TTomosxxeHHs
Oopi3zka
3armoBHEHHS
HapouryBanns
31IMBKa
3a0KpyTieHHs (CTIPsHKEHH)
[Tepemimenns / o6epTanHs / KOTiIOBaHHS
Bunanenus

VVVVVVYY



Tab6auus 3.1 — Tunu NOBEpXOHb, 0 BUKOPHCTOBYIOTHCSI IPH MOBEPXHEBOMY MOJICIIIOBAHHI

HaiiMeHyBaHHSI TOBEepXHi ITosicHeHHs [Ipuknazg
[ToBepxHs 10 IEpeTUHAM ByayeTbcs 10 JEKITBKOM | 1ot rhssom o s SEREimi S
NOIEPEYHUM  IIEpeTUHaM 3
HaIIpaBJIAOYUMU KPUBUMHU

ERELE TR Y -3

St
51 ALRRTSSELAIANANAD L DI ONA L

i L
mwirRire peeeas g e o e

I'pannyHa OBEPXHS AHaIor NoBepxHi 10 epeTHHAM;
BiJIPI3HAETHCS THM, 110
OyAyeTbcs IO JIEKLTHKOM

JIOBUTAHO ~ 30pi€HTOBAaHMM B
mpoctopi  3D-kpomMkaM  iHIIUX
MOBEPXOHb 31  30epeKeHHSIM
JOTHYHHX [0 HUX Ta 3
JOJIEpKaHHSAM ~ Oe3MepepBHOCTI
no JApyriii moximHid (Tnaake
CTHKYBaHHs); IpH 100ya0Bi
MOXYTb BUKOPHCTOBYBATHUCS
HaTpaBJIsIOYi KpUBi

1€




HaiimeHnyBaHHs moBepXHi

IMogcuenus

[ToBepxHs 1OBITBEHOI popMHU

Bynyerbcst po30uTTSAM ciTKH 3
KOHTPOJBHUMH  TOYKaMH  Ha
moBepxHi rpani  3D-momeni;
3MiHEHHAM (OpMH  TIOBEpxXHi
JOCATAETBCST  TIEPETACKyBAHHSIM
KOHTPOJIBHUX TOYOK;

ExBigucTanTHA MMOBEPXHS

YTBOPIOETBCS  3MIMIEHHSAM HaA
BHU3HAYCHY BIJICTaHb BIJ
ICHYIOUHX TpaHeH YU MOBEPXOHB;

[ToBepxHs po3’eMy

BukopucroByeThest npu
MPOEKTYBaHHI JUTIHHUX (HOpPM B
SAKOCTI JOMOMDKHOI TreoMmeTpii
UL PO3OUICHHS MAaTpHIll Ta
MyaHCOHa;

.

[43



HaiimeHnyBaHHs moBepXHi

IMogcuenus

[Tpuknazg

CepenvHHa MOBEPXHS

CTBOpIOETBCS Ha cepeduHi (Uu
3aaHOMY TIPOILICHTi) TOBIIMHHU
TOHKOCTIHHOI JeTani;

Meshed face
or surface

JliniiyaTta HOBEPXHS

Bynyerscst mim  KyToM 10
BUOpaHOi KPOMKHM 1 IpU3HauYeHa
JUIs OOYIOBHU TpaHeil 3 HAXHIOM

€€
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3.3. CucremMu TBEPAOTLILHOTO MOIETIOBAHHS

Cucmemu meepoominbroeo mooentosants (solid modeling systems)
npu3HaYeHi A poOoTH 3 00'€eKTaMU, AKi CKJIQAEH] i3 3aMKHYTOTO 00'eMy
abo mownonimy (solid). Y cucremMax TBEpIAOTUTLHOTO MOJCIIOBAHHS, HA
BiIMIHY BiJl CHCTEM KapKacHOTO 1 ITOBEPXHEBOT'O MOJICTIOBAHHS, HE
JOITyCKalOTh CTBOPEHHS HAOOpIB MOBEPXOHb XapaKTEPUCTHUUHHUX JIiHIH,
SKI0O BOHU HE YTBOPIOIOTH 3aMKHYTOro 00'eMy. MaTeMaTHYHHMHA OmHC
00'eKTy, CTBOPEHOTO B CHCTEMIi TBEPAOTIIFHOTO MOJCIIOBAHHS, MICTHTH
BiZIOMOCTI, 32 SIKUMH CHCTEMa MOX€e BU3HAUUTH, /1€ 3HAXOJUTHCS OyIb-sKa
ycepeauHi 00'eMy, 30BHI a00 Ha HOro Mexi. 3a IUMHU BiIOMOCTSIMH MOXKHA
oTpuMaTH Oyab-IKy iH(OpMaIil0 Mpo 00'eM Tija, TOOTO MOXYTh OyTH
pO3po0IIeHi ToIaTKH, Ki MPaLOBaTUMYTh 3 00'€KTOM Ha piBHI 00'eMy, a He
Ha piBHI MoBepxHi. Hampukian, MoxHa HamucaTH ONATOK, Mo (Gopmye
CITKY €JIEMEHTIB 00'€MHOTO THITy 3a TBEPAOTIIHLHOIO MOIEI0. MokHA
HaITMCATH TporpaMy s opMyBaHHS BCIX TPAEKTOPii (ppesn mist BepcraTy
3 UIIK, HeoOXigHHUX Ui BUTOTOBJICHHA JAETalli 13 3aroTiBku. Lls mporpama
MpaIfioBaTUME HE 3 OKPEMOIO , a 3 00'€éMOM, IO BUKIIOYHTH MOTPeOy y
BBEJICHHI JAHUX JUTSI KOXKHOI . BCi 11l MOXKIITMBOCTI MOXKYTh OYTH peaji3oBaHi
y TOMY BUNAJKY, SIKIIO MOAEIb CTBOPIOIOTh Y BUIJISAL 3aMKHYTOTO 00'eMy.
[IpoTe cTBOpEeHHS MOAEN y BUIJISIII 3aMKHYTOTO 00'eMy BUMarae OUTbIIOL
KUTBKOCTI TTOYaTKOBUX IaHWUX y TIOPIBHSHHI 3 KUIBKICTIO IaHUX IS
MareMaTnyHoro omnucy. Lle ogHa 3 mpuumH, 3a skuMu Oynu po3poOieHi
CHCTEMH MOACTIOBaHHA HebOaratooOpasHux o0'ektiB. Taki cuctemu
MOJICITIOBAHHSI JIO3BOJISIIOTh TIPAIfOBATH 3 TOBEPXHAMU 1 3aMKHYTHMHU
00'eMaMH OIHOYACHO.

SxOu cuctema TBEpIAOTINBHOTO MOJETIOBAHHS BHUMaraia BBEACHHS
BCIX JJaHUX JAJIs1 IOBHOI'O MAaTEMAaTHYHOI'O ONUCY, BOHA OyI1a O CKJIa{HOO IS
KOPHUCTyBadiB 1 BOHU BimMoBmHcs 0 Bix Hel. [Iporec meranizamnii hopmu He
OyB OM cxouii Ha IHTYITUBHHMH mpouec (i3MYHOTO MOJENIOBAaHHA, 1 B
pe3yabpTaTi BUHIIIO O 30BCiM HE Te, Ha IO PO3PaxOBYBaJl TBOPII CHCTEM
TeOMETPUYHOTO MOJICTIOBaHHS. TOMY PO3POOHUKH CHCTEM TBEPOTIIEHOTO
MOJECIIOBAHHS IParHyTh HaJaTH MPOCTI 1 nOpupoAHi (GYyHKIIl, adu
KOPHUCTYBaui MOTJIM NPALfOBATH 3 00'€eMHUMH (popMaMH aHAJIOTIYHO pOOOTi
3 Qi3MYHUMHU MOJIEISIMU, HE BJIAIOYKCH JIO JieTajeld MaTeMaTHYHOTO OIUCY.

DyHKITIT MOACTIOBaHHS, IOAI0HI 10 CTBOPEHHS IIPUMITHBIB, byneBux
omepauid, MmIHATTSA, [OOynoBH Qirypu oOepTaHHS, TOBOPOTY i
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3aKpyTJIEHHs, BUMAaraloTh BiJl KOpHUCTyBaya 30BciM Hebararo. [Ipo Bei gerani
MaTeMaTHYHOTO OMHUCY CUCTEMH MIKIYIOTHCS caMi.

OyHKIIT ~ MOCIIOBAHHS, MIATPUMYBaHI  OUIBIIICTIO  CHUCTEM
TBEPIOTIIEHOTO MOJEIIIOBAHHS, MOKYTh OyTH PO3JIiJIeH] Ha I'SITh OCHOBHUX

IpyIL.

Jlo mepmioi rpynu BXoasTh (PYHKIIT, 110 BUKOPHUCTOBYIOTBCS IS
CTBOPECHHS TPOCTHX (OpM HA OCHOBI O0'€MHHUX 3aroTiBOK, HAasBHUX B
nporpami, - Tak 3BaHi @yHKYii cmeopennss npumimugie (primitive creation
functions). J1o 1i€i % rpyny BiAHOCATHCS (QYHKIT q0oJaBaHHS 1 BiIHIMAHHS
00'eMy - 6ynesi onepamopu (Boolean operations). ®yHKIIII MOJETIOBAHHS 3
TIEPIIOl TPYITU AO3BOJISIOTH MPOCKTYBATHLHUKOBI IIBHIKO CTBOPUTH (POPMY,
ONU3bKY 710 KiHIIEBO1 OpPMHU IeTalli.

Jlesski 3 IMOBIpHUX TPUMITHBIB TOKa3aHi Ha Puc. 3.4, a morika
BUKOHAHHSI OyJICBUX OTepalliif HaJ HUMU 3po3ymina 3 Puc. 3.5

FeoMeTPHYECKME NPUMHTHBLI

Pucynok 3.4 — 'eoMeTpH4HI IPUMITUBH
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S

Teepaovensmq __bynesa _ onepaunn

NONMATHEN oon,:uneuue( v ’1 __paswocrs () nepocewennom)

SN

8-A ANB

Pucynok 3.5 — Byrnesi onepauii Hag npuMiTHBaMu.

Pesynbratn BUKOHAaHHS OyNeBHX omepaiid (OpPMYIIOITHCS HACTYITHHM
YUHOM:

» B 06’conanns min (A U B) éxooums wacmuna epaueti mina A, sxa
aexcums 3a medxcamu mina B ma uwacmuna epaneti mina B, sika
JIedcums 3a mesicamu mina A.

» B nepemun min (A N B) éxooums wacmuna epanei mina A, ska
Jedxcumnv 6cepeduni mina B u wacmuna epauei mina B, sixka nescumo
ecepeduni mina A.

» B pisnuyio min (A - B ) éxooums uacmuna epanei mina A, sxa
aexcums 3a medxcamu mina B ma uwacmuna epaneti mina B, sika
JedHCUmob ecepeduni mina A.

» B pisnuyio min (B - A ) éxooums uacmuna epaneii mina B, sxa
NeAHCUMb 30 Medcamu mina A ma yacmuna 2pameti mina A, sKa
aedxcumsv ecepeduni mina B.

Jo apyroi rpymm BigHOCATH (QYHKII CTBOPEHHS O00'€MHHX Tij
HUISIXOM IepeMillieHHs noBepxHi. DyHKUisA 3amimanus (Sweeping) 103BOJISIE
CTBOPIOBAaTH OO0'€MHE TiJIO TpaHCHAIie0 abo oOepTaHHAM OOJacTi, sSKa
3amaHa Ha 1iomnuHi. IToOymoBa Tida oOepTaHHS 3 IUIOCKOI KpUBOI
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Ha3UBAETHCS TAKOK TOWAAHHAM a00 oOepmanvHum 3amimanuam (SWinging).
3ajaroud  3aMKHYTY IUIOCKY 007acTh, KOPHCTYBa4 MOXKE BKa3yBaTu
TeOMEeTpHUYHI OOMEXEeHHS a00 BBOIAUTH JIaHi PO PO3MIpH, a HE MAITFOBATH
dbopmy Bpyuny. TyT miJg TEOMETPUYHMMU OOMEKEHHSIMH pPO3YyMIIOTh
CHIBBIAHOWICHHS MIX €JNEMEHTAaMH PpHUCYHKY (IepHeHIUKYISPHICTD
BIJIPI3KiB, JOTHUK IYTH KOJIA BiZIPI3KOM 1 T. I1.). Y IIbOMY BHUIIAIKy CHCTEMa
caMocCTiitHO TToOyaye TOUHY (opMy, IO 3aI0BOJIBHIE OOMEKEHHSIM. 3MiHA
TeOMETPUYHUX 0OMEKeHb a00 PO3MipiB AacTh 1HIIY MJIOCKY 00JacTh 1 iHIIe
o6'emMue Timo. Takuii MigXix HA3WBAIOTh MapPaMETPUIHUM MOJICTIOBAHHSM,
OCKUTBKM 3MiHa TIapaMeTpiB  JO3BOJISIE OTPUMATH Pi3HI  00'€KTH.
[Napametpamu MOXyTh OyTH cTaimi (KOHCTaHTH), IO BXOJSITH [0
TeOMETPUYHUX OOMEXKEHb, a TaKOX po3Mipu. DyHKUIs ckininey (skinning)
CTBOpIOE OO0'€MHE TijIO, HATATYIOYM TIOBEPXHIO HAa 3a/JaHi TIOMEPEYHi
nepepizu. OyHKMIT i€l Tpynmu JO3BOJISIIOTH MPOCKTYBATLHUKOBI ITOYATH
MOJENOBaHHS 3 (opMu, ONM3BKOI 10 KIHLEBOTO PE3yNbTaTy, OCKIIBKU
OJIHUX TIOTIEPEYHUX TIePepis3iB IMIIKOM JOCTATHBO IJII TOYHOTO OIHUCY
KiHIeBoro o6'emuoro tija (Puc. 3.6)

Ccx ppauessn

~
gl
SameTaemsii oBLEM Bt
= Baveranus ofuem
NOpOHRARIGIIOE O 1
R e Ao PWG, 5.10. ZaMETANIG NP BPSILEHHM

PUC. 5.9. 3aMETAHAE NEH TRIHCAALM

a 6

TpaexTopws

3 \Ca~4
erme 3
& =
@ Ceuerive 2
\De*-ﬂ—ae 1
Puc. 5.11. Coapanne obwan: oro Tena e )
B

a) Tpancmanis; 6)3amitanns npu obepranui; B) CKiHiHTD

Pucynok 3.6 — CTBopeHHS 00’ €MHHX TilT
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Jo Tperboi rpynu BXomsaTh (QYHKLII MOJETIOBAHHS, NMpPU3HAYEHI
TOJIOBHUM YMHOM A7 3MiHM icHYI04oi popmu. TUIOBUMH NPHUKIIAAaMHU €
GyHKIIT okpyemosanns abo naasnozo cnonyuenns (rounding, blending) i
niousmms (lifting).

Jlo dYerBepTOi TIpynM BiTHOCATH GYHKINI, IO T03BOJISIOTH
Oe3rmocepenHb0  MaHIMYNMIOBATH  CKJIAIOBUMH  00'€MHHMX TiJ, TOOTO
BepUIMHAMH, pedpamu Ta TpaHsmMu. PoGoty 3 mmmMu ¢QyHKOisIMH
(agasiorivHUMH ~ (PYHKIISIM ~ CHUCTEM  TIOBEPXHEBOTO  MOJICIIOBAHHS)
Ha3WBAIOTh Mooentosannsim medc (boundary modeling). Jlo miei rpymm
BXOAATh (YHKLil, TpH BUKOPUCTAHHI SKUX TIPOEKTYBaJIbHUK MOXE
MOJIENIIOBATH TBEPAE TLJIO 3a JOMOMOrolo BiUTbHHX Gopm. Hampuknax, Bin
MOJKE J1aBaTH CUCTEMI KOMaHIU THITY «3pOOHMTH OTBIp HEOOX1THOTO PO3MIpy
B IIEBHOMY MicIli» a00 «3po0uTH (hacKky HEOOXiTHOTO PO3MIpy B IIEBHOMY
Mmicii». Po6oTy 3 Takumu QyHKLISIMH HAa3UBAIOTh 00'€KTHO-OPi€EHTOBAHUM
(ab0 XapaKTepUCTUIHNM) MOJACITIOBaHHAM (feature-based modeling).

OctanHiM 4acoM (YHKI[SAM N'ATOI TPYNH IPUIUISIOTH OCOOIUBY
yBary, OCKUIBKH MOJENb, NOOyJOBaHAa 3 IX JIOMIOMOTOK), MICTHUTh
iH(opMaIlit0 TIPO TPOIEC CTBOPSHHS, 0€3 K01 HEMOXXJIMBE aBTOMATHYHE
(opMyBaHHS TUIAHY TEXHOJIOTIYHOTO MPOIECY BUTOTOBJIICHHS JETali.
Mopnenb, CTBOpeHa IHIIUMH 3ac00aMu, MICTHUTh TUIBKH €JIEMEHTapHI
TeOMETPHUYHI BiIOMOCTI PO BEPLIMHH, peOpa i rpaHi.

3.4 HebaraToo0Opa3Hi cucTeMu Mo/IeJTI0BAHHS

PosrnsanyTi BUmE cucTeMH 0a3ylOThCSA Ha TidaX 3 3aMKHECHUM
06’emoMm, TOOTO Ha Oarartoobpasisx (manifold). Taki cucremMu He
JO3BOJIAIOTH CTBOPEHHS CTPYKTYP, IO He € OaraTooOpaszismu. [lopymeHasam
BOT'O TIPaBUJIa, HAPUKJIIA, € IEPETHHAHHS IBOX [TOBEPXOHb B OJIHIH TOYII];
MIOTHK JBOX TIOBEPXOHb B3JOBXK KpHWBOI; JBa 3aMKHEHHX 00’ema  3i
CHIJILHOIO TPaHHIO, peOpoM ab0 BEPLUIMHOIO; peOpo, 10 BUCTYIMAE 3 TOUKU Ha
noBepxHi. Jleski npuknaan HebaratooOpa3HUX CTPYKTYp HaBeleHi Ha Puc.
3.7.
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Pucynox3.7 — Mogeri, 1110 He € 6araroo0pasismu.

B HeOaratooOpa3HMX CHCTeMaxX Bce 1€ JI03BOJIAETHCS 1 Monei
CTBOpEHI B HUX € abcTpakTHHUMHU. CHCTEMH J[03BOJISIOTH BHKOPHCTAHHS
KapKacHHUX, TOBEPXHEBHX 1 TBEPIOTUIBHUX MOJEIEH OJHOYACHO B OJHIN
cepeli MOJICITIOBAaHHS, 1110 PO3IINUPIOE JTiama3oH JOCTYITHUX MOJIENEH 3BepX
MOJKJIMBOCTEH KOXKHOI 3 cucTeM. B HebaraTooOpa3Hux cucTeMax 0JHOYaCHO
MOKYTh BUKOPHCTOBYBATHCS TPUMIPHI Ta TBOMIpPHI MOJEITI.

AOcTpakTHa MOJIENIb 3py4YHa THM, 1[0 BOHA HE CKOBYE TBOPYY JTyMKY
KOHCTPYKTOpPA Ta MOKE CIY>KUTH OCHOBOIO JIJISl IPOBE/ICHHSI aHAITI3Y.

3.5 Tiopuane MoaeTIOBaHHS

BuKOpHCTOBYE MOMIIMBOCTI  PO3TISHYTHX BHINE CHCTEM. Ta
JIO3BOJISIE:

* CTBOPEHHS TBEPJIOTUILHOTO SIIEMEHTY LIUISIXOM NPUIaHHS TTOBEPXHI
TOBIIIMHY;

* 3aMTOBHEHHS 3aMKHEHOTO 00’ €My Ta OTpUMAaHHS TBEPIOTO Tija;
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* BUOIp KPOMKH 1 BEPIINHH TOBEPXHi, OO BUKOPHUCTATH iX B SIKOCTI
HATPaBIAI0Y0i TBEPAOTUIFHOTO €JIEMEHTY 110 KPUBiH 1 IO TPAEKTOPIT;

* BUJAJICHHS TPaHi TBEPIOrO Tijia, 3aMiHU IPaHi TIOBEPXHEIO 1 T.11.

[puknaau ribpuaHOro MOAETIOBaHHS HaBeaeHi Ha Puc. 3.8

B(.ri\-‘ﬁﬂ-_ts:h. =}
m .I |.|||||:| o5

SiE At
- 1 ] :

Pucynoxk 3.8 — I'iOpuaHe MoaenroBaHHs
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3.6 Ilutanns st camonepeBipkH.

Ha3BiTh OCHOBHI BHIIM CHCTEM T'€OMETPUYHOTO MOJIECITIOBAHHS.

SIKi € 0cO0IMBOCTI CHCTEM KapKaCHOTO MOJICITIOBAHHSI?

SIki € 0COOIMBOCTI CHCTEM ITOBEPXHEBOT'O MOICITIOBAHHS ?

SIki € THTIM TTIOBEPXOHB MPU MTOBEPXHEBOMY MOJICITIOBAHH?

SIki € 0cO0AMBOCTI CHCTEM TBEPJOTIIHHOTO MO/ICITFOBAHHS?

B YoMy momsararoTh OCOOIMBOCTI HeOArarooOpasHHUX CHCTEM
MOJIETIOBAaHHS ?

B 4gomy nonsrae ribpuane MoaentoBaHHA?

SKi € ocoOMMBOCTI MOOYAOBH Tijl, OTPUMAHUX PYXOM IIJIOCKOTO
KOHTYpY?

Sx Bu posymiere cyTh TOOYAOBH Tijla BUAABIIOBAHHS?

Sx Bu posymiere cyTb noOyA0oBH Tifa oOepTaHHsA?

Sk Bu posymieTe cyTh TOOYA0BH KiHEMAaTHIHOTO Tijia?

SIki € 0cOOIMBOCTI MOOY/TOBH TiJIa 32 TUTOCKUMH TIEPETHHAMH ?

SIki € ocobnmMBOCTI TOOYAOBH Tina y ¢opmi Jucra?

YV oMy HoJIATal0Th 0COOIMBOCTI 3aCTOCYBaHHS byieBux orepartiit
HaI TUTaMu?

Jaiite BusnaueHns byneBum onepartisim.

SIKi #ii MOXYTb BUKOHYBAaTHCS 3 TIOBEPXHAMU?
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4. IEPETBOPEHHSA CUCTEM KOOPJIAMUHAT

IIpu 3D MofeIIoBaHHI THIIOBOIO TMPOIETYPOIO € TEPEMIMIEeHHS B
MIPOCTOPi TOYOK, MIOBEPXOHB 200 TiJl. [Ipn mboMy Tpeba BMITH BU3HAYATH 1X
HOBE IIOJIOKCHHS 3 YpaxyBaHHSM BUAY Ta XapakTepy IepeMillleHHs.
3aBaHHs BUPIMITYETHCS MONTYKOM HOBUX KOOPAMHAT TOYKU a00 CYKYITHOCTI
To4yoK. [HImIMMHU ciioBamu, Tpeba BHU3HAYMTH KOOPIUHATH TOYKH y HOBIH
(3arajpHiii, CBITOBIH) cHCTEMI, 3HAIOUH 11 KOOPIAMHATHU B CTapii (MOACIBHIH,
MICIIEBiii) CUCTEMI 3 YpaxyBaHHAM BHUIY 1 XapaKTepy MepeMillleHb.

Koopauratn moBimsHOT TOYKM M B CTapiii CHCTeMi KOOpIWHAT
mo3HagnmMo M(Xm, Ym, Zm). KoopauHaTH 11i€i 5k TOYKHA B HOBIH - M(Xw,
Yw, Zw)

4.1 Tpancisinis (mapaiensHe mepeMileHHsI)

Ha Puc. 4.1 Tloka3aHo mnepeMilllecHHS HOBOI CHCTEMH KOOpPIWHAT
BITHOCHO cTapoi. B BHXiJHOMY TIOJOXEHHI BOHH CITIBIAJAaOTh.
ITepemimnieHHs BigOyBa€eThCS: B3IOBXK Bici X —Ha BEJIMYMHY a; Bici Y — b; Bici
Z—c.

Zw, Zm w

o
a1 g

Ym

Yw

Xw, Xm

Xw

Pucynox 4.1 — [apanensHe nepeMilieHHs! CUCTEM KOOPAUHAT
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TakuMm 4YHHOM, HOBI KOOpAWHATH, IO IIJIKOM 3po3ymisio 3 Puc. 4.1
BU3HAYAIOTHCH:

Xw=Xm+a
Yw=Yn,+b (4.1)
Zy=Zn+c

A0o0 B OUITBIN 3aTaIBHOMY Ta YHIBEPCATHHOMY MaTPUIHOMY BUTJISII:

Xw Xm
Y| _ Yin
Z|= Trans(a, b, c) Z (4.2)
1 1
Jle MaTpuIlst TPAHCIISIIT:
1 0 0 a
10 1 0 b
Trans(a,b,c) = 00 1 ¢ (4.3)
0 0 0 1

4.2 TIoBOPOT cUCTEM KOOPAUHAT

J111s HA0YHOCTI PO3MIISIHEMO TIOBOPOT HA TUIONIMHI BUKOPHCTOBYIOYH
HaIpaBJIAI0Yi KOCHHYCH — KOCHHYCH KyTiB MK ocsimu (Puc. 4.2)

Zm Zw

Pucynoxk 4.2 - IToBOpOT cucteM KOOpAUHAT

Yw
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Ha 300paxeniii cxemi oOepTaHHs BiIOyBa€ThCS MPOTH YACOBOI
CTPUIKH — Le HAaPSAMOK NPUIHATO 3a MO3UTHBHUI, HABKOJIO Oci X Ha KyT
¢. BukopuctoByroun HanpasiIs0ui KOCUHYCH, MAaTPUIIs IOBOPOTY HaBKOJIO
oci X Oy/ie BU3HAYATHUCS:

_[cos(YyYy) cos(YyZp)
X [COS(ZWYm) COS(Zme)]

_ cos(p) cos(90 + @)
x [cos(()O - @) cos(¢)

X

_[cos(@) —sin(ep)
=[Sine) coston ] (4

Cam MMOBOPOT IIpH BOMY 6yI[€ OIMUCYBATUCA:

2] =& 7] (®5)

A00 y BUJISIII CUCTEMU:

{YW = Yy cos(p) — Zy,sin(g)

Zm = Yy sin(e) + Z,,cos(¢) (4-6)

YV mpocTopi, TOBOPOT HABKOJIO OAHIET 3 ocelr Ax Oyze onmucyBaTUCS:

Xw Xm
Ywl_ Y
1 1

Martpuui moBopoTy y MpocTOpi MarOTh HACTYITHUHA BUTIIS:

1 0 0 0

Rot(X, @) = 0 cosp —sing O
’ 0 sing cosp O

0 0 0 1
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cosp 0 sing O
|l o 1 0 0

Rot(Y, ¢) = —sing 0 cosg 0 (4-8)
0 0 0 1

cosp —sing 0 O
Rot(z, ¢) = |19 €osp 0 0
0 0 0 1

4.3 MacmradyBaHHs

PosrnsHemo maciitabyBaHHS SIK IPOIIEC 3MiHEHHS KOOPAWHAT TOYKU
Ro (Puc. 4.3) npu sikoMy BOHa nepexoAuTs B Touky R. IIpu nipomy Touka Q
€ HEpYXOMOIO 1 He 3MiHIOE CBOTO ToMokeHHsS. [lomokeHHS TOUkM Q
BiTHOCHO MIOYATKy KOOPAWHAT BU3HAYAETHCS BEKTOPOM ¢; TIOJIOKEHHS TOUKU
Ro — BekTOpOM rg, @ ToukH R — BekTopoM r. [lonmoskeHHs Todok Ry Ta R
BITHOCHO TOYKM (Q BH3HAYAIOTHCS BIANOBITHO BEKTOPAMH P Ta Pm.
MacmrabyBaHHS B3JJOBXK OCeit He 000B’sI3K0BO Ma€ OyTH MPOTOPITIHHUM.

e3

pm

o RO

e2

Pucynok 4.3 — MacurrabyBaHHsS
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3 Puc. 4.3 3anuiieMo BeKTOPHI PiBHSIHHS:

To=q+p
P=To—q
r=q+Pnm
Pm =M:p

Tyr M — marpunsg macmtabyBaHHS. Buxomsuu 3 HaBeIEeHHUX DPIiBHSHB, 3
ypaxyBaHHSIM MacIITaOyBaHHS, 3aIIUIIIEMO:

r=q+M@o—q) (4.9)
e BianoBiHI BEKTOPH MAIOTh HACTYIIHI PiBHSHHSA Yepe3 OpTH €1, €2, €3
q = q1e1 + qz€; + qze3
1, = X, +Yie, +Z 63
r=Xye; +Ye, +75e3

ManI/II_[H MaCH_ITa6yBaHH$I Ma€ BUTTIAT:

m; O 0 ¢
|0 my; 0 gq;

M = 0 0 my g (4.10)
0 0 0 1

B piBasnaHi (4.10) m;, mp, m3 — MacmTaOHi KOShIMIEHTH O BiIMOBLIHIM
OCSIM KOOPJIMHAT.

Buxopstuu 3 piBHsiHHSA (4.9) mponiec MaciTadyBaHHs Oyie BUTIIAIATH:

X X1—q1
Y, i—q

=M 4.11
Z; Z1—q3 ( )
1 1

PoskpuBatoun piBHsiHHS (4.11) MacmTaOyBaHHS 1O OCSIM KOOpAMHAT Oyxe
MaTH BUTIISLL
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Xo=mi X1 —q1) + ¢4
Y, =my(Y; —q2) + q3

(4.12)
Z, =m3(Zy —q3) + q3

4.4 BinoopaxeHHst

[Ipouec BimoOpaxkeHHS MONSTae y BU3HAYCHHI KOOPJIUHAT TOYKH R,
o0 Oyia 3amaHa B cuctemi opr (i1i213), B cuctemi opr (eiezes) — Puc.4.4

e3

02

O1

o
[N]

el

Pucynok 4.4 — BigobpakeHHst

Sk 3po3yminio 3 Puc.4.4, 3anuiieMo HaCcTyIHI BEKTOPHI PIBHSIHHSL:
= X161t Y182 T Z1€3
Ty = Xaly + Yalp + Z2€3
q = q1e1 T qze; + qzes3
n=q+n

(4.13)
OptH (i1i213) B cucTeMi opT (€1€2e3) OyayTh 3amucaHi:

Iy = aq1€1 + agpe; +aszes
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iz = azq1€q + ajzr€5 + ajy3€e3 (4‘.14)

I3 = az1eq + azze; + azzes

3 piBHAHE (4.13), (4.14) MOXHA 3aMACaTH:

r, = xy(ag1€1 + aze; + agzes) + yz(azies + aze; + azzes)
+ z;(azq e, + asze; + agzes)

Tas OCTaTOYHOMY BI/IFJ'IH)_'[i:

11 = e1(qq + a11X; + a1V, + A3127) + e3(qz + a12X; + azy, + azz2;)
+ e3(q3 + a13x; + az3y, + assz;)

Buxonsuu 3 BUKIIa/IEHOT0, MAaTPUIIA BiioOpakeHHs R Oye MaTu BUTTISA:
11 Adz1 431 41
a a a
p=|%2 G2 42 @2 (4.15)

Qi3 dz3 0433 (3
0 0 0 1

A mporuec BitoOpaXxeHHS:

X1 X2
il = g |22 (4.16)
A Zy

1 1
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4.5 [Iuranns st camonepeBipkH.

Ski € UPUHOUNU TIEPETBOPEHHS JIEKAPTOBHUX MPSIMOKYTHHX
KoopauHat?

SIki € 0COOMMBOCTI MMEPETBOPEHHS KOOPAUHAT TOUOK Y MPOCTOPi?
[IpencraBre MNPUHIUIIOBY CXEMY TEPETBOPEHHS KOOPIWHAT
JIBOMIPHUX TOYOK.

[ITo Take i SIK OMMUCYETHCS TPAHCIIAIIS Y BEKTOPHOMY BHUTJIISIII?

SIK y BEKTOPHOMY BHIJISJII OMIMCYETHCS MOBOPOT HAa IDIONIMHI Ta Y
npoctopi?

Hapnaiite po3paxyHKOBY cXeMy JUIsl OIIHCY MacIITaOyBaHHS.

SIk BUTTII A€ MATPUITSI Ta TPOIEC MacIITa0OyBaHHS ?

o coboto sBNAE 1 AK OMUCYETHCS BioOpakeHHA?
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5. TEOMETPIS KPUBUX JIHIA TA

INTOBEPXOHb
B cuctemax 3D TreoMeTpUYHOTO MOJCTIOBAHHS PIBHAHHS KPUBOI
MPEJCTABISAETLCS Yy BEKTOPHIM mMmapaMeTpuuHiii (opMi — depe3 OpTH
BIJITIOBITHUX OCE¥ KOOpAUHAT (e;):
3
r@ =) nawe (5.1)

i=1
B piBnsiaHi (5.1) mapameTp # BUKOPUCTOBYETHCS B HOPMaIi30BaHOMY
BUTIIAI, ToOTO Tipuitmae 3HadeHHA: 0 < u < 1. Ile mocsraeTbes MUIIXOM
nepepaxyHKy HaTypajJbHOI'O 3HaUEHHs IIapaMeTpy ! MUK TOUKaMu &; Ta tj4q:

t—t;
U=—- (5.2)
liv1 — L

BaxnnBoro XapakTepHCTHKOIO KpuBOi € ii kpuBu3Ha B Touwi (Puc.

5.1):
=" |r2wau (5.3)

e3

r(u)

e2

Pucynok 5.1 — Jlo BU3HAYCHHS KPUBU3HH JIiHIT
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[osnaunmo MK = AS — nosxuHa ayru. Tozi cepenHsi KpUBU3HA Ha AUISHIIL
MK (Puc.5.1) Bu3HavaeThcs:

Agp
T AS
A@- 3MiHEHHsI KyTa Haxwily JOoTH4HOI B Toukax M Ta K. KpuBusna B Toui
M Oyne Bu3Havatucs npu AS — 0. ToOro:

Ap do

k., (5.4)

ko= Hm 3e = ds (5:5)
Paziyc KpUBU3HH:
R=— (5.6)
k|

[To ananorii 3 (5.1) napameTpuyHe piBHAHHS MOBEPXHI Y BEKTOPHOMY
BUTTISIA1 Oyze 3amicyBaTucs:

3
r(u,v) = 2 r;(u, v)e; (5.7)
i=1
3 Ti€to pizHHUIIEIO, MO TYT OyayTh MpUCyTHI aBa mapametrpu: 0 < u < 1 ta
0 < v <1 (Pucynok 5.2).

e3 u=const

v=const

e2

el

Pucynok 5.2 — IIpencraBieHHs TOBEPXHi
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[loBepxHIO MOXHa MPEACTABUTH SK CYKYIHICTH TIOB3JOBXKHIX Ta
MONEPEYHUX KPUBHX SIKi BiATIOBITHO Ha3UBAIOTh JIOH2IMYOU Ta 1amepaiu .

JloTH4Ha IUIOIIMHA JI0 TOBEPXHI BU3HAYAETHCA K TaKa, B SIKiH JIeKaTh
BEKTOPH [JOTHYHI [0 JIOHTITYOM Ta Jarepajia, IO MpOXOIATh uepes
BIJMOBiAHY TOUKY — ¢; Ta g2 (Puc.5.3).

V7

[

e2

e3

el
Pucynok 5.3 — IInomuna, Z0THYHA 10 HOBEPXHi

HopmanmpHrM  mepeTHHOM TIOBEpPXHI HA3WBAKOTh KPUBY  sIKa
YTBOPIOETHCS SIK PE3YJIbTAT IEPETUHY MOBEPXHi, TUIOIIUHOO, 1[0 IPOXOIUTh
yepe3 HopMaih 10 ToBepxHi N (Puc 5.4).

AN

€3

el

Pucynok 5.4 — HopmanbsHuii iepeTHH MOBEPXHi
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3Hal04YM KpUBHU3HY HOpMajibHOro nepetuHy kN, MOKHa BH3HAUUTH
KPUBHM3HY Y [IOBUIBHIM IUIOMIMHI, IO poO3TalIoBaHa MiJ KyToM © 10
HOPMAaJIbHOI Ta IPOXOAUTH Uepe3 Ty camy Touky M — reopema Menne. (Puc.
5.5)

1
=—cosf (5.8)

el
w‘
=

Pucynok 5.5 — Jlo BU3HaueHHS pajiycy KpUBU3HU B HOBUIBHII ruomuHi P

Yepe3 HOpMab 10 TTOBEPXHI MOXHA MPOBECTH O€3J1id HOPMaJIbHUX
TUTOIIIMH Ta BIATIOBIAHO OTpUMAaTH 0e3J1i1 HOPMAITbHUX MIEPETUHIB, ajie cepe]l
HUX MOYKHA BUUINTH JBA 20/I06HUX TIEPETUHY — THX 1[0 MAIOTh HAWO 1IN
Ta HAMMEHIIWN pafiycu KpuBU3HU. [IIOMKWHN B SKMX 3HAXOMSATHCS TOJTOBHI
MEPETHUHN HA3UBAIOTh 20I0GHUMU HANPAMKAMU, @ BITMOBITHI pagiycu
KpuBM3HM - roimoBHuMH. Ha Puc. 5.6 mosnaueno: CI, C2 — romnoBHi
HanpsMky; C — TOBUIBHHN HANIPSMOK; R;, R> — TONOBHI pajiilycu KpUBU3HU.
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Ci

7L
V
AL

N

Pucynox 5.6 — 'o0BHI Ta TOBUTEHHI HaNIPSIMKH

T'omoBHI HaAmpsSMKH B3aEMHO TEpHeHAUKYISApHI. CriBBIIHOIICHHS
MDK pajiycamMy KpPWUBH3HH B TOJIOBHMX Ta JOBUILHOMY HampsIMKax
BU3HAYAIOThCH:

1 cos?(x) N sin?(x)
R R, R,

(5.9)

B piBnsiaHi (5.9) o — kyT Mix Hanpamkamu C i C1.

B 3amexHoCTI Bif CITIBBIIHOMIECHHS TOJIOBHUX PaliyCiB KPUBU3HH B
Toulli M, po3pi3HAIOTh BUIU TOYOK, 110 HaBeaeHO B Taoum. 5.1



Tabmuit 5.1 — Bunu To40k oBepxHi

CriBBiTHOIIICHHS Ha3zsa Touku Ecki3 Komenrap
MiX TOJIOBHUMH
paxiycamu
KPUBH3HU
Pagiycu  matote | EninTuuna IToBepxHs
OJ/IHAKOBI 3HAKH TOYKa po3TamioBaHa 3
OIHOTO  OOKY
TUTOTIUHH,
JOTHYHIN B
TOYILIl
Pamiycu  maroth | ['imep6omiuna IToBepxHs
pi3Hi 3HaKH TOYKa po3TamoBaHa
Mo pi3Hi OOKU
TUTOTIUHH,
JOTHYHIN B

TOYIIl

SS



CnisBigHomenHs | Ha3Ba Touku Ecki3 Komentap
MiX TOJIOBHUMU
pamiycamu
KPUBH3HH
R; = o a6o [MapaGosiuna BorHyTocTe Touka €
TOYKa TOYKOIO
R, =0 M MepEeruHy  4u
OJJHUM 3

BbinyknocTb

MEPEeTHHIB €
TpsiMa JTiHiSA

99
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IIuTranns Qs caMonepeBipku

AN

* N

10.
11.

Sk 3anmcy€eThCsl BEKTOPHE PiBHAHHS KPUBOi y TPOCTOpi?

SIk 3amMCy€eThCS BEKTOPHE PIBHSIHHS ITOBEPXHI y MPOCTOPi?

SIk po3paxoBy€ETHCS HOPMaTi30BaHUH apaMeTp?

Sk po3paxoBy€ETHCSI KPUBU3HA B TOYIII ?

IIlo Take JOHTITYIN Ta JIATEpaTH?

SIK BU3HAYa€THCSI KpUBU3HA IOBEPXHI B Mepepisi BIIMIHHOMY BiJ
HOpPMAaJILHOTO?

o Take rojoBHI HanpAMKU abo nepepizu?

Uu € TonoBHI nepepizu HOpMaIbHUMU?

SIx BU3Ha4aeThCA pajilyc KpUBU3HU Y TOBITFHOMY HOPMaJIbHOMY
mepepi3i BiIMIHHOMY BiJ TOJIOBHOTO?

SIk po3ramoBaHi TOJIOBHI ITepepi3u BiTHOCHO OJHH JI0 OJHOTO?
SIki € pi3HOBHIN TOYOK TTOBEPXOHB B 3aJICKHOCTI BiJ 3HAUCHB
paziyciB KpUBHU3HH B TOJIOBHUX Tepepizax’?
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6. IPEACTABJIEHHSA KPUBUX I IOBEPXOHb B
3D MOJAEJIIOBAHHI

6.1 Tunu piBHAHB KPUBUX

KpuBi B mpoctopi MOXyTh OyTH TIpPEICTaBICHI HACTYITHHUMH
PIBHSHHSIMU:

» Henapamerpuune piBHsHHS: Z = f (X, V)
» Tlapamerpuune piBasiHus: X = f1(w), y = fL(w), z = f3(w)

Hampuxian, piBHsHHS Kona Ha twiomuHi XOY BUrIsAnacE:
> B nmemapamerpumusomy Bumi: x2+4+7y2—R?=0 abo y=
+VR? — x? npu upomy z = 0
» B mapamerpuunomy Buni: x = Rcos(u), y = Rsin(u) ne takox
z=0

Yacrime B 3D MojentoBaHHI, SK 3a3HAYajOCs BUIIE, BUKOPUCTOBYIOTHCS
BEKTOpHI ~ TApaMeTpW4HI  pIBHAHHS,  NPUIOMY  TapaMeTpu €
HOPMAJTI30BaHUMHU (ITUB. 11.5). J{7Is TIIacKuX KPUBUX:

2

r@ =) n@e (6.1)

i=1
Jl71s mpoCcTOpOBUX KPUBHUX:

3

r@ =) n@we (6.2)

i=1
I[HH 3aMKHCHUX KPUBUX IMOBUHHA BUKOHYBATHUCA YMOBA:
r[u t+ (umax - umin)] =r(u) (6.3)

Ochb piBHSHHS AKX HAWO1IBIIT PO3MOBCIOHKCHIX KPUBHX:
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» Ilpsma
rw)=p+u-a
» Binpizok mMix Toukamu pl Ta p2
rw) = (1 —wp; +up,

» Kouo:
r(uw) =p+r-cos(u)-e; +r-sin(u) - e,

» Eninc:
r(u) =p+a-cos(u) e, +b-sin(u)-e,

» Tinep6omna (Puc. 6.1)

Pucynok 6.1 — I'imep6o:a

r(u) =p+a-ch(u)-e; +b-sh(u)-e,

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)
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» Tlapabona (Puc. 6.2)

Pucynoxk 6.2 — ITapabona

1
r(u) =p+zcuzel +cru-e, (6.9)

» uninapuyna cripans (Puc. 6.3)

Pucynoxk 6.3 — [luninapuyna cripaib

u
r(u) =p+r-cos(u)-e; +r-sin(u)-e, + hEeg (6.10)
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6.2 ExBinncranTHi KpUBi Ta NepeTHH KPUBUX

PiBHSIHHS €KBiTUCTAHTHOI KPUBOI r(1), IO PO3TANIOBaHA HA BiJICTaHI a TI0
BiTHOIIICHHIO 10 0a30B0i (1) (Prc. 6.4) Bu3HaUaeTHCS piBHIHHAM (6.11).

Pucynok 6.4 — ExkBigucTanTHi Kpusi

r(u) =nr,w) +axt,(w) (6.11)

V piusuHi (6.11) t, (1) — oguHNYHMIT BEKTOP JOTHYHMIA 10 6a30BO1
KPHUBOI B TOMIII.

!

Tp

ty(uw) = (6.12)

../
TpTp
Byns sika Touka M Ha oBepxHi (Puc. 6.5) Moxxe OyTH mpeacTaBicHa

SK TIepeTuH BigmoBimuHoi nouriTyau (Q (V) KoM u = const ) Ta jarepaia

(P(u) kosu v = const ). Y BekTopHiit hopmi neperun Oyae BiqoOpaxaTucs
PIBHSTHHSM:

PW)—-Qw) =0 (6.13)
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A00 gepe3 MpoeKIii BEKTOPiB Ha BIAMOBIIHI OCi KOOPAWHAT:

P(w) —Qx(w) =0
P(w) - Q,(v)=0 (6.14)
Pz(u) - Qz(v) =0

Qlv)
P(u)

Pucynok 6.5 — IlepetnH kpuBuXx

6.3 Cnocodn moGy10BH TBOBUMIPHHMX Ta TPUBHMIPHHUX (IPOCTOPOBHX) JiHil

Bci kpuBi MOXHa MOAIIUTH Ha JBi BEJHKI IPYIU: MPOCTOPOBI KPHUBi
Ta MBOMIpHI KpuBi. Takuii po3moais 6a3yroTh Ha TOMY, IO TIPOCTOPOBI KPHBi
Ta IBOMIipHI KpHBi (puc. 6.6) MAOTh Pi3HE YHUCIIO BUMIPIB.

Ha 6a3i Oynp-fikoi OBOMipHOI KpHBOi MOke OyTH MoOyIZOBaHa
NPOCTOPOBa KpUBa. SIKII0 JBOMipHA KpUBa OOYA0BaHa Ha IUIOMIKHI, TO JUIs
IIHOTO TIOTPIOHO 3HATH TOJIOKCHHSI W OPIEHTAITIO B TPOCTOPI ITI€T TUTOIIIIHH.
VY 3aranpHOMY BHMNAAKy IBOMIpHI KpPHBI MOXYTh OyTH pO3TalloBaHi Ha
JOBIJIbHINA MOBEpPXHi. Y IIbOMY BHUIAIKY AJSl OOYMCIICHHS TOYKH KPUBOL
HEOOXiTHO 3HATH TIOBEPXHIO.

TakuMm 9MHOM, ABOMIpHI KpHBI Ta YacTHHA IMPOCTOPOBHUX KPHUBUX
noOyZ0oBaHi aHANOTIYHO, TINBKH MepiIi moOynIoBaHi HA OCHOBI ABOMIpHHUX
00'eKTiB, a IpyTi — TPUBUMIPHHX.
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KoHI9HI 3pi3H

ITpama miHIA
Koo Ta fioro ayra
Exninc Ta iioro ayra

Biapisok mapabomm Jlinii Ha Ga3i miHii
Bixpizoxk rinepdonn » ¥
3pizaHa KpHBa
ExBimucTaHTHAa 1 CxiIagHa
g - -.
IPOIOBAKEHA KPHBA KPHBA
L PenapamerpusoBana
JIiHii Ha §a31 TOY0K
KpHBa
—>

Biapisok mpaMoi

JloMaHa miHIA
Cmnaiia Epmita
Ky01unuii cruiaiis
Kpusa bes'e
NURBS kpusa

Pucynok 6.6 — Crioco6u o6y J0BY IBOBUMIPHHX JIiHIH

IIpocTopoBi kpuBi Ha 06a3i MIBOMIpHUX KPUBHX 3a (HOPMOIO MOXYTh
30iraTrucs 3i CBOIMH TPHBUMIPHHMH aHAJIOTaMH, aji¢ MAalOTh BIAMIHHY Bif
OCTaHHIX CTPYKTYpY JaHHX i YacTHMHY BHUKOHyBaHuX ¢yHKuid. Puc. 2.14
BifoOpakae mpouec MoOynoBU JiHIM NMPH YWTaHHI WOTO 31iBa HAIpPaBO.
Criouatky KpHBI JiHIT MOXYyTh OyTH MOOymOBaHI B MiCLEBii CHCTEMI
KOOPJIMHAT 1 CKAIAPHHUX MapaMeTpiB ado 3a XapaKTepHUMH Toukam. Jaii
i KpUBI MOXKYTh OyTH NOJOBXeHi abo 3pi3ani. Ha 0a3i nekibkoX KpUBUX
MOJKHA TO0YyBaTH HaMOIIbII 3arajibHy JIHIIO - CKJIaJHy KPUBY.

Bci kpuBi MarOTh pi3HI CTPYKTYPH JaHUX, aJIe TIOBHHHI BUKOHYBATH Ti
* cami (yHkmii. OcTaHHS BIAacTHBICTH 3a0e3leuye PiBHO3HAYHICTH BCiX
KpHUBHX JiHiH. J{o 3aranbHuX (QyHKUiNA JOBITBHOTO T€OMETPUIHOTO 00'€EKTY
JUIST KpUBHIX JIIHIA BapTo M0AaTH (PYHKII OOYHMCICHHS paiiyc-BeKTOPY
KPHBOi, MOXIIHUX paliyc-BEeKTOPY 3a MapaMeTpOM, JOTHYHOI'O BEKTOpY,
HopMaJi Ta OiHopmaii KpuBoi, GyHKUIT HaganHs iH(opMaii mpo obracte
BU3HAYEHHS IapaMeTpy KpuBOi (IIOYATKOBOTO HapaMeTpy, KiHIIEBOTO
mapaMeTpy, 3aMKHYTOCTi), GyHKIiI Mozaudikamii ¢GopMH  KpHUBOI.
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MartemaTnyHa MOJENTh KPHBOI HE OOMEKYEThCS TEpEPaxXOBAHUMU
(dyskisMu. BoHa moBHHHA OYTH JOMTOBHEHA (DYHKIIISIMHU, IO 3a0€31CUyIOTh
B3a€MOJIIF0 KPHBOT 3 IHITMMH F€OMETPHYHUMH 00'€KTaMH 1 BAKOHAHHS 3 HEIO
PI3HHX Omepalriid.

Jlinii na Gasi xBoMipHux
TiHiii

» JloMipHa niHia B
mowmHi XOY
JICAKOT MicueBoi
CHCTEMH KOOPAHHAT

Ananitnuni Jinii

Y
4 Ilp;m:? S Jlinii Ha Gazi niuii
» Kono i iioro ayra Yy v
» Eninc i #ioro ayra
» Bigpizok napadonn » 3pizana kpupa
» Binpizok rinepGonu || | Exsigucranrnai | > Crnansa
MPOAOBIKCHA KpHBA KpHBa
» PenapameTpHz0BaHa
R . KpuBa
Jlinii na Gasi Touok - - t 1t
» Binpizok npamoi } ' 4
» JlamaHa aiHis
» Cnnaiin Epmita Jlinii Ha 6a3i NoBepXOHb
»  Ky0Oiuuwii cnnaiin
» Kpusa bes'e
» NURBS kpuBa » KpuBa Ha noBepxHi
» Kpusa neperuny
NOBEPXOHb
» CryapHa KpHEA Ha
MOBEPXHI

Pucynok 6.7 — Crioco6u o6y J0BY TPUBUMIPHHX JTiHIH
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6.4 Tunu piBHSIHb MOBEPXOHB

PiBHSIHHS TOBEPXOHB, SIK 1 PIBHAHHS KPUBHUX, MOAUISIOTH Ha JBa
OCHOBHHUX THNH. /[0 mepiioro THITy BiZHOCSTHh HEMapaMeTPU4Hi PiBHSHHS,
0 3B'S3YIOTh KOOPIWHATH X, ) Ta zZ OE3MOCEPENHBO OJIHY 3 OAHOI0 OYIh-
SIKOIO (DYHKIIIETO.

z=f(xy) (6.15)

Jlo mpyroro — mapaMeTpuYHI PIBHSHHS, IO 3B'SI3YIOTh 3HAYCHHS
KOOpIMHAT X, ¥ U Z 31 3HAUeHHSAMH napamerpy. Ha BiaMiHy BiJ KpuUBHX
napameTpiB Oyze 1Ba - U, v

x=filw,v), y =), z=f(uv) (6.16)
[NapameTpuuHe piBHAHHSA MOXe OyTH MOAaHe B BEKTOpHiil ¢opmi
gepes OpTH e;:
3
r(u,v) = 2 r;(u, v)e; (6.17)
i=1
[losichHumo 1i BHU3HA4YEHHS Ha TMPOCTOMY NpukiIani. PosrmsHemo

chepy pamiyca R 3 LEHTpOM Ha IMOYaTKy KoopauHar. Hemapamerpuune
PiBHSAHHS cepu Oyae MaTH BUTIISII:

X2 4+Y24+7Z2—-—R*=0

Z =+{R2—x2 -2

[MapameTpuuHe BEeKTOpHE PIBHSIHHS 1Ii€i Chepr MATHME BUTIISL;:

Abo

P(u,v) = Rcos(u) cos(v) - e; + Rsin(u) sin(v) - e, + Rsin(v) -e; (6.18)
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6.5 Bininiiina moepxus

3HaiiIeMO0 BEKTOpPHE TapaMeTpUYHE pIBHSIHHSA IOBEPXHi, IIO
3aJaeThCs MpSIMAMH JiHiAMU. [lapameTpu piBHAHHS € HOpMalli30BaHUMH,
100T0: 0 < u < 1,0 < v < 1. [loBepxHs 0OMekeHa 4OTUPMa TOUKaMu P v
JIe B SIKOCTI iHACKCY HalaloThCs 3HA4CeHHS napameTpis (Puc. 6.8)

Po, 1 P11

Pucynok 6.8 — BininiliHa moBepxHs

TTonosxxenns noBiabHOI Toukn P(u, V) BH3HAYa€ThCs BIACTAHHIO U BIJ
TOYKH Py B3JOBXK BiJIpi3Ky [Po,v, Pl,v]- ITonoxeHHs BiIpi3Ky BUZHAYAETHCS
napameTpoM Vv (Puc.6.8). IIpn 1150My BUKOHYETECS TIPOTIOPITiS:

Pov_POO_ v

= 6.19
Py1 — Py, 1-—w ( )

Pozkpusmm mponopitito (6.19) orpumyemo:

PO‘U = (1 - U)POO + vPOl (620)
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Ta ananoriuHo:
Py = (1 —=v)Pyg +vPiy (6.21)
s Bigpizky [Po’,,, Pl_,,] 3aMUCYETHCS aHAJIOT YHa MPOIOPLIis:

Puv) - Py u
P, —P(u,v) 1-u

(6.22)
3 sAKoi:
P(u,v) = (1 —-uw)P,, + ubPy, (6.23)

Cxopucrtapmuch piBHIHHIME (6.20), (6.21) Ta (6.23) oTpuMaeMo piBHIHHS
OiniHifHOT MOBEpXHI:

Plu,v) =1 —w(@d —v)Pyy+ (1 —u)vPy; + u(l —v)Pyy + uvP;; (6.24)

B Oinpin yHiBepcambHOMY MAaTPUYHOMY BUTIJISAI PiBHSHHS OuTiHIHHOL
MTOBEPXHI Oy/1e MaTH BUTJIS;

Poo
Puv)=[1-w@-v) A-wv u(l-v) uv] 16(1)(1) (6.25)
Pyq

6.6 Knanorp Kyna

Ha BimMiHy Bij OinmiHINHOI MOBEpXHi, IO 3aJa€ThCS BiIpi3KaMH,
kiarnoth KyHa 3amaerbes moBimpHUME KpuBuMHU P(v) Ta Q(u) (Pmc. 6.9).
IMosnauenns Q,(u) — 1e Touka Ha KpuBiii Q(u), MOJOKEHHSA SKOI
BHU3HAUAETHCSA TMMApaMeTpoM U, a OT pO3TallyBaHHA CaMoi KPHBOI
BU3HAYAETHCS MapaMeTpoM V. AHaioriyao: P, (V) — Touka, po3TaiioBaHa Ha
KpuBiii P (BayexuTs Bim mapaMmeTrpa V), IOJOKEHHS camMoi KpHBOL
BHU3HAYAETHCS MTAPAMETPOM U.
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(u)
Po,1 Q

Kpusas P

Po( V)

Kpusas Q

u

Pucynoxk 6.9 - Knanots Kyna

Juist Touku Q,,(U) 3aMUCy€ETHCS MPOTIOPIIs:

P - Q@ _1-u
Q@ —Po(»)  u

3 AKoi:
Qu(w) = (1 = )Py (v) + uPy (v)
Juns Touku P, (v) mMaeMo:

Ql(u) - Pu(v) — 1-v
Pu(v)_QO(u) v

() = (1 =v)Qo(w) +vQ;(w)

4

(6.26)

(6.27)

(6.28)

(6.29)
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3 Puc.6.9 1iTKkoM 3po3yMito, mo
Pyo = Po(0) = Qo(0)
Pyy = Py(1) = Q,(0) (6.30)
Pyp = P1(0) = Qo(1)
Py =P(1) =0:(1)

Uu Oy e moBepxHs - KIarnoTh KyHa MeXaHIYHOI CyMOI0 TOUOK Q,, (1)
ta P,(v)? Tob6To:

R(u,v) = Q,(w) + P,(v) (6.31)
R(u,v) = (1 —w)Py(v) + uP;(v) + (1 —v)Qo(w) + vQ; (u)
IToBHHHI BUKOHYBATHCS HACTYITHI TPAaHUYHI YMOBH:

(R(0,v) = Py(v)
R(1,v) = P,(v)

<R(u, 0) = Qo (w) (6.32)
R(u,1) = Q; (1)

Ane Buxonstuu 3 piBHsHHS (6.31):

(R(0,v) = Py() + [(1 — 1) Qo(0) + vQ: (0)]

R(1,v) = P,(v) + [(1 = 1)Qo(1) + vQ; (1)] (6.33)
iR(u’ 0) = Qo(w) + [(1 — )Py (0) + uPy (0)]

R(,1) = Qs (u) + [(1 — w)Py(1) + uP, (1)]

Sk G6aummo, B piBHsAHHI (6.33) mpaBa YacTHWHA, Ta MO B KBAIPATHUX
Jy’KKaX, € 3alBOIO.

3anuiieMo piBHAHHS OiMiHIMHHOI MOBEpXHI AJSi TPAHUYHUX TOYOK
KJIANoTs, MpuitMarodu A0 yBaru (6.30):
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Plu,v) =1 —-w)(1 —v)Pyo+ (1 —w)vPy; + u(l — v)Pyg + uvPyy (6.34)
AGO 1 TPAHUYHHX TOYOK:

P(0,v) = (1 —v)Pyg +vPy; = (1 —v)Qy(0) + vQ,(0)

P(1L,v) = (1 = v)Pyp + vPy; = (1 = v)Qo(1) + vQ1(1) (6.35)

P(u,0) = (1 —u)Pyy + uPyg = (1 —u)Py(0) + uP;(0)

P(u,1) = (1 —u)Pyy + uPy; = (1 —u)Py(1) + uPy(1)

ITopisutoroun (6.33) Ta (6.35) Mo>kHa TOOAYUTH, IO MpaBa YaCTUHA PiBHIHB
(6.33) € ememeHTamMu OuUTIHIHHOI TOBEpXHi. T00TO, OCTATOYHO MOYKHA
3amucatd piBHAHHS kinanots KyHa sk pisHumro piBasHHA (6.31) Ta
OinmiHiitHOT moBepxHi (6.34) ab0 B HACTYITHOMY BHUIJISII:

S(u,v) = R(u,v) — P(u,v) (6.36)

S(u,v) = Qy(w) + A, (v) = P(u,v)

6.7 Cniocodu mod0ya0BM NOBEPXOHb

Haiimmommupenini crocoOn moOyI0BH MOBEPXOHb HABEICHI HA PHC.
6.10, sxuii BimoOpaskae mporec MoOyIOBH MOBEPXOHb IPH YWUTAHHI HOTO
3nmiBa HampaBo. I[lepBicHO mMOBepxHI MOXYTb OyTu moOynoBaHi abo 3a
MICIIEBOI0 CHCTEMOIO0 KOOpAMHAT 1 CKaJsIpHUX MapamerpiB, abo 3a
XapakTepHUMH TOukKamH, abo Ha OCHOBI JiHINA. Jlam 11l MOBEpXHI MOXYTh
Oytu mpomomkeHi abo 3pizaHi, HA IX OCHOBI MOXYTb OyTH OTpHUMaHi
eKBIIUCTaHTHI MOBepxHi. Bci 3rajaHi moBepxHi MarOTh MPSIMOKYTHY a0o0
TPUKYTHY 00JlacTh BH3HA4YCHHs MmapaMerpiB. Ha 0a3i moBepxoHb i3
MPSMOKYTHOIO 200 TPUKYTHOIO OOJIACTIO BH3HAYCHHS TapaMeTpiB MOYKHA
noOyayBaTH 0OMeKeH1 KOHTypaMH MOBEPXH1 TOBUTBHOT OpMHU.



AHIITHYHI CrIocoOu

[Taommna

Cdepa

Enincoin

O aHonoawuii rinepdo10in
JIBynosiuii rinep6osoin
Enintuunuii napabonoin
IinepGoniunmii
napabooin
L{naiHapuyHa NoBepXHs
Kowuiuna nosepxms
Topoiana nosepxms

YYVVYVVYYY

YV Vv
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IMoepxHi Ha 6a3i TOUOK

Y

YoTHPLOXKYTHA
MOBEPXHSI
[MTosepxns bes'e
NURBS nosepxus
TpukyTHA NOBEPXHA
TpHKyTHA NOBEpPXHS
bes'e

YV VY

IToBepxui na Gas3i siniit

» Tlosepxus
BH/IaBJIIOBAHHS
IMosepxus obepranus
IToBepxHs 3cyBy
[ToBepxHs 3amiTanus
JliniiyaTa noBepxHs
IMosepxus Kynca
[Tosepxus Epmita
[Tosepxus Jlarpanxa
IMosepxus N'opaona

YYVVY

YV Vv

Jlinii Ha Ga3i noBepxJHb

» Exsinncranrhai
NPOJIOB/KEHA NOBEPXHA
» Tlocunanbha noBepxHs

-

[MosepxHs,
oOmexeHa
KOHTYpaMu

)

S

» TloBepxHs OKpYIJICHHS
» [IloBepxus dacku

Pucynok 6.10 — Cnoco6u mo0y10BM HOBEpXOHb
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6.8 IlepeTnHaHHSI TOBEPXOHD

PosrnsnemMo oOuuciieHHST KpHUBUX TIEPETUHY IOBEpXOHb. Yepes
BHYTPILIHI 0OMEXXEHHsI YHCEIbHUX METO/IIB IIYKaTUMEMO TOUYKH Ha KPUBHUX
nepeTuHy. KpuBi nepeTrHy NOBEpXOHb HEOOXIIHI U peaizaliii OyiIeBux
omnepamii. KpuBi mepeTtuHy moTpiOHI TakoX A peajizamii BiICiKaHHS
MOBEPXOHB 1HIIMMHU MTOBEPXHSIMH Y CUCTEMAaX MOBEPXHEBOTO MOJICITIOBAHHS.
KopoTko BHKIameMo OCHOBHI ifei, IO JIeKaTh B OCHOBI QJTOPHUTMIB IS
PO3paxyHKy KpHBUX TIEPETHHY MOBEPXOHb, 3aJaHUX MapaMeTPUIHUMH
piBHSHHAMU. PO3risiHeMO TiNBKHM MapaMeTpUyHi piBHSIHHS, OCKIJIBKH came
X HalyacTile BUKOPUCTOBYIOTH JJIsl IPECTABICHHS TOBEPXOHb.

MeTonu po3paxyHKy KpUBHX IEPETUHY IOBEPXOHb MOXYTh OyTH
po3xiieHi Ha 1Ba kiacu. MeToAr MepIIoro Kiacy MoJsTaloTh y YHCEIbHOMY
pillIeHH] HEMHIHHOTO PiBHIHHS:

P(u,v) —Q(s,t) =0 (6.37)

e P(u,v) 1 Q(s,f) - mapaMmeTpuyHi piBHSHHS TIOBEPXOHB, SKi
nepeTuHalOThca. PiBHAHHS (6.37) pO3KIIQAaeTbcss HAa TPH CKATSIPHUX
PIBHSHHS 3 YOTHpMa HEBIIOMUMU: u, v, § 1 t. BupimieHHs 1i€i cucTeMHu
BUMAara€ NPHUCBOEHHS IOBIIFHOTO 3HAY€HHS OMHOMY 3 mapametpiB. [lpu
ILOMY OTPHUMYIOTh 3HAUYCHHS TMApaMeTpiB, sKi BiANOBINAIOTH TOYIN Ha
KpHBIii mepeTuHy. 3MiHa 00paHOro TOBUTFHOTO 3HAUEHHS A€ BC1 1HII TOUKU
KpUBOi TepeTHHYy. HemomikoM IIhOro METOmy € Te, IO HOoro 301KHICTH
3JICKUATH BiJl TOYATKOBHUX HAOIMKEHBL HEBIIOMHX Y PiBHSHHI (6.37). bibimn
TOT0, BiH HE 3aBX/H J03BOJISIE 3HANTH BCi KPHBI MepeTUHY. [HaKIe KaxKy4w,
MIPH BEIUKUX 1HTEPBAIAX 3MIHH HapaMmeTpy, IO 3a7af0Th MOBLIBHO, JEAKi
KpHB1 MOXYTh OyTH BTpadeHi MOBHICTIO, a IESKi — YaCTKOBO.

Metoau 3 apyroi Kareropii 3acHOBaHI Ha Teopii MOCTIIOBHOTO
po3nofiny. KoxHy moBepXHIO IiIATH OCTIIOBHO Ha O€3714 YaCTHUH JIOTH,
MTOKH KOXKHA 3 HUX HE Oy/Ie OIM3BKOI0 IO TUIOCKOTO YOTHPHUKYTHHKA. I1oTiM
YOTUPUKYTHUKH OJHIET TOBEpXHI NeEpeBipsAIOTh Ha TMEpeTHHAHHS i3
YOTUPUKYTHUKAMHU IHIIOI TMOBEPXHi. Y pe3ylbTaTi YTBOPIOIOTHCS Napu
YOTHPUKYTHHUKIB, IO TEPETHHAIOTHCA, a TOYKHA MPAMHUX, MO SKUX BOHHU
MEePETUHAIOTHCS, TAIOTh TapHE MTOYaTKOBE HAOIKEHHS sl piBHAHHS (6.37).
OpnHak MOXKE BHSIBUTHCS HEIPOCTO IMEPEBIPSITH Mapu YOTHPUKYTHUKIB y
BipHIH TOCIITOBHOCTI TaK, MO0 TOYKHW TEPETHHAHHS yTBOPIOBAJIN KPHBI.
Mertoau, 3acHOBaHI Ha TeOpii IMOCHTIIOBHOTO pO3IMOAUTY, BHUMAaramTh
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OipIIOr0 00CsTy OOYHMCIICHb Y TIOPIBHSHHI 3 METOJAMH IEpIIOro Kiacy,
NpOTE BOHU PiAlIe MPOMYCKaIOTh KPUBI IEpETHHAHHSL.

6.9 IInranns nas camonepeBipkH

1. Hasgite mpuHIUNHN MMOOYIOBH MaTEeMaTHYHHX MOJIEICH KPHBHUX

JiHIN.

IIpoBeniTh MOPIBHSUTEHUNA aHATI3 OCHOBHUX aHATITHYHUX JIIHIH.

Hammumite piBHSHHS IPsAMOT JTiHIT 1 1aiiTe omwuc ii mapamMeTpiB.

Hanumite piBHSHHS BiApizka mpsiMoi JiHIl 1 maiiTe ommc Horo

napameTpiB.

Hammumite piBHSHHS OKPY>KHOCTI 1 TaiiTe omHC i mapaMeTpiB.

Hanumrite piBHAHHS eninca i naiite onuc Horo mapameTpis.

HanumiiTe piBHAHHS rinepboinu 1 gaiite onuc ii mapaMeTpis.

Hammumite piBHSHHS 1TapaboiIu 1 aliTe onwc ii mapaMeTpiB.

SIki € 0COOTMBOCTI MOJEITIOBAHHS IIMTIHAPUIHOT CIripai?

10. HaBeniTh piBHSHHS €KBIUCTAaHTHUX KPUBHX.

11. HaBeniTh piBHSHHS IS IEPETHHY KPUBUX.

12. HareniTth ciocobu moOy 0By TBOBUMIPHHUX JIiHIH.

13. HaBeniTs ciocoOu moOyJ0BH TPUBUMIPHUX JiHIMH.

14. HaBeniTb TUNH PiBHSHB IOBEPXOHb

15. Sk Oymyetbcs OuTiHIMHA TOBEPXHS?

16. Sk 6ynyetbest knanots Kyna?

17. B 4yoMy mnpHHUMIOBA DPi3HHULSA MiXK OUTIHIHHOIO MOBEpPXHEIO Ta
kiaroteM Kyna?

18. HamexiTh ciocobu moOy10BH TIOBEPXOHb.

Sl

oo N
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7. AIPOKCUMAIISI KPUBUX TA MIOBEPXOHbB.
CIIJIAMHU

B mmpokomy ceHci miJ anpokcuMani€ro 11e 3aMiHa onHiel KpuBoi abo
HEBIZIOMOI KpHMBOi 1HINOI — OIIBII TIPOCTOIO, TEXHOJOTIYHOI abo
HAOJIMKEHOIO JI0 TOYOK BUXI1THOI KPUBOi. ATTPOKCUMYIOUY KPUBY Ha3UBAIOTh
TakoX iHTepnoisAmiiiHo. CIUlaiiHM € OJHMM 3 BHIIB IHTEPHOJAIIHHOT
KpHBOI.

VY Oarath0X TPAKTUYHHX 3a7adax IMOTPIOHO MOOymyBaTH IIIaBHY
KPHBY JiHIiIO, [0 MPOXOANTH Yepe3 3aJaHi TOUKU. 3 Ii€I0 METOI0 OyIyIoTh
cnaatinu. TepMiH «CIUTaiH» IS KPHUBHX JIiHIA 3all03W4YeHO 3 Ha3BH
KpECISIPCHKOTO 1HCTPYMEHTY - TPY)KHOI THYYKOi JIHIMKH, IO MOXKE
BUTHHATHUCS TaK, 00 MPOXOIUTH Yepe3 3a/iaHi TOUKH.

Ilix cruraiftHoM 3 MaTEeMaTHYHOI TOYKH 30pPY 3a3BHYAd PO3YMIIOTH
arperatHy (yHKLIIO, IO 30iraeTbes 3 QYHKLIAMHU OUIBII MIPOCTOI IPUPOAN
Ha KO)KHOMY €JIEeMEHT1 PO30MBKH CBO€T 00JIACTI BU3HAUCHHS.

DyHKITT, TOAIOH] THM, IO 3apa3 HA3UBAIOTh CIUIAHAMU, OyJIH BigoMi
MaTeMaThKaM JaBHO, TIOYHWHAIOUN K MiHiMyM 3 Eiinepa, ane iHTEHCHUBHO
BUBYATH IX MOYald TUIBKH 13 cepenuHn XX ctomitTsa. B 1946 poni Icaak
[lenGepr Brepiie BXKUB LeH TEPMiH SK TO3HAYCHHS KJIacy MOJiHOMiaIbHUX
croaitaiB. Jlo 1960 poky cmumaiiHn OynuM TEepeBaXKHO I1HCTPYMEHTOM
TEOPETUYHUX JOCHTIHDKEHb, BOHH YAacTO 3'SBILUIMCA SK PIIICHHS DI3HUX
eKCTpeMallbHUX 1 BapialliiHUX 3a[a4, 0COOIUBO B Teopii HaOmmkeHs. [licis
1960 poky 3 pO3BUTKOM OOYHCIIOBAIBHOI TEXHIKM CIUTAHI TTOYaIH
BUKOPHCTOBYBATH Y KOMII'TOTEpHIi rpadilli i MOJeIr0BaHHI.

VY OaratboxX MpPakTUYHUX 3aJadax aHaJIITAYHA QopMyna JiHil He
BiZloMa, ayie MOTPiOHO, HANPUKIIAM, MO0 KpUBa MPOXOIWiIa Yepe3 3adaHi
TOYKH, Maja TEBHUH CTYIIiHBL TJIATKOCTI a00 B TMEBHUX TOYKAaX — 3amaHi
noxiaHi. Posrisinemo Taki kpuBi. Benukwuii knac diHIA MOKHa MOOyAyBaTu
10 CYKYITHOCTI To4OK. Taxi JiHii Ha3uBalOTh TOUYKOBO-3aJaHUMHU. Lle mamana
JIHIA 1 Pi3HI CIIIAHY.

3agady CTaBIATH TaKUM YMHOM: € CYKYIHICTH TOYOK y TPOCTOPi,
pazniyc-BeKTOpH SIKUX piBHI pi, ne i =0, 1, 2, ..., n — HOMEpH TOYOK; MOTPiOHO
noOyAyBaTH JiHiI0, PaJiyc-BEKTOp SKOI MPH 3HAYCHHSIX apameTpy fi, i = 0,
1, 2, ..., n nopiBHIOBaB OM pi. [HIIMMYU coBamMu — HEOOXiTHO MOOYAyBaTH
IHTEePIOJIALIHHY KPUBY.
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Touku pi, K1 BU3HAYAIOTH JIHIIO 1 € i1 BHYTPIIIHIMHU JaHUMH, OyIeMo
Ha3UBATU XAPAKMEPUCMUYHUMU MOYKAMU KPUBOT, TOUKH fi Ha YHCIIOBIH Bici
OyzeMo Ha3MBATH 8)31aMU, & 3HAUCHHS TTapaMETPy fi — By3JIOBUMH.

PosrigaaeMo neski 31 cruiaiiHiB.

7.1 JlamaHa Jinist

HaiinpocTimor TOYKoBO-3aAaHOI0 JTiHI€I0 € ramarna ainis (Puc 7.1).
Bona cknamaetbes 3 BiZipi3KiB, SKi MOCIIAOBHO 3'€THYIOTh 33JIaHi TOUKH.

Puc. 7.1 — Jlamana niHis

3HavyeHHs mapaMeTpy B KOXKHIM HAcTymHId TOUli MOBMHHO OyTH Oinblie
3HAYCHHS IMapaMeTpy B MOMEPEIHINA Toull # < ti+1. Pamiyc-BekTop mamaHol
BH3HAYAIOTH PIBHICTIO

r(®) = pi(1 =w) + piyw (7.1)
[NapameTp w Ha3MBalOTh MICIIEBHM HapamMeTpoM Ha AUISHII KPUBOiI MiXK
Toukamu pii pi+1. Llelt mapamerp € HopMami30BaHUM Ha TUISHLI TOYOK [i;
i+1].
t—t;
w=—-— (7.2)
tiv1 — 4

Ilepma moxigHa JamMaHoi JIiHIi B TOYKaX Pi PO3PHUBAETLCS IO JOBXKHHI 1 11O
HanpsaMKy. [lapamerp namaHOi JTiHii 3MiHIOETBCS B OTHOMipPHOMY IPOCTOPI.
Y mpoMy mpocTOpi IS BH3HAUCHHS apaMmerpy ! MOXIIMBO
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BUKOPHCTOBYBAaTH Oy[b-SKYy CHUCTeMYy KoopAwHAT. [lJis mapameTrpy MOxHa
BUKOPHCTOBYBAaTH CHCTEMY KOOPWHAT, JI¢ WOro 3HAYCHHS B TOYIl Pi
JIOPIBHIOE HOMEPY TOYKH: ti = i. TaKy IapaMeTpu3aIlifo Ha3WBalOTh
PIBHOMIpHOIO, a TapaMeTpU4yHa [IOBXXMHA JIAMAaHOI B TaKOMY BHUMAJKY
JIOPIBHIOE YHCITY TOYOK MiHyC oiuH. JlamaHa Moxe OyTH 3aMKHYTOO, Y
[LOMY BUTIAJIKY TepIia XapaKTepPUCTUIHA TOYKA OJJHOYACHO € i OCTAHHBOIO.
ITapameTpudHa MOBKWHA 3aMKHYTOI JIJAMaHOI JIiHI{ JOPIBHIOE YHCITYy TOUOK,
SIKUMHU BOHa 3ajaHa. JlaMaHa Mae psiji KOPUCHUX BIIACTUBOCTEH: i1 TOUKH
JIETKO OOYMCITIOBATH, JIETKO pelaryBatd (BCTABUTH HOBY TOYKY, BHIAIUTH
a0o 3PYIIUTH iICHYIOTY), JIETKO pO3pi3aTH HAa YaCTHHH, KOJKHA 3 STKHX TaKOXK
Oyze maMaHOIO JIiHI€TO.

7.2 Cnnaiin Jlarpanxa

Iarepnossiiiina Gopmyina Jlarpamxa € pillicHHSIM 3aBIaHHS
noOyI0BH KPUBOT IO 3aJ]aHUMH TOYKAMH y BUTIISII

r© = LOp (7.3)
i=1

ne Gynxkuii Li(f) pieui 1 npu ¢ = ti1 piBHi O B iHIIKX By3nax ), j #i. OyHkuii
Li(t) OymeMo IIyKaTH y BUTIISAI OaraTouseHIB CTYIICHS 11, a CaMe:

Li(®) = A;(t = to)(t — t1) ... (t = ;) (t = L) (€ = tiyr) .. (E = 1) (7.4)

3 ymoBu Li(t;)) = 1 3HAX0AMMO

| : _
)_:(,i —to )t 1) G — 1 G~ fi) -8 = 1,) (7:5)

v

1, BIAMOBIAHO, OJepKUMO (hopMyH st koedinieHTiB Jlarpamxka



L(r)="222 (7.6)

7.3 Cniaiin Herorona

IaTepnonsmiitamii 6ararouwieH HproToHA, 1110 MPOXOAUTE Yepe3 3a/1aHi
TOYKH, 3HAXOIATh Y Gopmi

r(t) =ag+a(t —ty) +a,(t —to)(t —ty) + -
tap(t—t)t—t) . (t—th )t —tpy) (7.7)
Bexropu ai OyzieMo BU3HAYATH 3 YMOBH MPOXOHKCHHS BEKTOPHOI (DYHKITIT
r(¢) 9epe3 TOYKH Pi IpH 3HAUYCHHAX mapamertpy ti, i =0, 1, 2, ..., n:

pO :ao.
Py =a,+a,(f—1).

(7.8)
P =8y +al5 — b J el — )L 4 ),

P, =2, +a,(7, —15)+a, (1, =1, )(1, -1 )+ ...

" ([rr —Iy )(’n - )'"([n N )(ln —Ip )

Martpuis 11i€i cucTeMu pPiBHSIHb € TPUKYTHOIO, CHCTEMY BUPIIITYIOTh
3a omHiM mpamii mpoxin. Ilepme piBHsHHA cuctemu (7.8) mae ao.
[TizcTaBnstoun el pe3yynbTaT y Ipyre piBHSIHHSA, OJepKUMO ai. [3 TpeThoro
PIBHSIHHS 3HAiIEMO a2 1 TaK Jaii 10 an. [loMiTHMO, 1110 TO1al0YH JTOJTATKOBY
TOYKY Prn+1 MH 30UTBITYEMO cucTeMy (7.8) Ha 1IIe OHEe PiBHSHHS, a BCI 1HIII
PIBHSIHHS 3aJIMIIal0ThCs He3MiHHUMH. Lle € mepeBaroro ¢popmynu HeroToHa
nopiBHSHO 3 Gopmyroro Jlarpamka npu nNoOyA0Bl KPUBHX i3 301IbILICHHAM
Yrcia TOYOK.
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7.4 Cnaaiin Epmita

Sk1o 3a7aH0 TOCTIIOBHICTE m +1 TOYOK, Yepe3 SKi MOBUHHA ITPOUTH
KpHUBA, Ta MOXigHI ii pajiyc-BEKTOPY B IHX TOYKAX, TO 3a IUMHU NAHUMH
MO>KHa MO0y yBaTH cIutaiiH EpwmiTa, sIKHif OMMCYIOTH MTOJIIHOMOM CTYTICHSI
2m + 1. Mu po3rissHeMO OKpeMUil BUTIAOK CIuTaiiHy Epmita mmst m = 1.

JlamaHy niHIIO MOXHa PO3MJISJIATH B SKOCTI CKJIaJI0OBOI KPHUBOI, IO
moOyaoBaHa 3 BiAPi3KiB MpsAMOI JiHII. 3a aHAJOTIEI0 MOXKHA MOOYIyBaTH
CKIIaficHy KyOi4Hy KpHUBY 31 CIIaiiHiB EpMiTa TpeThOoTro CTYIICHS, IO TIaIKO
CTHKYIOThCSI MK coboto. [loOynyemo cknamoBuii cruaitn Epwmita, mio
MPOXOUTH Yepe3 3a/IaHy MOCIiAOBHICTh TOYOK 1 Ma€ B IUX TOYKAX 3ajaHi
nmoximHi. Hexaif pamiyc-BeKTOpH ITUX TOYOK PiBHI Pi, BEKTOPH IOXITHUX
KpHBOi y ITUX TOYKAxX PiBHI (i, @ 3HAYCHHS MapaMeTpy B IUX TOYKAX PiBHI ti
(ti< tiw1), me i =0, 1, 2, ..., n — HOMepH TOYOK. Ha miJIAHII MiK TOYKaMH Pi i
pi+1 CKIIaZIOBUH cIuiaifH EpMiTa € moJIiHOMOM TPEThOTO CTYIICHSI MiCIIEBOTO
napametpy w ([{uB. piBHsHHS (7.2))

P(w) = [x(w), y(w), zw) ] = ap + ayw + azw? + azw3 (7.9)

MicnieBuii mapameTp w 3MiHIO€ETECS Bif O 1o 1. Bekropu aj, j = 0, 1, 2, 3
BU3HAYAIOTh HA TPAHUII TUISTHKU KPHUBOI:

nili=p., Bl =pis r,-'(O):qI-. r,-'(l):qm. (7.10)

[licna pimeHHs wi€i cucTeMu PiBHSAHB 1 MiACTaHOBKH 3Ha4deHb B (7.10),
OJICPXKUMO 3aJISKHICTh pajiilyc-BeKTOpYy AJs ciutaiiHy Epmita

1'([)2[),—(1—31&'2 +2w? )+
-*rpm(_?w2 -2’ )+qi(u‘— 2w? +w? k)+ qi.l(—u‘2 +w ) = (7.11)

=dy(w)p; + o, (W)piy +Bo(w)q; +B;(W)q,.,.

ne ti<t<ti1. B (7.11) BBeaeHO mo3HauYCHHS IS (PYHKIIIH

(7.12)



79

ao(w) =1-3w’ +2w°, a,(w)= 3w —2w?,

Bo(w)=w- 2w + W, By (w)= W+,

110 32T0BOJTBHSIOTH PIBHSIHHSM:

2,(0)=1, o4(1)=0, «,(0)=0, o,(1)=1,
a,'(0)=0, a,'(1)=0, «,'(0)=0. a,'(1)=0, (7.13)
Bo(0)=0. Bo(1)=0, p,(0)=0. B;(1)=0,
Bo'(0)=1 B,'(1)=0. B;'(0)=0. B,'(1)=L

Je ITPUX O3Hadae audepeHIiroBaHHsI 10 Ww. SIKIO0 TOYKH Pi
pO3TalIoBaHi piBHOMIPHO, TO MOXKHA IPUHHATH 3HAYCHHS TapaMeTpy
B TOYKaxX Pi pIBHUMH HOMEpaM TOYOK: fi = i. [Ipu HepiBHOMiIpHOMY
pO3TalIyBaHHI TOYOK Pi MapaMETPUYHy BIJICTaHb fi+l - ti MOXHA
MPUUHATA TPOMOPIIHHOI BIJCTaHI MDK BIANOBIAHUMH TOYKAMH
|pi+1 - pi|. CxinamoBwuii crutaitn EpmiTa Moyke OyTH 3aMKHYTHM.

XapaxmepHoto ocobnusicmio cnaauna Epmima € me, wo kpusa
00MUYHA 00 NEPULO20 Ma OCMAHHLO20 BIOPI3KY 3 HUSKU BIOPI3KI6 MIdiC
XapaxkmepucmudHUMU moYKaMU.

Jlamana minist Ta crutaitd Epmita 300paskeni Ha Puc. 7.2

Pucynok 7.2 — Jlamana niHis Ta ckiIagoBui ciutaiin Epmira



80

7.5 Kpusi be3’e

JocuTe THYYKOIO H y TOW € 4Yac MPOCTOK JUIsl MPaKTHYHOTO
3aCTOCYBaHHS € KyOiuHa kpuBa bes'e, paliyc-BeKTOp SKOI ONHCYIOTh
3aJIEXKHICTIO

r())=(1-8po+31(1-0’p1+37(1-H)pr+Fpy (714

Ilpukmamgn KkyOiuHMX KpwBUX be3'e Ta iX XapakTepuCTHYHI JamaHi
TIPEeICTaBIICHO Ha puc. 7.3.

P P, p

o

P

w

Po
P

w

P> Po

Pucynok 7.3 — Kpusi bes’e

OCKUTbKM KpUBa HE MPOXOAWTH UYEpe3 BHYTPINTHI BEPIIMHHU CBOET
XapaKTEPUCTUYHOI JIAMAHOI, JTOCUTh CKJIAJHO 33aJaTH 1 TOUYHE MOJIOKECHHS.
Kpusi y ¢popmi Bes'e 3pyunimi tam, e BaxnuBa ¢popma JiHiH, HANPUKIAL,
MIPH KOMITFOTEPHOMY AW3aliHI KOHCTPYKIIM THITY Ky30Ba aBTOMOOLISA. Yrm
1JIp1Ie TOYOK OEpPYTh Y4acTh y MOOYI0BI KPHBOi, TUM BOHA TJIaIKilIa.

Posrnsaemo moOynoBy kpuBoi bes’e B 3alIle:KHOCTI BijJi KUTBKOCTI
XapaKTEePUCTHYHUX TOYOK. [Ipy HAassBHOCTI 2-X TOYOK — KpPHBa CIIIBIIATAE 3
BizpizkoM Mix 1umu Toukamu (Puc. 7.4). Ha Puc. 7.4 xpuBa onmmcyeTbest
pyxoM ToukH B.



P1

Pucynok 7.4 — Kpusa be3x’€ npu 2-X XapakTepUCTUYHUX TOYKAX

[Ipu HasiBHOCTI 3-X TOUOK, KpuBa be3’e omucyerbes pyxom touku B (Puc.
7.5). Ilpu 11bOMy BHKOHYETHCS YMOBA IMPOTIOPITIHHOCTI pyXy — KOXKHA TOUKA
3a BU3HAYEHWH IMPOMDKOK Yacy NEepeMIIyeThCsl Ha OJHAKOBY YACTHHY
BiJIIOBITHOTO Bizpi3Ka:

_ P& _PiQ _ QB
PPy PP, Q10

N

Q2

(7.15)

P1

Pucynok 7.5 — YtBopeHnHs kpuBoi be3’e npu HasiBHOCTI 3-X XapaKTEpPUCTHYHUX TOYOK

YMOBa NponopuiitHOCTI pyXy BUKOHY€ETHCS 1 31 301IBIIEHHIM KUTBKOCTI
To4ok. Ha Puc. 7.6 mokazaHo yTBOpeHHS KPUBOI IpH 4-X TOUKax. Y MOBa
MIPONOPIIIHOCTI MPH [IBOMY OyJe MaTH BUTJIS:
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_PQy  PiQy P03 QiRy  Q2R;  R4B
PPy PP,  PPs (10, Q203 RiR;

(7.16)

P2

Pucynok 7.6 — YTBopeHHs kpuBoi be3’e npu HasBHOCTI 4-X XapaKTEpUCTHYHUX TOUOK

Bsaraui, kpuBa be3’e Mae HacTynHi BIacTUBOCTI:

1. TIpoxoauTth yepes mepiry Ta OCTAHHIO BEPIIMHU OaraTorpaHHUKA;

2. HampaBneHnHs BEKTOpY, AJOTHYHOTO B TIEPIIii TOYIll CITBIAAac 3
nepmuM BigpizkoM. OCTaHHIM BIIPi30K € HAMPSIMKOM JTOTHYHOI B
OCTaHHIN TOYIIi;

3. TloxigHa CTYIIEHIO N B TIOYATKOBiM (KiHIIEBi¥M) TO4YIl KPHUBOI
BU3HAYAETHCA TIOJIOKCHHAM TMepiux (ocTaHHiX) n+1 BeprmH
OaraTorpaHHUKA.

7.6 B-cniiaiinun

Crymine kpuBoi bes'e BU3HA4YaIOTh KINBKICTIO 3aJaHUX TOYOK,
MPUYOMY BCi BOHH BIUTMBAIOTH Ha (hopmy KpuBoi. Lli 0cobImuBOCTI KpUBUX
Bes'e crBoprotoTh neBHi He3pyuHocTi. [lo-niepiue, mpu anmpokcumanii KpuBoi
ckiragHoi (popMH 3a TOMMOMOT0I0 KpUBOi bes'e HeMuHydYe BUKOPHUCTOBYIOTH
0e37iY 3aJaHNX TOYOK, Y PE3YNbTAaTi YOTO YTBOPIOETHCS KPHBA BHCOKOTO
nopsiaky. Taka KpuBa MOXKE OCHWIIOBATH 1 B pe3ynbTari 30iMbIIyBaTH
o0unCTIOBaJIbHE HABAaHTAXKEHHS Ha KoMITtoTep. YoMy O y TakoMy BHIAAKY
HE CIpoOyBaTH MPEACTABUTH Ty X BUXIIHY KPHBY O€3iUdi0 KpuBHX bes'e
HIDKYMX HOPSIIKIB, 00 YHUKHYTH IMX HenpueMHocTel? [Ipobnema y Tomy,
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o 3'€QHaHHS KpUBUX 13 3a0e3meveHHs M Oe3mepepBHOCTI MOXiIHUX
NOTPiOHUX MOPSAKIB € JOCHUTh CKIagHoIo mpouenypoto. Ilo-mpyre,
TPYAOMICTKMM € TaKOX JIOKajbHa 3MiHa (OpMH KpHUBOI. 37a€ThCs
OPUPOAHUM TEPEMICTHTH 3aJaHi TOYKM MOOIHM3Y 3MIHIOBaHOI IiNSHKU
KPUBOI, 1 IIHCHO, IIe TPU3BOANTE 10 Moau(ikarlii moTpiOHoi obmacTi, ane
pasoM 3 HEI 3MIHIOEThCSA 1 BCS KpuBa. 1[0 0COOMMBICTH HA3WBAIOTHh
BIIACTUBICTIO TiobampHOCTI 3MiH  (global modification  property).
I'moGanpHicTh 3MiH HeOakaHa MpPU CTBOPEHHI KPHWBUX 3anaHoi (opmu,
OCKUTBKM KpWBI 3aBXKIOW CTBOPIOIOTH 200 TPOEKTYIOTh  IUIIXOM
Oe3nepepBHOi Moaudikalii rpy6oi (GpopMH MOYATKOBOTO HAOJMKEHHSA. Y
cUCTeMax  AaBTOMAaTU30BAHOTO  MPOEKTYBaHHA  OakaHa  HASBHICTD
MIPOTHIICKHOI BIACTUBOCTI - TIOKANBHOCTI 3MiH (local modification property).

Onucani HemomKku KpuBuX bes'e moB's3aHi 3 BHOOpPOM (DYHKIIiiH
criorydeHHs. TakuM 9rHOM, HaM MOTPiOHO BHOpaTH HOBUI HaOip QyHKITIHI
CHOJIy4eHHsI, 10 MalOTh TeBHi BIacTUBOCTI. [lo-niepiue, y BU3HaYeHHS HOBOT
(OYHKILT CIIOJyYEHHS HE MMOBMHHO BXOJIUTH YKMCJIO TOYOK 71, HA BIIMIHY BiJ
¢ynkuii Bf*(t). Crymiae QyHKIHI CrionydeHHs, a OT)Xe i CTYIiHb KPHBOI,
MMOBUHHI OyTH HE3aJeKHHMH BiJ 4MClIa 3amMaHux To4dok n. Ilo-gpyre, Bei
¢yHKOii criomydeHHS MOBHMHHI OyTH BiIMIHHMMHU BiJl HyJIs TUIBKH Ha
OOMEXEHHUX MiIMHOKMHAX 3HAYCHb MapaMeTpy, NMpH YOMY AJS KOXKHOI
(yHKIT Taka MiAMHOKMHA MIOBUHHA OYTH YHIKAJIbHOW. Y I[bOMY BHIIAIKY
(hopMy CerMeHTy BHU3HAYAIOTh TUIBKA THMHU 3aJlaHUMH TOYKaMH, SKi
BpaxoBaHi (YHKLISMH CHOJYYEHHs, 1[0 MalOTh HEHYJIbOBI 3HAUCHHA Ha
JTAaHOMY CETMEHTI.

Y 1972 p. Kokc i ae Byp [3] 3ampornoHyBayii BHKOPHCTOBYBATH
¢ynkuii Nik(f), Bu3Ha4eHi pekypcuBHO. KpuBy, 10 OyAyIOTh TAKUM YHHOM,
Ha3uBaroTh B-craiinom (B-spline) i 3amucyIOTh y HACTYITHOMY BHTJISII:__

P(1)=D PNk (1), frast<ty,
- (7.17)
(1=6;)N; 31 (7)  (fisg 1) Ny (7)
+ )

Lk — L Lk —Lin

N (1)=

N;1(t) = 1akmo t; < t < t;44 0 — y IpOTUIE)KHOMY BHIIAZIKY.
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3HavyeHHS !, HA3UBAIOTh GY3106UMU - BOHH OOMEXYIOTH BiJpi3KH
3HAa4eHb IapaMeTpy, BcepenuHi AKuX (YHKLIi CHONTyYeHHS MaroTh
HEHYJIbOBI 3HAYCHHS.

7.7 NURBS kpusi

NURBS «kpuBi € pisHOBHIOM B-crmaiiny - HeomHopimgHuit
parioHabHIA B-crmmaita a6o ckopoueHo NURBS (nonuniform rational B-
spline curve) moiOHMIA 3BUUafHOMY HEOAHOPiNHOMY B-criaiiHy, OCKiIbKH
3aCHOBaHU Ha THX ke QyHKIisIX. OHAK TOYKH, IO 3a1AI0Th PALliOHAIBHUH
B-cnnaiin, BKasyloTh 3 BUKOPHUCTaHHSAM OJHOPIZHUX KoopauHat. DyHKIil
CIOJIYYEHHs 3acTOCOBYIOTh CaMe€ [0 I[MX OJHOPIAHUX KOOpJAMHAT.
Koopaunaru touku Ha kpuBiit NURBS B ogHOpigHOMY ITPOCTOPI 3HAXOAATH
3 opmym:

n

xh= Z(/I,. % )N (2);

i=0

vh= i(/li ¥ )N (2);
= (7.18)

zh= Z(hz'l)\zl\(r ;

h= N, (1).
i=0

Koopaunatn TOYKM B TPHUBHMIPHOMY TPOCTOpPI X, V¥ M Z OIEPXKYIOTh
IineHHsM x h, y h iz h Ha h, Tomy piBHsAHHs KpuBoi NURBS y BekTopHOMY
BUTJISIAI1 3aMTUCYIOTh HACTYITHUM YHHOM:

Z// p; N . (1)
p(r)="=
Zh ] ,k(/) (7.19)

Pisusuus (7.19) BimoOpaxae mactymHi BnactuBocTi KpuBoi NURBS:
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e KpumBa NURBS, 000B'SI3kOBO TPOXOIUTH dYepe3 TMepury i
OCTaHHIO TOYKH, SIKi 3a1aI0Th

e JloTM4Ha B TIOYATKOBIA TOYIl 30iraeThCs 3a HAMPSIMKOM 3
BekTopoM pl - pO, a oTuYHA y KiHIEBii TOULI - 3 BEKTOPOM prn
-pn-1.

e Pisusaas NURBS moxe ommcyBatu He Tutbk NURBS-kpuBi,
ane i 3BuuaiiHi B-ciaiinu. Kpusa bes'e € okpemMum Bunagkom
B-cnnaitny, Tomy piBassHEI NURBS Moke Tak camo onucyBaTu
kpuBi bes'e 1 pamionansHi KpuBi bes'e.

PiBusinast NURBS-kpuBoi Mae neBHi nepeBaru nepes piBHSIHHIM B-
CILIalHYy:

» ®opma B-craiiny 3MIiHIOETHCS TIPH 3MiHI KOOPAWHAT X, Y, Z TOYOK,
SIKi 3aJa10Th. TaKUM YHHOM, JUIs KOXKHOT TOUYKH, SIKY 33/1al0Th, € TPU CTYICHI
BinpHOCTI. KpiBa NURBS n03Bos1sI€ 3MiHIOBATH YETBEPTY KOOPAUHATY IS
KOXKHOI TOYKH - hi. 3'SIBISETHCS MOMJIMBICTH IPAITIOBATH 13 KPUBOIO HA
OUTbII TOHKOMY piBHI. 30UIbIIEHHS 3HAYEHHS OJHOPITHOI KOOPAWHATU
TOYKH, Ky 33JaI0Th, IPU3BOJIUTH 110 TOT0, 1110 NURBS-kpuBa nputsraerbcs
OJvpKYe 10 i€l TOUKH.

e Piusaas NURBS pno3Boiisie TOYHO BIATBOPUTH BCi KOHIYHI
nepepi3u - Koio, emimnc, mapaboiy i rinmepbomy. B-crmnaitHu, HaBmakw,
JOITyCKAIOTh JINIIE HAOJIMKEHHS 0 KOHIYHHX mepepi3iB. TakuM 4YUHOM, B
NURBS-npencrasieHdi MoKHa TMpaIfioBaTH 3 KOHIYHHMH Tepepi3zamu,
kpuBuMu bes'e, pamioHanmpHMMH KpuBuMH bes'e Ta B-craiinamm.
[TeperBopenns Beix mux kpuBux 10 NURBS Mosxe 3HauHO cCKOpoTHTH 00CAT
nporpaMmysasHs. Hanpukian, Mo)xHa Hanucaty OJHY-€JUHY IIporpamy Iuis
po3paxyHKy TOUKH nepetuHanHsg KpuBux NURBS 1 BukopucToByBaTH i1 1151
PO3paxyHKy IMEpeTHHaHb KPUBHX OYAb-KMX THIIIB, OCKUIBKM L KpHUBI
3aBXKANM  MOXYTh Oyt meperBopeHi g0 BiamoBimaoro NURBS-
HpEeCTaBICHHS.

7.8. Anpokcumaiisi NOBepXoHb

KoHrentiii KpuBUX, pO3TIIIHYTUX BUIIE, MOKHA POIIMPUTH HA OIMH
BUMIp, y Pe3yJIbTaTi 4Oro BWHAYTh BiANOBIAHI moBepxHi. Hampukian,
piBHsHHS nIoBepXxHi bes'e Oyie BUMIISAIATH TAKUM YHHOM:
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n m
P(u,v) = 22 P, iBin()Bjm(@); 0<u<1,0<v<1 (7.20)
i=1j=1

ne Pij - pamiyc-BeKTOpH TOYOK, IO TMepeOyBarOTh y BepUIHHAX
OararorpaHHuka, skuii ix 3amae (puc. 7.7), a Bin i Bjm - dysaxmii
CHONy4YeHHsI, 3BU4aifHi 1y kpuBux bes'e.

Pucynok 7.7 — IloBepxns bes’e

VY pa3i HeoOXiTHOCTI MOJIETIOBaHHSI CKIIQJHOI MIOBEPXHI TOBOTUTHCS
CTBOPIOBATH JIEKiJIbKa TTOBEPXOHB — KJIATIOTIB Ta 3'€IHYBATH iX MK COOOIO.
IToBepxHi mMOBMHHI OyTH 3'€JHAHI TAaKUM YHHOM, MI00 3a0e3MeUUTH
Oe3nepepBHICTh HA MEXI, 1O SIKil 3IHCHIOITH 3'eqHaHHA. Lle mocsararoTh
HaKJIaJEHHAM 00OMEXECHb Ha TOYKH, 1110 3a/1af0Th, SIKi pO3TalIOBaHi JiBOPYT
1 mpaBopyd Bix Mexi. OOMEKEHHS TOJIATaE Y TOMY, IO IIi TOYKH TTOBHHHI
JISKATH HA MPSMIid, 10 TPOXOUTH Yepe3 TOUKY, sKa Il 3ajla€ Ta JICKUTh Ha
3aranpHii Mexi (puc. 7.8). SIKIIo 151 BUMOTa BUKOHYETHCS, TepIla MOoXigHa
BHSIBIISIETBCS O€3TEPEPBHOIO Y BCIX TOYKAX MEXKI.

IloBepxus be3’e € nume oxpeMuM BHUMankoM B-crmaitHoBoi
TIOBEPXHI, & IEPEXOIIHN 0 OJTHOPITHUX KOOPIAUHAT TOUOK — 3 PiBHSAHHS B-
ciaitny omepkumo piBHSHHS NURBS-kpuBoi; Tak caMo piBHSHHS
moBepxHi NURBS yrtBopiorots 3 B-crmaitHoBoi moBepxHi. PiBHSHHS
NURBS-nioBepxHi ~ 4acTo  BHKOPUCTOBYIOTH Sl  BHYTPIIIHBOTO
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MNPpCACTABJICHHA KBaJAPaTUYHUX IIOBCPXOHb Yy CHUCTECMax TCOMCTPUYHOIO
MOACIOBAHHA.

Pucynok 7.8 — O6’enHanus knanotis bes’e

7.9 IlutanHs QI caMonepeBipKu

s 9oro OyayroThCs iHTEPIOJIALIHHI KPHUBi?
Io Take crunaiin? Slke Horo mpu3HaueHH:?
HageniTh piBHSHHS JIaMaHO1 JTiHi1.

Sk onucyetses crotaiid Epmita?

Sk omucyetbes cruiaita Hetotona?

Ha3BiTh 0CHOBHI BIacTHBOCTI cIrIaitHa EpMira.
Sk Oynyetbcst kpuBa bes’e?

SIki OCHOBHI BIaCTUBOCTI KpHuBOi bes’e?

. Sk Oynyerbcs B-crumaiin?

10. fIxa ocHOBHa BinIMiHHiCTh B-crutaiiny ta kpuBoi bes’e?
11. Hasgitb ocobimuBocti NURBS kpuBux.

12. SIx cTBOPIOIOTHCS AMPOKCUMYIOUi TIOBEPXHi?

XN L AW~
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8. BAPIAIIIMHI 3B’SI3KHW. IAPAMETPUYHE
MOJEJIOBAHHA

Ho cux mip reoMeTpuyHi 00’ €KTH pO3IISAAIHCA Ta 1CHYBaJH
HE3aJIeXKHO OJWH Bia ogHOro. PemaryBaHHs 0qHOTO 00’ €KTY 3BOJUTHCS [0
3MiHEHHsI 3HA4eHb MOro MapaMeTpiB, NpU LHbOMY 3HAYCHHS MapaMeTpiB
IHMKUX OO0 €KTIB HE 3MIHIOETECA. B 1bOMYy BUMAAKY KaxyTh IIPO
HE3aJIeXKHICTh 00’ €KTiB. 3 IPAKTUIHOI TOUKH 30py HAKJIaTaHHS 3B SI3KiB HA
nmapameTpu 00’ €KTy € ayxe kopucHuM. Ha Puc. 8.1 mpukian HakmamgaHHs
3B’S3KiB Ha /IBa KOJIa Ta 3aMKHEHY JIaMaHy JIiHil0 Ha TUIOIIUHI. 3aJeXHICTh
TEOMETPUYHUX 00’ €KTIB TOJIATAE€ B TOMY, IO KOJia TTOBHHHI JOTHKATHCS
OJTHE JIO OJTHOTO, JIOMaHa TIOBUHHA SIBIISITH COOOI0 TPSIMOKYTHHUK, JlaMeTpH
d i D noB’ s13aH1 Mixk CO000 KOSiIliEHTOM k, IICHTPH KiJl IOBUHHI BiJICTOSTH
Ha BIJICTaHSAX @ Ta b BiJ CTOPiH MPAMOKYTHHKA, PO3MIp TOPHU3OHTAIBHOI
CTOPOHHU TIPSIMOKYTHUKA TOBHHEH MOpiBHIOBaTH c. llepernideni 3B’ SI3Ku
NpEeACTaBICH] YACIaMH Ta anreOpaidHUMU PiBHSHHAMH, 300paKeHUMH Ha
Puc. 8.1. Eckiz aBroMaTHYHO NepeOyAOBYEThCS MPH 3MiHEHHI OJHOTO YH
JIEKUTBKOX TIapaMeTpiB, 30epirarodn CITiBBITHOIICHHS MK HUMH.

a=110
T

o

d=181
O=iw gl
a=d1+A
b= 0l + A
=30

A= LD
k=18

a= 1.0

.
g

=124 _KI
|

c=500

=181

b g2

Pucynoxk 8.1 — Bapiauiiiti 3B’ 13ku reOMETpHYHUX 00’ €KTIB

Haknmageni 3B’sI3kM  HA3WBalOThCA  BapialliiHUMK, a  Take
MOJICIFOBAHHS TapaMETPUUHUM.
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HaknaganHs 3B’A3KiB  TOJIETHIYE TIPaIl0 TMpH  MPOSKTYyBaHHI
OJTHOTHITHUX JIeTalieH, a TaKOXK TpH 30ipiii.

Bynemo mHaswBaTh 3B’SI3yr0Ui IapaMmeTpd BapialliiHUMH 3B’ SI3KaMHU.
KpiM koopauHaT TOYOK, KOMIIOHEHTIB BEKTOPiB, CKAISAPHHUX BEJIWYMH 3i
CTPYKTYpH [aHHUX TEOMETPHYHHX 00 €KTiB, mapamMeTpaMd MOXYyTb OyTu
JOJIATKOBI CKaJSIpHI BEIMYMHU Ta KOOPIWHATH TOYOK. [ HaknmamaHHS
BapialiifHUX 3B’ s3KiB, TOTPIOHO MO0 TreoMeTpUYHI 00’ €KTH HaIaBald CBOL
napaMeTpH y «30BHIIITHE KOPUCTYBAHHS» 1 IEPeOyTOBYBATHCS 1O 3MIHEHUM
mapamMeTpaMm. BapiamifHUMH 3B’S3KaMHd  MOXYTh CIYXXHUTH Oynab SKi
anreOpaidHi piBHIHHS.

KepyBanus reoMeTpuyHUME 00’ €KTaMH 3a TOTIOMOTOI0 BapialliiHUX
3B’S3KIB 3IIHCHIOETbCA HACTYNHMM 4YHHOM. BapiamiiHumu 3B’s3Kamu
(hOpMy€EThCSL CUCTEMA PIBHSAHBL BIJHOCHO MapameTpiB, M0 OEPyTh B I[bOMY
y9acTh. SIKIIO MU 3MIHWIH ASSKUIA TTapaMeTp, TO ¥ 1HIII TOBUHHI 3MIHUTHCSI
TaKUM YMHOM 1100 cHcTeMa PiBHIHD 3HOB 3a0BoIbHsIacs. [Ipo pesynbraTu
BHPIIIIECHHS CUCTEMH PiBHSIHBb TpeOa CIIOBICTUTH TE€OMETPHYIHI 00’ €KTH, SKi
MMOBUHHI Tepe0yIyBaTUCS Y 3B’ SI3KY 3 HOBUM PIIlICHHSM. SIKIIIO PiBHSHHSA €
HCNIHIMHAMU, TO iX BUPINICHHS B 3araJlLHOMY BHUIAAKY IMPOBAIUTHCT
iTepaiiHUMU ~ MeTOoJaMu. 3B’S3KM  JIOTIOBHEHI  iH(OpMAIli€l0  TIpo
reoMeTpUYHI 00 €KTH Ta TakKOX (YHKIISIMH CIUJIKYBaHHSA, Ha3WBaIOTh
sapiayitinumu 06’ cxmamu. TakKuM YMHOM B CTPYKTYpl JaHHX BapialiiHUX
00’ekTiB MoBHMHHI OyTu: iHQoOpMamis mpo 3B’s3aHI MapaMeTpH; BHUXIiAHI
3HAYEHHS IMapaMeTpiB; PIBHAHHSA 3B’A3Ky; QYHKINI [0 HaJaloTh Ta
3MIHIOIOThE HEoOXimHy iH(oOpMaIito Mpo mapaMeTpu IO BapilOIOTHCH;
¢yHKOii, oo 3MIHIOIOTH MapaMeTpd B Tpoueci pimeHHs; QYHKLI
MIOBEPHEHHSI /IO BUXIJTHOTO CTAaHOBUIIA.

PosrnsHeMo nesKki Bapiartiiiti 3B’ sI3KH.

Dikcyrouuit 36’sa30Kk. BcTaHOBNIOE 3HAYEHHS NapaMeTpy, IO He
3MIHIOETBCS B TIPOIIECI BHPIIMICHHS CHUCTEMH PiBHSAHBL. Jlo dikcyrodoro
3B’SI3KY BIJIHOCUTBCS 3aKpIIUICHHS TOYKU. B 3araibHOMY BUTIISII:

q=q©® = const (8.1)

Kinpkicte mapamerpiB B (iKCyroumx 3B’s3KaX 3aBKIOU JOPIBHIOE
KUTBKOCTI piBHSHB. TOMY BOHH MOXYTh PO3TJISAATHCS SK OKpeMa rpyma i
PIBHSIHHA 3 HUIMHU BHPILIyBaTUCS OKPEMO.
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Jdiniiinuit posmip. Hanpuxnaz, va Puc. 8.2 — JliHiiiHu# po3mip Mix
LEHTPaMHU.

Pucynoxk 8.2 — JliniiHuit po3mip MixK EHTpaMHu Topa Ta chepu.

Y BEKTOpHOMY BH/Ii 3aIACY€ETHCS:

lpz —p1l—d =0 (8.2)
A00 gepe3 KOOpIUHATH:

VO =202+ (= y1)2 + (2, —2)2—d =0 (8.3)

PiBusinns (8.3) mae micTh mapameTpiB Ta 0OHY KOHCTaHTY d. st Toro mo6
HAWTH IIICTh HEBIIOMUX, Tpeba CKJIACTU AESKi JOAATKOBI PIBHSHHS, IO
3B’S3YIOTH Ti cami TapaMeTpu. Bif 1ux J0/1aTKOBHX 3B’ I3KiB OyjIe 3amexaTH
MOBE/[IHKAa TOYOK. B aHOMY BHIIaJIKy, TAKOIO JOJATKOBOIO YMOBOIO MOXKE
OyTH CUMETpUYHE TIEPEeMIllICHHS TOYOK. To0TO, 00 MEeHTPH epeMiliamucs
B3JIOBXK JIiHIi, IO iX 3’ €aHYy€E, a MEHTP TOKIHHS 3aJIUIMIABCI 0 HEPYXOMHM.
Ile omHiEr0 YMOBOIO MOIJIa OM OyTH HEPYXOMICTh OJHOI'O 3 IICHTPIB.

Po3mip 63006d4c 00Hiel 3 Koopounam. Byne onmuCcyBaTUCS OHHUM 3 PiBHSIHB
T3 — 7] = d,

¥z — 1 =dy, (8.4)

23— 5 = d,
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Po3mip 63006d4c 3a0an020 Hanpamky. ONUCY€ETHCS PIBHSIHHSM:

|(p2 = p)m| = d (8.5)

I[e m — BEKTOp OJIUHHAYHOI AOBXKHWHH, 10 3aJa€ HAIIPAMOK

T _. .
m= [mx, my,mz] . PiBusnHHS (8.5) BCTaHOBIIOE, IO MPOEKLIS BEKTOPY
D, — P1 Ha HANIPSMOK BEKTOPY M JOpiBHIOE d.

Cymimenna mouox. OnHUCy€eThCS MPOCTUM BEKTOPHUM PiBHSIHHSM:

P2 =P1 (8.6)

Ileif 3B’ 130K BKITIOYAE TPH CKAISPHHUX PIBHIHHS

m—x =10,
=t =10, (8.7)
&g = ] = (.

Cumempia mouok eionocno niaowjunu. Ilnomuny OynemMo BBaxaTu
Hepyxomoro (Puc. 8.3)

Maoercets -
CHMMETTHN, -~
-

— N

.,

Pucynok 8.3 — Cumerpist BITHOCHO TUIOIIMHU

OnurcyeTbest BEKTOPHUM PiBHSIHHIM

r(x,y) =p+ xiy + yi, (8.8)
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A00 cucTeEMOIO:

(p1—p)-ii=(pz —p) i,
. . (8.9)
lpL=p) iz =(pz —p) iz,
(p1=p) iz+(pz—p)-i3 =0,

I[ei3=i1><i2

Kym minc eexmopamu. Hexaii € dotmpu Touku p; = [x; y; 2,17,
P2 = [x2¥2 221" . p3 = [x3¥3 231" , ps = [x4 Y4 24]" 1O X woTHPHOX
TOYKaX MOJKHA IMOOYIyBaTH 2 BEKTOPH: Py — P1 Ta P3 — Pyu. KyT MK HUMEI
BU3HAYAETHCS:

(p1 —p2) X (p3 — P4)>
a = arct 8.10)
g((P1—P2)'(P3—P4) (
OpmozonansHicms 6eKmopie
(P1—p2) " (p3—pa) =0 (8.11)
Ilapanenvnicmo éexmopie
(P1 —p2) X (P3 —p4) =0 (8.12)

OxpemMuM  BUAOM 3B’sI3KiB €  anreOpaiuHi  3B’S3KHM, IO
BCTAHOBJIIOIOTHCS MK TAKUMH BEJIMUYMHAMH SK BIICTaHi, pO3MipH Ta KyTH,
SK1 3a3BWYAl PO3TIBINAIOTECS K KOHCTAaHTH a00 BUMBHI mapamerpu. IHomi
anreOpaivyHi 3B’SI3KM BUKOPHCTOBYIOTHCA LI00 3pOOUTH PIBHUMHU JEKiIbKa
napaMeTpiB pi3HUX T€OMETPHUYHHUX 00’ €KTiB. J{JIsi bOro BBOASTH BUIbHHI
mapamMeTp i CyKyHHICTh PIiBHSHB, IO TPHUPIBHIOE TOTPIOHI MapaMeTpu
TeOMETPUYHHX 00’ €KTIB BUILHOMY ITapaMeTpy.
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IIutanns Qs caMonepeBipku

bt

N

0.

o Taxe BapiauiiiHi 3B’ A3KH Ta MapaMeTPUIHE MOJIEIIOBAHHS?
Komnm 3acTocoByeTbes mapaMeTpudHe MOAETIOBAHHS !

SIKUM YMHOM 3I1HCHIOETBCS KEPYBAaHHS 00’ EKTaMU 3a JONIOMOTOI0
BapialiifHux 3B’ SI3KiB?

1o i sk onucye Qikcyrounii 38’ 130K ?

Hagimo moTpibHi 1 SKUMU MOXKYTh OYTH JOTATKOBI YMOBH SIKIITO
BapialliiHUM 3B’ SI3KOM € JIHIHHUHN po3Mip?

SIk 3amMCy€eThCS PO3Mip B3IOBXK OIHIET 3 KOOpIUHAT?

SIk 3amMCy€eTHCS CyMITIICHHS TOYOK?

SIK 3anmCcy€eThCsl yMOBa CUMETPIi BiTHOCHO IJIOIIMHU?

Slke BU3HAYAETHCS KYT MiXK BEKTOpaMu ?

10. Sk 3ammcyeThCs yMOBa OPTOTOHAEHOCTI BEKTOPIB?
11. Sk 3ammcyeThCs yMOBa IMapajieibHOCTI BEKTOPIiB?
12. o Take anreOpaiuHi 3B’ 13Kn?
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