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INTRODUCTION

One of the types of unaided work of students is the execution of
calculation tasks during the semester. Their purpose is to develop practical
skills of students. They are designed to help students capture theoretical
material more deeply and learn how to apply the acquired knowledge to
solve practical problems. The offered typical calculation tasks correspond
to the course "Higher Mathematics" taught to students majoring in
G3 Electrical Engineering full-time in the first module of the two-semester
course.

This task book covers virtually all major sections of the first module
of the course on higher mathematics; it contains assignments for all the
topics of the course. A list of recommended literature is also provided.

Calculation tasks are executed during the semester, which provides
students with a systematic study of the course. While carrying out these
tasks, students work with recommended textbooks and manuals,
independently search for necessary literary sources and materials, analyze
them and summarize, independently research and make written presentation
of practical assignments.

The student chooses the option (the number of the variant) according
to his number in the register list. The work is done in English in writing,
preferably in a notebook in a cell. Note fields must be left blank. The name
of the subject, major, group and course, surname, first name and
patronymic of the student, name of the teacher who accepts the work
should be indicated on the title page of the work.

While performing the work, the student should solve the offered
tasks by the methods specified in the tasks, as well as make all the
necessary drawings (graphical solutions). The student must show the
acquired theoretical knowledge of the course.

When doing the work, the student can use both the lecture and
practical material, as well as the supporting literature listed at the end of
this manual. Before starting the work, it is recommended to study the
relevant theoretical material, then to understand the solutions of the tasks
that were performed in the practical classes, and only after that to start the
actual calculation work.

When evaluating a work, the indicator of its quality is, first of all,
how the student independently and correctly solved the tasks and
understood the content of the obtained solutions. That is why additional



questions may be asked to protect the student's work, including the
theoretical material presented for the exam.

Completed work is submitted to the teacher for verification and
subsequent protection in the form of an interview (usually during modular
control). The student must be able to:

— present the content of the tasks and to prove their solutions;

— answer questions about the content of the solutions obtained;

— answer additional gquestions.

If the work is successfully protected, the student receives a certain
number of rating points. If the specified requirements are not fulfilled, then
the work is returned to the student for completion, indicating the term of re-
protection.



1 LINEAR ALGEBRA AND VECTOR ALGEBRA

_ (2 -3 4]
Task 1.1. Matrices A= :
1 0 -2
2 1 —2. 0
2 0
0 -1, D=3 1|, F:{ J
4 -3
3 4 0 5
2 0 -4 3 1 2
1 3 2 |(,M=[0 -4 1] aregiven. Find:
35 0 2 0 6
1. (A+2D7)-L. 2. (B-4CT)M.
4. BT -A-2M. 5. AT-B+3L.
7.D-(FT-41). 8. C-(K"+21).
10. 2L-MT)-C. 11. (M+2L7)-D.
13. D-(21 -KT). 14. C-(2K" —F).

Task 1.2. Calculate the determinant.

1 0 2 O 1

3 2 1 -2 1 0
1. . 2.

-1 0 4 O -4 3

2 -1 0 3 2

2 0 4 3 5

01 -2 0 2 6
3. . 4,

3 6 -1 2 -1 0

0 2 0 -5 0 5

14 5
B= ,
(3 0 -2}

3. A-L-5D".
6.3C-D-K'.
9. (47 -M)D.
12. L-(8" +2D).
15. M"-D-3C.



K

i, < o) < N
Om_O o | o _0_0570_
< o ™ o« o
T < 1__a_v = | ] @ © o 4 o
™
n o
M~ I « —
o 1 o ™ ™ N T e T o T _
— ©
© o < o oOomwmo A N~NNO | P ®
. . o o\ <
({e) [e 0] — — —
S —
307__ o o uw 09_/_0_03OR_VO ~
©
ATfeeTecwTTe S To o
~
o~ o < o © NS OMmMOoO AN Mmoo O |
:_uO4 ?__6 o Oq_u092e\_0514q_U —
. . — ™ To)
Lo (e)) — — —

Task 1.3. Solve the following system of linear equations using:

a) the matrix method;

b) Cramer’s rule;

¢) Gaussian elimination.



11.

13.

15.

2X—-y—-2z=3,
X—2y-3z=1,
3X+2y+z=7
2X+2y-3z=-1,
X+3y—z=4,
4x+5y-3z=3.
X+5y+6z=1,
4x-3y—-z=6,
2X+y+Tz=-2.
3x—y—-3z=6,
X—3y—-5z=2
4x—-2y—-471=6
2X+y+4z=4,
X+5y—-6z=3,

—-2X—-4y+5z=-1.

X+2y—z=5,
7X—4y+2z2 =8,
2x—-8y+2z =-6.
X=7Ty—-9z=-2,
3X+2y+z=17,
3X-5y-72=2
—2x+3y-5z2=3
X—2y+3z=-2,

dx—-y+27=-4.

10.

12.

14.

2X+3y+2z=5,
X—2y—4z=4
3X—y+3z=2
3x—-3y-5z=4
X+y+2=2,
5x+y—-z=10.
X—y—-2z=-5,
3x+2y—-2z=-1,
2X+4y—-4z7=2
5x+2y+5z=7
3X+y—2z=9
X—2y—4z=4.
Xx—2y-3z=1,
—X+4y+5z=1
3x-3y-5z=4
3X+4y-3z=2
—X+2y-2z=3,
2X+5y—-6z2=2
3X-2y+z=3,
X+4y+6z=0,
4x-3y+4z=1



Task 1.4. Solve the system provided it is consistent.

5%, +4x, —17X; +6X, =13,
2%, + X, —5X; +3X%, =4,
2%, +3X, —=11X; + X, =8,
X — X3 +2X, =1.

X, + X, —3X3 +3X, =1,

3%, + X, — TX3 +5X, =5,
5%, +2X, —12X%; +9X%, =8,
X =X, —Xg =X, =3.

3%, + X, +10%; —2X, =5,
2%, +3X, +9%; + X, =1

X + X, +4%; =1,

X, +2X, +5%X; + X, =0.

X, +3X, —2X; +4X, =6,
2%, +3X, +2X3 +5%, =9,
5x, +20x, +5x, =15,

X — X, +6X; =2.

X, +3X, —2X5 +11X, = -9,
3%, + X, +5%X, =5,

X+ X, —2X3 + X, =1,

2%, + Xy — X3+ 3%, =—2.
2%, +3X, —5X; — 2%, =14,
X, +X; —Xg — X, =5,

3%, +4X, —6X; —3x, =19,
X, +2X, —4X5 — X, = 9.




10.

11.

12.

13.

4%, +3X, +26X%; — X, =10,
2%, + X, +12X; — X, =4,
3% +2X, +19%X; =X, =7,
X+ X, + X5 =3.

2%, + X, +8x%, =4,
4%, + X, —4Xy +14X, =6,
X, + X, +2X3 +5%, =3,

SX +2X, —2X; +19%, = 9.
3% +2X, +14X, = 7%, =17,
2%, + X, +8X; —5X%, =4,
X, + X, +6X; —2X, =3,

4%, +3X, +20x%; —9x, =10.

2%, + X, +5%X3 +2X, =5,
X, + X, +4X; =3,

3% + X, +6X5 +4X, =7,
X, +2X, + TXg —2X, = 4.
2%, + X, — X3 +6X%, =0,
X, + X, + X3 +5X, =1,

3% +2X, +11x, =1,

3% + Xy —3X; +7X, =—1.
3% + X, +10%; =2,

5% +2X, +18%; — X, =5,
X, + X, +6X53 —2X, =4,
2%, + X, +8X5 — X, =3.
3%, + X, —3%X3 — X, =5,
SX +2X, —4X; —3X, =8,
X, + X, + Xg —3X, =—1,
2%, + Xy — X3 —2X, =—3.

10



14.

15.

11

4%, +3X, + X3 —11x, =9,
X, +4X, —2X; —13%, =12,
X, + X, + X3 —4X, =3,

5%, +3X, — X3 —10x, =9.
2%, + X, +8%X5 + X, =5,

X, +2X, +10X; +5X%, = 4,
2%, + X, +8%X53 + X, =5,

3% + X, +10%; =7.

Task 1.5. Three points A, B, C are given. Find cos(éf B).
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. A(0,-13), B(210), C(1,2,-1), a=
. A(21-1), B(321), C(-231), a=

A(L,2,0), B(3-23), C(21,-1), a=2AB-AC, b = AB.

A2-11), B(12,2), C(32-2), a=BA-3AC, b=AC.

A(1,0,-1), B(2,-1,3), C(41,0), a=2AB+BC, b =BC.

A(0,-1,2), B(3,2,4), C(2,-21), a=BA-4AC, b = AB.
A(31-2), B(4,31), C(-1,01), a=AB-2CB, b =CB.

A(4,0,-1), B(511), C(1,-1,0), a=2BA+BC, b = BA.

A(210), B(3-12), C(1,0,-2), a= AB-3BC, b =BC.

A(0,3-1), B(2,2,0), C(-1,31), a=3AB+CB, b = AB

A(L-2,0), B(31-1), C(1,0,2), a=AB—4CA, b =CA.

A(4,-12), B(2,0,3), C(1,-1,4), a=2CB-AB, b = AB
. A3, 21) B(1,35), C(01,-2), a=4BA+CA, b =BA.

. A(-1,03), B(3-21), C(23, 1) a=BC-5AC, b =BC
. A1,2-1), B(411), C(2-1,0), a= AB-4BC
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Task 1.6. Find the value of a parameter p to satisfy the required
condition.
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=(2,-4,p), b =(10,-2015), and a||b .
=(-25-2), b=(3-4,p),and a L b.
=(12,18,-36), b =(8, p,—24), and a||b .
=(4,3-7), b=(-3,p,6),and a L b.
~36,-15), b =(p,~410),and a||b .
=(5-2,7), b=(p,3-2),and a L b
=(20, p,~32), b =(-15,6,24), and a||b .
=(p.5-3), b=(-237),and @ Lb.
=(~40,10,p), b =(48,-12,8), and a||b .
a=(-26,p), b=(4-2-5),and a Lb.
.a=(-56,-3), b=(20,p12),and a||b.
a=(p,616), b =(84,-2),and a Lb.
a=(-156,9), b =(20, p,~12),and a||b .
a=(-6,-43), b=(p9,4),and a Lb.
a=(20,p10), b =(-810,4),and a||b .

Task 1.7. Two vectors m and n are given. Find:
a) the scalar product m-n ;
b) the area S of the parallelogram formed by the vectors m and i .

o > W npoE

m=2a-b, n=3a+b, [a]=2, p|=3, La.b)=1n/3.
m=a-5b, n=4a+3b, [a=1, p|=2, L(a.b)=n/6.
m=4a+5,ﬁ= ~2b, |a]=3, p|=+2, Aa,b)=3n/4.
m=a+3), n=5a-2b, [a]=2, p|=1, (a,b)=5n/6.
m=3a-b,n=6a+b, [a]=v2, |b|=1 £(@b)=r/4.



15.
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m=a-2b, n=3a+4b, [a|=1, [p|=3, La,b)=n/2
m=4a-3b, n=a+5b, [a|=3, [p|=2, (&, 5)=2n/3
m=3a+2b, n=6a-b, [a=1, p|=4, La,b)=n/6
m=2a+b, n=3a-4b, |a|=2, b|=v2. Aa, 6)=3n/4.
.m=a-3b, n=2a+5b, [a]=4, o] =3, La,b)=5n/6.

. m=4a+3b, n=a-5b, [a]=2v2, p|=1, Aab)=r/4.

.m:sa—zt‘),ﬁza 70, [a]=1, [p|=3, £a.b)=n/3.

m=a+3), n=2a-b, [a=5, [p|=2, Aa.b)=n/2.
m=a+5b, n=a-2b, [a|=4, [p|=1, L(a.b)=2n/3
m=a-5b, n=4a+b, [a=2 p|=5, Aa,b)=n/6

Task 1.8. The points A, B, and the force F are given. Find:

a)

the work done by the force F that moves an object from the

point A to the point B along a straight line;

b)

‘-°.°°.\‘.°‘.U".4>.°°!\JP

10.

the magnitude of the moment M of the force F , applied at the
point A, with respect to the point B .
F=(21-4), A0-13), B(210).
F=0-23, AlL2-5), B(3-3-2).
F=(43-2), A(- 3,1), B(2,4, 3).
F=(-26-3), A47-5), B(65-1).
F=B-52), A(-213), B(541).
F=(3-21), AL-52), B(4-13).
F=(-742), ABL-5), B(63-2).
F=(5-38), A>-46), B(5-37).
. F=(-32-5), A45-1), B(52.2).
F=(4-12), A-213), B(-42).



11.
12.
13.
14.
15.

F=(23-1),
F =(6-30),
F=(61-1),
F =(-234),
F=(5-12),

14

Task 1.9. The tetrahedron is given by its vertices A, B, C,and D.
Find the altitude from the point D to the base ABC.
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A(2,-4,-3), B(-2,-37), C(-1,-2,7), D(-3,-1-8).

A(135) B(312), C(5,311), D(6,5.).

A@4,-7), B(-35,3), C(-26,3), D(2,7,-12).

A(-1,-2,-1), B(-1,-6,-9), C(3,-4,-6), D(7,-7,-4).

A@,-16), B(5,-2,-4), C(4,-3,-4), D(6,-4,11).

A(-38,-6), B(-510,-3), C(-7,8-12), D(-8,6,-2).

A(L4,-4), B(5,3,-14), C(4,2,-14), D(0,1.1).

A@L-15), B(6,6,9), C(10,9,7), D(3,10,2).

A(3-10), B(-2,-8,-4), C(-6,-11,-2), D(1,-12,3).
A(4,-3-6), B(2,-1-3), C(0,-3,-12), D(~1,-5,-2).

. A(6,-1-4), B(41-1), C(2,-1,-10), D(1,-3,0).

. A(0,4,7), B(4,3-3), C(32,-3), D(-1112).
A(3,0,-3), B(34,5), C(-12,2), D(~55,0).

. A(32,2), B(8,9,6), C(1212,4), D(513,-1).

. A(-15,2), B(-11-6), C(3,3-3), D(7,0,-1).
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2 ANALYTICAL GEOMETRY

Task 2.1. Let ABC be a triangle with the vertices at the points A,
B and C inthe xy—plane. Sketch the drawing. Find:

a)
b)
c)

d)

D
~

© 0N kD
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the length of the side BC and its equations;

the equation of the median AM from the vertex A;

the length of the altitude AH from the vertex A and its
equation;

the equation of the line | passing through the point A parallel
to BC;

the tangent of the angle B .

2
A(6,3), B(12), c(4,—2).
2
5

Task 2.2. The points A, B, C and D are given. Find:

a)

b)

the equation of the plane (ABC) in the intercept form and sketch
the drawing;

the equation of the line |, passing through the point C and being
parallel to the line AB;
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c) the equation of the plane passing through the point C and being
perpendicular to the line AB;
d) the equation of the line I, passing through the point D and

being perpendicular to the plane (ABC);

e) the equation of the plane passing through the point D and being
parallel to the plane (ABC);

f) the distance from the point D to the plane (ABC);

g) the point P of intersection of the line I, and the plane (ABC);
h) the angle between the lines AB and CD ;

i) the angle between the line CD and the plane (ABC).

A(-6,4,3), B(6,3-2), C(013), D(818).
A@l3-1), B(2,-5,2), C(3-1,-1), D(3,4.1).
(-7,3.2), B(5,2,-3), C(-1,0,2), D(7,0,7).
A(2,0,-2), B(0,-2,1), C(4,-4,1), D(8,6,-2).
A(2,3,0), B(-15,4), C(4,5-1), D(~16,0).
A(4,3-1), B(1,4,3), C(4,4,-3), D(5,7,-2).
01,

)>

3

A(-8,2 1) B(4,1,-4), C(-2,-11), D(6,~2,6).

A21,-3), B(-121), C(2,2,-5), D(35-4).

), B(-33,2), C(2,3-3), D(-3,4,-2).

A(26,2), B(-14,4), C(4,4,-1), D(355).

A(33,4), B(4,48), C(4,36), D(4,6,3).

. A(5,4,0), B(2,54), C(55-2), D(6,8,-1).

. A(333), B(5,45), C(4,43), D(25,6).

. A(2,3,2), B(354), C(L5,2), D(L,2,5).

. A(2,3,0), B(-15,4), C(4,5-1), D(-16,0).

© oo N kD
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Task 2.3. Reduce the equations of the curves to their canonical
forms. If the curve is an ellipse or a hyperbola find its center and its semi-
axes. If the curve is a parabola find its vertex, the intersection points with
the coordinate axes, the equation of its axis of symmetry. Sketch the
graphs of the curves.



. @) 9x? +4y® —54x+16y+61=0;

b) 4x? —25y% +16x+50y —109 =0

¢) x*+2x—8y+9=0.

. @) 25x%+9y? —100x+54y—44=0;
b) 4x? —25y% +24x—-50y—-89=0;

¢) y>-8y—-2x+12=0.

. @) 36X2+9y? —72x+72y-144=0;
b) 25x? —16y* —250x—128y—31=0;
¢) x*—6x—-6y—15=0.

. a) X2 +16y% +4x-192y +564 =0;

b) 4x? —49y? —64x—98y+11=0;

¢) y?+10y—-8x+73=0.

. a) 252 +16y? + 250X —64y+286 =0
b) 9x? —64y? —18x—512y —-1591=0;
¢) x*+4x+10y+34=0.

. @) 36x2+25y%+216x—250y+49=0;
b) 9x? —4y? —36x—48y—144=0;

c) y?-12y—2x+44=0.

. a) 25x?+36Yy%+250x—288y+301=0:
b) 9x? —4y?—72x—40y+8=0:

¢) x?—2x-12y-59=0.

. a) 4x*+36y%—64x+144y+256 =0
b) 49x* —9y? +98x+126y—-833=0;
c) y?+6y+4x-11=0.

. a) 64x% +16y? +640x—32y+592=0;
b) 9x* —81y? —54x —648y —1944 =0;

17
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c) x?+8x—6y+22=0.

10. a) 9x* +4y?—108x+56y+484 =0;
b) 100x? —25y? +1200x —100y +1000 =0;
¢) y?—4y—14x-10=0.

11. a) 100x* +64y? +800x —640y —3200 =0;
b) 49x* —16y° +294x+64y—407 =0;
¢) x?—12x+8y+76=0.

12. a) 25x% +4y?—350x+16y+1141=0;
b) 16x* —4y* +96x+40y—20=0;
¢) y>+18y—4x+97 =0,

13. a) 49x% +25y? +784x—150y +2136 =0 ;
b) 64x* —4y® —768x—40y +1948 =0 ;
¢) x?+4x—-6y+32=0.

14. a) 16x% +9y? +128x-18y+121=0;
b) 49x* —16y? —588x —32y +964 =0
c) y>—6y+4x+17=0.

15. a) 81x* +49y* +1134x—392y +784 =0;
b) 4x* —64y? +16x+384y—-816=0;
¢) x?—10x+2y+31=0.

Task 2.4. Reduce the equation of the surface to the canonical form.
Determine the type of the surface and sketch the drawing.

1. a) 9x? +4y? +362% -18x+16y—2162+313=0;
b) y?—2y—-10x+11=0.

2. a) 4x* +9y* +362° +8x—54y +2882+625=0;
b) 9x? +36y* —4z% —36x+72y—24z=0.



10.

11.

12.

13.

14.

15.

19

a) 36x2+9y? +47° +72x—-54y—-162+97=0;
b) 9x? +4y? —18x+24y+9=0.

a) 4x*+36y° +92° +24x -T2y +362+72=0;
b) 9x* —4y?+36x+8y—4=0.

a) 36X2 +9y? +47° —144x+54y+322+253=0;
b) 9x? +4y? —362%—36x+24y+36=0.

a) 9x* +4y% +362° +36x+32y—2162+388 =0;
b) y?—6y—10x+39=0.

. @) 36x?+4y?+97° +144x—32y—542+253=0;

b) x?+y®+8x—2y+8=0.

a) 9x° +4y% +362° +72x—-16y +2162+448 =0;
b) 4x? +y? —4z° —-8x+4y—8z=0.

a) 9x* +36y? +4z° —36x—216y—322+388=0;
b) 36x* +4y?—92%—72x+8y—-362-32=0.

a) 4x?+9y?+3622 —24x+36y—2882+612=0;
b) y*—4y—-8x—6=0.

a) 9x* +36y? +4z% —36Xx+288y+24z+612=0;
b) 9x* +4y? +36x—32y+64=0.

a) 36X% +9y? +47% +216Xx—72y+247+468=0;
b) x?+y?—6x+2y+6=0.

a) 4x?+36y%+92% —32x+216y—362+388=0;
b) x?+9y?—9z% —4x+36y—182+31=0.

a) 9x* +36y? +4z% —54x+288y—247+657 =0 ;
b) x?—4x—6y—-8=0.

a) 4x?+9y?+3622 —24x—36y+2882+612=0;
b) 9x% +4y? +18x+40y+73=0.
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3 LIMITS OF FUNCTIONS OF A SINGLE VARIABLE AND THEIR
DIFFERENTIAL CALCULUS

Task 3.1. Calculate the limits.

2x%—x—-21
24 x-6
b) lim 4x3 —2x +8x-2
x=0o 33X+ 7X+1
5x* —Xx+8
¢) im ————
x>0 4X? +6X+3
d) fim 8—x+2x%
x—0 X5 —4X+2
&) lim 2— \/3x+
x>1 x2 4 x—2
3.4) fim 4x? +16x+12
x>-3 2x%2 +2x—12

1.a) lim
x=>-3 X

b) lim

X% +4x% +9x—-11

x>n  x?_13x+4
-12x+1
c) I|m _—
xo® 5x2 —x—1 "
_ 54+3x-3x°
d) lim ————;
) x> —x3 4+ x% -3
vJ1-8x -3
e) lim ————
x>-1x2 —4x—5
5.4) lim 3x2 +3x-18 ;
x>22x° —-10x +12
3 2
b) lim —2x°+3x°+11
x> 2% +14X+2
3% +x+1

¢) lim
x>© 3x% —5X+4

.a) lim

2x% —8X+6
x>13x%2 +9x—12
b) lim 5x* —T7x+17
x>0 11x3 +x-1
Ox% —4x +11
¢) lim —
x—o BX° —X—-1
4+x+3x%

d) lim ;
gl x*—x¥+7

2—+2-2X
e) Iim ————.
x—>-1 X v

. X2 —6x—7
lim —
x>-13x“ -12x-15
VL) 32
b) fim X :—2X 3x 12
xow  4X" +17x° +13
5x% —7x+11
¢) im —————
x>e X2 4+ 4X+13
11+ x+x2-2x3

.a) lim

d) lim ;
) x* —4x® +x+3

J1-5x -4

e) lim ——
x>-3 X2+ X—6

Bx2 —20x+15 _
x>34x2 —20X+24
oxt e xP43x?-1
b) lim 5 ;
x> XS4+ x-11
8x% +2X+7

¢) lim —; ;
x>n 3X° +7X+1



8—2x+x3+x*

d) lim
x> 2%° + x*

&) lim 5- \/8x+
x>3 X% —5X+6
7.2) lim Ef_igﬁ_i
x>-24%x% —8x—-32
b) lim 2x3 —6Xx+2 .
x>e X2 —4X+2

2x? +2X+7 .

¢) im ————
x>0 4X% —5X+6
—1-x—x?

d) lim —————
o x3 4 x? + x+1

&) lim 3-v2x+5
-2 X2 —6X+4
0.4) lim - X12
x>42x° -10x+8

Xt —x3+2x% —x+

b) lim

—3x%4+2°

1.

x>n X2 4+15X+7
2x% —X+5
¢) lim ————
x—o Ax? +3x+1"

d) fim 7+3x—x?
X—>0 2X
2— \/2x—2

e) im ———.
x>3 X2 —4x+3

2
11.a) lim LXZ-
x—>-2 3x% +15x +18

b) lim

7x? +9x+3
0 lim ———=
xoe 4x% 45X +2

X2 —4x+2’

xX>—x3-7x-2
x> —x* 4 2x2 411"

21

2
d) lim 8—X+2X
x> X° —4x+2
&) lim 3- \/4x+
x>2 X2 —5X+6
8. a) lim 3x?2 —15x+18 .
x>2 4x% 12X +8
b) lim 3x3—7x2 +3.
x>0 2x2 —3X+3
3x? +3x+8
¢) im ————
x>0 5x2 —4x+7
d) fim 1-2x—3x2 1
x> x3 4+ 3x2 +4x+1
2—6+X
e) im —
x>-2x2 —2x—16
10.a) li Imm
x>32x% —8X +6
b) lim x4 +3x% +2
x>0 2%% + X2 +16X+8
Q) |,mx—+6
x—>o 5x% 44X 42
5+ x—3x° .
—2X+4'

d) lim
x—o 4x* 4 X

&) lim \/1+2 -3
x4 X2 —5x+4
2x% —6x+4
x-13x% —12X+9
b) lim x> +32x +X+1.
xow  X*—-3X—-5
_ Bx+11x+1
) lm ———
x>® 6X° +3X+4

12. a) lim



_ 4
) lim 27X
x—0 3x° —7x* +1

&) lim VX+3-2

x>1 X2 —4x+3

13.a) fim w
x>-14x2 +12x+8

X° +x2 -11x+4

b) lim

9x? —2x+11

¢) im ————
x>e —3x% —8X+4
d) fim 4+4x—x? )
x>0 2% +4x—11"

&) lim \/4x -2
x->2 x? —3x+2

x>4 X2 —3x—4

b) lim

x>0 —5x2 _7x+11

XX -3 AT

xom  —2X2 —4X+2

5x% +3X+5
¢) lim 2X X+
x>0 X2 —3x+1

3+4x-2x% +x°

d) lim

V1-2x-3
e) im ———

x>-4 X2 45X +4

x>0 2x° +3x% +2x -1

22

 A—x%+ X3
x—o X* —5x° +3

&) lim 4-+10-3x

x>-2 X2 +5X+6

14. 3) ||m232_—9x+26
X— X" =X

3x° —x*—9x+2

b) lim 5 ;
x>0 —7X* —9x+13
8x%* —3x+10
¢) im ———
x>0 —2%x% —9X+5
d) lim —3+2x—x2
x> —x* 4+ 5x — 1
2—4/1-3x
e) lim —

x>1x% +3x+2

Task 3.2. Use the most important limits to calculate the limits.

1.a) lim ————; b) lim
2X+5

1-cos8x . (2x—4)2x_1
x—0 3xtan5x X—> '



C0S3X —C0S5X

2.a) lim -
-0 XSin2X
_arcsin4x?
3.a) im——;

x-0sin x tan2x ’

. 1-cos4x
4. a) Ilm _— y
x—=05in 2Xarctan4x

2
5.a) lim M-

x>0 COS7X —COSX

6.2) lim 5" xIn(1+5x) .
x>0 1-C0s5X

7.2 lim 2x_|n(1+ 5x) ,
x—=0 arcsin 3X tan4x

) !e” —1!sin 3x
8.a) lim :
x=0 tan xarctan2x

1-cos3x
9.a) im——;
x—0 2Xarcsin4x

10. a) lim co§5x—c.033x ;
x—0 ‘e X —1iS|n 5x

11. a) lim sin2xtan4x
x—0 1-—c0S2X

12.3) fim &M 2xIn(1+ x);
x—0 sin 3X tan4x

2%
13. a) lim (&% ~Lpansx .

x>0 arcsin3xtan2x |

14. a) lim 1-cos5x. :
x—0 X arctan2x

COS2X —COS3X

15. a) lim :
)X—>0 (e —1)px

X _1)2x+1

>
+ 4+
W -
N
>
+
-

23



Task 3.3. Differentiate the following functions.

1.0) y=33/x? —5x° +i4+8e ;
X

VX2 —2x+3

b) y=arcsin4x-cos® 4x — s
c) y=(sin3x)""™; d) x?—y?+3x—y=0.

2.a) y= 5\/_+x +£+sm5

b) y = x® + x—11.eeo - _tantix .
In(x2 +3)’

c) y—(cost)ex ;d) X2 +y2—2x+6y=0.
3.a) y=3) -3 X +215I17;
x°

2 —
b) y = arccos2x - tan? X+M;
7smx
c) y=(n2x)";d) x> +y?—x+4y=7.

4. a) y=5§/x_7+§x6—i4+e3;

2X

b) y = W ghnx _ arcsm2x

“cos?4x

¢) y=(In3x)% ; d) x2+§y2+6x+y=0.
5.a) y=5Jx +4x* —%Jrarctanl? ;
X

VX3 +x+1

3Inx !

b) y =arctan3x-sin®2x —

c) y=(x3+15)tanx :d) %x2+3y2+2x+6y=0.

24



6. a) y=3%+3x5+£5+17arcsine;
X

b) y=|n(2x+5)-tan34x—m;
sin® x
c) y=(arctanx)X2 ;d) x*+y®+4x-3y=0.
7.a) y=57\/x1°—x6+i5+ln15;
X

s VX' HBXE 41

b) y=tan4x-e . ,
52

c) y=(x3+5x—17)tanx d) x*+2y2-3x+6y=0.

8.a) y=48/x° + 2x1 _2 12tnlZ,
x° 13

_ 3
b) y =sin(x2 —3)-tan2 X—M;
arcsin 2x
c) y=(tan3x)® ;d) x*+y2—3x2+8y =0.

9.2) y=3§/7+3x5+4i4+ e+6;
X

Vx®=x+10

b) y = tan® 4x-arccossx - —————;
e

X“+5

c) y = (arctan3x) "> ; d) %x“ —2y?—3x+4y=0.

10. a) y=5§/?—§x12—%+89;
4 3x

x2-2x+3

b) y =/3x? —4x+1-In%3x ;

tan7x

0) y=(n(5-3x))**; d) x° +%y3 +2x—4y =0.

11. a) y=6§/7+3x7—7i7+tan3e;
X

25



12.

13.

14.

15.

_ 2
b) y=sin34x-ln4SX——“2X+3;

etanx
¢) y =(cos2x)*"™; d) %XZ —2y? +7x+6y=0.

a)y=8‘{/7+3x5—£_ € .

3x® tan15’
b) y = Vx*—Bx” + 2x 3.1 - ALK,
In(x+7)

c) y =(tan5x)*"™; d) x? +%y2 —2x—-14y =15.

a) y:5§/?+3x4—7i7+ln17;
X

2 —_— —
b) y =arccos2x-tan® 5X—M) -

sinx !

e
c) y=(|n3X)7X2_2;d) x*+y%—6x+9y=0.

a) Y=gﬁ+ X' +5L5+\/8e+5;
X
b) y= In(4x2 +3x—2)-sin2 oy arctansx
cos(5x +1)

c) VZ(X3+X2+5)X od) X3 +y®—3x2 -6y +7=0.

a) y=53x® +5x - 110 +arctan25;

5x
2 J—
b) y =—arccos3x-tan* 2x +—“2X+X7 ;
In(3x-7)

c) y=(arctan3x)"*; d) x®+y* —6x+4y=4.
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Task 3.4. Find the first and second derivatives of the parametric
function.

. {x=4(t—smt), , |x= 6t —t—7,
" |y=4{-cost) y =t° +11t.
3 x = 2sin’t, =Int,
|y =2cos’t y=t° +—
=t* 2 X = 3sin 2t
5 X=t"+2t°, 6.
y =arctant. y= 4cos t
X =sin 2t, 8. X =
y =Cos2t. y= 1+e
{x=tsin 2,
10.
y = 2tcos2t. y= 5+ In 2t.
x:4cos£, X = CO0S2t,
11. 2 12.
y=e?. y=1-sint.
t2
X=—+1,
13. 2 t +1
y =In(t+1) y = 2arcctgt

2+t
15. X=e ,
y =In(2t+1).
Task 3.5. Applying L’Hospital’s rule find the following limits.

2 ~a5X
1. lim X =27 2. lim _aNX

x->08iN X —X

1
3. Iim (E—arctanx) Inx. 4. lim [ex —1}x )
X—00 X—>00
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X =22 —x+2 . XCOSX—sin X

5 Iim———. 6. lim ————.

-1 x> —7x+6 x>0 X
7. lim SOSNX=1 8. lim —2nX
x>0 1—C0osX % tan3x
2
9. Iimo(l—cosx)cotx. 10. lim xsin(éj.
X—> X—0 X

11. Iimow. 12, Iimll_—x.

x>0 4X—sin X x> 1—sin(ﬂxj
2
1—4sin2(”6XJ In(x+3)

13. lim ————~2. 14, lim X2
x—1 1—X X—>00 /X+5
1+ 2x+1

15. Iim ——.

X212+ X +X
Task 3.6. Sketch the graphs of the functions.
2x° x3 5x
1. = . 2. = . . =
y X—3 y 2x+1 y (x -1y
3 x3+1 1
4, y=2X+— = . y=X——
x3 (x+1) x*
1-x° 2x+5 1
7.y= . 8. y= . = -X.
Y x* —4 x*+1 X° +2
4—x? X+3 , 8

10. y= 11. y= 12. y=X"+—.

R y x®+8 Y x3
2 3 2
- X X 2—X

13 = 14 = 15 =

Y= x+a Y =%C Y (x-1)°
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4 DIFFERENTIAL CALCULUS OF FUNCTIONS OF SEVERAL
INDEPENDENT VARIABLES

Task 4.1. Find and sketch the domain of definition of the function of
two variables.

2 2
1 7=V X Y
In(x—3)
2. z=In(4-x? —y?J+Jx+1.

[ _ 2
3. z:zg—y_
X°—6X+5

4. z=arcsin(x+1)+31-y .
5. z= arccoi3+ x? )+ In(l+y).
6. z=cos(xy+1)++/x—y? .
7.z=m@6—x2—yﬁ+—l—.
X—y
cos(x+y)
J16—x% —y?
Va-x?
9.z2= :
In(x? 1)
10. z=/2+6x—-2y —log,(x—y).
11. z=arccos(l+x—Y).
12. 2=41-x2 +y2 +e**".
13. 7= [5_ y — 2arcsin(x) .
14, 7= NGx=y)
2X+3y—6

15 7= VA=Y’

_4_X2_y2 '

8. z=



Task 4.2. The function z = f(x,y) is given. Find dz .

1. z=In(5+xy)+3x* +7y.

2. 2=5e""% _2xy + x+7y.

3. z=In(5—x+3y)+arctan(xy).
4. 7= sin(x2 —4xy)+ cos(x—y).
5. z=eXV" 4 7y%x.

6. z=tan(x+y)+2x* +y?.
7. —e§(2x2+y4).

cz2=5+x3y+7y? —3xy.
9. z =arcsin(xy)+In(x+3y).
10. z=e*¥In(xy+1).

11. z=S|n(x +OXy -y )
12. z =tan(x )cos(y +1).

3
13. 2 =%+15In(5x+3y).

. - 2
14. z =arcsin(x+y)+e> Y

15. 2= xJy +5(x+ y)+11x%y?.

Task 4.3. Find the derivatives of composite functions:

92,2,
av
dz

) )—
1. a) z=sin(yx2), x=+2u-v, y=+uv;

b) z=eY2 x=sin2t, y=cos3t;

c) z=xe”, y=In(2x-3).



a) z= , x=sin(2uv), y=uv;

Y2 axy

b) z=In(x+y-1), x=%, y =tant;
c) z=3Yx+xy?, y=2"3,

.a) z=,/y-2x, x=arctan(uv), y =u’e";

b) z=%, x=e’" y=cos’t;
X2 +y

c) z=yh(x+y) y=Ix*-x+7.

. u u?v?
.a) z=smh(y\/;), x=m, y=e ;

b) z=arcsin(3—x+4y), x =cost?, y =tant;

c) z=sinxcoshy, y=cot(2x+1).

. a) z=i2, x:ln(3u+v2), y =coshuv;
yX

b) z=e®"" x=arctant, y=cosvt;
c) z=sin(2y)e*, vy =tan(x2).

.a) 2= yx+ Yy +x, x=15u?v, y=cosuv;

b) z =arcsin(x—y), x=ti2, y=Int?;

c) z=sin(y\/;) y = cot(3x +4y).

u(l+v)

.a)z=2_—x,x=e , y=In(3-u+2v);
Xy

b) z:sinh(xyz), x=It, y=3t2-1;

3,2-X

c) z=y%**, y=tanx?.

.a) z=arccos(xy), x=5"+v?, y:i;
u+v
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b) z=|n(x2+ﬁ), x=arcsint, y=
c) z=sin§, y =4/5x+2.

%, X =sin(\/W), y =2

1
i

9.a) z=In

b) z=sin(l-2x+3y), x=v1-t?, y=13+12t;

c) z=tan(xy), y:ﬁ.

10.a) z=cot(x+y), x=In(u+v), y=ui/v;
b) z=xsiny?, x=arcsint, y =Int?;

c) z=sinh(5xy), y=e*>
11. a) z=sin(x+y2), x=e", y=|n(u+v2);

b) z:arccos(yz—x), X =~t2+3t, y:ﬁ;
+
) z=y(x+y) y=sinh2x.
12.a) z =,/y tan3x, X:In_v, y=UuJv;
u

t2
b) Z:ex+lly, X:m, y:COS\/E’

c) z=x%Iny, y=arcsin(x+1).

13.a)z=tan(x—y) X =UCOSV, y—\/u v,

b) z=2Y"2*" x=Int, y=+/cost

c)z:sinh(x2+y2), y=\/_ g
X +

14. a) z:sin(l—xz—yz), X=vsinu, y=ucosv ;
b) z=arctan(x+2y), x=2sin3t, y=3c0s2t ;

c) z:ln(x+ey), y=tan(2—3x3).
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15. a) Z:em, X=U21’V+u, y:2u72v;
b) z=arcsin(l—xy), x=e'", y=t—2tant;
c) z=x(xy —siny), y=2(5+x2).

Task 4.4. Examine z = f(x,y) for maximum and minimum values.

1. z=x%+8y® —6xy+5.

2. 7=1+15x—2x* —xy—2y>.
3. z=1+6x—x*—xy—y>.
4.2=x° +y* —6xy 39X +18y +20.
5.2=2x"+2y°> —6xy+5.

6. z=3x%+3y’ -9xy+10.

7o z=x +xy+y +x-y+1.
8. z=4(x—y)-x>—y2.

9. z=x*+xy+y? —6x-9y.
10. z=6(x—y)—3x? -3y2.
11. z=x3=3xy+y°.

12. z=(x—-2)° +2y?-10.
13. z=2xy—2x* -4y,

14. z=(x-5) +y* +1.

15. z=xy(12—-x~y).
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Appendix A

Table A.1 — Equations and Graphs of Quadratic Curves

The type
of the Equation Graph
curve
y
: (x=%)°  (y=¥5)°
Ellipse azo + b20 =1
(x=x%)° (y-vyo)° 1
a2 b2
Hyperbola
(-vof (%
b? a?
(v =¥o)* =2p(x=x,),
the equation of the axis
of symmetry is y=y,
Parabola
y
(y=vo)* ==2p(x =), | -
the equation of the axis | y t-----
of symmetry is y =y, J : X
0] Xo




Table A.1 (continued)

The type
of the Equation Graph
curve
y |
(X_Xo)2:2p(y_YO)’ U
the equation of the axis | y | ----)
of symmetry is x = X, . X
X
Parabola % 0
y
(x=%,)* ==2p(y ~ o),
the equation of the axis | y |----,
of symmetry is X =X, m X
ol I X1
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Appendix B

Table B.1 — Canonical Equations of the Second-order Surfaces and
their Graphs

The type ]
of the surface Equation
. . XZ y2 22
1 | Ellipsoid ¥+b_2+c_2=1
9 Hyperboloid X_2+y_2_z_2:1
of one sheet 2 b2 ol
3 | Hyperboloid X_2+y_2_ﬁ:_1
of two sheets 2 b2 2
z
.
Second-order X2 y? 2%
4 cone ¥+b—2_c_2_0 N\
x2 y?
e | Elliptic LD s
paraboloid P q
(p>0,q>0)




Table B.1 (continued)
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The type .
of the sgrpface Equation Graph
x? y?
Hyperbolic L A 27
paraboloid P Q
(p>0,9q>0)
z
. 2y T
Elliptic cylinder ¥+F=1
Hyperbolic X—Z—y—z—l
cylinder 22 b2
Parabolic X2 =2py
cylinder (p>0)




Appendix C

Table C.1 — Table of Derivatives

(u =u(x) is a differentiable function)

=

.(c) =0, C—const ;

11. (tanu) = L

cos’u

,: : 12 ':_ . ';
2. (x) =1; (cotu) el
3 (un)'zn.un—l.u/. 13. (arcsinu) = L v,
' ’ 1-u®

r 1 ' 1
4. Wu)=——u': 14. (arccosu) =— -u';

(u) 2Ju - ( ) 1-u?

! ’ 1 ,
5. (a“) —a"-Ina-u’,a—const: | 15. (arctanu) SETT -u

' a0 1 .
6. (e“)zeu.u'; 16. (COt 1U) =—1+u2'U ;
7. (log,,u) = LIS 17. (sinhu) =coshu-u’;

u-lna
8. (Inu) EITE 18. (coshu) =sinhu-u’;
u
9. (si )’— & 19 (tanhu)'z—1 '
. (sinu) =cosu-u’; : Py
' 1

10. (cosu) =—sinu-u’; 20. (cothu)' =— u'.

sinh?u
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