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INTRODUCTION 

 

 One of the types of unaided work of students is the execution of 

calculation tasks during the semester. Their purpose is to develop practical 

skills of students. They are designed to help students capture theoretical 
material more deeply and learn how to apply the acquired knowledge to 

solve practical problems. The offered typical calculation tasks correspond 

to the course "Higher Mathematics" taught to students majoring in 
G3 Electrical Engineering full-time in the first module of the two-semester 

course. 

 This task book covers virtually all major sections of the first module 
of the course on higher mathematics; it contains assignments for all the 

topics of the course. A list of recommended literature is also provided. 

 Calculation tasks are executed during the semester, which provides 

students with a systematic study of the course. While carrying out these 
tasks, students work with recommended textbooks and manuals, 

independently search for necessary literary sources and materials, analyze 

them and summarize, independently research and make written presentation 
of practical assignments. 

 The student chooses the option (the number of the variant) according 

to his number in the register list. The work is done in English in writing, 

preferably in a notebook in a cell. Note fields must be left blank. The name 
of the subject, major, group and course, surname, first name and 

patronymic of the student, name of the teacher who accepts the work 

should be indicated on the title page of the work. 
 While performing the work, the student should solve the offered 

tasks by the methods specified in the tasks, as well as make all the 

necessary drawings (graphical solutions). The student must show the 
acquired theoretical knowledge of the course . 

 When doing the work, the student can use both the lecture and 

practical material, as well as the supporting literature listed at the end of 

this manual. Before starting the work, it is recommended to study the 
relevant theoretical material, then to understand the solutions of the tasks 

that were performed in the practical classes, and only after that to start the 

actual calculation work. 
 When evaluating a work, the indicator of its quality is, first of all, 

how the student independently and correctly solved the tasks and 

understood the content of the obtained solutions. That is why additional 
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questions may be asked to protect the student's work, including the 

theoretical material presented for the exam. 
 Completed work is submitted to the teacher for verification and 

subsequent protection in the form of an interview (usually during modular 

control). The student must be able to: 
 –  present the content of the tasks and to prove their solutions; 

 – answer questions about the content of the solutions obtained; 

 –  answer additional questions. 

If the work is successfully protected, the student receives a certain 
number of rating points. If the specified requirements are not fulfilled, then 

the work is returned to the student for completion, indicating the term of re-

protection. 
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1 LINEAR ALGEBRA AND VECTOR ALGEBRA 

 

Task 1.1. Matrices 













201

432
A , 












203

541
B , 



















43

10

12

C , 


















50

13

02

D , 











34

02
F , 










05

13
K , 























053

231

402

L , 


















602

140

213

M  are given. Find: 

 

1.   LDA T  2 .  2.   MCB T  4 .  3. TDLA 5 . 

4. MABT 2 .  5. LBAT 3 .  6. TKDC 3 . 

7.  IFD T 4 .  8.  IKC T 2 .  9.   DMLT 4 . 

10.   CML T 2 .  11.   DLM T  2 .  12.  DBL T 2 . 

13.  TKID  2 .  14.  FKC T  2 .  15. CDM T 3 . 

 

Task 1.2. Calculate the determinant. 

 

1.   

3012

0401

2123

0201






.  2.   

5020

1134

0201

3012




. 

3.   

5020

2163

0210

3402






.  4.   

3050

0401

2162

0253






. 
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5.   

2050

2394

0170

3105







.  6.   

2013

0508

1452

0306









. 

7.   

5080

1639

0106

5042







.  8.   

4030

0705

5621

0134







. 

9.   

7040

9153

0320

1807









.  10. 

8030

6275

0420

1203









. 

11. 

3025

0803

1732

0609







.  12. 

5010

0302

4927

0852









 

13. 

4010

0703

6594

0231




.  14. 

4090

2138

0205

7056





. 

15. 

2031

0502

4621

0708




. 

 

Task 1.3. Solve the following system of linear equations using: 
a) the matrix method;  

b) Cramer’s rule; 

c) Gaussian elimination. 
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1.  














.723

,132

,322

zyx

zyx

zyx

  2.  














.233

,442

,5232

zyx

zyx

zyx

 

3.  














.3354

,43

,1322

zyx

zyx

zyx

  4.  














.105

,2

,4533

zyx

zyx

zyx

 

5.  














.272

,634

,165

zyx

zyx

zyx

  6.  














.2442

,1223

,52

zyx

zyx

zyx

 

7.  














.6424

,253

,633

zyx

zyx

zyx

  8.  














.442

,923

,7525

zyx

zyx

zyx

 

9.  














.1542

,365

,442

zyx

zyx

zyx

  10.














.4533

,154

,132

zyx

zyx

zyx

 

11. 














.6282

,8247

,52

zyx

zyx

zyx

  12.














.2652

,322

,2343

zyx

zyx

zyx

 

13. 














.2753

,723

,297

zyx

zyx

zyx

  14.














.1434

,064

,323

zyx

zyx

zyx

 

15. 














.424

,232

,3532

zyx

zyx

zyx
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Task 1.4. Solve the system provided it is consistent. 

 

1.   





















.12

,81132

,4352

,1361745

431

4321

4321

4321

xxx

xxxx

xxxx

xxxx

 

2.   





















.3

,891225

,5573

,133

4321

4321

4321

4321

xxxx

xxxx

xxxx

xxxx

 

3.   





















.052

,14

1932

,52103

4321

321

4321

4321

xxxx

xxx

xxxx

xxxx

 

4.   





















.26

,155205

,95232

,6423

321

421

4321

4321

xxx

xxx

xxxx

xxxx

 

5.   





















.232

,12

,553

,911237

4321

4321

421

4321

xxxx

xxxx

xxx

xxxx

 

6.   





















.942

,193643

,5

,142532

4321

4321

4321

4321

xxxx

xxxx

xxxx

xxxx
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7.   





















.37

,71923

,4122

,102634

321

4321

4321

4321

xxx

xxxx

xxxx

xxxx

  

8.   





















.919225

,352

,61444

,482

4321

4321

4321

421

xxxx

xxxx

xxxx

xxx

 

9.   





















.1092034

,326

,4582

,771423

4321

4321

4321

4321

xxxx

xxxx

xxxx

xxxx

 

10. 





















.4272

,7463

,34

,5252

4321

4321

321

4321

xxxx

xxxx

xxx

xxxx

 

11. 





















.1733

,11123

,15

,062

4321

421

4321

4321

xxxx

xxx

xxxx

xxxx

 

12. 





















.382

,426

,51825

,2103

4321

4321

4321

321

xxxx

xxxx

xxxx

xxx

 

13. 





















.322

,13

,83425

,533

4321

4321

4321

4321

xxxx

xxxx

xxxx

xxxx
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14. 





















.91035

,34

,1213247

,91134

4321

4321

4321

4321

xxxx

xxxx

xxxx

xxxx

 

15. 





















.7103

,582

,45102

,582

321

4321

4321

4321

xxx

xxxx

xxxx

xxxx

 

 

Task 1.5. Three points A , B , C are given. Find  b  ̂,cos a . 

 

1.  0,2,1A ,  3,2,3 B ,  1,1,2 C , ACABa  2 , ABb  . 

2.  1,1,2 A ,  2,2,1B ,  2,2,3 C , ACBAa 3 , ACb  . 

3.  1,0,1 A ,  3,1,2 B ,  0,1,4C , BCABa  2 , BCb  . 

4.  2,1,0 A ,  4,2,3B ,  1,2,2 C , ACBAa 4 , ABb  . 

5.  2,1,3 A ,  1,3,4B ,  1,0,1C , CBABa 2 , CBb  . 

6.  1,0,4 A ,  1,1,5B ,  0,1,1 C , BCBAa  2 , BAb  . 

7.  0,1,2A ,  2,1,3 B ,  2,0,1 C , BCABa 3 , BCb  . 

8.  1,3,0 A ,  0,2,2B ,  1,3,1C , CBABa  3 , ABb  . 

9.  0,2,1 A ,  1,1,3 B ,  2,0,1C , CAABa 4 , CAb  . 

10.  2,1,4 A ,  3,0,2B ,  4,1,1 C , ABCBa  2 , ABb  . 

11.  1,2,3 A ,  5,3,1B ,  2,1,0 C , CABAa  4 , BAb  . 

12.  3,0,1A ,  1,2,3 B ,  1,3,2 C , ACBCa 5 , BCb  . 

13.  1,2,1 A ,  1,1,4B ,  0,1,2 C , BCABa 4 , ABb  . 

14.  3,1,0 A ,  0,1,2B ,  1,2,1 C , CBBAa  3 , BAb  . 

15.  1,1,2 A ,  1,2,3B ,  1,3,2C , ABACa 3 , ACb  . 
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Task 1.6. Find the value of a parameter p  to satisfy the required 

condition. 
 

1.  pa ,4,2  ,  15,20,10 b , and ba || . 

2.  2,5,2 a ,  pb ,4,3  , and ba  . 

3.  36,18,12 a ,  24,,8  pb , and ba || . 

4.  7,3,4 a ,  6,,3 pb  , and ba  . 

5.  15,6,3 a ,  10,4, pb , and ba || . 

6.  7,2,5 a ,  2,3,  pb , and ba  . 

7.  32,,20  pa ,  24,6,15b , and ba || . 

8.  3,5,  pa ,  7,3,2b , and ba  . 

9.  pa ,10,40 ,  8,12,48 b , and ba || . 

10.  pa ,6,2 ,  5,2,4 b , and ba  . 

11.  3,6,5 a ,  12,,20 pb  , and ba || . 

12.  16,6, pa ,  2,4,8 b , and ba  . 

13.  9,6,15a ,  12,,20  pb , and ba || . 

14.  3,4,6 a ,  4,9,pb  , and ba  . 

15.  10,,20 pa  ,  4,10,8 b , and ba || . 

 

Task 1.7. Two vectors m  and n  are given. Find: 

a) the scalar product nm  ; 

b) the area S  of the parallelogram formed by the vectors m  and n . 

 

1. bam  2 , ban  3 , a =2, b =3,   ba, 3 . 

2. bam 5 , ban 34  , a =1, b =2,   6,  ba . 

3. bam  4 , ban 2 , a =3 , b = 2 ,   43,  ba . 

4. bam 3 , ban 25  , a =2, b =1,   65,  ba . 

5. bam  3 , ban  6 , a = 2 , b =1,   4,  ba . 
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6. bam 2 , ban 43  , a =1, b =3,   2,  ba . 

7. bam 34  , ban 5 , a =3, b =2,   32,  ba . 

8. bam 23  , ban  6 , a =1, b =4,   6,  ba . 

9. bam  2 , ban 43  , a =2, b = 2 ,   43,  ba . 

10. bam 3 , ban 52  , a =4, b =3,   65,  ba . 

11. bam 34  , ban 5 , a = 22 , b =1,   4,  ba . 

12. bam 23  , ban 7 , a =1, b =3,   3,  ba . 

13. bam 3 , ban  2 , a =5, b =2,   2,  ba . 

14. bam 5 , ban 2 , a =4, b =1,   32,  ba . 

15. bam 5 , ban  4 , a =2, b =5,   6,  ba . 

 

Task 1.8. The points A , B , and the force F  are given. Find: 

a)  the work done by the force F  that moves an object from the 

point A  to the point B  along a straight line; 

b) the magnitude of the moment M  of the force F , applied at the 
point A , with respect to the point B . 

 

1. )4,1,2( F ,   3,1,0 A ,   0,1,2B . 

2. )3,2,1( F ,   5,2,1 A ,   2,3,3 B . 

3. )2,3,4( F ,   1,3,5 A ,   3,4,2 B . 

4. )3,6,2( F ,   5,7,4 A ,   1,5,6 B . 

5. )2,5,8( F ,   3,1,2A ,   1,4,5B . 

6. )1,2,3( F ,   2,5,1 A ,   3,1,4 B . 

7. )2,4,7(F ,   5,1,3 A ,   2,3,6 B . 

8. )8,3,5( F ,   6,4,2 A ,   7,3,5 B . 

9. )5,2,3( F ,   1,5,4 A ,   2,2,5B . 

10. )2,1,4( F ,   3,1,2A ,   2,4,1 B . 
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11. )1,3,2( F ,   2,1,3 A ,   5,0,4B . 

12. )1,3,6( F ,   1,5,6 A ,   2,8,7B . 

13. )1,1,5( F ,   2,2,4 A ,  1,3,0B . 

14. )4,3,2(F ,   2,1,3 A ,   3,1,4B . 

15. )2,1,5( F ,   3,0,1A ,   5,4,2B . 

 

Task 1.9. The tetrahedron is given by its vertices A , B , C , and D . 

Find the altitude from the point D  to the base ABC . 

 

1.  3,4,2 A ,  7,3,2 B ,  7,2,1 C ,  8,1,3 D . 

2.  5,3,1A ,  2,1,3B ,  11,3,5C ,  1,5,6D . 

3.  7,4,1 A ,  3,5,3B ,  3,6,2C ,  12,7,2 D . 

4.  1,2,1 A ,  9,6,1 B ,  6,4,3 C ,  4,7,7 D . 

5.  6,1,1 A ,  4,2,5 B ,  4,3,4 C ,  11,4,6 D . 

6.  6,8,3 A ,  3,10,5 B ,  12,8,7 C ,  2,6,8 D . 

7.  4,4,1 A ,  14,3,5 B ,  14,2,4 C ,  1,1,0D . 

8.  5,1,1 A ,  9,6,6B ,  7,9,10C ,  2,10,3D . 

9.  0,1,3 A ,  4,8,2 B ,  2,11,6 C ,  3,12,1 D . 

10.  6,3,4 A ,  3,1,2 B ,  12,3,0 C ,  2,5,1 D . 

11.  4,1,6 A ,  1,1,4 B ,  10,1,2 C ,  0,3,1 D . 

12.  7,4,0A ,  3,3,4 B ,  3,2,3 C ,  12,1,1D . 

13.  3,0,3 A ,  5,4,3B ,  2,2,1C ,  0,5,5D . 

14.  2,2,3A ,  6,9,8B ,  4,12,12C ,  1,13,5 D . 

15.  2,5,1A ,  6,1,1 B ,  3,3,3 C ,  1,0,7 D . 
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2 ANALYTICAL GEOMETRY 

 

Task 2.1. Let ABC  be a triangle with the vertices at the points A , 

B  and C  in the xy–plane. Sketch the drawing. Find: 

a)   the length of the side BC  and its equations; 

b) the equation of the median AM  from the vertex A ; 

c) the length of the altitude AH  from the vertex A  and its 

equation; 

d) the equation of the line l  passing through the point A  parallel 

to BC ; 

e) the tangent of the angle B . 

 

1.  1,7 A ,  1,1B ,  5,2C . 

2.  3,2 A ,  2,5 B ,  2,2C . 

3.  4,3A ,  2,5 B ,  1,1C . 

4.  2,3A ,  1,3 B ,  4,1 C . 

5.  1,4A ,  1,0 B ,  5,3 C . 

6.  4,2A ,  1,1 B ,  2,3C . 

7.  3,6A ,  2,1B ,  2,4 C . 

8.  1,2 A ,  1,4B ,  5,1C . 

9.  7,0A ,  1,1B ,  4,5C . 

10.  4,2 A ,  1,3B ,  2,1 C . 

11.  2,1A ,  1,2 B ,  3,5C . 

12.  5,1 A ,  3,6 B ,  1,3C . 

13.  3,1A ,  4,1 B ,  1,5 C . 

14.  1,3A ,  2,2 B ,  5,2 C . 

15.  3,2A ,  6,3B ,  2,6C . 

 

Task 2.2. The points A , B , C  and D  are given. Find: 

a) the equation of the plane  ABC  in the intercept form and sketch 

the drawing; 

b) the equation of the line 1l  passing through the point C  and being 

parallel to the line AB ; 
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c) the equation of the plane passing through the point C  and being 

perpendicular to the line AB ; 

d) the equation of the line 2l  passing through the point D  and 

being perpendicular to the plane  ABC ; 

e) the equation of the plane passing through the point D  and being 

parallel to the plane  ABC ; 

f) the distance from the point D  to the plane  ABC ; 

g) the point P  of intersection of the line 2l  and the plane  ABC ; 

h) the angle between the lines AB  and CD ; 

i) the angle between the line CD  and the plane  ABC . 

 

1.  3,4,6A ,  2,3,6 B ,  3,1,0C ,  8,1,8D . 

2.  1,3,1 A ,  2,5,2 B ,  1,1,3 C ,  1,4,3D . 

3.  2,3,7A ,  3,2,5 B ,  2,0,1C ,  7,0,7D . 

4.  2,0,2 A ,  1,2,0 B ,  1,4,4 C ,  2,6,8 D . 

5.  0,3,2A ,  4,5,1B ,  1,5,4 C ,  0,6,1D . 

6.  1,3,4 A ,  3,4,1B ,  3,4,4 C ,  2,7,5 D . 

7.  1,2,8A ,  4,1,4 B ,  1,1,2 C ,  6,2,6 D . 

8.  3,1,2 A ,  1,2,1B ,  5,2,2 C ,  4,5,3 D . 

9.  2,1,0 A ,  2,3,3B ,  3,3,2 C ,  2,4,3 D . 

10.  2,6,2A ,  4,4,1B ,  1,4,4 C ,  5,5,3D . 

11.  4,3,3A ,  8,4,4B ,  6,3,4C ,  3,6,4D . 

12.  0,4,5A ,  4,5,2B ,  2,5,5 C ,  1,8,6 D . 

13.  3,3,3A ,  5,4,5B ,  3,4,4C ,  6,5,2D . 

14.  2,3,2A ,  4,5,3B ,  2,5,1C ,  5,2,1D . 

15.  0,3,2A ,  4,5,1B ,  1,5,4 C ,  0,6,1D . 

 
Task 2.3. Reduce the equations of the curves to their canonical 

forms. If the curve is an ellipse or a hyperbola find its center and its semi-

axes. If the curve is a parabola find its vertex, the intersection points with 
the coordinate axes, the equation of its axis of  symmetry. Sketch the 

graphs of the curves. 
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1.  a) 061165449 22  yxyx ; 

     b) 01095016254 22  yxyx ; 

     c) 09822  yxx . 

2.  a) 04454100925 22  yxyx ; 

     b) 0895024254 22  yxyx ; 

     c) 012282  xyy . 

3.  a) 01447272936 22  yxyx ; 

     b) 0311282501625 22  yxyx ; 

     c) 015662  yxx . 

4.  a) 0564192416 22  yxyx ; 

     b) 0119864494 22  yxyx ; 

     c) 0738102  xyy . 

5.  a) 0286642501625 22  yxyx ; 

     b) 0159151218649 22  yxyx ; 

     c) 0341042  yxx . 

6.  a) 0492502162536 22  yxyx ; 

     b) 0144483649 22  yxyx ; 

     c) 0442122  xyy . 

7.  a) 03012882503625 22  yxyx ; 

     b) 08407249 22  yxyx ; 

     c) 0591222  yxx . 

8.   a) 025614464364 22  yxyx ; 

      b) 083312698949 22  yxyx ; 

      c) 011462  xyy . 

9.   a) 0592326401664 22  yxyx ; 

      b) 0194464854819 22  yxyx ; 



 18 

      c) 022682  yxx . 

10. a) 04845610849 22  yxyx ; 

      b) 01000100120025100 22  yxyx ; 

      c) 0101442  xyy . 

11. a) 0320064080064100 22  yxyx ; 

      b) 0407642941649 22  yxyx ; 

      c) 0768122  yxx . 

12. a) 0114116350425 22  yxyx ; 

      b) 0204096416 22  yxyx ; 

      c) 0974182  xyy . 

13. a) 021361507842549 22  yxyx ; 

      b) 0194840768464 22  yxyx ; 

      c) 032642  yxx . 

14. a) 012118128916 22  yxyx ; 

      b) 0964325881649 22  yxyx ; 

      c) 017462  xyy . 

15. a) 078439211344981 22  yxyx ; 

      b) 081638416644 22  yxyx ; 

      c) 0312102  yxx . 

 

Task 2.4. Reduce the equation of the surface to the canonical form. 
Determine the type of the surface and sketch the drawing. 

 

1.  a) 031321616183649 222  zyxzyx ; 

     b) 0111022  xyy . 

2.  a) 06252885483694 222  zyxzyx ; 

     b) 02472364369 222  zyxzyx . 
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3.  a) 0971654724936 222  zyxzyx ; 

     b) 09241849 22  yxyx . 

4.  a) 0723672249364 222  zyxzyx ; 

     b) 0483649 22  yxyx . 

5.  a) 025332541444936 222  zyxzyx ; 

     b) 03624363649 222  yxzyx . 

6.  a) 038821632363649 222  zyxzyx ; 

     b) 0391062  xyy . 

7.  a) 025354321449436 222  zyxzyx ; 

     b) 082822  yxyx . 

8.  a) 044821616723649 222  zyxzyx ; 

     b) 084844 222  zyxzyx . 

9.  a) 038832216364369 222  zyxzyx ; 

     b) 032368729436 222  zyxzyx . 

10. a) 061228836243694 222  zyxzyx ; 

      b) 06842  xyy . 

11. a) 061224288364369 222  zyxzyx ; 

      b) 064323649 22  yxyx . 

12. a) 046824722164936 222  zyxzyx ; 

      b) 062622  yxyx . 

13. a) 038836216329364 222  zyxzyx ; 

      b) 0311836499 222  zyxzyx . 

14. a) 065724288544369 222  zyxzyx ; 

      b) 08642  yxx . 

15. a) 061228836243694 222  zyxzyx ; 

      b) 073401849 22  yxyx . 
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3 LIMITS OF FUNCTIONS OF A SINGLE VARIABLE AND THEIR 

DIFFERENTIAL CALCULUS 
 

Task 3.1. Calculate the limits. 

 

 1. a) 
6

212
lim

2

2

3 



 xx

xx

x
; 2. a) 

1293

682
lim

2

2

1 



 xx

xx

x
; 

     b) 
173

284
lim

2

23





 xx

xxx

x
;     b) 

111

1775
lim

3

4





 xx

xx

x
; 

     c) 
364

85
lim

2

2





 xx

xx

x
;     c) 

16

1149
lim

2

2





 xx

xx

x
; 

     d) 
24

28
lim

5

2





 xx

xx

x
;     d) 

7

34
lim

34

2





 xx

xx

x
; 

     e) 
2

132
lim

21 



 xx

x

x
.     e) 

2

222
lim

21 



 xx

x

x
. 

 3. a) 
1222

12164
lim

2

2

3 



 xx

xx

x
; 4. a) 

15123

76
lim

2

2

1 



 xx

xx

x
; 

     b) 
413

1194
lim

2

23





 xx

xxx

x
;     b) 

13174

122
lim

34

235





 xx

xxx

x
; 

     c) 
15

112
lim

2

2





 xx

xx

x
;     c) 

134

1175
lim

2

2





 xx

xx

x
; 

     d) 
3

335
lim

23

2





 xx

xx

x
;     d) 

34

211
lim

34

32





 xxx

xxx

x
; 

     e) 
54

381
lim

21 



 xx

x

x
.     e) 

6

451
lim

23 



 xx

x

x
. 

 5. a) 
12102

1833
lim

2

2

2 



 xx

xx

x
; 6. a) 

24204

15205
lim

2

2

3 



 xx

xx

x
; 

     b) 
2142

1132
lim

2

23





 xx

xx

x
;     b) 

117

13
lim

2

234





 xx

xxx

x
; 

     c) 
453

13
lim

2

2





 xx

xx

x
;     c) 

173

728
lim

2

2





 xx

xx

x
; 
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     d) 
232

28
lim

245

43





 xxx

xxx

x
;     d) 

24

28
lim

5

2





 xx

xx

x
; 

     e) 
65

185
lim

23 



 xx

x

x
.     e) 

65

143
lim

22 



 xx

x

x
. 

 7. a) 
3284

422
lim

2

2

2 



 xx

xx

x
; 8. a) 

8124

18153
lim

2

2

2 



 xx

xx

x
; 

     b) 
24

262
lim

2

3





 xx

xx

x
;     b) 

332

373
lim

2

23





 xx

xx

x
; 

     c) 
654

722
lim

2

2





 xx

xx

x
;     c) 

745

833
lim

2

2





 xx

xx

x
; 

     d) 
1

1
lim

23

2





 xxx

xx

x
;     d) 

143

321
lim

23

2





 xxx

xx

x
; 

     e) 
46

523
lim

22 



 xx

x

x
.     e) 

162

62
lim

22 



 xx

x

x
. 

 9. a) 
8102

127
lim

2

2

4 



 xx

xx

x
; 10. a) 

682

963
lim

2

2

3 



 xx

xx

x
; 

     b) 
715

12
lim

2

234





 xx

xxxx

x
;       b)

8162

23
lim

23

24





 xxx

xx

x
; 

     c) 
134

52
lim

2

2





 xx

xx

x
;       c) 

245

6
lim

2

2





 xx

x

x
; 

     d) 
242

37
lim

23

2





 xxx

xx

x
;       d) 

424

35
lim

24

3





 xxx

xx

x
; 

     e) 
34

222
lim

23 



 xx

x

x
.       e) 

45

321
lim

24 



 xx

x

x
. 

 11. a) 
18153

2
lim

2

2

2 



 xx

xx

x
; 12. a) 

9123

462
lim

2

2

1 



 xx

xx

x
; 

       b) 
112

27
lim

24

35





 xx

xxx

x
;       b) 

53

12
lim

3

25





 xx

xxx

x
; 

       c) 
254

397
lim

2

2





 xx

xx

x
;       c) 

436

1115
lim

2

2





 xx

xx

x
; 
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       d) 
173

2
lim

45

4





 xx

xx

x
;       d) 

35

4
lim

24

32





 xx

xx

x
; 

       e) 
34

23
lim

21 



 xx

x

x
.       e) 

65

3104
lim

22 



 xx

x

x
. 

 13. a) 
8124

633
lim

2

2

1 



 xx

xx

x
; 14. a) 

2

693
lim

2

2

2 



 xx

xx

x
; 

       b) 
1175

411
lim

2

25





 xx

xxx

x
;       b) 

1397

293
lim

2

45





 xx

xxx

x
; 

       c) 
483

1129
lim

2

2





 xx

xx

x
;       c) 

592

1038
lim

2

2





 xx

xx

x
; 

       d) 
1142

44
lim

3

2





 xx

xx

x
;       d) 

15

23
lim

4

2





 xx

xx

x
; 

       e) 
23

244
lim

22 



 xx

x

x
.       e) 

23

312
lim

21 



 xx

x

x
. 

 15. a) 
43

16122
lim

2

2

4 



 xx

xx

x
;  

       b)
242

743
lim

2

234





 xx

xxxx

x
;  

       c) 
13

535
lim

2

2





 xx

xx

x
;  

       d) 
1232

243
lim

35

32





 xxx

xxx

x
;  

       e) 
45

321
lim

24 



 xx

x

x
.  

 

Task 3.2. Use the most important limits to calculate the limits. 
 

1. a) 
xx

x

x 5tan3

8cos1
lim

0




;  b) 

12

52

42
lim
















x

x x

x
. 
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2. a) 
xx

xx

x 2sin

5cos3cos
lim

0




;  b) 

54

33

13
lim
















x

x x

x
. 

3. a) 
xx

x

x 2tansin

4arcsin
lim

2

0
;  b) 

4

15

35
lim
















x

x x

x
. 

4. a) 
xx

x

x 4arctan2sin

4cos1
lim

0




; b) 

12

4

1
lim
















x

x x

x
. 

5. a) 
 

xx

ex x

x cos7cos

13
lim

2

0 




;  b) 

74

14

34
lim
















x

x x

x
. 

6. a) 
 

x

xx

x 5cos1

51lnsin
lim

0 




;  b) 

1

82

32
lim
















x

x x

x
. 

7. a) 
 

xx

xx

x 4tan3arcsin

51ln2
lim

0




; b) 

14

13

13
lim
















x

x x

x
. 

8. a) 
 

xx

xe x

x 2arctantan

3sin1
lim

7

0




;  b) 

52

23

43
lim
















x

x x

x
. 

9. a) 
xx

x

x 4arcsin2

3cos1
lim

0




;  b) 

43

15

15
lim
















x

x x

x
. 

10. a) 
  xe

xx
xx 5sin1

3cos5cos
lim

30 




; b) 

2

42

72
lim
















x

x x

x
. 

11. a) 
x

xx

x 2cos1

4tan2sin
lim

0 
;  b) 

54

15

35
lim
















x

x x

x
. 

12. a) 
 

xx

xx

x 4tan3sin

1ln2sin
lim

0




; b) 

12

33

43
lim
















x

x x

x
. 

13. a) 
 

xx

xe x

x 2tan3arcsin

5tan1
lim

2

0




; b) 

13

32

12
lim
















x

x x

x
. 

14. a) 
xx

x

x 2arctan

5cos1
lim

0




;  b) 

11

34

34
lim
















x

x x

x
. 

15. a) 
  xe

xx
xx 51

3cos2cos
lim

30 




; b) 

15

6

4
lim
















x

x x

x
. 
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Task 3.3. Differentiate the following functions. 
 

1. a) e
x

xxy 8
3

53
4

83 2  ; 

    b) 
x

xx
xxy

tan

2
3

5

32
4cos4arcsin


 ; 

    c)   x
xy

ln
3sin ; d) 0322  yxyx . 

2. a) 5sin
2

5
5

65 3 
x

xxy ; 

    b) 
 3ln

11tan
11

2

cos3




x

x
exxy x ; 

    c)  
xe

xy 2cos ; d) 06222  yxyx . 

3. a) 17ln5
5

4

3
3

5

43 5 
x

xxy ; 

    b) 
x

x
xxy

sin

2
2

7

32
tan2arccos


 ; 

    c)   x
xy

2sin
2ln ; d) 7422  yxyx . 

4. a) 3

4

65 7

2

3

2

5
5 e

x
xxy  ; 

    b) 
x

x
xy x

4cos

2arcsin
532

2

ln24  ; 

    c)  
xe

xy 3ln ; d) 06
2

1 22  yxyx . 

5. a) 17arctan
2

45
11

410 
x

xxy ; 

     b) 
x

xx
xxy

ln

3
2

3

1
2sin3arctan


 ; 

     c)   x
xy

tan3 15 ; d) 0623
2

1 22  yxyx . 



 25 

6. a) e
x

xxy arcsin17
5

33
5

54 5  ; 

    b)  
x

x
xxy

4

3

sin

3arctan
4tan52ln  ; 

    c)  
2

arctan
x

xy  ; d) 03432  yxyx . 

7. a) 15ln
1

5
5

67 10 
x

xxy ; 

    b) 
x

xx
exy x

2

24
53

5

15
4tan


  ; 

    c)   x
xxy

tan3 175  ; d) 0632 23  yxyx . 

8. a) 
13

7
tan12

2
24

5

126 5 


x
xxy ; 

    b)    
x

x
xxy

2arcsin

5ln
tan3sin

3
22 

 ; 

    c)  
xe

xy 3tan ; d) 083 223  yxyx . 

9. a) 6
4

5
33

4

53 7  e
x

xxy ; 

    b) 
5

3
3

2

10
5arccos4tan






xe

xx
xxy ; 

    c)   x
xy

2ln
3arctan ; d) 0432

4

3 24  yxyx . 

10. a) e

x
xxy 8

3

2

4

5
5

3

125 3  ; 

      b) 
x

e
xxxy

xx

7tan
3ln143

32
32

2 

 ; 

      c)    13

35ln



x

xy ; d) 042
3

1 32  yxyx . 

11. a) e
x

xxy 3

7

73 7 tan
7

5
36  ; 
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      b) 
xe

x
xxy

tan

2
43 32

5ln4sin


 ; 

      c)   x
xy

7sin
2cos ; d) 0672

2

7 22  yxyx . 

12. a) 
15tan3

11
38

6

54 7 e

x
xxy  ; 

      b) 
 7ln

5arccos
325 1323 2


 

x

x
exxxy x

; 

      c)   x
xy

7cos
5tan ; d) 15142

2

7 22  yxyx . 

13. a) 17ln
7

8
35

7

45 2 
x

xxy ; 

      b) 
 

xe

xx
xxy

sin

2
5 25ln
5tan2arccos


 ; 

      c)   27 2

3ln



x

xy ; d) 09633  yxyx . 

14. a) 58
5

7

5

4
5

74 5  e
x

xxy ; 

      b)  
 15cos

5arctan
2sin234ln 22




x

x
xxxy ; 

      c)   723
2

5



x

xxy ; d) 0763 233  yxyx . 

15. a) 25arctan
5

1
55

10

45 8 
x

xxy ; 

      b) 
 73ln

72
2tan3arccos

2
4






x

xx
xxy ; 

      c)   x
xy

2ln
3arctan ; d) 44642  yxyx . 
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Task 3.4. Find the first and second derivatives of the parametric 

function. 
 

1.   
 
 








.cos14

,sin4

ty

ttx
 2.   











.11

,76

5

3

tty

ttx
 

3.   










.cos2

,sin2

3

3

ty

tx
  4.   













.
1

,ln

3

t
ty

tx

 

5.   








.arctan

,2 24

ty

ttx
  6.   









.cos4

,2sin3

2 ty

tx
 

7.   








.2cos

,2sin

ty

tx
  8.   

 
 









.12

,3

t

t

ey

etx
 

9.   








.2cos2

,2sin

tty

ttx
  10. 











.2ln5

,
2

ty

ex t

 

11. 












.

,
2

cos4

2tey

t
x

  12. 








.sin1

,2cos

ty

tx
 

13. 

 











.1ln

,
2

2

ty

t
t

x
  14. 
















.2

,
1

1
2

arcctgty

t

t
x

 

15. 
 







 

.12ln

,
2

ty

ex tt

 

 
Task 3.5. Applying L’Hospital’s rule find the following limits. 

 

1. 
x

x

x e

ex
2

52

7

23
lim




.   2. 

xx

x

x  sin

tan
lim

0
. 

3. xx
x

lnarctan
2

lim 












. 4. xe x

x 















1lim

1

. 
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5. 
67

22
lim

3

23

1 



 xx

xxx

x
.  6. 

30

sincos
lim

x

xxx

x




. 

7. 
x

x

x cos1

1cosh
lim

0 




.   8. 

x

x

x 3tan

tan
lim

2




. 

9.   xx
x

cotcos1lim
0




.  10. 








 x
x

x

3
sinlim . 

11. 
xx

xx

x sin4

sintan
lim

0 




.  12. 















2
sin1

1
lim

1 x

x

x 
. 

13. 
2

2

1 1

6
sin41

lim
x

x

x 















.  14. 
 

5

3ln
lim





 x

x

x
. 

15. 
xx

x

x 



 2

121
lim

3

1
. 

 
Task 3.6. Sketch the graphs of the functions. 

 

1. 
3

2 2




x

x
y . 2. 

12

3




x

x
y . 3. 

 21

5




x

x
y . 

4. 
3

3
2

x
xy  . 5. 

 2
3

1

1






x

x
y . 6. 

4

1

x
xy  . 

7. 
4

1
2

3






x

x
y . 8. 

1

52
2 




x

x
y . 9. x

x
y 




2

1
2

. 

10. 
5

4 2






x

x
y . 11. 

8

3
3 




x

x
y . 12. 

3

2 8

x
xy  . 

13. 
4

2






x

x
y . 14. 

3

3




x

x
y . 15. 

 3
2

1

2






x

x
y . 
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4 DIFFERENTIAL CALCULUS OF FUNCTIONS OF SEVERAL 

INDEPENDENT VARIABLES 

 

Task 4.1. Find and sketch the domain of definition of the function of 

two variables. 

1. 
 3ln

9 22






x

yx
z . 

2.   14ln 22  xyxz . 

3. 
56

9
2

2






xx

y
z . 

4.   3 11arcsin yxz  . 

5.    yxz  1ln3arccos 2 . 

6.   21cos yxxyz  . 

7.  
yx

yxz



1

36ln 22
. 

8. 
 

2216

cos

yx

yx
z




 . 

9. 
 1ln

4
2

2






x

x
z . 

10.  yxyxz  2log262 . 

11.  yxz  1arccos . 

12. 
3

4 221 yxeyxz  . 

13. 
 xyz arcsin25  . 

14. 
 

632

5ln






yx

yx
z . 

15. 
22

2

4

4

yx

y
z




 . 
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Task 4.2. The function  yxfz ,  is given. Find dz . 

 

1. yxxyz 73)5ln( 2  . 

2. yxxyez yx 725 52

  . 

3.    xyyxz arctan35ln  . 

4.    yxxyxz  cos4sin 2 . 

5. xyez xyx 22 7
2

  . 

6.   222tan yxyxz  . 

7.  422 2 yxez

x

 . 

8. xyyyxz 375 23  . 

9.    yxxyz 3lnarcsin  . 

10.  1ln32   xyez yx . 

11.  22 5sin yxyxz  . 

12.    1costan 2  yxz . 

13.  yx
yx

z 35ln15
6

3

 . 

14.  
215arcsin yxyeyxz  . 

15.   22115 yxyxyxz  . 

 

Task 4.3. Find the derivatives of composite functions: 

a) 
u

z




, 

v

z




; 

b) ;
dt

dz
 c) 

dx

dz
. 

 

1. a)  2sin yxz  , vux  2 , uvy  ; 

    b) 
32  yxez , tx 2sin , ty 3cos ; 

    c) ,2yxez    32ln  xy . 
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2. a) 
xyy

z



2

1
,  uvx 2sin , vuy  ; 

    b)  1ln  yxz , 
t

x
1

 , ty tan ; 

    c) ,3 2xyxz   32  xy . 

3. a) xyz 2 ,  uvx arctan , veuy 2 ; 

    b) 
22 yx

xy
z


 , tex  2 , ty 3cos ; 

    c)  ,ln yxyz   5 3 7 xxy . 

4. a)  xyz sinh , 
5


v

u
x , 

22 vuey  ; 

    b)  yxz 43arcsin  , 2cos tx  , ty tan ; 

    c) ,coshsin yxz    12cot  xy . 

5. a) 
2

1

yx
z  ,  23ln vux  , uvy cosh ; 

    b) 72  xyez , tx arctan , ty cos ; 

    c)   ,2sin xeyz    2tan xy  . 

6. a) xyyxz  3 , 
4 25 vux  , uvy cos ; 

    b)  yxz  arcsin , 
2

1

t
x  , 2ln ty  ; 

    c)  ,sin xyz    yxy 43cot  . 

7. a) 
xy

x
z




2
, 

 vuex  1
,  vuy 23ln  ; 

    b)  2sinh xyz  , tx ln , 
3 2 1 ty ; 

    c) ,23 xeyz   2tan xy  . 

8. a)  xyz arccos , 
25 vx u  , 

vu
y




1
; 
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    b)  yxz  2ln , tx arcsin , 
t

y
1

 ; 

    c) ,sin
y

x
z   7 25  xy . 

9. a) 
y

x
z ln ,  uvx sin , 

22uvey  ; 

    b)  yxz 321sin  , 21 tx  , tty 123  ; 

    c)  ,tan xyz   
x

y



1

1
. 

10. a)  yxz  cot ,  vux  ln , 3 vuy  ; 

      b) 2sin yxz  , tx arcsin , 2ln ty  ; 

     c)  ,5sinh xyz   xey  4 . 

11. a)  2sin yxz  , uvex  ,  2ln vuy  ; 

      b)  xyz  2arccos , ttx 32  , 
1

1




t
y ; 

      c)  yxyz   xy 2sinh . 

12. a) xyz 3tan , 
u

v
x

ln
 , vuy  ; 

      b) yxez 11 , 
1

2




t

t
x , ty cos ; 

      c) ,ln3 yxz    1arcsin  xy . 

13. a)  yxz  tan , vux cos , 2vuy  ; 

      b) 
122  xyz , tx ln , ty cos ; 

      c)  ,sinh 22 yxz   
4

2




x
y . 

14. a)  221sin yxz  , uvx sin , vuy cos ; 

      b)  yxz 2arctan  , tx 3sin2 , ty 2cos3 ; 

      c)  ,ln yexz    332tan xy  . 
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15. a) 
yx

ez


 , uvux  2 , vuy 22  ; 

      b)  xyz  1arcsin , tex  , tty tan2 ; 

      c)  ,sin yxyxz    252 xy  . 

 

Task 4.4. Examine  yxfz ,  for maximum and minimum values. 

 

1. 568 33  xyyxz .  

2. 22 22151 yxyxxz  . 

3. 2261 yxyxxz  . 

4. 201839623  yxxyyxz . 

5. 5622 33  xyyxz . 

6. 10933 33  xyyxz . 

7. 122  yxyxyxz . 

8.   224 yxyxz  . 

9. yxyxyxz 9622  . 

10.   22 336 yxyxz  . 

11. 33 3 yxyxz  . 

12.   1022 22
 yxz . 

13. 22 422 yxxyz  . 

14.   15 22
 yxz . 

15.  yxxyz  12 . 
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Appendix A 

 
Table A.1 – Equations and Graphs of Quadratic Curves 

 

The type 

 of the 

curve 

Equation Graph 

1 Ellipse 
   

1
2

2

0

2

2

0 





b

yy

a

xx  

 

x  

y  

O  0x  

0y  

 

2 Hyperbola 

   
1

2

2

0

2

2

0 





b

yy

a

xx  

 

x  

y  

O  0x  

0y  

 

   
1

2

2

0

2

2

0 





a

xx

b

yy  

 

x  

y  

O  0x  

0y  

 

3 Parabola 

   0

2

0 2 xxpyy  , 

the equation of the axis 

of symmetry is 0yy   

 

x  

y  

O  0x  

0y  

 

   0

2

0 2 xxpyy  , 

the equation of the axis 

of symmetry is 0yy   

 

x  

y  

O  0x  

0y  
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 Table A.1 (continued) 

 
The type 

 of the 

curve 

Equation Graph 

3 Parabola 

   0

2

0 2 yypxx  , 

the equation of the axis 

of symmetry is 0xx   

 

x  

y  

O  0x  

0y  

 

   0

2

0 2 yypxx  , 

the equation of the axis 

of symmetry is 0xx   

 

x  

y  

O  0x  

0y  
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Appendix B 

 
Table B.1 – Canonical  Equations of the Second-order Surfaces and 

their Graphs 

 

 
The type 

of the surface 
Equation Graph 

1 Ellipsoid 1
2

2

2

2

2

2


c

z

b

y

a

x
 

 

x  

y  

z  

b  

c  

a  

 

2 
Hyperboloid  

of one sheet 
1

2

2

2

2

2

2


c

z

b

y

a

x
 

 

x  

y  

z  

b  
a  

 

3 
Hyperboloid  

of two sheets 
1

2

2

2

2

2

2


c

z

b

y

a

x
 

 

x  

y  

z  

 

4 
Second-order 
cone 

0
2

2

2

2

2

2


c

z

b

y

a

x
 

 

y  

z  

x  

 

5 
Elliptic 

paraboloid 

z
q

y

p

x
2

22

  

( 0p , 0q ) 

 

x  

y  

z  
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Table B.1 (continued) 

 
The type 

of the surface 
Equation Graph 

6 
Hyperbolic 
paraboloid 

z
q

y

p

x
2

22

  

( 0p , 0q ) 

 
y  

z  

x  

 

7 Elliptic cylinder 1
2

2

2

2


b

y

a

x
 

 

x  

y  

z  

b  
a  

 

8 
Hyperbolic 

cylinder 
1

2

2

2

2


b

y

a

x
 

  

x  

y  

z  

 

9 
Parabolic 
cylinder 

pyx 22   

( 0p ) 

  

x  

y  

z  

 
 



 39 

Appendix C 

 
Table C.1 – Table of Derivatives 

(  xuu   is a differentiable function) 

1.   0


C , constC  ; 11.   u
u

u 


2cos

1
tan ; 

2.   1


x ; 12.   u
u

u 


2sin

1
cot ; 

3.   uunu nn 
 1 ; 13.   u

u
u 





21

1
arcsin ; 

4.   u
u

u 


2

1
; 14.   u

u
u 





21

1
arccos ; 

5.   constauaaa uu 


,ln ; 15.   u
u

u 





21

1
arctan ; 

6.   uee uu 


; 16.   u
u

u 





2

1

1

1
cot ; 

7.   u
au

ua






ln

1
log ; 17. uuu  cosh)(sinh ; 

8.   u
u

u 
 1

ln ; 18. uuu  sinh)(cosh ; 

9.   uuu 


cossin ; 19. u
u

u 
2cosh

1
)(tanh ; 

10.   uuu 


sincos ; 20. u
u

u 
2sinh

1
)(coth . 

 


