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KaH0. mexH. HayK, 0ueHm XapbKO8CcKo20 HayuoOHalbHO20 yHUBepcuUmema paduoaeKCmpOoRUKU

OLIEHKA MNMAPAMETPOB KPUBbIX ®EPMA
AnA YHUBEPCAJIbHOIO XELLMPOBAHWUA

HOJ'Iy‘IeHI)I TOUHBIC pEMICHUA JJIA YHC/Ia TOUYCK KPUBBIX (DepMa, Korja IOpsaoK IIOJI UMEET Je-
nuremd 2, 3 U 6, Takxke OIICHKH YMCJIa TOUCK Ha OCHOBE BEPOATHOCTHOTO ITOAXOJA. HpI/IBOZ[HTCH
ACUMIITOTHUYCCKUE T'paHUIIbl OTHOMICHWSA MAaKCUMAJIBHOI'O YUCIa TOUCK KpPIBOfI (DepMa B IIPOCTOM

TI0JIe K €€ pojly U K IpaHuIle Xacce — Belmt.

KiroueBble c10Ba: yHHBEPCAIBHOE XEIUPOBaHUEe, KpuBble Depma.

OBIIIAA MOCTAHOBKA 3AJTIAYHU

H EE AKTYAJIBHOCTbD

YHHBEpCaNTbHOC XCIIHPOBAHHEC HA OCHOBC anredpore-
OMETPHYCCKOTO IOAX0AA BICPBBIC OBLIO MPEITOKCHO
Buep6payspom u Kabaruuckum [1]. TIycrs 3amana abco-
JFOTHO HEPA3NOKUMAsl, HECHHTYIAPHAS MPOCKTHBHAS
KpuBas X, Hax momeMm F, ¢ Toukamm P =
={P,P,...,P}e x(Fq). Jnsa kaxmoit anreOpamycc-
KOM KpHBOM MOKHO ONPEACIIHTh MOJC PALMOHATBHBIX
(yrxumit F(x). B xaxaoi Touke F; KpHBOH ), MOKHO
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BBIMUCIUTh OLCHKY Up M1 PAUUOHAIBHBIX ()yHKIHH
f;€ Fy()), KOTOpas ONPene/seT MOPSIOK HYJLI HIIH IIO-
moca (YHKOUH f; B 3TOH TOYKE. XEII-3HAYCHHUC
hpj(m)e Fq ot coobwennst  m = (my, my, ..., my),
m;€ Fy B TOUKe P € [, Onpenensercs BhIPAKCHHEM

k
hp(m) = Y f(Pym;, M
i=1
ric fe Fq(x) C YHIOPAIOYCHHBIMH IMOPAIKAMH IIOJIHO-
coB U<y <uy< ... <u. Xem-QyHkimsa fp(m) onpene-
J
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ST YHHBEPCANbHBIM xem-kmacc € - U(N, gk q), tme
BEPOATHOCTD KOIH3HH € < /N, N — 4mcno todek ai-
re0paudecKkoil KpuBOit, gk — 00BEM MPOCTPAHCTBA COO0-
mMCHUH, ¢ — O00BEM MPOCTPAHCTBA XCII-KOJOB. XCII-
(yHKIIA hpj (m) sABIACTCA KIHOYCBOM, €€ 3HAYCHHE 3a-
BUCHT OT TOYKH [ KpuBOH ). OUCHKA /I BEPOSTHOCTH
KOJUTH3UH 3aBUCHT OT alIreOpOreoMETPHUYSCKUX MapaMeT-
POB KpPHBOH.

VYreepaxnenne 1. [2] BeposTHOCTS KOUTH3HH TIPH
VHHBEpcanbHOM Xxermuposanuu (1) mpu k>2g- 1, tne
g — poa anreOpamueckoil KpuBoit U N — UHCIO TOUCK
KPHBOH, ONPEACIACTCA TpaHULCH

e<(k+g-1)/N. @)

[TpobnemaTnka MOCTPOCHUS CXEM YHHBEPCAIBHOTO XE-
IIMPOBAHWSI HA OCHOBE AaIreOpOTCOMETPHUECKOTO IIPEA-
CTABJICHHUS 3aKJIIOYACTCS B BBHIOOPE anreOpamyecKux KpH-
BBIX C TpeOyeMBIMH MAPAMETPaMH, MPEXKAE BCETO C KaK
MOKHO OOJIBIIIMM OTHOIICHHCM YHCJIA TOYCK KpHBOfI K €€
pody, a TaKKe C peaau3alucii BHMUCICHUNW B KOHECYHOM
none F, MPOCTOTOH BBIMMCICHHH M CONIACOBAHHOCTBIO C
Mpe/ICTAaBICHIEM HH(POPMALIMOHHBIX JAHHBIX. MHTEpec
MPEACTABIIAOT KOHCTPYKIUH HMPOCTBIX MONEH ¢ MOAYIAMH
2™ +1 wmu OMM3KAX K HUM MPOCTHIX umcen. B mpeacras-
JICHHBIX MATEpHAlIax OTOOPAKCHBI OCHOBHBIC PE3YIIBTATHI
HCCICIOBAHUN MO KpuBbiM OepMa B MPOCTOM MOJE IS
HeneH YHUBEPCAIBHOTO XCITHPOBAHHSL

Llenbto crarbu SBIICTCA HAXOXKACHHE OLICHOK LIS
YHCNa pemeHnd kpusod depma B MpoCcToM mone. B pas-
Jene 1 paccMOTPEHBI OCHOBHBIC CBOMCTBA KpHBBIX Dep-
Ma U TOYHBIC 3HAYCHHUA YHCJIA TOUCK OJII KPUBBIX dDepMa
B IIPOCTOM Tonie. B pazmene 2 HA OCHOBE BEPOSITHOCTHO-
ro MoAX0AA MOJIYUYCHBI OLEHKH YUCIA PCLICHUH ypaBHE-
Husg Oepma B KOHCUHOM moyie. B pasmene 3 mpusomarcs
ACHMITOTHYECKHE PE3yabTaThl Mo KpuBbiM depma HAT
TPOCTBIM IOJIEM.

1. TOYHBIE 3HAYEHUA YACJIA TOYEK
JJs KPUBBIX ®EPMA B MIPOCTOM ITOJIE

Kpusbie ®epma Fr,, OnpenesroTCS BRIPAKSHHEM
Xmy Ymy /m = (), (3)

HAMCIOT YACTHBIC NPOM3BOAHBIC BHHA Fy = mX™-1,
Fy = mYm-1 F, - mZm-1. PacCMOTPUM OCHOBHBIC
CBOiicTBA KpUBBIX Pepma A cayvas IPOCTOTO MO Fq.

Yreep:xknaenne 1. [lycrs xpuBas depma Fr,, ompene-
JMeHA Hajg mpocThiM momeMm F. Chpaseniueo crendy-
FoLee:

1) xpuBas Fr,, SBJACTCS HCMPHUBOIUMOM, HECHHTYIAD-

HOH KpHWBOHW cremeHH m 03 OCOOCHHOCTEH, poaa
(m-1)(m-2),
A R

2)ecnd m  B3aUMHO TMmPOCTO ¢ ¢- 1, Torma
X+ Y+ 7%= 0 mwomoppra X + Y+ 7= 0 u umeer uuc-
10 touek V=g +1;

3) kpuBas Buma X(9-1/3 4 Wg-1/3 4 Zlg-1/3 _
uveetr N = 2(g-1)2/9u g = (¢-4)(qg-7)/18;

4) xpusag Buma X(9-1D/24 Yg-1/2 4 Zlg-1/2 —
umeet NV = 3(g-1)/2u g = (g-3)(g-5)/8;

5) kpusas Buma X(9-1/6 4 Yg-1/6 4 Zlg-1/6 _
umMeeT yucao Touek N = (¢ 1)/2 +(g—-1)2/18 u pon
g = (qg-T)qg-13)/72

6) xpuBas X(9-1/27 4 Yig-11/27 4 7g-1/2" _ () pye-
erpox g = (qg-2"-1)(g-2m-2)/2%m"+1 u uncno To-
uek N = 3(g-1)/2m ecmm 22" Y| #1(modg) u N =
=3(q-1)/2m13(qg-1)2/22m ecmm 22"' = —1(mod g).

Pesyxbrarsl 1 w 2 SBIIFOTCS OUCBHAHBIMH M H3BEC-
THHIMH. Pe3ynbrarsl 3-6 mMOJy4aroTcsi METOAOM ITOZCHUE-
Ta 4YHCNA PEIICHUH Amd ypaBHCHHH (DepMa HA OCHOBE
CBOMCTBA CYMMBI SJICMCHTOB MYJBTHIUTHKATHBHOH IOJ-
TPYIIBI BTOPOTO, TPETHETO M IIESCTOTO MOPAIKA. 3HAMC-
HHC PoJa KpuBOH ompexnemiercs (opmynoit Pumana -
Poxa.

Pesynbrar 3 crmenyer W3 TOTO, YTO PEIICHUSAMH YPaB-
HEHUSL KPUBOH B NMPOEKTHBHOM MPOCTpaHCTBe /% Han 7,
SBISEOTCS TOUKH (y: & : 1), A KOTOPHIX CHPABENTHBO
Ya-D/3 4 E(g-1/3 4 1 = 0.
v =o€ = o/, o - 00pasyrOLIuii IEMEHT IIOJIA, HME-
em ofla-D/3 4 ole-D/3 41 = 0 mmm BP+B/+1 = 0,
e B = ol9-1/3 — oOpasyrommii MEMEHT MY IBTUILIH-
KATHBHOHN MOATPYIIBI TPETHEr0 MopsAnka. B cumy cBoi-

Tak xak v,&e F, m

n-1
CTBa Z B4 = 0 mia 37MEMEHTOB MYJIBTUILTHKATHBHOM
=0

TPYIIBI TOPAAKA 71 TOJYYUM, 4TO ypaBHeHue Depma
AMECT pCIICHHE, ecim W Tompko ecmd B = Bl u
B = B2 tme () 0003HAYACT BHIMUCICHHC 3HAYCHHS
CTCIICHH IO MOAYMI0 MOPSAKA [3, a Tak JK& CCIH
B = B2u BV = BL Yucno pemeHuii mo KaKIoMy Ha-
6opy ycnosuit paBHo (¢ 1)2/9u N = 2(g- 1)2/9.
Pesymerar 4 4BISCTCA OYCBHAHBIM. DJICMCHTHI TIOJIA
ol9-1)/2 puHaaIeKaT MY IBTHILTMKATHBHON MOATPYIINE
Broporo mopsaka: 1, = a@-1/2 g 1 +B = 0. Kpu-
Bas DepMa MMEET PEIICHHS, €CIH ONHA M3 KOOPAMHAT
P?, wanpumep z=10, a JaBe ApyTHE VIOBICTBOPAIOT Pa-
BeHcTBaM Y19-172 = 1 g X9-1/2 = . HcroMeMu
PElICHUAMHM SBIMIOTCA ¥y = 1 M Xx = o2+l j=
= 0,(g-1)/2-1. Obmee YHUCIO pEHICHUI C YYECTOM
MePECTaHOBOK KoopauHar Oyaer NV = 3(g- 1)/2.
AHATOTHYHO TOMYYHM PE3yIbTaT 5. DISMEHTHI HOJIL
oflg-1)/6  mpuHAmIEKAT MYJIBTHIUIAKATHBHOW — TPYyII-
ne wecroro mopsaka: 1, BL, BE B3 BL B, tme B =
= o(7-1)/6, MyIsTHIIMKATHBHAS TPYNIA MICCTOTO MO-
PSAKA BKIFOYACT MYJIBTHILIUKATHBHBIC MOJATPYIIEI BTO-
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poro mopsimka 1, B3 u tpersero 1, B2, B4 Tlo cBoiicTBy
CYMMBI 3JICMCHTOB MYJIBTHIUIMKATHBHOM TPYIIIBI HMECM
1+B% =0 u 1+B2+B* = 0. Tlepeoe ycCroBHC aAET
(g-1)/6 pemenuii ans ypaBHCHHS KPHBOH B BHIC
z=0,y=1mnx=03@+D i=0(g-1)/6-1,ac
VUETOM IIEPECTAaHOBKU KoopauHat — 3(g- 1)/6 peme-
nuit. Bropoe ycnosue — 2(g - 1)%/6 pemenuit mo ama-
JOTHH C JOKA3aTCIBCTBOM pedyisrara 3. Tak Kak aie-
MEHTBI MOATPYIIT HE MEPSCEKAIOTCS M HET APYTHX IMOX-
Tpynm mopsaka 2 wm 3, olImee YHCIO PpeINCHHH
N=(g-1)/2+(g-1)2/18.

JUnst BBIBOZA pesysisTara 6 3aMETHM, YTO HJICMEHTHI TI0-
as of(9-1)/2" npuHANIEKAT MYJIBTHILTHKATHBHOMN TPy IIe
nopsumka 27 1, B, B2, ..., B2" L ome p = ale-1)/27

My IBTHIUTHKATHBHAS TPYIIA COACPIKHUT MYJIBTHILIH-
KATHBHBIC MOATPYIIBI TOJBKO YCTHBIX IOPSIKOB 2°,
e = 1, m Ecmu |22 #1(modq), ypasrerne ®epma
HMCET TOJIKO PELICHHsS, KOLOA OXHA M3 KOOPAHWHAT, HAI-
puvep z = 0, a [Be OPYTHE YIOBICTBOPSIOT PABCHCTBAM
He-1/2" — 1 g X9-1)/2" — v, toe y ecTb 3ICMCHT
HOATPYIIIBl BTOPOTO HOPsiaKa. PemmeHueM 1o KOOpAWHA-
TC y SBIBICTCS 3HAYCHHE y = 1, a MO KOOPOHMHATE X SIB-
JAMOTCA TOUKH X = O2™+27 ! [ =0,(g-1)/2m-1.
O01mee YHCI0 PCMICHHH ¢ YUCTOM TCPSCTAHOBOK KOOP-
guHat Oyaer NV = 3(g-1)/2™

Ecmm 22" = —1(modg), B moarpyme mopsmka 27
1, B, B% ..., B¥"~1, cyumiecTByeT 3MEMEHT O, = 2, B CHIY
(2272 = 1(mod g). Bce CTENECHU ¢ MOPOKIAIOT MO-
Tpymny 27 mopsiika, KOTOpas SBIBICTCS IMEPECTAHOBKOHM
smementoB moarpymmstr 1, B, B2, ..., B2~ Ouesummo,

YTO CPEOM BIEMEHTOB moArpymmbsl 1, o, o, ..., o2™ 1
Oyoer odmeMeHT A - -2, Tak Kak o e ol =
~ 222" = _2(modq) u smemeHT ¥ = (g—1)/2, B cH-

ay a2 /o = 22"7Y/2 = (g-1)/2(mod g). B 3toM cay-
yae kpuBasg OepMa HMEET PELICHHSA, KOTOPBIC ONpeaes-
10TCA yenomwamu: 1) z= 0, Ya-D727 = 1 Xlg-D/zn —
oy 2) Aa-L/em _ 1) We-L/em _ 1) Xg-D/em )
3) Ag-Lr/zm = 1 Ylg-1)/2" = 5 Xg-1)/2% = 4 Uyc-
JIO PEIICHHUI MO YCIOBUIO 1), KAK ¥ B MPESIABIAYIEM CITY-
4ae, pasao N, = 3(g- 1)/2™ Tlo ycnoBmro 2) 4muCIO
KOPHCH MO KaXKIOH KOOPIWHATE ¥ M X paBHO (g— 1)/2™,
H C YYCTOM IEPECTAHOBOK KOOPAHHAT OOILICE YHCIO pe-
meHni pasao N, = 2(g - 1)2/22". AHATOTHMHO U1 yC-
J0BHS 3) C YUETOM, YTO MEPECTAHOBOK MO KOOPIMHATAM
Her, Ny = (g-1)2/22m O0mee YHCIO PELICHHI Ompe-
Jemsercst cymmoit NV, + N, + Ny, uro gaet uckomoe .
Hpumep 1. Ypasrenus X7+ Y7+ 7m = () wan F, mpu
q = 257 COOTBETCTBYIOT CAyuar0, KOLAa ACTUTCIIME TO-
pamka momsi g- 1 = 256 SBISOTCS CTENCHH JBOMKHL
[Ipsmoe Bprmcnenue pemenuit mpu m = 128, 64, 32, 16
maet 3uaucHmst N = 384,192, 96, 816. Ilpu
= 128, 64, 32 BBHIIOTHACTCA TICPBOC YCIOBHC I PE3YIIb-

m =
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tata 6, T. e. [2(¢-1/2m| £ 1(mod g), 1 4uCIO TOYEK KpPH-
ot pasao N = 3(g-1)/((g-1)/m) = 3m, 4ut0 COB-
MATACT C MPAMBIMH BRMUCICHIAMHA. 1 m = 16 cmpa-
penmBo 2(9-D/CZm = _1(modq) u N = 3m+ 3m?,
YTO TAKKE COBIAIACT C TOUHBIM 3HAYCHHUCM.

TouHbIC BBMHCICHUSA YHCNA PEIICHUH I YPABHCHUI
®epma, KOTIa CTETICHb YPABHCHUS SBILIETCS TIPOU3BOIb-
HbIM JICJMTC/ICM MOPSAKA KOHCUHOIO MOJsi [, SBIICTCS
TpyAOoeMKOM 3amgadei. Hipke paccMarpuBaroTCa OLICHOY-
HBIC 3HAYCHMS IS UHCIIA TOYCK.

2. OOEHKH JUIAA YHCJIA TOYEK KPUBbBIX

®EPMA B KOHEYHOM IIOJIE

Ornenky yncna pemeHud ypapHeHms1 dOepma B KOHEH-
HOM II0JI¢ /), TIOJly4MM HA OCHOBE BEPOATHOCTHOIO MO~
X0Ja.

Teopema 1. Tlycte kpuBas X7+ Y+ /m = () onpe-
AC/ICHA HAJ MPOCTBIM NOJNCM F, Li¢ m eCTh ACIHTCIb
g- 1. Onenka mr1 umcma Touek KpmBod Pepma mpu
m> 2 paBHa

2m?

N= z[wwmz, )

rae [ X | - OKpPyDIEHHE YMCIA A0 GOMBINETO IEIOTO.
Jloxasamenvcmeo. PelicHUAMH YPABHCHUSA KPHBOH B
TNPOEKTHBHOM NPOCTPaHCTBe /% Haj F, ABIIOTCSA TOUKH
(y:&:1), mma rotopeix cmpaseqmueo Y7+ {m+1 = 0
wm 86+n+1 =0, ¢ yueToM NOACTAHOBKH Y™ = §,
{m = m. Tyers & = B4, m = B/, tae B — o6pasyrommit
anemenT nonst £, Tlepsoe ycnosue ¥y +{m+1 = 0 on-
peaenaeT, UTo CTENEHH { ¥ j JOJDKHBI UMETh JCIHUTENb 11
u BB/ IOWKHBI YIOBIETBOPATH BIOPOMY YCIOBHIO
d+m+1 = 0. Yucno map 6, M, yIOBICTBOPSFOMIUX YC-
noBuro 0 +m+1 = 0, paBao (g-1)/2, a uucmo 3me-
MCHTOB TOJIS [}/, KOTOPBIC MMEIOT ACIHTCIb CTCICHU 111,
pasuo (g - 1)/m. OGpasyrommii snemMeHT [ = a BoIOH-

paercst m3 MHOXecTBa umcen 0, ¢— 1, m 3MeMEHTBI uuC-
JOBOTO IOJA BBMHCIIOTCA MO mpaBwiay a‘modgq. Ioc-
JeHEE BBIPAKCHUE OIPEICIHIET PAHAOMM3ATOp, I KO-
TOPOTO COOTBETCTBHE MEXKAY YHCIOBBIM 3HAYCHUEM
JMEMCHTA MYJBTHIUTHKATHBHOW TPYIIBI M €T0 HHICK-
COM SBIICTCSI TICEBAOCIHyYAaHHBIM. TakuMm o00pazoM,
CpeaHee YHCIO map O, 1|, VAOBICTBOPSIOMHUX YCIOBHSIM
(¢-1)

T r
j = O0modm), rme comuoxkutens (g 1)/2 onpemenser
obuiee umCIO O, T, YAOBICTBOPSIOIIUX VCIOBUEO
d+n+1 =20 a Pi=0modm, j= 0modm) - Bepo-
SITHOCTD TOTO, YTO MHICKCHI JICMCHTOB O, 1| UMCIOT J¢-
marens m. [lpeanonarast paBHOBEPOSTHOCTbH pacIpene-
JICHHSI MHICKCOB 3ICMCHTOB IO B Mapax o, 1), MOJy-

1 mu 2, Oymer paBHO 11 = ({ = Omodm,



ISSN 1607-3274. PamioenexTpoHika, iHpopMaTKa, yrpaBmiHHsg. 2011. No 1.

yum P(i = Omodm, j = Omodm) = 1/m? u oueHky
s B Buae n = (g-1)/2m?. Tak Kak 4YKCJIO map
€CTh LENOE YHCIO, BBIUIOJIHMM OKPYIJIECHHE 11 10 OOlb-
mero neaoro. OxpymicHHE K OMmKadmieMy LETOMY I

cAayuacB, Korma m> Af(g- 1), mpuBeao Obl K HYyJICBOM
OLEHKE YHCIA PEIIEHHMH, YTO HE SABIAETCA BEPHBIM (CM.
y1B. 1). HakoHel, y4uTeM IEPECTAHOBKY Iap IO KOOPIH-
HATAM X, ¥ H TO, YTO MO KAXKAOH KOOPIUHATE UHCIIO KOP-
HEil PaBHO 17, MOJyYUM HUCKOMOC BbIpaskenue N, O

PaccmoTpuM ciaeacTBUS AAHHOM TEOPEMBI, HO CHAJa-
J1a OTMETHM CICAYIOMIYIO IOJIC3HYIO JIEMMY.

Jlemma 1. Tlycte kpuBas X7+ Y7+ /7 = () ompene-
JCHA HAJ NMPOCTBIM NONEM [, TOC m €CThb JCITHTSIb
g - 1. CpaBeaHBO CIICAYIOMICE:

1) ecnmu (g—1)/m CONEPIKUT HEIUTEND 2, B YHCIO
PCUIICHUH BXOIUT 3117,

2) ecmu (g 1)/m CONEP:KHT AETMTENs 3, B YHCIIO
PCLICHHIT BXOTHT 217 ;

3) ecu (g— 1)/ m CONEPIKUT ACTUTENH 2 U 3, B YKC-
70 PCLICHHH BXOTHT 3m+217;

4) ecm (-2)9-1/m = 1(modgq), B 4HCIO peINEHHI
BXOIHT 3117

Jloka3aTenbCTBO MPSAMO CIEAYET M3 PE3YJIbTaroB yT-
BESPKACHHSA 1.

Crneacteug TeOpeMBI | ¢ YTOUHCHHCM IO PE3yIBTaTaM
neMMBI | PEACTABICHBI B MPCIIOKCHIH 1.

Mpexnoxenne 1. [lyctp xpuBas X7+ Y7+ /m = ()
ONpEICIICHA Ha/l IPOCTBIM TONeM [y, Tae m > 2 eCTb Je-
mutenb ¢— 1. Ouenkn uucna Touek N g xpusoit Dep-
Ma HMEIOT CACAYIOIMHA BU.

A) Ecmu (-2)(@-1/m £ 1(mod gq),

1) (g-1)/m=0(mod2), (¢—1)/m=0(mod3), Tor-
ma N=3m+2((qg-1)/(2m%)),m?

2) (¢g- 1)/ m=0mod2, (g-1)/m = Omod3, Torma
N=2(1+{(qg-1)/(2m?) - 1)) m?;

3) (g-1)/m = 0mod§,
+2(1+ ((g- 1)/ (2m?) - 1)) m?;

4) (q-1)/m=0mod2, (g-1)/m#0mod3, Torna N=
=2{(q-1)/(2m*))sm*.

B) Ecu (-2)(¢-1/m = 1(modg),

) (g-1)/m = 0(mod2), (g- 1)/ m=0(mod3), To-
rma N=3m+2{((qg-1)/(2m?) - 1)ym? + 3m?;

2) (¢g- 1)/ m=0mod2, (g-1)/m = Omod3, Torma
N=2(1+{(g- 1)/ (2m?) - 2)3)m? + 3m?;
3) (g-1)/m = 0mod§, TOTAA

+2(1+ ((qg- 1)/ (2m?) - 2)3)m? + 3m?;
4) (g- 1)/m#0mod2, (g-1)/m#0mod3, N=
=2((q- 1)/(2m?) — 1)3m? + 3m?.

TOrIa N=3m+

N=3m+

3aeck (X), — OKpyIICHHE X J0 OMmKaHIero LeJoro,
KparHoro 3.

Jloka3aTenbeTBO CIEAYST W3 PE3yAbTaTOB TEOPEMBI |
H neMMBl 1. BEMHCICHMA OLCHOUHBIX 3HAYCHHH HHCIIA
TOUCK W TOYHBIC BBIUHCICHHS JAIOT XOPOIICE COBIAZIC-
mue. Tak, nma g = 1021 mMeeMm coBmaacHHME PE3yIbra-
toB mpu m=>510,340,255,204,170,102,85,68,60,51,34,
30,20,17,12,5,3,2 u wumcao touek N=1530,231200,
765,0,58310,306,14705,9248,0,153,2414,90,800,6 29,864,
965,1008,1022. M 3mauenuit m=15,10,6,4 ToumbIc
N=145,1430,882,1088, a mpubmmwkenusie NV = 1335,830,
1098,992. PacxoaeHHS NPOABIAOTCA W MOTYT OBITh
CYICCTBCHHBIMH, KOTAA CTCIICHb YPABHCHHS CTAHOBHT-

cst MeHbIIE /g, OTHOCHTENBHAS MOTPEITHOCT BEPOST-
HOCTHOI OLICHKH YMEHBINAETCA C POCTOM ¢.

3. ACUMIIOTHYECKMUE PE3YJIbTATHI
IO KPUBBIM ®EPMA HAJZX TPOCTHIM
MNOJEM

AcuMNTOTHYECKHE pe3yibTarel mo KpuBbiM Depma
HAJ TPOCTHIM MOJICM OMPCICILIFOTCS TCOpeMaMu 2, 3.

Teopema 2. ACHUMITOTHYECKAS TPAHAULA I OTHOIIC-
HUS MAKCHMAJbHOIO YHCJIA TOUYCK Ng( g) K ee poay g
A kpupod depMa B MPOCTOM IOJIE ONMPEACTAETCS BBI-
pa’keHHEM

Ny(q)

lim sup = 10. (%)

g

Joxasamenvemeo. Ilpenen OTHONICHUA Ng( q)/ g om-
peaemIeTCss MaKCUMAJbHOM OLECHKOH IS YHMCIA TOYCK
kpuBblix ®epma. Pox  kpmBoii depma  paBeH
g={(m-1)Ym-2)/2, tn¢ m — CTCNCHb YpPABHCHHA.
JIBIDKCHHE g —> oo BO3MOYKHO, KOTJA g—>o0 U m— q.
TloacraBmsia B Mpeaea OTHOLICHUS Ng( q)/ g MakCUMAaJb-
HOC 3HAUCHHC [UI1 YWCJIA TOUCK HA KPHBOH B IIPOCTOM
N=3m+2(1+{(g—1)/(2m?) - 2)3)m? + 3m?,
YTO COOTBETCTBYET yCIOBHIO (—~2)(7-1/m = 1(modg) u
(g—1)/m =0(mod6) mnpennoskeHus 1, MOIYYHM HCKO-
Myt oneHky (5). ¢

Teopema 3. AcuMnTOTHYECKAs] TPAHUIA OTHOIICHH

noJje

MAKCHMAJIbHOTO YHUCJIA TOUYCK Ng( q) ansa kpusoit @epma
B NPOCTOM MOJIE K MAKCHMAJABHOMY YHCIY TOYEK IO
rpanuLe Xacce — Beilna onpeaenseTcs BIPAKEHUEM

N (q) 5
lim su £ = = (6)

P N Dy g
Joxasamenvemgo. W3 TCOpeMBI 2 CACOYET, 4TO

MAKCHMATbHAS ONCHKA M4 YHCIA TOYCK KPHUBBIX
depma B mpocroM moje umeeT Bux N=3m+
+2(1+{(g-1)/(2m?) - 2))m? + 3 m?. Beipazum m u3
BBIPAKCHUSA I poaa KpuBOH. [ OONBIIHX g CHpaBeI-
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MATEMATHUYHE TA KOMIT'IOTEPHE MOJIEJITOBAHHSI

MMBO g~ m?/2 u m~ 2g TIOACTABIAS MOCICAHHNI pPe-
3yABTAT M B BRIPAKCHHUC A YHCIIA TOUCK, TIOTYTHM

Ny(q) = 22+ 4(1 + ((g-1)/(4g%) - 2);)g + bg.

I'panmna Xacce — Belna a1d MaKCHMAIbHBIX KpH-
BBIX paBHA Ng( Dy =qg+1+2 g,\/E]. BrrmcncHne
liglésgp NA@)/ N (q) yy nact (6). 0

Tounsic BbraucnenHust N, (g)/g cornacywres ¢ pe-
synsratamu (5) u (6). Tak, ns g = 257 u m= 16 umeem
N=816 u Ng(q)/g: 7,76, a mma g = 2%+1 =
= 65537 m m = 2048 wummeem N = 12589056 m
Nq)/g = 6,0L

BbIBO/IbI

1. B mpocTtomM moNe HE CYMIECTBYET MAKCHMAIBHBIX
kpuBbIx ®epma. [Ipu 6oxbPOIOM POIE HMPOUTPHIN T'PAHHU-
me Xacce — Betna mponopumnonancH 1/ (JE]). C ym™McHB-
IICHUEM POJA KPHBOW 3HAUCHHE YHCIA TOHUCK NMPHOIH-
JkaeTca K rpanune Xacce — Belma, u mpu g = 0,1 mme-
€M TPHBHAIBHBIN ciiyuaii V = g+ L

2. YHUBEpCATbHOE XCIIMPOBAHWE MO KpHBHIM Depma
B MPOCTOM TIOJIC HE 00CCIICUMBACT TPCOOBAHUSA IO BEPO-
ATHOCTH KOJUIM3HH. B COOTBETCTBUM C BBIpOXKCHUEM (2)
I € anreOpamdyeckas KpuBasg JODKHA OBITH OOIBIIOTO
pona, ¢ OOIBIIMM YHCIOM TOYEK W 3HAYUTCIBHBIM OTHO-
menueM NV (q)/g. Acumnrotuka N(g)/ g ATt KPUBBIX
®ecpma pasHa 10. Kpuebie Mamoro poja IpOUTPHIBAIOT
mo mapamerpy N, 4uTo He oOecmeUHBacT TPCOOBAHUS 1O
BEPOSATHOCTH KOJUTM3HH I MPAKTHICCKUX 3HAYCHUH (.

3. Pegymbrarel mn1 kpuBbIX DepMa IpPEICTABICHBI
JUIA TIPOCTOTO TIOJII W YACTHYHO MOTYT OBITh OTHECCHBI
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K CBOWCTBAM KPHBBIX B PACIIHPCHHAX KOHEYHOTO MOJI.
PacmupeHHBIe KOHEUHBIC MO HMCIOT OONbIIEe MHOTO-
oOpazue o KOMOMHATOPHBIM CBOKCTBAM, YTO BJIMSCT HA
OLCHKH MAPAMETPOB KPHBBIX.
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Hanilimmna 25.10.2010
Xamimos I 3.
OIIHKA TIAPAMETPIB KPUBUX ©EPMA I

YHIBEPCAJILHOI'O T'EINTYBAHHS

OTpUMaHO TOUHI PiIlIeHHs IS yncia TOYOK KpuBuUX Dep-

Ma, KOJU TIOPSJIOK TIONS Mae JUTHHUKA 2, 3 Ta 6, TakoXK OITHKU

uHciIa TOUOK Ha OCHOBI MMOBIpHICHOTO Trixomy. lIpuBoasThes

ACHMITTOTHYHI I'PaHUIIl BLTHONIEHHS MaKCHMAJIFHOTO YHCIIa TO-

ok kpuBoi depma B mpocToMy TIoNmi o ii pomy Ta Jo TpaHwvIll

Xacce — Belis.

KumrouoBi ciioBa: yHiBepcambHe remntyBaHHs, KpuBi Oepma.

Khalimov G. Z.

ESTIMATION OF FERMA CURVES PARAMETERS
FOR UNIVERSAL HASHING OF NUMBER SOLUTION
FOR HURVITZ EQUATION IN THE FINITE FIELD

Exact solutions for a number of Ferma curves points when
the field order has dividers 2, 3 and 6 as well as estimates of
points number have been obtained using probabilistic appro-
ach. Asymptotic boundaries of the ratio of maximum number
of Ferma curve points in a simple field to its genus and to
Hasse—Weil boundary are given.

Key words: universal hashing, Ferma curves.



