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This book is devoted to my Teacher and Friend,

Professor |Rassalskiy Alexander Nikolaevich. |

PREFACE

The purpose of this book is to provide a firm foundation in the
study of electrical engineering course for the students engaging in dif-
ferent specialties at electro-technical department.

The studying of electrical engineering involves the analysis, de-
sign, and applications of devices and systems for conversion, process-
ing, and transmission of electrical energy and information. Owing to the
enormous progress made in field of electrical engineering during the last
few decades, the scope of its applications has become virtually unlim-
ited. In view of current progress and future prospects, it is necessary for
an engineer to acquire a basic knowledge of electrical engineering. |
have a hope that the textbook will help to achieve of this goal. The book
treats the main principal areas of electrical engineering in sufficient
depth to impart real understanding. It is not intended to be a survey. |
have lectured electrical engineering at the University for almost thirty
years. My experience prompts me how it is better to inform the students
about this subject, and help them to understand in the peripetias of our
rather complicated but such an interesting subject. The additional com-
plicacy in electrical engineering studying by my students consists in
teaching of material in the English language.

Nowadays young specialists in any field have to be able to asso-
ciate easily with his foreign colleagues in the performance of his official
duty. As it is known English is taken in the capacity of international
language of intercourse among the specialists of different fields all over
the world. Thanks to thorough knowledge both electrical engineering
and technical English, the graduates of the groups with English teaching
are well needed at the present. | took upon myself the liberty of writing
down this manual. | hope that this textbook will help both the lectures
and the students of other Universities. The prompt rhythm of a today's
life, integration of manufacture, expansion of partner communications
(connections) with foreign firms demand from the expert not only a pro-
found knowledge of the chosen trade, but also skill to communicate with
foreign partners in English, accepted today as language of business dia-
logue all over the world.
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The Zaporozhye national technical university (ZNTU) is one of
the first in Ukraine which began preparation of students from groups
with English language of training after a speciality "Electric machines
and devices". | have been teaching Electrical Engineering for thirty five
years and | have been doing it in English for already eighty years. Now
similar groups start to be created at many universities of the country.

| hope, that this book which as a matter of fact is the brief abstract
of my lectures, will be interesting both to my colleagues, and students,
interested persons not only it is good to know theoretical to the electrical
engineer, but also thoroughly to understand subtleties of terminology of
the given subject used in all advanced countries of the world.

The ten major chapters of the book are: Physical Bases of Electri-
cal Engineering, Electrical Circuits and its Elements, Linear Direct Cur-
rent Circuit, Single-Phase Sinusoidal Alternating Current Circuit, Three-
Phase Circuits, Transients, Non-Linear Direct Current Circuits, Periodi-
cal Non-Sinusoidal Currents in Linear Electrical Circuits, Magnetic
Theory and Circuits, and Four-Terminal Networks. | believe that this
ordering of the material is easier for the students to assimilate. At first
they study electric circuit analysis. It is a prerequisite for the study of
other major areas of electrical engineering. The basic circuit elements,
the concepts of voltage, current, ideal sources and resistors form the ba-
sis for further understanding of direct current circuit calculation. The
next chapter discusses the energy storage elements — the inductive coil
and the capacitor, different RLC circuits, their particularities and their
calculation methods. Simple circuits are used to illustrate the concepts
of transient response. It is easier for students to understand more general
circuits handled using the differential operators. In this text | try to ex-
cite student's interest in the subject when | consider different aspects of
electrical engineering passing from simple notions to more complicated.

To my opinion, such statement of a material will help them to study
the course more profoundly, and employ their knowledge in subsequent
studies. By preparation of this lecture course | used known textbooks, col-
lections and grants (1 ... 20), and methodical workings out developed of
Electrical Engineering chair of Zaporozhye National Technical University.

Finally, I want to express my gratitude for the useful comments
and suggestions provided by the colleagues who reviewed this textbook
during the course of its development, especially to Professors of
Zaporozhye National Technical University Vladimir Petrovich Metelskiy
and to Professor of Kharkiv National Technical University "KPI" Vladi-
mir Milyh. I am confident that their many suggestions have helped to
improve the precision and clarity of the treatment.
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INTRODUCTION

All various electrical cars, devices and systems cannot be de-
signed, developed and maintained truly without knowledge of organic
laws of electromagnetism, without ability qualitatively and quantita-
tively to analyze various modes, to carry out necessary calculations,
without a habit of correct application of electrical and magnetic sizes
and their measurement by means of measuring devices and systems.
Electrical Engineering is a base common-technical course for electro-
technical and specialities. The given grant is made according to the typi-
cal program and is intended for helping to students which study in a di-
rection "Electro-mecanics" by independent preparation.

The course "Electrical Engineering” requires the student to have
completed the basic knowledge in algebra, trigonometry, differential
equations and elementary calculus, as well as basic physics. This course
includes the studying of parities between electrical and magnetic values,
the methods of calculation and the analysis of electromagnetic proc-
esses, the principles of devices which use electromagnetic energy. It has
exclusively great meaning for formation of a scientific outlook of the
students who study special electro-technical disciplines.

The two basic models are used for the analysis of electromagnetic
phenomena and processes: electrical circuits and an electromagnetic
field. Accordingly and Electrical Engineering course is conditionally di-
vided into two parts: the theory of electrical and magnetic circuits and
the theory of an electromagnetic field.

The theory of circuits follows from the approached replacement
of the real electro-technical device by its idealized equivalent circuit.
This scheme contains the parts of networks on which required voltages
and currents are defined. Electromagnetic processes are considered to be
concentrated in separate circuits and the elements of these circuits, and
are quantitatively described by the means of concepts of an electromo-
tive force, a current and a voltage.

The theory of an electromagnetic field studies the electromagnetic
processes occurring in considered space and described by means of con-
cepts: the intensity of electrical field, a magnetic induction, relative di-
electrical and magnetic permeabilities. It investigates the intensity of
electrical and magnetic fields and with their help - such phenomena, as
radiation of electromagnetic energy, the distribution of volume charges,
the density of currents, etc.
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The given textbook is devoted to the theory of linear and nonlin-
ear electrical and magnetic circuits. The maintenance of a course and the
sequence of a statement of a material in it are corresponded to the pro-
gram of Electrical Engineering course for electro-technical and speciali-
ties of universities. The purpose of this book is to provide a firm founda-
tion in the study of electrical engineering. This subject is basically con-
cerned with providing efficient, convenient, and reliable means for
transforming, processing, and transmitting energy and information.
Hence, the study of electrical engineering involves the analysis, design,
and applications of devices and systems for conversion, processing, and
transmission of electrical energy. Basic knowledge of this subject is
necessary to every specialist because the scope of its applications has
become virtually unlimited. The importance of electrical engineering to
those in other fields of engineering stems from the fact that in almost
every walk of life we are concerned with one or more aspects of electri-
cal engineering - the conversion, transmission, processing, and storing
of energy and intelligence. Our aim is to present a unified overview of
major areas of electrical engineering.

As a result of studying of this course the student should know the
basic methods of the analysis and calculation of constant processes in
linear and nonlinear circuits with the concentrated parameters, in linear
circuits of non - sinusoidal current, in linear circuits with the distributed
parameters. He must learn the basic methods of transient calculation in
the specified circuits and to be able to use them into practice.

The textbook comprises following basic sections: the theory of
linear circuits of a direct current; the theory of linear circuits of a sinu-
soidal current; three-phase electrical circuits; linear circuits at periodic
not sinusoidal currents; bases of the theory of passive two-port networks
and filters; transients in linear electrical circuits; nonlinear electrical and
magnetic circuits at constants and alternating currents and magnetic
streams in stationary modes; electrical circuits with the distributed pa-
rameters in a constant mode.

For the purpose of acquisition and fastening of skills of methods
of the calculations, which necessary for successful studying of following
applied courses, in the book after each theme questions and problems
for self-checking are offered. Answers are resulted in all problems.
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LIST OF SYMBOLS

magnetic induction; susceptance;
capacitance;

self-capacitance;

demagnetizing factor, determinant;
electric field strength, a voltage generator; elec-
tromotive force (e.m.f.).

e.m.f. of self-induction;

e.m.f. of mutual induction;

force, a magnetomotive force (m.m.f.);
electrical charge;

frequency, a function;
conductance;

magnetic intensity;

coercive force;

current (an effective value);
current (an instantaneous value);
current source;

current transmission ratio;

voltage transmission ratio;
inductance or a self-inductance;
length;

mutual inductance;

number of turns of a coil;

active power;

reactive power;

charge;

resistance;

non-linear resistance;

distance between two points;
apparent or total power; cross-section area;
period of a function;

time;

voltage (an effective value);
magnetic potential difference;
magnetomotive force;

voltage (an instantaneous value);
electric energy;
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magnetic energy;

reactance;

inductive reactance;

capacitive reactance;

admittance or total reactive conductance;
complex impedance.

Greek letter symbols

phase shift constant;

determinant;

air gar, decay factor;

permittivity;

permittivity of free space (vacuum);
efficiency;

permeability of a vacuum;

relative permeability;

complex permeability;

time constant;

magnetic flux;

potential; angle shift between a current and
voltage;

epoch angle; flux linkage;

resistivity; wave resistance;

angular velocity or angular frequency;
resonant frequency;

nabla operator.

Subscripts

equivalent;
load;

line;

input, internal;
open circuit;
phase;

short circuit;
steady-state;
transient.
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Chapter 1
PHYSICAL BASES OF ELECTRICAL ENGINEERING

The science of electrical engineering is based on just a few
experimentally established fundamental laws. The principles and
concepts of many engineering devices are very often the same in spite of
differences in appearance and arrangements. In the interest of stressing
the importance of these basic laws, attention is focused on the historical
frame of reference as well as the final experimentation which
culminated in their strikingly simple formulations. Once the
fundamental laws are studied and understood, a considerable amount of
respective will have been gained. In turn, this will facilitate the
understanding of those branches of engineering where the appropriate
laws provide the corresponding foundation.

For example, it will be seen that the field of electric circuit theory
emanates from the fundamental results achieved by Coulomb
(discovered in 1785), Ohm (1827), Faraday (1831), and Kirchhoff
(1857). The dates denote the years in which the laws, which today bear
their names, were first published. Likewise, further in this book, it will
be seen that the whole subject matter of electromagnetic devices and
electromechanical energy conversion can be treated and analyzed by
applying just two of the fundamental laws - Ampere's law (1825) and
Faraday's law of induction (1831).

In this chapter we will study electrical circuits. The electrical
circuit is the set of devices intended for transfer, distribution and mutual
transformation electrical and other kinds of energy if the processes
proceeding in devices, can be described by means of concepts about
electromotive force, a current and a voltage.

The electrical circuit generally consists of sources and receivers
of electrical energy and the wires connecting them forming closed ways
for passage of a current.

We will study how each of circuit elements behaves individually
and how, when they are interconnected, their interaction is governed by
circuit laws.

And there are only three basic factors regarding the operation of
all electrical dc circuits: voltage, current and resistance. It is not enough
to know only what they do; you must also understand the reason why
they behave as they do. If you can understand why, everything in



16

electricity will become much easier for you, and you'll be much better in
whatever area of electricity you work.

Once we have covered the three primary factors related to
electrical currents in circuits, we will move on to different associated
subjects. So, it is important that you understand them fully.

1.1. The Three Primary Factors

There are three primary factors regarding the operation of all
electrical circuits. They are voltage, current flow and resistance. These
are the fundamental things that control every electrical -circuit
everywhere. Introducing these three factors, one can use a comparison
to the flow of water to provide a comparative illustration of how
electricity operates.

Voltage is the force that pushes the current through electrical
circuits. It is represented in formulas with the letter U. It's measured in
volts. The scientific definition of volts is the work necessary to force 1
ampere of current to flow through a resistance of 1 ohm.

In comparing electrical systems to water systems, voltage is
comparable to water pressure. The more pressure there is, the faster the
water will flow through the system. Likewise, with electricity, the
higher the voltage (electrical pressure), the more current will flow
through any electrical system.

Current is the rate of flow of electrical charges. The scientific
description for current is the intensity of flow of the particles carrying
electric charges. It is represented in formulas with the letter /. The unit
of current is ampere (4). Current compares with the rate of flow in a
water system, which is typically measured in gallons per unit. In simple
terms, electricity is thought to be the flow of electrons through a
conductor.

Resistance is oppositional to the flow of electricity. Some
materials, such as glass, offer a very high resistance to the flow of
electricity. Other materials, such as metals, offer little resistances to the
flow of electricity. To continue with the water illustration, a drinking
straw would have a high resistance to water flow. In formulas it is
represented by the symbol R. Resistance is measured in o/ms, and ohms
are represented by the Greek capital letter omega ().

A more modern term for the opposition to the flow of electrical
current is impedance. Impedance is the total opposition to the flow of
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electricity. It is important to differentiate between impedance and
resistance. Resistance is the more traditional but it is less accurate term.
Resistance is a fine term for direct-current circuit only. Impedance can
be used for either direct- and alternating-current circuits. We will
consider this difference in detail further.

1.2. Origins Inside of Atom

Electricity begins in atoms. Atoms are regarded as the smallest
particles that retain the properties of an element. Figure 1.2 shows the
simplest atom, hydrogen.

Elements are substances that cannot be changed, decomposed by
ordinary types of chemical change, or made by chemical union. A
molecule is the smallest unit quantity of matter that can exist by itself
and retain all the properties of the original substances. It consists of one
or more atoms.

Electronorbit  ~_ _ _ - 7 Mucleus

Fig. 1.1. Hydrogen atom with one proton and one electron

Atoms are composed of two main parts: a hard central core
known as a nucleus, and electrons that move around the nucleus.

There are three types of particles that make up atoms: protons are
positively charged particles; electrons are negatively charged particles;
neutrons are particles that have no charge at all.

The nucleus contains two types of particles: one is known as
proton and carries a positive charge, the other is neutron which is
electrically neutral, that is it carries no charge.

So, protons and neutrons always form the nucleus of an atom, and
electrons always move around the nucleus. They carry the smallest
negative charge and have a negligible mass because of their
submicroscopic sizes.

As an example we can see a hydrogen atom in Fig. 1.1.

The positive charge of a proton is numerically equal to the
negative charge of an electron. The positive charges and the negative
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charges balance themselves. Normally, the atom is electrically neutral,
because it consists of as many protons as electrons.

1.3. Charge and Electric Forces

Electrical charge and its movement are the most basic items of
interest in electrical engineering.

The basic component of charge is an electron, which carries a
negative charge 1.6 X 107"Y C, where C is the unit of charge given in
coulombs. One coulomb of charge therefore represents a tremendous
number of electrons.

The nuclei of atoms contain an equal amount of positive charge in
the heavier protons.

-
e,
-~ -
F ( : ( : F
i qz

Fig. 1.2. Illustration of Coulomb's Law

Charges of the same sign tend to repel each other, and charges of
opposite sign tend to be attracted together. Thus, charges exert forces on
each other. It is the electric force that we are interested in utilizing and
controlling.

For example, consider two charges ¢; and ¢,, separated by some
distance r. The force F exerted on one charge by the other varies
inversely with the square of the separation between them and directly
proportional to the strengths of the charges according to Coulomb's Law
(see Fig.1.2):

popritin o @t
P2 Ak, 07

(1.1)

where ¢, and ¢ are the charges expressed in coulombs, r is the distance
between the charges in meters, &, = 8.854 X 1072 F/m is the permittivity
of free space (vacuum) and € is the relative permittivity of medium.
The relative permittivity is a dimensionless quantity. The 4z is a
proportionality constant which appears whenever Coulomb's law is
expressed in the International System of Units (SI).
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1 4. Voltage

Coulomb's Law serves as the starting point for the study of a
considerable part of electrical engineering. It is our purpose next to
establish additional background that follows naturally from Coulomb's
Law and that will be useful later in the book.

Since charges exert forces on other charges, energy must be
expended in moving a charge in the vicinity of other charges. The unit
of energy is the joule (J), where one joule is the energy expended in the
application of one newton of force in moving an object through a
distance of one meter (J =N Lin).

For example, consider Fig. 1.3. Moving a charge ¢ from point "a"
to point "b" in the presence of some other charge Q requires a net
expenditure of energy. The force of Q may oppose the movement of ¢
over certain portions of the route, while over other portions this force
may be in a direction so as to aid the movement of ¢. Thus, it reasonably

n_n

follows that if we move the charge from point "a" to point "b" and

n_n

return it to point "a", the net expenditure of energy will be zero.

)

Fig. 1.3. - Voltage (potential difference) between two points in terms of
the work required for moving a charge between those points.

This result is explained by the fact that charge O has a type of
force field around it which tends to repel charges of like sign and attract
charges of unlike sign. If we move a charge ¢ from point "a" to point
"b" and energy W, is expended, and it is worthwhile at this point to use
a description which stresses not so much the total work imparted but
rather the total work per unit charge, which is called voltage.

So, we can say that the voltage U between these two points is the

work required per unit charge:
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Hence, the voltage is the potential difference between two points.
The unit of voltage is volt (V), where 1V = 1J/1C. Knowing the direction
(polarity) of this voltage, or electrical potential, is as important as
knowing its magnitude, since this will determine whether energy is to be
expended by us or by the force field when a charge is moved between
these two points.

Thus, the voltage across a branch of a circuit is the potential
difference existing at the terminals of that branch. In a branch
containing no e.m.f. the current moves from a point of higher potential
to one of lower potential. In this case the charge gives up energy.
Conversely, when a unit charge moves from a point of lower potential to
one of higher potential it receives energy. The potential difference (p.d.)
at the terminals of a resistance is also called the voltage across a
resistance. It is also referred with such terms as voltage rise or voltage
drop. In this text the latter term will be used. The positive direction of a
voltage drop is the positive direction of the current in the resistance.

Uab =

(1.2)

(D o]

Fig. 1.4. - Example of the electric circuit.

Look at Fig. 1.4 for an illustration of the application of these
terms. Current is assumed flowing in a clockwise direction, which
means that either positive charges are moving clockwise or negative
charges are moving counterclockwise.

As the positive charges move through the voltage rise from a to b
they receive energy so that the potential of b is higher than a. However,
as they move from ¢ to d they undergo a voltage drop, thereby losing
energy to the device appearing between these two points. It is interesting
to note that the stream of charge gains energy in one part of the circuit
(at the active element) and gives it up at the other part (the passive
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element). Of course, the total energy remains unchanged in accordance
with the law of conversation of energy.

The positive direction of voltage in diagrams is shown by an
arrow. The arrowhead should point from the terminal designated by the
first letter of the subscript to the terminal designated by the second.
Thus, the positive direction for U;; is shown by the arrow pointing from
1 to 2. It is important to understand that we need not be concerned with
designating the correct point oh higher potential, since this can easily be
reversed by using a negative sign with the numeral value of the voltage.

1.5. Current and Magnetic Forces

Current is the rate of movement of electrical charge. Consider
Fig. 1.5, a in which we have shown a charge moving along a cylinder.
[

=

Magnetic force fleld

1) M .
—) (o)

b

Fig. 1.5. - Electrical current @) net movement of positive charge; b)
magnetic force field around a current-carrying wire

A certain amount of positive charge Or" and negative charge QOx
is moving to the right across some cross section of the cylinder, and
similar quantities O, and Q,” are moving to the left. The net positive
charge moving to the right is

0= Q0 =0 =07 +01 (1.3)

since negative charge moving to the right is equivalent to positive
charge moving to the left. If we observe the charge crossing the area at
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certain time interval Az, the current i directed to the right is the rate of
movement of net positive charge to the right per unit of time:

._ QO
i N (1.4)

The unit of current is ampere (A4), where one ampere of current is
the movement of one coulomb of net positive charge past the cross-
sectional area of a wire per one second (s): 14 = 1(/1s.

The rate of charge movement may not be constant but may vary
with time. To determine the current at a specific time, we reduce the
time of observation to a very small interval about that time and obtain
which gives us the current as the function of time .

i(?) :%. (1.5)

In most metallic conductors, such as wires, current is exclusively
the movement of free electrons in the wire. Since electrons are negative,
the charges are thus moving in a direction opposite to the direction of
the current designation. The net positive charge movement is
nevertheless in the direction we designate for i.

Electrical current produces forces, just as electrical charges do.
The forces produced by electrical currents are referred to as magnetic
forces, and they possess many of the properties of ordinary bar magnets.

A current-carrying wire has a magnetic force field around it just
as an electrical charge has an electrical force field around it. This
magnetic force field appears as concentric circles around the wire; at a
constant radius » from the wire, the magnetic force is the same
(Fig. 1.5, b).

The electrical force field of a positive charge always points away
from the charge, and vice versa for the negative charge. If we place an
ordinary bar magnet of a compass in the vicinity of the wire, the
compass needle will align with the direction of the magnetic force field.

Electric current is defined as the time rate of change of charge
passing through a specified area. The moving charges may be positive
or negative; the area may be the cross-sectional area of a wire or some
other suitable spatial area where charges are in motion.

Expressed mathematically we can write
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In this equation 7 denotes the instantaneous electric current and ¢
represents the net charge, which may be of the positive as well as
negative kind. The amount of current is measured in amperes.

This term commemorates one of the great discoverers of
electricity Andre-Marie Ampere -a French physicist of the 19th century
who did groundbreaking work on the relationships between electricity
and magnetism.

1.6. Gauss's Law

This law is an important consequence of Coulomb's Law and
provides additional useful knowledge, which is needed in the work that
follows in Chapter 2. In thus connection consider that a sphere of radius
r is put around a point charge ¢ as depicted in Fig. 1.6.

Sphere

Fig. 1.6. Configuration for deriving Gauss's electric flux law

The electrical engineers have to take into account important
vectors: 7. and 5.

o 1s called the electric displacement or electric induction. 1t is

defined as the property of the field which is evidenced by its ability to
induce charges on conductors placed in it.

The electric field strength (or electric intensity) E 1S a vector
quantity defined at any point in a field by magnitude and direction.

If we consider a stationary positive charge so small that it will not
bring about any changes in the distribution of charges on the bodies
producing the field, the ratio of the force acting on the charge to the
magnitude of the charge gives the electric field strength at that point:

=1
q
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So, the electric field strength is numerically equal to the force
acting on a unit charge.

Taking into account all above-stated, the Gauss theorem may be
stated in following ways.

1. The surface integral of the normal component of the electric
displacement, i.e. the total normal displacement flux, over a closed
surface enclosing a certain volume is equal to the algebraic sum of the
free charges within this surface:

Jpas=>q, - (1.7)
Rewriting this equation for our sphere yields

g =D A=41%°>D . (1.8)
The quantity D is identified as an electric flux density because it

is combined with an area term 4 =472 =area of sphere, to yield
charge, which is also called electric flux.

2. Since p =g g > then Gauss' theorem for a homogeneous

and isotropic medium can be written as

€,E

that is, the surface integral of the normal component of the electric field
strength, or the total normal field strength flux, over a closed surface is
equal to the total free electric charge within the surface divided by the
product €, €.

Either of the two expressions has a field of application of its own.
It is important to stress that the normal vector flux is dependent solely
on the total charge within the closed surface and is independent of the
contribution of the charge outside it.

1.7. Ohm's Law

This law is perhaps one of the first things learned about electricity
in any elementary course on the subject. It is not at all unlikely that the
reader was introduced to Ohm's law in its simplest form in his physics
course. This is mentioned by the way of further stressing its importance
in the study of electrical engineering.
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George Simon Ohm (1787 - 1854) was a professor of
mathematics and physics who devoted considerable time and effort to
experiments dealing with wvoltaic cells and conductors. These
experiments included the effect of temperature on the resistivity of
various metals.

In spite of this extensive laboratory work, however, the law that
bears his name was the result of a mathematical analysis of the galvanic
circuit based on an analogy between the flow of electricity and the flow
of heat.

By following the formulation of Fourier's heat conduction
equation and using electric field intensity as analogous to temperature
gradient, Ohm was able to show that the current flow in a circuit
composed of a battery and conductors can be expressed as

_ S du
7 _F_DZ (1.9)

where the derivative term denotes the electric field gradient, and
S =47w%?2 =area of sphere. In the language used by Ohm u was called
the electroscopic force by way of representing the volume density of
electricity at a point in the conductor - a terminology consistent with the
analogous situation in heat flow through a solid described in terms of
the quantity of heat per unit volume. In the case where a conductor of
uniform cross-sectional area is used, Eq. (1.9) may be written as

I === == (1.10)

where U is the potential difference in volts appearing across the conductor
of length /, S is the cross-section area; p is the property of the material
called the resistivity; R is the resistance of the conductor in ohms.

In the case of a rectilinear conductor which has constant cross-
section R is found as

Rsz(S— (1.11)

where S - the conductor cross-section, (m?).

Equation (1.10) is a mathematical description of Ohm's law. It
states that for any given potential difference the strength of the current
in a wire is proportional to the potential difference between its ends and
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inversely proportional to the resistance, which in turn is dependent upon
the composition of the wire.
Ohm's law may be alternatively expressed as
U=IR, (1.12)

In this form it states that for any given potential difference, the
amount of current produced is inversely proportional to the resistance,
which in turn is dependent upon the composition of the wire.

1.8. Instantaneous power and energy of an electric current.
The Joule-Lenz's law

When current flows through a section of a circuit an electric field
fulfils work. There are following power transformations. At first the
energy of a source changes into the energy of the field. Then the field
gives the energy to the charged particles, moving in the conductors of a
circuit.

The energy of movement (the energy of a current) will change
into internal (thermal) energy of conductors, and all allocated energy
dissipates in environment after some increase in their temperature. For
an interval of time Z¥ a charge &9 =1 [A¥ proceeds through a section
of a circuit. The work fulfilled by electric field in the part of a circuit:

A=, —dp)Dg=U O D (1.13)

where U =U_, =¢, —¢, is the voltage across a considered section.
Taking into account Ohm's law it is possible to present (1.13)
expression into the following state:

2 U
M=RUOZ ==~ - (1.14)

Joule-Lenz's law: the work /A4 of electric current / which flows
through a motionless conductor with resistance R, is equal to the
quantity of thermal energy which is allocated in this conductor for the
interval of time ¥ :

Wy =0NM=RI% . (1.15)

The power of an electric current is equal to the relation of current
work A4 to an interval of time ZX for which this work has been
made:
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=P _yg=rg?=L. (1.16)
Iy R

The work of electric current is measured in joules (J), and power
is measured in watts (Wt).

The energy derivative in time, i.e. the speed of energy receipt in
time, represents instantaneous power of section of a circuit:

u— =ui . (1.17)

Instantaneous power is an algebraic value. It is positive when
current and voltage coincide in sign (when a section of the circuit has
got the energy from other part of a circuit). It is negative if current is
opposite to voltage (a section gives out the energy to the circuit).

1.9. Electromotive force

For making constantly existing electric field in a conductor, it is
necessary a current (voltage) source be in current-carrying circuit. If a
moving of charges in a source is excited by the external forces which
have not been caused by an electrostatic field, the energy of external
fields, exciting these forces, will be converted into electric energy. In
direct current generators external fields are excited by an
electromagnetic induction, in galvanic cells - by chemical reactions, in
thermogenerators - by heating.

Thus, the surplus of positive charges is made up at one terminal
marked out by a plus sign, and the surplus of negative charges is made
up at the other terminal marked out by a minus sign. An electric field is
created inside a source and in external electric circuit as a result of
separation of charges.

The sources of electric energy are characterized by an
electromotive force (e.m.f.). The e.m.f. is equal to the operation of an
external forces expended on displacement of an individual positive
charge inside a source from a terminal with a lower potential to a
terminal with a higher potential, and is marked out as E.

As the external forces act only in the current source between its
electrodes, the e.m.f. is the source description, and it does not depend on
an external network. Irrespective of the nature of external forces, the
e.m.f. of a source is numerically equal to a voltage between terminals of
the energy source in the absence of a current. The instantaneous value of
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e.m.f. is marked out e(f). The electromotive force is measured in volts
).
1.10. Basic Characteristics of a Magnetic Field

Just as in the space enclosing electric charges, there is an electric
field, and in the space enclosing moving charges and constant magnets,
there is a force field which is termed as magnetic one.

The major singularity of a magnetic field is that it is created only
by moving charges, and it acts only on moving charged particles.

The parameters of a magnetic field are magnetic induction (or
flux density) B, magnetic intensity (or magnetic field strength) H, and
magnetization J.

The magnetic induction B at any point in a magnetic field is a
vector quantity that determines the e.m.f. induced in an elementary
conductor that is moving through the field at that point.

It numerically equals to the meaning of force F with which the
magnetic field acts in the given point on individual charge g which
moves with individual velocity v and has a direction, perpendicular to
force and velocity vectors, coinciding with a translation of the right
screw at its twirl from a force direction to a direction of velocity of a
particle with a plus charge.

B v (1.18)

If everywhere the vector B is the same numerically and in the
direction, the field is considered to be homogeneous. The unit of
magnetic induction is the tesla (7).

The lines of the magnetic field force are the lines of a magnetic
flux. In each point of these lines, the vector of the magnetic induction is
directed on a tangent to this line. Each line of a magnetic field is the line
of the equal induction.
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Fig. 1.7. The displacement of the vector of magnetic induction

The vector of magnetic induction 5 is directed perpendicularly
to the plane which it is organized by mutually perpendicular vectors of
velocity | and force = (Fig. 1.7).

The magnetic intensity H at any point in a magnetic field is
defined as a force which produces, or is associated with, the magnetic
induction at that point.

The magnetization J at any point in a magnetic field is defined as
the magnetic moment per unit volume.

The three quantities are related thus

B =W, (H +J) (1.19)

where M, is a permeability of a vacuum (free space). The magnetic
intensity and the magnetization are measured in ampere per meter.

The magnetization is in the same direction as magnetic intensity
at that point and is directly proportional to the magnetic intensity within
the material. Thus

J =xH (1.20)

where X is the magnetic susceptibility of the material and is in turn a
function of H. Substituting Eq. (1.20) in Eq. (1.19) and putting

1+X=H,, we get
B =P, H (1.21)

where |1, = 41x1077 =1.256x10° 1/

The magnetic flux @ through the area S is the surface integral of
the normal component of the magnetic induction vector over that area,
or
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q’:S BdS (1.22)

where dS is an element of area S. Magnetic flux is measured in webers.
1.11. The Biot-Savart-Laplace's Law

According to the Biot-Savart-Laplace's law the magnetic
induction in a free space at a point 4 distant from the element of length
dl carrying current / is given by

dp =HrHo Hdlxr] (1.23)
41T 73

where ;7 is the vector which in module is equal to the length of an

element of a conductor d/ and coincides in direction with a current;
is a radius vector which is drawn from element d/ to a point of the
field 4; r - the module of radius vector ’

The direction dB which is determined by a vector product (see
Eq. 1.23), is perpendicularly to each of vector factors d/ and 7 , that
is, it is perpendicularly to the plane in which they are placed.

The direction of a magnetic induction vector is found by the right-
handed screw rule: the direction coincides with a rotation of a head of
the right screw if its translational movement coincides with the direction
of current in the element d/ .

Fig. 1.8. A straight conductor carrying current

The vector module is found by the expression
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dB:u:‘&DlgBkina (1.24)
n r

where o is the angle between vector ;" and |7 (Fig. 1.8).

1.12. Ampere's Circuital Law

Electric currents passing through a conductor produces a
magnetic field in its neighbourhood.

4 5

Summation around K
the mesh

Fig. 1.9. Closed path and the currents bounded by that path

The quantitative relationship between the line integral of the
magnetic intensity vector H around any closed path and the total current
bounded by that path is given by

Jrar =>7 . (1.25)

This is most often known as Ampere's circuital law. 1t states that
the line integral of the magnetic field intensity over a closed path is
equal to the total current threading through that path. It can be applied to
the circulation of magnetic intensities due to current-carrying
conductors. The current is considered to be positive if it organises the
right screw with the direction of summation around the mesh, and it is
considered to be negative - otherwise.

For example, for the contour which is shown in Fig. 1.9, the

—

circulation of a vector of magnetic intensity .,  is proportional (

Iy —15)and does not depend on /3.

1.13. The law of electromagnetic induction

In 1831, Michael Faraday (1791 - 1867) showed that electricity
could be produced from magnetism. He demonstrated that induced
currents could be made to flow in a circuit whenever (1) current in a
neighbouring circuit is established of interrupted, (2) a magnet is
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brought near a closed circuit, and (3) a closed circuit is moved about in
the presence of a magnet or other closed current-carrying circuits.

M| = Wire coif
Magnat

a b
Fig. 1.10. [llustration Faraday's law of induction

Figure 1.10, @, shows one of the experiments made by Faraday.
By closing the switch he was able to observe a deflection in the
galvanometer G connected to the second circuit. (A galvanometer is a
sensitive instrument used to measure small currents and voltages).

Moreover, upon opening the switch, he again observed a
deflection but this time in a reverse direction. Figure 1.10, b, shows
schematically still another arrangement used by Faraday to show how
electricity is produced from magnetism. If either the magnet was moved
toward the circuit or the circuit toward the magnet, the galvanometer
registered a deflection.

Faraday was a disciplined and meticulous experimenter who kept
careful and complete records of his laboratory work. From these
descriptions it has been possible to formulate Faraday's law of induction
mathematically as follows:

e=—d—qJ=—wd—(p. (1.27)
dt dt

The quantity e denotes the instantaneous value of electromotive
force induced in a closed circuit having a flux linkage of W weber-
turns. In those instances where the magnetic flux @ penetrates all the
turns of the coil as shown in Fig. 1.10, a, Faraday's law may be
expressed by the following form of Eq. (1.27).

The negative sign is due to Emil Lenz, who subsequent to
Faraday's experiments pointed out that the direction of the induced
current is always such as to oppose the action that produced it. This
reaction is commonly called Lenz's law.



33

Faraday's law as embodied in Eq. 1.27 is one of two basic
relationships upon which the entire theory of electromagnetic and
electromechanical energy conversion devices is based.

In fact, soon after Faraday's work of genius was published in
1831 explanations were at last possible for the phenomena observed by
Oersted, Ampere, and other experimenters. The foundation was now
established to facilitate the ensuing rapid development of electric motors
and generators.

Faraday was also the first experimenter to identify the
electromotive force of self-induction which manifested itself whenever
circuits carrying current in long wires or circuits wound with many turns
were disconnected.

The American inventor Joseph Henry also independently
discovered the current of self-induction but not before Faraday. Both
experimenters were able to demonstrate that a changing current
produced an e.m.f. of self-induction in a coil of wire which varied
directly with the time rate of change of current. Expressed
mathematically,

i

dt
where L is a proportionality factor called the coefficient of self-
inductance which is dependent upon the medium and some physical
dimensions. This result is equivalent to Faraday's law of induction as
expressed in Eq. (1.27).

Moreover, Eq. (1.28) is extremely important in the development
of electric circuit theory. It serves to identify one of the three basic
circuit parameters - inductance. The other two parameters, resistance
and capacitance, have already been identified with Ohm's and
Coulomb's laws, respectively.

e= (1.28)

Summary review questions

1. What is termed as the electric circuit and what devices can it
consist of? Give a general and inclusive description of electric current.

2. What electrical parameters describe the state of electric circuits
and the processes which are flowing past in them?

3. Give a general and inclusive description of electric current and
illustrate your statement with appropriate symbols.
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4. State Coulomb's law and identify the kind of information that
can be deduced from it.

5. What is permittivity? Describe how this quantity can be found
for various materials (media).

6. Assume that a circuit consists of a battery connected in series
with a resistor. Describe the action that take place in the circuit as an
electron is made to circulate around the circuit.

7. Distinguish among voltage, voltage drop, voltage rise, and
potential difference.

8. How are the parameters of devices of equivalent circuit of a
receiver and a generator of electric energy found in direct-current
circuits?

9. Does capacitance exist between two thin current-carrying
conductors? Explain.

10. Describe how the resistance property of a conducting material
can be determined using Ohm's law. Can this procedure be applied to
nonlinear materials? Explain. Can this procedure be applied to devices
that exhibit discontinuities? Explain.

11. What does Lenz's law state? When is instantaneous power
positive and is it negative?

12. Draw a series circuit comprising a battery, a switch, a resistor,
and a coil. Describe the effect of the law of electromagnetic induction
when the switch is suddenly opened after being allowed to remain
closed for a period of time. How does Lenz's law manifest itself in this
action?

13. What does Ampere's circuital law state? Where can it be
applied?

14. State Ampere's law and illustrate its application to show that
the net force is zero in the case where two long, current-carrying
conductors are placed in quadrature with each other.

15. A positive point charge of value 10 C is fixed at a point in a
vacuum. An identical point charge is then brought to a distance 10 cm
away. Find the potential energy of the second charge.
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Chapter 2
ELECTRIC CIRCUIT AND ITS ELEMENTS
2.1. The basic notions of an electric circuit

As electric circuit is termed a totality of the devices intended for
generation, transmission, conversion and the use of electric current. The
electromagnetic processes in the electric circuit can be presented by
means of such integral concepts, as a current, a voltage and an
electromotive force.

Any electric circuit is an interconnection of electric devices such
as energy sources, energy converters or loads, and conductors that
connect the source and the loads.

Energy sources are devices converting chemical, mechanical or
other forms of energy into electric one. Supplied electric energy is
further transformed by energy converters (load) to other forms of energy
(mechanical work, heat, light and so on).This chapter deals with direct-
current (d.c.) circuits.

The energy converters of electric energy are devices in which an
electromagnetic energy is transformed into other kinds of energy:
mechanical, thermal, chemical, the energy of light radiation etc.
Besides, some part of energy is reserved in electric and magnetic fields
of a circuit. The converters are also called receivers or loads.

For description and theoretical examination of circuit properties
the notions "two-terminal network" and "four-terminal network" are
introduced. A part of an electric circuit of the arbitrary configuration,
observed concerning any two terminals (poles) is termed a two-terminal
network. There are passive and active two-terminal networks. The
networks which do not contain energy sources are called passive ones.
The networks containing one or several energy sources are termed
active ones.

The properties of transfer system are described by means of
notion "four-terminal network". A four-terminal network is an electric
circuit with two input and two output terminals. A four-terminal network
usually is an intermediate link between a source of supply and a load.

A direct current is defined as a unidirectional current unvarying
with time. It is flow of particles carrying electric charges (free electrons
in metals, and ions in liquids). Current flow is caused by electric field
established by the energy source of a given circuit.
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A source of electric energy is specified by the magnitude and the
direction of electromotive force (e.m.f.) it generates, and its internal
resistance. In the international system the unit of current / is ampere (A4),
that of the e.m.f. E, the volt (V), and that of resistance R, the ohm.

+
E [ ]
O
- U v

ot b o

I !

Fig. 2.1. A graphic representation of an electric circuit and volt-ampere
characteristics

A graphic representation of an electric circuit is called a circuit
diagram (Fig. 2.1, a). We represent resistances by rectangles, an energy
source, by a circle with an arrow inside it to indicate the positive
direction of the e.m.f.

In any electric circuit the energy converter and the conductors
connecting it to the source make up an external circuit in which current
flows from "+" side to the "-" side of the source. Inside the source,
current flow is in the opposite direction, i.e. from the "-" side to the "+"
side. The relation between the current through a resistance and the
voltage across the same resistance is called its volt-ampere (volt-
current) characteristic. When presented graphically, voltages are laid
off the abscissa, and the currents, as ordinates.

There are two different types of volt-ampere (7/4) characteristics.
One is a straight line; the other is a curve. Both are shown in Fig. 2.1, b
and c, respectively. Resistive elements for which the volt-ampere
characteristic is a straight line are called /inear, and the electric circuits
containing only linear resistances are called linear circuits. Resistive
elements for which the volt-ampere characteristic is other than a straight
line are called non-linear, and so the electric circuits containing them
are called non-linear circuits.

All electric circuits actually are nonlinear. Linear they can be
considered only in the limited ranges of values of currents and voltages.

The volt-ampere characteristics may be of different forms. Such
volt-ampere characteristics for various resistive elements (2 - for a linear
resistive element, 1 and 3 - for nonlinear resistive elements) are
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presented in Fig. 2.1. In an appearance from a linear resistive element
each point of volt-ampere characteristic of a nonlinear element is
defined by two parameters: static resistance and differential resistance.

UR 1 2

a

Fig. 2.2. The volt-ampere characteristics

Static or integrated resistance of a resistive element is
numerically equal to the ratio of voltage on element terminals to the
force of a current flowing through it. This resistance is proportional to a
tangent of an inclination angle o of a straight line which is led from the
beginning of coordinates to a working point 1 of the characteristic, in
relation to an axis of currents (Fig. 2.3, a):
=R = M g o = my g 2.1

hm

R.

mn

where m,, , m;, mp - corresponding scales for a voltage, a current and
a resistance.

Dynamic or differential resistance of a resistive element is
numerically equal to the ratio of an infinitesimal increment of the
voltage on element clips to an infinitesimal increment of a current
flowing through it.

This resistance is proportional to a tangent of an inclination angle
[ to a tangent which is led to a working point 1 of the characteristic, in
relation to an axis of currents (Fig. 2.3, b):

=21 (g B=mp, (T3 2.2)
mj

_dug

R
4T g

Ul

In the case if a volt-ampere characteristic is linear, the values of
R;, and R, don't depend on a choice of a working point and are
equal to each other.
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Fig. 2.3. The volt-ampere characteristics for determining the static and
dynamic resistances

Similarly it is possible to represent coulomb-volt characteristics
for capacitor elements and weber-ampere characteristics for inductive
elements. In the limited range of voltage or current changes it is possible
to neglect their nonlinearity and consider them to be linear. In this case
the values of resistances, capacitances and inductances are constant.

2.2. Ideal Voltage and Current Sources

All electric circuits are driven by sources. These sources may be
independent of their network variables, as in the case of synchronous
generator that are used to supply energy to homes and many industrial
loads; or they may be of a dependent type, such as is frequently
encountered in electronic circuits. Attention here is confined to the
independent type. However, independence of a circuit variable such as
current or voltage does not imply independence of time. Accordingly,
many independent sources are often time varying, as with the
synchronous generator whose phase voltage is described by
e(t) =Emsin &¥ | where o is determined by the speed of rotation of
the generator.

The distinguishing feature of an independent voltage source is
that the value of the voltage is not dependent on either the magnitude or
direction of the current flowing through the source. Figure 2.5, a depicts
the model representation of such a two-terminal source.

A voltage source, or voltage generator, connected in series with a

resistance R;;,, ("source resistance") equal to the internal resistance of

the real energy source is presented in Fig. 2.4, a. The equivalent voltage
generator is "idealized" in that the voltage it generates is thought of as
being constant, independent of the current flowing through it, and equal
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to the e.m.f. of the real energy source. The internal resistance of this
idealized generator is zero. In practice a voltage generator is shown in
diagrams by a circle with an arrow inside and the letter £ outside the
circle. The arrow points in the positive direction of e.m.f (this is the
direction in which the potential inside the generator increases).

) aﬂl%ﬁ 1”

Fig. 2.4. Electric circuits

An ideal current source is a two-terminal element which supplies
its specified current to the circuit in which it is placed independently of
the value and direction of the voltage appearing across its terminals. An
ideal current source, or current generator, connected in parallel with a
resistance R;;, equal to the internal resistance of the real energy source
is depicted in Fig. 2.4, b.

The ideal independent current source is a two-terminal element
which supplies its specified current to the circuit in which it is placed
independently of the value and direction of the voltage appearing across
its terminals.

The equivalent current generator is "idealized" if the current J
is independent of the load resistance R and equal to the quotient of the
e.m.f. of the real source and its internal resistance, or J =E/R;;, . In an
ideal current source, its internal resistance is infinitely large.

In diagrams a current generator is symbolized by a circle with an
arrow inside and letter J outside. The letter may have a subscript (say,
1 ;). The arrow points in the positive direction of J .

The current through the load (the resistance R) is the same in both
equivalent circuits (& and & in Fig. 2.4), and equal to the current

E

—m. (2.3)
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The behaviour of voltage and current generators can be presented
in chart form, as in Fig. 2.5, @ and & , where the current through an
idealized source is related to the voltage across its terminals.

The plot of Fig. 2.5, @ applies to a voltage generator and shows
the voltage-current characteristic of an ideal voltage source. Observe
that the characteristic is horizontal to the current axis, which is entirely
consistent with the fact that any value of current magnitude and
direction can be associated with the voltage source. Of course, it is
assumed that the voltage source is not being operated beyond its energy
capability, otherwise, the ideal representation is no longer valid.

r or
& [ [ Yarmo
I I UNor—
I I
i i
I Iy f I It I
b b

Fig. 2.5. The voltage-current characteristics

A notable point about an ideal voltage source is its zero internal
resistance. This is readily demonstrated by invoking Ohm's law in
incremental form as it applies to the volt-ampere characteristic. Thus we
can write

AU _ DU 0
R="Z= = =0 2.4)
N I,-1, I,-I

where AU denotes the change in source voltage associated with a
given change in current, A/ =1, —1; . From Fig. 2.6 it is clear that the
change in voltage associated with the change in current is zero. This
result applies to all ideal voltage sources.

The plot of Fig. 2.4, b applies to a current generator and shows
the voltage-current characteristic of an ideal current source.

By applying the similar analysis to the voltage source, it is easy to
demonstrate that the internal resistance of an ideal current source is
equal to infinite:
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Accordingly when one "looks" into the terminals of a current
source, one "sees" an open circuit. This is a useful bit of information to
keep at hand when doing circuit analysis that involves current sources.

R=

(2.5)

2.3. Real Energy Sources

As there are no technical devices in which in this or that form
there would be no irreversible transformations of energy, in real energy
sources there are losses of energy and they are replaced with two ideal
elements at their calculation:

- ideal electromotive force source (e.m.f. source) to which the
resistive element is connected in series;

- ideal current source to which the resistive element is connected.
in parallel.

The Resistance of an active resistive element is called an internal
resistance of an energy source.

Real sources possess final capacity and their external
characteristics are not parallel to axes, and cross them in the
characteristic points. They cross both axes of coordinates and these
points of crossing correspond to a zero current through a source and to a
zero voltage. The volt-ampere characteristic of a real source is presented
in Fig. 2.6.

o
U,

£
N A

Fig. 2.6. The volt-ampere characteristic of a real source

The rate with a zero current and a nonzero voltage drop (when a
load resistance is equal infinity), is called an idling mode or an open
circuit, and the rate with a zero voltage drop and a nonzero current on an
exit (when a load resistance is equal zero) is called a short circuit rate.

The inclination of the external characteristic is defined by internal
resistance of a source which it is equal:
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&

R, ==29°

1

(2.6)

~

K

where U, is an idling voltage, / is a short circuit current.

The value of e.m.f. of an ideal source is numerically equal to the
idling voltage of a real source. Accordingly the value a current of an
ideal source is numerically equal to a short circuit current of a real
source. The equivalent circuit of real e.m.f. to which the load is
connected, is presented in Fig. 2.7, @ , an equivalent circuit of a real
current source to which the load is connected - in Fig. 2.7, & .

] — 1 —

AN
\J

b)
Fig. 2.7. The equivalent circuits of a real e.m.f. and a real current source

For a real e.m.f. source the external characteristic is described by
the equation:

U=U, -RiI=E-R]I. 2.7)

And for a real current source the external characteristic is
described by the equation:

U U
[=],——=J-—
© T 2 (2.8)

] ]

Both equivalent circuits of these real sources of electric energy
(Fig. 2.7, @ , and Fig. 2.7, b)) are equivalent (they have the same volt-
ampere characteristic) from the point of view of currents, voltages and
powers in external parts of any electric circuit, and can be applied in the
dependence on the purposes and convenience of concrete representation.
Therefore, in the course of calculations it is possible to replace any real
e.m.f. source with a real current source, and on the contrary, using a
parity:
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Ri=—==—. (2.9)

Energy sources can give out the energy to other part of a circuit
(to work in a generator mode) and to take it away from a circuit (to
work in a consumer mode).

2-4. The resistance parameter

Resistance is one of three basic parameters of electric circuit
theory. Resistance is introduced as the proportionality factor in Ohm's
law relating current to potential difference. Ordinarily, the free electrons
associated with the atoms of a conducting material undergo random
thermal motion and so do not constitute a net current flow. However, the
application of a voltage source to such a conductor produces an electric
field within the body of the conductor which then imparts a directed
velocity component to the random motion of the electrons. As the
electrons respond to the electric field by moving in a direction opposite
to it, they encounter frequent collisions with the atoms in the lattice
structure of the conducting material, which in turn produces an
irreversible heat loss. In a general way resistance can be described as
that property of a circuit element which offers opposition to the flow of
current and in so doing converts electric energy into heat energy.

A circuit element is described from the circuit viewpoint when it
is expressed in terms of an associated current and potential difference.
Since by Ohm's law we have

U
R T (2.10)

It follows that this equation embodies the -circuit-viewpoint
description of resistance. Eq. 2.10 is a linear algebraic expression when
the proportionality factor R is independent of the current. Moreover,
Eq 2.10 is valid for negative as well as positive values of current.

As the quantitative characteristic of ability of this element to
transform electric energy to other kinds of energy is used a parameter
named active resistance (or simply resistance).

The instantaneous power arriving in a resistive element:

2
pR:uRi:Rizz%R. (2.11)
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Hence, parameter R is numerically equal:
)73

.2
l

R= (2.12)

The instantanecous power in a resistive element is square-law
function of a current or a voltage. It cannot accept a negative value,
hence, energy always arrives from a source to the element.

r
A
£
o—[}—o> o !
ol 5 "
ot b

Fig. 2.8. A resistive circuit element

The quantity of thermal energy W7 allocated in a resistive
element with resistance R at flowing current i since some moment of
time ¢ =0 till considered moment Z is equal:

t
W, = J’Rizdz. (2.13)
0

This formula mathematically reflects the main property of a
resistive element - irreversible transformation of electromagnetic energy
to thermal energy. The quantity of thermal energy at direct current
flowing is defined by equation (Joule-Lenz's law):

Wy =RIt. (2.14)

The value opposite to resistance is named an active conductance
or conductivity:

1
G=—. 2.15
B 2.15)
A resistor is a real object, the most approached on its properties to
a resistive element. Every resistor has its own resistance.
Active resistance is measured in Ohm (Q), active conductivity is
measured in Siemens (Sm) or in Mho.
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For the elementary resistor is a rectilinear conductor with constant
cross-section section. Its resistance is defined by expression

_ g1
R—p%—;% (2.16)

where = is a constant depending on the nature of the material; Y -
specific electric conductivity, / - a length of a conductor, S - the of
cross-section area.

A resistive circuit element is depicted in Fig. 2.8, a.

The dependence of voltage from current is called volt-ampere
characteristic (Fig. 2.8, b). If a resistance does not depend on the current
we have direct proportionality between voltage and current. Such a
value is called a linear resistance. In common case all resistors are non-
linear. We can see a volt-ampere characteristic where linear resistance is
proportional to tg o

R=—=———=—"T[ga (2.17)

where my; and mj; are scales for a voltage and a current
correspondently.

2-5. The inductance parameter

Inductance was first discovered by Faraday. In a general way
inductance can be characterized as that property of a circuit element by
which energy is capable of being stored in a magnetic flux field. A
significant and distinguishing feature of inductance, however, is that it
makes itself felt in a circuit only when there is a changing current.

Thus, although a circuit element may have inductance by virtue of
its geometrical and magnetic properties, its presence in the circuit is not
exhibited unless there is a time rate of change of current.

This aspect of inductance is particularly stressed when we
consider it from the circuit viewpoint.

Suppose we form a length of wire into a loop and pass a current
through this wire as shown in Fig. 2.9, a.

A magnetic force field is generated around the wire in the form of
magnetic flux Y. This magnetic flux ¢/ =L and the current
producing it are linearly related by a quantity called the inductance of a
loop.



46

The inductance depends on the shape of the loop (or coil), but it is
independent of the magnitude of the current flowing in it.

i)

i b
Fig. 2.9. A single loop

Faraday's law states that the magnetic flux induces the voltage in
the loop which tends to produce a current in the loop. This induced
current and associated magnetic flux tend to oppose the change in the
original current and its associated magnetic flux. This induced voltage is
related to the time rate of change of the magnetic flux:

ay ﬁ
=—=L . 2.18
LT dt (2.18)

Substituting ¢/ =L [, we obtain, for an inductance which does
not change with time (i.e., the physical shape of the loop is constant),

u, =ng_;, (2.19)

Hence, the current-voltage relationship involving the inductance
parameter is expressed by Eq. (2.19) and is repeated here for
convenience.

This is illustrated in Fig. 2.9, b, where the circuit symbol for the
inductor is shown. In general both Z and u; are functions of time.

The potential difference 7 , appearing across the terminals of the
inductance parameter when a changing current flows into terminal.

Any circuit element that exhibits the property of inductance is
called an inductor and is denoted by the symbolism shown in Fig. 2.9, b.
In the ideal sense the inductor is considered to be resistanceless,
although practically it must contain the wire resistance out of which the
inductor coil is formed.
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Note that the current through an inductor at a particular time
depends on the values of the inductor voltage at all prior instants of
time. It follows from Eq. (2.19) that an appropriate defining equation for
inductance is

—__Yr
di/dt

Thus by recording the potential difference at a given time instant
across the terminals of an inductor and dividing by the corresponding
derivative of the current time function we determine the inductance
parameter. Note that the units on inductance are volt-second / ampere.
For simplicity this is more commonly called the Henry (H).

A linear inductor is one for which the inductance parameter is
independent of current. As current flows through an inductor it creates a
space flux. When this flux permeates air, strict proportionality between
current and flux prevails so that the inductance parameter stays constant
for all values of current.

However, to express the current in terms of the potential
difference across the inductor, Eq. (2.20) must be transposed to read as
follows:

(2.20)

1
di=—uy dt.
I L
In integral form this becomes
t
N | .
i(2) —ZJO’uL dt +i(0) (2.21)

Eq. (2.21) thus reveals that the current in an inductor is dependent
upon the integral of the voltage across its terminals as well as the initial
current in the coil at the start of integration.

An examination of Egs. (2.18) and (2.21) reveals an important
property of inductance: the current in an inductor cannot change
abruptly in zero time. This is made apparent from Eq. (2.18) by noting
that a finite change in current in zero time calls for an infinite voltage to
appear across the inductor, which is physically impossible.

On the other hand, Eq. (2.21) shows that in zero time the
contribution to the inductor current from the integral term is zero so that
the current immediately before and after application of voltage to the
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inductor is the same. In this sense, then, we may look upon inductance
as exhibiting the property of inertia.

When the flux is made to penetrate iron, however, it is possible
for large currents to upset the proportional relationship between the
current and the flux it produces. In such a case the inductor is called
nonlinear. But we will only consider linear inductors in this text.

If current does not change, the value of voltage across an
inductive element is equal to zero.

Therefore when there is a steady-state rate in direct current circuit
the inductive element is not considered, and the part of the circuit which
contains such an element is considered as a usual conductor.

The current in inductance can be defined through the voltage 7,

z
1
i=, furdr. (2.22)

The instantaneous power of the inductive element:
di
=uyi=Li—. 2.23
pL =up I (2.23)

It is positive when the current and a voltage have the same signs
(the inductive element consumes energy from other parts of electric
circuit and reserves it, transforming into the energy of magnetic field),
and negative, when the current and voltage have different signs (the
inductive element gives out the stored energy to other parts of a circuit).

The energy of magnetic field which is reserved in the inductive
element by any moment of time:

‘ . _Li? _4”?

Wy =Wy = [ prdt =L [idi = =57 (2.24)
—oo 0

2-6. The capacitance parameter

A charge and a voltage are related through some proportionality
factor which can be reasonably expected to depend upon the medium in
which the charges find themselves as well as upon the geometrical
configuration prevailing. This proportionality is called capacitance.

It is the third basic parameter of electric circuit theory. In a
general way capacitance can be characterized as that property of a
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circuit element in which energy is capable of being stored in an electric
field. A significant and distinguishing feature of capacitance is that its
influence in an electric circuit is manifested only when there exists a
changing potential difference across the terminals of the circuit element.
This aspect of capacitance is easily apparent when treated from a circuit
viewpoint.

Capacitance is introduced as the proportionality factor relating the
charge between two metal surfaces (or conductors) to the corresponding
potential difference existing between them. Thus

q=Cll,. (2.25)

where 4 represents the charge and . denotes the potential
difference.

Lowercase letters are used here to stress the instantaneous nature
of the quantities.

To obtain a definition of capacitance from a circuit viewpoint it is
necessary to introduce current into the formulation of Eq. 2.20. This is
readily accomplished by substituting Eq. 2.25 into the general
expression for current as given by Eq. 1.5.

Thus
i =94 = cfe. (2.26)
dt dt

This expression shows the manner in which the current flowing
through a capacitance parameter is related to the potential difference
appearing across it.

Any circuit element showing the property of yielding a current
which is directly proportional to the rate of change of the voltage across
its terminals is called a capacitor. A capacitor usually consists of large
metal surfaces separated by small distances.

A circuit element that exhibits the property of capacitance is
called a capacitor and is denoted by the scheme shown in Fig. 2.10, a.
And Fig. 2.10, b shows the vector diagram for this case.

With the establishment of current-voltage relationship of Eq. 2.26
the definition of capacitance from a circuit viewpoint readily follows:

i

c=—2"=_
i (2.27)
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Moreover, from the terms appearing on the right side of Eq. 2.27
it is seen that the unit of capacitance is ampere-second/volt or
coulomb/volt. However, for convenience this quantity is defined as the
farad. Hence the unit of capacitance is the farad.

Fig. 2.10. The capacitor circuit

Equation 2.26 expresses the capacitor current in terms of the
capacitor voltage. One can transpose it and integrate to express the
capacitor voltage in terms of the capacitor current.

1 t
c :Eoi Ldz . (2.28)

u

Electric circuit devices capable to reserve the energy of electric or
magnetic field are called reactive.

The symbol of a resistor is presented in Fig. 2.11, a, the symbol
of an inductor - in Fig. 2.11, b, and the symbol of a capacitor - in
Fig. 2.11, c.

R L o
" s =
— | — ] — ]
—Il-uR —Il-uL —Il-uc

a) &) g)

Fig.2.11. The symbols of elements

All basic formulas which describe the properties of reactive
elements of an electric circuit are represented in Table 2.1.

Table 2.1
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Current Voltage Power Energy
t
R lzu—R Up =7ri 2 :izR w,. :-I-I”izd
r 0
t . .
L1 di .di Li?
L i= urd yr =L — =Li— W, =
L _‘LL LT ar pL dt L=y
dI/lC 1’ duc Cuz
cC i=C—~ uc =— f[idt pc = Cur—— W, = C
dt cd, T TeTT,

As we can see from this table, only in a resistive element the
current and voltage are connected among themselves by an algebraic
parity. But there are integral-differential parities between current and
voltage in inductive and capacitive elements.

Summary review questions

1. What is the electric circuit?

2. What is the source of electric energy?

3. What is a two-terminal network?

4. Explain the difference between the passive two-terminal
network and the active one?

5. What is the value of the internal resistance of an ideal voltage
source? Explain.

6. What is the value of the internal resistance of an ideal current
source? Explain.

7. Give the definitions of resistive, inductive and capacitive
elements.

8. Which parameters are the main for resistive, inductive and
capacitive elements?

9. What is called the external characteristic of a source of electric
energy?

10. Explain the difference among external characteristics of an
ideal e.m.f. source, an ideal current source and a real source of electric
energy?

11 Explain why the voltage across the terminals of a capacitor is
not allowed to change abruptly.

12. What is the definition of power? How is it related to energy?

13. Distinguish between the terms resistor and resistance.

14. How does temperature affect the value of resistance? Why it is
important to know this?
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15. Define the terms resistivity, circular mils, and conductivity.

16. Distinguish between the terms inductor and inductance.

17. Explain why it is that the current flowing through an inductor is
not allowed to change instantaneously.

18. By what factor is the inductance of a coil increased when the
number of turns is doubled?

19. Distinguish between the terms capacitor and capacitance.

20. What does it state Ampere's circuital law. Where can it be
applied?

21. What dependence is called a volt-ampere characteristic?

22. Give the definitions of a node, a junction, a branch and a
contour? What is called an independent contour?

23. When an ideal current source is placed as part of closed circuit,
comment on what factors determine the voltage that appears across the
current source terminals.

24. When an ideal voltage source is placed as part of a closed
circuit, comment on the factors that determine the magnitude of the
current associated with the voltage source.

25. Identify the various resistor types and comment on their
corresponding tolerance ratings.

26. When the power of the inductive element is positive or
negative? Explain.

27. What elements are called reactive? Why are they called so?

28. What are the units for resistance, inductance and capacitance?

29. Describe the inductance of a coil from a circuit viewpoint,
energy viewpoint and geometrical viewpoint. Identify the important
information about inductance that flows from a geometrical description
and which cannot readily be obtained from the other two descriptions.

30. What is the principle cause of the deviation of inductance from
linearity?

31. Describe capacitance from a circuit, an energy, and a geometric
viewpoint. Identify the important information about capacitance that
flows from a geometric description and which cannot readily be
deduced from the other two descriptions.

32. Does a capacitor make its presence known in a circuit at all
times? Explain.
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Chapter 3
LINEAR DIRECT CURRENT CIRCUITS
3.1. Ohm's Law for a Branch

This law is perhaps one of the first things learnt about electricity
in any elementary course on the subject. It is not at all unlikely that the
reader was introduced to Ohm's law in its simplest form in his physics
course. This is mentioned by way of further stressing its importance in
the study of electric engineering.

George Simon Ohm (1787-1854) was a professor of mathematics
and physics who devoted considerable time and effort to experiments
dealing with voltaic cells and conductors.

These experiments included the effects of temperature on the re-
sistivity of various metals. In spite of this extensive laboratory work,
however, the law that bears his name was the result of a mathematical
analysis of the galvanic circuit based on an analogy between the flow of
electricity and the flow of heat. This work was described in a pamphlet
published in 1827.

A mathematical description of Ohm's law:

= (3.1)
where | is the current in amperes flowing in the circuit,

U s the potential difference in volts appearing across the con-
ductor,

R is the resistance of the conductor in ohms.

So, the current in any electric circuit is equal to the voltage or
electromotive force (e.m.f.) imposed upon this circuit, divided by the
entire resistance of the circuit.

Ohm's law states that the strength of the current in a wire is di-
rectly proportional to the voltage between its ends, and inversely pro-
portional to the resistance.

Accordingly, the amount of voltage is equal to the amount of cur-
rent multiplied by the amount of resistance.

Ohm's law may be alternatively expressed as

U=I-R (3.2)
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In this form it states that for any given potential difference, the
amount of current produced is inversely proportional to the resistance,
which in turn is dependent upon the composition of the wire.

RbaRbEcaRbEc

— | Y |
Uan Uah Uab
a) &) c)

Fig. 3.1. lllustration of Ohm's law

Ohm's Law for a circuit branch with no e.m.f. in it is related its
current and voltage. Thus, for Fig. 3.1, a

Ugp=1-R (3.3)
or
| —Yab _Pa—@p (3.4)
R R

Ohm's Law for a branch with a resistance and the e.m.f. gives the
current in the branch in terms of the potential difference existing at its
terminals and the e.m.f. it contains. Thus, for Fig. 3.1, b we have

|:(Pa—(Pb+E=Uac+E
R R

Similarly, when we have a circuit branch with a resistance and e.m.f.
opposite to the current in it (See Fig. 3.1, ¢):

(3.5)

I :(pa_(;b_E :UabR_E (36)

In the general case
|_Pa—P*E Ugap£E
R R

Equation 3.7 is a mathematical expression of Ohm's Law for a
branch containing an e.m.f. The "plus” sign before E applies to the case

(3.7)
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of Fig. 3.1, b, and the "minus" sign - to the case in Fig. 3.1, c. In a spe-
cial case, when E =0, Eq. 3.7 is reduced to Eq. 3.5.

3.2. Single- and Multi-Mesh Network

An electric circuit is a closed path for current flow. Electricity
needs a complete loop to flow. With a broken path it will not move.

The word network is used synonymously with the term circuit and
refers to any arrangement of passive and/or active circuit elements
which form closed paths. Illustrated in Fig. 3.2 is a typical network.

Electric circuits may be divided into networks providing a single
closed path known as a mesh, and networks providing several closed
paths. An elementary single-mesh network in which all the elements
carry the same current is shown in Fig. 2.5, a. An elementary multi-
mesh network is shown in Fig. 3.2.

Lelipy

| | ﬂ?
Fig. 3.2. An elementary multi-mesh network

The electric scheme shows the connection of elements in a con-
sidered electric circuit. Active and passive elements are "electric" com-
ponents of the scheme. Branches and nodes are "geometrical” compo-
nents of the circuit

A node of a network is an equipotential surface at which two or
more circuit elements are joined. Thus in Fig. 3.2 terminals a, b, ¢ and
d are nodes. It is also called a simple node (the node which may be
eliminated).

Junction or difficult node is that point in a network where three or
more circuit elements are joined. In the network of Fig. 3.2 there are two
junction points - b and d.

A section of the circuit between two junctions is called an electric
branch. It is formed by one or several elements which are connected by
simple nodes. The same electric current flows in all elements of a
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branch. The elements which are in one branch are connected in series.
Branches which have two common nodes are connected in parallel. We
can see three branches in this circuit (see Fig 3.2).

A loop is any closed path of the network. Examples of loops in
the figure are abda, dbcd and abcda.

A mesh is the most elementary form of a loop. It is property of a
planar circuit diagram and must be so identified that it cannot be further
divided into other loops. In the circuit both loops abda and dbcd qualify
as meshes, but abcda cannot because it enclose the first two loops. The
closed mesh is a set of branches forming a way, moving along which it
is possible to return to a starting point, not passing more than once
through each branch. The contour containing at least one branch, not en-
tering into other contours is called as independent.

Depending on the way of connection of elements of an electric
and circuit one must distinguish the ramified and non-ramified circuits.
In non-ramified circuits all elements are connected in series. In ramified
circuits elements incorporate in series, in parallel, in "delta" or in "wye"
connections.

3.3. Kirchhoff's Laws

By the middle of the nineteenth century Gustav Robert Kirchhoff
(1824-1887) had published the first systematic formulation of the prin-
ciples governing the behavior of electric circuits. He advanced no new
experimental facts or concepts but verily restated familiar principles.
His work was embodied in two laws - a current and voltage law — which
together are known as Kirchhoff's laws. It is upon these laws that elec-
tric circuit theory is based.

7

Iy E
11-3 ‘\\
Fig. 3.3. lllustration of the Kirchhoff's current law

Kirchhoff's current law (abbreviated KCL) states that the sum of
the currents entering or leaving a junction point at any instant is equal
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to zero. A junction point is that place in a circuit where two or more cir-
cuit elements are joined together. It is often called an independent node.

KCL or the first Kirchhoff's law may be also formulated in two
ways: (1) The algebraic sum of the currents flowing into a junction is
zero.

(2) The total current entering any junction of a circuit is equal to
the total current leaving that junction.

The current law may be expressed mathematically as

n

D lk=0 (3.8)

k=1
where n denotes the number of circuit elements connected to the node in
question and X is the Greek symbol used to indicate summation. For the
circuit of Fig. 3.3 there are four circuit branches joined at a node.

Referring to Fig. 3.3 and assuming that the currents entering a

junction are positive and those leaving it are negative, from the first
statement it follows

|1—|2+|3—|4=0. (39)

The minus signs are used because these currents are defined as leaving
rather than entering a node. Equation (3.9) may be rewritten as:

|1+|3=|2+|4. (310)

And it states in the mathematical terms that the current entering
the node is equal to the sum of the currents leaving it.

In countless experiments performed over the past century
Kirchhoff's current law has never been found to be invalid. This is un-
derstandable when it is realized that the current law is nothing more than
a restatement of the principle of conservation of charge.

This principle states that the number of electrons passing per sec-
ond must be the same for all points in a circuit. Accordingly, if the
summation of all the currents at a node were not to add up to zero, there
would have to occur an accumulation of charge at the node. For the sake
of argument suppose the sum of currents at some node where not zero
but rather one ampere. Then charge would accumulate at the rate of 1 C
for each second. We have already learned, however, that by Coulomb's
law a charge accumulation of this kind would produce explosive forces.
But experiment shows no evidence of this whatsoever. Any accumula-
tion of charge at the node means an accumulation of mass.
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So, physically, Kirchhoff's current law implies that there can be
no accumulation of electric charge at any junction of a circuit.

Kirchhoff's voltage law (abbreviated KVL) or the second
Kirchhoff's law may likewise be stated in two ways:

(1) at any time instant the algebraic sum of voltages in any closed
circuit is zero. Essentially this law is a restatement of the law of conver-
sation of energy.

A generalized formulation of KVL is written as

n
> Uy =0. (3.11)
k=1

(2) The net voltage drop round a closed circuit equals the net
e.m.f. acting in the same direction round the circuit:

m n
D Re-le=> Ex. (3.12)
k=1 k=1

The terms enter the respective sum with the "plus" sign if they are
in the direction of summation round the circuit, and with the "minus"
sign, if they are in the opposite direction.

Kirchhoff's laws are used in circuit problems to find the branch
currents. Since each branch carries a current of its own, there are as
many unknown currents as there are branches. Before writing down the
Kirchhoff's equations for solution, one should:

(a) draw the meshes, that is assume a positive direction for each
current by placing an arrow along the respective branch;

(b) assume a positive direction for summation round each mesh
(loop) so that the Kirchhoff's voltage law can be written by inspection of
the meshes.

For uniformity the same direction of summation round all the
meshes should be chosen, for example, clockwise.

Let there be m branches and n nodes in a network. Then for the
equations to be linearly independent, as many of them should be written
by the Kirchhoff's current law as there are nodes minus one, or (n - 1).
By the Kirchhoff's voltage law one should write as many equations as
there are branches minus the number of equations written by the
Kirchhoff's current law, or m — (n —1).

In writing equations by the Kirchhoff's voltage law it is important
to choose the meshes successively so that each new mesh includes at
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least one branch not already included in a mesh. Such meshes are called
independent.

Example 2. Find the branch currents in the network of Fig. 3.2,
forE=100V,R;=5Q,R,=15Q,R; =10 Q and R, = 20 Q.

Solution: Assume a positive direction for current flow in each
branch. The network has two nodes. So, only one equation can be writ-
ten by Kirchhoff's current law:

li— 1, —13=0.

From Kirchhoff's voltage law there mustben—-(m-1)=3-(2 -
1) =2 equations. Assume clockwise summation round the meshes.
Thus for the left-hand mesh (loop) in Fig. 3.2 one can write

(R1+R2)' |1+R3' |2 =E.
For the right-hand loop we can write
—R3'|2+R4~|3=0.

To the right of this equation we have zero because there are no
e.m.f. in this loop. And the voltage drop Rzl, has the "-" sign because

I, flows against the direction of summation.
Solving these three equations simultaneously gives 1; =3.75 A;
I, =25A; 13=125A. As stated earlier, it is necessary to put arrows

on the graph to mark the assumed positive direction of current flow be-
fore writing equations. Frequently, the sense of current flow is a sheer
guess. Then a minus sign in an answer indicates an incorrect guess. In
this problem we can see that all the currents are positive. It means that
we have chosen the positive directions of currents correctly.

3.4. Series and Parallel Combinations of Resistances

Very often in circuit analysis it is necessary to deal with several
elements in a closed-loop circuit which exhibits the property of dissipat-
ing heat. In the circuits which supply electric energy to homes and
commercial establishments, for example, several resistive elements are
frequently combined to carry the same current. Thus in a circuit which
supplies electric power to a lamp, three resistances are found: the inter-
nal resistance of the distribution transformer located beneath the street,
the lamp resistance, and the resistance of the wires used to conduct the
electric power to the lamp. Similarly, radio and television circuits as
well as industrial electronic circuitry employ series combinations of
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various resistors to achieve specific desirable objectives. To analyze
such circuits we must know how to treat resistances in series. By defini-
tion, circuit elements that carry the same current are said to be in series.
Thus, series connection is such a connection of elements in electric circuit
in which each pair of elements is joined by one simple node. Any series
connection can include the arbitrary number of resistors and voltage
sources. The same current flows through all the elements when they are
connected in series. The circuit parameters appearing in Fig. 3.4, a are
in series, for it is obvious here that the same current flows through each
circuit element.

! i
+ +
= Ay B () Reg
—_ R4 —_
]
L
a) &)
Fig. 3.4. Resistances in series: a original configuration: b equivalent cir-

cuit.

Applying Kirchhoff’s voltage law, to the circuit of Fig. 3.4, a

reveals a simple rule for handling resistances in series. Calling all volt-
age drops positive and voltage rises negative, as the circuit is traversed
in the assumed current-flow direction, we can write

Rl + Ryl +Rgl + Ryl =E.. (3.13)

Rearranging yields
I -(Ri+Ry+R3+Ry)=E. (3.14)
The current | is factored out because it is common to each resis-

tance. Consequently, the quantity in parentheses may be replaced by an
equivalent resistance which is given by

Reg =Ri+ Ry +Rg+Ry. (3.15)

The Eq. (3.14) may be written simply as
| 'Reqg =E (3.16)
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where Ry denotes the equivalent series resistance of the circuit. It fol-

lows, too, from this analysis that the original circuit configuration of
Fig 3.4, a may be replaced by the equivalent circuit shown in Fig. 3.4, b,
which is merely a circuit interpretation of Eq. (3.16).

In general, if there are n series-connected resistances in a circuit,
the equivalent series resistance is obtained by taking the sum of the in-
dividual resistances. Expressed mathematically, we have

Reg =R1+R2+R3+..+Ry. (3.17)

So, in series combination the equivalent resistance is equal to the
sum of values of all resistances. The current can be defined by the next
equation 1 =U / Req - A Vvoltage across any resistance in this connection

is defined according to Ohm's law.

Circuit elements are also very frequently found in parallel combi-
nation. In the home all electric light bulbs appear in parallel parts with
respect to the source voltage. Other circuit elements such as the electric
ironer and the electric broiler when used simultaneously are in parallel.
By definition circuit elements are said to be in parallel when the same
potential difference appears across their terminals. In accordance with
this definition, the resistances R, R, and R3 in Fig. 3.5, a are con-

nected in parallel.

P ORI
bl

a) b)

Fig. 3.5. Resistances in parallel: a original configuration: b equivalent
circuit.

[,

It is possible, again by means of circuit analysis, to treat this par-
allel combination of resistances in terms of an equivalent quantity.

KCL states that the current entering some node is equal to the
sum of currents leaving this node. Expressed in equation form we have

=1y +15+15. (3.18)
1 2 3
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However, from Ohm's law as it relates to each resistance,
Eq (3.18) may be rewritten

I:£+£+£. (3.19)
Rt Ry Rg
Again by factoring out the common variable, which in this in-
stance is the voltage E, there results

I=E- i+i+i . (3.20)
Rt Ry Rs

The expression in parentheses may be replaced by an equivalent
quantity defined as

— =t —+— (3.22)

where Ry denotes the equivalent resistance of the parallel combina-

tions of resistances. Upon substituting Eq. (3.21) into Eq. (3.20) we ob-
tain a simplified equation for the circuit. Thus

l=—. 3.22
e (3.22)

Figure 3.5. b, which is the circuit representation of Eq. 3.22, may
accordingly be considered as the equivalent circuit of the configuration
of Fig. 3.5, a.

A general formulation of the foregoing procedure states that the
equivalent resistance of n parallel-connected resistances is the reciprocal
of the sum of the reciprocals of the individual resistances. Expressed in
equation form this becomes

! :i+i+i+...+i. (3.23)
Ri Ry Rg Rn

Req

Equation (3.23) deals with the reciprocals of resistance. The unit for this
quantity is the siemens, Sm. On the basis of the definition for conduc-
tance, which was introduce in Chapter 2 (see Eq. 2.15), Eq. 3.23 may
also be expressed as

Geq =G +Gp +G3+...+ Gy . (3.24)
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Examples illustrating the use of Egs. (3.15) and (3.24) to simplify
circuit analysis are given in the next section.

The expressions for common resistance Req when two or three
resistances are connected in parallel may be expressed as

1 RiR2
Raq = = , 3.25
“971 1 R+Ry (3.2
74_7
Rt Ro
Req =7 11 = RiR2Rs (3.26)
I R1R2+R2R3+R3R‘
Rt R2 Ro

3.5. Series-Parallel Circuit

In many practical circuits in electric engineering there occur
situations where a circuit element is in series with a parallel combina-
tion of other circuit elements. Although these configurations may in-
volve all three of the circuit parameters, we shall, in the remainder of
this chapter, confine our attention exclusively to circuits involving only
the resistance parameter. We follow this procedure because it is simpler.
The theoretical considerations which are required to solve series-parallel
combinations of the resistance parameter have already been studied.
They are embodied in Kirchhoff’s current and voltage laws, Ohm’s law,
and Egs. (3.15) and (3.24) which are a consequence of these laws. The
procedure for handling series-parallel circuits is best illustrated by ex-
amples.

Example 3.1. Let consider the circuit (see Fig. 3.6) with the mixed
parallel- series connection.

| | |
[} [} 43
o~ ]
R | 5 Fog | &5 Foag Fag
= [ l= =
Ry
e} CH i

b b b

Fig. 3.6. The mixed connection
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The values of resistive elements: R =10Q, R,=15Q,
Ry =40Q; Ry, =25CQ. The value of the voltage source U =120V .
One should find the value of current flowing from the voltage source.

Solution: As the first step in the procedure we find the equivalent
resistance of the series combination of R, and R, in the second branch.

Using expression (3.17), we will get:

R24 =R2+R4 =15+25=40 Q.

Now each of parallel branches consists of one element, and they
form parallel connection with each other. Let's find their equivalent re-
sistance with the help of Eqg. (3.23):

Lt 11 g05sm
Rosa Rpq Ry 40 40

As a result we have got a series connection of Ry and Ry34. One
can define the equivalent resistance of the circuit:

Req =R1+R234 =10+20=30 Q2.

So, now we have the circuit which consists of the voltage source
and equivalent resistance. Then we can calculate the current flowing
from the voltage source by Ohm's law

U 120

|l=— Y
Reg 30

4 A.

3.6. Star and Delta Connection of resistive elements

There are connections in complex circuits which cannot be re-
ferred to the series or parallel ones. The arrangement of three branches
in a network as shown in Fig. 3.8 a is called a delta connection, and the
one in Fig. 3.8b as a star (or wye) connection.

Both the star and the delta are connected to the remainder of the
network at three junctions. In network analysis it is often convenient to
reduce a given network to a simpler arrangement by converting a star
into a delta or back. In practice, delta-to-star conversion is used more of-
ten than star-to-delta transformation. Replacement of a delta of resistive
elements with an equivalent star should be made so that the currents

la, lp, I and the voltages Uy, Upe Ugy in the not affected part of

the electric circuit remained the same after this conversion.
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a) &)

Fig.3.8. Three — terminal delta and wye networks.

Let's make for a delta contour (Fig. 3.8) the equation by
Kirchhoff's voltage law, and for nodes a and b — the equations by the
Kirchhoff's current law and we will receive system

Rablab + Rpclbc + Realca =0
la+1a —1gp =0
Ib + |ab - IbC =0.

Let's solve system concerning current 1, :

Rcala _Rbclb .
Rab + Rbc + Rca

lab =
Then a voltage drop between junctions a and b in delta connec-
tion is equal

RabRcaIa _RabRbclb _
Rab +Rbc +Rca

Uab = Rablab =
(3.27)
_ RabRea . — Rpc Rab .
Rap + Rpc + Rea & Rap +Rue + Rea

Then a voltage drop between junctions a and b in wye connection
is equal

Ugsp =Raly —Rylp. (3.28)
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Equating multipliers at currents in expressions (3.27) and (3.28),
we will get the next equations:

Rab : Rca
Rab + Roc + Rea

Ry =—— e Fab (3.29)
Rab + Rbc + Rca
Rca ) Rbc

Rap + Roc + Reg

C =
From the equations (3.27) it is possible to deduce the resistances of re-
sistive elements of the equivalent delta connection:
Ry R
Rap = Ry + Ry + 22
RC

Rpe = Ry + R + RbR' Re | (3.30)

a
Rc - Ry
R,
3.7. The Method of Direct Application of Ohm's law

(the method of curtailment)

Rea =Rc + Ry +

The essence of a method of direct application of Ohm's law (it is
also named the method of equivalent transformations or the method of cur-
tailment consists in replacement of circuit sections with equivalent resis-
tances. It allows to reduce a complex circuit to the elementary one, i.e.
consisting of an energy source and the equivalent resistance. After trans-
formation of a circuit the calculation is reduced to a number of arithmetic
operations by Ohm's law. On defining the current through this resistive
element, one must carry out return transformation of the equivalent electric
scheme to the initial one, calculating voltages across the parts of the circuit
and distribution of currents in parallel branches. The method of equivalent
transformations is expedient to apply for the solving of problems in which
the electric circuit has no more than three contours.

Example 3.2. Let consider the electric circuit with e.m.f. source
(see Fig. 3.9). The circuit parameters: E=60V, Ry =8Q, R, =56 Q,

R3=28Q, Ry =14 Q, Rg=7Q, Ry =6 Q2. Find currents in all circuit
branches.
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Fig. 3.9

Solution: There are no series or parallel connections of resistive
elements in the given electric scheme. But there are three star connec-
tions R, Ry, R3; Ry, Ry, Rs; Rs, R4, Rg, and two delta connections
Ry, Rs, Ry and Ry Rs Rg here.

As a result of transformation of any of these four last connections
the scheme becomes simpler and led to the mixed connection. The result
of converting a delta Ry, R3, R4 into equivalent star is shown in
Fig. 3.10, a, and the result of converting of wye Rz, R4, Rg into delta
connection is shown in Fig. 3.10, b.

Fig.3.10
According to Eq. (3.28) the resistances of an equivalent star:
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__Rp-Ry _ 56-28 ..
8 R,+R3+R; 56+28+14 ’
R, = Rp-Ra __ 56-14 o0
R, +R3+R; 56+28+14
R3-Ry, 28-14

" R,+Rg+R, 56+28+14
The resistive elements Ry, Rg and R,., Rg are connected consis-
tently. Their equivalent resistance Rys =Ry + Rg =8+ 7=15 Q;
Rig =Rp + Rg =4+6=10 Q.
The resistors Rys 1 R¢g are joined in parallel (Fig. 3.11, a).

R4 A :
1
e

b} c)
Fig. 3.11

Their equivalent resistance (by Eq. 3.25) is
Rps Reg  15-10
Rps + Reg  15+10

Rpcse =

Now the resistors R;, Ry, Rpesg are connected in series
(Fig. 3.11, b). The equivalent resistance of the circuit:

Reqg = R1 +Raq +Rpg4 =8+16+20=30 Q.
The total current of the circuit (Fig. 3.11, ¢) by Ohm's law:
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o= — =2
' Ry 30

Other currents might be found in several ways. Is this case the
more convenient is the following method.

Let we have the circuit which involves the combination of two
parallel resistors R; and R.

2 A.

i

g [ I
— - @ —_—
O 0
L

I

The voltage on a ramification in a case of two resistors
R-1=Ry-11=Ro -1l (3.31)

Ri-R2
R1+R»o

From Eqg. (3.31) we can express the current in the first parallel
branch

where R = is the equivalent resistance of two parallel ones.

|1:|i=|m.i=|L_ (3.32)
Rl R]_ + R2 Rl Rl + R2
Analogically, the current in the second parallel branch
R
|2:|i=|—1 (3.33)
Ry R1+Ro

Equations (3.32) and (3.33) allow getting so-called "the resolving
of the total current™ into two parallel branches.

As a voltage across parallel branches is the same, at a parallel
connection of energy receivers and a given voltage, the mode of opera-
tion of each of them does not influence on the mode of operation of oth-
ers. The consumers of electrical energy - electric motors, furnaces, heat-
ing devices, bulbs calculated for the operation at invariable nominal
voltage, are usually connected in parallel to each other.

Then we can calculate the currents in the parallel branches using
Eqg. (3.32) and (3.33), (see Fig. 3.11, a):
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R

lg=1,— —2. LUy
Ros + Reg  15+10
R

lg=l— 05 _o. 10 454
Rb5+RC6 15+10

For finding currents 1, and I3 we have to return to the initial
circuit (Fig. 3.9) and use Kirchhoff’s laws.

Let's compose the equation by the second Kirchhoff’s law for a
mesh of the initial scheme which consists of resistors R4, R and Rg:

|4R4 + |6R6 - |5R5 =0.
From the previous equation:

_1sRs—16Rs _08-7-12-6 _ 80 _ 114
Rs 14 7

The "minus" sign says that the true direction of this current does
not coincide with the chosen one.

Now we can write equations by the first Kirchhoff’s law for the
junctions b and c:

ly=14+15=-0114+0,6=0,486 A,
lI3=1lg—14=12-(-0114)=1314 A
which are the desired results.
3.8. The Method of Direct Application of Kirchhoff’s Laws

Kirchhoff’s laws are the universal method of electric circuits
analysis. The essence of the method of direct application of Kirchhoff’s
laws consists in drawing up and the following calculation of the system
of independent equations by Kirchhoff’s laws. The quantity of such
equations must coincide with the quantity of unknown values. Usually
the unknown values are branch currents.

We define the quantity of junctions K for an initial circuit, the
number of all branches N, and the number of the branches containing
current sources Nj. The currents in the branches with current sources
are known, therefore the quantity of unknown currents is equal to
N — N ;. The total quantity of equations is equal to the number of un-
known currents.

l4
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For any junction of the circuit one can compose the equations by
the first Kirchhoff's law, but only (K —1) equations will be independent

(as the equation for the last junction is a consequence of all previous
equations). Therefore we can make (K —1) the equations by the KCL.

Missing (N—N;)—(K-1)] equations are worked out by the

second Kirchhoff's law.

Doing it, we choose the independent meshes embracing all the
branches in which there are no current sources. The loop is considered
to be independent if one branch which does not enter into remaining
loops enters into it at least. The direction of summation round the mesh
is chosen arbitrarily.

Beforehand it is necessary to set arbitrarily the directions of
branch currents in the network, except branches with current sources
(these currents are known and the directions of currents in such
branches are defined by current sources).

Example 3.3. Let's consider the direct current circuit (Fig. 3.12).
The parameters of energy sources E; =50V , E, =30V, J=1A, the

values of resistances Ry =10 Q, R, =15Q, R3 =20 Q, R, =25 Q,
Rs =30 Q, Rg =35 Q. Define branch currents in this electric circuit.

A R, R B

— — e
E I qﬁs KEQ
® il W ®
a| 4 M . B L |,
— — =
(S
J ~ 5 5
Fig. 3.12

The solution. The number of junctions K =3, the number of
branches N = 6, the quantity of branches with current sources Nj =1,

and the number of unknown currents N -N; =6-1=5.
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By the first Kirchhoffs law it is possible to make
K —1=4-1=3 independent equations.

Missing [(N-N;)—-(K-D]=[(6-1)—-(4-1)]=2 equations
can be composed by the second Kirchhoff's law.

We arbitrarily set the directions of branch currents. Then we can
write the equations by the first Kirchhoff's law for junctions a, b and c.
We choose the directions of summation round both meshes which contain
accordingly elements E;, Ry, R3, R4 and elements E,, Rs, R3, R, as
clockwise. Writing the equations, we consider, that 15 =J .
J - Il - |4 = O,
|1 + |2 - |3 = 0,
|3 + |4 — |5 =0;
|1R1 + |3R3 - |4R4 = E]_,
—15Ry —13R3 — I5Rg = —E5.

For calculation of this system with the help of a computer it is
necessary to present it in the matrix form:

AX =B,

where A is a square matrix of coefficients at unknown values; X is a ma-

trix-column of unknown values; B is a matrix-column of constant terms
of the equations.

e N A | TS R B Y R
I 1 -1 0 0| |0
000 1 1 -1||5=]0
R0 R -Ry 0| | A
0 -R -R 0 -R||5] A
or
-1 00 -1 0 llg] |-t
A S | R R S B
o0 1 1 —1||g=|0
10 0 2 -25 0|5 |50
0 -15 -20 0 -30||&| |-30
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The solution of this system in the matrix form we search in the
form

X =A1B.

As a result of calculation of this system of equations we define
branch currents.
The currents in the branches of this electric circuit:

Ll | 1,535
L| o472
X=|h|=| 1063
Iy| |-0,535
Is| | 0,523

As the directions of currents were chosen arbitrarily, as a result of
calculation some currents may have negative values. It means that the
real branch currents have opposite directions.

The method of direct application of Kirchhoff's laws demands the
working out of a large number of equations. Therefore other methods
are developed for practical calculations.

3.9. Network Analysis by Mesh Currents

The word network is used synonymously with the term circuit
and refers to any arrangement of passive and active circuit elements
which form closed paths.

A mesh is the most elementary form of a loop. It is a property of a
planar network diagram and must be so identified that it cannot be fur-
ther divided into other loops.

By definition, a mesh current is that current which flows around
the perimeter of a mesh Equations are written for mesh currents. After
they are solved, the branch currents are found in terms of mesh currents.

Thus, the mesh-current method is a form of network analysis on a
current basis. The number of equations involved is the same as written
by Kirchhoff's voltage law.

We shall consider here the mesh method of solving problems in
circuitry because it offers some advantages over the methods discussed
so far. To illustrate, let us describe the method and then apply it to an
example.
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The essence of mesh-current method consists that the true cur-
rents flowing in circuit branches, are exchanged by the algebraic sum of
mesh currents. Thus for branches which enter only into one contour, the
value of current is equal to the algebraic value of a corresponding mesh
current (taken with the "+" sign if the directions of a branch current in
and a mesh current coincide, or with the "-" sign if they do not coin-
cide). For adjacent branches which are a part of several contours, the
value of current is equal to an algebraic sum of corresponding mesh cur-
rents. The current signs are chosen analogously. The branches contain-
ing current sources can enter only into one independent contour.{n of
the complex electric circuits with a considerable quantity of nodes. It al-
lows to expel the equations which are made by the first Kirchhoff's law.
The number of unknown values in this method is equal to the number of
the equations which would be necessary to make for a circuit by the
Kirchhoff's voltage law.

Generally for a compound circuit (for example, with three con-
tour) the simultaneous equations according to the mesh-current method
can be written as

Rip -l +Rip 1o +Rig- 133 =By
Ro1- 111+ Rz - l2p + Rz - 133 = Epp (3.34)
R31- 111+ Raz - 12 +Raz - I35 = Eg3
where in the first of equations (3.34) current 1, of the first mesh is
multiplied by the self-resistance R;; of the same mesh, and current I,

by the resistance of the common (adjacent) branch, Ry, , (or the mutual

resistance) with a minus sign. This mutual resistance has the "-" sign if
two mesh currents in the common branch flow against each other, and
the "+" sign if they flow in the same direction.

Eqq is the em.f. across the first mesh; when there are several
e.m.f.s. in the loop it is equal to the algebraic sum of e.m.f.s. around that
mesh. The e.m.f.s. which is in the direction of summation enter it with
the plus sign. E,, is the e.m.f. across the second mesh; Egz is the

e.m.f. across the third mesh; R,,is the self-resistance of the second
mesh; Raj is the self-resistance of the third mesh; R;3, Ro3, R31, Rap

are the resistances of the common branches (or the mutual resistances).
A mutual resistance may be with the "minus" or the "plus" sign.
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So that all the resistances may have the same sign, all the currents
should be represented as circulating in the same direction (clockwise,
for example). If the actual direction of the current in any mesh is not in
the direction of the arrow, the computation will show the value of the
corresponding current to be negative.

In branches which are not common to any two adjacent meshes
the calculated mesh currents will be the actual currents. For adjacent
branches the actual currents are determined from the mesh currents.

Illustrated in Fig. 3.13 is a typical network. This network is com-
posed of nine circuit elements. There are six passive elements, namely
resistances, and three active elements, namely the energy sources E; and
E, and a current source J.

b R b R L
.l — | W S
| | | |
B I | By Ey
@ w ] @ O
O T R B L5 |,
.l E— I M—
| | | |
I33
&, —
I X By
Fig.3.13

Example 3.4. Let's define currents in the branches of electric cir-
cuit with parameters:, E; =50V, Eo =30V, J =1 A, and resistances:

R1=10 Q, Rp =15Q, R3 =20 Q,R4 =25 Q,R5 =30 Q, Rg =35 Q.
The solution. Let mesh currents 117 15, 133 flow through in-

dependent contours. The directions of these currents are chosen at will
(for example, clockwise). The current in the sixth branch is spotted by
the current source. On the other side, the sixth branch is a part only of
the third contour, and the chosen direction of the current in the branch
coincides with the chosen direction of the mesh current. That is why
lg =J . Hence, I33=1J.
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Thus, the quantity of unknown mesh currents is equal to the quan-
tity of the equations which it would be necessary to compose for given
circuit according to the second Kirchhoff's law.

Let write down equations according the Kirchhoff's voltage law
for the first and second contours.

The left part of the equations contains voltage drops across resis-
tive elements of a contour created by proceeding currents, the right part
—the e.m.f.s acting in the contour.

The value of e.m.f. source is considered with "+" sign if its direc-
tion coincides with the direction of mesh current (the direction of sum-
mation round the mesh). A voltage drop which is created by a natural
mesh current, is always considered with "+" sign, and voltage drops cre-
ated in contour elements by the currents of adjacent contours, are con-
sidered with "+"signs if the currents of the adjacent contours proceed
through the adjacent branches in the same direction, as the natural mesh
current.

Now we apply Kirchhoff's voltage law to each mesh and write
voltage equations for clockwise summation round the meshes:

(R1+R3 + R4)|11—R3|22 = E1+JR4;
—R3|11+(R2 +R3 +R5)|22 =—E2 +JR5,

where Ej; =E; +R4J =50+25-1=75V s the e.m.f. across the first

mesh;
Eyy =—E», +R5J =-30+30-1=0V is the e.m.f. across the second

mesh;
Ri1 =Ry +R3+Ry =10+20+25=55 Q is the self-resistance of the

first mesh;
Ri1 =Ry +R3+R5 =15+20+30 =65 Q is the self-resistance of the

second mesh;
Ri2 =Ry =—R3 =20 Q are mutual resistances of the first and the

second meshes.
After substituting known values we have got the following system
of equations:

55'11—20'22 285;
_20|1l+65|22 =0.
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We express current 1y, from the second equation of the system
I11 =3,251,, and substitute it in the first equation. We have got

55.3,251 5, — 201, =85
or
78,75'22 —20'22 =85

Then the value of the second mesh current 1, =0,472 A.
And the value of the mesh current in the first loop 177 =1,535 A.
Actual currents in all branches of the electric circuit:

lyg =131 =1535 A, |,=—l, =-0,472 A,
l3 =13 — |y =1,535-0,472 =1,063 A,
ly=lgg—ly;=J -1y =1-1535=-0535 A, ;
lg=lg3—lpp =J — 1y =1-0,472=0528 A,
lg =l =J=1A

3.10. Node-analysis Method

The current in any branch of a network can be found by Ohm's
law for a branch containing an e.m.f. This calls for knowledge of the po-
tential difference across the terminals of the branch or, which is the
same, across the nodes bounding the branch in question. The analysis of
network in which the unknown quantities are the voltages across the
branches of the network is known as the node-analysis method.

When making the equations by node-analysis method one must
choose a basis node to be earthed without affecting the distribution of
currents around the network. In other words, we consider that its poten-
tial is equal to zero. As a result, the number of unknown potentials be-
comes equal to the number of the independent equations which are
made by the first Kirchhoff's law. On solving the system concerning
these potentials, it is possible to define currents through known poten-
tials.

This method is expedient to use for calculation of the complicated
electric circuits with a small amount of nodes. It allows to expel the
equations which are made by the second Kirchhoff's law.

Generally for any compound circuit it is necessary to make a sys-
tem of equations of a following state:
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+G11901 — G202 —.. —=GyyOm —-« —G1n®p =J11;

—Gm1®1 —Gm2¢02 =+ Grm®m — - = Gpn®n = Imm;

~Gnp1 — G292 —-. =Gpm®m —- +Gpn®n =J .
where o1, @5, ..., @, are unknown nodal potentials; m is a variable

number of a node; Gq1, Gyy, ..., Gy, are self-conductances of nodes

(the total conductance of branches which are joined to the appropriate
node); G,y = G« are mutual conductances of nodes (the total conduc-

tance of branches which join nodes k and m); Ji1, Jo2, ..., Jnn are the
nodal currents considering the presence of energy sources in branches

n n
which are joined to the appropriate node, Ji = > EnGm + > Jp s
m=1 m=1

n
the nodal current of node k, where Z EnGm s the algebraic sum of
m=1
multiplications of the branch e.m.f.s, joined to the node k, by the con-
ductance of this branches. For all this, those ones which direct towards
node enter the sum with a plus sign, and those which have the opposite
n
directions enter the sum with a minus sum. ZJm is an algebraic sum
m=L1

of the currents of current sources in branches which are joined to the
node k, and those which direct towards node enter the sum with a plus
sign, and those which direct from the node enter the sum with a minus
sign.
Solving the system, we define nodal potentials ¢;, ¢5, ..., ¢, and
then the actual currents in branches. Let consider this procedure as an
example.

Example 3.5. Suppose, we have the direct current electric circuit
(Fig. 3.14). with parameters of energy sources
E; =50V, E; =30V, J=1A and resistances R; =10 2, R, =15Q,
Ry =20Q, R4 =25Q, R5=30Q, Rz =35Q, . Calculate currents in
all branches of the electric circuit.
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AR, AR
& 5| & E
® 1 ®
o i R £ Bs i d
S—
J ~ I 5
Fig.3.14

Solution. We will choose arbitrarily the directions of branch cur-
rents. Let's express currents in branches by Ohm's law through a circuit
parameters and unknown nodal potentials.

-op+E
|1=—q)a b L =Gi(pa—9p +E1).,
Ry
¢og —0p +E
|2=%=GZ((Pd —¢p +Ep),
2
I3 — P "%c =G3(pp —@¢),
R3
|4ZMZG4((Pa_(Pc)v
R4

Pc— @
5 =4 = Gg(gc —9q)
Rs
where G, =1/R,, is the conductance of the appropriate branch. The
current in the sixth branch is defined by the current source g =J .
The potential of node c is chosen to be earthed (at zero potential).
So, we have to determine only the potentials of three nodes.

Let's work out the equations for ungrounded junctions a, b, d by
the first Kirchhoff's law:
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~1y—14+1g=0,
Iy +15-13=0,
—ly+15—1g=0
or taking into account written before the relationships for currents:
—G1(pa —0p +E1) —Ga(pa —9c)+J =0;
+G1(pq —¢p +E1) +G2(pg —9p + E2) —G3(9p —¢c) =0;
—Go (g —¢p +E2)+Gs(pc —pg)—J =0.

Let's regroup the elements of the equations concerning unknown
nodal potentials and we will consider, that ¢, =0

(G1+G4) 92 —G1-9p —0-0g =J =Gy - Ey;
—G1:9q +(G1 +G2 +G3) -9y =G - ¢g =G - E; + Gy - Ep;
—0-¢3 =G - ¢p +(Gy +Gs) -9y =-J -Gy - Ey,
or
+G11-¢0a —G12 - 0p —G13 - ¢g =J11;
—G21:0a +G22 - 0p —Go3 - 9g =J22;
—G31-¢a —G3p *¢p + G333 - ¢g =Ja3,
where the self-conductance of node a is
Gy1 =1/Ry +1/R, =1/10+1/25=0,14 Sm,
the self-conductance of node b is
Gyy =1/Ry +1/Ry +1/R3 =1/10+1/15+1/20 = 0,2167 Sm,
the self-conductance of node ¢
Ga3 =1/R, +1/R5 =1/15+1/30=0,1 Sm,
the mutual conductance of nodes aand b
Gyp =Gy =1/R; =1/10=01 Sm,
the mutual conductance of nodes a and ¢
Gy3 =Gz =0 Sm,

(because the resistance of a branch containing a current source is infi-
nitely large); the mutual conductance of nodes b and ¢
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Gy3 =G3p =1/R, =1/15=0,0667 Sm,

the nodal current of the node a
Ji1=J-E; /R =1-50/10=—4 A,
the nodal current of the node b
Jor =E; /Ry +E>/R,=50/10+30/15=7 A,

the nodal current of the node c

Jyp=—J—-E, /R, =-1-30/15=-3 A.
Substitute known values into the last system of equations:

014-9,-01-90p - 0-04 =4,

-01-¢4 +0,2167 - ¢, —0,0667 - o4 =7,

—0-94 —0,0667 -@p +01- 94 =-3.

We solve this system by Cramer's rule.
The main determinant of the system is:

014  -o01 -0
A=-01 02167 —00667|=0,001411 Sm?
~0 -0,0667 0
Auxiliary determinants:
—4 -01 -0
Ay=| 7 02167 -0,0667|=-0,01889 4-Sm?;
~3 —0,0667 0,
014 -4 -0
Ay =|-01 7 —0,0667=0,02999 4-Sm?;
-0 -3 0,
014 ~01 -4
Ay =|-01 02167 7/=-002233 4-Sm?.
-0 -00667 -3

We calculate nodal potentials:



82
0,01889

=———— =339 V;
?a =70 001411
op = 0,02999 _2125 V-
0,001411
g =—202233 _ 1585 v,
0,001411
And the currents in all branches of the electric circuit:
I - -13,39-21,25+50 1536 4, Iy = -15,82-21,25+30 0,471 4
10 15
|3=@:1,063A, u:ﬂ:o,m 4,
20 25
g =82 557 4 lg=J =1 4.

3.11. Nodal Pairs or the Method of Two nodes

Sometimes an electric circuit may have only two nodes, as shown
in Fig. 3.15.

The currents in such a network can be conveniently found by the
nodal-pair method. In this method we at first define the voltage between
two nodes (junctions), and the branch currents are found in its terms.

Let's consider junction b to be earthed (¢, =0).Then proceeding

from the method of nodal potentials:

n n
z Eka + ZJk
k=1 k=1
n
2. Cx
k=1

(3.35)

U ab™

n
where U 4, is the voltage between two nodes; ZEka is the algebraic
k=1
sum of multiplications of the branch e.m.f.s joined to the node, by the
n
conductances of these branches; ka is the algebraic sum of the val-
k=1



83

ues of current sources in the branches which are joined to the node;
n
ZGk is the sum of branch conductances of the electric circuit.
k=1
After definition of voltage U, a current in any branch k which
does not contain a current source, is defined according to Ohm's law for
a circuit section:

Ik =Gy (£Ex —Ugp) (3-36)
where the e.m.f.s which direct towards node a,, are considered with a
plus sign, and those which direct from the node a - with a minus sign.

Example 3.6. We will observe the direct current circuit
(Fig. 3.15). The parameters of energy sources E; =55V, E, =45V,

J=1A, and the resistances, R; =10 Q, R, =20 Q, R3 =30 Q, ,
R4 =35 Q, Rg =15 Q. One must define currents in all branches of the

electric circuit.
R:e K
-’21 fql
J15s

Fig. 3.15
Solution: The conductances of branches:
Gl=i=i=o,13m; Gzzi:izo,OSSm;
Ry 10 R, 20
Gy = 1 = ! =0,02 Sm.

Ry +Rs 35+15

The voltage U 4, between two nodes:
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_ ElGl - EZGZ +J _ 55.-01-45-0,05+1
G +Gy,+Gy 0,1+ 0,05+ 0,02

As the voltage U 4, being known, we can find from Eqg. (3.36) the cur-
rents in branches:

l; =Gy (E; —U,p)=01-(55-25)=3 4;
I, =Gy(Ey +U,p)=0,05-(45+25) =35 4;
l3=J=1A; 1;,=-G4U,, =—002-25=—05 A.

=25V

ab

3.12. The Superposition Theorem

This theorem has to do with the presence of two or more energy
sources acting within a network. Accordingly, in the interest of estab-
lishing the proper background, let us return temporarily to the circuit of
Fig. 3.16 in which appear a voltage source and a current source. The ex-
pression for the currents existing in this circuit can be written in terms
of the effect which each energy source produces.

it RQD 51
R AR

Fig. 3.16. The circuit with voltage and current sources

The superposition theorem (or the method of superposition) im-
mediately follows from superposition principle.

At calculation of any electric circuit by the method of superposi-
tion one must leave only one energy source in it and define partial cur-
rents in all its branches.

For this purpose all energy sources in turn, except one, are con-
sidered to be absent. Circuit e.m.f sources are replaced by short-
circuited cross connections, and branches with current sources are bro-
ken. Then we remove this energy source and define partial currents from
the action of another energy source.
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Accordingly, on the basis of the foregoing discussion the super-
position theorem may be stated as follows: if some partial current is the
response to the first energy source, and another partial current is the re-
sponse to the second energy source, then in any linear electric circuit
the response to the combine forcing function is equal to the algebraic
sum of these partial currents.

The current in the k-th branch can be found by the following
equation:

Ik =E10k1 + E29k2 + E30k3 + -

m
...+Ekgkn+2k|kpap, (3.37)
p=1

where E1,Ep, E3,..Ex are given electromotive  forces,
9k, » 9k, » Gkg - Jkn are the conductances of corresponding branches,

J is the value of current source in the branch, k - is a current trans-

fer function of the k-th branch.

Eq. (3.37) is mathematical expression of the theorem which may
be also stated as follows: The current in any branch of a network is the
algebraic sum of the currents due to each source separately with all
other sources removed and the internal resistances of all sources left in
the circuit.

The superposition theorem holds for all linear electric circuits,
that is, for the circuits U/l characteristics of which are straight lines. It is
expedient for applying, if the amount of energy sources is insignificant.

Let's observe the use of the method on an instance of the electric
circuit (see Fig 3.16) with two energy sources.

Example 3.7. We will observe the d. c. electric circuit (Fig. 3.16).
The parameters of energy sources E=75V , J =3 A, the value of re-

sistances areR; =10 Q, R, =20 Q, Rz =30 Q Define currents in all

branches of this electric circuit.

Solution. We make up by the positive directions of currents
(Fig. 3.16). Now one must calculate currents in all branches of a circuit
from each energy source separately in turn.

At first we break the current source and define partial currents
only from the action of the e.m.f. source (Fig. 3.17, a) (there is an open
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circuit in the branch instead of the current source, as its internal resis-

tance is equal to infinity):

_E 75
Rl + R2 10+ 20

=25A, I3=0A

=1y

Fig. 3.17

Let's remove the e.m.f. source and define partial currents from the
current source (Fig. 3.17) (there is a short-circuited cross connection in
the branch as its internal resistance is equal to zero). To calculate these
partial currents it is convenient to use equations (3.32) and (3.33) which
allow calculating currents in two parallel branches fulfilled so-called
"resolving of the total current”. So,

l;=J=3A;
’ R
Iy =3k, =d—2 _3._ 20 _5
1 "R +Ry  10+20
. R
ly=3kp, =d— _—3. 10 44
2 "Ri+Ry 10 +20

We have got real required currents algebraically adding the ap-
propriate partial currents created by separate energy sources, taking into
account their directions:

ly=1;—1;=25-2=05A; l,=l,+1,=25+1=35A;
lg=l3-13=3-0=3A.

All the currents are positive. It means that at the beginning of so-
lution we chose their directions correctly.
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3.13. Active and passive two-pole unit

The two-pole unit (or two-terminal network) is a generalizing
name of an electric circuit of any complexity or its part which has two
terminals. The two-terminal network is conditionally represented by a
rectangle in figures.

A two-terminal network containing a voltage or a current source,
or both, is called active (marked by letter A in Fig. 3.18, a).

A two-terminal network containing neither a voltage nor a current
source, is termed passive (marked by letter P in Fig. 3.18, b).

—0 —0
4 P
—0 —o
a) B)
Fig. 3.18

The active two-pole unit is characterized by three interconnected
parameters: an open circuit (or an idling) voltage U,.. , a short circuit

current I, and an input resistance R, .

U
Ri, = —>% (3.38)

I
The passive two-pole unit is characterized by one parameter - an
input resistance R;,. The open circuit (or idling) voltage U, .. , and the

short circuit current 1, are equal to zero here.

It is possible to replace an active two-pole unit either an equiva-
lent real e.m.f. source, the e.m.f of which is equal to the idling voltage
between two terminals, and its internal resistance is equal to the input
resistance of a two-terminal network, or the real current source the cur-
rent of which is equal to a short circuit current of a two-pole unit, and its
internal resistance is equal to the input resistance of a two-terminal net-
work too. The input resistance is defined when all energy sources are
removed (branches with ideal current sources are broken off, and ideal
voltage sources are replaced with short-circuited crosspieces). The short
circuit current and the idling voltage are defined by any known method
of calculation. The parameters of two-terminal network can be defined
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experimentally with the help of idling experience (one must connect the
voltmeter to two terminals), and short circuit experience (one must con-
nect the amperemeter to two terminals). The input resistance of a two-
pole unit then is defined by Eqg. (3.38).

3.14. Thevenin's Theorem

Situations sometimes occur in electric engineering in which it is
desirable to find a particular branch current in a network as the resis-
tance of that branch is varied while all other resistances and sources re-
main constant. Then we remove this branch, and the remaining two-
terminal network (Fig. 3.19, a) can be replaced by an equivalent voltage
generator (Fig. 3.19, b) whose e.m.f. is equal to the one appearing across
the two terminals when the branch is open circuited, that is there is no
load on it, and whose internal resistance is equal to the driving-point re-
sistance of the two-terminal network between the branch terminals.

This method is known as Thevenin's Theorem or equivalent-
generator method. The remaining two-terminal network can be also re-
placed by an equivalent current source (Fig. 3.19, c).

4]« NOMIHIE

Y T

L [ S T
@) c)

Fig. 3.19

Accordingly there are two alternatives of the method: the equiva-
lent-generator method and a method of the equivalent current source.

The equivalent-generator method. For finding a current in any
branch ab which resistance is R, it is necessary:

- break a branch ab and consider the rest part of the electric cir-
cuit as a two-terminal network;

- define the voltage between terminals ab of two-terminal net-
work (open-circuit voltage U, . );
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- find input resistance R;, of the two-terminal network concern-
ing terminals ab (in spite of this voltage sources are replaced by short-
circuited connectors, and branches with current sources are broken);

- exchange the two-terminal network by the equivalent real e.m.f.
source, whose e.m.f. is equal to the open-circuit voltage of two-terminal
network E =U, . , and its internal resistance is equal to the input resis-
tance of two-terminal network Rj = Rjy,;

- calculate the current in the branch ab by Ohm's law:
Uy E
"R, +R Ry +R

Method of the equivalent current source. For finding a current in
any branch with resistance R by this method, it is necessary:

- break the branch ab and consider the rest part of an electric cir-
cuit as the two-terminal network;

- exchange the branch ab with a short-circuited connector and
find a current in this connector (a short-circuit current Iy );

- define the input resistance R;, of the two-terminal network
concerning terminals ab;

- exchange the two-terminal network by an equivalent real current
source whose current is equal to a short-circuit current J =1, and the
internal resistance is equal to the input resistance of two-terminal net-
work R; =Rjp ;

- calculate the current in a branch ab using Eg. (3.32) for a paral-
lel branch.

(3.39)

Rin _;_Ri
K =
Rin +R Ri +R

Let's consider the application of this method to a problem of the
current definition in one branch of the electric circuit which has been
considered in example 3.7.

Example 3.8. Consider d.c. electric circuit (Fig. 3.20 a). The pa-
rameters of energy sources E; =55V, E, =45V, J=1A, and the
resistances Ry =10 Q, R, =20 Q, R3 =30 Q, R4 =35 Q, Ry =15 Q.
Define the current in the branch with the resistor R,.
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Solution: Let's convert the initial circuit removed the branch with
R, how it is shown in Fig. 3.20, b.

We find the voltage between points a and b in an idling mode
(Fig. 3.21, a).

By By a
Bl & & Bl & I
By J J & D l
| s | Ry E,
@‘” b
a) B

Fig. 3.20

For this purpose we use a mesh-current method. We will con-
sider, that in the second contour the mesh current is defined by a current
source lop =J =1A.

(R1 +Rq +Rs5)l11 +(Rg +Rs) I = Ey.
E; —J(R4 +Rs) 55-1(35+15)
Ri +Rs +Rsg 10+35+15
I4O = |11 + |22 = |11 +J =0,0833 +1=l,0833 A.

gy = =0,0833 A;

4 A R L@ @
E
Rl | & U, Fy Fy
I I
; 22 4o
H Es E, H Fs
¥
S,
b b
a) b)
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Then we can find the open-circuit voltage appearing across the
terminals of the removed branch:

Uoe =Ep +(Rq +Rg)l 4, =45+(35+15)-1,0833 =9917 V.

We determine the resistance that the two-terminal network pre-
sents to the terminals a and b of the removed branch, with the voltage
sources E; and E, short-circuited and all current sources open-
circuited J (Fig.3.21, b):

_ Ry(Rg+Rs) 10-(35+15)
" Ry+Ry+Rg 10+35+15

Find the current in the removed branch by the equation:
U, = 9917

Rip + R, 8,333+20

We solve a problem by equivalent current source method.

We define the short circuit current using a mesh-current method
(Fig. 3.22).

We will consider, that in the third contour the mesh current is de-
fined by the known value of the current source I3 =J =1 A.

=8,333 Q.

in

35 A

I

r N1k :a

E
Rl | Ry

] Rs E,
=,

Fig. 3.22
The system of equations by the mesh-current method:
{Rllllk =B +Ep
(Rg +Rs)look —(Rg +Rs)lzgq = E»
The mesh currents from this system:
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By +E; 55+45

11k R, 10
E2+(R4+R5)J 45+(45+15)1
|y = - =19 A.
Ry + Rs 45+15

Then the short circuit current:
Ik = Illk + |22k =10 +l,9=11,9 A.
The resistance that the two-terminal network presents to the ter-
minals a and b of the removed branch is determined in the same way as

in the previous case.
The current in the removed branch:

R:
(—Rin___q79. 8383 _
Rin + R 8,333+ 20
As we can see the current value |, found by two methods coin-

cides with its value which was got as a result of the decision of this
problem in the Example 3.6.

I, =1 35 A.

3.15. The Power Transfer from an Active Two-Terminal
Network to a Load. Operating conditions of electric circuits

For research of the energy transfer from an active two-terminal
network to the load we consider the electric circuit consisting of a real
source and a resistive element (Fig. 3.23).

o —————

£

We consider, that the parameters of e.m.f. source are invariable,
and a load resistance is varied. The current in the electric circuit by
Ohm's law, taking into account the series connection of the source and
the load:
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Ri + R| .
The voltage drop inside the voltage source:
R.
Ui =Rjl =E !
Ri + R|
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(3.40)

(3.41)

The voltage across output terminals of the source and across the load:

R

R|

U =E-U,=E-E

The power generated by the e.m.f. source:

2
P=El = E
Ri + R|
The power of losses in the e.m.f. source:
2R
Py =12R :E—Rl2
(Ri +R)
The power actually dissipated in the load:
2
B - 12R = E°R, .
(Ri +Ry)
The efficiency is
R
P Ri + R|

=E
Ri+R| Ri+R|

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

Given equations connect the values which characterize an energy

transfer from an energy source to a load.

The most important operating modes of any electric circuit are:
idling (or open circuit), the short circuit, coordinated, and nominal.

The idling (or open circuit) rate (0.c.) is the mode at which the
load is disconnected from an energy source (R; — o). Then the cur-

rent in an external circuit is absent 1, =0. Thus, the source does not
give energy to the external circuit P, =0, and load does not consume it
R, =0. The efficiency in this mode aspires to 1 (if there are no energy
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losses in a source in the idling mode). From Eq. (3.42) follows, that in
this mode the idling voltage across the terminals is equal to the value of
emf. (U =E).

Short circuit is a condition which appears when source input
terminals are short-circuited (R, — 0). Then a short-circuit current in

a circuit is restricted only to an internal source resistance R;,

E . . .
(g =R—), that is the extremely dangerous, as usually this resistance
[

has very little value, and the current in a circuit can reach such a high
value at which the source can be put out of action. Therefore the short
circuit rate in the most cases is emergency. But some kinds of the elec-
trotechnical equipment (electroslag remelting furnaces, welding trans-
formers, etc.) work in the rates which are close to a short circuit regime.
The voltage across the input source terminals is equal to zero Uy, =0.

The power which oscillated by an ideal e.m.f. source attains the maxi-
mum value and is completely outlaid for losses in the source:
2
E
Pmax =Pk =Pg, = e The load does not consume the energy
I
R, =0. Therefore, the efficiency is equal to zero: n, =0.
The idling and short circuit conditions are the boundary ones.
The coordinated load regime is the rate at which the power given
out by a source into a load attains the maximum value. It is possible at a
certain coordination of parameters of an electric circuit. That is why this
rate has such a name.
From Eqg. (3. 45) follows, that at a certain load resistance, the load
power reaches a maximum value, as it is equal to zero in short circuit

mode (R;, =0, I =§) and idling one (R), —> o, 15=0). On tak-
I

. .. dP N i .
ing derivative ﬁ and equating it to zero, we will define the value of
|

the load resistance corresponding to a maximum power:
2 2 p2
dh _ 2 Ri+R)"-2RIRi+Ry) 2 R R

=0.
dR (Ri +R)* (Ri +Rp)*
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From this equation we define the value of the load resistance cor-
responding to a maximum power: R; =R;. The last condition corre-

E | L
sponds to the current: Iy = R ?k The power of the receiver in
i
this mode reaches a maximum value and is equal to the power of losses
2
o E .
inside a source: B =R _ =Py =——. The power input from the
y max Y 4R;
2

. . E .
equivalent generator is Py = R As one can see from the received ex-
i

pressions in the coordinated load mode, the efficiency of a source
ny =0,5. Such a mode is characteristic for radio-electronic devices

where transferring low-power signals one must aspire to receive the
maximum power in the receiver not looking at the low value of effi-
ciency. In power electrotechnical circuit transferring electric energy of
large power one must aspire to provide the greatest possible efficiency.
In this case one must observe the condition R; >> R;, for what it is nec-

essary either to increase a load resistance or to reduce the internal resis-
tance of a source.

The nominal condition is the rate at which the elements of an
electric chain work in the conditions of corresponding to the design. For
elements of electric circuits the nominal parameters providing a nominal
operating mode, are current, voltage and power which are specified in
reference books, the engineering specifications or on the element. The
choice of wires and devices for electric circuits is made taking into ac-
count nominal voltages and currents of sources. Usually under a nomi-
nal voltage Uom is meant an idling voltage U, , instead of the volt-

age at which a nominal current |y, is provided.

Power installations usually work in the modes at which currents
and powers do not exceed nominal values, and voltages are close to
nominal ones.

For more evident representations about the received interrelations
of values one can use characteristics - functions in which as the argu-
ment a current is used:
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For more evident representations about the received interrelations
of values one can use characteristics - functions in which a current | is
used as the argument: Uy (1) ; Ui (1) s P(1 )5 Pa(l) 5 B() 5 ).

In order to receive the generalized characteristics we will express
the given values in relative units, using as base-line values - a short cir-

cuit current I, = RE - for a current , the e.m.f. source E - for a voltage
[
E2
; the maximum power of e.m.f. source Ppay = R for power.
[
As the argument in all functions it is used the relative value of
* R; R; _—
current | ! __E R__R Taking into account the last
Ik Ri + R| E Ri + R|
parity we will receive dimensionless characteristics from equations
(3.41) - (3.46).
The voltage drop inside in a source:

x  Uj R; *
Ui =—= L~ (3.47)
E Ri + R|
The voltage across output source terminals and across a load:
rzLLl:E_Ui o R (3.48)
E E Ri + R|
The power generated by an e.m.f. source:
2 H H *
Prax Ri+Ri E? Ri+R
The power of losses inside the source:
2n. _ 2 .
py=a - ERCR_R M2 @350

Prax (Ri+R)?> E2 (Ri+R)2
The power which is consumed by a load ( the receiver power):
~ R _ E*R R R; R

R = _ A : =1"@-1")  (351)
I:)max (Ri + R|)2 E2 Ri + RI Ri + Rl

The efficiency of the e.m.f. source:
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oA P R (3.52)
Pmax P Ri+R|

The graphs of dependences U, (1) and U; (1) in the dimen-
sionless form are presented in Fig. 3.24, a and the graphs of depend-
ences P"(17), " (17), Ug(17), n"(17) arein Fig. 3.24, b.

1 1 .
+
| 2L
0,75 0,75

? *

U; ] 2B

0,5 05
0,25 0,25 ,{
I ﬁ/ . I
0 025 05 075 1 o0 025 05 075 1
@) &)
Fig. 3.24. The graphs of dependences
3.16. Energy Relation in Electric Direct Current Circuit

For electric dc circuit of any complication, it is possible to make
an energy balance outflowing immediately from the law of energy con-
servation: the algebraic sum of all powers which are developed by elec-
tric energy sources in a circuit, should be equal to the total sum of the
powers which the load converts into other kinds of energy.

The energy balance equation has the form:

N
nd,

i
-1

P Q K
2
D Eplp+ D Usgdg =D iRy (3.53)
p=1 g=1 k=1
P
where ZEplp is the power which P e.m.f. sources develop;
p=1

Q
ZU 3qJq Is the power which Q current sources develop; U 4 is the

g=1
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K

voltage across the terminals of g current source; Z | kZRk is the power
k=1

which is diffused by K load resistances.

The power which is converted in the load Iszk , can accept only
positive values as a load (resistance devices) always works in the rate of
electric energy consumption. Expressions E,l, and U jqJq may be

both positive (sources work in the rate of energy generation) and nega-
tive (sources work in the rate of power consumption). It depends on,
whether the true current directs from a node with a smaller potential to a
node with a more potential (the driving of charges is carried out at the
expense of the operation of outside forces) or, on the contrary, from a
node with a more potential to a node with a smaller potential (the driv-
ing of charges is carried out at the expense of electric field operation).

For example, the accumulator when charging works in a rate of
electric energy consumption.

In Eqg. (3.53) the powers of e.m.f. sources are taken into account
with a plus sign if a current direction coincides with the direction of
e.m.f. And the powers of current sources are taken into account with a
plus sign if a voltage drop across the terminals of the current source is
opposite to the current direction.

Let's consider electric circuits which consist of two energy
sources (Fig. 3.25).

E o T F 5 g
® @

b b

&) B)

Fig. 3.25. Electric circuits with two energy sources

The node potential a is more than node potential b (as the e.m.f.
source directs from the node b to the node a). The true current direction
is determined by a current source connection. Therefore in the circuit in
Fig. 3.25, a the e.m.f. source works as a generator, and the current
source works as a receiver. And in the circuit in Fig. 3.25, b, on the con-
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trary, the current source works as a generator, and the e.m.f. source
works as a in a receiver.

3.17. Compensation Theorem

For any given set of circuit conditions, any resistance R in a net-
work carrying a current | can be replaced in the network by a voltage
generator of zero internal resistance and electromotive force E = — IR.

A |:|lf 4 |B lf A Il ife‘

A

o [’

i b b o

Fig. 3.26. Illustration of compensation theorem.

For a proof of a theorem, we remove a branch of resistance R,
carrying a current I, from the network of Fig. 3.26, a and symbolize the
remaining network by a box.

Then we place in this branch two voltage generators of e.m.f.s
opposite in sign and equal in magnitude to the voltage drop across R due
to | (E = IR, Fig. 3.26, b). It will be noted that there is no difference in
the current | flowing around the network. It can be shown that the poten-
tial difference between points a and c in the network of Fig. 3.26, b is
zero.

Indeed

Q0. =05 —IR+E=05 - IR+IR=0,.

But if ¢. =¢,, the points a and ¢ may be made common by shorting

them which gives the circuit of Fig. 3.26, c. In this circuit R is replaced
by E.

Example 3.9. Prove the identity of the circuits shown in Fig. 27, a
and b.

Solution: In the circuit of Fig. 27, a, the current 1 =E;(Ry +Ry).
For the circuit of Fig. 27, b
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c ]
Fig. 3.27

cvTrue to the compensation theorem, the replacement of R, by
E, in the circuit of Fig. 3.27 has not affected the current round the cir-
cuit.

3.18. The Potential Diagram

A potential diagram is a plot of potential distribution round a cir-
cuit, incomplete or complete, as a function of an independent variable,
such as the circuit resistance. Resistances are then laid off as abscissa,
and the potentials, as ordinate. For each point round a circuit there is a
separate point in the potential diagram.

The sequence of construction of a potential diagram:

1) choose any closed mesh with several e.m.f.s;

2) assume a positive direction for summation round that mesh;

3) some node of the circuit is considered to be earthed
(grounded), i.e. its potential is equal to zero;

4) mark every point of the mesh. We must have only one element
between two points;

5) calculate the nodal potentials along the mesh.

Earthing a junction in a circuit will not affect the current distribu-
tion in this circuit. This is because no additional path is formed for a
current to flow. The situation is different when two or more junctions
with different potentials are earthed (or grounded). Then additional
paths are formed through earth (or any conducting medium), so that the
circuit arrangement or configuration changes, and the current distribu-
tion becomes different.
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If we have an e.m.f. between two points, and its direction coin-
cides with the direction for summation round, we take it with a plus
sign. In the opposite case its sign will be minus.

If a current through resistor has the same direction as the direction
for summation round, the voltage drop from this current will have a mi-
nus sign. If a current doesn't coincide with the direction for summation
round, we will take the voltage drop with a plus sign. We must remember
that current always flows from the point with a higher potential to the
point with a lower potential.

Example 3.9. For dc circuit (Fig.3.28) with parameters,
E; =50V, E; =30, J=1A, R =10Q, R, =15Q, R3=20Q, ,
Ry, =25Q, Rg =30 Q, Rz =35Q, draw a potential diagram for a

contour with two e.m.f. sources.
Solution: The currents in the branches were found in examples
3.5-3.7.

P | b B Lo o4
—* Iy W —
| I | | I |
B I | g Ey
A I R B 5],
il — | H—
| I | | I |
&, —
J s Fs
Fig. 3.28

Let's consider the mesh which consists of following elements:
R4, E1, Ry, Ry, E;, Rg. We choose the junction c to be at zero that is

¢ =0V . We choose scales for the x- and y-axis, and set the potential
at, say, junction c at zero. So, we consider that ¢, =0. In the diagram

of Fig. 3.28 this will be the origin of coordinates. Now we can calculate
the potentials of nodes along the outside mesh:
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¢c =0V,
The potential at a will be:
Pgq =0c +Rql4 =0+25-(-0,536) =-13,4 V.
The coordinates of this junction are x =25, y=-13,4.
The potential at e
Qe =04 +E1 =-134+50=36,6 V.
The coordinates of this junction are x=25, y=36,6.
The potential at b:
®p =P — Ryl =36,626 —10-1,536 = 21,24 V;
The coordinates of this junction are x=10 y =21,24.
The potential at f:
0t =0p + Ryly =21,24 +15-(-0,471) =14,18 V;
The coordinates of this junction are x=15 y =1418.
The potential at d:
®g=¢f —E»=1418-30=-1582 V.
The coordinates of this junction are x =15, y =-15,82.
Now we must return to junction c:
¢c =¢q + I5R5 =-15,82+30-0,527 =-0,01~0 V.

Hence, the zero result shows that the calculation of nodal poten-

tials for a contour is fulfilled correctly.

Now we draw a potential diagram. Resistances are then laid off
an abscissa, and the values of point potentials, as ordinate. All values
are put in chosen scale. For each point round a circuit, incomplete or

complete, there is a separate point in the potential diagram.

The potential diagram represents definite practical interest as it
gives obvious representation about the distribution of voltages between

separate points of a contour.
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Fig. 3.28. The potential diagram for contour caebfdc.

We have got a sloping line if there is a resistor in this part of the
mesh. If we have the e.m.f. source in the part of the mesh there will be a
perpendicular to y-axis in the diagram. For any contour in the network
the potential diagram shows us the change of potentials when we go
round the mesh.

Using the potential diagram, it is possible to define a current on
the separate circuit sections which belong to the given contour. For ex-
ample, we will consider a part of the circuit which characterizes the
change of a potential along resistive element R;. One cathetus of rec-

tangular triangle is equal to the resistance of a resistive element, and the
other cathetus is equal to a voltage drop across it. Then tangent of the
declination angle is proportional to a current:

_My Pe—9p My

fga
mR Ry mR

-I1=m| - (3.54)
where my , mg, m, are scales for a voltage, a resistance and a current
correspondently.

Thus, one can judge about the magnitude of the current flowing
through the given part of the circuit, by the declination of a diagram sec-
tion. In case of a series connection a current is the same through all ele-
ments, therefore for all resistive elements the declination of correspond-
ing segments of the broken line must be also identical.
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Summary review questions

1. What is the test for determining whether or not two circuit ele-
ments are in series? In parallel?

2. Which has the greater equivalent resistance; two equal resistors
in series or in parallel? Explain.

3. Distinguish among a mesh current, a branch current, and a loop
current.

4. How many equations can we write by Kirchhoff’s current law?

5. Distinguish between a node and an independent node.

6. Distinguish between a mesh and a loop of a circuit.

7. Formulate Kirchhoff’s current law and Kirchhoff’s voltage
law. What circuits are they conveniently applied to?

8. How will the equivalent resistance of several identical series
elements change, if their number increases in two times?

9. How will the equivalent resistance of several identical parallel
elements change, if their number increases in three times?

10. Formulate the basic circuit law upon which the mesh method of
circuit analysis is based.

11. Formulate the main principle upon which the nodal method of
circuit analysis is based.

12. Formulate the main principle upon which the superposition
method is based.

13. Describe the basic idea that underlies the Thevenin equivalent
circuit.

14. Let we have a potential diagram. If a broken line for one sec-
tion of a circuit is parallel to an abscissa axis, what is a value of the cur-
rent on this part of the circuit?

15. Describe the principle of conversation of charge and its rela-
tionship to Kirchhoff's current law.

16. Describe the principle of conversation of energy and its rela-
tionship to Kirchhoff's voltage law.

17. Describe the most important operating modes of any electric
circuit. Explain the difference among them.

18. What is a potential diagram? Explain the sequence of construc-
tion of a potential diagram.

19. Describe and illustrate the voltage-divider principle.

20. Describe and illustrate the current-divider principle.

21. Distinguish among a mesh current, a branch current, and a loop
current.
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22. Can complete knowledge of the mesh currents in a network
permit the evaluation of the current that flows in any branch of the net-
work? Explain.

23. How is the number of independent equations needed to com-
pletely solve a circuit problem determined? Illustrate.

24. Name the basic circuit law upon which the mesh method of cir-
cuit analysis is based.

25. Name the basic circuit law upon which the nodal method of
circuit analysis is based. 20//Is the number of independent equations
needed to solve a given circuit's problem fixed? Explain.

26. In a given network it is possible to identify four meshes and
four independent nodes. Which method of circuit analysis is to be pre-
ferred? Why?

27. A network is found to have a total of seven branches and four
junction points (i.e., independent nodes). Which method is to be pre-
ferred in analyzing the circuit? Explain.

28. When is the delta-wye transformation useful in network re-
duction? Illustrate.

29. Explain the principle of conversation of charge and its rela-
tionship to Kirchhoff's current law. Explain the principle of conversation
of energy and its relationship to Kirchhoff's voltage law.

30. In a given network it is possible to identify four meshes and
four independent nodes. Which method of circuit analysis is to be pre-
ferred? Why?

Problems

3.1. Define the equivalent resistance of resistors connected in par-
allel, if their resistances Ry =20 Q; R, =10 Q; R; =20 Q.

3.2. Some resistive elements are connected in series. Their resis-
tances Ry =20 Q, Ry, =15 Q, R3 =25 Q. A circuit current is equal to

I = 0.5 A. What is the voltage across the terminals of the circuit?

3.3. Four resistances of values 50 kQ, 250 kQ, 1 MQ, and 500 kQ
are placed in parallel. Compute the equivalent parallel resistance.

3.4. The capacitance values of three capacitors are 10, 20, and
40 pF. When these are placed in parallel across a 200 V source, find:

(a) The equivalent capacitance. (b) The total charge residing on
the capacitors. (c) The charge on each capacitor.
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3.5. The three capacitors of Prob. 3-4 are placed in series across a
350 V source. (a) Compute the equivalent capacitance. (b) Find the
charge on each capacitor. (c) Find the voltage drop across each capacitor.

3.6. Three series-connected inductor coils have voltages of 20, 30,
and 50 V appearing across their terminals when the circuit current is
changing at a rate of 100 A/s. Determine the equivalent series inductance.

3.7. In the circuit configuration of Fig. P3.1 determine the voltage
drop across each circuit element as well as the power dissipated. All re-
sistances are in ohms.

Flg. P3.1

3.8. For the circuit of Fig. P3.2, find the current 1. All resistance
values are in ohms.

Fig. P3.2

3.9. Determine the voltage drop across each circuit element (Fig.
P3.2) as well as the power dissipated. All resistances are in ohms.

3.10. In the configuration of Fig. P3.3, find the value of E which
permits a power dissipation of 180 W in the 20-th resistor. All values
are expressed in ohms.

500

1
T
E()EQ zac | 1502] |204
JUls]
I_I i

Fig. P3.3
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3.11. Determine the equivalent resistance appearing at the battery
terminals in the circuit of Fig. P3.3.

1502
| I |
30 400
®
E=100F| (702 ac| (180
Fig. P3.4

3.12. Find the voltage drop appearing across the 18-th resistor in
the network of Fig. P3.4. All values are in ohms.

3.13. Determine the equivalent resistance between points ab in the
circuit of Fig. P3.5. All resistances are in ohms.

3.14. In the circuit of Fig. P3.5, determine: (a) The voltage needed
across ab so that the voltage drop across the 15-Q resistor is 45 V. (b)
The corresponding voltage across the 8-Q resistor for this condition.

3500
b o—e }
K] 1502
2200
d O
Fig. P3.5

3.15. Find the equivalent resistance between terminals ab for the
circuit of Fig. P3.5. All resistance values are in ohms.

3.16. In Fig. P3.5 compute the voltage required between terminals
ab so that a voltage drop of 45 V occurs across the 15-Q resistor.

alLl

|
| S|

<*)El =140 1500 H .

By =105V

Fig. P3.6
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3.17. Find the current which flows through the 15-Q resistor in
the circuit of Fig. P3.6 by using the mesh method. Check your solution
by using the superposition theorem.

R Ry

R R
By =707 : 2 By = 36V

Fig. P3.7

3.18. In the circuit of Fig. P3.7 find the current through R; when it
is made to take on the following values: R; =90 Q; R, =180 Q ;
R3=40Q; R4 =60Q. Use the method requiring the least effort to
yield the answers.

3.19. A circuit has an arrangement of circuit elements as depicted
in Fig. P3.8. The circuit parameters: E; =60V; E, =70V; E3 =40V
and R; =10Q; R, =200 R3=5Q.

(a) Find the Thevenin equivalent circuit considering R, as the var-
iable load resistance.

(b) Find the current through R, when it has values of 0.5 and 4.5.

| Ry

E Ry By
Fy

Fig. P3.8

3.20. In the circuit of Fig. P3.8 it is desirable to obtain infor-
mation about each of the branch circuits. The parameters of the circuit
must be taken from the previous problem.

(a) By using the mesh method write (but do not solve) the neces-
sary independent equations which will allow all branch currents to be
determined.

(b) By using the nodal method, write (but do not solve) the inde-
pendent equations from which all the branch currents can be found.
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50 1oLl
E=60F 4L sl 200
50 1502 120

Fig. P3.9

3.21. In the circuit of Fig. P3.9 find the current delivered by the
battery. Use the method requiring the least effort to yield the answers.

3.22. Calculate the currents in branches of Fig. P3.9 by mesh-
current method.

3.23. The capacitors are connected across a 100-V source as
shown in Fig. P3.9. (a) Find the charge on each capacitor. (b) Compute
the total stored energy. (c) Compute the energy stored in each capacitor.

¢y = 6F
o T
IDDIV r:'g—ij— =G = IuF
I
Fig. P3.10

3.24. In a configuration of three series-connected capacitors the
voltage drops across their terminals are 20, 30, and 50 V and the charge
on each capacitor is 300 uC. (a) Find the equivalent capacitance. (b) Find
the charge on each capacitor. (c) Find the voltage across each capacitor.

3.25. The capacitors of Prob. 24 are disconnected in the charged
condition and then placed in parallel. However, one of the capacitors is
connected with its polarity reversed from that of the other two. (a) Find
the resultant voltage of the parallel combination. (b) Determine the
charge on each capacitor. (c) Compute the stored energy.

3.26. The equivalent inductance of two inductors placed in paral-
lel is 4 H. When series-connected, the equivalent inductance is 20 H.
Find the values of the individual inductances.

3.27. Solve for the power delivered to the 10-Q resistor in the cir-
cuit shown in Fig. P3.8. All resistances are in ohms.
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3.28. Use Thevenin's theorem to find the power delivered to the
3 Q resistance in the circuit of Fig. P3.11. All resistances are in ohms.

3.29. Use Thevenin's theorem to replace the three-loop equivalent
circuit of Fig. P3.11 by a single-loop equivalent circuit in which calcu-
late the internal resistance and the open circuit voltage across the 5-Q
resistor when this branch is open circuited.

Fig. P3.11

3.30. Use Thevenin's theorem to replace the three-loop equivalent
circuit of Fig. P3.12 by a single-loop equivalent circuit in which identity
of R is preserved. All resistances are expressed in ohms.

w0Ql] g [ |60

- ﬁnVCD

6002 400

Fig. P3.12

3.31. The parameters of the circuit Fig.3.13: 1; =10A, 1, =4A,
Ry =1Q, R, =2.5Q, R3 =0.5Q.

sl L_a
Iﬂ%) RIE] Ry [HRE (%)12

Fig. P3.13

Answer the following questions as they relate to the mesh method
of analysis. (a) How many meshes does this circuit have? (b) What are
the mesh currents for the inner and outer meshes? (c) Find all mesh cur-
rents. (d) Determine voltages across resistances R; and Rj.
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Chapter 4

SINGLE-PHASE SINUSOIDAL ALTERNATING
CURRENT CIRCUITS

The theory of the sinusoidal steady-state response of circuits
occupies a position of pre-eminence in electric-circuit theory. The
analysis of many circuits and devices throughout all branches of
electrical engineering is accomplished by the techniques embodied in
the sinusoidal theory. Particularly impressive in this regard is the fact
that the sinusoidal circuit theory is applicable not only in situations
involving sinusoidal forcing functions but equally as well in those
situations where the forcing functions are of a non-sinusoidal character.

It is not an accident that the bulk of the electric power generated
in power plants throughout the world and distributed to the consumer
appears in the form of sinusoidal variations of voltage and current.
There are many technical and economical advantages associated with
the use of sinusoidal voltages and currents. A significant appreciation of
this statement will be gained upon the completion of the study of this
book. It will be learned, for example, that the use of sinusoidal voltages
applied to appropriately designed coils results in a revolving magnetic
field which has the capacity to do work. As a matter of fact it is this
principle which underlies the operation of almost all the electric motors
found in home appliances and about 90% of all electric motors found in
commercial and industrial applications. Although other waveforms can
be used in such devices, none leads to an operation which is as efficient
and economical as that achieved through the use of sinusoidal functions.

In addition to these practical aspects, however, the sinusoidal
function offers some very important and significant advantages in a
mathematical sense.

Recall that by Euler's theorem the sine as well as the cosine
function can be represented quite simply by the exponential function.
Thus, e/“® =cosws +,sinows. The equations which govern the
behaviour of electric circuits frequently involve derivative and integral
terms; this exponential character of the sinusoid is of prime importance.
The reason is that it permits a simplification of mathematical analysis
which cannot be achieved by any other function. The exponential
function is the only mathematical function, the original form of which is
preserved even though such operations as differentiation and integration
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are performed on it. Consequently, as described in this chapter, it is
possible to treat sinusoidal time functions entirely in terms of complex
numbers. Knowledge of the sinusoidal theory has another notable
advantage in the mathematical sense. By means of the Fourier series it is
possible to represent any periodic function of whatever form in terms of
an infinite series of sinusoids. Accordingly, the steady-state response of
electric circuits to non-sinusoidal forcing functions can be obtained
through a repeated application of the sinusoidal theory followed by a
summation of the individual sinusoidal response.

4.1. Sinusoidal Functions - Terminology

In dealing with sinusoidal functions we must become familiar
with the nomenclature before proceeding with the sinusoidal steady-
state analysis of circuits. This makes it easier to describe and to interpret
the results. Appearing in Fig. 4.1 are two sinusoids - one denoting
voltage and the other current.

The voltage sinusoid is a sine function which is represented
mathematically as

u=U, sin(ex+¢,) 4.1)

where (0¥ +¢,) is called the argument of the sine function. The

amplitude of the sine function is U, and it denotes the maximum

value of the sine function. Equation (4.1) is often referred to as the
expression for the instantaneous voltage because by insertion of any
particular value for ¢ the corresponding value of u is determined.

The equation which describes the instantaneous value of the
current wave must include the angular displacement (or phase angle)
existing between the two sinusoids. A little thought reveals that the
current expression is

i=1, sin(ax+¢;). 4.2)

This current is termed a sinusoidal alternating current. In this
equation and also in the graph of Fig. 4.1, i is the instantaneous current
at the time ¢. The value [, is the peak value or amplitude of the
alternating current (ac in abbreviated form), and T is the time occupied
by one complete cycle of change, or the period. A word of caution is
appropriate at this point concerning the units of the argument
(a¥ —¢;) . The form of Eq. (4.2) demands that the unit for this total

quantity be radians.
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However, in engineering usage of this equation it is customary to
express ot in radians and ¢ in degrees. The reason lies in the fact that in
engineering calculations it is the phase angle which is important, not the
total angular displacement. Therefore, when Eq. (4.2) is occasionally

seen written as i =7,, sin (ax —45°), the inconsistency in the units of
the argument should be accepted in light of the foregoing comment.

u E 9 3 u(r:l

=
-
3

i) i

Wy T
2

]
i
&
k

Fig. 4.1. Sinusoidal voltage and current waves of the same frequency

There exist alternate forms with which to express sinusoids.
These originate with Euler's identity, that is,
e/ =cos w3 -+ j sin o3

It should be apparent from this expression that a cosine and a sine
function can be expressed in terms of the exponential notation as follows:

cos ¥ =Re le-/w]

sin GJ =Im|_ejwl
where Re l ej"JJ denotes the real part of the expression in brackets
and

Im [e-/ ‘*’J the imaginary part. This representation is used on various
occasions throughout the book when it is convenient to do so.
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The values of the argument of the sine function that lie between 0
and 2z radians, different and distinct values of the function result.
However, as the argument of the function is made to take on values
between 27 and 4n there occurs a repetition of the first set of values
obtained. Any complete set of positive and negative values of the
function is called a cycle.

Another characteristic of the sinusoid is its frequency, which is
denned as the number of cycles of the function which is traversed in 1 s.
Accordingly, the frequency is measured in units of cycles per second,
which has recently come to be called the hertz and abbreviated Hz. In
radio and radar transmission work where high frequencies are involved
it is customary to use units of kilohertz, megahertz, and gigahertz. The
time duration of one cycle is called the period of the function. It follows
then that if f denotes the frequency of the periodic function, the period is
related to the frequency by

r=— 4.3
T (43)
Moreover, a glance at Fig. 4.1 indicates that each cycle spans 2z
radians. Hence, if this quantity is divided by the period, there results the
angular velocity (or angular frequency) of the sine function. It is
denoted by w and has units of rad/second.

_2m_
w=""=21 (4.4)

The second form of w is obtained from Eq. (4.3).

The equation to be used to describe the second sinusoid appearing
in Fig. 4.1, i.e., the current wave, obviously cannot be identical to that
used for the voltage wave. The reason is that the two sinusoids are
displaced from one another by some angles and so cannot have the same
instantaneous value. Accordingly, the current wave is said to be /agging
behind the voltage wave by the relative phase angle
d=(wr+y,)—(wt+Y;) =y, —;. Relative phase is the term used to
denote the angular displacement between two sinusoids of the same
frequency. Thus in Fig. 4.1 the current sinusoid can be described as
having a phase lag of ¢ =y, —; degrees relative to the voltage

sinusoid. Alternatively we can say that the voltage wave has a phase
lead of ¢ degrees relative to the current wave.
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4.2. Average and Effective Values of Periodic Functions

The energy sources throughout the treatment of Chapter 3 are all
of the nonvarying, constant type - often called the direct kind. Thus
when a voltage source of fixed magnitude is applied to a network, the
forced solution is found to be a constant quantity too. This constant
character of the response makes it a simple matter to identify the
number of amperes flowing in the circuit and thereby to describe the
energy-transferring capability of the circuit. Moreover, the computation
of the power absorbed by each circuit element is accomplished in a
direct manner through the use of the equation P =U [ by inserting
the constant values of voltage and current.

Note that the sinusoidal current is an alternating current, i.e., one
which has positive and negative values. In such a case the manner of
describing the energy-transferring capability of the current is not at all
obvious, as it is when direct sources are used; in the latter case the
average current flow is identical to the direct (or constant) value.

In view of the fact that the average current serves as a useful
criterion in determining the energy transfer in circuits involving direct
sources, let us investigate its usefulness in situations involving periodic
driving functions.

The term periodic is used rather than sinusoidal in order that the
treatment is general. The sinusoid is only one example of a periodic
function. Any function whose cycle is repeated continuously
irrespective of waveform is called a periodic function.

The average (or mean) value of sinusoidal quantity over one
cycle, or an integral number of cycles, is obviously zero. A significant
mean will therefore be the average of the values prevailing during one
positive (or negative) half-cycle. Thus, the average current during one
half-cycle is

L T2

. 2
=——Uf7,, sinwx dt =— [4,, =0.6367
T/2 3 " " " (4.5)

av

that is, the average current during one positive (or negative) half-cycle is
2/ = 0.636 times the peak current. Similarly

2 2
Eav :?[mm; Uav :_’__[[l[]m (46)
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Thus the average value of either the positive or negative half of a
sine function can be found simply by multiplying the amplitude of the
wave by 0.636. When taken over a full cycle the equal and opposite
average values cancel out.

On the basis of the foregoing results it should be clear that,
although the criterion of the average value of current works well in
describing the energy-transferring capacity for direct sources, it is a
meaningless criterion for symmetrical periodic functions because its
value is always equal to zero.

Therefore we must search for a more suitable criterion to measure
the effectiveness of a periodic function. Preferably the chosen standard
should in some way be related to the energy or power capability
associated with the periodic function. Herein lies a clue about the
procedure to follow in establishing such a criterion. Consider that the
sinusoidal current of Eq. (4.2) is made to flow through a resistor having
R ohms. Then by Joule's law the instantaneous power absorbed by the
resistor and converted to heat is

p=i’(®)R 4.7

Since the current in this expression varies usually from a positive
maximum through zero to a negative maximum, the insertion of any one
value of the current is of little usefulness in determining the actual
power absorbed by the resistor.

Rather a much more meaningful approach is to sum the
instantaneous power consumption over one full cycle. Such a
formulation cannot lead to a zero result because the power dissipation is
real whether the current flows clockwise (positive) or counterclockwise
(negative) in this circuit.

Therefore a nonzero value must result. This conclusion is also
borne out by the presence of the second power of the current in Eq.
(4.7). Thus even if the current is negative the contribution to the power
expression is positive. Proceeding on this basis, we find that the
expression for the average power absorbed by the resistor becomes

P :l}iz(t)Rdt =aj’i2(t) dt%?
vorg H - H

A study of the quantity in brackets reveals some interesting
points. Note first that this quantity is the average value of the function
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S () =i? (¢). A comparison with Eq. (4.5) makes this obvious. We
are still dealing with average effects - but with one important difference:
instead of working with the periodic function i(?) directly we are dealing
with the squared function. This not only gives significance to the
formulation in terms of a description involving the power capability of
the current, but it also eliminates the possibility of dealing with a zero
average value because the square of a periodic function always yields a
positive contribution.

Another point of interest is that the unit of the bracketed quantity
is amperes squared. Accordingly we can interpret this quantity as the
square of an effective current, which, when multiplied by R, yields the
average power. Expressing this mathematically, we can write

T
1 . .
Iefz Z?J'zz (t) dt =average i’ (t)
4]

From this it follows that the effective current is the root mean
square value. Thus

T
_ 2.~ _ |1 2
1 =+ average i”(t) = ?-(!'z @®)

For the practical purposes a convenient mean value is the
effective value of current. It is the square root of the mean of the
currents squared (which are all positive). It is the magnitude of that
direct current which has the same heating effect in a given resistive
circuit as the alternating current in question.

Hence the root mean square (r.m.s. or effective) value of current

T
]ef:\/;qzdt \/ qz sinzoo‘@t=%:0.707ﬂm (4.8)

Similarly,

Although the effective current may be denoted by either of the
subscript notations used in the last equation, it is frequently written
without a subscript. The understanding 1s that reference is always to the
effective value of a periodic function as defined in Eq. (4.8) unless
otherwise specified.

Finally, as a third point of interest, let us make an analogy with
the direct-current case. A direct voltage source applied to the resistor R
causes an average power dissipation of I°R to take place. Here 7 denotes
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the direct or average current. The flow of a periodic function of current
through the same resistor yields an average power dissipation of F,R.
Comparing this result with that of the direct-current case yields another
interpretation of effective current: it is that current which produces the
same heating effect as the direct current. Most electrical measuring
instruments are constructed to indicate the effective values of currents
and voltages being measured.

4.3. Complex Representation of Sinusoidal Quantities

Often in determining the sinusoidal steady-state response of
circuits it is necessary to perform algebraic operations such as addition,
subtraction, multiplication, and division on two or more sinusoidal
quantities of the same frequency. Usually the sinusoids differ in
amplitude and phase. Specifically consider the matter of adding two
sinusoidal currents whose equations are

if =1,y sInQY, i =1, sin(x+y,) (4.10)

The current Z, leads Z1 by the relative phase angle w. The

resultant current Z3 can obviously be written as

i3 =1y sinaX+1,, sin(ox +y,) (4.11)

Since the addition of two sinusoids of the same frequency always
results in another sinusoid, it is desirable to express in this equation in
terms of a resultant appropriate amplitude and phase. Keep in mind that
any sinusoid at a given frequency is completely specified once its
amplitude and phase are known. Of course one obvious way of
obtaining the result called for in the last equation is to plot each sinusoid
and then make a point-by-point summation of the two sine waves. The
amplitude and phase of the resultant sinusoid can then be measured, thus

allowing Z3 to be written in the more useful form
i3 =1y sin (0¥ +P3) (4.12)

where y; is the phase angle measured with respect to the same reference
point used for .. Needless to say, such a procedure is laborious and
time-consuming.

An alternative to the graphical solution is an analytical one which
simplifies the procedure through the use of trigonometric identities
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Although this analytical procedure requires less effort than the
graphical one, the method is still too cumbersome to be practical. This is
particularly so when situations arise where more than two sinusoidal
quantities must be summed.

Furthermore, multiplication and division present additional
complications. Clearly, then, we need a simpler and more direct method
of treating sinusoidal quantities. In 1893 such a method was introduced,
when Charles P. Steinmetz advanced the idea of using a constant-
amplitude line rotating at a frequency w to represent a sinusoid. Let us
now see how such an idea is effective in simplifying the algebraic
operations involving sinusoidal quantities.

Attention is first directed to the expression for i;, as given by
Eq. (4.10). By employing the notation of sin w3 =Imlej°" F we can
write

i) =1, sinox :Imllm1 efw’] (4.13)

Keep in mind that the exponential function /¢ may be treated
as a rotational operator. Its amplitude is always unity, but the cosine and
sine components vary as time progresses. This is illustrated in
Fig. 7.2 (a). As wt moves through one full period of 2z radians (i.e., one
complete cycle) the line O4 makes one complete traversal of the circle
in a counter clockwise direction. Line OA is fixed in value to the
amplitude of the sine function it represents. Note that the vertical
component of line OA is the sine function.

As a matter of fact this is the meaning of the notation /,, [ ] - it
refers to the values generated by taking the projections of a rotating line
on a pre-established reference line (the vertical in this case).
Accordingly, if we plot the vertical components of OA as it makes one
complete revolution, the sine function shown in Fig. 7.2 (b). is
generated. When wt = 0 the position of OA is on the horizontal axis
directed towards the right. Its vertical component at this instant is zero,
as it should be for the sine function.

The current i, can be represented in a similar fashion. Thus in
terms of the exponential notation, we have

iy = 1y, sin (@ + ) = Im| I, /¥ /" (4.14)
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Reference line
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Fig. 4.2. Generating the sine function from the vertical component of the
rotating line

To simplify the notation we next define
Ly =Imye/™¥? =1, (cosy + jsiny) (4.15)

and denotes it as line OB in Fig. 4.3, a. It is this quantity - /,,2 - which
is called the phasor of the sinusoidal function of Eq. (4.14).

In general the phasor can be represented by a complex number
which is a result of locating a line in a plane. Thus the phasor OB can be
located by specifying its magnitude, /.., and its displacement from the
horizontal axis ..

The student certainly recognizes these quantities as the polar
coordinates of line OB. However, note that OB can also be located in
terms of a horizontal (i.e., real-axis) component and a vertical (i.e.,

imaginary or j-axis) component as indicated by the second form of £,
in Eq. (4.15). For a given ., the real part of the complex number is /..
cos ., and the imaginary or j part is 7, Sin y..

It is important to understand that the position of OB in Fig. 4.3, a
corresponds to time ¢ = 0 in Eq. (4.14). Hence the corresponding value
of i, at this instant must be the projection of OB on the vertical reference

line, which clearly is 7, sin Y, .
The phasor of current i, is £m1 =1mlej00 = [m1 . Hence it has no

vertical {or j) component and so initially (i.e., at # = 0) must lie along
the horizontal axis as shown by line O4 in Fig. 4.3, a.
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Note too in this figure that the phasors Z,,; and Z,,» are

displaced from one another by .. This is entirely consistent with
Egs. (4.10).

I . .
B, ONY i3 =Ty sinfof + y3)
¢ I . - i3 = Iy sin{008 + y2)

i = fyy smof

2h
%«E
= >
v
S 1=
II.L:; e
j"w
=4 |

) B)

Fig. 4.3. Illustrating the phasor representation and addition of two
sinusoids, a) position of the phasor for ¢ = 0; b) sinusoidal function for
increasing time

Now, as time elapses, both these phasors revolve at a constant
frequency of w radians per second, and a continuous plot of the vertical
components of both phasors results in the sinusoids shown in Fig. 4.3, b.
In this way a sinusoid can be represented by a line fixed at one end and
rotating at a frequency equal to the angular velocity of the sinusoid. The
magnitude of the line must be equal to the amplitude of the sinusoid.

How does the phasor representation of sinusoids simplify the
procedure for adding two sinusoidal quantities?

To understand this, let us find i3 =i iy by rewriting Eq. (4.11)
in exponential form. Thus

iy =i +iy :Imﬁmlefw’hlmlgmzef‘*’t‘ :Iml(gml +[m2)ej°°t‘ (4.16)

Expressed in words, Eq. (4.16) states:

To add two sinusoidal quantities it is necessary merely to add the
corresponding phasors.

Accordingly, if we call the phasor quantity of the resultant

£m3 = ]m3eﬂ“3 , We may write
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Ly =Ly +1,,) (4.17)
1m3e]w3 =1y, +1mze/llJ2 =Ly + 1y cosW3) + jl,,, sinPy (4.18)

The right side of the last equation involves all known quantities.
Moreover, since it is complex number having a horizontal and vertical
components, it follows that the magnitude of the component is

Ly =y + 1y 05 W) +(L,, siny)? (4.19)

And the angle is

-1 1m2 SinLlJZ

Ly + Iy, cOsYy

Y3 = tan (4.20)

The resultant phasor / m3 1is depicted in Fig. 4.3 as line OD.

When the value of Iy, 3 has been established, the corresponding time

expression for i; readily follows from Eq. (4.16). Hence
i = Imkm 7| = 1m Gy e V3 e/ =t /003 =
= Imllm3 cos(wr +YPs3)+ T g sin (Wt + ljJ3)I =

=1,,,, sin (QX +3) (4.21)

The set of vectors of electrical magnitudes of the same frequency
represented in uniform axes is called a vector diagram. If there are some
vectors of various electrical magnitudes (usually a current and a voltage)
in a diagram, then such a figure is called a combined diagram Fig. (4.4).

Vector diagrams are widely applied at circuit analysis of a
sinusoidal current. Their application does a circuit design more evident
and simple.

At calculation of sinusoidal current circuit one must constantly
carry out the operations of addition (or subtraction) of instantaneous
values of currents, voltages and e.m.f.s.

The use of vector diagrams allows replacing addition and
subtraction of instantaneous values by addition and subtraction of
corresponding vectors.
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Fig. 4.4. A combined diagram Fig. 4.5. The additional of vectors

The vector which represents a total sinusoid is equal to the sum of
the vectors which represent composed items (Fig. 4.5).

The subtraction of vectors can be substituted by the operation of
vector addition by the way of change of the vector direction by 180° that
corresponds to the modification of its sign.

Example 4.1. Two sinusoidal currents are described as follows:

iy =10\/2 sincd  and iy =20,/2 sin(wy +60°). Find the
expression for the sum of these currents.

Solution: The solution is found by performing phasor addition in
the manner indicated by Eq. (4.17).

In passing, note that Z; and Z, have effective values of 1o and
20 A, respectively. The phasor quantities are

Ly =1y =102

m

1, =202 (cos60° + jsin60°) =202 +j£ 1042 + j104/6
m2 2

Hence
Ly =L, +1,, =1042 +10J2 + j10J6 =2042 + j10V/6 .
So that
Iy =V/800+600 =37.4 | 3 =tan ™ M:m(’_
042
Therefore,

Lo, =37.4¢/*” and i3 =37.4sin (ox +41°).
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As we have already known the most important and useful,
quantity of a sinusoidal function is its effective value. Although
knowledge of the peak value of a sinusoid can be useful, it is not nearly
so useful as the effective value.

In this Example it is much more significant to speak in terms of
the effective current than in terms of the peak value, because the former
conveys information about its energy-transferring capability per cycle
whereas the latter does not.

Therefore in finding the sum of two currents we are often really
interested in the resultant effective current. Of course, from Eq. (4.8) we
know that the effective current can readily be obtained by dividing the
peak value by /2 .

In view of the far greater importance of effective values it is
therefore customary to use a phasor diagram in which the phasors are
expressed as effective values rather than maximum values. Accordingly,
this procedure shall be followed in the remainder of the book.

To express the addition of two sinusoids in terms of the effective
values of the phasors, it follows readily from Eq. (4.18) upon dividing
each term in the expression by /2 . Thus

£m3 _ lm] + £m2

22 2

or, more simply,
Iy=1,+1I,. (4.22)

We take note of one other convention which is used in phasor
diagrams and the algebraic manipulations associated with them. Thus
the phasor quantity for a current such as i can be expressed in terms of
its effective value 7e/%. The angle vy is always measured relative to the
horizontal axis counter clockwise. For negative values of the angle the
direction is taken as clockwise.

Let us consider multiplication and division of complex quantities.
Up to now attention has been directed exclusively to the problem of
adding sinusoidal quantities which are out of phase with one another.
The use of phasor representation of the sinusoids simplified the
procedure considerably. The method of solution was reduced to one of
dealing with complex numbers as illustrated in following.
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In dealing with the sinusoidal steady-state response of electric
circuits the need frequently arises to multiply and divide complex
numbers. The complex numbers, however, do not always represent
sinusoidal functions. In the interest of illustrating how the product of
two complex numbers is obtained, consider the following two complex
numbers. One is denoted by the phasor 7 =7e’/%* the other is

represented by the operator Z =Ze/®. The product is desired.

As the first step in the procedure, formulate the product in terms
of the exponential form. The exponential form is preferred initially
because as a legitimate part of the language of mathematics we are
familiar with the rules governing its manipulation.

Accordingly, we can write

1Z =le/VZe/® =17 o/ (WHP) (4.23)

Therefore the product of two complex numbers is found by taking
the product of their magnitudes and the sum of their angles.

The division of one complex quantity by another is treated in a
similar fashion. To illustrate, let it be required to divide the complex
quantity U =U e/% into the value Z =Ze/®. We shall call the
quotient Z . Thus

n .
sle " U i) (4.24)

= -
- Ze-]q) Z

IN[IS

Therefore the division of one complex number by another
involves the division of their magnitudes to yield the magnitude of the
quotient and the difference of their phase angles to yield the phase of the
quotient. For the sake of completeness we give the corresponding time
expression for the phasor of equation (4.24), which is

i:ﬁ%sin(w +P—).
The angular frequency J is the same as that for U .

4.4. The Receipt of the Sinusoidal Electromotive Force

Sinusoidal electromotive forces in modern technical devices are
obtained by various methods in electric machines, electronic oscillators
and other devices.



126

Let's observe a cross-section of the
simplified model of a monophase sinusoidal
current generator (Fig. 4.6).

The right-angled conductor frame (or
convolution) with cross -section S, is
uniformly revolving with a constant angular
frequency w in a magnetic field between poles
N and S of a constant magnet. We will assume
that the excited magnetic field is constant and
uniform in the area of rotation. The value of a Fig. 4.6. A cross-
magnetic induction is equal to B. section of a generator

E

The basic energy sources working at an alternating current are the
electromechanical generators which transform the energy of a rotatory
movement into electrical one.

The principle of action of such generators is based on the effect of
excitation of vortical electric field when a magnetic field changes.

This effect leads to origin of the induced electromotive force in a
closed loop at a magnetic flux modification through the surface
restricted with this contour.

When the conductor frame revolves the value of the magnetic
flux, passing through its plane, changes. This magnetic flux is maximum
when the frame is perpendicular to the magnetic lines of the field.

®,, =B

In the process of rotation of the frame from this position, it
decreases and becomes zero when the frame plane settles down along
field lines. Then the flux direction changes its sign, and the flux starts to
increase. Thus, the magnetic flux piercing the frame, changes depending
on the angle of its rotation by the law:

P=®d,, cosa
where « is an angle between the direction of magnetic field lines and a
normal to the frame plane.

Hence the magnetic flux varies in a time according to the
equation

®=®, cos(wt+yY,)=BLFcos(wxr+,)

where D is the magnetic flux through an area S, and B is a magnetic
induction.
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According to the law electromagnetic induction discovered by
Michael Faraday around 1831, a change in a magnetic flux linking a
closed electric circuit produces an e.m.f. in the circuit, irrespective of
the cause of the flux change.

Experiments show that the induced e.m.f. is directly proportional
to the rate of change of flux linkages:

e(t) :—§ = B 3 Wosin(wy +Y,) = E,, sin(ax +,) .

The e.m.f. in time mounts to an amplitude value when the frame
plane is parallel to the lines of magnetic induction. At such position of
the frame the flux piercing it, is equal to zero, and the velocity of
intersection of magnetic lines is maximum.

This e.m.f. through the contact rings rotating together with the
frame, and through the motionless brushes which slide on the surfaces
of slip-rings, is transmitted to output terminals of a generator where it
creates the sinusoidal voltage which is equal to e.m.f. If some load is
connected to the brush terminals there will be an electric current in this
formed electric circuit.

4.5. A Sinusoidal Current Through a Resistance

The response of each circuit parameter to a sustained sinusoidal
source function is found individually - for two reasons. First, it provides
an opportunity to illustrate the manner in which the response can be
found easily and directly by the use of the phasor representation of
sinusoids. Second, it affords the opportunity to establish once and for all
the phase-angle relationships existing between the current and voltage
for each circuit parameter. It is seen that these relationships are fixed
and must always be satisfied irrespective of whether a given circuit
element is in a series or parallel arrangement with other circuit elements.
Let us start by treating the simplest of the three parameters - resistance.

Assume a sinusoidal forcing function which can be described by

u=U,, sinax =Im [Umef‘*’] (4.25)

Because the circuit is linear we know that the steady-state
response must also be a sinusoid having the same frequency as the
source function. However, in general, the response sinusoid (i.e., the
current) differs in two respects - amplitude and phase. Therefore, on this
basis we can say that the form of the response must be
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i =1, sin(ux +Y)=Im {Jmef‘“ef‘*’J (4.26)

where 7,, and y are respectively the amplitude and phase of the
response which must be determined to achieve a solution of the
problem. The equation which makes available the amplitude and phase
information in this instance is Kirchhoff 's voltage law applied to the
circuit of Fig. 4.7. Thus

u=Ri=RI, sine¥=R xlmllmeﬂ“eﬂ*" (4.27)

Note that this expression is nothing more than Ohm's law with the
modification that sinusoidal quantities are involved for the variables u
and i. The exponential form is preferred because it leads to the solution
in a direct and easy fashion as is apparent from the material which
follows. But first let us rewrite the last equation in a simpler form by
dropping the notation "imaginary part of...". This is permissible
because such equations reduce to an identity for all values of time

whenever the coefficients of ¢/ on one side equal the coefficients of
e’/ on the other side. There is a precaution to be observed, however,
when using such a procedure. After completion of the algebraic
manipulations which lead to the solution, it must be remembered that
the actual solution is found by taking only the j part of the resulting
exponential solution. On this basis Eq. (4.27) can be written as

leeﬂpej("lr =U,,e’/*

Since the time factor ¢/“¥ is common to both sides of the
equation, it may be suppressed, thus leading to

o

U .
I,e’V = —U,, e/" (4.28)

On the left side of this equation appear the two unknown
quantities /,, and y = 0, while on the right side appear the known
quantities. Although in general both sides of this equation represent
complex numbers, it is clear from the right side that in this case we have
just a real number. This is characteristic of purely resistive circuit. A
comparison of amplitudes and angles of the left and right sides of Eq.
(4.26) leads to
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U
I, :7’" and Y=0 (4.29)

Substituting this information into Eq. (4.26) yields the final
expression for the solution. Hence

_Upy .
i ZTsm oY (4.30)

Comparing Eq. (4.30) with Eq. (4.25) reveals that for a resistive
circuit the current and voltage are in time phase, i.e., the peak values
and the zero values occur at the same time instants. The instantaneous
values of current, voltage and power are illustrated by plots in
Fig. 4.7, a.

The instantaneous power is

. . U,1
p=U,1I,, sin o¥sin 0¥ =%(l—cos2(ﬂt} (4.31)

Thus, the instantaneous power has an unvarying component
(Umlm /2) and a varying component(UmIm oS 2001/2) , varying at
frequency 2w. The energy input during a time dt is pdt.

As noted in the discussion of phasor representation of sinusoids, it
is more frequently desirable to deal in terms of the effective value of
voltages and currents rather than their maximum values. Accordingly, to
express the solution as represented by Egs. (4.29) in terms of effective
values, use is made of Eq. (4.8). Thus

1,,=~21= ‘ERW

where / and U denote effective values. Therefore, one can very simply
describe the current response caused by a sinusoidal voltage of effective
value U applied to a circuit of resistance R as

v
R

Referring to Fig. 4.7, b, the complex current Z and the complex
voltage &/ are in phase.

I= (4.32)
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Fig. 4.7. Resistive circuit: @) The instantaneous values of current,
voltage and power; b) the complex current and voltage

Appearing in Fig. 4.7, b, is the phasor diagram for the resistive
circuit. The reference phasor is arbitrarily taken to be the applied
voltage and is placed along the horizontal. By Eq. (4.32) the current
phasor has an angle of 0° which means that the complex current Z and
the complex voltage &/ are in phase. They are located on the
horizontal axis. It is customary to show only effective values of voltage
and current in the phasor diagrams. Note that the relationship depicted

in Fig. 4.7, b, is consistent with that shown in Fig. 4.7, a.
4.6. A Sinusoidal Current Through an Inductance

The same method of analysis is used to find the response of a
purely inductive circuit to a sinusoidal source function in the steady
state. Assume that the potential difference appearing across the inductor
terminals is given by Eq. (4.25). Because the circuit is assumed linear,
the response can again be represented by Eq. (4.26). However, for the
inductive circuit the defining equation is

u=1% (4.33)

Substituting Egs. (4.25) and (4.26) gives

Im[Umef‘*’] ZL%Im Imef‘“ef‘*’] (4.34)

where 7, and y in general will be different from those values found
for the resistive circuit. This is to be expected, since the defining
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equation involves a derivative of the current. Performing the
differentiation and suppressing ¢/“* leads to
W =Ym
I,e ol (4.35)
Again note that the term involving the unknown amplitude and
phase angle is isolated to the left side of the equation. The quantities
appearing on the right side are known. Examination of the right side in
this instance shows that it is a number which is located along the
vertical axis. In mathematical language this is described as the
imaginary number. An alternative way of writing the right side follows
upon recalling that the factor j is a rotational operator defined as

=090 (4.36)

Any real number which is multiplied by j changes its position
from the horizontal axis to the vertical axis. Thus j10 means that a line
of 10 units is now measured on the vertical axis. Accordingly, Eq. (4.35)
can be rewritten

W _Um -j90°
I,eMV = e J (4.37)
Therefore,
I, _Yn and Y=-90°. (4.38)
wL

Expressed in terms of effective values, the solution for the
response can be found conveniently by writing Eq. (4.37) as

[:i:i d w=-90° 4.39
oL X, and y = - (4.39)

where X; =L and is called the inductive reactance of the coil. The
term reactance is used to distinguish it from resistance. A resistive
circuit element causes no phase shift between voltage and current.

However, an inductive element causes a current to lag behind a
voltage by 90°. Any circuit element which exhibits this property in the
sinusoidal steady state is said to have inductive reactance.

The phasor diagram for the purely inductive circuit is illustrated
in Fig. 4.8, b. The location of the current phasor is drawn consistent
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with the results of Eq. (4.39), which calls for the current phasor to lag
behind the voltage phasor by angle equalled = -90°.

It is always true that for sinusoidal source functions the current
flowing through an inductor always lags behind the potential difference
across the inductor terminals by 90°. In the interest of completeness
keep in mind the fact that the phasors of Fig. 4.8, a are actually rotating
counterclockwise (the assumed positive direction) at the angular
frequency w radians/second.

i u(t) I
i) 0y
Bt —_— = U
- or
0 ¢ I -
it b

Fig. 4.8. Inductive circuit: a) The instantaneous values of current,
voltage and power; b) the complex voltage and current

Equation (4.39) contains all the useful information needed for the
solution of the problem. However, if the complete time solution for the
current response is desired, it readily follows from this equation by
recalling the meaning of phasor quantities. This leads to

iZﬁLsin(wt+lJJ):U—msin(oot—900) (4.40)
X Xy

A plot of Eq. (4.40) appears in Fig. 4.8, a. Note that the response
sinusoid in the case of an inductive circuit is displaced 90° behind the
potential difference across the inductor.

Note also that just as Eq. (4.39) is a simpler and more direct way
of representing the solution of Eq. (4.40) so too is Fig. 4.8, b a simpler
and more convenient way of expressing the results shown in Fig. 4.8, a.
The instantaneous values of current, voltage and power are given by
plots of Fig. 4.8, a.

The instantaneous power
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U, 1y, sin 20
> .

It is zero when either voltage or current is zero. During the first
quarter-cycle, when the voltage and the current are positive, the power
is also positive. The area enclosed by the curve p and the axis of
abscissa during this period of time represents the energy taken from the
source and spent to establish a magnetic field in the inductance.

During the second quarter-cycle, when the current in the circuit
decreases from a maximum to zero, the energy of the magnetic field is
returned to the supply, and the instantaneous power is negative. During
the third quarter-cycle, the energy is again taken from the supply and is
returned to it during the fourth quarter-cycle, and so on.

Thus, an inductance alternately draws energy from the supply and
gives it back.

p=ui=—

4.7. A Sinusoidal Voltage Across a Capacitance

The current which flows through the capacitor is related to the
potential difference u by

i=C—
dt

For an assumed sinusoidal source function of u = U, sin ot the
general form of the current response can be represented by

i=1,,sin(w¥ + ). Inserting the exponential forms of voltage and
current into the last expression yields

1,,e/Ve/™ :c%[Umef‘*" (4.41)

Performing the differentiation leads to

1,,e’% = jocu (4.42)

m

Or

. U o
I,e? =1/—Q'"x:ej %0 (4.43)

Equating the magnitudes and angles of the right and left sides
then yields
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] =——m —00°
LAEYPRs and =90 (4.44)

Once Eq. (4.44) is obtained by using the exponential forms of
voltage and current in the governing differential equation, it can then be
rewritten in terms of effective values. It is helpful at this point to employ
effective values, because from here on the solution of capacitive circuits
can be found by applying Ohm's law in the modified form dictated by
Eq. (4.44).

Accordingly, we can write

_ U
T 1/ jox

(4.45)

This states that the phasor current response Z is equal to the
phasor potential difference &/ across the capacitor divided by the
quantity 1/ /6", It is important to understand that the last quantity
arises from the exponential formulation as revealed by Eq. (4.42).

| i, 1
() <
A -
i) Dt — =
; P - -
0 L ]—

u

& b

Fig. 4.9. Capacitive circuit: a) The instantaneous values of current,
voltage and power; b) the complex current and voltage

Moreover, the unit of this value is volt/ampere, which is ohm.
This is evident from Eq. (4.45). Therefore, 1//<x6" may be looked
upon as a kind of resistance, but it is not called this because it involves
the rotational operator j. For this reason it is called a reactance; more
specifically, it is called a capacitive reactance because a capacitor is
involved. Equation (4.45) often appears in the form
u U o

I = =
e e (4.46)
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Where X¢ is the capacitive reactance in ohms.
Therefore, for the capacitive circuit

=2 =vac and Y=90°. (4.47)
Xc
By the information contained in Eq. (4.47) the phasor diagram of
a purely capacitive circuit is readily drawn. Figure 4.9,b, depicts the
result. The corresponding time-domain description of the current
response is illustrated in Fig. 4.9, a. The time-domain equation for the
response is obtained in the usual way and found to be

i =72 Y sin (e + W) = 27 sin (ot +90°) (4.48)
Xc Xc
A study of Eq. (4.47) as well as Fig. 4.9 reveals an important
characteristic of the capacitive circuit: the current flowing through a
capacitor in the sinusoidal steady state always leads the potential
difference across the capacitor by 90°.

4.8 The Series RL Circuit

In this section we direct attention to the sinusoidal steady-state
analysis of a circuit configuration which involves the series connection
of a resistive and an inductive element. This leads to the concepts of
complex impedance and reactive power.

z R
— —
@ o L T
—
Up
u uLl L

b o
Fig. 4.10. The series RL circuit

Appearing in Fig. 4.10 is a diagram of the series RL circuit. Our
objective is to find the steady-state current response assuming that R, L,
and the forcing function are known. The differential equation for the
circuit is

u=iR+1L ﬂ
dt
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This expression can be written in terms of effective values as
U=IR+jud) (4.49)

Equation (4.49) is Kirchhoff's voltage law for the RL circuit
written in terms of phasor quantities. This expression can be written
directly without going through the preceding steps. It is obtained by
summing the voltage drops across each circuit element. However, it is
important to attach the rotational operator j to the inductive reactance.
Upon transposing Eq. 4.49 the solution for the current becomes

1 =Y 4.50
L= i (50)

where R is a resistance and . is the inductive reactance.
Information about the magnitude and relative phase angle of the

response then readily follows when Eq. (4.50) is rewritten as
U

m and Ww=tan (i /R) (4.51)

where y is the angle between a voltage and a current.

Examination of the solution for the relative phase angle reveals
that for finite resistance the angle must be less than 90°. Note too that it
is a lag angle, which means the current sinusoid is behind the voltage in
time. The potential difference across the resistive element is clearly

Upg =IR (4.52)
Because there is no phase shift associated with a resistor, it follows
that this voltage drop must be in phase with the current. Hence the voltage

drop across a resistance is drawn on the same line as the current. Equation
(4.52) is represented by in the phasor diagram in Fig. 4.11.

I =

+ 7
r
= Uy
Up |+
i

Fig. 4.11 A4 vector diagram

Similarly, the potential difference across the inductive element is
shown by the second term of the right side of Eq. (4.49) to be expressed as
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Up =jadll (4.53)

The presence of the rotational operator j conveys the meaning that
this quantity is to be rotated in the positive (or counter clockwise)
direction through 90°. Accordingly, this value is disposed
perpendicularly to the current in Fig. 4.11. Of course the sum of these
two voltages must be equal to the input voltage.

4.9. The Series RC Circuit

The principles underlying the method of solution are presented in
detail in the two preceding sections. Accordingly, in the interest of
brevity as well as to illustrate the method to be employed from here on
in solving such problems, we proceed directly with Kirchhoff's voltage
law for the circuit of Fig. 4.12 by using effective quantities throughout.

! R
o O
Up
u W l:: L
b oo
Fig. 4.12. The series RC circuit
Thus
1
U=IR+]——
U=IR+1— (4.54)

The effective potential difference appearing across the capacitor
is expressed always in terms of the effective current passing through the
capacitor multiplied by its capacitive reactance, which is written in
conjunction with the rotational operator j as called for by Eq. (4.45).
Rewriting Eq. (4.54) gives

_ 1 _.L
g—z% +ﬁ§cz§? j QfE (4.55)

where R is a resistance and %0 C is the capacitive reactance.
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+J

15

Fig. 4.13 A vector diagram

Equation (4.55) is Kirchhoff's voltage law for the RC circuit
written in terms of phasor quantities. Upon transposing the equation the
solution for the current becomes

U

_ — 1
TR s mdwsEnT o @456

The phasor diagram for the series RC circuit is depicted in
Fig. 4.13. The current now leads the voltage in time - a result which is
consistent with Eq. (4.56) showing a positive value for the phase angle.
Again note that the effective potential difference across the resistor is in
phase with the current, while that across the capacitor is 90° behind the
position of the current phasor in Fig. 4.13. This rotation (y = -90°) is
brought about in the diagram by the attachment of -j to the quantity
which is equal to the voltage drop across capacitance.

4.10. The Series RLC Circuit. Ohm's Law for A.C. Circuits

The circuit configuration for the series combination of the three
parameters is shown in Fig. 4.14; the terminals are lettered in order to
facilitate the discussion of the phasor diagram.

For the circuit in Fig. 4.14 the instantaneous voltage is given by

u=uptuy tuc (4.57)

or
di 1
R+LY v (idt =u 458
! ol K (4.58)

But ac circuit problem are most solved by the method of complex
numbers. The basis of this method is that for a sinusoidal varying
current the equations based on instantaneous values, which are in fact
differential equations (see Eq. 4.59), may be replaced by algebraic
equations in complex currents and voltages.
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Fig. 4.14. The series RLC circuit

More specifically, in any Kirchhoffian equation written for a
steady state, the instantaneous current i is replaced by the complex peak

current Z,, ; the instantaneous voltage across a resistance (RI) by the
complex voltage drop K1, which is in phase with the current £, ; the
instantaneous voltage across an inductance (27 ) with the complex
quantity £,, /0L which leads the current by 90°; the instantaneous
voltage across a capacitance (#¢) with the complex quantity
I,,(—j/0XC) lagging behind the current by 90°; and the instantaneous

input voltage u with the complex value U ,,, .

Indeed, it is shown in previous sections that the peak voltage
across an inductance is given by the product of the peak current and the
inductive reactance. The operator j indicates that the voltage across an
inductance leads the current in it by 90°. Similarly, it follows that the
peak voltage across a capacitor is the product of the peak current and the
capacitive reactance. The fact that the voltage across a capacitor lags the
current by 90° brings in the operator -;.

In complex notation,

L R+L,j0l+1, __:Qm
Putting before the brackets gives
I B? + jwL —LEL U 4.59
Thus for the current of Fig. 4.14
I, = _ Ym
—m J (4.60)
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The above equation gives the complex peak current in terms of
the complex peak input voltage and the operators R, OB, 1/G8”,

The complex-number method is also called the symbolic method
for the reason that the currents and voltages are represented by their
complex transforms or symbols.

The operator in the denominator of Eq. (4.60) is symbolized by
the letter £ , the unit being the oAms. In all English-speaking countries
Z is called the complex impedance of the circuit. Thus

. J
Z =R+ jud ——— 4.61
V4 J - (4.61)
The value
z =JR? +(cs —1/ a2 (4.62)

is called the impedance of an electric circuit.
Then Eq. (4.60) may be written thus
l,Z=U,,
Dividing the last equation by /2 and substituting the complex

effective values of the current and voltage for the complex peak values
1,, and U, ,respectively, we get

1= (4.63)

IN IS

Eq. (4.63) is Ohm's law for alternating current circuits.
Writing Kirchhoff's voltage law expressed in terms of effective

values we have
U=IFR+jul +_ L
- JoxXo

v

From here

1= .
R+ je - (4.64)
wC

Therefore the magnitude and phase of the effective current are
— U 4 L —1/wC
1= _ 1
=t - 1=
VR e e 2 T R

(4.65)
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A study of the last equation reveals that the current phasor may
either lead or lag the voltage phasor, depending upon the relative values
of the inductive and capacitive reactance.

Whenever the inductive reactance is more then the capacitive one,
i.c. & >1/e0" | the RLC circuit essentially behaves as an inductive
circuit insofar as the current is concerned. It is interesting to note that
this condition can be satisfied either by having a large inductance or else
by operating at a high frequency.

On the other hand, whenever &J. <1/¢x0" | the current leads the
voltage, thereby indicating that the RLC circuit behaves as a capacitive
circuit as far as the current is concerned. However, there are some
differences; these are discussed presently.

Appearing in Fig. 4.15, a, b, is the phasor (or vector) diagram for
the circuit of Fig. 4.14.

+J +J
Lr
i I Yn | £
+1 +1
0 Yp VP
Lr
2 E o
| Yo
& k

Fig. 4.15 a) The phasor diagram for a case X7 > X ¢ ; b) the phasor
diagram for a case X7 <X

Fig. 4.15, a is drawn for the case where G >1/<»6" . Hence the
current phasor must lag the voltage phasor. The component values of the
effective potential difference appearing across each circuit element are
also depicted. Note that the voltage drop across the resistor terminals

U r must be in phase with the current Z . It is represented by the line,

which is parallel to phasor current. In vector diagrams any line drawn
parallel to another line means that the quantities represented by the two
lines are in phase. The current Z leads the voltage across the capacitor

terminals U by 90° or the capacitive voltage lags behind the current
by 90°, as it always must for sinusoidal forcing functions. Finally, note
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that the effective potential difference appearing across the inductor
terminals U ; leads the current Z by 90° as expected.

Although the phasor diagram depicted in Fig. 4.15, a, is for an
RLC circuit in which the inductive reactance predominates, note that the
circuit does behave differently than the straight RL circuit in two
respects. One, the potential difference across the inductor contains a
component which is equal and opposite to the total voltage across the
capacitor terminals. This leaves a net reactive voltage, as "seen" by the
source. Two, the voltage across the inductor can be several times greater
in magnitude than the source voltage &/ . This cannot occur in the
simple RL circuit. The large value of U ; should not be disturbing,

however, because Kirchhoff's voltage law continues to be satisfied.
Keep in mind that with ac circuits it is the phasor sum that is important.
An algebraic sum is meaningless except in those instances where only
elements of the same type appear in the circuit.

The angle ¢ is positive at inductive character of the circuit. Thus
for the first vector diagram the current lags the input voltage in phase,
and the angle ¢ is read off on an abscissa axis to the left from the current
to the voltage.

Fig. 4.15, b is drawn for the case where G <1/<6"  The angle
¢ is negative at the capacity character of the circuit. Thus voltage lags
behind the current in phase, and the angle ¢ is read off on a real axis to
the right from the current to the voltage.

Now we will pass from vector diagrams (Fig. 4.15, a, b) to
impedance triangles. One can see the case of active-inductive resistance
of an electric circuit in Fig. 4.16, a; and the case of active-capacitive
resistance of an electric circuit in Fig. 4.16, .

As it follows from the formula (4.62) the impedance, the
resistance and the reactance may be depicted by a rectangular triangle,
similar to the triangle of the vectors of voltages in Fig. (4.15, a, b). The
impedance triangle graphically interprets the relationship between the
impedance magnitude Z and the associated resistance and reactance of
the circuit.
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X=XL_XC 7 X=XC_XL

a b
Fig. 4.16. The impedance triangles

As follows from impedance triangles resistance and reactance are
connected with impedance by relationships

R=Zcos¢p, X =Zsind
4.11. The Voltage Resonance

Resonance is identified with engineering situations which involve
energy-storing elements subjected to a forcing function of varying
frequency. Specifically, resonance is the term used to describe the
steady-state operation of a circuit or system at that frequency for which
the resultant response is in time phase with the source function despite
the presence of energy-storing elements.

Resonance cannot take place when only one type of energy-
storing element is present, e.g., inductance or mass. There must exist
two types of independent energy-storing elements capable of
interchanging energy between one another - for example, inductance
and capacitance or mass and spring.

Although attention here is confined to electric circuits, resonance
is a phenomenon found in any system involving two independent
energy-storing elements be they mechanical, hydraulic, pneumatic, or
whatever. In the material which follows, the parallel as well as the series
arrangement of the energy-storing elements - L and C - are treated as
functions of frequency, with particular emphasis focused on the
performance at resonance. When a source of a.c. is connected across a
two-terminal network containing one or several inductances and one or
several capacitances in additional to a resistance, phenomena arise under
certain conditions, referred to as resonance. When an inductive
reactance and a capacitive reactance are joined in series (as in Fig. 4.14)
conditions may be obtained under which voltage resonance (also known
as series resonance) will take place.
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The expression for the effective current flow caused by a
sinusoidal forcing function is

[=—*2

IN IS

R+ jol — J (4.66)
wC

What is the effect on £ of increasing the frequency to of the
source function from zero to infinity? A glance at Eq. (4.66) indicates
that a change in frequency means a change in the magnitude and phase
angle of the complex impedance. Note that for @ close to zero the
inductive reactance is almost zero but the capacitive reactance
approaches infinity. Hence the current magnitude approaches zero. As
o increases, the reactance part of Z decreases, thus causing an increase
in current. As @ continues to increase, a point is reached where the
reactance term is zero. The condition for voltage resonance is thus

W, L =— 467
? w, C (4.67)
from where
1
W, =——— .
TC (4.68)

The frequency w, is called the resonant frequency of the circuit.
Its value is specified entirely in terms of the parameters of the two
energy-storing elements of the circuit in the manner called for by
Eq. (4.68).

At resonance the impedance of the circuit is a minimum, and
specifically it is equal to R:

Z, =[R2 +(X, —Xc))? =R (4.69)

Consequently, when a series RLC circuit is at resonance, the

current is a maximum and is also in time phase with the voltage. The

power factor is unity. The complete expression for the current phasor is
then

I =

-0

(4.70)

IN IS
XIS

where £, denotes the current at resonance.
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The resistances of reactive elements at the resonant frequency are
equal to each other

L L

XLOZ(DOL: I = Ea
“ 4.71)

1 _JIc _[1

Xeg=— = = =

wC Cc \c

The value p=4/é is called a wave resistance. The wave

resistance is measured in Ohms (Q)
+J

i
Fig. 4.17. The vector diagram for a series resonance

The vector diagram for a series resonance is shown in Fig. 4.17.
Here U ; and U ¢ are equal to each other, and their vectors are in
phase opposition (phase shift between them is equal m). These two
values compensate each other. The voltage drop across the resistance R
is equal to the input voltage U.

For operation at a frequency below w, the resultant j part of Z is
capacitive so that the current leads the voltage.

When @ > w, the inductive reactance prevails, so that the current
then lags the voltage.

Note that when the ratio of inductive reactance to resistance in a
series RLC circuit is high, a very rapid rise of current to the maximum
value occurs in the vicinity of the resonant frequency. The ratio

L
w,L _ \/; b (4.72)

is termed the Q-factor or the quality factor of a resonant circuit. It shows
how many times the voltage across the reactive component exceeds the
applied voltage at resonance. In practical circuits, Q is often relatively high.
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Let's consider the frequency characteristics of an entering current
and voltage across a resistance element (Fig. 4.18, a), and the voltage
across inductive and capacity elements (Fig. 4.18, b). Such curve lines
are called resonance characteristics.

They are expressed by the following equations:

HW="= = ;
\/R +ELJL g
wC g
Ur(od= R ;
\/ 2 v Ha - é
H = (4.73)
Uy (@)= vex :
\/ 2+@1_L§
] wC O
Uc(w= v .
\/ +E\L g
wC g

The graphic dependence of a current on frequency shows that the
observed circuit possesses of selective properties. The contour possesses
of the least resistance for the currents whose angular frequency is close
to the resonance frequency.

Referring to Fig. 4.18, a, both the voltage across the inductance
and the voltage across the capacitance are a maximum at frequencies
other than the resonant frequency of the circuit.

The former is a maximum at a frequency higher than 3, , and
the latter at a frequency which is lower than the resonant frequency.

To describe the width of the resonance curve the term bandwidth
is used. For the series RLC circuit bandwidth is defined as the range of
frequency for which the power delivered to R is greater than or equal to

P% where P, is the power delivered to R at resonance.
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Fig. 4.18 a) The dependence of / and inductive U/ on frequency; b)
the voltage across the inductance and the voltage across the capacitance

From the shape of the resonance curve it should be clear that
there are two frequencies for which the power delivered to R is half the
power at resonance.

For this reason these frequencies are referred to as those
corresponding to the half-power points. The magnitude of the current at
each half-power point is the same. It follows then that
1, =1—02 =0.707 1, (4.74)

Accordingly, the bandwidth may be identified on the resonance
curve as that range of frequency over which the magnitude of the
current is equal to or greater than 0.707 of the current at resonance.

In Fig. 4.19 for (1, the frequency at the lower half-power point
is denoted w;, and that of the upper half-power point is denoted w-.
Hence the bandwidth is 0 — Q).

In view of the fact that the current at the half-power points is
I, / V2 , it follows that the value of the impedance must be equal to
2 R to yield this current.

This information can now be used to obtain an expression for the
bandwidth in terms of the parameters of the series circuit. Calling the
reactance at the lower half-power frequency X1, we have

1

X, =wL———=-R
1=l - (4.75)

I
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Fig. 4.19. Variation of current in a series RLC circuit with frequency

The minus sign appears on the right side of the equation because
below resonance the capacitive reactance exceeds the inductive

reactance. Rearranging Eq. (4.75) leads to
1

2> R
+— —-——=0
@ LO\)1 LC

The roots are therefore

where a=R/2L
Although the previous equation provides two solutions, only one

of these is physically realizable. The negative frequency is meaningless

and so may be discarded.
Hence the expression for the lower half-power frequency is

W =0 o +w,’ (4.76)

The upper half-power frequency is found in a similar fashion.

In this instance we have

1

X, =L ——— =+R
250 w,C

L:O

. 2
hich leads t +—w, -
which leads to W, 7921

The expression for the useful w; is then
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W, =0 %40+, (4.77)

Therefore, the expression for the bandwidth becomes, from
Egs. (4.76) and (4.77),

R
Wpyy =Wy — Wy =20 :Z (4.78)

This expression is significant because it reveals that the
bandwidth of the series RLC circuit depends solely upon the R/L ratio.
Note that it is not the individual values of R or L but rather their ratio
that is important. Note too that bandwidth depends not at all upon the
capacitance parameter C.

By forming the ratio of the resonant frequency to the bandwidth
we obtain a factor which is a measure of the selectivity or sharpness of
tuning of the series RLC circuit. As this quantity is called the quality
factor of the circuit and is expressed as

w w, _ (L)OL _ X LO

— 0 _ 0
Qo W,y R/L R R

(4.79)

A glance at the curves appearing in Fig. 4.19 should make it clear
as to why the quality factor O,, is used as a measure of the selectivity

or

sharpness of tuning. Note how much narrower the resonance curve is for
Q> than for Oq . Equation (4.78) shows that the value of C in no way
influences the bandwidth but it does alter the value of w,.

Hence if C is changed, w, may be made to occur at a different
position along the frequency scale in Fig. 4.19 without in any way
affecting the sharpness of tuning. This feature of the high-Q circuit is
used often in communication networks.

For example, in a radio the antenna may be considered in terms of
an equivalent RLC circuit where C is adjusted by means of the dial
tuning knob. If the dial is turned to the position which tunes in the
frequency (w,) of a given radio transmitting station, the sharpness of
tuning (i.e., small bandwidth) allows only signals from that station to
produce large resonant current signals.

The signals from other broadcasting stations, although present in
equal strength at the antenna, produce little or no signal strength in the
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circuit because the dial is tuned to a frequency considerably off
resonance relative to their broadcasting frequencies.

4.12. The Parallel RLC Circuit

The circuit configuration for the study of parallel RLC connection
appears in Fig. 4.20.

{

Cr

|l]x |32 Ie|=c

Fig. 4.20. The parallel RLC connection

If we apply sinusoidal voltage # =U,, sinG¥ to input terminals,

in a non-ramified part it will appear the current whose instantaneous
value according to the first Kirchhoff's law is equal to an algebraic sum
of instantaneous values of branch currents

iziR +iL +ic (480)
Thus the current through a resistance iz coincides in phase with
the voltage, the current through an inductance Z7 lags behind the

voltage by 90°, and the current through a capacitance ic leads the
voltage by 90°.
We can write this mathematically as

_ . U, .
ip =1p,sinox ZTmsmwt,

ir =1, sinHﬂt—EB:—U—mcoswt,
O 20 X
. U
ic =Icy smBut +EB=—mcoswt.
] 20 XC

Then we can get the expression for the current in a non-ramified
part of the circuit as follows:
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U ) U U
iZTmsmw — =M cosax +—" cosux =

XL C
U
=" sinux — ! ——1 Um COSLY = (4.81)
R L Xc

=U,, Gsinw¥ —(B;, —Bc)U,, cosux =
=U,, (Gsinout —Bcosoot) =1, sin(wxt — )
where G is called a conductance, By is called the inductive

susceptance, B¢ is called the capacitive susceptance. The value B is
called the susceptance.

B=B; — B¢ (4.82
The complex admittance of the circuit
Y=G+j(B;, —B¢) (4.83)

The equation (4.81) represents a trigonometrical notation of the
first Kirchhoff's law for instantaneous values of currents. Rewrite
Eq. (4.81) in complex notation,

I, =U,[G+jB, -Bc)|=U,Y (4.84)

Dividing Eq. (4.84) through by /2 and substituting the complex
effective values of the current and voltage for the complex peak values
1, and U, , respectively, we have got the equation which presents
Ohm's law for parallel connection of RLC:

1=U[G+ (B -Bo)| =U (485)
Appearing in Fig. 4.21, is the phasor (or vector) diagram for the
circuit of Fig. 4.20.

Fig. 4.21, a is drawn for the case where B > B . Hence the

current phasor must lag behind the voltage phasor.
The component values of the effective potential difference
appearing across each circuit element are also depicted.

Note that the voltage drop across the resistor terminals U g must
be in phase with the current £ . It is represented by the line, which is

parallel to phasor £ g . In vector diagrams any line drawn parallel to
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another line means that the quantities represented by the two lines are in
phase.

+f +f
iy
I Jl i1
1] P +1
I
{ =
¥
& b

Fig. 4.21. Vector diagram for parallel RLC connection

The current £ leads the voltage across the capacitor terminals

U ¢ by 90° or the capacitive voltage lags behind the current by 90°, as
it always must for sinusoidal forcing functions.

Finally, note that the effective potential difference appearing
across the inductor terminals U ; leads the current Z; by 90° as
expected.

From vector diagrams (Fig. 4.21) we will pass to triangles of
conductivities.

Fig. 4.22, a shows us a right-angled triangle, called admittance
triangle, for a case of is active-inductive load of an electric circuit, and
Fig. 4.22, b -for a case of active-capacity load.

The magnitude of the complex admittance is

Y =VJG2 + B2 =\/G2 +(B, —Bc)? (4.86)

The admittance too may be interpreted in terms of the role of an
operator. It is that quantity which when multiplied by the voltage phasor
yields the current phasor. In general, Y is a complex number which often
is denoted as

Y =G —jB (4.87)

where G is the real part of the admittance and is called the conductance,
and B is the quadrature component and is called susceptance.
Then we can write that for the parallel RLC case
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G -1 and B :i, (4.88)
R X
where B=B; —Bc =1/(wl) —wC and

X :XL —XC :Q]L—I/OOC,

Therefore the same general result applies for the parallel
arrangement of R, L and C as it does for the series combination: the
resultant current lags behind the voltage.

In situations involving the sinusoidal steady-state analysis of
circuits it is often helpful to replace a series combination of resistance and
inductance by a corresponding parallel equivalent circuit which is
expressed in terms of conductance and susceptance. We consider this
subject matter for two reasons.

First, it is a useful technique to employ when three or more
complex impedances appear in parallel because it is easier to add
admittances than to deal with the reciprocal of impedances.

Second, it is important to understand the distinction between the
equivalent admittance (i.e., parallel equivalence) of a series RL circuit and
the admittance of an actual arrangement of R, L and C. The admittance of
the parallel R, L and C, of course, is represented by Eqs. (4.87) and (4.88).

The active and reactive conductivities of a circuit are connected
with admittance by the following relationships

G =Y cos
B =Y sind

Since the impedance of a series RLC circuit isZ =R + /X | the
corresponding equivalent admittance is expressed as the reciprocal of
this quantity. Thus

y=24-_1
= Z R+jX

To express this in terms of an equivalent conductance and
susceptance this equation is rationalized as follows:
| R-JX__ R X

Y= = -
T R+jX R-jX R24x2 JR2+X2

Recalling that ¥ =G — /B | we may rewrite the last equation as
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R, X
R?+x? "R?+x?
Equating the real and imaginary parts then yields
R X
G=—"— and B=———
R? +x? R? + x?
where G is the conductance and B is the susceptance of the equivalent
parallel combination of the series RLC configuration.

On the other side, the corresponding equivalent impedance may
be expressed as

G- jB=

(4.89)

Express this in terms of an equivalent resistance and reactance as
follows:

,o_ L G+jB__ G . G
T G-jB G+jB G24+p2 T G?+p2
Equating the real and imaginary parts then yields
G G
R=——— and X =——— . 4.90
G? +B? G? + B? (390

As it follows from the formula (4.86) the admittance, the
conductance and the susceptance may be depicted by a rectangular

triangle, similar to the triangle of the wvectors of currents in
Fig. (4.21, a, b).

&
YBB E BB E
=HETHD =H0 T HL
g i
e
& b

Fig. 4.22. Admittance triangles

The admittance triangle graphically shows the relationship
between the magnitude of the admittance of a circuit, Y , and its in-
phase and quadrature components.
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4.13. A Current Resonance

Let's consider the circuit (see Fig. 4.23, a) where the conditions
may be obtained under which current resonance (also known as parallel
resonance) will take place.

Let one branch contain a resistance Ry and an inductive reactance

oL, and the other branch, a resistance R, and a capacitive reactance
1J/oC . The complex current 1, in the first branch lags behind the
complex voltage U and may be written thus
I1=U-Y;=U (G - jBy)
The complex current | 5 in the second branch leads the voltage
I,=U-Y2=U-(Gz + jB2)
The total current in the circuit
1=1;3+1,=U-[G1+G2)-i(B1-B2)]=UY

Cr T +
| Ry :
1 ——f
I 5L EET ¢ IS
a b
Fig.4.23. The circuit with parallel connection of elements

13

By definition, at resonance a current is in phase with a voltage.
This can occur if inductive and capacitive susceptances are equal

B, =Bc (4.91)
or BZBL—BC =0.

As we have active resistances in branches, there are the following
equations for active conductances

R R
_ R R Gp=-2-—"2__. (49

G, =1 .
z2 R +0°L? z2 RZ+ 1
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and for reactive susceptances

1
X X C
BL="t= szzz;BC: e (4.93)
Z{ Rf+o0°L z5 Rz, 1
2 22
o°C
From the resonance condition
1
oL oC
= (4.94)
RE+o’l® g2y !
coZC2

Having solved Eq. (4.90), we will get the expression for a
resonance angular frequency:

SR L— (4.95)

The analysis of Eqgs (4.94) and (4.95) allows to note a number of
features of the resonance in a parallel contour.

The first feature is that resonance can be obtained by varying
angular frequency, inductance, and capacitance, or active resistances Ry

and R,.In radio engineering, this is termed “tuning the circuit to

resonance"”, and the circuits thus behaving are termed resonant or tuned.
Although there is a circulating current round the closed LC circuit, the
input current | becomes negligible in comparison with the currents in
branches. In an idealized case, when R; =R, =0, the circuit current

vanishes altogether, and the input complex impedance of the network
becomes infinity. The second feature is that the resonance is possible, if
both resistances are more or less than a wave resistance (see Sec. 4.11). If
this condition is not true, the resonance frequencies do not exist (as a
radicand in Eq. (4.95) is negative in this case).

The vector diagram for a parallel resonance is shown in Fig. 4.24.
Active and reactive current components are used at its construction

Ia_‘L:UGl; Ipl=U BL;
|a2=UGZ; IpZZUBC'
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The reactive currents I, and 1, are equal,

and their vectors are in phase opposition (a phase
shift between them is equal z) and compensate
each other, the resonance in a parallel circuit is
named a current resonance.

As a result the entering current is the sum
of active components of branch currents. From a
vector diagram one can see, that at a resonance
the input current can be much less than branch
currents.

This property allows using a parallel
contour as a current amplifier.

The resistance of a parallel contour at a resonance

2
ZO — RO — RlRZ +p
Rl + R2
The input current at a resonance
LY
o] RO

In an ideal parallel contour (see Fig. 4.25, a) any resistances are
absent , i.e. Ry=R, =0. In this case Il =140 =0. Therefore, at a

resonance ly=Ip=Ip =1y, and a total (input) current
I=1l1+12=1p1—1p2 =0, what we can see in the vector diagram in

Fig. 4.25, b.
I
o — —
v l l L l:: &
- =171
I I ST gl
Y | i3
o

Fig. 4.25. Ideal parallel contour (a), and the vector diagram for it (b)

The current amplification in this case seeks to infinity.
Let's observe the frequency characteristics of branch susceptances
and the input susceptance for an ideal parallel contour (Fig. 4.26, a), and
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also a resonance characteristic of an input current (Fig. 4.26, b). They
are expressed by following formulas

1

BL(@)=EJ B¢ (0) = oC;
B(w)zi—mC; I(co)z‘i—coC‘-U.
* BI.=BC'=B | B
5
Be
m‘-‘- i L
UJN mo
o b

Fig. 4.26. Frequency characteristics for ideal parallel contour (a), and a
resonance characteristic of an input current (b)

The current resonance in contrast to a series resonance is the
safety condition for electropower installations. As currents in branches
are mutually independent, their values are defined by input voltage and
impedances of branches (according to Ohm's law).

4.14. Kirchhoff's Laws in Complex Notation

By Kirchhoff's first law, the algebraic sum of the instantaneous
currents at any load of a network is zero, or Zik =0.

Substituting lkej‘”t for i) in the previous equation and putting

e 1ot pefore the brackets, we have

ejmtzlk -0

Since e®' 0 for any t, it follows that

D1 =0 (4.96)
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Equation (4.96) is Kirchhoff's current law (KCL) in complex
form.

Consider Kirchhoff's voltage law in complex form.

Kirchhoff's voltage law gives the instantaneous values of currents,
voltages and e.m.f.s for any closed loop or mesh in any electric network
carrying an alternating sinusoidal current. Let a mesh has n branches
and each (k -th) branch in the general case contains an electromotive
force (ey ), a resistance (R, ), an inductance (L), and a capacitance

(Cx), with a current iy flowing through all of them. Then by
Kirchhoff's voltage law
n

Z(ik Rk + Lk dik + iJ.ikdtj = Zn:ek
k=1 dt Cy k=1

In accordance with Sec. 4.10, however, each term on the left-hand
side may be replaced by I, Z, , and each term on the right-hand side

may be replaced by E, . Then Kirchhoff's second law for the network

with n branches may be written in complex form thus
n

n
D Zy =D Eyg (4.97)
k=1 k=1
Since Kirchhoff's current and voltage laws hold for a sinusoidal
current as well, one might write down the equations for the values in
complex form, solve them by Kirchhoff's laws and check up the result
of calculation with the help of a vector diagram.

4.15. A Vector Diagram and its Application to Sinusoidal
Circuit Problems

A vector diagram is a graphic representation of the vectors of
sinusoidal quantities in a complex plane. The quantities are taken and in
proper phase relationship with respect to one another.

As a rule, the currents and voltages of the various portions of a
sinusoidal circuit are not in phase. Their phase relationships can be
visualized by use of current and voltage vector diagrams. This is why it
will be good practice to follow up analytical network calculations with
vector diagrams as a qualitative check on the analytical results. The
qualitative check provided by vector diagram consists in that the various
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vectors in the complex plane yielded by analytical calculations can be
compared for their directions with those obtained graphically from
purely physical considerations.

Thus, in a vector diagram the complex voltage across inductance
should lead the current through it by 90°, while the complex voltage
across a capacitance should lag behind the current through it by 90°.
Should analytical calculations yield results which disagree with such
obvious observations, there is a mistake in the calculation, which should
be traced down and eliminated. Also vector diagrams offer a convenient
technique in network analysis and synthesis by the proportional method.
Let us consider some example.

Example 4.1. In the network of Fig. 2.6 the complex effective

value of em.f. is E=100V, and the characteristic parameters are

L=0.0955H, R=30Q, C= 53.08-10 ° F. Find the current in and the
voltages across the circuit elements.

Solution: At first we calculate inductive and capacitive
reactances. Thus

X =2nfL =314 x0.0955 =30 Q,
1 1
 2nfC  314x5308-10°°
Now one can determine the complex impedance of the circuit as

;:R+j(mL—i):R+j(XL—XC):
oC

=60 Q..

~30+ j(30-60)=30 - j30=42.43 e 1%’

+J Ur
R L i
o | P s T 7
— . Un Y
o l Ur Ur Ucl:: c - 4
£ +1
i 2
a b

Fig. 4.27
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We write down the equation by Kirchhoff's voltage law in
complex formas 1Z=U.
Thus complex current in the loop

j—E__ 100 535,04,

i 120
2 42430714
The voltage across resistance

U r=Ri =30-2.36¢1%5° —70.8¢ 145’y .
The voltage across inductance

. . o Y .
UL =jX 1=30e1%0" .2.36e 14" =70.8e 11V,
The voltage across capacitance

U, =X I =606 1%° . 2,36 14" —141.6e 145"V,
The vector diagram for this case is shown in Fig. 4.28, b. The
vector of the input voltage U is placed along a positive real axis. The

current leads the input voltage by 45° active - capacitive character of the
load in this network.

4.16. Instantaneous and Average Power. Power Factor

Our interest in this section is to develop a general expression for
the average power associated with a voltage and current in an a.c.
circuit. The restrictive limitation of confining the treatment to resistive
circuits is now dropped. In this connection then let u(t) =U, sin ot
represent the potential difference appearing across the branch terminals
of a given circuit and let i(t) = I, sin (ot — @) denote the corresponding
current flowing through that branch. The relative phase angle is given
by .

The voltage and current sinusoid are shown in Fig. 4.28. It
follows then that the expression for the instantaneous power is
p =ui =U, sinotl , sin(eot —¢) =U 1, sinotsin(ot —¢) =

Unlm (4.98)

= T(coscp—cos.(Zoot —@)) =Ul cos ¢ —Ul cos(2wt — @)

A plot of Eq. (4.98) appears in Fig. 4.28.
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T

N —
N

|

Fig. 4.28. Plot of instantaneous power as determine from the given
voltage and current sinusoid

Note that for a fixed ¢ the instantaneous power consists of two
components - a constant part and a time-varying part. Note, too, that the
varying part has a frequency which is twice that of the voltage and
current sinusoids. The shaded portions of the plot of p(t) refer to those
time intervals when the power is negative. In effect this means that the
circuit is returning power to the source during these intervals. It should
be apparent, then, that the branch circuit under consideration contains at
least one energy-storing element.

A glance at Fig. 4.28 shows that the instantaneous power is
negative whenever the voltage and current are of opposite sign.
However, for the case plotted in Fig. 4.28 notice that the positive area
under the p(t) curve exceeds the negative area. Therefore, the average
power is positive and finite, and specifically it is equal to the constant
term of Eq. (4.94). As ¢ is made smaller, i.e., as i is brought more nearly
in phase with u, the negative areas of the p(t) curve of Fig. 4.28 become
smaller and so the average power increases. This is equivalent to raising
the p(t) curve higher above the abscissa axis. When ¢ = 0 the current
and voltage are in phase. There are no negative areas associated with the
p(t) curve; hence all the power is consumed between the circuit branch
terminals. The circuit may then be called purely resistive. On the other
hand, when ¢ is increased, the negative areas become larger and so less
power is consumed between the terminals and more returned to the
source. At the extreme value of ¢, the p(t) curve is dropped to that
position which makes the negative and positive areas equal. In this
instance there is no average power consumed between the circuit
terminals.
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The relative phase angle ¢ is determined by the values of the
circuit parameters appearing between the circuit branch terminals across
which u(t) is assumed to exist. Because of the passive nature of these
circuit parameters the value of ¢ is restricted to lie in the range
expressed by —m/2<@<m/2.The general expression for the

instantaneous power in an a.c circuit is described by Eg. (4.98). The
really useful quantity in terms of the capability of the circuit to do work
is the average value of the power over one cycle.

Since each cycle is continuously repeated, whatever is done for
one cycle applies equally as well for each succeeding cycle. It has
already been stated in connection with the discussion of Fig. 4.28 that
this average power is given by the constant term of Eq. (4.98). A
mathematical verification now follows. From the general definition of
the average value over one cycle, we have

1T
P—?J.mdt (4.99)
0
Inserting Eq. (4.98) for p(t) yields

T T
1
P:? .([UI cos<pdt—.(|;UI cosRot — @)dt

Since the second term on the right side involves the integration of
a simple sine function over a time interval equal to two complete
periods of the double frequency sine function, the value is always
identically equal to zero. This leaves just the first term and, since ¢ is
independent of t, it follows that the average power called active or true
is

P =Ul cos ¢ (4.200)

Although it is customary to drop the subscripts entirely when
writing this equation, one of our reasons for leaving them here is to
emphasize better that average power is determined in terms of the
effective voltage and current values. Equation (4.96) points out in a
general and significant fashion the usefulness of the root mean square
value of a periodic function as a criterion to measure its effectiveness.
The effective values of voltage and current play key roles in measuring
the ability of a circuit to do work.
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In the interest of introducing another term of electric-circuit
theory rewrite Eq. (4.96) as follows

P
COoS @ Ui (4.101)

The quantity P is the average power and is expressed in watts - a

unit which conveys the capability to do work. However, note that the
denominator of Eq. (4.101) involves a quantity whose units are
represented by the product of volts by amperes. When we are dealing
with direct sources this product is called watts, because it is real power
which can be entirely converted to work. The same is not true when
sinusoidal quantities are involved. For example, in Fig. 4.28,
corresponding to ¢ =m/2 there is no useful (or work-producing) power

in the circuit in spite of the large values which voltage U and current |
may have. For this reason the product Ul is called apparent power. This
power is not always realizable in the circuit for doing work. The useful
part depends upon the value of cos ¢, and because of this, cos o, is

called the power factor of the circuit.

The closer angle ¢ to zero, the closer power factor cos ¢ to unity,
and, hence, the more active-power is transmitted from a source to the
two-terminal network.

Physically, the active power is the energy dissipated in unit time
(assuming that a whole number of period T occurs within one second) as
heat in a portion of a circuit of resistance R. Since Ucosp=IR, it

follows that

P=I2R (4.102)
The active-power can be determined by other formulas:
P=12Zcosp=U?Y cosp=12R=U2G. (4.103)

The active power is measured in watts.

We enquire about the conditions of maximum energy transfer to
the load. When the internal resistance of the active two-terminal
network is equal to the load resistance, that is R =R;, the power
transferred to the load will be a maximum and given by

2

u
p—_oc (4.104)
4R;
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where Uy is the open-circuit voltage appearing across the terminals

ab ((see Sec. 3.14).

If the circuit contains reactive (energy-storing) components,
energy will circulate to-and-from between circuit and supply.

The expression for the instantaneous inductive power is

. Ul
p, =tui=—1-M cosE—cos[ZmHE) =
L 2 2 2

— Ul sin 20t = 1 2oL sin 2ot

This power p, can also be expressed in terms of the effective

values of current and voltage as well as the relative phase angle. The
peak of circulating power is given by

Q=UI sing (4.105)
Since Using=IX, it follows that
Q=1%X (4.106)
This equation may be rewritten for inductive reactance as
Q=1%X_ (4.107)

and for capacitive reactance
Q=12(-X¢) (4.108)

In periods when input voltage and current have the same signs,
i.e. they direct to one side, instantaneous power is positive; and energy
arrives from the energy source to a two-terminal network. In the two-
terminal network the energy dissipates in the form of heat energy in
resistive elements and is reserved in the form of a magnetic field energy
in inductive elements, and an electrical field energy in the capacitive
elements. When voltage and current have different signs, instantaneous
power is negative; the energy partially returns from the two-terminal
network to the supply. It takes place at the expense of transformation of
the energy which is reserved in magnetic and electric fields accordingly
of inductive and capacitive elements

Equation (4.104) reveals that the product of the current and
voltage of an inductor is a sinusoid having double the frequency of
either the current or voltage sinusoids. It is important here to note that,
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unlike the case for resistance, the average value of this power over one
cycle yields a result which is identically equal to zero. This means that
over part of the cycle energy is delivered to the inductance where it is
stored in the magnetic field, but in the next half-cycle it is returned to
the source. The net transfer of energy in a pure inductance is thereby
zero.

A comparison of the amplitude of the double-frequency sinusoid
of Eqg. (4.104) with Eq. (4.106) reveals the meaning of the latter
quantity: it denotes the amplitude of the energy which is interchanged
between the source and the energy-storing inductive element. Although
the units of Eq. (4.106) are volt-amperes, the units of the power are not
described in terms of watts. To distinguish this power from active one, it
is called reactive power expressed in units of reactive volt-amperes
(abbreviated var).

In general, the reactive power Q is proportional to the average
energy over a quarter-cycle, delivered by the supply to the circuit to
build up the variable component of the electric and magnetic fields of
the inductance and capacitance.

Over a cycle of an alternating current, the energy is delivered
twice by the supply to the circuit and is returned twice by the circuit to
the supply.

If the r.m.s. (effective) voltage and the r.m.s. (effective) current
are measured separately in an a.c. circuit, their product (Ul) does not
give the true power, except when cose=0 (see Eq. 4.100). In the
general case, when ¢=0, and the circuit contains capacitance or
inductance, or both, the product Ul gives the apparent (total) power

S=Uul (4.109)

The total power makes no physical sense, but it can be defined as
the maximum possible active power at given values of input current and
voltage, i.e. an active power at cos ¢ = 1.

The total or apparent power is measured in volt-amperes.
The true, reactive and apparent powers are related thus

P2 +Q?%=52, (4.110)
It may be graphically presented as a power triangle (Fig. 4.29).
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) o
0

P
Fig. 4.29. A power triangle

The nameplate of any energy source bears the value of S, that is
the energy that the source can deliver to the load, if the latter operates at
cos =1, that is, if the circuit is a purely resistive one.

4.17. Power in Complex Form

v . N
If the complex voltage U e’ " across a portion of a circuit and

the corresponding complex current le Vi are known, one can determine
all kinds of powers for separate elements or for a whole electric circuit.

It can be shown that the product of these two values, as obtained
by the ordinary rules for vector multiplication, would not give the
apparent power, nor would the respective terms represent the true or the
reactive power. The correct result is obtained if the complex voltage is
multiplied by the conjugate of the complex current:

=Uleduvi) —urel® —Ul cosp + jUl sing=  (4.111)
=Scosp+ jSsing=P + jQ,

where the first term is P and the second term is Q, and the product is S,
termed the vector power of an a.c. circuit. The "~" sign over S denotes

that the product U | * gives the vector power and not its conjugate.

To determine a complex power of some passive element it is
more convenient to take advantage of other equation

S=ZI2=R+ jX)I?=P+jQ (4.112)
From Eg. (4.111) it follows that the active power is the real part,
and the reactive power is the imaginary part of the product U | *:

P=ReUl"; Q=ImU 1" (4.113)
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Example 4.2. Consider sinusoidal alternating current circuit
(Fig. 4.30). The instantaneous input voltage is u = 141 sin wt where o =
314 s™.The circuit resistances R1=10Q, R, =40Q, R3=20Q;
inductances and capacitances of reactive elements L; =159 mH,
L, =955 mH, C; =212 uF, C3=79,6 uF.

One must find the branch currents, the voltages across the
sections of the circuit, and write them in instantaneous forms.

Determine the powers of the supply and the load.
Draw a vector diagram of currents and voltages.

B Xa
o 1 | |
—
i Rz XC'E
u iq l iq l
E
XLI XI.E 3
. o
o]
Fig. 4.30

Determine reactive susceptances of branches:
Xy =0l =314.159.102 =5 O;
X ,=wl,=314.955.10"3 =30 O;

Xcp = 1 _ 1 =15 Q;
-6
oC;  314.212-10
1 1

=40 Q.

Xc3 = =
oC3  314.79,6-107°
Use a symbolic method for calculation..
All complex values must be written both in algebraic and in
exponential form.
The complex effective input voltage
Un i i i .
U=—Tglve _141630° _100e1%° ~100 + jo V.
V2 J2

The complex impedances of branches:
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Z3 =Ry + (X1~ Xc1) =10+ j(5-15)=10 - j10 ~141e71%5° @,
Z,=Ry+ X =40+ j30=500e3"" o

Zs=Rg— [Xc3=20— j40=44,7¢"15% .

Now we pass from the initial circuit to the circuit with complex
impedances (Fig. 4.31).

5,
o Il —
U Z3 liz Z3 l I3
° b
Fig. 4.31

For calculation of the circuit we use a method of equivalent
transformations. The section ab with a parallel connection of branch
impedances Z, and Z; is changed by an equivalent complex

impedance

, __ ZpZs _(40+ j30)(20- j40) _
=7, 42, 40+ j30+20- j40
_ (40 + j30)(20 — j40)
- 60 — j10
Then the equivalent impedance of the circuit
Z,=21+2Z,4=10-jl0+351- j10,8=

~351— j108=36.8¢"117° Q.

— 451 j208=49,7¢71%° @,
The current in a non-ramified part of the electric circuit is found
by Ohm's law:
jp= Bt 100400 s, 10842201012 A
Zo, 451-j208

The voltages across circuit sections:
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U, =1,Z; =183+ j0.84)(10 - j10)=26,7 - j9.9=285e 120" v,

U, =112, =183+ j0,84)(351- j10,8) = 73,3+ j9,7 =739 IV
The currents through the parallel branches

Uah _ B33+ 197 159 j072-148:-12° A

I = -
Zo 40+ j30

1g=2ab B3I _6oh 1156 _165071° A
Zs 20— j40

The solution can be check up using Kirchhoff's voltage and cur-
rent-laws

1, =1,+15=129—j0,72+054+ j156 =183+ j084=2,01e 25" A

E=U, +U, =267 j9,9+733+ j9,7=100,0~ j0,2=100,2¢1% V.

The relative error does not exceed one per cent.
Let's pass from complex currents and voltages to their
instantaneous values:

ug =~/2U; sin(ot +yy, ) =2 - 28 5sin(314t - 20°) =
=40,3sin(314t — 20°) V;

Ugp =~/2U 5p sin(ot +yy, ) =2 - 73.9sin(314t + 8%) =
=104,5sin(314t +8°) V;

iy =~/21y sin(ot + ) =2 - 2,01sin(314t + 25°) =
=2,84sin(314t + 25°) A;

ip =~/21, sin(wt +y,) =2 -1,48sin(314t - 29°) =
=2,09sin(314t — 29°) A;

i3 =215 sin(ot + v |3) =2 -1,65sin(314t + 71°) =

= 2,33sin(314t + 71°) A.

Draw a combined vector diagram of branch currents and voltages
(in corresponding scale)
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Fig. 4.32

The complexes of apparent powers of the energy source and the
branches of this electric circuit:

* H 6]
Sg =E-17 =100- (183 j0,84) =183 — j84=201e~ 125" vA;
- 0
=172, =201% (10~ j10)=40,4 - j40,4=571e" 14" vA;
H 0
S,=152,=148%(40+ j30)=87,6 + j65,7=109,5¢ 137" VA,

S.=127,=1652 - (20— j40)=54,5— j1089=1218e~ 163" vaA
23=13£3=4 J = o4, J100,9 =171, .
Then we can write active powers for the branches of the electric
circuit and for the supply:
P=183Wt; P, =40,4Wt; P, =87,6 Wt; P; =54,5Wt.
The reactive powers for the branches of the electric circuit and for
the supply:
Q=-84 var; Qi =—40,4 var
Q, =657 var; Q3 =-108,9 var.
Check up the balance of powers:
P=P +P, +P;=40.4+87.6+545=182.5~183 Wt
Q=0Q; +Qy +Q3=-40.4+65.7-108.9=-83.6 ~ -84 var
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4.18. Mutual Inductance in a Circuit

The coils of an electric circuit can place in space in such a way
that the magnetic flux created by one coil partially links the other. The
change in current in one coil is accompanied by a change in its magnetic
field which induces an e.m.f. in the other.

Such an electromotive force is called an e.m.f. of mutual
inductance. When two coils are mutually connected, they are also
named magnetically coupled coils.

It was established experimentally that if coil cores are made of
non-ferromagnetic materials or of ferromagnetic with a constant relative
permeability, p,, the flux linkages are proportional to their currents.

The coefficients of proportionality are symbolised by letter M with a
suitable subscript.

Let two coils be in proximity to each other. The first carries a
current iy, and the second, a current i, . Then we can write

Y12 .
Miz =5
WZ (4.114)
21
Mg =—=.
il

The coefficients My, and M,; are numerically equal. The
strict proof of this equation is possible only with the application of a
electromagnetic field theory.
My =Mg =M

The coefficient M is termed the mutual inductance of circuits or
coils and has the same dimensions as the inductance L.

Mutual inductance of circuit elements as well as inductance is
measured in Henry (H). It is connected with the inductances of the coils
by the following relationship

M =k./LL, (4.115)

where k is a coefficient of inductive coupling. The coefficient of
coupling k between two circuits of inductances L; and L,, and of mutual
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inductance M, is defined as the ratio of M to the square root of the
product of the inductances

M

Vil

It cannot be greater than unity 0<k< 1. The coefficient of
coupling will be equal to unity only if all of the flux produced by the
first circuit links the second.

Travelling one coil concerning another one can change a
coefficient of inductive coupling and mutual inductance of coupled coils.

When writing equations for a circuit with a mutual inductance
one should take into account e.m.f.s of mutual inductance and know the
relative directions of self and mutual inductance. These directions can
be ascertained if one knows the direction in which the coils are wound
on their cores and the positive direction of the current through them.

The coils in Fig. 4.33, a are so connected that their fluxes are
aiding, and the coils in Fig. 4.33, b are connected so that their fluxes are
bucking each other. The core symbols are crowd the diagrams. Instead,
the convention is to mark the like terminals (stars of the coil) with an
asterisk or a dot.

T3 T P A

i

k:

+t

6 2
Fig. 4.33. Coupled coils

The dot convention is shown in the diagram of Fig. 4.34, a which
is fully analogous with that of Fig. 4.33, a, and in the diagram of Fig.
4.34, b which is fully analogous with that of Fig. 4.33, b.

.m .m .m .[V\’l.
Fig. 4.34. Marking of coupled coils

If the currents in a mutual inductance are flowing towards (or
away from) the like terminals (i.e., towards or away from the dot in the
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diagram), the corresponding coils are said to be connected aiding. If the
current in one coil flows towards to the terminal marked with a dot, and
that in the other coil flows away from the like terminal, the coils are said
to be connected bucking or in opposition.

The circuits containing mutual inductances (or simply, coupled
circuits) are analyzed by the method of complex numbers.

To define a position of similar terminals of two coils is possible
on the basis of a simple experiment for which a direct current voltage
source and an amperemeter of electro-magnetic system are necessary
(see Fig. 4.35).

One of coils is joined to the amperemeter, another - to the voltage
source. At closure of key Q it arrears a short-term current which relaxes
the magnetic field created by the current.

Hence, at the moment of turning on of the power supply currents
iy and i, direct to opposite sides concerning similar terminals.

Fig. 4.35. The experiment circuit for defining a position of similar
terminals

The direction of current i; is determined by the polarity of the
voltage source. A short-term diversion of an arrow of the amperemeter
defines the direction of the current.

If the arrow is declined towards a dial, the current i, directs to a
positive terminal of the amperemeter. For this the terminals of coils
which are joined to the terminals of the amperemeter and the voltage
source are similar.
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4.19. Mutual Inductance in Series

At aiding connection at any moment of time the currents in both
coils of the circuit direct equally concerning the like terminals
(Fig. 4.35), therefore, the fluxes of self-induction and mutual induction
are summed up. So, it is a series aiding connection.

Cr
Fig. 4.35. The coils connected in series

When writing equations for a coupled circuit we assign positive
directions to the currents in the branches of the circuit and take the
direction for summation round them.

Let's work out the equation for this electric circuit by the second
Kirchhoff's law for instantaneous values taking into account that the
same current flows through both coils

R1i+L1$+M%+R2i+L2%+M%=u, (4.116)

or in complex notation
1(R{ + Ry + jo(Ly + Ly +2M))=U . (4.117)
The equivalent impedance of the circuit at aiding connection of
two coils connected in series
Zaid =R1+Ro + jo(Ly + Ly +2M). (4.118)
Fig. 4.37, a, shows a vector diagram for series aiding connection,
where U, =1(Ry + jol; + joM) is the complex voltage across the
first coil, and U, =1(Ry + joL, + joM) is the complex voltage
across the second coil. Each of these complex voltages has three
components.

At bucking connection at any moment of time the currents in both
coils of the circuit direct equally concerning the different terminals
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(Fig. 4.36), therefore, the fluxes of mutual induction are subtracted from
the fluxes of self-induction. So, for a series opposition
. di di . di di

Rii+y—-M—+Roi+Ly——M—=u 4.119

e T T P TR (4.119)

Fig. 4.36. A series opposition

In complex notation

l(Rl + R2 + JO‘)(Ll + L2 — ZM)) =L_J (4120)
where the equivalent impedance of the circuit at series opposition
Zop =Ri+ Ry + jo(Ly + Ly —2M) (4.121)
Fig. 4.37, b, shows a vector diagram for series opposition.
tJ jorr
U, | 052
Viw IRy
joM I~
Uit el I
- - + 1 —
0' IR L 0
o b

Fig. 4.37. A plot of vector diagram
4.20. Mutual Inductance in Parallel

Let's consider the electric circuit with parallel coupled coils (see
Fig. 4.38).

Let's work out a system of equations by Kirchhoff's laws for
instantaneous values of currents and voltages taking into account the
chosen directions of currents
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i=i1+i2

] diy di,

e=Rjh+L  —+tM—= 4,122
th+h ot ( )
) di, diy

e=Rolp +L,—=+tM—
2272 g dt

jll Rl Rg l iq

Fig.4.37

In Eq. (4.122) and other equations in this subsection the upper
mark corresponds to aiding connection (the similar terminals are marked
by dots e in Fig. 4.37), and the lower mark corresponds to the bucking
connection (the similar terminals are marked by asterisk * in Fig. 4.37).

Rewrite the system of equations in complex notation

I=11+12;
E=(R + jolg)l1 £ joM I 2; (4.123)
E=(Ry + joLy)l2 £ joM I;.

On solving the system of equations concerning unknown currents,
we will find

ZoFZy .
I_]_: 2 E"
2,2, -2
Z,¥Z
lp=-=— K (4.124)
2,2, -2
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where Z; =Ry + joly; Z, =Ry + joL, are complex impedances of
branches, and Z,, = jX\y = joM is the complex impedances of
mutual inductance.
The input complex impedance of considered circuit
2
E_ Z1l2-Ly

l=—= .
L Z1+Z22F2Zwm

(4.125)

4.21. Experimental Determination of Mutual Inductance

The difference of inductive reactance at aiding and bucking
connections allows measuring their mutual inductance.

The first method. We will make two experiments. In one of them
we connect two coils in series aiding and measure the current and
voltage at the input and the active power in the electric circuit. In the
other, we connect two coils in series bucking and also measure the
current, voltage and the active power in the circuit. If both experiments
are spent at the same input voltage the smaller current will correspond to
aiding connection. It allows marking the similar terminals of the coils.

We can find the reactances of the coils by the results of
measurements

. P
Xaid =0 (Ly + Ly +2M) =Y sinarccos (Ld}
laig aid

P
Xop =oo(L1+L2—2M)=isinarccos ® 1
lop lop

The difference of these two reactances Xaig —Xop =40M
allows finding the mutual inductance
Xaid - Xop
4o '

The second method. We will connect the first coil to a source of
sinusoidal electromotive force through an amperemeter (see Fig. 4.38),
and the other coil is connected across a high-impedance voltmeter. Then
we measure the current 1; and the voltage U,

The effective value of voltage across the second coil

(4.126)



179

Fig. 4.38
U2 = (,OMll
Hence, the mutual inductance is found as

m=Y2 (4.127)
(Dll

4.22. The calculation of complex electric circuits with mutual
inductance

One can calculate complex electric circuits with mutual
inductance by working out the equations by Kirchhoff's current and
voltage laws as they are true for any circuits. In the equations by the
second Kirchhoff's law one must add the voltage of mutual induction.

For calculation of such circuits we can apply mesh-current
method as it is based by Kirchhoff's voltage law which takes into
account the e.m.f. of a mutual induction. In the equations by mesh-
current method it is necessary to remember that in the presence of
inductive coupling between contours, their mutual impedance is not
equal to zero even if they have no common branches.

One can also use the superposition theorem or Thevenin's
theorem on condition that a current is determined through a branch
without a mutual inductance.

Example 4.3. Consider ramified electric circuit (see Fig. 4.39)
with known parameters. Work out the system of equations by
Kirchhoff's current and voltage laws. It must consist of three equations:
one - by the first Kirchhoff's law, and two - by the second Kirchhoff's
law. Choose the directions of currents in branches and the summation
round two meshes as shown in Fig. 4.39.

For the equation by Kirchhoff's voltage law we choose the
clockwise direction of summation
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—i1+i2+i3=0'
di,  di

1
+M 3+R22—€1+€2,

Rlll + —jlldt + L2 at at

. d|2 d|3 d|3 d|2
—| Rols +L +M +Lle—=4+M —=+Rjip=—6, +&
[22 2 gt dt] 3t g elsT 2T es
T
L . Y ]
1 Tfi L lfz le Ly
£y Ry Ry
ENPENPEY
Fig. 4.39

In complex notation
—l1+12+13=0;

R1|1—jt|1+ jolylo + joM13+Rylp =E1 +Ep;
0L
—(Ryl2+ jolyl2 + joMI3)+ jolglz+ joM 1o +Rgl3 =
=-E2 +Es.

Further the problem can be solved by any known method.

Example 4.4. Consider the same ramified electric circuit (see
Fig. 4.39) and work out the set of equations by mesh-current method.
We choose the directions of mesh currents clockwise the same way as
the direction of summation round the meshes.

When calculating self-impedances (Zq4; Z,,) and mutual

impedances Z4,; Z,; of independent contours of the electric circuit it

is necessary to take into account the presence of inductive couplings
between the coils.
Then self-impedances of meshes would be as follows



181

;]_]_ = Rl + R2 + j((x)l_z —lj,
(DC]_

Z2 =Ry +Rg + j(oLy + oLz —20M ).
The mutual impedances of contours look like
Z1p=221= —(R2 + ij2)+ joM

In the last equation the complex impedance (R, + jol,) is taken
with a minus sign by a general rule for mutual impedances of loops as
two mesh currents direct in the opposite directions through the given
impedance. The value joM is taken with a plus sign because the mesh

current 1, in the second coil, and the mesh current |,, in the third
coil are equally oriented concerning the similar terminals of two coils.

As the network consists of two meshes, the set of equations
would be as follows

(Rl +Rp + J(“"-Z —(l:DHl ~(Ry + j(0Ly —©M))1 yp =E; +E;
olg

~(Ry + j(oLy —@M)) 11, +(Ry +R3 + j (0L + oLz —20M))l 5, =

=-E, +Es.

On solving the given set by any method, we can define currents in
all branches of the electric circuit as

=l Lo =0y =100 13=15
4.23 Decoupling of Coupled Circuits

Sometimes it is necessary to decouple coupled circuits to simplify
the calculation of a circuit with a mutual inductance.

The elimination of inductive couplings and their replacement with
the electric ones allows passing to an equivalent circuit of replacement
and carrying out calculation by any method which is applicable for the
calculation of linear circuits.

This is done by placing additional inductances or modifying those
already present in the original coupled circuits so that there is no
coupling between any inductances in the transformed circuit.

Generally decoupling of any two coupled coils which are
connected in one junction (Fig. 4.40, a), one can realise by means of
passage to the equivalent circuit which presented in Fig. 4.40, b.
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Thus we will simultaneously consider two cases: when two
coupled coils are connected by similar terminals and when they are
connected by different terminals. Since all transformations are based on
the Kirchoffian equation written for the original circuit, both the
transformed and the original circuit are fully identical from the view-
point of design.

a b
joly joly ol joly
I Iz 1 iz
l l F jodd F jodd
l I + jold
. L {

Figure 4.40

For the circuit with inductive coupled coils (Fig. 4.40, a), we
have the following equations

U, = Jjoll MI
Uae =Jolly + JoMl, (4.128)
L_ch =Jjoly 1, = joM 14
For the circuit without coupled coils (Fig. 4.40, b), we get
U..=jo(ly FM)I; £ joMI
Y ac Jm( 1 i )_1 J(D 1 (4.129)
Uy = jo(ly TM)I, £ joM 1

The signs of additional inductances are determined only by the
way of joint of inductive coupled elements and do not depend on the
chosen directions of currents.

Comparing the circuits of Fig. 4.40, a and Fig. 4.40, b, we note
that L, has been replaced by Ly #M and L, by L, ¥ M, while the
other arm has been extended to include an inductance =M . (Note that a
negative inductance cannot be possibly realized in a circuit with linear
elements). In Eq. (4.129) upper marks correspond to a case when two
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coupled coils are connected by similar terminals in a common junction,
and the lower marks correspond to the case for different terminals.

4.24. Power Transfer to an A. C. Load

Let us consider how the energy is transmitted between two coupled
circuits. In any linear a. c. circuit the sum of the active powers due to the
voltage sources is equal to the sum of the active powers dissipated by the
loads, and the sum of the reactive powers due to the voltage sources is
equal to the sum of the reactive powers stored by the loads.

The sum of the reactive powers in this theorem is taken to be the
sum of the squared branch currents times the branch reactances
computed neglecting the mutual inductances, plus the algebraic sum of
the power transferred by the magnetic fluxes from one set of branches to
the other through mutual induction.

Let two currents 11 = I1e/¥1 and 12 = 1,e/¥2 are known for two

coupled coils. Work out the expressions for complex powers of the first
and the second coils which are caused by a mutual induction in a case of
their aiding connection

. T
* . * Jf i i
Sy1=Umily =joMl1;1; =e 2oMlelVlle V2 =
i[gﬂl!l—\l/zj -
=(DM|1|2€ =(DM|1|2 COS[E-F\II]_—\sz-I-
+j(DMlllzsin[g-l-\jll—szI(DMlllein(\Vl—W2)+

+ joMIql, cos(wy —wo)=Pm + JQim;

. TU
* . * 1= . .
Sv2=Umalr,=joMl, I, =¢ 2u)|\/||2eJ\l/2|2e vt _

[ T
Y-y

1[2 - l] T
=oMlql,e =mMI1I2COS(§+\V2—\V1j+

+ joMlql, Sin[ng\Vz _lez_(’)Mlllz sin(yy —wyy)+

+ ij|1|2 COS(\|}1 —\|}2) = P2|\/| + jQZM
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From the last equations it follows
Pim =—Pom = oMyl sin(yy —y»);
Qv =Qam = oMIyl; cos(yy — ).
Thus, the total active power which is caused by a mutual

induction, is equal to zero, that is Py; =Py + Poy =0. It means, that
coupled coils do not influence on the general balance of an active
power.

If 0<yy—wyy<m,then Py, >0, Py <0. On such a condition
the energy is transmitted from a circuit into a magnetic field through the
first coil and returned back into the circuit through the second coil. If
—n<y;—y,<0, then Py, <0, P,y >0, and the energy is
transmitted from a circuit into a magnetic field through the second coil
and returned back into the circuit through the first one.

The total reactive power which is caused by a mutual induction is

Qm =20Mlyl; cos(y; —v2)

The energy which is reserved by two inductive coils at the
expense of a mutual induction

The results are true and in such a case if the coupled circuits are
not connected electrically.

(4.130)

Summary review questions

1. Define the following terms as they relate to sinusoidal function:
argument, amplitude, cycle, frequency, period, instantaneous value,
angular velocity, phase.

2. Distinguish between a period time function and sinusoidal time
function.

3. Define mathematically the average value of a periodic function.
What is the average value of one period of a sine function having
amplitude A? What is the average value of the positive one-cycle of a
sine wave having amplitude A?

4. How is the effective value of a periodic function defined? Why
is such a definition consistent with a description of power-transfer
capability of the associate variable?
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5. When the periodic function is a sinusoid of amplitude A, what
is the effective of the sinusoid? Over what interval of time is the
effective value valid?

6. Do all periodic functions possess an effective value that is
different than zero? Explain.

7. Do all periodic functions possess an average value that is
different than zero? Explain and illustrate,

8. In a sinusoidal steady-state circuit the average power is
expressed in terms of the effective values of the current and its
associated voltage. Explain why average power is dependent upon
effective values of voltage and current.

9. Define power factor and explain why it arises in sinusoidal ac
circuits.

10. Distinguish between instantaneous power and average power in
a sinusoidal ac circuit.

11. What is apparent power? How is it related to average power?
What practical significance does it have?

12. Describe several ways of adding two sinusoids of the same
frequency.

13. How is the phasor of a sinusoidal quantity defined? Mention
specifically the information that is conveyed by the phasor about the
corresponding sinusoidal function.

14. It is said that the phasor representation of sinusoids is a
mathematical transform. Explain this statement and identify specifically
the transform variable.

15. Why is knowledge of the effective value of a sinusoid more
useful than its maximum value?

16. When a circuit is driven by a sinusoidal function, state the
phasor relationship that exists between the voltage across a resistor .and
the current that flows through it.

17. Describe and illustrate the phasor relationship between the
voltage that appears across the terminals of a pure inductor and the
current that flows through it in steady state when the inductor is excited
by a sinusoidal source. What is the power factor of such a circuit?

18. What is inductive reactance, and how does it arise in a-c
circuits?

19. What is a phasor diagram? Why is it useful in the study of
sinusoidal steady-state analysis of circuits?

20. Draw the phasor diagram of the purely capacitive circuit. Are
the electrical quantities used in your phasor diagram effective or peak
values? Does it matter? Explain.
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21. What is capacitive reactance, and how does it arise in a-c
circuits?

22. What is meant by the complex impedance of an RL circuit?
How does it arise in the analysis of ac circuits.

23. Complex impedance is often -described as an operator that
serves to convert a voltage source to a current response. Explain and
illustrate the meaning of this statement.

24. What is reactive power? Why is such a term not encountered
when d-c sources are used in an electric circuit?

25. Distinguish among admittance, susceptance, and conductance.
What is complex admittance?

26. Draw the phasor diagram of a series RLC circuit using the
source voltage as the reference phasor and assuming that the capacitive
reactance exceeds the inductive reactance. Show the corresponding time
diagram of the source voltage and response current.

27. Can the phenomenon of resonance occur in engineering
situations when a single energy-storing element is present? Explain.

28. In a series RLC circuit, how is the resonant frequency related to
the natural frequency? What is the character of the impedance at
resonance for this circuit? How is the current response related to the
voltage source at the resonant frequency?

29. In the series RLC circuit, identify the character of the complex
impedance when the circuit is driven at a frequency that exceeds the
resonant frequency,

30. How is the bandwidth of a series RLC circuit defined? Upon
which circuit parameters does the bandwidth depend? What role do the
remaining circuit parameters play is this consideration?

31. How is the quality factor of a series RLC circuit defined? Of
what practical significance is this number? Illustrate.

32. Is it possible for the voltage that appears across the L or C
elements in a series RLC circuit to exceed the voltage applied to the
circuit? Explain.

33. At the resonant frequency in a series RLC circuit, how is the
voltage across the inductor coil related to the applied source voltage in
phase and magnitude?

34. The instantaneous power per phase in a single-phase circuit
contains a double-frequency sinusoidal component. Is a similar
component present in the total instantaneous power of a three-phase
system?
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Problems

4.1. A sinusoidal source of e(t) =170 sin 377t is applied to an RL

circuit. It is found that the circuit absorbs 720 W when an effective
current of 12 A flows.

(a) Find the power factor of the circuit.

(b) Compute the value of the impedance.

(c) Calculate the inductance of the circuit in henrys.

4.2. A voltage source of e(t)=141sin 377tis applied to two

parallel branches. The time expression for the current in the first branch
is

iy (t) = 7.07 sin (mt —gj
In the second branch it is
i, (t) =10 sin (m%}

Compute the total power supplied by the source.

4.3. Refer to Prob. 4.2 and answer the following questions:

(a) Find the resultant current delivered by the source expressed in
effective amperes and write the expression for the instantaneous value
of the resultant current.

(b) Compute the apparent power of the complete circuit.

(c) Find the resultant power factor of the circuit.

(d) Draw the phasor diagram showing the voltage and all currents.

4.4. A voltage of e(t) =141sin (377t+§} is applied to a 20-Q

resistor. Find the effective value of the current in amperes, and compute
the power supplied by the source.

4.5. A sinusoidal voltage e(t) =170 sin (377t +gj is applied to a

0.1-H inductor.
(a) Find the effective value of the steady-state current in amperes.
(b) Write the expression for the instantaneous current.
(c) Draw a properly labeled phasor diagram. Use the rms value of
the voltage phasor as reference.
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4.6. A sinusoidal voltage e(t) =170 sin (377t + gj is applied to a

100uF capacitor.

(a) Find the effective value of the steady-state current in amperes.

(b) Draw the phasor diagram. Use the rms value of the voltage
phasor as reference.

4.7. A circuit is composed of a resistance of 9 Q and a series-
connected inductive reactance of 12 Q. When a voltage e(t) is applied to
the circuit the resulting steady-state current is found to be
i(t)=28.3sin 377t.

(a) What is the value of the complex impedance?.

(b) Determine the time expression for the applied voltage.

(c) Find the value of the inductance in henrys.

4.8. When a sinusoidal voltage of 120 V rms is applied to a series
RL circuit, it is found that there occurs a power dissipation of 1200 W
and a current flow given by i(t) =28.3sin (377t =0) . Find the circuit
resistance in ohms and the circuit inductance in henrys.

4.9. In an RC series circuit to which is applied a voltage of
170 sin ot it is found that a steady-state current flows which leads the

voltage by 30°. Find the effective voltage drops across the resistive and
reactive elements.

4.10. A circuit is composed of a resistance of 6 Q and a series
capacitive reactance of 8 ohms. A voltage e(t) =141 sin 377t is applied
to the circuit.

(a) Find the complex impedance.

(b) Determine the effective and instantaneous values of the
.current.

(c) Compute the power delivered to the circuit.

(d) Find the value of the capacitance in farads.

4.11. A sinusoidal voltage is applied to three parallel branches
yielding branch currents as follows: ij(t) =14.14 sin (ot —45°),
io(t) = 28.28 sin (wt —60°), i(t) = 7.07 sin (ot +60°).

(a) Find the complete time expression for the source current.
(b) Draw the phasor diagram in terms of effective values. Use the
voltage as reference.
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4.12. A sinusoidal voltage U, sinwt is applied to three parallel
branches. Two of the branch currents are given by

i (t) =14.14 sin (ot —37°)

i5(t) =28.28 sin (ot —143
The source current is found to be

i(t) =63.8 sin (ot +12°)

(a) Find the effective value of the current in the third branch.

(b) Write the complete time expression for the instantaneous
value of the current in part (a).

(c) Draw the phasor diagram showing the source current and the
three branch currents. Use voltage as the reference phasor.

4.13. A voltage wave e(t) =170 sin 120t produces a net current

of i(t) =14.14 sin 120t + 7.07 cos (120t +30°).

(a) Express the effective value of the current as a single phasor
guantity.

(b) Draw the phasor diagram of part (a). Show the components of
the current as well as the resultant.

(c) Find the power delivered by the voltage source of part (a).

4.14. A voltage of e(t) =150 sin 1000t is applied across a series

RLC circuit where R=40Q, L=0.13 H,and C =10 pF .

(a) Compute the rms value of the steady-state current.

(b) Find the expression for the instantaneous voltage appearing
across the capacitor terminals.

(c) Determine the expression for the instantaneous voltage
appearing across the inductor terminals.

(d) Compare the rms value of the voltages appearing across L and
C with that of the applied voltage and comment.

(e) Draw the complete phasor diagram for the solution of this
problem showing all voltage components.

4.15. In the circuit of Prob. 4.14 determine:

(a) The power supplied by the source.

(b) The reactive power supplied by the source.

(c) The reactive power of the capacitor.
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Fig. P4.16
4.16. In the circuit shown in Fig. P4.16 the applied forcing
function is given by e(t) =141 sin wt .

(a) Express the voltage drops across terminals ab and bc in terms
of phasor notation.

(b) Draw a phasor diagram showing U o, +U . and using current

as the reference phasor.
4.17. An rms voltage of 100V is applied to the series combination

200
of Z, and Z, where Z = 20e 130" Q. The effective voltage drops across

:an0
Z4 is known to be 40e13%" . Find the reactive component of Z,.

4.18. An effective voltage of 100 V is applied to the parallel
combination of two complex impedances Z;=R;+ jX; and

Z, =Ry + jX5. Assuming that Ry =3Q and R, =4Q and that the

magnitudes of the two branch currents are the same, determine the
values of X4, X, and the resultant source current.

4.19. In the network configuration shown in Fig. P4.19 find the
current  which  flows through the branch with Z; if

an0
U, =100V, U, =100e 150"V . Use the nodal method.
Zy=6+j8 Z,=6-j8

l_

J
C*) uy(t)

W (1)

Fig. P4.19
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4.20. A circuit has the configuration depicted in Fig. P4.20.

(a) Find the equivalent impedance appearing to the right of points
ab.

(b) Determine the value of the reactance X which makes the
source current in phase with the source voltage.

(c) Should the reactance X of part (b) be inductive or capacitive?
Find the required value of L or C.

(d) Compute the effective value of the source current for the
condition described in part (b).

_30 B
X et
. Ry=100 02
G@=1415m A00¢ §L=D.1H
& 25 U
L
b
Fig. P4.20

4.21. Refer to the circuit of Fig. P4.21.

(a) Find the equivalent reactance for the parallel branch.

(b) Find the rms line current.

(c) Determine the rms voltage across the parallel branch.
Comment on this result.

(d) What is the power dissipated?

(e) What is the power factor?

f=1000 Li=1H

- Iy =235H
(t)=1414sin 377t

Fig. P4.21

4.22. Refer to the simple circuit depicted in Fig. P4.22 where the
load Z is in series with the energy source e(t) = 120 V, f =60 Hz.
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(a) What is the power factor?

(b) Find the power dissipated.
(c) Find that value of capacitance which when placed across the

load will make the overall power factor unity.

2(t) Z =5+ j8.66

Fig. P4.22
4.23. In the circuit of Fig. P4.23 the following relationships hold:

Ugp (1) = 4+/2sin (oot +135°)
Upe () = —4~/3sin (ot +60°)
Ugg (t) = 4cos (ot —150°)
(a) Draw a clearly labeled phasor diagram for the voltages

Uap (), Upc (t) , and ugg (t).
(b) Find the phasor voltage U , .
(c) Write the expression for uggq (t) .
(d) If i(t) =2 sin (ot +165°) find the average power delivered by

the current source.

1) Zy

Fig. P4.23

4.24. A series RLC circuit has the following parameter values:
R=10Q, L=0.01H, C=100 pF .
(a) Compute the resonant frequency in radians per second.

(b) Calculate the quality factor of the circuit.
(c) What is the value of the bandwidth?
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(d) Compute the lower and upper frequency points of the
bandwidth.
(e) If a signal of e(t) =1sin 1000t is applied to this series RLC

circuit, calculate the maximum value of the voltage appearing across the
capacitor terminals.
4.25. A current source is applied to the parallel arrangement of R,
L,and Cwhere R=10Q, L=1H, C=1puF.
(a) Compute, the resonant frequency. (b) Find the quality factor.
(c) Calculate the value of the bandwidth.
(d) Find the lower and upper frequency points of the bandwidth.
(e) If a signal of i(t) =1sin 1000t is applied to this parallel RLC

circuit, calculate the maximum value of voltage appearing across the
capacitor terminals.

(f) What is the capacitor current in part (e)?

4.26. A voltage of e(t)=10sin wt is applied to a series RLC

circuit. At the resonant frequency of the circuit the maximum voltage
across the capacitor is found to be 500 V. Moreover, the bandwidth is
known to be 400 rad/sec and the impedance at resonance is 100 Q.

(a) Find the resonant frequency.

(b) Compute the upper and lower limits of the bandwidth.

(c) Determine the value of L and C for this circuit.

4.27. A sinusoidal voltage e(t) =141 sin ot is applied to a series

RL circuit.

In the steady state the effective value of the voltage measured
across the terminals of the inductor is 60 volts.

What is the voltage appearing across the resistor terminals?

4.28. In the circuit shown in Fig. P4.28 the reactance of capacitor
C,is 4 Q, the reactance of C, is 8 Q, the reactance of L is 8 Q and active

resistance R is 4Q.

A sinusoidal voltage having an effective value of 120 V is applied
to the circuit.

(a) Find the effective value of the current delivered by the source.

(b) Write the expression for the instantaneous value of the current
found in part (a).

(c) Draw a carefully labeled phasor diagram showing the source
voltage, the source current, and voltages U o, and U ..
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E=IEDV@ _— iy L

Fig. P4.28

4.29. Find the currents in the circuit Fig. P4.29 and plot a
combine vector diagram of currents and voltages. The circuit
parameters: E =100V; ol; =2 Q; oL, =3 Q; oM =1Q; R=4Q.

Il I,_A.ﬂ"f_“ Jrz
YT YT T
4 oy g
z T =4«
R
Fig. P4.29

4.30. Calculate the currents in parallel branches of Fig. P4.30 and
plot a vector diagram of currents and voltages. The circuit parameters:
E=100V; oLy =3Q; oL, =4 Q; oM =3 Q; R; =R, =4Q.

noh 5

F L1
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Chapter 5
THREE-PHASE CIRCUITS
5.1 Three-phase System of Electromotive Forces

Suppose we have a system of three ac electromotive forces
(e.m.f.s) of a certain frequency such that their amplitudes are equal but
these e.m.f.s are displaced from one another by 120° in time. Such a set
of three sinusoidal e.m.f.s make up a so-called symmetrical three-phase
system of electromotive forces. The instantaneous values of such e.m.f.s
are shown in Fig. 5.1a, and their vector diagram is in Fig. 5.1b .

g4 eg er +1
£4

al &)

Fig. 5.1 Three-phase system of e.m.f.s.

The electromotive forces for a three-phase system are supplied by
a three-phase generator (alternator). Such a generator has three identical
(phase) coils rigidly attached to one another and rotating in a uniform
magnetic field at a constant angular speed @ . The coils are displaced at
120° from one another, and the sine wave e.m.f.s induced in them, are
also displaced at 120° in time phase. The beginnings of coils (windings)
can be marked out with the first letters of Latin alphabet A, B and C, and
the ends - with last letters X, Y, Z. In particular, we call this system a
three-phase balanced system - in contrast to an unbalanced system, in
which the magnitudes may be unequal and/or the phase displacements
may not by 120°. For a balanced three-phase system, it follows from
Eqg. (5.1), that the phasor sum of these three electromotive forces is zero.

We may mathematically express this system of e.m.f.s as
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ep = Ep sinot=Uq sin ot

eg = Ep sin (wt—120°) =U y sin (ot —120°) (5.1)

ec =Ep sin (ot +120°) =U,, sin (ot +120°)

For the identification, the three electromotive forces generated by
the alternator are marked as follows. One of them is marked asE 4.

Then the one leading it is E- and the one lags behind it, E 5.

The order in time in which they go through a zero value and begin
to increase in an arbitrary positive sense is termed the phase sequence. The
order ABC is taken as normal or positive phase sequence. If the voltages
have been caused to reverse their sequence, making it ACB, this will be a
negative phase sequence. If the voltages are in time phase, their vectors
coincide, and the system is described as one of zero phase sequence.

5.2 A Three-phase Circuit. Phase and Line Quantities

A three-phase circuit is a combination of three-phase supply, a
three-phase load (or loads), and connecting wires. The term "phase"”
may be applied to that part of three-phase system which carries the same
current. A source of alternating e.m.f. may be connected to an
associated load in a variety of ways. Thus each phase winding of a
generator can be connected to the load by two wires. The most common
types of interconnections are wye connection and delta connection,
applicable to both the supply and the load of a system. The number of
connecting wires in a system is three or four.

In diagrams the convention for a generator is an arrangement of
three phase windings, symmetrically disposed to give a phase
displacement of 120°. The windings have beginnings (marked A, B and
C) and ends. First we consider "wye-wye" connection with a neutral
wire (also referred to as a three-phase four-wire system) (see Fig 5.2).

Three-phase circuits may be symmetrical and asymmetrical. The
circuit, in which a symmetrical three-phase system of e.m.f.s and
symmetrical loading operate, is called symmetrical or uniform.

For star connection the ends of three phases are connected
together to form a node called a neutral point N or O (for the phases of
generator) and n or O' (for the phases of the load), leaving the
beginnings as terminals of three-phase star system. The wire connecting
the neutral points of the alternator and the load is referred to as the
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neutral wire. The neutral wire carries a neutral current, 1, or 1.,

the positive direction for which is from n to N.

The wires connecting the terminals A, B and C of the generator
and the terminals a, b and c of the load are termed the line wires, or
simply the lines. The currents in the line wires are referred to as line

currents, I o, 1g and 1.

A positive direction for line currents is assumed to be from the
supply to the load. When only the magnitudes of the line currents are

involved, it is customary to use the symbol |, especially when all the
line currents are equal in magnitude.

y {4 Line wire

3’? By
N MNeutral wire

Ecat A Ep

{o

Fig. 5.2. Wye-wye connection with a neutral wire.

Fig. 5.2 shows a star-to-star system with a neutral wire (also
referred to as a three-phase four-wire system). If there is no a neutral
wire between neutral points it will be three-phase three-wire system.

The voltage between two wires is termed the line voltage. As with

any voltage, it symbol has a two-letter subscript, for example, U 5g,
which is the line voltage between the terminals A and B. The symbol for
the magnitude of the line voltage is U .

The voltage between the beginning and the end of a phase, or the
voltage from line to earth is called a phase voltage, U . The currents in
the line wires are referred to as the line current. They are marked with one
letter as | 5, I 5 and 1. Where only the magnitudes of line currents are
involved, it is customary to use the symbol 1, especially when all the
line currents are equal in magnitude. The currents in the phases of either
the supply or the load are called the phase currents, I, .
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Fig. 5.3. A wye-connected load.

Hence, there are following names of voltages and currents for any
electrical circuit (see Fig. 5.3): U pg, Upgc, U are the line voltages
across the generator terminals; U, Up., U, are the line voltages
across the load terminals; U ,, Ug, U are the phase generator
voltages; U ,, U, U are the phase voltages across the load terminals.

If one can neglect the impedances of connecting wires and
internal impedances of generator windings, the line voltages across the
generator terminals are equal to the line voltages across the load
terminals, thatis U pg =U 55, Upgec =U e, Uca =Uca

For the same reason, generator phase voltages and phase voltages
across the load terminals are numerically equal to e.m.f.s:

Uap=Ua=Ea; Ug=Up=Eg; Uc =Uc=Ec.

LA, 1g, I aretheline currents in line wires; 1, 1,, 1. are
the phase currents through the load phases. The line currents in line
wires are equal to the load phase currents as generator windings and the
load phases are connected in series: 1 5 =14, lg=1p, Ic=1.. Iy
is the current in a neutral wire, and U , is the neutral voltage shift (or

neutral point displacement voltage or the bias neutral voltage). It is the
voltage between the neutral nodes of a generator and a load.
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5.3 Relationship between Line and Phase Voltages and
Currents

Between phase and line e.m.f.s, voltages and currents exist certain
relationships for symmetrical circuits.

For a wye (star) connection the line voltages are related to the
phase voltages such that

Upg=Ua-Ugp
Ugc=Ug-Uc (5.2)
Uca=Uc-Up

where U g, Upge and U, are the line voltages in a wye-connected
three-phase generator; U ,, Ug and U are the phase voltages in a
wye-connected generator. When we have a symmetrical load in a wye
connection, that is Z, =Zg =Z¢, the line voltages are /3 times more

than the phase voltages. These relationships of the phase voltages and
line voltages are illustrated in the phasor diagram of Fig. 5.4.

-Ug

Fig. 5.4. The phasor diagram of line and phase voltages.

From the vector diagram, the line voltage may be visualized as
the base of an equivalent triangle having acute angles of 30° (Fig.5.3)

Uj =Upg =U,,-2c0s30° =v3-U , (5.3)

The line currents in a wye supply are equal to the phase currents
as line and phase wires are connected in series: 1 =1 ..
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Three-phase circuits are a modification of circuits carrying
currents, and as such they can be solved by the same methods as single-
phase sinusoidal circuits. Symbolic notation and vector diagrams are
also applicable to three-phase circuits. Vector diagrams furnish a
convenient check on the angles between current and voltage vectors,
reveal mistakes in analytical calculations, and make all relationships
more clear. At calculation of all the problems following further we
connect a three-phase electrical circuit to the symmetrical three-phase
generator. Now we will examine some of the three-phase circuits.

5.4 The Calculation of Wye-to-Wye with a Neutral Wire

For calculation of three-phase circuits we use definite methods. In
a general case, any three-phase circuit may be considered as a single-
phase in which several e.m.f.s operate. To calculate such a circuit we
can use the symbolic method of calculation and some known laws:
Ohm's law, Kirchhoff's laws, mesh-current method, node-analysis
method, superposition theorem and so on.

If there is no impedance in a neutral wire in the circuit of Fig. 5.2,
the potential at point n is the same as at point N, and two points are
actually a single point Then three separate meshes are formed in the
system, carrying the following currents:

E

By Kirchhoff's current law the current in the neutral wire is the

vector sum of the phase currents:
In=la+lg+ic (5.5)

If the load is balanced (Z o =Zg =Z), the current | is zero,
and a neutral wire can be dispensed with, without affecting the operation
of the system. If the load is unbalanced, then in a general case the
current | is other than zero. If the neutral wire has an impedance Z,,
the system should be calculated by the nodal-pairs method.

Example 5.1. The phase voltage of the alternator in Fig. 5.2 is 120
V. The phase impedances: Z,=R=30Q;, Zpg=joL=80Q;
Zc =— j/wC=80Q. Find a current in a neutral wire.

Solution: Write phase voltages in a complex form:
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_ jo° _ :
Upa=Up-el® =120V,

H 0 H 0

Ug=Up-e 120 120671120y ;
Ue =U, e120° _120¢1120°y
=Cc~"p - :
Calculate phase currents for each phase separately:

1500
E E —j120 S
=A

30 Zg  gpei90°

Ia=

E j120° 0
ZC =1206 — :1.56J210 N

Fig. 5.5

The vector diagram is shown in Fig. 5.5.
Current 1, is in phase with E 5. Current 15 is lagging with

Eg. Current 1. is in leading with E.. The algebraic sum
1 o+1g+1c gives the current in a neutral wire |, the value of which
may be found as following:
H (0} H (¢}
Iy=lpa+lg+lc=4+15"1210" 4152107 _
=4-148+ j0.235-1.48-j0.235=1.04 A
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5.5 The Calculation of Wye-to-Wye without a Neutral Wire

When the load is balanced (or uniform) and there is no a neutral
wire between two neutral points, N and n, the voltage between these
nodes is equal zero: U \ =0.

If the load is unbalanced the voltage appearing between the
neutral points of the load and the supply can be found by the formula
EAYA+EgYg+EcYc

Un=""y oy
Ya+Yp+Yce

(5.6)

where E,, Eg and E. are respective voltages at the generator end,;
Y A Ypg and Y. are the admittance of three phases. This voltage is

called the neutral voltage shifting or the bias neutral voltage.
Now we can find the phase currents through the load

U, Ea-U
la="2==" =N =(Ea-Up) Ya; (57)
£a £a
U, Eg-U
%:Ef=——5—&=@s—uNy1m (5.8)
£ £a
U Ec-U
lCZE_C:_CZ—_N:(EC ~Up)-Ye. (5.9)
£c £c

where U ,,Up,U. are phase voltages at the load, Y,,Yy, Y, are

phase admittances, that is the values inverse to complex impedances.
For the numerical data see Example 5.2. (Fig.5.6.)

Fig.5.6
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Example 5.2. Determine currents and voltages and draw a
vector diagram in the circuit without a neutral wire, for
Ep=50V, Z,=20Q, 2,=10Q ,Z,=-j20 Q.

Write phase voltages in a complex form:

jo° 1900 0

= p
R (] H (]
Uc=Ep e 11207 _50e 11207y

Calculate complex phase admittances:

Yo=Y =hp=00507 vy= 10 =l =010

_ _ _ joo° _ -1
Y. y;c /]/20e—1'90° 0.05e joos Q™

For the asymmetrical load the neutral voltage shifting appears
between neutral nodes. We define it, using Eq. (5.4).

U _50-0.05 +50e1120° 0.1+ 50 1120° . 0,050 19%0°
=N 0.05+0.1+ j0.05

_ 1 - 0
_2165- 1598 _ 5 981 j23.66=31.62071132° v
0.15 + j0.05
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Find the currents. using Eq. (5.7), (5.8), (5.9):

190
1, =(50+2385+ j29.45).0.05=3.55 + j1.183=3.74¢ 18" A,

i 0
1y = (25— j43.3+ 23,85 + 29.45).0.1=1.002¢ 102" A

H (0]
1. =(~25+ j433+23.85+ j29.45)- j0.05=3.354e 177" A
The vector diagram for this problem one can see in Fig. 5.7.
5.6 The Calculation of Damage Conditions

There are two damage rates in three-phase circuit: a short circuit
of any phase and an open circuit of a phase. Let consider these two
conditions solving problems.

Example 5.3. Symmetrical load Z, =Z,, =Z. = (240 + j100) is
connected up by way of line wires with line impedances
Z| =(30+ j40) Q2 to the three-phase generator with the phase e.m.f.
Ep =220 V. The impedance of a neutral wire Z y =40+ j20.

Calculate damage conditions for two cases:

- a short circuit of the phase A;

- an open circuit of a line wire between nodes A and a.

When a short circuit in phase A, (Fig.5.8), it is asymmetrical load,
®n =04, 1.e."n" and "a" are the same node and.

2
I ——

I
Fig.5.8. A short circuit of a load in the phase A
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Define the neutral voltage shift appeared between neutral
nodes:

EAYA+EgYp+EcYc

Uy == 5.10
=N Ya+Yp+Yc+Yy e
At first we calculate complex branch admittances:
20
Y :Zi -1 —002e715% — (0012 joots) @7,
Yg=> ! = 1 — -0.0033e 127 = (0.003 - j0.0015) Q7L
£b Ll 304.14¢ 127

Y =Yg =0.0033¢ 7127 = (0.003 - 0.0015) Q;
- 0
= ;0 =0.022¢~ 127 = (0.02- jo.or) L.
44.72¢ 127
Determine the bias neutral voltage:

YN -1
Zy

; 1900 ; 1900 )
! 1270026153 110767 1120° 0 00336 127° 1 127e1120° 0,002~ 127"
=N 0.012 — j0.016 +0.003 — j0.00115 +0.003 — j0.0015 +0.02 — j0.01

—j57° 0
_3761e 7 73015 jor.505 ~78.87¢ 120y |

:n=0
0.048e 137
Calculate the phase currents by Ohm's law:

- —~0 . 0
La=(Ea-Up)-Ya=U.,-Y,=002"1%" .(127-78.87¢7120") -
H 0
=2.193 - j2.007 =2.973e 142" A;
H 0 H 0 =0
Ig=(Eg —Up)-Yp=Up,Yp =0.0033e 127" (1277 1120" _50e=15")_
i1 a0
= -0.784 - j0.197 =0.808¢ 166" A
: =0 : (] 0
lc =(Ec —Up)-Ye=Ug Y =00033e 7127 (127 120" _59¢ 157 ) -

H (0]
=-0.207 + j0.915 =0.938¢ 103" A
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Fig.5.9. A vector diagram for a short circuit in the phase A.

The current in a neutral wire

U —j20° 0
=N _r88re —1.764e 47" A,

£ 44.7¢127°
Check up the calculation, using Kirchhoff's current law:
In =2.193-j2.007 —0.784 — j0.197 - 0.207 + j0.915 =

R (0]
~1.203- j1.2=1.764e~ 147" A
Determine the phase voltage drops across the load and the voltage
drops in line wires: U ,, =0

Up, =2y -1 =260e123° .0.808e~1166° —210.1¢-1143" v
U, =21, =260ei23 00380 110%° — 243 8580 1125° v/ |
Uy =2 1, =50e15%° 20730142 _ 148 655¢ 11 v
Upgy =2, -1, =500 153" .0.808e~ 166" — 40.40¢~1113" v

i539 1020 0
!Cczll'lc=509153 .0.038e 11037 _ 45 9 11567

A vector diagram for this condition is shown in Fig. 5.9.
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When we have an open circuit of the phase A, (Fig.5.10) the
working condition also becomes asymmetrical. Hence a neutral voltage
shift appears between the neutral junctions of a generator and a load.

Fig.5.10. An open circuit in the line wire Aa.

As U 5, =0, Eq.(5.5) is used in the following condition:
EgYg+EcYc

(5.11)
Yp+Yc +Yy

QNZ

. 0 - . (] i (o]
U 2208”1207 -0.0033¢" 127° 112711207 .0 0033e 127"
=N 0.003 — j0.0015 +0.003 — j0.0015 +0.02 — j0.01

. —j179°
=-24.997 — j0.284 = 24.998e V.
Calculate the phase currents and the current in the neutral wire:

Ig=(Eg-UN)Yp=Upy-Yp _0.0033e~127° -(1279_1'120O _
~24.998e 1179° ) = 0537 - j0.43=0.69e~ 14T A;
Ic=(Ec-Un)Ye=Uen-Ye —0.0033e 127 ,(12761'1200 _
—24.998¢ 1179° ) 0,04 + j0.684 = 0.69¢ 187" A

:h=0 : O .
Iy =Uy Yy =0.0022e 127" . 24.908e 711797 — 550¢ ~1206° A
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Find the phase voltages and the voltage drops in line wires:

- 0 . O . 0
Upgp =2 -1p —50e1°3" .0.69e 141" _3457188"
i530 :q-0 . 0
Uce =2 -1, =50e1%%" .069e 187" 34501140 v
1410 0 S
Upy =Zp, - 1 =0.69e 141 . 260¢123" —179.4¢=1118" v

j87° j23° j110°
Uey=2Z; -1, =069%1°"" .260e17° =179.4¢ 47" v
The vector diagram for this case is represented in Fig. 5.11.

U

Fig. 5.11. A phasor diagram for the open circuit in the line wire Aa

5.7. Delta-Connected Load

For delta connection (Fig. 5.12), the end of the first phase of the
load is connected to the beginning of the second one, the end of the
latter is connected to the beginning of the third phase, and its end - to
the beginning of the first, thus making symmetrical cyclic junctions.

The junctions make the terminals of the three-phase delta system.
The vector sum of the e.m.f.s in a closed triangle is zero.

In a delta-connected load, phase currents Iy, lpe, Icg flowing

through phase impedances Zgp, Zpc, Zcq are supplied with two-letter

subscripts. The positive direction of a current flow is assumed to be
clockwise.

The sequence of the letters in the subscript corresponds to the
direction of current flow, the first letter standing for the sending end,
and the second letter for the receiving end of a given current.
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Let's mark the voltages and currents in the delta-connection:

Uag, Upgc, Uca are the line voltages in a three-phase delta-
connected supply;

Uap: Upe, Uy are the phase voltages in a delta-connected load;

Ia, Ig, Ic are the line currents in line wires connecting the
supply and the load;

lan. lhe, Ica @re the phase currents in a delta-connected load.

Z
A |_—3|
— ia
/f Zea \\QAB
Uiy
E AR
ERr
i J/_:}. g ¢
N/ ‘
-_-—
Ie Upc gz
— =
| I |

Fig.5.12. The delta connection.

The current l5p is due to the voltage U, . Its magnitude and
phase displacement with respect to U,, are determined by the load
impedance Z,,. The current Iy is due to Uy . Its magnitude and
phase displacement with respect to U, are governed by the impedance
Zpe. The current 1, is due to U, and is determined by the load
impedance Z .

In a delta-connected supply the line voltages are equal to the
phase voltages U =U . If there are no impedances in line wires, the
line voltages in a delta-connected supply are equal to the phase voltages
in a delta-connected load.

If the load is balanced, the line currents, however, V3 times the
phase currents, as above for the voltages in a wye supply.
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If the load is unbalances, the line currents can be found in
terms of the phase currents by Kirchhoff's current law:

I_A:_ab _I_ca'

Ig=1lpc—lap, (5.12)
e =1ca =l

In practice it is often necessary to determine currents and voltages
in three-phase delta-connected circuit when there are line impedances in
line wires. For this case the line voltages across the load aren't equal to
the generator line voltages.

Fig. 5.13. A vector diagram for a symmetrical delta connection.

That is why we must at first change delta-connected load into
wye-connected one (see Fig. 5.12).
One can use the following formulas for transformation:

7' = Zap Zca
T ZaptZpe tZca
a2
z, =———bczab (5.13)
Zapt+Zpc+ZLca
7 — Zca Zhe

C .
Zab +Zpe T Z4ca
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If there is a symmetrical load and the phase impedances are
equal (Zop =Zpa =Z ), the neutral voltage shift (or the bias neutral
voltage) U \ isequal to 0.
Then we can calculate currents:
Epn . Eg . Ec

|l y=—="2  |g=—"" " |a=—T=2 . 5.14
A VAR AP -8 Z+Zy - Zy+Z' (519

The phase currents are /3 times less the line currents and angle
shift between them is 30° (that is a phase current leads the
corresponding line current).

| a0 | 1300 | i30°
T Ry AR PR LU CED)

As the result of the calculation, we draw a vector diagram of
currents and voltages (Fig. 5.13).
The description of the vector diagram:
Ea. Eg, E¢ are the phase e.m.f.s of a generator;
U'p, U'g,U'c are the phase voltages across a wye-connected
load. They can be found by Ohm's law:
Ua=Z,-1a Up=Zpy- 1y Ue=Z:-1.. (5.16)
U aar Ugp: YU, are the voltages across line impedances. We can
determine them by the formulas:
Upa=Z-1ai Ugy=2y1gi U =2 lc.  (517)
Calculate the phase voltages across a delta-connected load. They
can be found as
Uap =U'a ~Ulps Ugy=U'q U, 5.18)
Example 5.4. The three-phase  ssymmetrical load
Zap=Zpe =Zy =(500 - j450)Q is connected up by way of line
wires with line impedances Z, =(35+ j45) Q to the symmetrical
generator with the phase voltage equaled to U, =380V . Calculate

phase and line currents and voltages. Draw a vector diagram.
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Solution: At first we change a delta-connected load into a
wye-connected one (see Fig. 5.12). As we have a balanced load, one can
use the following equation:

z _ B
Z'a=Z=2' == ~166,44 - j150 = 224.23¢ 14702
3

Determine phase voltage across the generator and write them in a
complex form:
- o -
U, =380V;U g =380e 1120 v; U . =380e /120 .
Define phase impedances:
Zo=Zp=2,=2,+Z, =35+ j45+166.44 - j150 = 227.36e 12802
Calculate line currents by Ohm's law:

U .
| :—_AZL:1.6761280A.
ATz j28°

£a  227.36e7 !

Then
U i U _
lg==B_167e192°p | ==C 1674 A
Zy Z.

Determine phase currents across the load by Eqg. (5.15):
|t jeo° _1-67ej_280 030
SRE e

1, =0.965e715° A | =096501178° A,

Define line and phase voltages:

0 icg0
=0.965e1%8" A;

429 iz70 .00
Uy =Zap - Lap =672.68e714° 09650157 —649.14e1%V ;

o .
Upe =Zpe “ Lpe —649.14¢ 71104y - Ugp=Zc | — 649.14¢ 136" -

Lca
o - -
L—JAa=Z|'|_A=578152 167127 —92.27¢180" v

I .
Upp=2-1g=9227e 1 v; U =2, 1. =9227e1%0 Vv
At last we draw a vector diagram for this case (see Fig. 5.14).
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Fig. 5.14

5.8 Damage Conditions in a Delta-Connected Load

There are three damage rates in a delta-connected load:
an open circuit of any phase;
a short circuit of a phase;

an open circuit of a line wire.
The first damage condition we will consider for the case when the

phase bc is broken. Then a delta-connected load changes into
asymmetrical wye connection because we have got here an unbalanced
load. Such a delta-connected circuit is depicted in Fig. 5.15.

So, it is the asymmetrical wye connection without a neutral wire.
Hence, a neutral voltage shift appears between the two neutral nodes.
We can find it by Eq. (5.6):

EaAYaA+ERYg+EcYc
Ya+tYg+Ye

QNZ

where Y o Yg Y are complex phase admittances.

The phase currents may be determined by Eq. (5.9) as
IaA=(EA-UnN)Ya Ig=Ep-Uyn)Yp, Ic=(Ec-Upn)Yc
The voltages U p,,Up,, U, in line wires and the phase voltages
U p U, are determined in a common way.
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+1
gam

Ugh

Fig. 5.16. A vector diagram for open circuit rate.

This diagram is drawn for the unbalanced case when Z ,, #Z , .

When we have a short circuit in the phase bc, a delta-connected
circuit will change into asymmetrical wye connection without a neutral
wire. Such a connection is depicted in Fig. 5.17. Hence, it appears the
neutral voltage shift between the two neutral nodes N and a:

EAYA+ERYg+EcYc

LJN =
YatYg+Ye
1
where Y 5 = = ;and Yg =Y = are
74 ZabZca Z)+Zgpe }/;l
T ZaptZea

phase complex admittances.
Knowing the neutral voltage shift, one can determine current.
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Ec N Ep

s

— E—
| I

|

Fig. 5.17. The circuit with a short circuit in the phase bc.

Phase currents of the wye connection are found by Ohm's law:

e Ea-Uy
- Z. w2
£ab "&ca
ity
Lab T £ca

=(Epo-Un)Ya

The currents in two parallel branches are determined by using so-
called "resolving of the total current” (See Ch. 3, eq. 3.32):

lab=1a Zea v La=1a Zab
- - ;ca +;ab - B ;ca +Zab

When there is an open circuit in a line wire, a three-phase delta
connection has become an usual one-phase circuit.

Let's consider the case when the line wire Aa is broken in the
circuit with a balanced load. The circuit for this case is shown in
Fig. 5.18,a. So, now we have the one-phase circuit with the input
voltage Ugc. For this case the currents across line impedances can be
determined by the formula

Zie (Zap+Zcy)
,where Z o, =22 + be *=ab " =ca’
Leg Zpc +Zab T Zcy
Then we can calculate the currents through phase impedances:

U
Ipe = Zbc v lap=lca =
bc
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| Zbc '(Zab +an)
:_B . .
Zhe+Zap +Zcy

where U . =-U )

Now we can find voltages across series impedances Z 4, Z o5 -

ip
ia.b = g.:cz
T
LEJC %/{
Lr
=Fh
B)

Fig. 5.18. An open circuit in the line wire Aa.
The vector diagram for this case is shown in Fig. 5.18, b.

5.9 Active, Reactive and Apparent Power in Three-phase
Systems

The instantaneous power for a single-phase sinusoidal source
varies itself sinusoidally at twice the frequency of the source. The
expression for the single-phase sinusoidal source can be applied to each
phase of the three-phase system.

The active power of a three-phase system is the sum of the active
powers in each phase plus the active power dissipated across the
resistance of a neutral wire (if it is not equal zero):

P= PA + PB + PC + PO (519)
where Py is the active power in the resistance of a neutral wire.

The reactive power is the sum of the reactive powers in each
phase plus the reactive power in the reactance of a neutral wire:

Q=Qa+Qs+Qc +Qo (5.20)

where Qo is the reactive power in the reactance of a neutral wire.
The apparent (or total) power

S=4P%2+Q? (5.21)
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With a balanced load

P=3Uplp005(pp=\/§u|_l|_005(pp,
Q=3Uplpsingp=+3U I singy, (5.22)
S=3Uplp=v3ULlL

where ¢, is the angle between phase voltage U, and phase current

I'p; UL and I are line voltage and line current, respectively.

The equation for the power in a three-phase system is the same
either for a wye or a delta connection when the power is expressed in
terms of line quantities.

feled] iﬁzs.-.?mzrajmaus power
Fat Pnt Py

_/ Average power! phase

L%

Fig. 5.19.

Before leaving this discussion on three-phase power, let us
emphasize the fact that the total instantaneous power for the three-phase
system is a constant as illustrated by Fig. 5.19. This stands in sharp
contrast to the single-phase case where the single-phase power pulsates at
twice the line frequency. Herein, then, lies another significant advantage
of the three-phase system. Wherever large loads must be driven
mechanically in commercial and industrial applications, the three-phase
motor rather than the single-phase motor is used.

5.10 The Advantages of Three-phase System

The popularity of three-phase systems can be explained by the
three principal advantages they offer, namely: (a) over long distances it
is more economical to transmit alternating current power three-phase
then with any other number of phases; (b) the components of three-
phase systems, such as three-phase induction motors and three-phase
transformers, are simple to manufacture and economical and reliable in
service; (c) given certain conditions, including a balanced load on the
phases, the instantaneous power of system remains unchanged over a
period of the sinusoid.
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5.11 The Generation of a Revolving Magnetic Field

A very important feature of polyphase, notably three-phase,
systems is the ability to produce a revolving magnetic field. It is defined
as the field that has the vector of the resultant magnetic induction
constant in magnitude and rotating at a constant angular velocity.

B
i
F bt

Fig.5.20.

Let us prove that the magnetic field due to a single coil carrying a
sinusoidal current is a pulsating and not a revolving magnetic field.

A pulsation field is defined as such that has the magnetic
induction vector varying (pulsating) along the axis of the current-
carrying coil producing the field.

To begin with, we shall refer to Fig.5.20. It shows a coil
energized by a sinusoidal current i= 1y, sin ot. The magnetic field is

described by the vector of the magnetic induction B. The direction of
B depends on the direction in which the coil is wound and the direction
of current flow in it at a given instant of time. Let S be the start and F
the finish of the coil winding. When the current flows into the terminal
S and flows out of the terminal F (which is assumed to be the positive
direction of current flow in the time interval from zero to =), the vector
of the magnetic induction points upwards. During the next half-cycle,
when the current is negative, the vector B points downwards. Thus, the
locus of the tip of the vector B is the axis of the coil.

Let three identical coils be arranged so that their axes are
displaced at 120° with respect to one another (Fig. 5.21, a).

iy fq ip ip
T
2 \n i

&)
Fig. 5.21 Three identical coils
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We connect the coils to a symmetrical three-phase system so
that currents flow into the beginnings of the coils and vary as follows

ig =Imsinot; ig =1py sin (cot—lZOo); ic =Im sin(oat+120°).

Their graphs are shown in Fig.5.21, b. Each current produces a
pulsating field directed along the axis of the respective coil.

We assume that the positive direction for the first coil is along the
+1 axis, for the second - along +2 axis, and for the third - along the +3
axis. Each coil has its magnetic induction. The induction of the first coil
is By, of the second coil -, and of the third coil - B3. Fig. 5.22 shows

the instantaneous values of By, B> and B3 and the resultant induction
for the instants of time ot =0, /2, 3/2%. The first sketch (Fig. 5.22, a)
applies to wt =0, the second (Fig. 5.22, b) to wt=m/2, etc.

+1 +1 +1
53 B By B2
Byar Byes E
3 5 B, "7
+3 T o4+ +3 +3 + 2 =res
wt=10 ot =2 0t =T of =312
&) ) £) )

Fig. 5.22

As we advance in time, the vector of the resultant magnetic
induction, remaining constant in magnitude (1.5By,), rotates at an
angular velocity w in the direction from the beginning of the first coil
carrying the current 1., sin ot to the beginning of the second coil

carrying the current |, sin (mt —1200) which lags behind the first one
by the angle 120°. One may say that the vector of the resultant magnetic
induction revolves towards the coil with a lagging current.

If the current Iy, sin (cot —120° | be passed through the third coil,

and the current |, sin |t +120° | through the second, the direction of
field rotation will be reversed. If a magnetic circuit consists of a
ferromagnetic material fully or in part, its magnetic flux is many times
the one in the absence of any ferromagnetic material.
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So, to build up the revolving

adlbe o . _ < Stator
magnetic field, it is usual to fit a VS . BN
solid or hollow ferromagnetic /AT
cylinder in each coil and to place l-. '!Ef'gmn( T ]
the coils in the slots of an external \OR—= S
ferromagnetic cylinder (see P
Fig. 5.23). The revolving magnetic ST
field is utilized in electric motors. Fig. 5.23

5.12. Operating Principle of the Induction Motor

The three-phase induction motor is the most commonly used
type. Normally an induction motor consists of an angular core (the
stator) which carries the primary coils in slots on its inner periphery.

The primary coils are commonly arranged for a three-phase
supply and serve to produce a revolving magnetic field. The stator
encircles a cylindrical rotor carrying the secondary winding in slots on
its outer periphery.

The rotor winding may be one of two types. These are squirrel-
cage rotor winding and slip-ring (or wound-rotor) winding.

In a squirrel-cage machine, the rotor winding forms a complete
closed circuit in itself.

The rotor winding of a slip-ring machine is completed when the
slip rings are connected either directly together or through some
resistance external to the machine. The rotor shaft is coupled to the shaft
of the driven mechanism.

We assume that the rotor is stationary at some instant of time.

The revolving magnetic field due to the stator winding cuts across
the stationary rotor winding at synchronous speed and induces an e.m.f.
in it. The e.m.f. will give rise to a current which, by Lenz's law, sets up a
magnetic field tending to reduce the magnetic field that causes the
induced current.

Interaction between the rotor current and the revolving magnetic
field causes the rotor to rotate in the same direction as the revolving
magnetic field (which can be proved by the left-hand rule).

Under steady-state conditions, the speed of the rotor, is 95-98 per
cent of the speed of revolving magnetic field of a stator



221
or =(0.95+0.98)w, or is other than synchronous. Hence another

name of this type of motor is asynchronous motor.

The speed of the rotor cannot be equal to synchronous speed. If it
were equal to the latter, the revolving magnetic field would not be able
to cut the secondary conductors and there would not be any current
induced in the secondary winding and no interaction between the
revolving field and the rotor, and the motor would not run.

5.13. The a Operator of a Three-phase Systems

1900
Let the complex number gJ120 equal to unity in magnitude be
designated by a and termed the operator of three-phase system. Then

<5210 1500
e1240° _ (oi120°y2 _ o2

The three vectors, 1, a, and a2, represent a symmetrical three-
phase system (see Fig. 5.24).

l1+a+a?=0 (5.23)

Multiplying a vector by a turns it by 120°counter-clockwise
without affecting its magnitude.

Multiplying a vector by a® turns it by 240°counter-clockwise or,

which is the same, 120° clockwise.
+1

5
ja az

Fig. 5.24

Using the operator a, one can express Eg and E. of a
symmetrical three-phase system in terms of Eg :
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5.14. Resolution of an Unsymmetrical System into Symmetrical
Components

Any unsymmetrical system of three currents, voltages or fluxes of
the same frequency which we designate A, B C in general, can be

resolved into three symmetrical systems of vectors with zero, positive
and negative phase sequence.

These are called the symmetrical components of an
unsymmetrical system.

4 Aq By
‘_qu[ [ [E’D
) B By g
& h o

Fig. 5.25. A positive, negative and zero phase-sequence systems

A positive phase-sequence system (Fig. 5.25, a) is formed by
three vectors A;, B;, C;, equal in magnitude and spaced 120° apart, so

that B; lags 120°behind B, , and C; leads A; by 120°.

Using the operator a of a three-phase system (see Sec. 5. 13), we
may write:

25 .
Bi=a’Ay; (5.24)
Ci=ah,

A negative phase sequence A negative phase-sequence system
(Fig. 5.25,b) is formed by three vectors A,, B,, C, equal in

magnitude and spaced 120° apart so that B, leads A, by 120°:
B, =aA,;
2 (5.25)
Cp,=a"A,.

A zero phase-sequence system (Fig. 5.25, ¢) is formed by three
vectors Ay, By, C, coincident in phase:

Ag=By=Cy. (5.26)
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The specified three vectors A, B, and C may be expressed in
terms of the vectors of symmetrical systems as follows:

A=Ay + A+ Ay;
B=By +B; +By; (5.27)
C=Cp+C; +C,y.

Noting Egs. (5.24) and (5.25), we may rewrite Eq. (5.27) thus:

A=Ag+ A+ Ay, (5.28)
B=Ay+a’A +aA,; (5.29)
C=Ay+aA +a’A,. (5.30)

In order to find Ay, Ay and A, in terms of the specified vectors
A, B, and C, we add together Egs. (5.28), (5.29) and (5.30), and note that
1+a+a®=0.We get

Ao =3(A+B+C). (5:31)

In words, to find A, one should add together the three specified

vectors and take one-third of the sum.
To find A; we add together Eq. (5.28) and (5.29) multiplied by a,

and Eq. (5.30) multiplied by a’ and get
1 2
A ==|A+aB+a“C 5.32
A =3(a+aBraic) 632

Again stating this in words, A, is equal to one-third of the sum of

the vector A, the vector B turned through 120° counter-clockwise, and
the vector C turned through 120° clockwise.
A, is given by the sum of Eq. (5.28), Eq. (5.29) multiplied by

a’, and Eq. (5.30) multiplied by a, or

A, =%(A+a2§+ag). (5.33)
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5.15. The Method of Symmetrical Components

The method of symmetrical phase-sequence components is
fundamentally a mathematical technique for practical solution of
polyphase (including three-phase) circuit problems under dissymmetry
conditions (which may be due to faults or unbalanced loads, etc.).

The method of symmetrical components as applied to problems of
network faults involves the use of equivalent circuit diagrams in which
all units of the system should be represented by their respective
impedances. However, the phase impedance of a piece of equipment
with zero phase-sequence (ZPS) —(Z,) may be other than it is with
positive phase-sequence (Zp). Furthermore, the positive phase-
sdsequence (PPS) impedance of some machines (such as induction
motors) cannot be the same as their negative phase-sequence (NPS)
impedance (Z,).

™
A

,'Y

Jl,_,

Fig. 5.26. The three-phase three-limb transformer.

Accordingly, calculations have to be performed for each phase
sequence separately. Then, by the superposition principle, one can find
the current or voltage for any portion of the system as the sum of ZPS,
PPS and NPS currents or voltages.

Before going any further, consider why Zp, Z, and Z, differ from
one another.

Let the phase impedances of a three-phase transmission line be

Zy, Zy and Zgg for positive, negative and zero phase-sequences
respectively. The PPS impedance of the line, Z;, is equal to its NPS

impedance Z,;, but is not equal to its ZPS impedance Zy;. This is

because the phase inductance of a three-phase line is different for
positive phase-sequence than it is for zero phase-sequence. The
difference is due to two causes.



225

In the case of PPS and NPS the inductance of a transmission
line is determined solely by the geometrical dimensions of the loops
formed by the line conductors. In the case of ZPS the inductance of the
same line depends also on the geometrical dimensions of the loops
formed by the line conductors and the neutral wire.

In the case of PPS and NPS the e. m. f.s induced in the line
conductors are the vector sums of e. m. f. s due to the line currents
spaced at 120° in time phase. In the case of ZPS the e. m. f.s induced in
the line conductors are due to ZPS currents whose vectors are coincident
in time phase.

In the three-phase three-limb transformer of Fig. 5.26 the ZPS
phase impedance is not equal to the PPS phase impedance, but the PPS
impedance is equal to the NPS impedance. The explanation is this. The
ZPS magnetic fluxes @ are all in time phase and link through the air

(as shown by the dotted lines in Fig. 5.26) and not through the adjacent
limbs. The PPS fluxes, are spaced at 120° in time phase and link
through the adjacent limbs. So, with the same magnitude of ZPS and
PPS currents, @, is considerably smaller than @, .

The difference between Z,, Z» and Z, is still greater in induction
motors. The reason lies in the following. The PPS voltages produce a
revolving magnetic field in the motor. The field carries along the rotor,
so that it rotates at asynchronous speed .. The NPS voltages also

produce a revolving magnetic field, but its sense of rotation is opposite
to that of the field caused by the PPS voltages.

The ZPS voltages produce no revolving magnetic field at all.
Instead, they establish pulsating fluxes around the stator winding, which
link through the air gap between the stator and the rotor, exactly as the
ZPS fluxes do in the three-phase three-limb transformer of Fig. 5.26.

The phase impedances of a motor for a given phase-sequence
depend not only on the resistance and reactance of the stator phase
windings, but also on the resistance and reactance of the rotor phase
windings for the same phase sequence. In turn, the inductive reactance
of a rotor phase is directly proportional to frequency. The PPS revolving
field induces in the rotor currents with a frequency (@ — ®,q ) Which is

0.02 to 0.05 of synchronous speed w. On the other hand, the frequency
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of the rotor currents due to the ZPS revolving field is
o+ O = (1.98 to 1.95) w. Since the rotor currents in either case (PPS

and NPS) differ in frequency, the respective (PPS and NPS) phase
impedances also differ.

As to the ZPS phase impedances of a motor, they differ from the.
PPS and NPS components because the magnetic fluxes due to the ZPS
currents do not link through the rotor, but link through the gap between
the stator and the rotor.

The procedure by the method of symmetrical components
consists in that the unsymmetrical system in question is resolved into
three symmetrical systems of voltages (or currents, or e.m.f.s). Then, by
the superposition principle, operation of the original system is presented
as the result of the superposition of the three symmetrical sets of
guantities.

In the PPS symmetrical system, all voltages, currents and e.m.f.s
contain only PPS components, and all the pieces of electrical plant
(transmission lines, rotary machines and three-phase transformers) are
represented by their PPS impedances, Zs, in equivalent circuit diagrams.

In the NPS symmetrical system, all voltages, currents and e.m.f.s
contain only NPS components, and all the pieces of electrical plant are
represented by their NPS impedances, Z, in equivalent circuit

diagrams.

In the ZPS symmetrical system, all voltages, currents and e.m.f.s
contain only ZPS components, and all pieces of equipment are
represented by their ZPS impedances, Z,, in equivalent circuit diagrams.

In order to convert a given unsymmetrical system into three
symmetrical ones, three unsymmetrical voltages U 5, Ug and U are

injected in the system at the point of dissymmetry.

On the basis of the compensation theorem, these voltages can
replace the three unequal impedances at the fault point that have
resulted in the dissymmetry of the entire system.

Next, the system of the three unsymmetrical voltages is resolved
into three symmetrical systems (as explained in the preceding
paragraph), and the main vectors U, U, and U, are determined.
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Similarly, the system of three unsymmetrical currents

LA, Ig and 1. is resolved into three symmetrical systems of currents,
and the main vectors 1, 1, and 1, are determined.

Thus, the method of symmetrical components involves six
unknowns: Uy, Uy, Uy I 13, and [, in terms of which any

voltages and currents in a given circuit can be determined.

To find the six unknowns, we write six equations, one each for
the three symmetrical systems, and the other three for the section of the
circuit where conditions of dissymmetry have been observed. The form
of the last three equations depends on the nature of dissymmetry in the
circuit.

5.16. Application of the method of symmetric components for
symmetrical circuits with asymmetrical system of generator e.m.f.s

Let's consider a three-phase electric circuit with the asymmetrical
generator and the symmetric load which is presented in Fig. 5.27.

y §c€9 e :g': "
g

Fig. 5.27. The asymmetrical generator with a symmetric load

Phase impedances of a load have various meanings for various
components, but they are equal for each symmetrical component.

The initial data are: the asymmetrical system of phase generator
emfs Ea, Eg, Ec, the phase impedances of the load for various

sequences Zq, Z,, Z, and the impedance of a neutral wire Z .

Taking into account Egs. (5.27) - (5.30) one can expand the
asymmetrical system into the symmetrical components for phase
generator e.m.fs. The corresponding electric circuit obtained as a result
of such a transformation, is presented in Fig. 5.28.
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Find the symmetrical components of e.m.f.s using Egs. (5.31) —

(5.33)
E1 =%(EA +aEp +a2Ec);
E; :%(EA"‘aZEB +aEc); (5.34)

Eo =%(EA+EB fEQ).

Ea ~Eaz~Ea0—~ L, Za
N B

Eg —~ Ep1—~EEn LB Ly
N By ﬁ@ﬁﬁi‘ﬂ@i Z, N
(:j N~ ]

S iy

[

Fig.5.28. The transformed electric circuit.

Let's take advantage of the superposition method and transfer to
three equivalent circuits of substitution for each of groups of
symmetrical components (Fig. 5.29, a, b, c).

By IgqZ gy fa3Eg EADEEAD Zy
Ep ip £ £83 " Ipy 2, EB0 1 2y
o= = P H
E E £
£ i F £20 J F =20 fon E

Im Zy I Zy I Zy
-— — - ] = 1 ]
M N N H A H
a b €

Fig. 5.29. Three equivalent circuits of substitution.

Let's fulfil the calculation of currents for each symmetrical
component of e.m.f.

As for each symmetrical component the three-phase circuit is
completely symmetrical, it is more convenient at the calculation to
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transfer to single-phase circuits of substitution and make the
calculation for one phase termed as basic (usually it is phase A).

In symmetrical rate for positive and negative sequences the
current in a neutral wire is equal zero and, hence, the voltage
U.n1=Ynn2 =0. Therefore the impedance in a neutral wire does not
influence on the symmetrical phase currents of these sequences, and
should not be considered in the circuits of substitution of these
sequences. For current calculations of a basis phase it is enough to
observe the following equivalent circuits (Fig. 5.30, a, b). For zero
sequence the potentials of the beginnings of linear wires are equal
among themselves (as Eqp = Egg = Egc = Eq). Therefore they may be
combined in one node. Taking into account the equality of complex load
impedances Z, =Z,, =Z. =Z, we will obtain a substitution equivalent
circuit which is presented in Fig. 5.30, c.

20
Za fa 21 Edy  IAr Za £a0 KN
Iwn Zw
N N N
a) " B) ; c) ;

Fig.5.30. Equivalent circuits of substitution.
Using Ohm's law, we define currents for each equivalent circuit
|A1=E—A1; La2 _En, LNO=£- (5.35)
Z1 Z) Zo+3ZN

The currents of zero sequence in all phases coincide and become
isolated through the neutral wire

Ino=lao+IBo+Ico=3lao0. (5.36)
The component of zero sequence from here
Eo
lao=c—(— 5.37
Ao Zo+3ZN (.37)

On knowing symmetrical components of currents we can
determine the actual linear currents in the initial three-phase circuit:
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IfAz|71+|72+|70=|,A1=EA1+EA2+ Eo ;
Z1 Lz Zo+3LN
2

a®-En a-Ep  Eo

Z Zy Zo+3ZN'

lg=a’-li+a-lp+lg= (5.38)

2
ﬁm+ﬁA2 N Eo .
Z1 Zy Zo+3ZN

The actual current in a neutral wire does not contain the
components of positive and negative sequence. Therefore
3Eo
In=Ilng=— 12 5.39
In=tno=2 " (5.39)
Complex impedances of phases of static three-phase receivers
(lighting loadings, heaters etc.) do not depend on an aspect of sequence
of a supply voltage, for such receivers Z; =2, =2,.

The calculation of currents of such receivers is simpler to fulfil by
usual methods. For three-phase receivers for which the phase
impedances for currents of various sequences essentially differ (first of
all, for rotating electrical motors), the calculation of currents at any
asymmetric voltage should be exclusively made by the method of
symmetrical components.

Ic=a-ly+a®-ly+lg=

5.17. Application of the method of symmetric components for
asymmetrical circuits with symmetrical system of generator e.m.f.s

The majority of powerful electric circuits work in the symmetrical
rates. Sharp asymmetry in the symmetrical three-phase circuits has
emergency character and appears, as a rule, in any one cross-section.

By compensation theorem the non-symmetrical passive part of
the circuit is exchanged by the system of three asymmetrical currents
and three voltages. Then these currents and voltages are represented in
the form of the sum of three while unknown symmetrical currents and
three voltages. Thus, at the first stage the total unknown values are equal
SiX.

Three rated equations are obtained on the basis of circuit designs
on one phase, made for each of three sequences. The remaining three
equations are written on the basis of concrete relationships between
currents and voltages, formed in an asymmetry place.
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There are two kinds of asymmetry: a cross asymmetry and the
longitudinal one.

L ]

Fig. 5.31. The three-phase circuit for a case of cross asymmetry.

Cross asymmetry is caused by the difference of the resistances
which have been switched on between phases and a neutral wire, or
between separate phases. Such situation appears, when the asymmetric
short circuit occurs or the asymmetric load is connected to a circuit. The
section of the three-phase circuit for a general case of cross asymmetry
is presented in Fig. 5.31. In general, cross asymmetry (Fig. 5.31) is
characterised by following equations:

Ua=Zala+3Znlo;
Up =Zplp +3Znlo; (5.40)
Uc=Zclc+3Znlo.

At two-phase short circuit (for example, between phases A and B)
the additional equations look like

Ua-Up =0;
la+1p =0; (5.41)
Ic =0,
and at two-phase earthing (for example, phases A and B)
Ua =0;
Up =0; (5.42)
l¢=0.

At uniphase short circuit (for example, phase A) the additional
equations are the following:
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c

a=0;

. (5.43)

0;
0,

The calculation of short circuit currents in various points of
electric power systems is the important engineering problem.

The longitudinal asymmetry in the three-phase circuit appears
when unequal resistances are switched on in a cross-cut of phases. Such
situation occurs, for example, when there is an open circuit in some
linear wire. The circuit of a section of three-phase circuit for a general
case of the longitudinal asymmetry is presented in Fig. 5.32. The
longitudinal asymmetry for this case is characterised by following
additional equations:

Upa=Zala;

Upp =Zgle;

Ucc=Zclc.
ga irfla

Ao F—" oa
QE, irBEJ

Eo F——ob
Z, ila

oo [

(5.44)

Fig.5.32. The three-phase circuit for a case of longitudinal asymmetry

I
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a b e

Fig. 5.33. Some special cases of the longitudinal asymmetry.

For some special cases of the longitudinal asymmetry, which
circuits are presented in Fig. 5.33 the additional equations will be the
following: — for the circuit presented in Fig. 5.33, a
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lA =0;
Uy =0 (5.45)

LlCc =0;
— for the circuit presented in Fig. 5.33, b

Una=Zala;
Ugp =0; (5.46)
Uce =0;
— for the circuit presented in Fig. 5.33, ¢
Upa =0
Upo =Zglg; (5.47)
Ucc=Zclc:

Example 5.1. The three-phase engine with windings which are
wye-connected, obtains the power supply through a three-wire line of
transfers at line voltage 380 V. There is an emergency rate (an open
circuit of the phase A) in the circuit.

At certain conditions the generator can go on working, obtaining
a supply through two phases. The complex impedances of phases
Z,=36+j36 2, Z,=015+j05 Q. Determine the currents in
feeders and the voltages U pp', U oy Upns Ues Unn

Solution: The equivalent circuit of substitution is presented in
Fig. 5.34. Knowing line voltages we determine phase electromotive
forces: E =380/\/§=220 V. By compensation theorem we will
mentally substitute the asymmetrical passive part of the circuit by e.m.f.
sources and compose the circuits of positive, negative and zero
sequences which one can see in Fig. 5.35.

A single-phase circuit design of zero sequence is broken, as there
is no a fourth wire, and, hence, there are no the currents of zero
sequence 15=0.

The main equations for circuits of positive and negative sequences:

Z11,+U =EF (a)
Zyl,+U;,=0 (b)

and additional equations
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Puc. 5.34. The equivalent circuit of substitution.
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Puc. 5.35. The circuits of positive, negative and zero sequences.

[ta

[ta

[t

(©)

Having expressed in these equations the currents and voltages

through their symmetrical components, we will obtain:

li+1,=0 or l;=-1y;
2 .
a“U;+ald, +Uy=0;

()
(d)
(€)
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On solving equations (d) and (¢) we will find that
U, =U;=U,. On substituting U, =U, and 1, =-1, into Eq. (b), we
will get

=Z51,+U,=0.

Now we subtract this equation from Eg.(a) and obtain the
following result: (Z;+Z,)1, =E;.

Hence, we can calculate: — the currents in feeders:

= 20 ___396e 14" A
Z,+Z, (36+)36)+(0.12+j05)

I1=

1,=—1;=39.6e113% ;
— the phase currents | , =0 A;

Iy =a’l;+al, = (a% —a)l; =50~ j46.65 = 68.4¢ 137" A,
Ic =aly+a?l, =(a—a?)l; =50+ j46.65 = 68,4¢ 143° A
And U, =-Z51,=(0.15+ j0.5)30.6113%° —20.7¢ 125"y,

Upa=U+Ur+Uy=3U, = 62.161%°v;
—the phase voltages: U py =Z111 +Z515 =(Z1-Z5)11 =
. 0 .0
=(3.6+ j3.6-0.15— j0.5)39.6e 14" =183.5¢71° v;
Ugy=a’l,Z;+al,Z, =(a%Z; -aZ,)]; — 203e~1116° v

R (o]
Ucy =alyZ,+a%1,2,=(az; —a%Z,)l; =218.8¢1114" v,
The voltage between the neutral points of the generator and the
engine (the bias neutral voltage):
j25°
U,y =Ug=207e 1% v.

The procedure observed in this example may be used at the
calculation of three-phase circuits for any case of the longitudinal
asymmetry.
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Summary review questions

1. Make the definition of a three-phase circuit and describe the
process of deriving of three-phase EMF system.

2. What advantages have the power supply three-phase systems?.

3. How are winding connections of the three-phase generator
"wye" and "delta" organized?

4. What is a three-phase network phase?

5. What voltages and currents are termed as linear?

6. What voltages and currents are termed as phase?

7. What relationships are between phase and line loading voltages
if we have a wye-connection? What do you know about the
relationships between phase and line currents in this case?

8. What relationships are between phase and line currents if we
have a delta-connection? And what can you say about the relationship
between phase and line loading voltages in this case?

9. Make definition of the symmetrical, asymmetric and uniform
load. Illustrate with the examples.

10. What is the phase sequence?

11. What is called the symmetrical system of EMFs (voltages,
currents)?

12. What is a neutral voltage shifting or a bias neutral voltage ?
How is it possible to calculate theoretically?

13. How may phase voltages be found in the presence of a bias
neutral voltage?

14. For what is a neutral (or zero) wire used in the three-phase
circuit? How is it possible to find the value of a current in a neutral wire
theoretically?

15. Under what condition doesn't the presence of a neutral wire
influence on a mode of operation?

16. Why is the cross-section of a neutral wire less than cross-
section of a linear wire?

17. What can you say about the short circuit rate in one of phases
for wye-connection without a neutral wire at the symmetrical load?

18. What can you say about the short circuit rate in one of phases
for wye-connection with a neutral wire at the symmetrical load? Explain
the difference.
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19. What can you say about an open circuit rate in one of
phases for delta-connection at the symmetrical load?

20. What can you say about an open circuit rate in a line wire for
delta-connection at the symmetrical load? Illustrate with the examples.

22. How can one define the apparent power of the three-phase
circuit at the symmetrical load?

23. How can one define the apparent power of the three-phase
circuit at the asymmetrical load?

How the chain total output is spotted at the asymmetric loading?

24. What requirement is fulfilled for active and reactive powers of
the three-phase network and not fulfilled for the apparent one?

25. Which magnitudes must one use for power calculation that
these expressions don't depend on the circuit design of the symmetrical
load?

26. What requirements are necessary for making of a circular
rotating magnetic field?

27. What principle of action has the asynchronous engine with the
squirrel-cage rotor?

28 What principle of action has a synchronous engine?

29. In what cases are the components of zero sequence absent in
the linear currents?

30. How is the resistance of a neutral wire considered at use of
the method of symmetrical components?

31. Identify the salient features of a balanced three-phase voltage
system of the Y and A types.

32. In balanced three-phase systems, explain what gives rise to

the presence of the factor J3in expressions for power and between line
and phase quantities as well.

33. The instantaneous power per phase in a single-phase circuit
contains a double-frequency sinusoidal component. Is a similar
component present in the total instantaneous power of a three-phase
system? Explain.

34. Three fixed and balanced load impedances are placed across a
balanced three-phase voltage source. What is the relationship between
the resulting line currents when the load impedances are first connected
in a A arrangement and then in a Y arrangement?
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Problems

5.1. In a symmetrical three-wire circuit there was a phase break.
What will a voltmeter connected between neutral points of a source and
the receiver show?

5.2. The windings of the three-phase electromotor are calculated
for operation in the nominal rate at voltage U, =380 V . With which
line voltages can this electromotor work?

5.3. If the phase voltage of one phase of a Y-connected three-

i2n0
phase source is know to be U ., =120e 1307\ | what are the expressions
for the other two phase voltages? What is the expression for the line
voltage U 4, ?

5.4. Three-phase voltage (220 V) is applied to a balanced delta-
connected load in the manner illustrated in Fig. P5.4. The rms value of

. i _i300
the phase current measured between points aand b is 1 ,, =10e 1307

(a) Find the line current. Draw the phasor diagram showing
clearly the line voltages, phase currents, and line currents.

(b) Compute the total power received by the three-phase load.

(c) Find the value of the resistive portion of the phase impedance.

3- phase b
&
valtage

SOLICE gy

Fig. P5.4

5.5. The delta-connected load of Fig. P8.31 consists of phase
impedances each equal to 15+ j20.

(a) Find the phasor current in each line.

(b) What is the power consumed per phase?

(c) What is the phasor sum of the three line currents?

5.6. A three-phase, 208-V generator supplies a total of 1800 W at
a line current of 10 A when three identical impedances are arranged in a
wye connection across the line terminals of the generator. Compute the
resistive and reactive components of each phase impedance.
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5.7. A balanced three-phase wye-connected load has an

izn0
impedance of 459" Q) from line to neutral. Moreover, from line a to

i2n0
neutral n the voltage is U 5, =20e130".

(a) What is the current in phases b and c?

(b) What is the voltage from line b to neutral?

(c) What is the phasor expression for the voltage from line a to
linec,ie, U,.?

5.8. In the electrical circuit (Fig. P5.8) R, =R, =2R,. How will
the currents change after a safety fuse Sy, burns out?

A n— K
L1

. Sf2|—| 5
*  —
- Sf3|—| R
o —

Fig. P5.8

ian0
59. The impedances (Z,=Z,=2.=22¢"" Q) are
connected in “delta". The line voltage U, =220V . Define phase and

line currents, the voltages across each phase and wattmeter readings P,
and P, when a) there is a nominal work in the circuit;

b) an “open circuit” in line C;

C) an “open circuit” in phase BC.

5.10. In every phase of the load connecting in “delta” a current lags
behind a voltage by 53°. All the impedances are equal 100 Q. Calculate
phase and line currents and the active power of the whole circuit if a line
voltage U_ = 380 V. Draw a vector diagram.

5.11. Define voltages across the load impedances and currents in
phases if three active resistances R; =20 Q, Ry =40 3, R, =50 Q in

“wye” connection are joined to three-wires load with line voltage
U, =380V.
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5.12. Three phase impedances Z =60 + j80 Q are connected
in “delta” with the line voltage U; =220V .Define phase and line
currents, draw a vector diagram.
5.13. In every phase of the load connected in “delta” a current
lags behind a voltage by 37° and Zp =Zg =Z¢ =45 Q. Calculate

phase and line currents if the line voltage U_ =380 V. Draw a vector
diagram.
5.14. The non-symmetrical load is connected to the asymmetrical

ion0
source. The parameters of the circuit: U g =80V; U g = 60e 1% v;

i2n0 irnO i2n0
;AzloeJSO Q; Zg —5e 160" )- Zc -10e130° Q). Define active,
reactive and apparent powers of the load. Draw a vector diagram.

Fig. P5.14

5.15. The circuit devices in delta show the next readings:
Uag =100V; Ugc =150V; Ucp =120V; 15 =15 A, I =12 A
Ry =-600 Wt. Define phase impedances. Draw a vector diagram.

A-‘ &

B = 2 XC'
ARG T
fo :

I::I'_" —

Fig. P5.1
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Chapter 6
TRANSIENTS

In this chapter we will investigate the transient values of the element
voltages and currents. In circuits containing energy storage elements, the
inductor current and the capacitor voltage cannot change instantaneously;
otherwise their stored energies would change instantaneously. Thus, there
is a certain amount of "inertia" associated with these elements. Suppose,
for example, that we find the solution for the element voltages and currents
for the particular circuit and then, at some later time, open or close a
switch located somewhere in the circuit; activating the switch changes the
circuit, and now we must solve this new circuit.

The element voltages and currents will have changed due to the
fact that we have a new circuit caused by the switching operation. The
object of this chapter is to determine the behaviour of the element
voltages and currents in the intermediate, or transient, time interval
while they are adjusting to their new values.

The study of the dynamic behaviour of linear circuits and systems
containing one or more energy-storing elements is of considerable
importance to the engineer for two reasons. First, he often wants to know
how long it takes for the circuit to respond to applied source functions.
Recall that the energy in an energy-storing element such as an inductor or
capacitor cannot change instantaneously. Accordingly, if an applied
forcing function demands an increase in the amount of energy storage in a
particular part of a circuit, this increase must occur gradually.

The change cannot take place in a discontinuous manner, because
then infinite forces would be needed. The period of adjustment during
which the stored energy changes from some initial level to a new,
commanded, final level is called the settling time of the circuit (or
system). In many engineering applications it is important to keep the
response time within tolerable limits. Second, in situations where there
are two or more energy-storing elements the engineer must be able to
predict the occurrence of severe oscillations as the circuit (or system)
changes from one energy state to another.

In electric circuits such oscillations can readily cause ruinous
voltages or currents. In electromechanical systems, such as a
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servomechanism, these oscillations can cause excessively high
torgues which in turn may damage mechanical parts.

In fact, in some extreme cases, the interchange of energy during
the transient state is such that the oscillations started by the application
of the forcing function do not cease.

Accordingly, the new steady-state level is never reached. The
system or circuit is then described as being in a state of sustained
oscillations. Whether or not this is a desirable state of affairs depends on
the objective which the engineer has in mind. If his invention is to build
an oscillator, then his goal is achieved. However, if his intention is to
build a follow-up control system which reaches its new steady-state
position after the elapse of a reasonable amount of time, then clearly a
sustained oscillation must be avoided at all costs.

It is the purpose of this chapter to furnish the background which
will allow the student to determine the complete response of circuits and
systems, when subjected to conventional forcing functions.

6.1 Transients Defined

Transients are the phenomena which occur between two
permanent (or steady-state) conditions, as a rule periodic, differing from
each other in, say, peak value, phase, wave-form or frequency of the
e.m.f., the parameters or configuration of the circuit.

L Ao

a) )
Fig. 6.1, a -a switch is to be opened, and b - a switch is to be closed.

Hence the changing process of any electrical circuit from one of
the stationary conditions to another is called the transient. The stationary
conditions is called such a rate when currents and voltages can exist
infinitely long without changing of their character with given
configuration of the circuit and its parameters. This rate depends on the
configuration of the circuit and the value of energy sources.

Normally, transient phenomena are brought about in electric
circuits by switching operations, that is by closing or opening switches.
There may be, however, transients due to other causes, such as faults.
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In diagrams the operation performed on a switch is shown by
an arrow. Thus, the arrow in Fig. 6.1, a shows that the switch is to be
opened, and the one in Fig. 6.1, b that it is to be closed.

Physically, transient phenomena associated with switching
operations are changes leading from the energy state existing prior to a
switching operation to an energy state which exists after a switching
operation. Transients usually last for a few tenths, hundredths or even
millionths of a second; it is seldom that they may last for several
seconds. Their study is important, as it shows in advance what
dangerous rises in voltage or current, many times their steady-state
values may happen in the individual sections of a circuit. Transient
analysis also throws light on how signals are distorted in wave-form or
amplitude as they pass through different circuit elements.

6.2 Step Response of an RL Circuit

Any circuit composed of resistance and inductance represents a
situation in which there occurs a dissipation of energy as well as storage of
energy in a magnetic field. Since we now know how do deal with both
voltage and current sources, the step response of the RL circuit is found for
each source type. Attention is directed first to the step-voltage response.

5 i

\’<—
I_—I....
Up

Iy ur L

I -

Fig. 6.2. An inductor in series with a resistor.

Appearing in Fig. 6.2 is the circuit arrangement of an initially
deenergized inductor in series with a resistor. It is desired to find the
complete solution for the current when the switch S is close. The
governing differential equation results upon applying Kirchoff’s voltage
law to the circuit of this figure. Thus

E-ri+ L (6.1)
dt
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We have got a linear differential equation with constant
coefficients here. The current i is the solution being sought and E is the
applied forcing function which causes the response i to exist.

From mathematics it is known that the general solution to a linear
differential equation is the sum of a particular solution of an
inhomogeneous equation and the complete solution of a homogeneous
equation. The particular solution (or the particular integral) of Eq. (6.1) is

E

i$=|=R’

where E is the direct current voltage. The homogeneous equation is
obtained from the original one by equating its right-hand side to zero:
di

La +Ri=0 (6.2)
Let's transfer from the differential equation to the algebraic one
R+Lp=0. (6.3)

This algebraic expression is termed a characteristic equation, as
its root determines a form of a free component.

Solving the equation, we will get

R
p L (6.4)

The solution of the homogeneous equation (or the complementary

solution or function) is an exponential function of the form
R

—t

ip=AePl=pe L, (6.5)

where 4 is a constant independent of time (time-invariant) and p is a
root of the characteristic equation.

We assume that for all transient time t=0 corresponds to the

instant when the switch is thrown from one position to the other. A and

p are constants independent of time (time-invariant). Without proof, for

-—E -_R i
our case they are A= A& and p= A Therefore, the solution to
Eqg. (6.1) may be re-written thus

R
——t
iz%—%-e L (6.6)
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where E is the particular integral of Eq. (6.1) and the next value is

the complementary solution to Eq. (6.5).

The particular integral represents the forced or steady-state
component of the response (current or voltage), and the complementary
solution is the force-free, or transient component of the response. The
name "free" (or "force-free") is due to the fact that transient component
of the response is independent of the excitation or drive.

To tell one component from the other and both from the total
guantity, the convention is to supply the symbol of the steady-state
component with the subscript "ss", the transient component with the
subscript "t", and the total current with no subscript at all. Thus
i=ig +it. Physically, the forced or steady-state component has the

same frequency as the excitation or drive. If the drive is a sinusoid of
frequency w, the steady-state component will be also a sinusoid of the
same frequency w and of the same wave-form. In a circuit containing a
dc voltage source (see Fig. 6.2), the forced component will be dc one. It
should be remembered that inductance presents a short-circuit to dc
circuits, and there is no forced voltage in the response of an inductor.

Of the three quantities, forced, free and total, the key ones are the
total current and the total voltage. The total current is the one actually
flowing through a given impedance for the duration of a transient.
Similarly, the total voltage is the one actually existing across certain
points in a network for the duration of a transient. These values can be
measured or recorded by an oscilloscope. As to forced and free currents
and voltages during a transient, they play an auxiliary part: they are
those fictitious quantities whose sum gives the actual quantities.

6.3 Evaluation of initial conditions

An examination of Eg. (6.6) reveals that the presence of the
transient term in the solution is demanded by the need to satisfy the
boundary conditions immediately upon application of the forcing
function, that is, the forcing function E wants to establish the forced
solution E/R, but the presence of the inductance prevents this from
occurring instantly. As a result the circuit reacts in such a way as to
assure a smooth transition from the initial to the final energy state.
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This is achieved through the generation of a component of
the solution, which not only satisfies the boundary conditions at t = 07,
but also permits the forced solution to exist after a suitable period of
adjustment.
We can see that at t = 0+, i has the value (-E/R) which it must

have so that the total current at this time instant be zero as called for by
the boundary condition. Equation (6.6) makes this obvious.

However, note that as time elapses the transient term decays to
zero, leaving just the forced solution. Of course, as current i; decays,

time is allowed for transferring energy to the inductance.
When steady state is virtually reached, the energy stored in the

inductor is
2
w=1i L(EJ (6.7)
2 \R

It is because this energy cannot be transferred instantaneously that
the need for the transient term arises.

If the changing of the inductive current carried out
instantaneously (i.e. by great advance) it would lead to appearing of
perpetually large e.m.f. of self-induction

d—\vz—Lﬂ—M)o.
dt dt

The energy of magnetic field would also vary instantaneously
and, hence, the circuit supply source should develop perpetually large

power

€L =—

As the e.m.f. of self-induction and the power source in real
circuits have finite values, the transition from one steady-state condition
of the circuit with an inductive element to another one is possible only
during some period of time.

If the voltage ucq is applied to the terminals of a capacitor, some

charge is retained on its facings, and the electrical field energy is
reserved here:

S 2
Nu
Cl (6.8)

0y =Cucy, W =
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If voltage is changed to the value uc, the new installed
condition will be characterized by the new values of a charge and an
electrical field energy
)2
Nu
02 =Cuca, We2 = 202 : (6.9)
If this transition was carried out instantaneously, it would lead to
appearing of the perpetually large charging (or discharge) current
i _d9_ Cd& —> o
dt dt
The electrical field energy would also change instantaneously,
and, hence, the circuit supply source would develop perpetually large
power

As the source current and the source power in real circuits have
finite values, the transition from one steady-state condition of the circuit
with a capacitive element to another one is possible only during some
period of time.

To calculate transient means to define the character of time
changing corresponding electrical magnitudes - currents or voltages.

The transient analysis in the linear circuits becomes simpler, if
transient is considered as effect of superposition of two processes: the
first is a new installed condition, considering that it comes just after
switching, and the second is a transient process which ensures the circuit
transition from one installed rate to another one.

The values of the transient current and voltage components
depend on a level of disparity of the energy reserved in magnetic and
electric fields to a new steady-state rate. In process of diminution of this
disparity the transient currents gradually decrease to zero values.

One can represent a real circuit current during transient as a sum
of two components: a new steady-state current and a transient current

i =igg +1¢.

The transient time is spotted by a small time interval, at the end of
which currents and voltages so come nearer to the steady-state values,
that the distinction appears to become practically imperceptible.
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Consider the transient solution
R

. E !

it s e (6.11)
which makes it clear that the decay of the transient term is solely
dependent upon the circuit parameters R and L and entirely independent
of the source function.

This is certainly not unexpected when it is recalled that the
transient term is really a description of the manner in which the circuit
reacts to external disturbances, whatever their origin or nature.

The only influence that the forcing function has on the transient
term is in determining the magnitude of the coefficient of the
exponential, but it in no way influences the rate of decay of the transient
term. A plot of Egs. (6.6) and (6.11) appears in Fig. 6.3.

Note that at t = 0 the steady-state and the transient solutions have
equal and opposite values, thus yielding a zero value for the total current
as called for by the boundary condition. Note also that as the transient
term decays to zero, the total current reaches its forced value. In the
interest of establishing a convenient measure of the duration of transient,
let us look more closely at the exponential function of Eq. (6.11).

A glance at the power of the exponential, which must be a
numeric, reveals that the quantity L/R must in turn bear units of time.
Because of this fact and because the quantity is determined in terms of
the circuit parameters, it is called the time constant of the circuit and is
denoted by .

Thus time constant r:'—R. Its physical sense: it is the time

during which a free component decreases in e~2,718 times in
comparison with its initial value i; (0+)
_ig(0+) A

i (1) =i (0+)e L = = (6.12)

This value can be found graphically. For this purpose it is
necessary to spend a tangent to curve i; (t) in a point corresponding to

the arbitrary time moment t=t; and prolong it to the point of
intersection with a time axis where t=t, .

Then time constant t=t, —t;. Usually the time when t=0 is
chosen as the arbitrary (initial) time moment.
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Fig. 6.3. The plot of inductive current solution.

The value inverse to the time constant termed as a damping factor

A transient current damps more slowly and, hence, the more a
time constant (and the less a damping factor ) the longer a new steady-
state rate is installed. As we can see from the figure, in spite of the fact
that transient process lasts perpetually long, in practice it is accepted to
consider that the transient lasts only during the time t =(3...5)t.

6.4 The Rules of Switching

Under any transient or steady-state conditions two basic points
hold: the current through any inductance and the voltage across a
capacitance cannot change instantaneously.

The case of a current through inductance can be proved by
reference to the network of Fig. 6.2.

Consider Eg. (6.1), made by Kirchhoff's voltage law:

Lﬂ +Ri=E.
dt

The current i and the voltage E can take on only finite values.
Assume that the current i can change instantaneously. In other words, the
current changes by a finite amount Ai during an interval of time At —0

tending to zero, such that AyAt =oo. If oo is substituted in Eg. (6.1), the
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left-hand side of the equation will no longer be equal to its right-
hand side, and Kirchhoff's voltage law will not be satisfied.

In other words, the assumption that the current through an
inductance can change instantaneously runs counter to Kirchhoff's
voltage law. While the current through an inductance cannot change
instantaneously, the voltage across it can. This does not contradict
Kirchhoff's voltage law.

Consider now the simple circuit with a capacitance (see Fig. 6.4).

o ;)r &
—_—
i

-

Fig.6.4. The circuit with a capacitance.

Write an equation by Kirchhoff's voltage law for this network
Ri+u;,=E (6.13)
where E is the source voltage (which is a finite quantity) and u. is the
voltage across the capacitance. Since
- due
dt '
it follows that
dug
RCW + UC = E (614)
If we assume that the voltage u, can change instantaneously than
Au; du . .
th zd—tczoo, and the left-hand side of Eq. (6.14) will no longer be
equal to its right-hand side.
Hence the assumption that the voltage across the capacitance can
change instantaneously runs counter to Kirchhoff's voltage law.

du ) .
However, a current equal to Cd—tC flowing through a capacitor

can vary step-wise; this does not contradict Kirchhoff's voltage law.
There are two corollaries to the above two basic points, which
may be called switching rules.
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Let i (0-) be the current through any inductance just prior

to switching. It is equal to the current through the same inductance
immediately after switching, i, (0+), or
iL(0-)=i_(0+) (6.15)

Time t =0- is the instant immediately before switching; t=0-+
is the time just after switching. Eq. (6.15) expresses the first rule of
switching: The inductor current immediately prior to and immediately
after a switching operation must be the same.

Let the voltage across a capacitance just before switching be
uc (0-), and that immediately after switching, uc(+). Since the
voltage across a capacitance cannot change instantaneously, it follows
that

uc(0-) =u.(0+). (6.16)

Eq (6.16) expresses the second rule of switching: The capacitor
voltage immediately prior to and immediately after a switching
operation must be the same.

6.5 Independent and Dependent Initial Conditions

In the literature, under initial values or conditions are meant the
values of current and voltage in the circuit at time t =0.

As have already been stated, currents through inductances and
voltages across capacitances immediately before and after switching are
respectively equal. Other quantities, such as voltages across inductances
and resistances, currents through capacitances and resistances, can
change instantaneously, and so their values immediately after switching
may differ from those before switching.

Hence, a distinction should be made between initial conditions
before and after switching. Initial conditions before switching are those
which exist at time t=0-. Initial conditions after switching are those
which exist at time t=0+.

For any circuit the currents and voltages that exist in or across
any element at time t=0+ (after switching) can be found by
Kirchhoff's laws. In the equations written by these laws the currents
through inductances and the voltages across capacitances known from
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the state of the circuit prior to switching are referred to as

independent initial conditions (i.i.c.)

The remaining currents and voltages at t=0+, found by
Kirchhoff's laws are referred to as dependent initial conditions.

If by the time a transient is initiated, that is, before switching, all
currents through and all voltages across passive elements have become
equal to zero, the circuit is said to be in the state of zero initial
conditions and the respective values are termed zero initial conditions.
If, however, by the time of a transient the same values are other than
zero, the circuit is said to be in the state of non-zero initial conditions,
and the respective variables are termed non-zero initial values.

In the former case the currents through inductances and the
voltages across capacitances will vary starting from zero values, in the
latter, starting from non-zero values.

6.6 Short circuit in a RL circuit

Let's guess, that an inductive coil which has been connected
through resistive element R to a source of a direct current e.m.f., at the

time instant t =0 becomes to be short circuit (see Fig. 6.5).
R, R

L ] L

ORI

H
—

Fig. 6.5. RL circuit.

Before a switching at time instant t=0— the current flows
through the circuit

i (0-)= E :
Ro +R
As a result of the switching in the organized contour which

includes an inductive coil, thanks to a stored energy of a magnetic field,
the current will not disappear instantaneously.
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The e.m.f. of self-induction which has the same direction, as a
current before switching, tends to support the current in the mesh at the
expense of energy of a disappearing magnetic field.

As the magnetic field energy is gradually diffused, being transmuted
into heat in a resistor, the current in a contour decreases to zero.

The steady-state value of a current in a short-circuited contour is
equal to zero (the energy source does not influence on an inductive coil
after a switching). The transient process taking place in this mesh is free
or (transient) and the solution consists only of a free component, i.e.
i =i;. The free component of a current does not depend on the energy
source, therefore the equation for it, a characteristic equation and its
solution, a form of a transient component are the same

. di
Ug +uL =0, or Ri +Ld_'I:0'
The characteristic equation
R+ pL =0, from where p:—%.

Then the transient component
R

. t -t
ii=AeP=pe L.
For integration constant definition we use initial conditions and
the first law of switching

. . E
i(0-)=i(0+) = =A
(0-)=i(0+) R+ R
From here
E —Bt
i= e L.

Rg +R
The change of the current in a short-circuited contour and the
voltage across the inductor are plotted in Fig. 6.6.

Al i

=] L -
Wﬂ‘f

Fig.6.6
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The transient process in a short-circuited contour theoretically
lasts perpetually. Just as in the previous case, in a short-circuited
contour it is possible to consider that the transient is practically over
after the time t =(3...5)t. With that the energy is deposited in the form
of heat in the resistor
2

0 0 —Bt 0 —Et
jRiZdtsz i(0-)e L dt:RiZ(o—)je L dt =
0 0 0
2R\~
0% 200
=Ri%(0-) —Le L :&,
2R 2
0

i.e. all energy reserved in a magnetic field of the coil before a switching.
6.7 Step Response of an RC Circuit

Appearing in Fig. 6.7 is the circuit arrangement of a resistor in
series with a capacitor. Let us find the complete expression for the
current after the switch S is closed.

The governing differential equation is obtained upon applying
Kirchhoff's voltage law to the closed circuit. Thus,

Ri+uc :Ri+éjidtzE (6.17)

where E is the voltage source (which is a finite quantity) and uc is the
voltage across the capacitor.
We search the solution of the given differential equation as

UC =UCSS +UCt,

where u Ces is a steady-state component and u Ct is a free (or transient)

component of the capacitive voltage.
As the em.f. is a constant value, all steady-state electrical
magnitudes (including voltage across the capacitor) will be also constant

u =E.
Css
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Fig. 6.7. RC series circuit.

du
As the current through the capacitor is i :Cd_tc , the equation
by the KVL may be rewritten as

du .
RC—=+uc =E
dt

The solution of the given inhomogeneous differential equation is
written as

Uc = qus + uCt

Before switching at t=0—, the capacitor has not been charged.
After closing a key by the second rule of switching the capacitive
voltage must be the same immediately after switching
uc (0-)=uc(0+)=0
Let's make a characteristic equation and, on solving it, we will
find a form of the free component
pRC +1=0
from where
1
RC’
Then we can determine transient component of the capacitive
voltage as follows

p:

1
-t
uc, =AeP =Ae RC .
Then at the moment of switching we have got
uc (0)=E+A.
From here A=-E.
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Hence, on combining the solution for steady-state and free

components, we will get a transient voltage across the capacitive
element

1
-t
C=E—Eept=E—Ee RC (6.18)

Now we can find the expression for the current response as
1

The time constant t =

du o b
i=cdC _cY9/p_ g RC |-
dt dt
Ly Ly
=C _i —_Ee RC :Ee RC (6.19)
RC R
And the voltage across the resistor
1 1
. E ot el
uR:RI:REe RC =Ee RC (6.20)

A plot of these equations as functions of time is depicted in
Fig. 6.8.
E

ucfﬂ

up(t)

Fig.6.8
Example 6.1. In the circuit of Fig. 6.7 the initial voltage appearing

across capacitor plates is 40 V. The resistance is equal to 02-1080

the capacitance is equal to 10 mF. For the values of the parameters
indicated find the expression for the current which flows when the
switch S is closed.
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Also, find the total energy dissipated in the resistor during the

transient state and compare it with the energy initially stored in the
capacitor.

Solution: Taking voltage drops in a clockwise direction as
positive. Kirchhoff's voltage law applied to the circuit with S closed
yields

1
R|+Ej|dt=o (6.21)

A comparison of Eq. (6.21) with Eq. (6.17) discloses that it is
identical except for the fact that E is zero. Accordingly, the complete
current response for this case follows from Eq. (6.19) upon setting E to
zero. Thus

1,
i——YC, RrC
R
The time constant is t=RC=0.2-10%.10.107% =2 5. During

this time interval, the function i(t) decreases by the factor e = 2.71.
The current solution may therefore be written as

|(t)—— _]/Zt 2. 104 ]7/2t A
0.2-10%
The amount of energy dissipated in the resistor is found from
o [e's)
Wais = jiz (t)dtzj(4 1078 X— 0.2-108¢ 72 )dt =
0 0
=8 10_3[ ] -8:107%J (6.22)

The amount of energy |n|t|ally stored in the electric field of the
capacitor is given by

1

2 1
Wg ==CU
el = 2

210‘5 .40%2=8.107% J . (6.23)

A comparison of Egs. (6.22) and (6.23) shows that all the
capacitor energy is dissipated as heat after the switch is closed.
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6.8 Short Circuit in RC Circuit

In dealing with a current source the resistance and capacitance
parameters are considered to be in parallel as illustrated in Fig. 6.9. A
step-current forcing function is applied to the parallel combination by
opening the switch.

Then by Kirchhoff's current law we can write

J= iR + iC (6.24)
Moreover, the same potential difference appears across R and C.
Hence

t
ficat
Rig =2 6.25
R="¢ (6.25)
There can exist no initial charge on the capacitor because the
switch S is initially assumed closed. Inserting Eq. (6.24) into Eq. (6.25)
yields

t
1
RszC+E£Cm (6.26)

A study of the last equation can be made to reveal information
about the steady-state value of ic without resorting to the operator form
of the governing differential equation and setting p to zero.

'

e i;mw__c

Fig. 6.9. The parallel connection of resistance and capacitance.

First note that the left side of the equation is a finite quantity, JR.
Also note that, as time increases after opening the switch, the
contribution from the integral term becomes larger and larger.

As time gets very large and approaches infinity, the only way the
right side of the equation can remain finite so as to balance the left side
is for the current to approach zero.
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Our experience with differential equations having the form of
Eq. (5.26) tells us that the capacitor carries a transient current given by

ic =i, = Ae V/RC (6.27)
To evaluate A, we need the initial value of ic. This too can be
deduced from Eqg. (6.26) upon inserting t=0+.
In this instance the contribution from the integral term is
infinitesimal so that it follows that

ic=1J (6.28)
Therefore the complete expression for the capacitor current is
ic =Je V/RC (6.29)

The time solution for the current through the resistor is found
from Eq. (6.24) and (6.27). Thus

ig =J —ic =J(1-e VRC) (6.30)
In the configuration of Fig. 6.9 the total source current initially
flows entirely through the capacitor and then, as time elapses, it

gradually transfers to the resistor. At steady-state all the current J flows
through R and none through C.

6.9 Step Response of Second-order System (RLC Circuit)

The behaviour of a circuit or system which contains two
independent energy-storing elements is completely described by a
second-order differential equation.

Because the second-order system occurs frequently in engineering
situations, considerable attention is given here to its analysis, (especially
with a view to putting the results in a universal form). In this way the
results can be applied to second-order systems generally, independently
of their particular composition.

Thus the independent energy-storing elements may consist of
inductance and capacitance or of mass and spring constant and so forth.
The study of the second-order system is important also because the
behaviour of many higher-order systems can frequently be described in
terms of an equivalent second-order system.

Consequently the conclusions developed here can frequently be
applied to such systems with satisfactory results.
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Fig.6.10. The series connection of the resistor, inductor and capacitor.

Let it be desired to find the complete current response in the
circuit of Fig. 6.10 after the switch is closed. Assume that the capacitor
has an initial charge of q,. The governing differential equation for the

circuit is found upon applying Klrchhoffs voltage law. Thus
E=Ri+ |_—+ j idt (6.31)

Equation (6.31) is a second order nonhomogeneous linear
differential equation. Upon introducing the initial condition voltage we
can then write

E- R|+L%+q° —J'udt (6.32)

Rearranging and employing the differential operator, the
expression becomes

OJo i
E—?—LRJr pL + ple (6.33)
or
_ 1 |g_%
_£R+pL+1/pCJ (E CJ' (6.34)

First let us discuss the steady-state solution.

One must remember; to find the steady-state solution for dc
sources for any branch voltage of any energy storage element, we
replace the inductor with a short circuit and the capacitor with an open
circuit. Note that in the series LC problem only the steady-state
capacitor voltage is nonzero and is determined by the remainder circuit.

Similarly, for the parallel LC problem, only the steady-state
inductor current will be nonzero.

The steady-state (or forced) solution is found upon setting p equal
to zero in the last equation which clearly leads to

iss = forced solution =0
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Since the capacitor represents an open circuit to a constant
forcing function, this result is entirely expected.
The first step consists of finding the characteristic equation which
here is readily determined by setting the denominator of Eq. (6.34)
equal to zero. After rearranging terms, we get

R 1
Z(p)=p2 +~p+—=0 6.35
(p)=p +|_p+|_c (6.35)

It is worth noting that this equation also results when the left side
of Eqg. (6.33) is set equal to zero, thus yielding the homogeneous
differential equation in operator form.

Moreover, note that each of the three circuit parameters appears
and that the highest order of ps is 2, which is consistent with the

presence of two independent energy-storing elements. If p;and

p, denote the roots of this equation, the formal expression for the
response can be written as

i(t) = Aie Pt + Aje P2 (6.36)

Although Eq. (6.33) presents a formal solution of the problem at

hand, we are interested in writing this solution in a more useful and

significant form. In this connection, then, let us return to Eq. (6.35) and
write the specific expressions for the roots. Thus

2
R R 1
SR | BLAT) 6.37
PLa==70 (ZLJ LC (6.3

Depending upon the expression under the radical the transient
response can be any one of the following:

(1) overdamped if (R/2L)? > 1/LC;

(2) critically damped if (R/2L)? = I/LC;

(3) underdamped if (R/2L)* < 1/LC.

Now let us investigate each of these three cases in more detail.

The first case: Two unequal real roots.

The characteristic equation has the form

p? +ap+b=0 (6.38)
The two roots are given by

P2 =—%i%\/az —4b, (6.39)

which can be written, by factoring out —a/2, as
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a 4h
P1o=——|1+ /1—— (6.40)

The two roots will be real and unequal if 4b/a2 <1l

Then, from Eq. (6.40) it is clear that if a is positive, both of these
roots will be negative.

For circuits containing positive resistors, inductors, and
capacitors, R, L and C will be positive and also will a .

Therefore, for realistic circuits, both roots will be negative and we
will designate them as p; =—oq; pp =—o,; where aq and o, are
positive numbers.

Therefore transient solution will be of the form

i(t) = Aje Pt + AjeP2t = pe™t 4 Ajem o2t (6.41)
where Ay and A, are undetermined constants.

Thus, the transient solution consists of the sum of two decaying
exponentials, as shown in Fig. 6.11, a. For this case the transient
solution is said to be overdamped.

Ai A bi A
Ae¥ i)
i)
t, 5-7__ r:—
qugf-’zf
@) )

Fig.6.11. Transient solutions for two cases.

Thus, the transient solution consists of the sum of two decaying
exponentials, as shown in Fig. 6.11,a. For this case the transient
solution is said to be overdamped.

The second case: Two equal real roots. If 4b= a?. The radical in
Eq. (6.40) will be zero and the roots will be equal: p; = p, = —fy =—a.
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From mathematics it is known that if among the roots of the
characteristic equation there are two which are equal, the respective
parts of the solution may be written thus

i = AlePt + AptePt = (A] +tAy)e ™™ (6.42)

This solution cannot be reduced any further and that is contains
exactly two undetermined constants. For this case, the transient solution
is said to be critically damped, that is shown in Fig. 6.11, b.

The third case: Complex Roots. Because the underdamped case is
the most interesting as well as the most frequently encountered case,
attention is confined to it throughout the remainder of this section.

The term damping is an appropriate one to use in our description
because, as previously demonstrated, it is characteristic of the resistance
parameter to dissipate energy.

Consequently, its presence serves to prevent an uninterrupted
interchange of energy between the two energy-storing elements. Such an
uninterrupted interchange would constitute a sustained (or undamped)
oscillation.

For the underdamped case, then, the expression for the roots of
the characteristic equation becomes

R 1

; 2
SR AT I 6.43
P12 T (ZLJ T (6.43)

This result is obtained by factoring out the minus sign under the
radical and recalling that j = J-1.

The critical value of damping for fixed values of L and C
corresponds to that value of R which makes the radical term go to zero.

Hence

R. ) 1

| == (6.44)
2L LC

where Rc denotes the value of resistance which yields a critically
damped transient response. In order to express the roots of the
characteristic equation in a manner which makes the results applicable
to all linear second-order systems as well as to provide a quick and
convenient way of identifying the dynamic response, two figures of
merit are introduced and defined.
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Fig. 6.12. Transient current for the case with complex roots.

If 4y2 >1in Eq. (6.45), we can rewrite this equation as
a

a  |4p?
R Y i 6.45
P12 =7 W% (6.45)

So that we will denote the roots as
P12 =3 jog (6.46)
Complex roots always occur in conjugate pairs. Thus, if one root
IS py =—0+ jog, the other will be p, =-8— jo, . From mathematics it
is known that the respective term, say the transient current i, should be

written thus

i = Ae ™ sin (oot +7), (6.47)
where ®, is an angular frequency, and y is called an initial phase
(epoch angle). This is illustrated in Fig. 6.12 and is called a damped
sine-wave. For our case (see Fig. 6.10) the initial phase y=0. The

envelope of the wave is decided by the curve Ae 3 The greater &, the
faster the transient decays. The magnitude A and an initial face of
damped sinusoid y depend on the circuit parameters, initial conditions

and the energy source. On the other hand, o, and & depend solely on
the circuit parameters after switching. The complex frequency o, is
termed the angular natural frequency, and o is the decay factor, or
decrement. The value T = 2%0 is called the period of a function.
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The larger the o, of a circuit the smaller will be the settling

time. Thus if two RLC circuits are compared and each has the same
damping ratio but one has twice the natural frequency of the other, the
transients in the circuit with the larger natural frequency will decay
twice as fast.

6.10. General Outline of Transient Analysis as Applied to
Linear Circuits

Transient analysis as applied to any linear circuit involves
basically the following steps:

1. At first we represent an electric circuit before switching.
Positive directions of currents through inductive elements and voltages
across capacitive elements are assumed. Then one must find
independent initial conditions (that is, the values of currents through
inductive elements and voltages across capacitances immediately before
switching). Independent initial conditions are found by some calculation
method for direct current circuits, if energy sources are dc; or by the
calculation method for sinusoidal alternating current, if energy sources
are ac.

2. Now we represent an electric circuit after switching. Positive
directions are assumed for branch currents and voltages. Positive
directions of inductive currents and capacitive voltages must be the
same, as in the circuit before switching. One must work out the integro-
differential equations for transient, using Kirchhoff's laws.

3. Define the steady-state components of currents and voltages
after switching when transient process has been over. The steady-state
components are found by some calculation method for direct current
circuits, if energy sources are dc; or by the calculation method for
sinusoidal alternating current, if energy sources are ac.

4. The characteristic equation is written down and its roots are
found. Now we can define the law of change of transient components by
the form of the roots.

5. Required values are written down as the sum of steady-state
and free components.

6. Then we can calculate the constants of integration which enter
into transient components. If the transient component contains more
than one constant of integration, it is required to find at first not only the
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values of currents and voltages, but also their derivatives for the
moment of time after switching. The main difficulty of a classical
method just also consists in definition of dependent initial conditions
and the constants of integration.
7. The unknown currents and voltages are expressed as functions
of time in the form of algebraic sum of the steady-state and transient
components (taking into account the calculated constants of integration).

6.11 Determination of Integration Constants in the Classical
Method

The classical method shows that the current flowing under
transient conditions is described by a differential equation whose
solution is the sum of a particular integral (the steady-state component)
and a complementary function (the transient component), The constants
of integration of the complementary function (the transient current or
voltage) are found by solving a system of algebraic equations from the
known roots of the characteristic equation and from the known values of
the transient currents and its derivatives for t = 0+.

Any transient current or voltage may be represented as the sum of
exponential terms. The number of such terms is equal to the number of
roots of the characteristic equation. For any network using Kirchhoff's
laws and the switching rules one can find:

(1) the numerical value of i;(0+), or the transient current at
t=0+;

(2) the numerical value of the first and, if necessary, higher
derivatives of the transient current for t=0+.

Let's consider how the constants of integration A, and A, are

found, assuming that i; (0+) and i'; (0+) and the roots p; and p, are
known. When a network is described by a first-order equation, then
iy = Ae Pt The constant of integration is determined from the transient
current i (0+) : A=i;(0+).

When a network is described by a second-order equation which
has real and unequal roots, then

i =AePlt 4+ Aje P2 (6.48)
Differentiating this equation with respect to time gives
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it = prAe Pt 4+ pyAe Pt (6.49)

Writing Egs. (6.48) and (6.49) for t=0 (and noting that for

t=0, eP1' = eP2t =) gives
it (0+) = Al+ A2
{it'(0+) = p AL+ py A2

Solving these two equations simultaneously gives us unknown
values A, and A,.

If the characteristic equation has conjugate complex roots, the
transient current is given by Eq. (6.47), where the angular frequency o,
and the decay factor & are known from the solution of the characteristic
equation.

So, the transient current is given by

i = Ae Ot sin (0ot + 7). (6.51)
Differentiating Eq. (6.51) with respect to time gives

i't (0+) =—Ade Ot sin(wot + 1) + Awge ™t cos(wot +y)  (6.52)

Writing Egs. (6.51) and (6.52) for the time t =0, we get
it (0+) = Asiny (6.53)
I't (0+)=—Adsiny + Awg COSY . (6.54)

Thus, we have two equations to determine two unknown values:

the constant in integration A and the initial phase vy .

Example 6.2. There were zero initial conditions in the network of
Fig. 6.10 before switch closure. The parameters of the network are E =
60 V, R=10 Q, L=0.1 H, C=10""F. Determine the law according to which
the current vary with time.

Solution: (1) Assign positive directions to the current. The
positive directions for the voltages will, as always, be assumed
coincident with the current.

Before switch closure, the inductive current and the voltage
across the capacitor were zero:

i(0-)=i(0+)=0
Uc (0-)=uc (0+)=0

Hence, we have zero initial conditions here.

In accordance with the second switching rule, they remain zero
immediately after closure of the switch, at t = 0+.

(6.50)
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After switching the key Q is close. The equation by the
second Kirchhoff's law:

UR +uL+uC=Ri+L%+éJ‘idt=E (6.55)

where i and uc are zero initial conditions. Then uy =E=60V .

(2) Consider steady-state condition. Remember: to find the
steady-state solution for dc sources for any branch voltage of any energy
storage element, we replace the inductor with a short circuit and the
capacitor with an open circuit.

Note that in the series RLC problem only the steady-state
capacitor voltage is nonzero and is determined by the remainder circuit.

Hence,

is =0, Ucgs =E=60V .

(3) To find the transient current, represent the current at t = 0+ as
the sum of a steady-state and a transient component

1(0+) =igs (0+) +i; (0+) =0

The characteristic equation of the network

Z(p)=R+ pL+i=O
pC

or
p?LC + pRC +1=0
has two complex conjugate roots
~RC+VR’C®-4LC _-10"°+j6.24-10°°
2LC 2.107°

Since the characteristic equation has such roots, the transient component
will have the form

PLo = =50+ j312 s7L.

i, = Ae ™% sin (312t +7)
where A and y can be found from the transient solution and its first
derivative for t = 0+.

From (1) above, u =E= Lﬂ , from where di _E =600 é/ .
dt dt L S

The function it for t = 0+ is equal to Asiny .
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The derivative of the function Ae " sin (oot +7y) for t = 0+ is

equal to %(OH =-Adsiny + Am, cos. To determine A and y for the

transient component of the current, write two equations:
Asiny=0
{— Adsiny + Awg cos y = 600
Solving them simultaneously gives y = 0°; A=1.92 A.
Therefore,
i(t) =i (t) =1.92e Ot sin 312t .
This function is represented by curve in Fig. 6.13.
The period of the function is equal to T = 2%12 =0.02s, the

time constant Tzﬁzo.OZS. During this time interval, the function

1.92 7% decreases by the factor e = 2.71.
6.12. Complete Response of RL Circuit to Sinusoidal Input

So far in the chapter attention has been confined to just one type
of input, the step forcing function. In this section we now determine the
total response of a series RL circuit when a second type of input, the
sinusoidal function, is applied to the circuit terminals. The circuit
diagram is depicted in Fig. 6.14. The voltage source is assumed to be
varying in a cosinusoidal fashion. When the switch is closed, the
governing differential equation for the circuit becomes

e(t) = Emcosot =Ri + L% : (6.56)
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Fig. 6.14. The circuit diagram with sinusoidal input.
The solution is searched as the sum of two components
i =igg +it.
In operator form the response is

i= E, cos ot 6.57
[R + pJ m R e (657

The forced solution is found directly from the Eq. (6.57). Before
doing so, recall that a considerable saving of effort results when the
cosinusoidal function is replaced by the corresponding exponential
function which contains it. Accordingly, we have

. E ot E
igs = Re{Tme(J‘"t ‘”}:7”1005 (ot —y) =

=1y, cos (ot —vy) , (6.58)
sk
R
It is instructive here to note that the forced solution has the same
form as the forcing function but that it differs in two respects: amplitude
and phase. The amplitude of the current is modified from that of the

source voltage by the factor ]/\/1R2+0)2L2i=]/2. The phase or

argument is altered by the angle .

To find the transient component of the solution, we first obtain
the characteristic equation. This follows upon setting the denominator of
Eq. (6.57) equal to zero. Thus

R+pL=0 (6.59)

where Z =VR? + L ; y =tan

from which p=— %

This is a familiar result and leads to an expression for the
transient solution that is the same as was found for the case with dc
energy source. See Egs. (6.3) and (6.4).
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Thus
R

i, = Ae Pt = Ae L (6.60)
The complete solution is obtained by adding Eq. (6.58) to Eqg.
(6.60), which yields
i =ig +if = I COS (0t —y) + Ae P! (6.61)
The presence of the inductor means that i(0+) =0. Inserting this
result into Eq. (6.61) for t = 0+ identifies the value of A as
0=1Ipcos (—y)+A
from here
A=—ig(0+)=—Ip, cos y
The final expression for the response thus becomes
i(t) =1, cos (ot —y)— 1, ePt cosy (6.62)
A graphical representation of Eq (6.62) appears m Fig 6.15.

Fig. 6.15. The transient response of RL circuit to sinusoidal input.

The transient component of the solution behaves as expected.
Initially it provides a magnitude of current which is equal and opposite
to the instantaneous value of the steady-state current at the instant of
switching. In Fig. 6.15 it is assumed that the switch is closed at the
instant when the voltage has its positive maximum value. Note that the
corresponding steady-state current is not zero at this instant.

In Fig. 6.15 it is shown to have a value Oa. Since the boundary
condition demands that the current at this instant be zero, it is necessary
for the transient term to have a value equal and opposite. This is
depicted as —Oa. As time elapses after switching, the transient term
decays to zero at a rate determined by the circuit time constant, and the
total current in Fig. 6.15 then becomes identical to the steady-state
current.
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The presence of a transient component in the total solution for
the current is called for whenever the initial value of current in the RL
circuit is at variance with the value of the steady-state current it the
instant of switching.

As an illustration, if in the problem just discussed the initial
current flowing through L were equal to Oa there would be no need for a
transient term because the ensuing current would proceed directly into
the steady state.

As a result of the correspondence of the currents before and after
switching, then is no force attempting to bring about an abrupt change in
the amount of energy stored in the inductor.

This behaviour can be described in another way. Let t; in
Fig. 6.15 denote the time when the steady-state current is zero. If the
switch in Fig. 6.14 is closed at this instant, no violation of the boundary
condition occurs; consequently there is no need for a transient current In
such a case the response proceeds directly into the steady state.

Incidentally, note that although the steady-state current is zero
the corresponding value of the applied voltage is not. This is
characteristic of the RL circuit for sinusoidal forcing functions.

Example 6.3. A sinusoidal forcing function e(t) = 141 sin 377t is
applied to an initially de-energized series RL circuit in which R = 100 Q
andL =0.5H.

(a) If the switch which applied the voltage to the RL circuit is
closed at the instant when e(t) is passing through zero with a positive
slope, determine the initial value of the transient current.

(b) Write the complete expression for the transient solution.

(c) Write the expression for the complete solution of the current
response.

(d) At what instantaneous value of the applied voltage will the
closing of the switch result in no transient component of current?

Solution: (a) The general form of the steady-state solution is

s :E—msin (ot —0) (6.63)
VR? + 0?2
This follows directly from Eq. (6.58) except that the sine function
is used in order to make it consistent with the assumed sinusoidal
forcing function. Since w = 377 it follows that
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wL=377(0.5)=188.5 Q
and

VR2 1 212 =11002 +188.52 =213.5Q
Also
0=tant %" =tan11.885=62°
Therefore, the value of the steady-state current at t = 0+, which is
the time immediately following application of the forcing function, is
igs (0+) = E—msin (-0) = 141 in (—62°)=-0.584 A
R2 + 2|2 2135
However, in accordance with the boundary condition the initial
value of the current through the inductance must be zero. That is
1(0) =igs(0+) +i; (0+) + 0
or 0 =-0.584 + iy(0+). Hence the initial value of the transient current is
iy = 0.584 A.
(b) The rate of decay of the transient term is determined by the
time constant of the circuit, which here is
L o5 1
R 100 200
Therefore, the complete expression for the transient term becomes
i, =0.584e 7290t A
(c) Then the equation for the total solution results:
i(t) = 0.66sin (377t — 62°) + 0.584e 7200 A
(d) In order that there be no transient current in the solution, it is
necessary to close the switch at that time instant for which it is zero. A
glance at Eqg. (6.63) shows that this occurs whenever
(ot —y) =0, m, 2mx,...
Choosing the first value, it follows that w? = w = 62°.
The corresponding instantaneous value of the forcing function is
then e = 141 sin 62° =124.2 V. Therefore, if the switch is closed when

the applied voltage has an instantaneous value of 124.2 volts, there is no
need for a transient term and so none exists.
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6.13. Response of RLC Circuit to Sinusoidal Inputs

The treatment of this case presents nothing new in the way of
concepts about transients; therefore, the development of the solution is
kept brief.

The circuit configuration is shown in Fig. 6.16.

With the switch closed, the differential equation for the circuit is

di 1
Em COScotzRi+L—+—_[idt
dt CO

All initial conditions are assumed to be zero.
Proceeding as outlined in the previous section, we can write the
expression for the forced solution directly as
. Em _i(ot— E
_ j(ot—0) _ Em
ic=—-¢ =—-cos(ot—96
5= _-cos(ot - 6)
where now

ol— &

2
Z= R2+(mL—ij and 6=tant —_©C
oC R

Again note that this forced solution has the same form as the
source function but differs in its amplitude and argument.
o K L

|

—— 1)
L +
i
e(t) R ucl:: o
i ——-—

Fig. 6.16. The RLC circuit with sinusoidal source.

Write down the characteristic equation equalled to zero. Thus
R+ pL+%:0 or p2LC+ pRC +1=0
p

This characteristic equation has two roots, p; and p,. Accordingly,
the transient component takes the form (if we have two real roots)

i = Aje PI' cos ot + Aye P2t sin ot
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The expression for the total solution then becomes

. . . E .
i(t)=ig +it = Tmcos(mt —y) + Ae Pt cosot + Aye P2 sinot

Comparing the last equation, the current response of the RLC
case, with the similar one, the current response for the RL case, shows
that the responses differ essentially in the character of the transient
terms. Because the RL configuration involves one energy-storing
element and is described by a first-order differential equation there
occurs just a simple exponential decay of the transient.

The steady-state solution merely rides on this exponential decay,
as illustrated in Fig.6.15. For the underdamped RLC configuration,
however, the transient solution itself involves an exponentially damped
oscillation with definite frequency. Here the steady-state term can be
looked upon as riding on the damped oscillation, as depicted in
Fig. 6.17. It is basically in this respect that the two responses differ.

55 1it)

Fig.6.17. Transient solution for RLC circuit with sinusoidal source.

Example 6.4. In the figure of Fig. 6.18, the switch in the third
branch is to be closed. Before closure the network is in a steady state;

e(t) =127 sin (314t + 40°) volts. The parameters of the circuit are
Ri=R3=50Q, Rp=10Q), L=2H, C=150mF . Find the voltage
across the capacitance after a switching.
Solution: Before closure of the switch
o En 1276l
“IMTR 4R, + X 60+ j628
The instantaneous steady-state current

—0.202¢ 144 A
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iy =0.2025sin (ot — 44°)
At the close of the switch (t = 0)
iy =0.202sin (—44°)=-0.14 A
Write down independent initial conditions
i1(0+)=-0.14 A; uc (0+)=0
Now find the steady-state currents to determine the steady-state
voltage across the capacitor after closure of the switch.

The driving-point impedance of the network
: i
(R + joL)(R3 ——2) .
Zog =Ry + oC” _104.8011%° 0
Ry + joL+Rg— 3
oC

Then

E j4o° .
1y, =oim o 127877y 513150° A
z

Zeq 104807110

The instantaneous steady-state current after closure of the switch
i1ss =1.213sin (ot +50°) A
s (0+) =1.213sin50° = 0.923 A
The complex impedance of two parallel branches is
- j
(Ry + joL)(Rg ——) o
;23 = (DC = 563e_J18 Q
Ry + joL+Rg— 1
oC

The complex voltage across the parallel portion of the network
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=n0 -1 00 . 0
U parm = lym - Z 03 =1.213e1%0" .56.3¢7 118" —68.2¢132" v
Then we can find the current through the capacitor
Uy 68.28j32o
Lam = =50 j213
£3 —Jal.
The steady-state capacitive voltage after closure of the switch
Ucm =lam -(— %j —1.2530 154" .21.3¢7190° _ 06 7¢=136° v
()]

The instantaneous steady-state capacitive voltage and the
instantaneous steady-state currents i, and i5 after closure of the switch

Uc, =26.7sin (ot —36°) V

~1.253¢154° A

Uc (0) = 26.7sin (-36°) =—15.57 V
ip, =0.1Lsin (wt —58°)
i3, =1.253 sin (ot +54°) A
And their values at the moment of switching
Uc (0) = 26.7sin (-36°) =-15.57 V
ip (0) =0.11sin (-58°)=-0.1

i3 (0)=1.253sin54° =1.02
Now find iy (0+). By the first switching rule
i2(0-) =ip(0+) =-0.14 =ip  (0+) +i, (0+);

From here
i2t O+) =i (0+) - iZss (0+)=-0.14+0.1=0.04 A

The transient voltage across the capacitor after closure of the
switch is found by the second switching rule:
uc (0+) =g (04) +uc, (0+);

uc, (0+) =uc (04) ~ucg (0+) =0~ (~1557) <1557 V
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To determine i3 (0+), write an equation for the loop formed

by the first and third branches:
Ryiyt (0+) + Raizt (0+) +uct (0+)
Substituting —0.04+i3(0+) for iy(0+) and noting that
Uc, (0+) =15.57 volts, we get

i (0+) = %75;2 --01357 A

From the equation iz, (0+) = C% we can determine

[dUCtj _igt(0+) _ —0.1357 _ oor e
t=0+

dt C 150.107°
The characteristic equation
p2LC(Ry +Ry) + p[C(R\Ry + RyRg + R{R3 )+ Ly |+ Ry + R, =0
has two roots
pp=-42+ j15.2 575 py=—42 - j15.2 571,
Therefore, the transient component should be given the form
Ucy =Ae —ot sin(gt +7v)

where 6 = 42 and ®, = 15.2. A and y can be found from the transient
component and its first derivative for t = 0+.
To determine A and y for uc, write two equations
Asiny =15.57
-3 Asiny + @, Acosy =-905

Solving them simultaneously gives
A=215andy=137"
Therefore

Uc,, (0) =26.7sin(-36°) = 1557 V

The total voltage across the capacitance

0
Ue =Ucss +Ucy = 26.7sin (ot —36°) + 2156742 sin (15.2t +137°) V
C Css Ct
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6.14. The Laplace-Transform Method of Finding Circuit
Solutions

In dealing with the subject matter of electrical engineering, it is
frequently necessary to determine the solutions of linear differential
equations. In this way information is obtained about the dynamic and
forced responses of a circuit, device, or system to a driving function.
Moreover, the development of methods of analysis, design, and
synthesis as well as the interpretation of associated results are very often
influenced by the particular mathematical formulations used to generate
these solutions.

It is in the interest of furnishing the reader with the most
consistent, systematic, and readily interpretable mathematical tool that
attention is given in this chapter to the Laplace-transform method of
solving linear differential equations. Certainly no more time is needed to
learn the mechanics of the Laplace-transform method than the classical
method. Moreover, the former has some very significant and important
advantages to offer.

In the first place the Laplace-transform method of finding the
solution to a defining differential equation involves a one-step
systematic formulation which yields complete information about the
sustained and transient solutions. This stands in sharp contrast to the
three-part solution procedure of the classical method. In the latter, it is
necessary first to find the particular solution associated with the forcing
functions, then to find the complementary function which is the solution
to the homogeneous differential equation, and finally to evaluate the
constants of integration from the initial conditions.

Although two aspects of the procedure remain the same, namely
finding the roots of the characteristic equation and evaluating the initial
conditions, it often happens that where the governing differential
equation is of an order higher than the second the amount of labour
required to get the solution by the Laplace-transform method is less.
However, by far the more important factor is the systematic formulation
provided by the Laplace-transform method.

It permits the treatment of source functions and disturbances in
the same fashion as initial conditions. This means that the same basic
procedure is used to evaluate the forced solution as is used to evaluate
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the transient solution. This feature is particularly useful because it
allows a unifying approach in the analysis and design of circuits,
devices, and systems which cannot be otherwise achieved.

Thus, for example, in the study of electric circuits it is possible to
treat the more general case of the transient response to deterministic
inputs before the steady-state sinusoidal response. In addition, greater
stress is placed on transform impedance as an operator which converts
forcing function or initial condition to response.

Finally, the mathematical formulation of the Laplace transform
permits a uniformity of analysis and of interpretation of results in
situations which we find constantly recurring in all areas of electrical
engineering and many other branches of engineering and science. Thus
with this approach we will use the same techniques in arriving at
answers to problems irrespective of whether they deal with circuits,
amplifiers, feedback devices, control systems, or analogic computers.

In the treatment which follows, the emphasis is put on the
mechanics of the Laplace-transform method. No attempt is made to
present a rigorous exposition. This is left to books devoted primarily to
that objective. Accordingly, a matter such as obtaining the final solution
to a problem after applying the Laplace transform is accomplished
through the use of tables rather than by means of integration in the
complex plane, which is considered beyond the requirements for
students of this book. When we accept the use of tables as a valid means
of performing the inverse Laplace transformation, there is every reason
to use the Laplace transform as a means of solving linear differential
equations.

6.15. The Nature of a Mathematical Transform

It is the nature of a transform to simplify the analytical procedure
leading to the solution of a problem irrespective of whether the problem
is concerned with numbers, functions, or the calculus of differential
equations. Specifically the Laplace transform is a mathematical tool for
transforming functions. In linear analysis it also serves to convert
operation in time, such as differentiation and integration, into simpler
algebraic functions of an intermediate variable such as multiplication
and division. The idea of using transforms to simplify the procedure
leading to a solution should not be new to the student. It is assumed that
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he has used logarithms. Essentially the logarithm is a number
transform which permits multiplication to be performed by means of the
simpler operation of addition.

The first step in the procedure is to find the transform of each
number. Finally, the solution in the original system of numbers is
obtained by consulting the logarithm table. This last step is known as
performing the inverse transformation through the use of tables. Thus
multiplication, the desired operation, has actually been performed by
addition, a simpler operation, in a transformed domain.

The Laplace transform achieves a similar result but on a different
plane. Instead of simplifying the multiplication of numbers, it is
concerned with functions and the simplification of operations of the
calculus, such as differentiation and integration, into the easier
operations of algebra such as multiplication and division. Note
especially, however, that the method of procedure is identical.

Thus to solve an integrodifferential equation the same basic steps
are involved. (1) The Laplace transform is used to convert the
integrodifferential equation into an algebraic equation. The algebraic
equation is expressed in terms of a new (or transformed) variable. (2)
The simpler operation of solving the algebraic equation is performed in
the transformed domain. (3) The solution in the original domain is
obtained by consulting appropriate tables.

6.16. The Laplace Transform: Definition and Usefulness

A typical form of the differential equations encountered in the
study of electrical engineering is illustrated by Eq. (6.64)

d?i(t) di(t)
A2 dt? thA dt

where f(t) refers to the applied source function, the coefficients A denote
constants, and i(t) is the solution or desired response. A test of the
usefulness of the Laplace transform is that it must succeed in converting
this integrodifferential equation to a form which is easier to handle in
finding the solution. Since Eq. (6.64) involves derivatives as well as an
integral, and because of the importance of preserving the identity of the
response function in spite of these operations of differentiation and

+ Agi(t) - A_lji(t)dt = f(t) (6.64)
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integration, it can reasonably be concluded that the Laplace
transform must in some way involve the exponential function.

It will be recalled that the exponential function has the property
that differentiation and integration always results in a new function
which preserves the exponential character.

A time function (current, voltage, e.m.f.) is written f(t). The direct
Laplace transform of a function f(t) is defined as

F(p)=[ f©edt (6.65)
0

where p is the intermediate or transformed variable

Note that p is part of the exponential function. Equation (6.65)
states that to obtain the Laplace transform of a function f(t) it must be
multiplied by e™ and then integrated from t = 0 to t = o. Furthermore,
in order that F(p) be meaningful, it is necessary that the integral
converge and that f(t) be defined for t > 0 and equal to zero for ¢ <0. In
general the variable p is a complex number such that p=a+ jb, where

ais areal part, and b is the imaginary part.

Accordingly, for most of the functions encountered in electrical
engineering, convergence is ensured by imposing the condition that the
real part of p be positive, i.e., Re [p] > 0. Moreover, because t is used in
this book exclusively to represent time, it follows that p must have the
dimensions of inverse time, which is frequency.

It is for these reasons, then, that the transformed variable is
described as a complex frequency. An examination of Eq. (6.65) then
reveals that after integration many time functions can be expressed in
terms of the complex frequency p, thus emphasizing that the Laplace
transform is a mathematical tool which permits solving time-domain
problems in the frequency domain.

To solve the integrodifferential equation by the Laplace
transform, it is necessary to apply the Laplace integral to each term of
the equation. This converts the original time-domain equation to one
expressed entirely in terms of the intermediate variable p.

The function f(t) is the inverse transform of F. In Eq. (6.64) the
unknown response i(t) is identified in the transform domain as I(p), i.e.,
the correspondence between them is written thus

L[f ®]=F(p). (6.66)
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Also, a glance at Eq. (6.65) shows that L[Agi(t)]=Agl(p).
Thus one of the five terms of Eq. (6.64) is transformed. Let's desire to
find the Laplace transform of a function f(t)=A, where A is a constant.
Substituting A for f(t) in Eq. (6.66) and integrating gives

F(p)= [ AePdt= A(— Ede(e‘pt))} e TI_A L (667)
0 PJy p p
Thus the Laplace transform of a constant may be written as
A
L[A]==
p
or
A= A (6.68)
Y
where .= is the sign of correspondence. Accordingly the imagine of an
exponential function f (t) =e®!,
« < (a—pt|™
F(p):J.e(*te_ptdt:].e(“_p)tdt:e ‘ _ 1 (0_1):L
. . oa-p | a-p p-o
Thus
ot 1 (6.69)
p—a
If f(t)=Ae*,
petot A (6.70)
pFa

In deriving the transform Eq. (6.69), it is taken into account that
the real part of the operator p is greater than o, that is a >a. It is only
then that the integral converges. This transform (6.69) has a number of
important corollaries. Thus putting o = jo gives

pelot A

— (6.71)
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We next turn attention to the first derivative term. How is the
Laplace transform of a derivative term found? The answer to this
question is crucial in establishing whether or not the Laplace transform
is useful in simplifying the solution of integrodifferential equations. To
demonstrate that the Laplace transform does, in fact, achieve this
objective, let us start with the statement that F(p) is the transform of

f(t).We inquire about the transform of a first derivative f (tydt’

knowing that for t = 0, f(t) = f(0). Converting the function df (tydt by
the Laplace transform method gives

Tdf ) ot ¢
gTe pt:ie Ptal £ (t))].

Although we do not as yet know the specific form of f(t), we are
assuming that it is a continuous function for t > 0 and that its Laplace
transform does exist. The right side of this equation is readily
recognized as the integral of the product of two variables. From the
calculus we know that

judv:uv—'[vdu.

The notation procedure in dealing with Laplace transforms is to
use lowercase letters to denote the time functions and capital letters for
the corresponding Laplace-transformed function.

Putting e ' =u and d[f (t)]=dv, and integrating by parts gives

je PLa[f (t)]=e ptf(t)H f(t)d[ pt]
However, et f(t)‘: —0- f(0)=—F(0), and

—j f(t)d[e_pt]: pj f(t)e~Pldt = pF(p).

0 0

Thus the Laplace transform of a derivative term is
df (t)

pm pF(p)— f(0). (6.72)
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Equation (6.72) is significant because it shows that the
Laplace transform of a derivative in the original time domain carries
over as the simpler operation of multiplication by the intermediate
variable p in the transform domain. This result bears out the usefulness
of the Laplace transform, for in transforming differentiation it preserves
the transform of the original time function except for an algebraic
operation. In addition, the term f(0) describes in a direct and formal
fashion the manner in which the initial condition is to be treated.
Extension of the Laplace transform to derivatives of higher order is
readily accomplished by repeated application of the general procedure
implied in Eq. (6.72).

Thus the Laplace transform of the second derivative is

d2f (t)
dt

Therefore, the Laplace transform of the second derivative of the
current i is

— p2F(p)-pf (0)- [df“)} . 6.73)
t=0

ddt'z(t’.— p21(p)— Pi(0) - PI'(0)

Returning to Eq. (6.64) we see that we are now in a position to
Laplace transform each term in the equation with the exception of the
term involving the integral. By following a procedure similar to that
used for differentiation it can be shown that the Laplace transform of an
integral of time may be expressed as

T[j’ f(t)dt}mdt—j[} f(t)dt]d(e Pty =

0L0 0LO
t 0
1 [t e—P“ +1jf(t)e—mdt=@.
Pl 0 py p

The substitution of the upper and the lower limits reduces the first
term of the fight-hand side to zero. The substitution of the upper limit
reduces it to zero by virtue of the limitation imposed of the function f(t)
earlier, namely that the function f(t) should grow with increasing t more
slowly than the exponential function, if at all. The substitution of the

t

lower limit reduces zero because the term j f (t) dt reduces to zero.
0
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Therefore, if f(t).=" F(p), then

t
[t o= FE, (6.74)
0 p

6.17. The Laplace Transform of the Voltage Across the
Inductance

The Laplace Transform of a current i is I(p). Then the transform
of the voltage across the inductance will be u = L% :

To find the imagine of this function we will take the advantage of
the Laplace transform (integrating in parts)

T di < _ bt _ et
UL(p)=IL9e‘p‘dt=Lje—Ptdi=W—e dw = —pe~"dt| _
o 5 dv=di v=i
:iLe_pt‘: ~ [iL(=p)ePdt =0~ Li(0) + pL [ieP'dt =~Li(0) + pLI (p).
0

0
Therefore,

u = L%.:' pLI(p) - Li(0) . (6.75)

6.18. The Laplace Transform of the VVoltage Across a
Capacitor

The voltage across a capacitor, uc, if often given the form
uczij.idt. This form, however, does not specify the limits of
C

integration with respect to time. The more exhaustive form of the
t

capacitive voltage is uUc = uC(O)+EI|dt . This expression takes into
0

account the fact that by time t the voltage across a capacitor is decided

not only by the current through the capacitor during the time interval

from zero to the time t.
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In accordance with Eq. (6.74) the transform of é I idt is

_Ic(:p) , and the transform of the constant u.(0) is the constant itself
p
divided by p.

To find the imagine of this function we will take advantage of
Laplace transform (having presented the integral in the form of the sum
of integrals and integrating in parts) as

0 t o0 ot
Uc(p) = j{uC (0)+éjidt}‘ptdt=uC (O)Ie_ptdt+%jjidte_ptdt=
0 0 00

0

t
:ijidt dw=1i

UC(O) ”udt e Mat=|  Cp C |-
_ 1 _
dv=e Pldt v=—=ge P
Y

t o0
— UC(O)—ie_th.idt
C

] %Tie_ptdt U@, 1p

+ :
p pC

Therefore, the Laplace transform of the capacitive voltage is

_1 j idt +u (0) = '(p) “CFEO). (6.76)

The Laplace transform and the respective inverse Laplace
transform are referred to as a transform pair.

A formal solution to a linear integrodifferential equation is readily
obtained in an intermediate form by Laplace transforming each term.
This procedure leads to the represented results. Here all the circuit
parameters as well as all initial conditions are known.

The only unknown term is F(p). However, the specific form of
F(p) depends upon the nature of f(t). Consequently, we next direct
attention to the evaluation of F(p) for those time functions which are
commonly found in the study of electrical engineering.
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Table 6.1
F(p) f(t)
1 t
=" eTa
p—j(,) e—jwt
; 1 —ot
p(p+a) E(l_e )
L _at
p(p+a) 1-e
1 t
(p+ o)’ e
p B
(0+ )2 (1-at) e
1 t 1 e
p(p+a)? a a2 a2
; —at —bt
(p+a)(p+b) apl &)
R L 1 —at bt
(p+a)(pb) e mhe )
1
p2 a2 =sin (at)
pziaz cos (at)
1
p? t
_— 2
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Once the Laplace transform F(p) is found for a specific time
function f(t), it is tabulated for future reference just as is done for
logarithms or integrals.
Such a tabulation is particularly useful because, as can be shown,
the Laplace transform of a time function, if it exists, is unique. The most
useful of the transform pairs are listed above in Table 6.1.

6.19. Ohm's Law in Operational Form. Internal Electromotive
Forces

Let's consider a part of the complex ramified electrical circuit.
The electrical branch which consists of e.m.f. source and resistive,
inductive and capacitor elements is connected to two nodes a and b. The
current in the branch is directed from node a to node b.

a(t) R
a o O ] f\f\m—”—o
T Tue

Fig. 6.19. A part of the complex ramified electrical circuit.

The switching in other part of the circuit leads to the transient.
Independent initial conditions for a considered section are: the current
through an inductive element i(0)=i(0—) and the voltage across a

capacitor uc (0) =uc (0-).
The voltage between nodes a and b for the circuit after
switching
Uah =@®a —Pp =Ur +UL +Uc —e(t) (6.77)
t

di ; Uc =%J.idt+ uc (0). Substituting these

where up =Ri; u =L—
R L at

values for Ug, U, Uc gives

. di 1.
Uy = Ri+L—+=|idt—e(t). 6.78
b =Ri+L o+ [idt-e(t) (6.78)
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Since the Laplace transform is a linear operator, it follows
that the transform of a sum is equal to the sum of transforms. Therefore,
we may substitute the respective transforms for each of the terms in Eqg.
(6.78), and we get

Uab(p)=Rl(p)+le(p)—Li(0>+piC|<p>+“C—Ff°)—E(p). (6.79)

The effect of the above transformation is that instead of a
differential equation (6.78) we have the algebraic equation (6.79)
relating the current transform I(p) to the e.m.f. transform E(p) and the

voltage transform U 5, (p) . From Eq. (6.78) it follows that

Uap(P)+ E(p) + Li(0)—1c©

1(p) = —" (6.80)
R+pL+—
pC

where Z(p)=R-+ pL+ % is the operation impedance of the branch
p

ab. It is similar in structure to the complex impedance of the same
branch with p substituted for jo.

The term operation impedance is preferred in this description
because resistance, inductance and capacitance are involved.
Furthermore, the adjective operational is used because it is through the
operation of differentiation that the factor p appears in equation as a
multiplier of the both reactive parameters.

The concept of operational impedance is useful because by means
of it one can write the response I(p) caused by a forcing function E(p)
by merely applying Ohm's law in a general form.

Eg. (6.80) may be termed Ohm's law in operational form for the
circuit branch containing a voltage source under non-zero independent
initial conditions.

The term Li(0) is the internal e.m.f. due to the energy stored by
the magnetic field of an inductive element, produced by the current i(0)
through the inductance just before a switching.

The term uc (0)/ p is the internal e.m.f. due to the energy stored

by the electrostatic field of a capacitive element, produced by the
voltage across the capacitor immediately before a switching.
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In a special case, when a branch contains no e.m.f. and when
we have zero initial conditions at the instant of switching, Eq. (6.80)
takes on a simpler form

1(p) =UZ%$). (6.81)

Eq. (6.81) is a mathematical expression for Ohm's law in
operational form for the circuit branch containing no e.m.f., under zero
independent initial conditions.

6.20. Kirchhoff's Laws in Operational Form

According to the first Kirchhoff's law an algebraic sum of
instantaneous values of the currents converging in any junction of an
electric circuit is equal to zero

Zn:ik =0
k=1

The current by means of Laplace transform can be presented in
the operation form. As the Laplace transform is linear, the transform of
the sum is equal to the sum of transforms.

n
D I(p)=0. (6.82)
k=1

According to the second Kirchhoff's law in any closed loop the
sum of the instantaneous voltages across all the sections which enter
into this contour, is equal to the algebraic sum of electromotive forces:

t n
ZRk kK + sz Z[(;Lk jik + Uck (O)J = Zek . (6.83)
k=1

k=1 0

Having transferred to operational imagines, we have got the
second Kirchhoff's law in the operational form as

sz k(p)+z Pk (P) — Lyik (0))+ Z[Ik—(p) uCk(O)j ZEk(p)

k=1 k. PC
or
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D> Zk (P (p) = Z[Ek(p)+ L (0) — UCkp(IO)]_

k=1 k=1
where i (0), uck(0) are initial conditions of currents through
inductive elements and voltages across the capacitive elements in

corresponding branches. In the case of zero initial conditions the second
Kirchhoff's law in the operational form looks like

n n
D> Z (P (p) = D Ex(p) (6.84)
k=1 k=1
Thus, Ohm's law, the first and second Kirchhoff's laws in the
operational form are analogous on a notation to the same laws in the
complex form. In the case of nonzero initial conditions (the general
case), E,(p) also includes all internal electromotive forces.

6.21. The equivalent operational circuit

At a transient analysis by operational method it is convenient to
write down the equations by Kirchhoff's laws at once in the operational
form, and use the calculation methods which are based on Kirchhoff's
equations, such as the mesh-current method, the node-analysis method,
Thevenin's theorem, the superposition theorem, etc.

Each of these combined equations can be written having made
equivalent operational circuit for the rated electrical circuit.

For this circuit each idealized passive element figured in an
equivalent circuit for instantaneous values, should be exchanged by an
equivalent operational figure, and voltages (or currents) of idealized
voltage (or current) sources must be presented by operational images of
corresponding functions.

The relationships between circuit elements for instantaneous
values of currents and voltages and the elements of the operational
circuit are presented at the end of this section..

The internal e.m.f.s caused by a reserve of energy in reactive
elements at the moment of switching, are taken into account here.

In case of zero initial conditions the internal e.m.f.s are equal to
zero. Then there are no internal electromotive forces in the equivalent
operational circuit.



293

iR Ip) R
—_ —
— up — Up(p)
i £ Ilg) _ Eip)
i J iy Jiw)
iy 09 ,p L
oYY T
: Uy (e
s (1)
—~ 5 @ e
——— A | Nl A
— ¥ — Uplp)

6.22. Inverse Laplace Transformation Through Partial
Fraction Expansion

For determination of the original we will present the image
having got in the form of a rational function, by the elementary addends
for which originals are known. Let the image looks like a proper
fraction (i.e. polynomial extent m in a numerator is less than the extent
of a polynomial n in a denominator m <n)

_ F(p)
F(p)= Fo(p)’

and a numerator and a denominator have no common roots.

Now if this form of the p-plane solution were available in a table
of Laplace-transform pairs, the time solution could be written forthwith.
A little thought reveals, however, that such a compilation is impractical
because to cover all cases the table would have to be endless. Therefore
it is customary to make available only a limited number of the basic
forms and then to treat all other cases by reducing them through partial-
fraction expansion into the basic forms.

(6.85)
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To accomplish this in the common case, it is necessary first to
find the roots of this equation by any of the standard methods of algebra.
For the sake of illustration assume these roots are found to be pq,

P, ,...and so on to p, and that each is real. Then Eq. (6-85) may be
rewritten in terms of a partial-fraction expansion as (6-86)

A A A A =i A (6.86)
F2(P) P-PL P-P2 P—Pn o PPk

Now since each term on the right side of this expression is
identifiable in Table 6-1, a complete description of the time solution
merely requires an evaluation of the n coefficients.

Before proceeding further with the partial-fraction expansion as a
means of facilitating the evaluation of the inverse Laplace
transformation, let us formulate the transformed solution of Eq. (6-86)
in completely general terms. Accordingly, we may write

RO A R Ay A g
Fo(p) P-pP1 P-P2 P=Pn (2P~ Pk

Since in the vast majority of physical situations the order of the
denominator polynomial is very often greater than that of the numerator,
i.e., n > m, the partial-fraction expansion is directly applicable. In those
rare cases where n = m it is necessary to do longhand division in order
that F(p) be in the form of a proper fraction. Because of its infrequent
occurrence this case will receive no further attention. Hence in the
material that follows F(p) is assumed to be expressible as a proper
fraction so that partial-fraction expansion is immediately applicable.
However, once this is done, the particular manner of evaluating the
coefficients of the expansion is dependent upon the character of the
roots of F,(p)) in Eqg. (6-87). Attention is now directed to all cases of
interest which arise. Two cases are possible: all the roots are simple, or
some or the roots are multiple. Let's observe these cases separately.

For definition of coefficient A; we will multiply both parts of Eq.

(6.86) by (p— pp) - We will get the following equation

R, o oA
F(p PP AT pl)k;p_pk. (6.88)
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Let's consider the given expression at p approaching p;. The
right-hand side of the equation gives A, and the left-hand side is an

indeterminacy, because (p—p;) with p— p; gives zero and the
denominator F,(p;) with p = p; also gives zero ( p; is the root of the
equation F,(p)=0). Evaluate the indeterminate form by L'Hospital,

rule. For this purpose the derivative of the numerator should be divided
by the derivative of the denominator, and we will find the limit of the
fraction

. F(p) L PPk
= lim 22 (p-p.)=F lim =YK _
A Fo(py P PI=R) I )

. F
P=>pL Fo(p)  Fa(pp)
where F,'(p;) is the derivative of F,(p;) with respect to p; F;'(p;)
is the value of F,'(p) atp = p;; and Fy(py) is the value of F(p) at

P=Ps1-
Therefore, at p — py, Eq. (6.88) may be rewritten thus
A = F]:(pl) '
F2(p1)
Analogically one can determine the remaining coefficients as
_hled (6.89)
Fa(pk)
Hence,
F L L F 1
F(p)=-2lP)_ > -y hlp) (6.90)

Fo(p) &SP-Pk SFa(py) PPk
As it has been shown earlier that
P— Pk
one can find the corresponding time function. The inverse transform of

the left-hand side is f(t); that of the right-hand side is the sum of the
component time functions.
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Noting that F(py)/F2'(px) on the right-hand side of
Eqg. (6.90) are constants, and that the functions of p on the right-hand
side are solely the factors 1/(p — px) corresponding to a time function

of the form e Pkt (see Eq. 6.69), we may write

n
f)=> P gpt. (6.91)
k=1 F2(Px)
The inverse transformation with the aid of Eq. (6.91) is based on
the expansion of the transform into partial fractions of the form

[F1(pk)/ Fo'(pk)][/(p - pK)], whose corresponding time functions

are exponential functions [ (py )/F>'(pk)] et

The expression in the right-hand side of Eg. (6.90) has as many
terms as there are roots of the equation F(p) = 0. The factors
Fi(pk)/F2'(pk) may be likened to the constants of integration of a
differential equation in the classical method of transient analysis.

If one of the roots of the equation F(p) = 0 is p = 0, than the
corresponding term on the right-hand side of Eq. (6.91) will be

n
fy=29 > AP it (6.92)
F2(0) =2F2(px)

The term Fl(O)/ Fz' (0) is the component of the unknown current
or voltage due to a direct-current voltage. If there are no direct-current
voltages in the circuit, this value is equal to zero. If equation F,(p)=0
has complex conjugate roots there is no necessity to determinate the
items in the right-hand side of the expansion theorem for each of
complex conjugate roots separately. It is caused by that the functions
with the real coefficients from complex conjugate values of an
independent variable are complex conjugate themselves. The sum of
complex conjugate magnitudes is equal to the doubled value of the real
part of any of these numbers. Therefore, if roots p; and p, are
complex conjugate it is enough to calculate the value of this function
only for the root p; and find the real part of this term.

R(pye it . Falpo)e P2t _ ZR{MJ- (6.93)
Fa(p1) F2(p2) F2(p1)
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In a general case, when one of the roots, for example pq, in

the equation F,(p)=0 to the power n has a multiplicity m, the rational
fraction can be also apportioned into vulgar fractions

F(p) _ F.(p) _
F2(P)  (p-p)"Fs(p)

:A11+'A&2 +..+ +nAk
PP (p-pp)? (p- pl) kZ:Zp P

py =t [ 97 [(p=p)"R(P) _
U@ dpt L Ra(p) .

1 [dq‘l ((Fl(p)]J
- gp9-t F
CED) dp 3(p) o=y
The apportionment into vulgar fractions can be made by the
method of undetermined coefficients which is related to the solution of

the system of equations, that it is not convenient in practice.
Required time function looks like

" d97 (F(p) m—q
fo= elz(q 1)'(m q)'[dpq‘l(Fs(p)D C

Fl(pk)epkt
k=2F2(Px)

where

(6.94)

6.23. Common steps in operational analysis

Transient analysis by an operational method is made in the
following sequence in connection with the Heaviside expansion theorem:

1. The analysis of a circuit before switching and the definition of
independent initial conditions. It is fulfilled in the same way as in a
classical method of transient analysis. Note that the expansion formula
is applicable under any initial conditions and to practically any drive
wave-forms.
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2. Non-zero initial conditions are dealt with by introducing
"internal" electromotive forces in N(p). Then we formulate an
equivalent operational circuit immediately after switching. This
formulation of an equivalent operational circuit is made by replacement
of energy sources and passive elements by their operational images.

3. Making up the system of equations of electrical equilibrium in
a circuit in an operational form. This system can be generated by any of
methods which we use for the calculation of steady-state rates in the
linear circuits immediately for the equivalent operational circuit.

4. The solution of this system of equations concerning the images
of required currents or voltages. It can be made by any known method.

5. The definition of originals of required currents or voltages. The
process of finding the time solution by going from the p domain to the
time domain through the use of Eq. (6.91) or appropriate tables can be
described as performing the inverse Laplace transformation.

In the next sections we consider the matter of manipulating
complicated expressions of transformed solutions into forms which are
available in our listing of Laplace-transform pairs as presented in table
of inverse Laplace transformations.

If the image of required function represents the ratio of two
polynomials rather p, it is possible to take advantage of expansion
theorem for making up of an inverse Laplace transform.

6.24. Step Response of a Direct Current RL Circuit

As an example we will consider the transient in the direct current
electrical circuit which is presented in Fig. 6.20.

& £

k :el_.z

Fig. 6.20. Series RL circuit.

Appearing in Fig. 6.20 is the circuit arrangement of an initially
deenergized inductor in series with a resistor. It is desired to find the
complete solution for the current when the switch is closed.
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The governing differential equation results on applying
Kirchhoff's voltage law and giving due regard to the conventions of
direction, we may write for clockwise summation round the loop. Hence

E-ri+L 3 (6.95)
dt

The current i is the solution being sought and E is the applied
source function which causes the response i to exist. This equation is a
linear differential equation of first order. It contains a single energy-
storing element as evidenced by the first derivative term.

Because the switch in Fig, 6.20 is initially open, it follows that

i(0)=0.

Since we have a zero initial condition here the internal e.m.f. due
to the energy stored by the magnetic field of an inductive element is also
equal to zero. Then we have the following operational circuit which is
presented in Fig. 6.21. The desired solution in the time domain is
identified as i(t). The corresponding unknown function in the p domain
is called I(p).

Fis

= 1) |32t
£

Fig. 6.21. Operational RL circuit.
Substituting the respective transforms for each term of Eq. (6.95)
gives
E
' I(p) (R+pL).

Therefore, the transformed solution for the response becomes
E E/L
[0 —
R+pL p(p+R/L)
To obtain the time solution which corresponds to Eq. (6.96) we

must perform the inverse Laplace transformation, which requires putting
I(p) into a form whose terms are readily identifiable in Table 6.1. This

(6.96)
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result is achieved by wusing a partial-fraction expansion.
Accordingly, we can rewrite this equation as

E/L E 1

1(p) = == ,
p(p+R/L) L p(p+a)
where a=R/L.
From the table of Laplace transform pairs we find that
1 o laewy
p(p+o) o

Then by the application of this transform we have the following
result

it) = %{ﬁ(l— e (®/ L)t)} =%—E e~ (RIL)L (6.97)

where the term E/R is a steady-state component of the current, and the
term %e‘(R/ Dt is a transient (or free) component of the required

current. Thus, by means of Table 6.1 this operation is carried out by
proceeding from the p-function column to the corresponding time-
function column. It is interesting to note in Eq. (6.96) that the presence
of p in the denominator is associated with the step forcing function, and
this in turn is responsible for generating the steady-state solution. On the
other hand, the operational impedance (R + pL) is associated with the
generation of the transient term, as also revealed by Eq. (6.97).

In many instances in electrical engineering, particularly in control
systems, it is useful to formulate the ratio of the output response (in this
case, current) to the input forcing function (voltage) of the Laplace-
transformed function for zero initial conditions. This ratio is called the
transfer function of the circuit. In the case of the RL circuit the transfer
function can be written as

e _ 1 1 (6.98)
E(p) Z(p) R+pL

Note that it is unnecessary to specify the specific form of the
forcing function. As the right side of Eq. (6.98) indicates, the transfer
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function indirectly conveys information about the transient response
of the circuit. The transfer function involves just the circuit parameters.

6.25. Step Response of a Direct Current RC Circuit

Appearing in Fig. 6.22 is the circuit arrangement of a resistor in
series with a capacitor.

11—

£ _jh.g ::luc

Fig. 6.22. Series RC circuit.

Let us now find the complete expression for the current after the
switch S is closed.

Taking voltage drops in a clockwise direction as positive the
governing differential equation is obtained upon applying Kirchhoff's
voltage law to the closed circuit. Thus

1.
E=R|+Ejldt. (6.99)
Laplace transforming each term yields
E_ 1(p) (R+i)_ (6.100)
P Cp

Because the switch in Fig, 6.22 is initially open, it follows that
uc (0) = 0. Since we have a zero initial condition here the internal e.m.f.
due to the energy stored by the electrostatic field of a capacitive
element, produced by the voltage across the capacitor is also equal to
zero. Then we have the following operational circuit described in
Fig. 6.23.

Therefore, the transformed solution for the response becomes

(- EP __E E 1 _E_1
R+ L P(RCp+1) R 1 R (p+a)
+— p+—
Cp RC

where a=1/RC.
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From the table of Laplace transform pairs we find that

1 _ e—oct
(p+a)

Fig. 6.23. Operational RC circuit
By the application of this transform we have the following result

i@z%eRC. (6.102)

So, by means of inverse Laplace-transformed functions (see
Table 6.1) this operation is carried out by proceeding from the p-
function form to the corresponding time-function form. An inspection
of. the exponential term of the last equation reveals that the time
constant of this circuit is given by t=RC. The complete current
solution in the case of the simple RC circuit consists merely of the
transient term because the capacitor presents an open circuit to the
battery source at steady state. Hence the forced solution is zero in this
instance.

6.26. Step Response of Second-Order system (RLC Circuit)

Let it be desired to find the complete current response in the
circuit of Fig. 6.24 after the switch S is closed. For simplification of the
problem we consider that the capacitor has no initial charge before
switching.

& Fi L
— "
£ "R “ .g::luc
; —
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Because the switch in Fig, 6.24 is initially open, it follows
that uc (0) = 0. Since we have a zero initial condition here the internal
e.m.f. due to the energy stored by the electrostatic field of a capacitive
element, produced by the voltage across the capacitor is also equal to
zero. Then we have the following operational circuit

£ pL
f-\l'-\/-\l
£® ™ L
s TF

Fig. 6.25. Operational RLC circuit.

The governing differential equation for the circuit is found upon
applying Kirchhoff's voltage law. Thus

. di 1.
E=Ri+L—+=]idt. 6.103
dt C-[ ( )

Equation (6.103) is a second-order nonhomogeneous differential
equation because it involves a derivative as well as an integral term.
Laplace transforming each term of the equation yields

E:I(p)-(R+ p|_+i) (6.104)
p pC

The function in brackets on the right side is the operational
impedance of the series RLC circuit. The expression for the current
solution in the p domain then readily becomes

(p)= CE E/L

p2LC + pRC +1 (pz . pR+1j
L LC
A glance at Eq. (6.105) shows that the denominator expression
does not include an p factor standing alone as was the case for the RL
circuit. This means that a constant term in the steady-state solution does
not exist. A glance at the circuit configuration verifies this conclusion
because in the steady state the capacitor presents an open circuit to the
battery so that the particular solution must be zero. It is significant to
note that the quadratic expression in the denominator of Eq. (6.105)
results from an algebraic manipulation of the operational impedance.

(6.105)
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Accordingly, it involves each of the three circuit parameters.
Moreover, the expression is quadratic because of the presence of two
energy-storing elements. From the experience we have gained so far in
evaluating the inverse Laplace transform, we know that the first step in
the procedure is to identify the specific root factors of the poles of the
transformed solution I(p). This then permits a partial-fraction expansion
to be made, each root factor being readily identifiable in Table 6.1.

For each of the cases treated so far there was no need to find the
root factors of the denominator of I(p) because they automatically
appeared in the desired form, as reference to Egs. (6.96) and (6.102)
indicates. This simplicity was a consequence of dealing with first-order
circuits. Before we can proceed further in the solution procedure for i(t)
in the situation now under consideration, we must first find the specific
roots of the quadratic expression. That is, we must determine those
values of p which satisfy the equation

R+ pL+i:O. (6.106)
pC

This expression is called the characteristic equation of the
second-order system. Keep in mind that it results from setting the
operational impedance equal to zero and then performing an algebraic
manipulation which serves to isolate the p? term. The roots of this
equation, which are also the poles of I(p) in this instance, depend solely
upon the circuit parameters. In turn these roots determine entirely the
nature of the transient response. To understand this better, consider that
p. and p, are the roots of the characteristic equation. The formal
expression for the corresponding time solution then becomes

i(t)=A el + APt (6.107)

Thus the characteristic manner in which the transient terms decay
is solely dependent on the roots p; and p,. The total solution in this case
involves only a transient term because, as already pointed out, the
forced solution is zero. As an example we will consider the transient in
the direct current electrical circuit which it is presented in Figure 6.26.

Example 6.5. In the circuit of Fig.6.26, for the values of the
parameters E = 60 V, R; =10Q, R, =20Q2, R3=30Q, L=0.1H,
C=0.002F find the expression for the currents which flow through
branches when the switch S is closed.
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R &
1
| S |
5 3<
Fig. 6.26

Solution: Let's assume, that before switching the installed mode
took place, that is currents through all branches and voltage across the
circuit elements were invariable in time. Let's define independent initial
conditions. The current through an inductive element

iL0)=i_(0-)= E = 60 =1A
Ri+Ry,+R3 10+20+30
The voltage across the capacitive element

60

—— =20V
10+20+30

Then the equivalent operational circuit after switching one can
see in Fig. 6.27. Let's work out the equations by mesh-current method:

uc (0) =uc (0-) =Rai (0-)=20

111(P)(Ry + Ry + pL)— 12(Ry + P|)=%+ Li (0)

—111(Ry + pl)+ |22(|O)(R2 +pL +p_1CJ =—Li_ (0) - uc (9)

We solve the system of equations by a matrix method. Determine
the main determinant of the system:

R1+R2+p|_ —Rz—pl_
A=

1=
-Ry—-pL Ry+pL+—
2—P 2+P oC

=(Ry+Ry + pL)(RZJr pL+p1CJ—(—R2— pL)? =

R R, L
—RR, +RZ + pLR, + pLRy + p21% + L 2 . =
1R2 2 T PLRo + pLR1 + P oc pc'C
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Fig. 6.27. The equivalent operational circuit after switching.

The first additional determinant

E+Li|_(0) -R,—-pL

_[E_ . A e iy 4@ )
_(p+L|L(O)j(R2+pL+pCJ (-R, pL)( Li, (0) . J_

_E+ EpC (R, + pL) + pLi (0) —uc (0) pC(Ro+pL)
p°C '
The second additional determinant

R1+R2+p|_ E-i— LlL(O)
p
Apr = =
“Ry—pL  —Li (0)-tc(P)
p

—(R + Ry + pL)(— Li_ (0)— “C;p)j—(— R, — pL)(%+ LiL(O)J:

_E(Ra+ pL)—RypLiy (0) —uc (P)(Ry+Rp +pL)
Y
Now we can find the equations for currents:
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E +EpC(Ry + pL) + pLip (0) —uc (0)pC(Ro+pL)

p[pZLCRl + P(CR{Ry + L) + (R + Rz)]
_ E + EpC(R, + pL) N Li(0) Cuc (0)(Ro+pL) .
pZ(p) Z(p) Z(p)
(E(Rg + pL) — RipLii (0) —uc (P)(Ry + Ry + PL)IC _
[pZLCRl + P(CR{Ry + L) + (R + R2)]
_EC(Rp+pL) pLCRyii (0) Cuc(p)(Ry+Ry+pL) ,
Z(p) Z(p) Z(p)

where Z(p) =0 is the characteristic equation.

In the given expressions the first terms define transient currents
when the circuit is at the action of electromotive force. Remaining terms
determine the transient currents of appearing in branches at the expense
of nonzero initial conditions of an inductive current and a capacitive
voltage. If it were zero initial conditions, these terms would miss.

As we can see from this example, the operational image of a
current represents a rational fraction where both a numerator and a
denominator are polynomials of the term p.

Now we pass from the image of a current to the original with the
use of expansion theorem in case of the real different roots.

11(p) = E + EpC(Ry + pL) + pLip (0) —uc (0) pC(Rp+pL) _R(p) .

l11(p)=11(p) =

I22(p)=12(p)=

p[pZLCRl + P(CRyRy + L) + (Ry + R2)] pZ(p)’

~ (E(Ry + pL)—RypLiy (0)—uc (p)(Ry + Ry + pL))C _ F»(p)
12(p) = _ .
[pZLCRl + P(CRyRy + L)+ (Ry + Rz)] Z(p)

Let's consider characteristic equation and find its roots:
P2LCRy + P(CR{Ry + L) + (R + Rp) =0

_ —(CRRy + L)+ {(CRRy + L)2 —4LCRy (R, +Ry) ~
- 2LCR; -

P12

~ —(0.002-10-20+0.1) % J(0.002-10-20+0.1)2 — 4.0.1-0.002 -10(10 + 20) ~

2.0.1-0.002-10
=150; -100s™.
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We have got the two real, negative, different in magnitude
roots. Let's observe the receiving of the time solution for the current
which flows through the first branch. As the denominator of the image
contains a factor p we search the current original by the formula

Il(t) — Fl(o) 2 Fl( pk) e pkt

Z(O) = pkZ (py)
F,(0) = E = 60.

F, (~150) = 60 + 60 - (—150) - 0.002 - (20 + (—150) - 0.1) + (—150) - 0.1-1—
—20-(~150)-0.002 - (20 + (-150) - 0.1) = —
F(~100) = 60 + 60 - (—100) - 0.002 - (20 + (—100) - 0.1) + (~100) - 0.1-1—
—20-(-100)-0.002 - (20 + (~100) - 0.1) = —30
Z(0)=R;+R, =10+20=30;
Z'(p)=2pLCRy +(CRyRy + L) ;
Z'(-150) = 2 (~150) -0.1-0.002 - 10 + (0.002 -10 - 20 + 0.1) = —0.1;
Z'(~100) = 2-(~100) -0.1-0.002 -10 + (0.002 -10- 20 + 0.1) = 0.1;

ig (t) = RO, AP e, FalP2) gpat _

20" P12 (pl) P2Z (p2)
_60 (15 st (=30) 00t _
T 20 (“150)(-0.1) (-100)(0.1)

o _1.p7150t g o100t ,

Let's find the receiving of the time solution for the current which
flows through the second branch. As the denominator of the image does
not contain a factor p we search the current original by the formula

Fz( Pk) Pkt .
(0= Z Z (py) )
F,(~150) = (60- (20 + (—150) -0.1)~10- (~150)-0.1-1)-0.002 —
20 (10+ 20+ (~150)-0.1) - 0.002 = 0.3;
F,(~100) = (60 (20 + (~100)-0.1) —10- (~100) - 0.1-1)-0.002 —
—20-(10+ 20+ (~100)-0.1) - 0.002 = 0.6 ;
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|2(t) FZ(pl) pj_t FZ(pZ) p2t 0.3 -6_150t +£.e_100t _
Z'(py) Z'(py) (-0.1) 0.1

_ _3.07150t g o200t

Let's consider the case when we have two conjugate roots.

The roots of the characteristic equation and a form of a free
component depend on the parameters of electric circuit. Suppose, that one of
parameters has changed in the considered circuit (for example, inductance
has increased four times and became equal L=0.4H . Other parameters
have not changed. As independent initial conditions do not depend on the
inductance in a considered circuit, they also remained invariable.

In this case the roots of the characteristic equation look like

—(0.002-10-20+0.4) % /(0.002-10- 20+ 0.4)% — 4-0.4-0.002-10(10 + 20) ~

2:0.4-0.002-10
=-50+j35.4; —-5-j354 5"
Let's observe the receiving of the time solution for the
currents which flow through the branches.
Find the time function for the current in the first branch:

i) =19, 2Re[ alt) epltJ

P12 =

Z(0) mZ (py)
F(0)=E =60;
F(-50 + j35.4) = 60+ 60 - (—50 + j35.4) - 0.002 - (20 + (50 + j35.4) - 0.4) +
+(~50 + j35.4)-0.4-1—20- (-50 + j35.4) - 0.002 x
x (20 + (-50 + j35.4)-0.4) =—0.10 + j42.48;

Z(0)=R;+R, =10+20=30;

Z'(p)=2pLCRy + (CR{Ry + L) ;
Z'(-50 + j35.4) = 2- (50 + j35.4)-0.4-0.002 -10 + (0.002 -10 - 20 + 0.4) =

=—j0.566 ;

L) =50 ope 010+ 74248 (sorjasan |
(50 + j35.4)(— j0.566)

=2+2 Re(1.224e_ j35° ¢ ~(50+ 1'35-4)‘j =2+2.1.224679% cog(35.4t — 35%) =

=2+ 2.448e % sin(35.4t + 55°) A .



310
Find the time function for the current in the second branch:

iz(t):ZRe(—F%(pk)epkt}
Z (px)

Fy (=50 + j35.4) =[60- (20 + (~50 + j35.4) - 0.4) —~10- (~50 + j35.4)-0.4-1) —
—20-(10+20+ (50 + j35.4)-0.4)]-0.002 = — j0.850 ;

iy (t) = 2Re| —19:850 o (-50+ 354t | _ 5 (1'5e j0° o (-50+j35.4)t j _
— j0.566

=360 cos(35.4t) = 3e ™% sin(35.4t + 90°) A

6.27. Complete Response of RLC Circuit to Sinusoidal Input

In this chapter up to this point attention has been confined to just
one type of deterministic input, the step forcing function.

In this section we now determine the total response of a series
RLC circuit when a second type of deterministic input, the sinusoidal
function, is applied to the circuit terminals. The circuit diagram is
depicted in Fig. 6.28.

R L
—

C1 g(t)= Emsmnlmt+ y)
V=
&

—
_

Fig. 6.28. Series RLC circuit with sinusoidal source.

Since our concern is with finding the total solution, it follows that
a steady-state solution as well as a transient solution must be
determined. A point worthy of note here is that we shall be finding the
steady-state solution to a sinusoidal forcing function in a linear RLC
series circuit.

We can do this in a rather simple and direct fashion is attributable
to the use of Laplace transforms as a means of solving linear
nonhomogeneous differential equations. This is just another of the
advantages the Laplace transform has to offer as a solution procedure.
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The operational images of sinusoidal energy sources

Ty S0 (0l 4y B, sin (ot + yn
R —  —

i i

PEL Y + @ Cosy

PEin Y+ ocosy

Py oz p2+m
D—@F—O O—@h—o
Iip) i{p)

The voltage source in the circuit of Fig. 6.28 is assumed to be
varying in a sinusoidal fashion. When the switch is closed the governing
differential equation for the circuit becomes

. . di 1.
Emsin(ot+y)=Ri+L—+=|idt 6.108
(ot +v) | (6.108)

After formulation of an equivalent operational circuit the further
calculation is conducted also as in a case of direct current energy source.
The presence of sinusoidal energy sources leads to appearing of

the factor p2 +®2 in a denominator of the operational image of a
current (or voltage), and accordingly the equation F,(p)=0 will have
two complex conjugate imaginary roots P, =tjo.

The steady-state meaning of the solution will be included into the
Fi(jo) ej(ut
F2(jo)

The calculation of the steady-state component in such a form in
most cases is more complicated than its immediate calculation by a
symbolical method. Therefore, for sinusoidal electrical circuits the
steady-state component is recommended to be determined by a
symbolical method. The operational method should be used for the
calculation only a transient component. Equivalent operational circuits
contain only internal e.m.f.s L|(i|_k (0) and uc, 0)/p.

addends in the form of 2Re
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Example 6.6. Let's consider the circuit (see Fig. 6.28) with the
parameters  e(t) =50sin (200t +30°) V, R; =10 Q, R, =20 Q,
L=0.1 H, C=0.0001 F. Find the circuit current after switching.
Let's calculate independent initial conditions by a symbolical method
(the calculation is made for maximum values of currents and voltages).

XL =0L=200-0.1=20 Q;
1 1

~C  200-0.0001
Before switching the maximum value of the circuit current is

Xe 0Q

|- En _ 50 130°
MR+ Ry + j(X = Xc) 10420+ j(20-50)
The instantaneous value of the circuit current is
i(t) =1.179sin(200t + 75°) A.
Its value at the moment of switching is
i(0)=1.179sin 75° =1.138 A.
The maximum complex capacitive voltage is

~1.179¢i™° A

Ucm =1y Xce 1% 21179617 .50071%° _ 59,930 1% v,
The instantaneous value of the capacitive voltage is
uc (t) =59.93sin(200t —15°) V;
Its value at the moment of switching is
uc (0) =59.93sin(-15°) =-15.51 V.
Let's make an equivalent operational circuit

. ue () 1
R g L

— i)

Ep P W+ m;nsw

p2+III

Fig. 6.29. Equivalent operational circuit.
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When we write transform equations, non-zero independent
initial conditionals are taken care of by introducing “internal”
electromotive sources due to the initial currents through the inductances
and the initial voltages across the capacitances.
The transform of the current after switching is

pSiny + oS y

m
Loy = F(P) _ p* + o’
(M=~ I
pC

+Li(0) - “Céo)

_ (Enp(psiny +ocosy) + pLi0)(p* + %) —uc (0)(p* +*))C
(p? + ?)(p?LC + pCR, +1) '
The denominator of I(p) is directly available. Therefore, a partial-
fraction expansion can be written forthwith.
The sinusoidal function is responsible for the presence of the
purely imaginary complex conjugate poles. At first determine the roots
of the equation F,(p)=0:

F2(p) = (p? + ©*)(pLC + pCRy +1) =0;
(p? +2002)(p?-0.1-0.0001+ p-0.0001-10 +1) =0;
P12 =%j200 s p34=-50+ j312.2 s

Let's transfer from the transform of the current to the current
original. At first we determine derivates of the denominator (at different
roots):

F»(p) =2p(p?LC + pCR; +1) + (p? + ®?)(2pLC + CRy)

F,'(py) =2 j200((j200)2 -0.1-0.0001 + j200 -0.0001-10 +1) =
=—80+ j240 ;

F,(p3) = ((-50 + j312.2)2 + 2002) x
x(2-(-50 + j312.2)-0.1-107* +107 .10 =194.9 - j343.0:
Let us find the values of the nominator (at different roots):
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F(py) =50+ j200 - (j200 -sin 30° + 200 - cos 30°) -10 4 +
+j200-0.1-1.138 - ((j200)? +2002)-107% —
— (~15.51)((j200)? + 2002%)-10™* = —100 + j173.2:

F (p3) =50 (=50 + j312.2)((-50 + j312.2)sin30° +200 - c0s30°)10™* +
+(~50+ j312.2)-0.1-1.138 - ((-50 + j312.2)2 +200%) -10™* -
— (-15.51)((=50 + j312.2)% +200%)-10™* = —223.8— j33.6;

Substitute found values into the initial formula to determine
current original:

2

. F2(py) pktj_

|(t)_2Re§ . e =
[1 Z (pk)

_oRe| Z100+ 1732 jooot , ~223.8- j336 (-s0+jar22)t |
—-80+ j240 194.9 - 343.0

_ 9 Re(0.791e L1 200t | () 5740 J11L1° o (-50+ j312.2)tj _

=1.582cos(200t +11.6°) +1.148e % cos(312.2t —111.1°) =

=1.5825in(200t +101.6°) +1.148e % sin(312.2t — 21.1°) A.

Let's solve the problem by the second method. At first we find the
steady-state values of the circuit current and the voltage across the
capacitor by a symbolic method as

:2n0
“Sm R+ j(X|. —X¢) 10+ j(20-50)
The instantaneous value of the steady-state component is
igs (t) =1.581sin(200t +101.6°) 4.
Find this component at the moment of switching when t = 0:

igs (0) =1.581sin101.6° =1.549 4;

_1.581¢ i1016° .
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By analogy, determine the steady-state component of the
capacitor voltage:

Ucssy = Lssy X e 190° _1 5810 11016° . 506 ~i%0° _ 79 05e116° /.

Ucss (t)=79.05sin(200t +11.6%)V;

Ucss (0)=79.05sin(11.6°)=15.90V.

Let's determine the free components of the current and the voltage
for the capacitor at the time moment.
it (0)=i(0) —ig (0) =1.138 —1.549 = -0.411 4;
ucy(0)=uc (0) —uc & (0) =—-15.51-15.90 = -31.41V

Let's make an equivalent operational circuit for the free
components

ey ()
R Ligm  pr E
P
— L(p)
Fig. 6.30.
The equation for the transient current transform
uc, (0
Lyt @
F1(p) (pLit (0) —uc¢ (0))C
It (p)= E (o) =

2(P) R ypL+ L PALC+pCRy +1
pC

Then we can find the solution for the transient current
Fo(p) = p°LC + pCR; +1=0;
p?.0.1.107% + p-107*-10+1=0;
From where
pr2 =-50 £ j312.2 s™;
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F(py) = ((-50 + j312.2)-0.1-(—0.411) — (-31.41)) -10™* =

= (33.47 - j12.83)-107%;
F,(p) =2pLC +CRy = (2pL + R1)C ;
Fo(py)=(2- (=50 + j312.2)-0.1+10)-10~* = j62.44-1074.

Now one can pass to the transient component of current original:

it(t):ZRe(MepﬂJ:

Fa(p1)
_ el (3347 — j12.83) 1074 o (-50+ 3122t | _
j62.44-107

=2Re [0.574e—1'111-0° o(-50+312.2)t j _

=1.148e 7% ¢os (312.2t —111.0°) =1.148e % sin (312 — 21°) A.

Now we can determine the final form of the total solution for the
current which flows in this circuit when a sinusoidal forcing function is
applied. Thus

i(t)=igs +it.
The result in numbers is
i (t) =1.581sin (200t +101.6%) +1.148e % sin (312t — 21°) A.

The insignificant discrepancies given at the calculation of a
transient current by the first and second methods are explained by the
errors at a rounding off of the intermediate values.

Because we are dealing with linear circuits, the forced solution
has the same form as the forcing function, i.e., sinusoidal.

However, the response differs in two respects: the amplitude and
the argument. Of course the transient solution behaves as expected.

Note that the corresponding steady-state current is not zero at this
instant. As time elapses after switching, the transient term decays to
zero at a rate determined by the circuit time constant, and the total
current then becomes identical to the steady-state current.
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Summary review questions

1. In a linear network what is the meaning of settling time?

2. What is meant by the time constant of a first-order linear
circuit?

3. How are settling time and time constant related in a first-order
linear circuit?

4. Can you speak of a time constant of a higher-order circuit?
Explain.

5.Give a general description of thfc relationship between the time
constants and the settling time of a second-order linear circuit.

6. Is the nature of the transient solution dependent on the type of
source function? Explain.

7. What is the general technique to be used to gain information
about the initial values of the dependent variable in a linear circuit?

8. Describe the role that is served by the transient component in
the complete solution to a first-order linear circuit driven by a constant
source function.

9. A constant source voltage is applied to a series RC circuit with
zero initial charge. Can the current change abruptly at t = 0+ following
application of the source voltage? Explain.

10. Describe the basic notion involved in finding the pulse
response of the series RC circuit. Assume that the dependent variable of
interest is the voltage across the capacitor.

11. Explain why the application of an impulse function to a series
RC circuit gives the appearance of voltage changing abruptly in a
capacitor.

12. Identify the various cases of transient responses that can arise
in a network that has two independent energy-storing elements.

13. Identify the general form of the forced solution of a series RL
circuit when it is subject to a sinusoidal source function. Indicate where
the response differs and is similar to the source function.

14. A sinusoidal source function is applied to an initially
deenergized series RL circuit. The switch that applies the sinusoidal
source to the circuit is closed at that instant in its cycle when the source
voltage passes through zero in moving from the negative to the positive
range of voltages. Is a transient solution generated? Explain.
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15. To what percentage of its initial value does the transient
component of a response function in a first-order circuit reach when the
settling time is measured in terms of three time constants; in terms of
four time constants; in terms of five time constants?

16. A constant source voltage is applied to a series RC circuit
with zero initial charge. Can the current, change abruptly at t=0+
following application of the source voltage? Explain.

17. Explain the effect, if any, of an initial charge on the capacitor
in response to Question 11.

18. Describe the basic notion involved in finding the pulse
response of the series RC circuit. Assume that the dependent variable of
interest is the voltage across the capacitor.

19. Repeat Question 18 for the voltage across the resistor.

20. Define the impulse function mathematically and illustrate
graphically.

21. Explain why the application of an impulse function to a series
RC circuit gives the appearance of voltage changing abruptly in a
capacitor.

22. Why does the impulse response of a circuit appear to be "free"
of a forced solution?

23. Identify the various cases of transient responses that can arise
in a network that has two independent energy-storing elements.

24. How is the damping ratio of an underdamped second-order
circuit defined? What is the specific information about the character of
the transient response that is conveyed by this ratio? Illustrate.

25. How is the equivalent time constant of an underdamped
second-order circuit defined? What is the specific information about the
character .of the ensuing transient response that is conveyed by this
constant? Is this information likely to be slightly pessimistic or
optimistic? Explain.

26. In a series RLC circuit define the critical resistance and
describe its importance.

27. How is the natural frequency of an RLC network determined?
Offer a physical explanation of why the expression for the natural
frequency involves the particular circuit parameters cited.

28. Repeat Questions 24 and 25 for the parallel GLC circuit
which is chosen as the exact dual of the series RLC circuit.
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29. Identify the general form of the forced solution of a series
RL circuit when it is subject to a sinusoidal source function. Indicate
where the response differs and is similar to the source function.

30. Does the character of the transient response in a linear circuit
subject to a step function differ from that obtained for a sinusoidal
source function? Explain.

31. When a sinusoidal source is applied to a deenergized series
RL circuit, is it possible to close the switch that connects the source to
the circuit without incurring a transient current? Explain.

32. Describe briefly the role of a mathematical transform. What is
a transformed quantity?

33. Identify the special quality in the definition of the Laplace
transform of a time function that accounts for its usefulness in the
solution of linear differential equations. How is this usefulness
manifested?

34. State the restriction that is placed on the transformed variable
1 in the Laplace transform of a function and describe its importance.

35. How does the Laplace transform method of solving
integrodifferential equations treat the initial conditions associated with
energy-storing elements? Contrast this procedure with that of the
classical method studied in this Chapter and identify the advantages and
disadvantages of the two schemes.

36. The Laplace transform method is said to provide a systematic
formulation of the solution process of linear differential equations.
Explain and illustrate the meaning of this statement.

37. Describe and illustrate how the Laplace transform of a
deterministic function is found. Does this result need to be found again?
Explain.

38. Describe the importance of a fairly complete table of Laplace-
transform pairs. Illustrate.

39. State the time-displacement theorem of Laplace-transform
theory and explain its importance especially in electrical engineering.

40. State the final-value theorem of Laplace transform theory and
tell why it is useful.

41. Explain what is meant by the statement "performing the
inverse Laplace transformation via tables.” Illustrate.

42. Once a solution of a problem in circuits is found in the
transformed domain (i.e., the s domain), how do you recognize the
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steady-state component of the solution in the resulting algebraic
expression for the transformed solution?

43. Write the expression in the transformed domain for the
current that flows in a series RL circuit that has an initial current i(0) and
is driven by a unit step voltage. Identify the poles of the transformed
current solution that are associated with the steady-state and transient
components of the solution.

44. What is the operational impedance of an RC circuit? Describe
its usefulness.

45. Compare the manner of finding the total solution of the
current response in a series RLC circuit driven by a step voltage by the
classical and Laplace-transform methods. Assume the presence of initial
energy for both energy-storing elements.

46. Explain the meaning of the statement "the characteristic
equation can be found by obtaining the transformed solution of any of
the dependent circuit variables.

47. Distinguish between operational impedance and driving-point
impedance.

48. Describe the general procedure for finding the characteristic
equation of a network that is described by a linear integrodifferential
equation.

49. Explain why the transient solution of a linear network is
always characterized by the exponential function?

50. Describe the procedure that is involved in determining a
specific operational network function.

Problems
6.1. In the circuit of Fig. P6.1, determine the expression for the
source current for all time after closing the switch. Assume zero current

through the coil when the switch is closed.
o 10062

E=100¥ 5002 L=4H

Fig. P6.1
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6.2. (a) In the circuit of Fig. P6.2 with e.m.f. E =100V find
the complete expression of the current which flows through the coil
when the switch is closed.
(b) What is the final value of the coil current?
(c) How long does it take for the coil current to reach 95% of its
final value?

¢

5060

10082 L=4FH
E

Fig. P6.2

6.3. Assuming the coil initially deenergized and the current
source suddenly applied to the circuit of Fig. P6.3, find the total
expression for the current through the energy- storing element.

00 600a
I'=54 L=01H

Fig. P6.3

6.4. The configuration of an RC circuit is as shown in Fig. P6.4.
The initial-condition voltage on the capacitor is zero. Switch Q is then
put to terminal a.

(a) Find the expression for the current through the capacitor.

(b) What is the time constant of the charging circuit? Ten seconds
after switch Q has been at terminal a it is placed at terminal b.

05MQ 4 Op

E=1I]I]Di
— 2MC

pITY g

Fig. P6.4
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(¢) Find the current which flows through the 2-MQ resistor.
(d) Compute the energy dissipated in this resistor after 2 s.
6.5. The circuit of Fig. P6.5 has been in steady state for a long
time with the switch open. Determine the complete time expression for
the current when switch is closed.

© =
R =100 By=150
e W

E=100F L=1H§

Fig. P6.5

6.6. The circuit of Fig. P6.6 is initially deenergized. The switch is
then closed.

R =050 €

E=1000F Fy = Ll —_— O=IuF

Fig. P6.6

(a) Find the expression for the current through R, as a function of
time after the switch is closed.

(b) Repeat () for the current through C.

(c) What is the time constant of this circuit?

6.7. Refer to Fig. P6.7.

R =4K0

; | Oa
| | S| /
E-4DDV — Cw=10
RQ-EIIMQ o

Fig. P6.7.
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() Find the complete expression for the charging capacitor
current when switch Q is put to position a.

(b) After a long time switch Q is placed at position b. Determine
the expression for the current which flows through the 0.1-MQ resistor.

(c) Find the time constant of the circuit of part (b).

6.8. For the circuit shown in Fig. P6.8 determine:

() The characteristic equation.

(b) The time constants at which transients decay in this network.

R =20
1

Fig. P6.8

6.9. The circuit of Fig. P6.9 has been in the condition shown for a
long time. The switch is then suddenly closed.

() What is the value of the voltmeter V before the switch is
closed?

(b) What is the value of the voltmeter V immediately after the
switch is closed?

(c) Find the complete expression for uc after the switch is closed.

(d) What is the value of the time constant of the transient term?

R-50

Cy = 2F

Ry =30

E=20V D —F_EF
|

Fig. P6.9

6.10. The switch Q is initially in position b with zero initial
conditions on C and L. The switch is then put to terminal a moving
along the contacts (heavy lines) in Fig. P6.10.

(@) What is the initial value of the voltage appearing across the
capacitor when Q is switched to a? Explain.

(b) Find the time expression for the current through the capacitor.
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(c) How long does it take in seconds for the transient current
to reach within 1% of its initial value? An approximate answer is
acceptable. After a long time the switch Q quickly moved back to
position b. (d) Obtain the p-domain solution for the current which flows
in the LC circuit.

R=050 Q
_mnnrxé ﬁ:f LR %L 2H
Fig. P6.10

6.11. After the circuit shown in Fig. P6.11 has been energized for
a long time, switch Q is suddenly opened.

(a) Find the expression for the field winding current as a function
of time.

(b) What is the voltage across the a - b terminals at the instant the
switch is opened?

(c) What would be the voltage computed in part (b) if R were
increased by 10 times?

E=1000) L=100H

Fig. P6.11

6.12. The inductor and capacitor in the circuit of Fig. P6.12 are
initially deenergized

E=100¢ CO=1pF

=10

—:I '
10y Fn= I=0:5H —T=iF

Flg. P6.12
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(@) Find the time it takes for the battery current to reach
within 99% of its final value after the switch is closed.
(b) What is the maximum value of the coil current during the
transient state?
6.13. The Laplace transform of a time function is

10
F(p)=———.
pc+4p+8
Find the time function.
6.14. Obtain the time function whose Laplace transform is given by

10
p(p” +6p+8)
6.15. The Laplace transformed solution for the current in a circuit
that contains two energy-storing elements is given by

105
1(p)=——
p(p© +10p+21)

The initial conditions are known to be zero.

a) What type and what magnitude of forcing function was used?
b) What are the characteristic modes of the dynamic response?
¢) What is the final value of the circuit?

6.16. The circuit parameters (Fig.6.16) are Ry =R, =1Q;
L=2H; E=100V . By operator method determine the voltage uy, (t)
and the circuit current i(t) when the key is switched out.

1

(1) L

Fig. P6.16
6.17. The Laplace transform function is given by
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3p+8
p2 +6p+25
What is the corresponding f(t)?

6.18. Compose general expressions for operational resistances of
the following circuits described in Fig. P6.18.

F(p)=

Fig. P6.18

6.19. Find the operational expression for the input current I(p)
and its change in time i(t) when the e.m.f. source (see Fig. 6.19) is
a) et)=E=100V; D) e(t) =100 720 | The input  operator
impedance is Z;,(p)=p +100.

i

F

Fig. P6.19
6.20. Find inductive current and voltage after switching
(Fig. 6.20) if: a) e(t)=E=100V; i(t)=J =10A,

b) e(t)=2003in104t; it)=J=10 A The circuit parameters are
R=10Q; L=1mH.

Fis

2t | LC):(:)

Fig. P6.20
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Chapter 7
NON-LINEAR DIRECT-CURRENT CIRCUITS

Resistive elements for which the volt-ampere characteristic is
other than a straight line are called non-linear, and so the electric
circuits containing them are called non-linear circuits.

A non-linear resistor is one in which the terminal voltage-current
characteristic (U/I in abbreviated form) is not a straight line or does not
pass through the origin, such as is shown in Fig. 7.1. For nonlinear
resistors, the terminal voltage and current are not linearly related. For

example, u= Ri? is a nonlinear relationship since the voltage does not
depend directly on the current but depend on the square of the current.

I MNF,

U —
Fig. 7.1. A general nonlinear resistor and its volt-ampere characteristic.

Non-linear circuit elements may be resistive (non-linear
resistances), inductive (non-linear inductances), or capacitive (non-
linear capacitances). As distinct from linear resistances, non-linear ones
have nonlinear volt-ampere (U/I) characteristics; hence their name.
They may be controlled or non-controlled. Controlled non-linear
resistances have an additional circuit whose current or voltage can be
varied to change the U/l characteristic of the main circuit at will. The
U/l relationships of non-controlled non-linear resistances are single
curves. A controlled non-linear resistance has a set of U/l curves.

The group of non-controlled non-linear resistances includes
incandescent lamps, the electric arc, barretters, gas-filled diodes, glow-
discharge diodes, thyrite and vylite resistors, semiconductor diodes, etc.

The group of controlled non-linear resistances includes multi-
element valves and transistors. Of course, the introduction of nonlinear
resistors into an otherwise linear circuit means that the resulting circuit
becomes a nonlinear one. The analysis of these nonlinear circuits
becomes considerably more difficult than the analysis of linear circuits.
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7.1. U/l Characteristics of Non-linear Resistive Elements

Eleven of the most commonly encountered U/l characteristics of
non-controlled non-linear resistive elements are shown in Fig. 7.2.

At Fig. 7.2, a is the U/l characteristic of metal-filament
incandescent lamps.

As the current through the filament increases, more heat is
dissipated, and the resistance of the filament rises. This type of
characteristic satisfies the identity

1(U)=—1(-V).

Non-linear resistive elements satisfying this requirement have a
symmetrical U/l curve, and, by extension, are called symmetrical.

The curve at Fig. 7.2, b applies to thyrite and vylite resistors,
some types of thermistors, and carbon-filament incandescent lamps.

Thyrite and vylite resistors are manufactured from finely divided
graphite and carborundum. After suitable treatment, the mass is pressed
into discsand sintered. Thyrite and vylite resistors are used in non-linear
bridge circuits employed as automatic voltage deviation indicators and
also in high tension (H. T.) power transmission lines in lightning
arrestors and other protective devices. As the current flowing through
this kind of elements increases, their resistance decreases. Their U/I
characteristics are likewise symmetrical.

The curve at Fig. 7.2, ¢ is associated with barretters. A barretter is
essentially a sensitive metallic resistor whose resistance increases with
temperature. It is usually enclosed in a glass container filled with
hydrogen under a pressure of about 80 mm Hg to prevent environmental
changes in its characteristics.

Barretters are used to stabilize the filament current of valves
against variations in supply voltage, and also as measuring and control
devices. Within a certain current range, the U/l characteristic of
barretters is flat. It is also symmetrical.

As distinct from the three previous types of curves, the one at
Fig. 7.2, d is unsymmetrical. It is typical of semi-conductor rectifiers
(copper-oxide, selenium, silicon and germanium).

The curve at Fig. 7.2,e applies to an electric arc between
dissimilar electrodes, gas-filled thermionic diodes, and some types of
thermistors. As the voltage rises from zero, the current also rises but
very slowly.
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At some definite voltage, termed firing voltage, the current in
the circuit suddenly increases while the voltage across the arc or the
electrodes of a gas-filled diode drops.

The upper portion of the curve shows that the voltage across a
non-linear resistive element decreases as the current through it keeps
growing. This is what is called a drooping characteristic.

ot
—%ﬁ%%ﬁ#

Flg. 7.2. U/l characteristics of non-controlled non-linear resistive
elements

The curve at f is typical of vacuum rectifier diodes (or kenot-
rons). At the beginning, the curve obeys the 3/2 law:

|=au%.

The U/l characteristic of wvacuum rectifier diodes is
unsymmetrical because there is a flow of electrons from the cathode to
the anode only when the latter is positive with respect to the former.

At g is the curve of glow-discharge tubes, such as diode
stabilizers and neon lamps. The name "glow discharge" is due to the fact
that the inert gas filling a tube (neon, argon, etc.) glows on discharge.

As long as the current in a tube remains within certain limits, the
voltage across the tube stays almost constant.

The curve at h applies to some types of point-contact germanium
and silicon diodes, while the curve at i is typical of the electric arc
between similar electrodes.

The curve at j is true of four-layer semiconductor devices, such as
trinistors, and the one at k, of tunnel diodes.
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7.2. Analysis of Non-linear D. C. Circuits

In this text we shall examine elementary non-linear circuits
containing non-linear resistive elements in series, parallel and series-
parallel combinations, and voltage sources, and also complex networks
containing only one non-linear resistive element (or networks reducible
to such).

It should be noted that the linear portion of a non-linear complex
multi-mesh network containing non-linear resistive elements may well
be treated by any of the methods discussed in Chapter 3.

Of course, any conversions involved will be warranted if they
simplify analysis or synthesis of a particular network. One such
conversion, from a delta to a star, facilitating the determination of the
input resistance of the linear portion in a complex network, is discussed
in Sec.7.8.

Of the methods discussed in Chapter 3, the following will be
applied to non-linear circuits in this chapter:

- the nodal-pairs method,

- the parallel-generator theorem;

- the Thevenin equivalent method.

Analysis of non-linear circuits involves knowledge of the
respective U/l curves. As a rule, direct current non-linear circuits are
solved graphically.

7.3. Series Non-linear Resistive Circuits

In the circuit of Fig. 7.3, a, the non-linear resistive element NR is
placed in series with a linear resistance R. The circuit contains a voltage
source E. We inquire about the current around the circuit. The U/I curve
of NRis I = f (Ungr), (see the curve 1 in Fig. 7.3, b), that of R is a straight
line, and that of the entire circuit current (see the curve 2 in Fig. 7.3, b) is

sz(UNR +UR).

Analysis is based on Kirchhoff's laws. We shall discuss two
procedures illustrated in b and c of Fig. 7.3, respectively.

By the first procedure, the resultant U/l curve is plotted for the
entire circuit on the assumption that the same current flows through NR
and R connected in series. To construct it, we set an arbitrary current, as
given by point m, draw a horizontal line through it (Fig. 7.3, b), and add
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the interval mn equal to the voltage across NR and the interval mp equal
to the voltage across R: mn+mp=mq.

7 ME I 1 i UME Ug
[ ]
i -~ i El
L,
”R S Ak
E I E 7
) - . B
b b c

Fig. 7.3. The non-linear and linear resistive elements in series

The point g belongs to the U/l curve of the entire circuit. Other
points of the resultant U/I curve are found similarly.

The current round the circuit for a given voltage E is found
graphically from the resultant U/l curve (Fig. 7.3, b). The value of E is
laid off as abscissa, and a perpendicular is erected from the point thus
obtained. The intersection of the perpendicular and the resultant U/I
curve gives the point g. The ordinate of g is the current we are seeking.

By the second procedure, the resultant U/l curve of the line
portion need not be constructed. Instead, we draw a straight line
described by the function IR+UnNr =E from the point (1 =0, U = E)
to the point (I = E/R, U =0), as shown in Fig. 7.3, c. When the plot is
drawn to an appropriate scale, tan o is numerically equal to R. The
intersection of the straight line and the U/l curve of NR gives the
operating point of the circuit. As can be seen, at this point the same
current flows through NR and R, and the sum of the voltage drops
Unr +URr =E. As the applied voltage changes from E to E;, the line
I = (Ug) should be moved parallel to itself so that it originates at the
point (1 =0,U = Eq) (the dotted line in Fig. 7.3, c).

A similar procedure applies to circuits containing two or more
non-linear resistive elements in series. The first step is to plot the U/I
curve for any two non-linear resistive elements, then for the first two
taken as one and the third, etc.



332

MRl  AMRZ

I Il 2 1
g
, ) Uy
v PN
- E .
ot b P

Fig. 7.4. Two non-linear resistive elements in series

We shall use the second procedure for the circuit of Fig. 7.4, a
containing two different non-linear resistive elements NRI and NR2. The
respective U/l curves, 1 and 2, are shown in Fig. 7.4, b. Since NR2 is
non-linear, instead of the straight line 1 =f(Ug) as in Fig. 7.3, ¢, we
should draw the curve | =f (U,). Its origin is at the point (1 =0, U; = E)
(Fig. 7.4, c). U, is positive to the left of the origin. Since Uyg; IS positive
to the right of the origin in Fig. 7.3, b, and to the left in Fig. 7.4, c, the
I =f(U,) curve is a mirror image of curve 2 in Fig. 7.4, b about the
vertical axis drawn through the point (U; = E).

7.4. Non-linear Resistive Elements in Parallel

Fig. 7.5, a shows two non-linear resistive elements in parallel.
Their U/l curves are shown in Fig. 7.5, b. In plotting the resultant U/I
curve, we start from the fact that the voltages across NRI and NR2 are
equal by virtue of parallel connection, and that the total input current | is
the sum of 1, and I: 15 =11+ 15. The resultant U/l curve is at 3 in

Fig. 7.5, b. It is plotted as follows.
MR i

b 3
I - ¢ 2 .1
I +
£l Il
11-2 J?'-.E 2 - H JT2 - U
o m f
& b

Fig. 7.5. Two non-linear resistive elements in parallel
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On putting U equal to the distance. Om, we erect a perpendicular
from the point m, and add together the interval mn equal to the current
in NR2 and the interval mp equal to the current in NRI:

mn+mp=mq,

where m is equal to the total input current for the voltage Om. Other
points of the resultant U/I curve are found similarly.

7.5. Non-linear Resistances in Series-parallel

In the circuit of Fig. 7.6, a, containing two non-linear resistances
NRI and NR2 connected in parallel, and a third one NR3 placed in series
with them, we inquire about the branch currents.

The U/l curves of NRI, NR2 and NR3 (at 1, 2 and 3 in Fig. 7.6, b)
and the value of E are specified.

The first step is to plot the U/l curve for NRI and NR2 in parallel
as explained in the previous paragraph. It is represented by curve (1 + 2)
in Fig. 7.6, b. This reduces the circuit to a series connection of NR3 and
a combined NR having the U/l curve (1 + 2).

I 142
VA
N -
; 2
Il A - - 1
JT — -
2 ' -
Uiz | U3
- E o
& b

Fig. 7.6. The mixed connection of three non-linear resistances.

We apply the second procedure of Sec. 7.3. Curve 3'in Fig. 7.6 b
is a mirror image of the U/l curve of NR3, about the vertical line drawn
through the point (U = E).

The point of intersection of curve 3' and curve (1 + 2) satisfies the
Kirchhoff's voltage law:

U3+U12 =E.

The sum of the currents 1;+ 1, =I3.
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7.6. Application of the Nodal-pairs Method to Non-linear
Resistive Circuits

Circuits having only a pair of nodes or reducible to such can be
solved by the nodal-pairs method.

We consider its application, taking the circuit of Fig. 7.7 as an
example. The circuit contains three non-linear resistances and three
voltage sources.

e
I -Ig L
MR1 MR MRS
T o TUz T I
B By Eq
b

Fig. 7.7. The circuit with a pair of nodes.
The U/l curves of the non-linear resistances are at a, b and ¢ in

Fig. 7.8.
I I I
1 . o1 2 3
4
) 5 Ul / Uz f—’ U3
7

&t b c

Fig. 7.8. The U/I curves of the non-linear resistances.

To make the problem more specific, we assume E1 > E2 > E3 and
all currents being positive when they flow towards, say, node a. Then,
by the Kirchhoff's current law

|1+|2+|3=0 . (71)

Each of the currents is a non-linear function of the voltage drop

across the respective non-linear resistive element. Thus, 14 is a function
of Uy, I, isafunction of U, ;and I3is a function ofUj.
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Now we write all the currents as functions of a single variable, the
voltage U 4y across the nodal pair a and b, and not of different variables

(Uq, Uy, Ug). This may be done, because

U =E1 —Uap; (7.2)
Uos =Eo —Ugp; (7.3)
Us=E3-Ugp. (7.4)

Thus the problem is to transform the curve 1, =f(U;) into a
curve 1y =f(Ugy), the curve 1, =1f(U,) into a curve I, ="fUy,),
and so on. Let the curve 1, = f(U,) of Fig. 7.7, a be transformed to the
curve Iy =fUg,,) of Fig. 7.9.

For point 5 the coordinates are 1, =0 and U; =0, and U, =E;
(see Eqg. 7.2). In other words, the origin of the curve 1y =f(Ug,) is
shifted to the point Uy, =E;. When U;>0, U; increases with
decreasing U,y . For point 2 and U = E;, the voltage Uy, =0. When
U; <0, |Uq| increases with increasing U ,p, and U 5 > E;.

B
= >
JT]_ ) E2 .
| B g
Jl__—py— —
______ A ]
2 m \ Uab
\ 1
Uyhr )
I3 _______:_:;:‘3" y;
Eﬂﬁ' = UQ,E; B Ul N
Fig. 7.9 Fig.7.10

To sum up, the following steps may be recommended for the
transformation of the curves:
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1. Shift the curve 1, = f(U,) parallel to itself so that its origin is
at the point U 5, = E;. The shifted curve is shown by the dotted line in
Fig. 7.9.

2. Draw a vertical line through the point U4, = E; and construct
a mirror image of the dotted curve relative to the vertical.

The same procedure is to be followed for the curves of the other
branches. Now we plot the curves I;=fUg,), lo=f(Ug) and
I3 = f(Us) together, as shown in Fig. 7.10 (where they are marked 1, 2
and 3, respectively) and draw the curve 1y +1, +13=f(U,,) marked
4 in the same figure, by adding together the ordinates of curves 1, 2 and
3. The intersection of curve 4 and the x-axis (point m) gives the value of

U, Which satisfies Eq. (7.1). Now erect a perpendicular from this point
to the abscissa axis. The ordinates of the intersections between the

perpendicular and curves 1, 2 and 3 identify the currents 1, I,and I3
both in magnitude and in direction.

7.7. Application of the Parallel-generator Theorem

to Networks Containing Non-linear Resistances and E.M.F.s

Let there be a network of several parallel branches containing
non-linear resistances and e. m. f.s, which is part of a more complex
network not shown in the figure (Fig. 7.11, a).

We inquire about the e.m.f. and the U/l curve of a non-linear
resistance that would form an equivalent circuit (Fig. 7.11, b) for the
original network of Fig. 7.11, a. If the single branch of Fig. 7.11, b is to
be equivalent to the network of Fig. 7.11, a, the current | in the common
part of the network of Fig. 7.11, a should be equal to the current I in the
circuit of Fig. 7.11, b for any value of U 4.

Let us make use of the curves of Fig. 7.10. Curve 4 in that figure
is described by 11 +15 +13=f(Ug,). In other words, curve 4 is the

resultant U/1 curve of three parallel branches. The branch of Fig. 7.11, b
should have a similar U/l characteristic. If the current | in the circuit of

Fig. 7.11, b be zero, then Uy, = Eeq . Consequently, Eeq of Fig. 7.10 is

decided by the value of U 4, at which curve 4 crosses the x-axis. To find
the U/l characteristic of the non-linear resistance equivalent NRE in
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Fig. 7.11, b, one should reflect curve 4 of Fig.7.10 about the
perpendicular erected from point m.

The U/I curve of NRE is shown in Fig. 7.11, c. It is important to
note that application of voltage sources in the parallel branches makes
the U/l curve of NRE unsymmetrical, although those of the original non-
linear resistances in Fig. 7.7 are symmetrical.

f 1 I

[“) o
N I I !
MR nR2M MR3 NRE
B E; By Fag v
b+ I
P b e

Fig. 7.11. lllustration to application of the parallel-generator theorem.

In other words, by varying the voltages in the parallel branches of
a network, it is possible to control the resultant U/l curve of the network
at will and produce any forms of characteristics.

7.8. Application of Thevenin's Theorem to Non-linear
Networks

If a complex network contains a branch with a non-linear
resistance, the current in that branch can be found by use of Thevenin's
theorem. The first step is to remove the branch and to replace the
remaining network by an active two-terminal circuit (Fig. 7.12, a).

As stated in the equivalent-generator method, an active two-
terminal network can be replaced by the Thevenin equivalent which
consists of a voltage source in series with a source resistance.

The source voltage is equal to Ug,, appearing across the
terminals ab of the original network under open circuit, and the source
resistance R, is equal to R;or that presented by the box to the terminals

ab with all independent sources removed, e.m.f. sources short-circuited
and current sources open-circuited (Fig. 7.12, b).
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The current in the network of Fig. 7.12, b is easy to determine by
reference to the section where the equivalent-generator method was
explained (see Ch. 3.14).

R‘!.
) | I o
A
MR E=U_n MNE
b b
& o]

Fig. 7.12. Active two-terminal circuit
Example 7.1. Find the current in the branch ab of the network of
Fig. 7.13, a by Thevenin's theorem for Rj=R;=9Q, R, =36 Q,
R3=27Q, R4 =18Q, E=60V. The U/l curve of the nonlinear
resistance NR is shown in Fig. 7.14.

Fig.7.13

Solution: Imagine the terminals ab open-circuited and find the
open-circuit voltage. For this purpose we use the mesh-current method
and write the system of two equations for two independent contours:

l11(Ry +Ro+R3 +Rg) —122(R3 + Ry) =0
—1220(R3 +Rg) +122(R3 +Rq4 +Rp)=E

On solving the system of equations we get mesh currents
111 =0.95 A; I, =1.9 A. Then actual currents I, =0.95 A; I, = 1.9 A.
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Now one can find the open-circuit voltage
Uapoe = Rals — Ryly =17 volts.

To determine the resistance R presented by the linear portion to
the terminals ab, it is necessary to transform the delta formed by
R1, Ry, Rg in Fig. 7.13, b into an equivalent star (Fig. 7.13, c) by use
of Egs. (3.28):

. Ri-Ry 936 .
> R +Ry+Ry 9+36+9 ’
R;{-R
Rg=——1—0—=150Q;
R1+R2+R0
R, -R
Ry=—2 0 _6Q
R1+R2+R0

Then we can determine the input resistance by the following
equation:

. (Re +R3)(R7 +Ry)
R6 + R3 + R7 + R4

Rin =Rsg

=19 Q

a0 U

Fig. 7.14. A volt-ampere curve.

To find the current in branch ab (see Fig. 7.13, a), we draw a line
mn (see Fig. 7.14) from the point m (U, =17 volts) at an angle y from
the vertical, whose tangent (with the scales of abscissa and ordinates
suitably chosen) is equal to R;.

The point n at which the line mn intersects the U/l curve of the

non-linear element gives the operating current of the network
1=08 A
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7.9. Static and Incremental Resistances

A complete description of a non-linear resistive element or circuit
can be given either in the form of its U/l curve or by its static and
incremental resistances as functions of current or voltage.

The static resistance Rg of a non-linear resistive element is the

ratio of the voltage across, to the current through, the element
Rgt =— . (7.5)

Numerically, the static resistance is equal to tan a in Fig. 7.14. On
moving from point to point on the U/l curve of a non-linear resistive
element, its Ry Vvaries describing the behaviour of the element under
conditions of a steady-state current.

The incremental resistance Ry is the ratio of a small

(theoretically infinitesimal) increment in the voltage across a non-linear
resistive element to a similar increment in the current through the
element
_du
dl
where dU is the incremental voltage, and dl is the incremental current.
Numerically, the incremental resistance is equal to tan g
(Fig. 7.14) and describes the response of a non-linear resistive element
to very small departures from a previous state.
The above relation can be restated in order to relate the

incremental voltage across a non-linear resistive element to the
incremental current through it

dU =Rydl (1.7)

If the U/I curve is drooping (that is, when the voltage is increased

by dU, the current decreases by dl), as in the electric arc

(see Fig. 7.2, e), the incremental resistance is negative and one speaks of
a negative-resistance element.

Of the two quantities, Rg; and Ry the latter is used more. It

appears in the equivalent circuits of non-linear resistive elements (see
the following section) and also in stability studies of non-linear circuits.

Ry (7.6)
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7.10. The Thevenin Equivalent of a Non-linear Resistive
Element

When it is known in advance that a given non-linear resistive
element is to operate only within a limited range of its U/l curve and
that this range may, to a good approximation, be replaced by a straight
line, the element in guestion may, for design purposes, be represented
by a voltage source in series with an equivalent linear resistance (the
Thevenin equivalent).

Let the operating point of a non-linear resistive element be within
the interval ab of the curve in Fig. 7.14 (see also Fig. 7.15). For this
interval

U=U,+Itan B=U, + | Ry (7.8)
Equation (7.8) is satisfied by the circuit of Fig. 7.16 where
E =-Uj and the linear resistance R=Ry .

v b I

a@é R=FR; |U
U, ;_;’ ! E

Fig.7.15 Fig. 7.16

An attractive feature about the replacement of a non-linear
element or circuit by the Thevenin equivalent is that the transform
circuit becomes linear and can be solved by methods applicable to linear
circuits.

Of course, it is essential that the operating point remain within the
linear portion of the U/I curve.

Example 7.2. Present the interval bc of the U/l curve in Fig. 7.14
analytically.

From Fig. 7.14 one can find Uy, =-50 V (point "d") and

Ry =tanp=507 o0 =570.
Consequently, U =-50+571 (approximately).
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7.11. Current Stabilizers

Non-linear resistive elements can and do impart to electric
circuits properties unattainable with linear elements. Some of these
properties are current and voltage regulation, dc amplification,
logarithmic and exponential function generation, etc.

The term current stabilizer (or regulator) applies to a device
capable of maintaining a constant load current against variations in the
load resistance or the input voltage of the entire network.

A variety of circuits exist for current regulation. The most
commonly used and, at the same time, the simplest circuit is the one
shown in Fig. 7.17, a.

In this circuit a non-linear resistive element of the barretter type,
B, is placed in series with the load R| Fig. 7.17, b shows the U/l curve

of the some barretter Type 0.3 B17-35. The first numeral in the type
designation gives the amperes the barretter will maintain constant, while
the numerals "17-35" give the volts across the barretter over the current
regulation range.

B

lU R

v

a b
Fig. 7.17. The non-linear barretter and its U/l curve.

Example 7.3. A Type 0.3 B 17-35 barretter is used to regulate the
filament current of a valve. The rated filament current is 0.3 ampere and
the filament voltage is 6 volts.

Find the range of the input voltage for which the filament current
will remain practically constant at 0.3 ampere.

Solution: The filament resistance of the valve

R, = 65 _ 20Q.
0.3

We draw two straight lines through the points a and b
(Fig. 7.17 b) bounding the current regulation range, so that they make an
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angle a with the vertical (tan o = R, = 20 ohms). From Fig. 7.17, b it

can be seen that the input voltage U can be varied from 23 to 41 volts.
Example 7.4. A series resistance R; is placed in the circuit of
Example 7.3. Holding the input voltage constant at 41 volts, find the
maximum value of R; at which the current will remain constant.
Solution: If Ry = 0 and U = 41 volts, the operating point of the
circuit will be at b (Fig. 7.17, b).
As R; is increased, the operating point on the U/l curve shifts
towards the point a. In the limit at the point a

m
mj

7.12. Voltage Stabilizer

By voltage stabilizer (or regulator) is meant a device the output
voltage U_ of which is held constant or almost constant against
variations in the load resistance R or the input voltage U;.

An elementary voltage regulator is shown in Fig. 7.18, a. It uses a
stabilivolt as the voltage-regulating non-linear element, and a ballast
resistor Ry, . The volt-ampere curve of a stabilivolt 150C5-30 is shown in
Fig. 7.18, b.

oy

Fig. 7.18. A voltage regulator and its volt-ampere curve

An analysis of voltage-regulator operation involves the
determination of the range within which U; may vary when R =

constant and also its operation when both U, and R|_ vary.
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It is usual to evaluate the operation of voltage regulators in terms
of the stabilization factor which is the ratio of the fractional increment in
the input voltage (AU4/U;) to the fractional increment in the output

voltage (AU /U ) Consider two numerical cases.
Example 7.5. In the circuit of Fig.7.18, aR| = 8 kilohms,

Rp = 2 kilohms. The U/I curve of the stabilivolt is shown in Fig. 7.18, b.
Find the range of U; within which the stabilizer will maintain a constant
voltage of 120 volts.

Solution. By Thevenin's theorem, the open-circuit voltage of the
stabilivolt is

URL
RL + Rb
The resistance of the linear part of the network (Fig. 7.18, a)
looking into the terminals ab
RLRp

Rj =—————=1600Q.
RL +Rp

Uapo = =0.8U;.

We draw two straight lines (shown by the solid lines in
Fig. 7.18, b) through the points m and n on the U/I curve at an angle o to
the vertical so that tan o =R; =1600 Q.

The segments cut off by the straight lines on the axis of abscissa
give the open-circuit voltage U, Referring to the diagram,
0.8U1pmin =120 volts, and Uqpin =150 volts.

Similarly, 0.8Ujmnax =180 volts, and Ujmnas =225 volts.

Consequently, U; may vary from 180 to 225 volts.

Example 7.6. For the network of Fig. 7.18, a, R, = 2 kilohms, the
volt-ampere curves of the stabilivolt as shown in Fig. 7.18, b, and
U; = 200 volts, find the range of R within which the stabilizer will

perform its function.
Solution. By Thevenin's theorem, the open-circuit voltage of the
stabilizer is

_UgR 200R_

" R_+R, Ry +2000

The resistance presented to the terminals of the network is
R -Rp,  2000R_

R_+R, R +2000

Ug

Rj =tan o=
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Now we inquire about the values of R at which the straight
lines representing R; will pass through the points m and n on the U/I
curve of the stabilivolt.

In our example, neither tan o nor the abscissa from which the
lines are to be drawn are specified. So, our approach will be one of trial
and error. Setting various values to R, we compute the respective

values of Up and R;
R, kilohms 2 3 4 5 6 7

Uy, volts 100 120 133 143 150 156
R, ohms 1000 1200 1330 1430 1500 1556

Referring to the table, we draw several straight lines and select
those passing through the points m and n on the volt-ampere curve
(shown by the dotted lines in Fig.7.18,b). Accordingly,
RLmin = 2.4kilohms and R| yax = 4.2 kQ.

7.13. D.C. Voltage Amplifier

A direct current voltage amplifier is a device the incremental
output voltage of which is greater than its incremental input voltage.
D.c voltage amplifiers often use controlled non-linear resistive elements,
such as vacuum triodes and transistors.

Fig. 7.19 shows the anode characteristic of the 6C2C vacuum
triode. It relates the anode current |, of the valve to its anode voltage

U, for several values of its grid voltage U .

In the d.c. voltage amplifier of Fig. 7.20, the input (signal)
voltage is applied to the valve grid, while the load resistance R is
placed across the output of the amplifier (terminals ab).

The grid, being closer to the cathode than is the anode, has a
greater effect than the anode field on the electron flow from the cathode.

Therefore, even relatively small variations in the grid potential
bring about marked changes in the anode current and the output (load)
voltage. For the anode circuit

E,=U,+1,R,..
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The relationship between the load voltage (1R =E5; —U,) and
the input voltage U 4 is represented by a set of curves in Fig. 7.18.

I, millicenper es

an =[0
KIE
F L [
a0 [/ /{f
VA L b
7 A L]
1] AT = = 2

40 50 160 240 320 I7,, wolfs

Fig.7.19. The anode characteristic of the 6C2C vacuum triode

Example 7.7. Plot, the curve U =f(Ug) for the circuit of

Fig. 7.20, a, if R = 12 kQ and E, =240 volts. The valve is a 6C2C
triode.

0 liII EIIII Ug, ¥
i b
Fig. 7.20. The voltage amplifier
Solution. We draw a line from the point (1, =0, U, =E) at an

angle o from the vertical (tan o = 12 ohms) as shown in Fig. 7.20, b.

Its intersections with the anode curves give the respective values
of I;andUg.

The curve U = f(Ug) differs from the curve I, =f(Ug) of
Fig. 7.20, b only in scale (U =1,R, with R_ = constant).
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Summary review questions

1. Describe in some details what do you know about non-linear
elements.

2. Explain the difference between controlled and non- controlled
non-linear resistances. Give the examples of controlled resistances.
What non- controlled resistances do you know?

3. Which resistive elements have a symmetrical volt-ampere
curve?

4. What methods of calculation might be applied to non-linear
circuits?

5. Describe the procedure of the calculation of series non-linear
resistive circuits. What laws is this analysis based?

6. What can you say about the application of Thevenin's theorem
to non-linear network?

7. What elements does the Thevenin's equivalent consist of?

8. How are non-linear circuits usually solved?

9. What is called a static resistance? How can one determine it?

10. What is called an incremental resistance? How can one
determine it?

11. Is the incremental resistance negative or positive if the V/A
curve is drooping?

12. Define the current transfer ratio of the semiconductor diode as
used in the common-base circuit configuration. Why is current transfer
ratio of the semiconductor diode always less than unity?

13. What device is called a current stabilizer? What do you know
about this device? What is a current regulator used for?

14. What device is called a voltage stabilizer? What does the
analysis of voltage-regulator operation involve?

15. What is called a stabilization factor?

16. What device is called a d.c. voltage amplifier? When is it
appropriate to do amplifier analysis by linear models?

17. Draw the anode characteristic of a vacuum triode.

18. Draw the linear equivalent circuit of the amplifier and identify
the meaning of each circuit parameter and each circuit variable.
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Problems

7.1. Find the current in the branch ab of the network of
Fig. 7.13, a by Thevenin's theorem for Ry = Ry = 2 Q, R, =8 Q,
R;=4Q, R,=6Q, E = 50 volts. The U/l curve of the nonlinear
resistance NR is shown in Fig. 7.14.

7.2. For the network of Fig. 7.18, a, R, =2kQ. The V/A curves
of the stabilivolt is shown in Fig. 7.18, b, and U; = 250 volts. Find the
range of RL within which the stabilizer will perform its function.

R v
40 Ry
NFy MRy 20
M
0 2 4 6
o b

Fig. P7.1

7.3. Draw a volt-ampere characteristic U = f (1) of the circuit

described in Fig. P7.1, a. U/l characteristics of non-linear elements NR1
and NR2 are shown in Fig. P7.1, b. The value of linear resistor R = 5Q.

fomA
Ry
fi
4
W 2
1]

40 a0 LoV
e b
Fig. P7.2

7.4. In Fig. P7. 2, a there is the circuit being used for definition of
a time constant of the thermistor which is switched on in a branch of the
bridge (a volt-ampere characteristic of the thermistor is presented in
Fig P7. 2, b), if Ry =30 kQ, R, =10 kQ, U;, =120V .

One must find:

a) the resistance Rz at which the bridge is balanced;

b) output voltage U, if the input one U;,, decreases by 20 volt.
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In both cases find static Ry and incremental Ry resistances of the
thermistor.

7.5. In the circuit (see Fig. P7.3) one must define all the currents
and the voltage across NR. The volt-ampere characteristic of non-linear
resistance is depicted in Fig. P7.3, b (curve 1). The circuit parameters:
E;=18V; E; =6V ;J=1A R =3Q; Ri=6Q.

J
I I A 1

I
5(1) | ﬂf\ﬂ? 3
R1 o 1

L i 4 7 oy
et b
Fig. P7.3
7.6. Find the current through non-linear resistance NR in the
circuit in Fig. 7.4 and the values of static Ry and incremental Ry

resistances if this current flows through the resistance. The V/A curve of
NR is in Fig.P7.3,b (curve 2). The circuit parameters: E=20V;

J=5A; R; =3Q; Ry, =2Q. How will the current through NR and the
values of Ry and Ry vary if the polarity of a current source changes?

Rl E MR

P

1
| S|

v
L
Fig. P7.4

7.7. Calculate the current through non-linear resistance NR (see
Fig. 7.5, a), if the circuit is supplied:

a) from the e.m.f. source E=24V;

b) from the current source J =2 A.
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The V/A characteristic of NR is given in Fig. 7.5, b. The circuit

parameters: Ry =Ry, = =40Q; R3=3€Q; R4 =1Q. Determine the
working rate of NR, find the currents in all the branches of the circuit.
5
f,j —
D) & ® Y -
2
Ry
| I |
i 2 4 Uv
b k
Fig. P7.5

7.8. In the following circuit in Fig. 7.6 calculate the currents in all
the branches. The volt-ampere characteristic of two similar non-linear
elements is depicted in Fig. 7.3, b (curve 1). The circuit parameters:
E=20V; J=3A R =Ry;=R3=20Q.

E
FN

=t
ARy Ry JC) )#f‘mz

R

1
| |

Fig. P7.6

7.9. Two incandescent lamps are connected in a parallel through
the resistor R=50Q, and attached to the voltage source E=0.68V ,
Fig. P7.7. The V/A characteristic of lamps is possible to express
analytically: 1, =0.06U; +103UZ; 1, =0.04U, +0.6-10 U3 . Find
currents and voltage in lamps.

F | 2

Fig. P7.7
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Chapter 8

PERIODICAL NON-SINUSOIDAL CURRENTS IN LINEAR
ELECTRICAL CIRCUITS

8.1. Periodical Non-sinusoidal Currents and Voltages Defined

In practice one often encounters alternating currents which are
periodic but whose waveform is other than sinusoidal.

Non-sinusoidal waveforms can be produced in four
fundamentally different sets of circuit conditions.

In the first case, a voltage or current source generates a non-
sinusoidal electromotive force or current, while other circuit elements
(resistances, inductances and capacitances) are linear, that is,
independent of the magnitude of current.

In the second case, a voltage or current source generates a
sinusoidal electromotive force (e.m.f.) or current in a circuit with one or
several nonlinear elements.

In the third case, the source generates a non-sinusoidal e. m. f. or
current, and the circuit incorporates one or several non-linear impedances.

In the fourth case, the source generates a direct current (d.c.) or
sinusoidal e.m.f., while one or several circuit elements vary periodically.

This chapter deals with the design and performance of linear
electrical circuits carrying non-sinusoidal voltages or currents, which
fall under the first set of circuit conditions. The second and, partly, the
third case and the fourth are discussed and examined further in this
book.

The calculation of linear electric circuits with non-sinusoidal
periodic voltage is based on the superposition theorem. Namely,
currents and voltages are determined separately for a constant and each
harmonious component.

Then their resultants of function are defined as the sum of
constant and harmonic components.

The calculation of a constant component is made by known rules
for calculation of direct current circuits, and the calculation of harmonic
components — by the rules for calculation of sinusoidal current circuits
but separately for each harmonic.
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8.2. Fourier Analysis

As is known from mathematics, any function f(x) which is
periodic with period 2n and satisfies the conditions established by
Dirichlet, can be represented by a series of cosine and sine terms, called
a Fourier series and harmonics, respectively.

Dirichlet conditions are: (1) Any periodic function may have only
a finite number of discontinuities in a period; (2) A periodic function
may oscillate with only a finite number of maxima and minima in a
period; (3) A periodic function must have a finite average value. Most
of the functions met with in circuit theory satisfy these conditions, so
that they need not be checked for compliance.

The period variable x is related to time thus

X=oat=27cl,
T

where T is the time period of the function. Thus the period of the
function in terms of X is 2x, and in terms of time, T.
A Fourier series has the form

f(x) = Ay + Al sjn X+ A'2 sir!'2x + A'3 sin"3x + A4 Sin4x+... ®.1)
...+ A COS X + Ay COS 2X + Ag COS 3X + Ay COS 4X...
where A, is a constant term;
A1' is the amplitude of the sine fundamental (or first harmonic);
Ai' is the amplitude of the cosine fundamental,

A, is the amplitude of the second harmonic, etc.

1 21
A, =—jf(x)dx (8.2)
2n
0
. 1 2n . 1 2n
A =— | f(X)sin xdx; =— | f(x)cos xdx
1=5- [ () A= 109 63)
0 0
2n 2n

A =L [ fOgsinkxdx; A _1 [foocosked  (83)
21 5 2n 0
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Since

A;'( sinkx+ Ak coskx= Ay sin(kx+wy)
where

A = \/(Ak )2 + (Ak )2 = harmonic amplitudes

(% :—arctan(A;; /Ak ):phase angles,
A second form of a Fourier series (8.1) having only sine terms
may be used
F(X)=Ag + A sin(X+wyq)+Azsin(2X+wyo)+...=

X . 8.4
= Ay + Y A sin (kx+ i) 8.4)
k=1
The harmonics for which k is an odd number are odd harmonics;
the harmonics for which k is an even number are even harmonics. Hence
comes another name for Fourier analysis: harmonic analysis.

8.3. Some Properties of Symmetric, Periodic Wave-forms

Figures 8.1 and 8.2 show three wave-forms which have certain
specific properties.

f_ﬂ Elnf_. mﬁﬂ"v‘-\f\
A ‘-\IJ * —x|x
hy .

X+ T

x

(=

ot b
Fig. 8.1. Wave-forms with certain specific properties.

Thus the wave-form of Fig. 8.1, a is described by the equation
—f(x)=1(x).

Wave-forms answering this equation are called symmetrical with
respect to the x-axis. If we move the wave-form of Fig. 8.1, a a half-
period along, and fold it back on itself about the x-axis, it will coincide
with the curve f(x). Such wave-forms contain no constant component or

even harmonics, that is Ay = A'2 = A; = Ail = AZ =..=0.
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n_AN
VB

Fig. 8.2. A wave-form with certain specific properties.
Therefore, a Fourier series for this type of wave-form is
f(x):Aisin x+Ai'cosx+ A'35in3x+ A; C0S 3X + ...

Each term of this series satisfies the condition — f (x + 1) = f (X).
Thus, —sin (X + ) =sin X.

The wave-form of Fig. 8.1, b is symmetrical about the y-axis and
satisfies the condition

f(—x)=f(x).
If the curve to the left of the y-axis is transposed about this axis to
produce its mirror image, the latter will coincide with the curve lying to

the right of the y-axis. This type of wave-form contains only the cosine
terms and the constant component, and no sine terms, that is

Al =Ay=Ag=..=0:
The wave-form of Fig. 8.1, b satisfies the condition
f(X)=Ag + Ai'cosx+ A; cost+A§cos3x+...

The wave-form of Fig.8.2 satisfies the condition
— f(=x)=f(x), and is symmetrical about the origin of coordinates. Its

Fourier series has the form
f(x):Aisin X+ A'2 sin 2x+A'35in3x+...

8.4 Fourier Series

Much is said in the preceding sections about the response of
electric circuits to a periodic forcing function having a sinusoidal
variation. This attention is merited, since the bulk of the electric power
in the world is generated, transmitted, and consumed as a sinusoidally
varying quantity at constant frequency. At this point, however, it is
appropriate to ask: How can the response of electric circuits be obtained
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when the forcing function is not sinusoidally varying but is periodic?
There are numerous applications in engineering where non-sinusoidal
forcing functions such as rectangular, triangular, trapezoidal, or other
wave shapes are used. Moreover, in communication engineering
situations exist which involve the summation of sinusoidal signals of
many frequencies, the resultant wave shape of which is extremely non-
sinusoidal albeit periodic. This condition is illustrated in Fig. 8.3, which
shows how it is possible to represent three entirely different waveforms
by means of two sinusoidal components. Note that in each case one of
the components is assumed to have a frequency three times greater than
the other. For the condition depicted in Fig. 8.3,a the resultant
waveform may be expressed mathematically as

f(t)= fi(t) + f3(t) = F; sin ot + F3 sin 3wt (8.5)
where fq(t) is the fundamental sinusoidal component of frequency w,

and f3(t) is the third harmonic component of frequency 3w. Both the

fundamental and the third harmonic terms are called periodic functions
because they satisfy the condition

ft)=f(t+T) (8.6)

where T denotes the period of the fundamental wave. Observe that the
period of the third harmonic is one-third that of the fundamental and that
the resultant wave has the same period as the fundamental.

The equation which describes the waveform of Fig. 8.3, b is

f(t) =, (t) — f3(t) = Fy sin ot — F3 sin 3ot (8.7)

By merely reversing the third harmonic term the resultant
waveshape changes from one which is essentially flat-topped
(Fig. 8.3, a) to one which is peaked.

The resultant waveshape of Fig. 8.3, c is obtained by shifting the
third harmonic term of Fig.8.3,a 90° in the lead direction. The
corresponding mathematical formulation is

f(t)=F, sinot+ F sin ((x)t + gj (8.8)
A little thought should make it apparent that even with only two

sinusoidal components manipulated in the manner just described it is
possible to represent a great number of different waveshapes.
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f=f1+f3 \‘.1“ -

A

Fig. 8.3. (a) Addition of fundamental sine term plus positive third
harmonic; (b) addition of fundamental plus negative third harmonic; (c)
addition of fundamental sine term and a third harmonic cosine term.

A general formulation of this situation is provided by the Fourier
series theorem, which is stated here without proof. A periodic function
f (t) with period T can be represented by the sum of a constant term, a

fundamental of period T, and its harmonics. Mathematically, we have
f(0) = & +a; cosO+a, cos20+ag cos30+...+
2 (8.9

+ Dby sin 0 +b, sin 20 +bgsin 30 + ...

where 0=ot and o= 27T.|. , Where T is the period of the function f(0).

Thus Eqg. (8.9) states that any periodic function of whatever shape
can be replaced by the sum of a constant term (a,/2) and sine and/or
cosine terms involving odd and/or even harmonics. The a- and the b-
coefficients are evaluated from the shape of the f(0) function.
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General expressions can readily be derived for evaluating these
coefficients, as shown below. In this connection it is useful to keep in
mind the following identities. Consider first the evaluation of the
constant term of Eg. (8.9). The waveform of f(0) is assumed to be
known for all values of & and to be periodic. To evaluate aq it is
necessary merely to integrate both sides of Eg. (8.9) over one period and
do necessary transformations. Since the average value over one period
of sine and cosine functions is zero, all terms on the right side of the last
equation are zero with the exception of the first one. Hence we have

21
[t® do=29 (2
a 2
or
1 2n 2T
ag =;£f(6) d6=?£f(t) dt (8.10)

The strategy to be employed in evaluating a;, is to manipulate
Eq. (8.9) in such a way as to cause all terms to drop out with the
exception of a;. A little thought reveals that this is readily achieved by
multiplying each term of Eq. (8.9) by cos 8 and then integrating over
one period. The result is

127c 2T
a =" j f(0) cos 0 d@:Fj f(t) cos ot dt (8.11)
0 0

To evaluate b; a similar procedure is used, but now since we are
dealing with the coefficients of the sine term in the Fourier Series it is
necessary to multiply each term of Eg.(8.9) by siné# and then to
integrate over T. Performing the integration leads to

2n
jf(e) d0=bym
0
or
12n 2T
by == j f(0) sin 0 d@:-j f(t) sin ot dt (8.12)
T 0 T 0
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By following this procedure for the coefficients of each of the
higher harmonic term it can be shown that the general expressions for
the a- and b-coefficients for the nth harmonic are given by

1 27 2 T
an == [ 1(6) cos N6 do == [ £ (t) cos nat dt (8.13)
T T
0 0
1 2n ) T
by == j f(0) sin n® do == j f(t) sin not dt (8.14)
T 0 T 0

It is interesting to note that by writing the constant term in
Eq. (8.9) as ay/2 it is permissible to use Eqg. (8.13) to evaluate a, as well
as the coefficients of the cosine components in the wave.

Example 8.1. Find the Fourier series representation of the
waveform depicted in Fig. 8.4.

Solution: A check of the symmetry conditions indicates that none
is satisfied. Hence we can expect both even and odd harmonics to exist
as well as sine and cosine terms. The average value of the function is
found by evaluating Eq. (8.13) for n =6.The periodic function in the
first period may be expressed as

f(e)zu—me, 0<0<m
T
f(0)=0, <0< 2m

w, v
- 7‘
1] | n 2T 3m 41 mr;e

Fig. 8.4. Waveforms for Example 8.1.

Accordingly we get

2
ag =% ff(e) dG:%IUdee :;t_n;[ez]g :UTm

a U
20 1-=M _ average value
2 4
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This average value of the function can also be found in this case
by inspection. How? The general expression for the coefficient a, of the

cosine terms is found as follows
T

U .
rzn [_esm no .\ cosne}

n n2 0

T
U
a =1.[—m cosnod do=
TCO T T

U m
= cos nt—1).
g ( )
The limits of the integral for a, are taken as zero to =z rather than
as zero and 2z because the contribution of the function from z to 2 z is
obviously zero. Inserting consecutive integer values for n yield

Un 2U
g =—M(-1-1)=—2=m
’1'[2 7'[2

a :U—'g(l—l):O:a4+a6+a8 +o
At
ag = (-1-1) = 22m
9 9
U,
a5: —_
25

The evaluation of the coefficients of the sine terms follows in a

similar fashion. Thus
T Y

by, —lju—me sin no dezu—g1

2

{—9 cos nO  sin ne}
J’_

Ty T T n n 0
_Up cos nn
T n
Therefore,
U U
by =M (==
TC TC
b, = _Ym
T
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Hence the Fourier series representation of the waveform is

u(@):u(mt):u—m+u—m sin 0— Lsin 20+ = sin 36—(—1)”lsin no
4 i 2 3 n

=—U—m{cos 6+lcos 36+icos 259+icos ke}
. 9 25 k2

wheren =1, 2, 3, 4,...all integers,

ek =1,3,5,7,...0dd integers.

The last equation shows that a non-sinusoidal periodic function
can be expressed entirely in terms of sines and cosines. It should be
apparent then that if this waveform is used as the forcing function in a
series RL circuit, the corresponding current response can be found by a
systematic application of the sinusoidal steady-state theory developed
in the preceding sections.

The current response at each frequency is found in the
accustomed manner for each sine and cosine term as well as the
constant term in u(#) and then summed. The waveform of the current
response in such a case, however, will be different than that of u(é)
because at each frequency the amount of phase lag caused by the
inductance is different.

The Fourier series representation of a periodic time function has
one other useful property which is worth noting. From the treatment so
far it should be clear that an infinite number of terms in the series is
required to get an exact representation of the original function. If we
use only the first N terms of the series, then instead of an exact
representation we have an approximation of the original time function
yielding an error.

Here is the interesting aspect of this result; it can be shown that
by using the coefficients of the Fourier series (i.e., a, and b,) for any
given N the error is minimized. In other words, any other choice of
coefficients results in a larger error.
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8.5. Fourier Analysis of Regular and Irregular Wave-forms

The periodic wave-forms encountered in electrical engineering
may be classed into two groups. One group includes regular periodical
wave-forms, such as trapezoidal, triangular, rectangular waves and so
on. Their Fourier series are given in the table on page 362, where wt is
taken instead of x.

The other group covers irregular periodical wave-forms. In most
cases they are specified in graphic form. They are expanded into Fourier
series also graphically.

8.6. Harmonic Analysis by a Graphical Method

One of the best organized graphical methods of harmonic analysis
is the Range schedule technique, based on the replacement of the definite
integrals by the summation of a finite number of terms. To this end, the
period of the function f(x) equal to 27 is divided into n equal parts Ax

271

AX=—
n

and the integrals are replaced by the sums as follows. By definition, the
constant term is

1 o7 1 &n 19 on
=— | f(X)dx ~— fo(X)Ax=—>» f, (X)—,
"o ZRI() ZTCZ_ p() an_: p()n
0 p=l p=1
or

1 n
A== fp(¥), (8.15)
]
where p is the actual index taking on values from 1 to n, and f(x) is

the value of the function f(x) for x = (p—0.5)Ax, that is, in the middle of
the p-th range. The amplitude of the sine term of the first harmonic is

== j f (x)sin kxdx = 2—2 fp(x)— sin p kx,
or

A =%Zn:fp(x)sinpkx. (8.16)
p=1
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am _day . . . .
N 2y f(mt)—g(sm asin ot +%sm 3ausin 3wt
[ o + sin 5a.sin 5ot + ...
25 )
8ay , . .
|/P<,,, f (ot) =—2(sm ot —% sin 3wt +
R 2n i

wd . .
+ 7/55SiNn 5wt — %gsm Tot...)

4 . .
f (o) = 22m(sin mt+% sin 3wt +
T

|i-3‘I + %sin St + %sin Tot...)

4a . OT
f(ot) =—" (sin— ot
$9m n n (ot) == (s ot +
|
wi 1 sin@cosmwlsin&%{cos%t +...)
2a7,1 = 1
RN f(ot)=—(Z+= t ———cos2ot —
‘t m /-EF-[ (ot) . (2+4cosa) 1><3cos o
s mi
- ! cosd ot + ! cosbmt —...)
3x5 5x7
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__/\.\ﬂ ,“\_ i 3 5cos,4oat+ cosbwt —...)
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The amplitude of the cosine term of the k-th harmonic is

o2
=—> f kx. 17
A nz p (X)cos , kx (8.17)
p=1

In Egs. (8.16) and (8.17) sin n kx and cos , kx are the values of

the functions sin kx and cos kx for x = (p—0.5)Ax, that is, in the middle of
the p-th range. In analysis by Egs. (8.15) through (8.17) it will suffice to
divide, the period into n=24 or 18 parts. In some cases, even fewer
parts will do.

Before carrying out graphical analysis, it will save much work to
inspect the wave to be analysed for symmetry (see Sec 8.3). Thus, if the
wave f(x) is symmetrical about the x-axis, it contains no constant term or

even harmonics, and also the sum pr(x)sinkx over the first half-
cycle is equal to the sum z fp(X)sing kx over the second half-cycle.

The sign of the angles ¢y in Eq. (8.4) depends on those of Af(

and Ay . In drawing harmonic curves on a common graph, the scale of,

say, the k-th harmonic should be k times greater than that of the first
harmonic.

For example, let some interval on the x-axis represent the angle
7/3 for the first harmonic. Then for the third harmonic the same interval
on the x-axis will represent three times this angle, or 3(w/3) = .

8.7. Calculation of Non-sinusoidal Currents and Voltages

Before getting down to the actual calculation, the e. m. f. should
be represented as a Fourier series. According to the superposition
principle, the instantaneous current of any branch in a network equals
the sum of instantaneous currents due to the various harmonics.

Similarly, the instantaneous voltage across any portion of a
network equals the sum of instantaneous voltages due to the various
harmonics across that part.

For each harmonic the current and voltage are found by the
method discussed in the previous chapters of this book.

As the first step, one finds the currents and voltages due to the
constant component of the e. m. f. Then they are found for the first
harmonic, then for the second harmonic, etc.
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In determining the currents and voltages due to the constant
component of the electromotive force, one should remember that the
voltage drop across an inductance L due to a direct current is zero, and
also that no direct current can flow through a capacitance C.

Still another point to bear in mind is that the inductive reactance

increases with frequency, and so the inductive reactance X for the k-
th harmonic is k times that for the first harmonic, X 4:
Xk =koL =kX|1;
Lk L1 (8.18)
X L1= ol.

Capacitive reactance decreases with increasing frequency, so that
the capacitive reactance Xcy for the k-th harmonic is 1/k-th of the

capacitive reactance, X1, for the first harmonic:

X 1  Xa.

Ck=T <=—""0

N
L=

For each harmonic one can draw a vector diagram of its own.
However, one cannot lay off the currents and voltage drops due to
different frequencies on the same plot or perform vector addition of
such currents or voltage drops, because the angular velocities of the
vectors are different for different frequencies. If the frequency is low,
resistances may be deemed independent of the frequency.

Example 8.2. The e. m. f. in the network of Fig. 8.5, a is

e(t) = Eqm sin (ot + 1) + E3y sin Bot + y3),

where Ej, =25.9 volts, Egy =6 volts, yq=-12°, y3=55°,
R =10 ohms, 1/ C =9 ohms; wL = 6 ohms.

Find expressions for the instantaneous currents in the branches
and the total current of the network.

Solution: Referring to Fig. 8.5, a, the first harmonic of the current
I 1S

E . .
%sm(wt +y1) = 2.59sin (ot —12°) .



Fig.8.5

The third harmonic of the current i, is

E . .
%sm(Bwt +y3)=0.6sin (3ot +55°).
The total current in the first branch is

i| =2.59sin(wt —12°) +0.6sin (3wt +55°).
The first harmonic of the current iy, is

Eim . .
%sm(wuwl +90°) = 2.87sin(wt + 78°).
oC

The third harmonic of the current i, is

Eam . .
%sm(swt +y3 +90°) = 2sin (3wt +145°) .

3oC
The total current in the second branch is

i) =2.87sin (ot + 78°) + 2sin (3ot +145°) .
The first harmonic of the current iy, is

Eim . .
Lﬁsm(wtﬂyl ~90°) =4.32 sin (ot —102°).
Q)

The third harmonic of the current i inis

Eam . .
33—n|jsm(3mt +y3 —90°)=0.33 sin(3ct —35°).
()]

The total current in the third branch is
i) =4.32sin (ot —102°) +0.33sin (3wt —35°) .

365
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The total current of the network is
i=i| +i|| +i||| .

The first harmonic of the current i equals the sum of the first
harmonic of the branch currents. Each harmonic is written as a complex
number. Harmonics of the same order are summed by adding complex
numbers or their vectors in a complex plane.

Similarly, the third harmonic of the current | equals the sum of
the third harmonics of the branch currents. Finally,

i = 3sin (ot —40°) +1.8sin (3wt +125°%) amperes.

Example 8.3. Find the instantaneous currents and voltages of the

network shown in Fig. 8.5, b where
e(t) =100 + 80sin (wt +30°) + 60sin (3wt + 20°) +

+50sin (5wt +45°) volts,
R =3 ohms, 1/wC = 27 ohms; wL = 3 ohms.

Solution: As the first step, find the complex impedance presented
to the terminals bc for the first, third and fifth harmonics:

13(=j27) 19(=9) .
IR7020) _j3.38: - :
bcl = j3- j27 J Lz = j9- jo =
j15(-j5.4) .
AP igsa.
T

The total impedance of the network for the first harmonic is

Zy=R+Zpy =3+ j3.38=45¢14° 0
The total impedance of the network for the third harmonic is
Zg=©
The total impedance of the network for the fifth harmonic is

=200
Zs=3-j85=9%"110"0
The direct current resistance of the network is 3 ohms (in the
branch bc the direct current flows through the inductance L whose
resistance is taken to be zero).
Now find the current components for the common portion of the
network. The direct component of the current is

% =3.33 amperes.
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The complex current of the first harmonic is

80 130°

100

450148
At the third harmonic, the impedance of two parallel branches of
the network is «, and the current is equal to 0, which is a condition
known as parallel (or current) resonance. In other words, there is no
third-harmonic component in the current i, although it is present in the

currents i; and i .
The complex current of the fifth harmonic is

10
=17.8¢ 7118 amperes.

50ej450

ge—170°

Now we find the voltage drop across bc due to each of the

harmonics. The voltage drop due to the direct current component is
zero.

The complex amplitude of the voltage drop due to the first-
harmonic current is

H (0]
=5.55¢ 115" amperes.

00 -
U peam =17.80 7118 x j3.38=60.2¢ 172"
Similarly, as instantaneous voltage upcg =60sin (3wt + 20°), its

i9n0
complex amplitude U g, =60e 120" .
Analogically, the complex amplitude of the voltage drop due to

the fifth-harmonic current is
- 0 - 0 . O
Upesm =555 111° x8.5e71907 —47.2¢ 125"

The instantaneous voltage uy, is

Upe = 60.2sin (ot + 72°) + 60sin (3ot +20°) +

+47.2sin (5wt +25°) volts,

The next step is to find the complex amplitudes of the first, third
and fifth-harmonic currents through the capacitance.
The first-harmonic current:

60.2¢172°

_2.231162° .
—j27
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the third-harmonic current:

1900
6020 :6.67ej1100 ;
_ j9
the fifth-harmonic current:
j25° o
%z&nems amperes;
54e”

The instantaneous current through the capacitance is
iy = 2.23sin (ot +162°) + 6.67 sin (3ot +110°) +

+8.72 sin (5wt +115°) amperes.

Finally, we determine the components of the current flowing
through the inductance.

The direct current (dc) component is 3.33 amperes. The first-
harmonic current is

60.2¢172°
j3
The third-harmonic current is

= 20.1e‘j180 amperes (approx).

60¢ i20°
j9
the fifth-harmonic current is

= 6.67e‘j700 amperes;

47.201%°
j15
and the total current through the impedance is

i, =33.3+20.1sin (wt —18°) + 6.67 sin (3wt — 70°) +

=3.13 e‘j650 amperes;

+3.13 sin (50t —65°) amperes.
The total current round the network is
i =33.3+17.8sin (ot —18°) + 5.55 sin (5wt +115°) amperes.
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8.8. Resonance Phenomena with Non-sinusoidal Currents

In defining the resonance phenomena in series and parallel RLC
circuits, it was stated that they take place when the current and the
applied voltage at the input of such a circuit are in phase.

This definition may now be extended to cover non-sinusoidal
currents and voltages by stating that if the applied voltage is non-
sinusoidal, a resonance (series or parallel) may occur not only at the first
harmonic, but also at the higher harmonics.

By resonance at the k-th harmonic will be meant a condition
under which the k-th-harmonic current at the circuit input is in phase
with the k-th harmonic of the applied voltage (other current harmonics
being out of phase with the respective voltage harmonics).

If one takes into account the resistance of inductances, then the
condition for resonance at any harmonic is that the reactance term of the
impedance at that harmonic must vanish.

As often as not, resonance phenomena with non-sinusoidal
currents are investigated setting the resistance of the coils equal to zero.
Then for parallel resonance the impedance of the circuit should be equal
to infinity; for series resonance it must be zero.

It may be noted that at, or very near resonance at any higher
harmonic the currents and/or voltages of this harmonic may be greater
than those due to the first harmonic in the same parts of the circuit,
although the respective harmonic of the applied voltage may be only a
fraction of its first harmonic.

Example 8.4. In the parallel resonant circuit of Fig. 8.6 the
inductance L, is fixed.

Setting the resistance of L, equal to zero, find the values of C; and
C, for which the impedance of the circuit is zero at the first harmonic
and infinity at the ninth harmonic.

5}
“—'FGS“
it
& 2

Fig.8.6.
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Solution: Writing down the impedance of the circuit at the first
harmonic and equating it to zero, we get

) J'(Dl—z(_J J
—J oC
le + _0.

C
1 j((&)Lz—l J
(DCZ

Equating the impedance of the circuit at the ninth harmonic to

infinity, we obtain
: -]
9wl,9 ——
— ] 17om2 (@CJ

Zg =9 + =00,

(l)Cl .
J 9(1)'.2 -
90)C2

Solving the two equations simultaneously gives

L 281COL2 and L =—(D|_2 .
(DCZ (DC]_ 80

8.9. R.M.S. Values of Non-sinusoidal Current and Voltage
Wave-forms

By definition (see Sec. 4.2), the square of the effective current |
can be expressed in terms of the instantaneous current i thus

L
12 == [i%dt.
TO

If the instantaneous current is
i= |0 + |1m sin ((Dt-l—(pl)-l- |2m sin (2(Dt+(p2)+...,
then we can get the following equations:

0]
-2 2 2 .2
i©=15+ D 1 sin” (kot +¢x) +
k=1

o0
+ > 1pm lgmsin (pot + @ )sin (qot + ¢g)
p=0
g=0, p=q
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But
T
) T
sin“ (kot + dt=—,
I (koot + @iy >
0
T (8.20)
jsin(pmt+(pp) sin (qot + oq)dt =0
0
p=q
Therefore
s o 1 13 13
I =|O+1m+2m+3m+ ,
2 2 2
and

o 12 13 12
| =1 +-4m p—2m  23m
2 2 2
Since the amplitude of the k-ih harmonic of the current |, is

J2 times the effective value of the k-th harmonic of the current | K, We
have

2
T _lin ln _ 2
2 22 K
and
=12 412 +12 413 +... . (8.21)

Thus, the root mean square (r.m.s.) value of a non-sinusoidal
current is the square root of the sum of the squared values of the direct
component and the r.m.s. values of the individual harmonic
components. The r.m.s. value is independent of the phase angles ¢y .

Similarly, the r.m.s. value of a non-sinusoidal voltage is the
square root of the sum of the squared values of the direct component
and the r.m.s. values of the individual harmonic components, or

U=yUZ+UZ +UZ+UZ +... . (8.22)

Example 8.5. Find the r.m.s. values of the total current i and the
applied e.m.f. e for Example 8.2.
Solution:
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2 2
I =\/33.32 +%+ 5'525 =35.5 amperes;

2 2 2
E =\/1oo2 n 82 + 62 ¥ 52 =127.2 volts.

8.10. The Average Value of Non-sinusoidal Function

The average value of non-sinusoidal function is given by
1 21
o £ |f (ot)|dot (8.23)

As distinct from the r.m.s. value, the average value of a non-
sinusoidal function depends on the phase angle ¢, .
Example 8.6. Find the average value of the function

i = 4y Sin (ot + @1) + 13y, Sin Bot + ¢3) + Iy, sin (ot + @5) + ...

assuming that the sign does not change during each half-cycle.
Solution: On integration, we get

|av=%(|1m COS(p1+%|3m COs ©3 +%I5m COs @5 +j (8.24)

8.11. Instruments for Non-sinusoidal Currents and Voltages

Different types of instruments may be used to measure non-
sinusoidal currents and voltages, and their action is likewise different.
Moving-coil, electrodynamic and thermal instruments measure the
r.m.s. values of currents or voltages. Moving-coil instruments with a
rectifier measure the average values, and those without a rectifier the
direct component of currents or voltages. Valve voltmeters measure the
peak values of voltages.

D+ E=&v$ (]

- 2 =

@ b c e d b g h
Fig. 8.7. Instruments for non-sinusoidal values

The conventions for the instruments adopted in our country are
shown in Fig. 8.5, where at a is the symbol of moving-coil instruments;
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at b, of the moving-magnet type; at c of the moving-iron type; at d of the
electrodynamic type; at e of the ferrodynamic (iron-cored
electrodynamic) type; at f of the hot-wire type; at g of the electrostatic
'type; and at h of the moving-coil type with a rectifier.

8.12. Power for Non-sinusoidal VVoltages and Currents

The average power P in a circuit fed a non-sinusoidal voltage u
and a non-sinusoidal current i is

1
Pz?guldt (watts).
Expanding u and i into Fourier series, we get
u=Ug +Uqp sin (ot +wyq) +Uop sin (ot +wyo) +
+U3gmp sin Bot +y3) +...;

i=lg+ Iy sin(ot+y1 —01)+ oy sin 2ot +yo —@2) +
+ I3y sin Bot + y3 — ¢3)...
By virtue of Eq. (8.10)
P=Uglg +Uql1cos@q +Uyl, cospy +Uglzcos gz +... (8.25)
Thus, harmonics produce power separately, and the average
power due to non-sinusoidal voltages and currents is equal to the sum, of

the average powers due to the individual harmonics.
The volt-amperes (or the apparent power, S) in a circuit is

s=Ul, (8.26)

where U and | stand for the r.m.s. values of the non-sinusoidal voltage
and current in the circuit, or

U=yUg+UZ +UZ+UZ +...

=12 412 +12 413 +..

Example 8.7. Find the average power P and the apparent power S,

u = 25.9sin (ot —11°) + 6sin (3wt +54°) volts;

i =3sin (ot — 40°) + 0.9v/2 sin (3wt +125°) amperes.
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Solution:

U _29 =18.3 volts; U3 L 4.26 volts;

V2 V2

I, =2.13 amperes; I3 =0.9 ampere;
@1 =-11° — (-40°) =29% @5 =-71°;
P =18.3x2.13¢0s 29° + 4.26 x 0.9cos (-71°) = 35.5 watts;

U =w/U12 +U§ =18.55 volts; | :Wllf + I§ = 2.32 amperes;

S=U | =18.55x2.32 = 42.8 volt-amperes.

8.13. Substitution of Sinusoidal for Non-sinusoidal
Wave-forms

In dealing with some of the most elementary properties of
nonlinear networks (which will be discussed in Chapter Nine) it is
customary to substitute sinusoidal wave-forms for non-sinusoidal ones.
This is done so that the root mean square (r.m.s.) values of the
sinusoidal current and voltage be equal to the r.m.s. values of the
non-sinusoidal current and voltage being replaced. The phase angle
®eq, between the equivalent sinusoidal voltage and current is

determined from the ratio

P
cos =—, 8.27
Peq Ul (8.27)
which is the power factor, so that the power P be the same in both cases.
Example 8.8. Replace the complex current and voltage of
Example 8.2 with sinusoidal ones and find the phase angle, ¢,

between them.

Solution: The root mean square. value of the complex voltage is

U=1855volts. The rm.s. value of the complex current is
| = 2.32 amperes.

355

COSQpy =———— =0.828, =349,
Ped =18 55% 2.3 Peq
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8.14. The Effect of Triplen Harmonics on Three-phase
Systems

The phase voltages of a three-phase transformer or a three-phase
alternator are often non-sinusoidal and can therefore be expanded into
their Fourier series in which the direct component is usually absent.

Let the k-th harmonic of phase A be

Uka :Ukm sin (kcot+(pk).

The phase voltages (ua, Ug and uc) are displaced in time relative
to each other through 120°, or one-third of a cycle, T/3. Thus ug lags
behind, and uc leads, ua by 120°. Accordingly, the k-th harmonics of ug
and uc are

Uy =UkB sin[kco(t—%]+\yk}=

=Ug sin((kot —120°K + ¢yy;

Ukc :UkC Sin[km(t +T§J+\|Ik:|=

=UkC sin((kcot +1200 k + Pk)>

because ko =k 22— —k 2% 120 |
3 T3 3

As can be seen, when k=1, 4, 7, 10, the k-th harmonic of ug
lags 120° behind the k-th harmonic of ua, so that the 1st, 4th, 7th and
10th harmonics form a positive-phase-sequence system. When
k=2, 5, 8, 11, the k-th harmonic of ug leads the k-th harmonic of ua
by 120°, and the 2nd, 5th, 8th and 11th harmonics form a negative-
phase-sequence system. The third-harmonic terms are all in phase, and
this is true of all triplen harmonics, i.e., those harmonics whose order is
an integral multiple of 3. Triplen harmonics form a zero-phase-sequence
system (for phase sequences, refer to Sec. 5.14. It will be useful to
represent the case of triplen harmonics graphically.

In Fig. 8.7 the voltages ua, ug and uc are the phase voltages of a
three-phase alternator. They are of rectangular wave-form and are
displaced with respect to each other through one-third of the cycle of the
fundamental term. The same figure shows the first and third harmonics
of each voltage. As is seen, the third harmonics are all in phase.
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Fig.8.7. The case of triplen harmonics.

The effects of triplen harmonics on the operation of three-phase
systems may be summed up as follows.

1. In a delta-connected three-phase alternator or transformer
(Fig. 8.8, a), there will be a current flowing in their windings due to
triplen harmonics even at no-load.

The algebraic sum of the third harmonics of the voltages in a
delta-connected three-phase system is 3U 3. The algebraic sum of the

first and all other harmonics, except triplen harmonics, is zero. So, at
no-load, these harmonics do not contribute to the current flowing around
the closed delta.

o - B LA *
By n
it b

Fig.8.8. Delta-connected three-phase systems.
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Let the impedance of each phase to the third-harmonic current be
Z5. Then the third-harmonic current around the delta is

W5 Us
sy zy
Similarly, the sixth-harmonic current is.
lg=25,
<6

where Eg is the r.m.s. value of the sixth-harmonic phase voltage and

Z6 is the impedance the phase offers to the sixth harmonic component.
The r.m.s. value of the current around the closed delta of
Fig. 8.8,ais

=12 412412 +..

2. In an open-delta three-phase system (Fig. 8.8, b), the triplen
harmonics appearing in the phase voltages give rise to a voltage across
the terminals m and n, equal to the sum of the triplen harmonic voltages:

U =3U3p sin (Bot + @3) +3Ugm Sin (6ot + @g) +... .
The voltmeter in the circuit of Fig. 8.8, b reads

U=3JUZ+UZ +..

3. No triplen harmonics appear in the line voltage in either star- or
delta-connected three-phase systems.

As a proof, consider a delta-connected system (Fig. 8.8, a) at no-
load, although the statement holds for operation under load as well.

Let the point A be at a third-harmonic potential ¢ p3and the point

B at a third-harmonic potential ¢g3. Then

Pp3 = Pp3 ~Ys t1sZs
But U, =15Z3. Hence,
Ppz = g3

In a star-connected system (Fig. 8.9), the third-harmonic line
voltage is equal to the difference between the respective phase voltages.
Since the third-harmonic phase voltages are in phase, they are
subtracted in writing the difference.
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Fig. 8.9. Star connections.

All harmonics may appear in the phase voltage (the direct
component is usually absent), so that the r.m.s. value of the phase
voltage is

2 2 2 2
Up=yU? +UZ +U3 +UZ +..

As has been shown, triplen harmonics do not contribute to the
line voltage, and so the r.m.s. value of the line voltage is

Uj =\/§\/U12+U22+Uf + ...

The ratio Uj /U is less than /3 when triplen harmonics are

present.

When an alternator and a balanced load are connected into a star
without a return wire, no currents due to triplen or other zero-phase-
sequence harmonics can flow in the line wires. Therefore, the potential
difference (p.d.) between the neutral point n of the load and the neutral
point N of the alternator (Fig. 8.9, Z, = o) is

Un =Uszp sin Bot + @3) +Ugy Sin (6ot + @g) + ...
Its root mean square (r.m.s.) value is

2 2
U U
Unn =\/—3m +—om

2 2

5. In a balanced wye-wye system, the third-harmonic current in
the neutral wire is
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where Z y5 is the impedance presented to the third-harmonic current by
the neutral wire and Z 5 is the impedance presented to the third-
harmonic current by the load. The third-harmonic current is |43/3.

Other triplen- harmonic currents are found in a similar way.
Example 8.9. The e.m.f. of phase A of the circuit in Fig.8.10 is
ep =170sin ot +80cos 3ot +34cos 9wt V. R=9Q; oL=2Q. Find

readings of the instruments (which are of the dynamic type).

Fig. 8.10
The r.m.s. values
= =@=121V; E3 =56.5V; Eg=242V.
J2
. - E
The first-harmonic line current: 14 = S 13.2 A

JR? +(wL)?
The voltmeter V; reads EZ + EZ + ES =136 V.

The voltmeter Vo reads Ry - 11 =13.2-9=118.8 V.

The voltmeter V3 reads +/3-118.8=205.8 V.
The voltmeter V4 reads olLl; =2-13.2=26.4 A

The voltmeter Vg reads ,lEg + Eg =623 V.

Example 8.10. The phase voltages of the alternator in Fig. 8.11
are of a trapezoidal wave-form; a, =220V; a=10°. The load is

balanced R=6Q; oL=0.5Q; I/oC =12 Q.Find the instantaneous

current in the neutral wire, neglecting harmonics higher than the seventh
one.
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oL

. 1 -
N A AT

Fig. 8.11

Referring to the table on page 362, the Fouier series for the
trapezoidal wave is

4a . . 1. .
Up=—2(sinasin ot +=sin 3osin 3ot +
on 9

+ isin 5a.sin 5ot + isin 7a.sin Tot) =
25 49

_ 4x220

(sin10° sin ot + %sin 30° sin 3wt +
—T
18
1 . _ 0. 1 . 6.
+—sin 50" sin 5ot + —sin 70 sin 7wt).
25 49
Consequently,

U =274 sin ot +89.3 sin 3wt + 49.5 sin 5wt + 30.9. sin 7wt .
The current in the neutral wire is solely a third-harmonic current

|_03=—Z;

Then we can determine the voltage
89.3

U,=—-=633YV,;
~3 \/E
i 4. Zis :
Zogz3=J15 Z,3=6-j4 TZZ_ j1.33;
633 31805

lpg=———
“08 " 15+2-j1.33

The instantaneous current
igg =44.8 sin (3wt -5°) A.
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Summary review questions

8.1. How can non-sinusoidal waveforms be produced?

8.2. On what theorem is the calculation of linear electric circuits
with non-sinusoidal periodic voltage based?

8.3. How are currents and voltages determined for non-sinusoidal
waveforms?

8.4. How can a periodic function with period 2z be represented?

8.5. Describe Dirichlet conditions for periodic functions.

8.6. Describe specific properties for different wave-forms.

8.7. How is it possible to represent three entirely different
waveforms by means of two sinusoidal components?

8.8. State the Fourier series theorem and comment its importance.

8.9. How many groups may the periodic wave-forms encountered
in electrical engineering be classed into? What kinds of periodical wave-
forms do these groups include?

8.10. When may the resonance phenomena in non-sinusoidal
circuits occur? At what conditions?

8.11. What is the root mean square (r.m.s.) value of a non-
sinusoidal current or voltage? What is the r.m.s. value independent?

8.12. What types of instruments may be used to measure non-
sinusoidal currents and voltages?

8.13. What can you say about the value of impedance of the
circuit for series and for parallel resonance?

8.14 How can we define the power for non-sinusoidal circuit?

8.15. Explain the effects of triplen harmonics on the operation of
three-phase systems.

8.16. How does one take advantage of the symmetry properties of
periodic waves? Illustrate.

8.17. When can one use Fourier series in which the direct
component is usually absent?

8.18. How can be determine the r.m.s. value of the current around
the closed delta connection?

8.19. What can you say about the calculation the third-harmonic
line voltage in a star-connected system?

8.20. What can you say about the current in the neutral wire in the
case of triplen harmonics? How may it be determined?
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Problems

8.1. Find the average and effective values of each wave shape
depicted in Fig. P8.1.
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Fig. P8.1

8.2. In each of the sketches of Fig. P8.2 the curves are sine waves
or parts thereof. Find average and effective values for each wave shape.
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Fig. P8.2

8.3. Compute the average and effective values for each wave
shape shown in Fig. P8.3.
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Fig. P8.3

8.4. Find the Fourier series for the waveform of Fig. P8.4, a.
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Fig. P8.4

8.5. Determine the Fourier series of the rectified waveform shown
in Fig. P8.2, a.

8.6. Find the Fourier series of the sawtooth waveform of
Fig. P8.3, a.

8.7. For each waveshape shown in Fig. P8.4 find the average and
effective values.

8.8. The AM radio dial spreads over a frequency range 570 to
1560 kHz.

(a) Calculate the range of capacitance that is needed in series with
a 20-uH inductance to tune over the entire frequency band.

(b) If the quality factor for a radio station operating at 570 kHz is
100, what is the bandwidth of the tuning circuit?

(c) What is the resistance of the tuning circuit?

(d) Determine the value of the quality factor at the upper end of
the radio band.

8.9. Compute the average and effective values of each of the
waveshapes shown in Fig. 8.49.
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Fig. 8.9.

8.10. A voltage wave has the form depicted in Fig. P8.10. Obtain
the Fourier series representation of this periodic function.
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8.11. The voltage U, =314 V being changed as it is shown in

Fig. P8.11, b is applied to the circuit (see Fig. P8.11, a). Having limited to
three harmonious components of voltage one must define instantaneous
and effective values of a circuit current, and voltages across elements.
Calculate active, reactive and apparent powers, developed by the source;

®»=10%s"1: R=10Q; L=5mH; C=66.7uF
R L )
l 1, Un T;/’I N
T ‘ T I,//En H

e b
Fig. P8.11

8.12. The voltage u=45—60sin ot + 30 sin 3wt is applied to the
circuit in Fig. P8.12.

Fig. P8.12

Circuit parameters: R=15Q, L=15.92 mH , the frequency of the

first harmonic is f = 50 H. One must find: a time function of the current
i(t) and depict it together with the function of the voltage u(t);
effective values of the current and the voltage.

8.13. A voltage wave has the variation shown in Fig. P8.13. (a) Find
the average and the effective value of the voltage. (b) If the voltage of part
(a) is applied to a 10-Q resistance, find the dissipated power in watts.
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8.14. Find current i and effective values of the current | and the
voltage U, and the consumed active power for the circuit in Fig. P8.14,
if its parameters are R1=18Q, R2=12Q, L =25.5mH,C =398 mkF.

The input voltage u=60 + 21.8sin ot +11.45sin 2wt V .
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Fig. P8.14

8.15. The circuit in Fig. P8.15 has two energy sources.

Fig P8.15
Calculate current i if R =5Q, R2=0L=1/0C=10Q;
e(t) =100 + 50 sin (ot —30°) V and i(t) =10 + 5sin 20t A.
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Chapter 9
MAGNETIC THEORY AND CIRCUITS

An understanding of electromagnetism is essential to the study of
electrical engineering because it is the key to the operation of a great
part of the electrical apparatus found in industry as well as the home. All
electric motors and generators depend upon the electromagnetic field as
the coupling device permitting interchange of energy between an
electrical system and a mechanical system and vice versa. Similarly,
static transformers provide the means for converting energy from one
electrical system to another through the medium of a magnetic field.
Other important devices - for example, circuit breakers, automatic
switches, and relays - require the presence of a confined magnetic field
for their proper operation. It is the purpose of this chapter to provide the
reader with background so that he can identify a magnetic field and its
salient characteristics and more readily understand the function of the
magnetic field in electrical equipment.

As has been previously pointed out, the science of electrical
engineering is founded on a few fundamental laws derived from basic
experiments. In the area of electromagnetics, it is Ampere's law that
concerns us, and, in fact, serves as the starting point of our treatment. It
should be here inferred that this is the only starting point in developing a
guantitative theory of the magnetic circuit.

Faraday's law of induction is equally valid as a starting point, and
is preferred when the goal is the development of an electromagnetic
wave theory rather than a theory leading to the treatment of
electromechanical energy conversion.

On the basis of the results obtained by Ampere in 1820, in his
experiments on the forces existing between two current- carrying
conductors, such quantities as magnetic flux density, magnetic field
intensity, permeability, and magnetic flux are readily defined.

Once this base is established, attention is then directed to a
discussion of the magnetic properties of certain useful engineering
materials as well as to the idea of a "magnetic circuit” to help simplify
the computations involved in analyzing magnetic devices.
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9.1. Ampere's Law - Definition of Magnetic Quantities

Appearing in Fig. 9.1 is a simplified modification of Ampere's
experiment. The configuration consists of a very long conductor 1
carrying a constant-magnitude current |1, and an elemental conductor of

length | carrying a constant-magnitude current 1, in a direction
opposite to 1. When taken together the elemental conductor and the
current |, constitute a current element 1,1 .

Charrant
2
eloment 2 ¥
Conductorl |1 r—=l} - !
! I T ¥
I F

Fig. 9.1 lllustrating the force existing between a current element and a
very long conductor carrying current, as described by Ampere's law.

The elemental conductor 2 is actually part of a closed circuit in
which 1, flows, but for simplicity and convenience the details of the

circuit are omitted except for the length I.

Moreover, it is assumed that conductors 1 and 2 lie in the same
horizontal plane and are parallel to each other. In accordance with
Ampere's law it is found that with this configuration there exists a force
on the elemental conductor directed to the right.

Furthermore, the magnitude of the force is found to be directly
proportional to 14, I, | and the medium surrounding the conductors as

well as inversely proportional to the distance between them. The
magnitude of this force can be shown to be given by

plg
F = 5l 9.1
2nr 2 (©1)

where, 1, and I, are expressed in amperes, | and r in meters, and x is a

property of the medium. A further interesting revelation about this
experiment is that if the elemental conductor 2 is used as an exploring
device to find those points in space where the force is of constant
magnitude and outwardly directed, the locus is found to be a circle of
radius r and centered along the axis of conductor 1. In other words it is
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possible to identify a field having constant lines of force. In this
connection it is useful at this point to rewrite Eq. (9-1) as follows:

F=I1,1B (9.2)
where
gt 9.3)
2nr

Magnetic induction (or magnetic flux density) B is one of the
main parameters of a magnetic field. It determines the e.m.f. induced in
the conductor that is moving through the field at that point. From Eq.
(9.2) it is obvious that the defined quantity B carries the units of force
per current-length. This may be expressed as

B~ newtons 9.4)
ampere x metre
where =~ denotes "is proportional to." A closer examination of this
relationship reveals an interesting and very useful aspect of the
significance of B. Recalling that

energy  watt xseconds _ volts x ampere x sec onds

newton = =
length metre metre

(9.5)

and inserting into expression (9-4) allows B to be expressed
alternatively as

volts x seconds x ampere _ volts x sec onds

B= 2 2

(9.6)

ampere x metre metre

From Faraday's law (dp=edt) we note further that the unit of

(volts x sec) is equivalent to that of flux. Therefore, we can properly
conclude that B is in fact a flux density since it has the units of flux per
square meter. When the flux is expressed in webers, B then has the units
of webers/meter® or teslas. Equation (9.3) indicates the factors that
determine the magnitude of B but it serves also as a means of
identifying the manner in which the current 1, influences the force field

about the current element. It is significant to note that as long as 1, is

not zero, the force field and the magnetic field have the same
characteristics - both have a circular locus and both are vector
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guantities possessing magnitude and direction. However, because
of the way B is defined, the magnetic field exists as long as 1, is not

zero irrespective of the value of 1,.

In our study of electrical machinery, which comes later,
conductor 1 will be referred to as the field winding because it sets up the
working magnetic field, whereas the total circuit of which the elemental
conductor is a part is called the armature winding.

The direction of the magnetic field is readily determined by the
right-hand rule which states that if the field winding conductor (1 in this
case) is grasped in the right hand with the thumb pointing in the
direction of current flow, the lines of flux (or flux density) will be in the
direction in which the fingers wrap around the conductor.

A glance at Eq. (9.1) shows that all the factors are known in this
equation with the exception of the proportionality factor u, which is a
characteristic of the surrounding medium. Upon repeating the
experiment of Fig. 9-1 in iron rather than air, it is found that the force is
many times greater for the same values of 14, I, |, andr.

Therefore, it follows that © may be defined from Eq. (9.1) for
various media because it is the only unknown quantity. Moreover,
because of the way magnetic flux density was defined, Eq. (9.3)
indicates that the effect of the surrounding medium may be described in
terms of the degree to which it increases or decreases the magnetic flux
density for a specified current 1 .

Thus, when iron rather than free space is the medium, it can be
said that the iron provides a greater penetration of the magnetic field in
a given region, i.e., there is a greater flux density. This property of the
surrounding medium in which the conductors are embedded is called
permeability.

When the conductors of Fig. 9.1 are assumed placed in a vacuum
(free space) and the force is measured for specified values of 14, I, I,
and r, the solution for the permeability of free space obtained from
Eq. (9.1) and expressed in Sl units comes out to be

Ho =4mx107" . 9.7)
The unit of permeability also follows from Eq. (9-1). Thus
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newtons
Ho=—""+
ampere

But
newton —meter = joule = volts x amperes x second

or

= volts x amperes xseconds  volts x sec onds
° amperes 2 x meter amperes x meter -

However, voltsx seconds/ampere is the unit of inductance
expressed in henrys. Accordingly, permeability is expressed in units of
henrys/meter.

In those cases where the surrounding medium is other than free
space, the absolute permeability is again readily found from Eqg. (9.1).

A comparison with the result obtained for free space then leads to
a quantity called relative permeability, p,. Expressed mathematically,

we have

My = 9.8)
Ho

Equation (9-8) clearly indicates that relative permeability is
simply a numeric which expresses the degree to which the magnetic flux
density is increased or decreased over that of free space.

According to their magnetic properties all materials may be
divided into diamagnetic, paramagnetic and ferromagnetic.

Diamagnetic materials are those which tend to move away from a
stronger magnetic field and their relative permeability g, is slightly
less than unity (for bismuth it is 0.99983).

Paramagnetic materials are those which have high values of
relative permeability g, slightly greater than unity (for platinum it is
1.00036).

Ferromagnetic materials are those which have high values of
relative permeability 2z, up to 10* or even 10° such as iron, nickel, cobalt,

etc.
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For purposes of electrical engineering it will suffice to class
them simply as ferromagnetic and non-ferromagnetic. The former
include materials of relative permeability p, many times greater than
unity, while the latter have relative permeability practically equal to
unity. Most ferromagnetic materials, however, have values of p, in the
hundreds or thousands.

9.2. Magnetic Flux

It is reasonable to expect that since B denotes magnetic flux
density, multiplication by the effective area that B penetrates should
yield the total magnetic flux.

|

- a -
b p—n G#
i ©
Conducton
(@) Top view (&) Frontview

Fig. 9.2. Associating an area with a magnetic field B to identify a
magnetic flux.

To illustrate this point refer to Fig. 9.2, which shows a coil of area
ab lying in the same horizontal plane containing conductor 1. We already
know that when a current flows through this conductor a magnetic field is
created in space and specifically it is described b¥ Eqg. (9.3).

ND o
@ a0Y 5y
Clonductod )

Fig. 9.3. Same as Fig. 9.2, b except that the coil is tilted 60° relative to
the horizontal plane

To find the total flux penetrating the coil it is necessary merely to
perform an integration of B over the surface area involved. Of course, if
B were a constant over the area of concern, the flux would be simply the
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product of B and the area ab. Next consider that the plane of the coil
is tilted with respect to the plane of conductor 1 by 60°, as depicted in
Fig. 9.3. Clearly now the total flux penetrating the coil is reduced by a
factor of one-half. If the coil is oriented to a position of 90° with respect
to the horizontal plane, no flux threads the coil.

On the basis of these observations, then, the magnetic flux
through any surface is more rigorously defined as the surface integral of
the normal component of the wvector magnetic field B. Expressed
mathematically, we have

@ = j B, dS (9.9)
S

where s stands for surface integral, S represents the cross-section area of
the coil, and B,, is the normal component of magnetic induction B to
the coil area.

From expression (9.6) we know that magnetic flux must have the
dimensions of volt-seconds. However, this is more commonly called
webers. The volt-seconds unit of flux is better understood in terms of
Faraday's law of induction.

9.3. Magnetic Field Intensity

Often in magnetic circuit computations it is helpful to work with a
guantity representing the magnetic field which is independent of the
medium in which the magnetic flux exists.

This is especially true in situations such as are found in electrical
machinery where a common flux penetrates several different materials,
including air.

A glance at Eq. (9.3) discloses that division of B by p identifies
such a quantity. Accordingly, magnetic field intensity is defined as

B

H=— (9.10)
w
newtons
. ampere x metre  ampere
and has the units pere x _ amp
newtons metre
2

ampere
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Thus H is dependent upon the current that produces it and
also on the geometry of the configuration but not the medium. For the
system of Fig. 9.1 the value of the magnetic field intensity immediately
follows from Eqg. (9.3) and is given by
H = B =|_1

e (9.11)

More generally the units for H are ampere-turns/meter rather than
amperes/meter. This is apparent whenever the field winding is made up
of more than just a single conductor.

9.4. Ampere's Circuital Law

Now that the magnetic field intensity has been defined and shown
to have dimensions of ampere-turns/meter, we shall develop a very
useful relationship. Recall that H is a vector having the same direction
as the magnetic field B. For the configuration of Fig. 9.1 H has the same
circular locus as B. A line integration of H along any given closed
circular path proves interesting. Of course the line integral is considered
because H involves a per unit length dimension. Thus

2nr |
Hdl = [ —1dl=1,amperes.
§ -[ 2nr 18mp
0
(Again keep in mind that the units here would be ampere-turns if

more than one conductor were involved in Fig. 9.1.) The previous
equation states that the closed line integral of the magnetic field
intensity is equal to the enclosed current (or ampere-turns) that produces
the magnetic field lines. This relationship is called Ampere's circuital
law and is more generally written as

§H dl=F (9.12)

where the quantity F is also known as the magnetomotive force and
frequently abbreviated as m.m.f.

Magnetomotive force (m.m.f.), F, due to a current-carrying coil is
given by the product of the turns, N, of the coil and the current, I, linked
by the coil turns. The magnetomotive force F gives rise to a magnetic
flux in a magnetic circuit, much as an e.m.f. gives rise to an electric
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current in an electric circuit. This is a scalar quantity. The unit of
m.m.f. is measured in ampere-turns.
Ampere's circuital law establishes communication between
electrical and magnetic quantities. The law may be also written as

ifH-dI:ZI. (9.13)

where the scalar quantity ZI is a total current that is numerically

equal to an algebraic sum of the currents embraced by a contour.

Eq. (9.13) is also referred to as the total current law. It is applied
to the calculation of magnetic intensities due to current-carrying
conductors.

The magnetic potential difference (m.p.d.) or the magnetic
voltage between some two points a and b in a magnetic field is the line
integral of the magnetic intensity between these two points

b
Uniap = | Hell. (9.14)

a

This quantity is related to magnetomotive force and also is
measured in amperes or in ampere turns.
If H between the two points is constant and is in the same

direction as the path element dl, then Hdl = Hdlcos0°, and H may be
placed outside the integral sign. Then
b
Upab =H [dI=H lgp,
a
where |y is the path between the points a and b in the magnetic field.

9.5. Derived Relationships

In the preceding pages the fundamental magnetic quantities - flux
density, flux, field intensity and, permeability - are defined starting with
Ampere's basic experiment involving two current-carrying conductors.
By the appropriate manipulation of these quantities additional useful
results can be obtained.

Equation (9.10) is a vector equation describing the magnetic field
intensity for a given geometry and current. If the total path length of a
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flux line is assumed to be I, then the total magnetomotive force
associated with the specified flux line is

F:HI:EI. (9.15)
1

Now in those situations where B is a constant and penetrates a
fixed, known area S, the corresponding magnetic flux may be written
from Eq. (9.9) as @ =BS. Inserting the last equation into Eqg. (9.15)
yields

F=HI =®(I—J. (9.16)
uS

The quantity in parentheses in this last expression is interesting
because it bears a very strong resemblance to the definition of resistance
in an electric circuit.

Refer to Eq. (9.16). Recall that the resistance in an electric circuit
represents an impediment to the flow of current under the influence of a
driving voltage.

An examination of Eq. (9.16) provides a similar interpretation for
the magnetic circuit. We are already aware that F is the driving
magnetomotive force which creates the flux penetrating the specified
cross-sectional area S.

However, this flux is limited in value by what is called the
magnetic resistance or, preferably, the reluctance of the magnetic
circuit, which is defined as

_
uS

Equation (9.17) reveals that the impediment to the flow of flux
which a magnetic circuit presents is directly proportional to the length
and inversely proportional to the permeability and the cross-sectional
area - results which are entirely consistent with physical reasoning.

The reciprocal of the reluctance is known as the permeance

S
Gy = 1 _BokrS
Rm |
Since the flux-magnetic potential difference (m.p.d.) curves of
magnetic circuits are, in the general case, non-linear, both R, and G,

Ri (9.17)
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are functions of the magnetic flux. Because of this, the relationships
for R, and G, hold only as long as the magnetic circuit or part of it

remains unsaturated.
Most often, this is true of magnetic circuits with a sufficiently
large air gap which straightens the respective flux-m.p.d. characteristics.
In a way, the reluctance of the magnetic circuit may be compared
to the static resistance of non-linear resistor. Among other things, Ry,

may be used in the qualitative considerations of flux distribution
between two parallel magnetic branches, much as the static resistance
figures in the solution of electric network.

Inserting Eqg. (9.17) into Eq. (9.16) yields

F=a®R, (9.18)

which is often referred to as the Ohm's law for the magnetic circuit.

It is important to keep in mind, however, that these manipulations
in the forms shown are permissible as long as magnetic field B and
cross-sectional area S are fixed quantities.

9.6. Ampere's Law for Various Orientations of the Current
Element

In Fig. 9.1 the assumption was made that the current element was
located parallel to conductor 1 and lying in the same plane. Because this
orientation was sufficient for the purpose at hand - to define the
fundamental magnetic quantities - it was pursued as a matter of
convenience.

However, in the interest of furnishing a more complete picture of
the experiment, we shall now consider the effect on the force of placing
the current element, 1,1, in two additional different orientations.

Consider first that the current element is no longer placed parallel
to conductor 1 but continues to be located in the same horizontal plane.
Refer to Fig. 9.4. The dots in this figure indicate that the magnetic field
is directed outward on the left side of conductor 1 and inward (with
respect to the plane of the paper) on the right side of the conductor as
indicated by the right-hand rule.

The results of this experiment show that the magnitude of the
force is the same as that found by using the configuration of Fig. 9.1.
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Fig. 9.4. Showing the direction of the force when the current element is
no longer located parallel to conductor 1 but remains in the same plane.

This conclusion is not surprising because the value of the
magnetic flux density as well as 1, and | remain unchanged so that

Eq. (9.2) is still valid in describing the force. The only change is the
direction of the force. However, as Fig. 9.4 indicates, the force
continues to be normal to the current element. It is worthwhile to keep
this point in mind. Presently, a general rule for establishing the force
direction for all configurations will be described. Next let us consider that
orientation of the current element which places it parallel to conductor 1 but
inclined at an angle 6 = 30° with respect to the vertical. A side-view
projection of the configuration is depicted in Fig. 9.5.

|/»,} Coadiuctor]
I3 / — I
Curremt G- 30°

alement

Fig. 9.5. Side-view projection of Fig. 9.1 but with the current element
tilted relative to the horizontal plane. Force is directed out of paper.

Note that the magnetic field is directed downward along the
vertical for this view. Actually, of course, the locus of B is circular, but
in Fig. 9.5 we are looking at just that small portion of the B-field about
the plane containing conductor 1. With this configuration the force on
the current element is found to have the same direction but one half the
magnitude of that obtained with the orientation of Fig. 9.1.
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It follows, then, that the angle between the current vector

Io,1and the flux density B affects the magnitude of the force. As a

matter of fact, further experimentation reveals that the general
expression for the force is

F=1,IBsin0. (9.19)

Equation (9.19) conveys information solely about the magnitude
of the force and not its direction. It is possible, however, by employing
the notation of vector analysis, to rewrite Eq. (9.19) so that information
about magnitude as well as direction is present.

This result is readily accomplished by the use of the cross-product
notation between two vectors, yielding, a third vector having magnitude
and direction. Thus Eqg. (9.19) is more completely expressed as

F=1,IxB. (9.20)
The cross symbol must always be understood to involve the sine
of the angle between the two vectors Band | (or the direction of I,

which is determined by the orientation of 1).
Moreover, whenever the cross product is involved, the direction
of the resultant vector is always normal to the plane containing the

vectors B and | in the sense determined by the direction of advance of

a right- hand screw as | is turned into B through the smaller of the two
angles made by the vectors.

Accordingly, in the configuration of Fig. 9.5 the direction of the
force is found by turning 1,1 into Band then noting that this would
cause a right- hand screw to advance out of the plane of the paper.
Hence the force is directed outward, and this corresponds with the
experimentally established result.

It is also possible to determine the direction of the force by means
of another right-hand rule, which requires that the forefinger be put in

the direction of the current and the middle finger in the direction of B
and the two assumed lying in the same plane.

The thumb of the right hand then points in the direction of the
force when placed perpendicular to the other two fingers.
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9.7. Theory of Magnetism

In order to understand the magnetic behaviour of materials, it is
necessary to take a microscopic view of matter. A suitable starting point
is the composition of the atom, which Bohr described as consisting of a
heavy nucleus and a number of electrons moving around the nucleus in
specific orbits. Closer investigation reveals that the atom of any
substance experiences a torque when placed in a magnetic field; this is
called a magnetic moment.

More precisely, the term magnetic moment normally refers to a
system's magnetic dipole moment, which produces the first term in the
multipole expansion of a general magnetic field. The dipole component
of an object's magnetic field is symmetric about the direction of its
magnetic dipole moment, and decreases as the inverse cube of the
distance from the object. The magnetic moment of a magnet is a
guantity that determines the force that the magnet can exert on electric
currents and the torque that a magnetic field will exert on it.

The resultant magnetic moment of an atom depends upon three
factors - the positive charge of the nucleus spinning on its axis, the
negative charge of the electron spinning on its axis, and the effect of the
electrons moving in their orbits.

The magnetic moment of the spin and orbital motions of the
electron far exceeds that of the spinning proton. However, this magnetic
moment can be affected by the presence of an adjacent atom.

Accordingly, if two hydrogen atoms are combined to form a
hydrogen molecule, it is found that the electron spins, the proton spins,
and the orbital motions of the electrons of each atom oppose each other
so that a resultant magnetic moment of zero should be expected.

Although this is almost the case, experiment reveals that the
relative permeability of hydrogen is not equal to one but rather is very
slightly less than unity. In other words, the molecular reaction is such
that when hydrogen is the medium there is a slight decrease in the
magnetic field compared to free space.

This behaviour occurs because there is a precessional motion of
all rotating charges about the field direction, and the effect of this
precession is to set up a field opposed to the applied field regardless of
the direction of spin or orbital motion.
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Materials in which this behaviour manifests itself are called
diamagnetic for obvious reasons. Besides hydrogen, other materials
possessing this characteristic are silver and copper.

Continuing further with the hydrogen molecule, let us assume
next that it is made to lose an electron, thus yielding the hydrogen ion.
Clearly, complete neutralization of the spin and orbital electron motions
no longer takes place.

In fact when a magnetic field is applied, the ion is so oriented
that its net magnetic moment aligns itself with the field, thereby
causing a slight increase in flux density.

This behaviour is described as paramagnetism and is
characteristic of such materials as aluminium and platinum.
Paramagnetic materials have a relative permeability slightly in excess
of unity.

So far we have considered those elements whose magnetic
properties differ only very slightly from those of free space. As a matter
of fact, the vast majority of materials fall within this category. However,
there is one class of materials - principally iron and its alloys with
nickel, cobalt, and aluminium - for which the relative permeability is
very many times greater than that of free space.

These materials are called ferromagnetic and are of great
importance in electrical engineering. We may ask at this point why iron
(and its alloys) is so very much more magnetic than other elements.
Essentially, the answer is provided by the domain theory of magnetism.
Like all metals, iron is crystalline in structure with the atoms arranged in
a space lattice.

However, domains are subcrystalline particles of varying sizes
and shapes containing about 10™ atoms in a volume of approximately
10" cm®. The distinguishing feature of the domain is that the magnetic
moments of its constituent atoms are all aligned in the same direction.

Thus in a ferromagnetic material not only must there exist a
magnetic moment due to a non-neutralized spin of an electron in an
inner orbit, but also the resultant spin of all neighbouring atoms in the
domain must be parallel.

It would seem by the explanation so far that if iron is composed
of completely magnetized domains then the iron should be in a state of
complete magnetization throughout the body of material even without
the application of a magnetizing force.
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Actually, this is not the case, because the domains act
independently of each other, and for a specimen of unmagnetized iron
these domains are aligned haphazardly in all directions so that the net
magnetic moment is zero over the specimen.

Figure 9.6 illustrates the situation diagrammatically in a
simplified fashion. Because of the crystal lattice structure of iron the
"easy" direction of domain alignment can take place in any one of six
directions - left, right, up, down, out or in - depending upon the
direction of the applied magnetizing force.

Figure 9.6, a shows the unmagnetized configuration.

Figure 9.6, b depicts the result of applying a force from left to
right of such magnitude as to effect alignment of all the domains.

++--l—l+—|- —_ - - -
++ l—ll--ll—lf —_ | | - | -
++++l--l— —_ |- | | -

—
'l—l-+-|—++ —l-—l-—l-—l-—l-—l-H
+++++. el ol el el el
-|—-—|-+++ —_ |- | - | -

ot b

Fig. 9.6 Representation of a ferromagnetic crystal: a unmagnetized and
b fully magnetized by the field H.

When this state is reached the iron is said to be saturated - there is
no further increase in flux density over that of free space for further
increases in magnetizing force.

Large increases in the temperature of a magnetized piece of iron
bring about a decrease in its magnetizing capability. The temperature
increase enforces the agitation existing between atoms until at a
temperature of 750°C the agitation is so severe that it destroys the
parallelism existing between the magnetic moments of the neighboring
atoms of the domain and thereby causes it to lose its magnetic property.
The temperature at which this occurs is called the curie point.
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9.8. Magnetization Curves of Ferromagnetic Materials

If the experiment of Fig. 9.1 is repeated with iron or steel as the
medium for increasing values of the field winding current I, and the

corresponding values of x computed, it is found that the relative
permeability varies considerably with the magnetizing force that
establishes the operating flux density. A typical variation of p, for cast

steel appears in Fig. 9.7. Here p, is plotted versus flux density rather

than the magnetizing force because it is the onset of the realignment of
more and more domains that brings about the change in permeability.

Unfortunately, the state of development of the theory of
magnetism is not so far advanced that it allows the prediction of the
magnetic properties of a material on a purely theoretical basis even
though the exact composition of the material is known.

For example, with the present theory it is not possible to say
exactly what the flux density will be in a given specimen of iron for a
specified value of the magnetizing force.

Rather, it is customary to obtain this information by consulting
technical and descriptive bulletins where the measured magnetic
properties of a representative sample of the specimen are published. These
bulletins are made available to users by the manufacturers of magnetic
steels and they include information on such varied shapes and forms as
sheets, wires, bars, and even castings weighing up to hundreds of tons.

Ky |
1oon
600 :
200 !
ol 04 08 12 16 B
Fig. 9.7 Graph of relative permeability versus flux density.

Usually, the published magnetic characteristics of the various iron
and steel samples are presented as plots of flux density B as a function
of the magnetic field intensity H. In the interest of presenting a complete
graphical picture of the functional relationship existing between these
two quantities as well as to define additional terms used in this
connection, refer to Fig. 9.8.
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Assume that the steel specimen is initially unmagnetized and
is in the form of a toroidal ring with a coil of N turns wrapped around it.
Assume too that the coil can be energized from a variable voltage source
capable of furnishing current flow in either direction in the coil.

As the current | is increased from zero in the positive direction
(current flowing into the top terminal of the coil), an increasing
magnetic flux @ can be measured as taking place within the body of the
toroid in the clockwise direction.

For any fixed value of | there is a specific value of flux. Then by
Eq. (9.15) the corresponding flux density is determined since the
toroidal cross-sectional area is known.

Moreover, the magnetomotive force F can be replaced by HI in
accordance with Ampere's circuital law [Eq. (9.13)] where | is the mean
length of path of the toroid (as shown by the broken line circle in
Fig. 9.8). The two fundamental quantities involved in this arrangement
then are flux density B in teslas and magnetic field intensity H expressed
in ampere-turns per meter.

-

Cross — secion

Sample steel spacimen

Fig. 9.8 Obtaining the magnetization curve of a sample steel specimen.

Magnetic field intensity H is the quantity we want to deal with
rather than magnetomotive force because for the same flux density,
doubling the mean magnetic length will not change H but will require
doubling the magnetomotive force.

The conclusion to be drawn is that a plot of B versus H is a
universal plot for the given material because it can be extended to any
geometry of cross-sectional area and length. In contrast, a plot of @&
versus F is limited to a single geometrical configuration.

Therefore, a plot of the magnetic characteristics of a material
always involves plotting B versus H. For the virgin sample of Fig. 9.8
the graph of B versus H follows the curve Oa of Fig. 9.9 for field
intensities up toH,. Take note of the nonlinear relationship existing

between these two quantities.
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Another interesting characteristic of ferromagnetic materials
is revealed when the field intensity, having been increased to some
value, say H,, is subsequently decreased.

It is found that the material opposes demagnetization and,
accordingly, does not retrace along the magnetizing curve Oa but rather
along a curve located above Oa. See curve ab in Fig. 9.9. Furthermore, it
is seen that when the field intensity is returned to zero, the flux density
is no longer zero as was the case with the virgin sample.

This happens because some of the domains remain oriented in the
direction of the originally applied field. The value of B that remains
after the field intensity H is removed is called residual flux density.
Moreover, its value varies with the extent to which the material is
magnetized. The maximum possible value of the residual flux density is
called retentivity and results whenever values of H are used that cause
complete saturation.

B(teslas)
Normol mognetizotion curve
g~
Coercmty—ﬂ fo— —
/,
T [}
Retentivity } / ,I

l Residual flux f] .

density e/ |/ A

N —
t Ho ( m )

¢ Hysteresis loop corresponding to
value of H large enough to saturote
d the steel specimen fully

Coercive force
Fig. 9.9 Typical hysteresis loops and normal magnetization curve.

Frequently, in engineering applications of ferromagnetic
materials, the steel is subjected to cyclically varying values of H having
the same positive and negative limits. As H varies through many
identical cycles, the graph of B versus H gradually approaches a fixed
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closed curve as depicted in Fig. 9.9. The loop is always traversed in
the direction indicated by the arrows.

Since time is the implicit variable for these loops, note that B is
always lagging behind H. Thus, when H is zero, B is finite and
positive, as at point b, and when B is zero, as at ¢, H is finite and
negative, and so forth.

This tendency of the flux density to lag behind the field intensity
when the ferromagnetic material is in a symmetrically cyclically
magnetized condition is called hysteresis and the closed curve abcdea is
called a hysteresis loop.

Moreover, when the material is in this cyclic condition, the
amount of magnetic field intensity required to reduce the residual flux
density to zero is called the coercive force.

Usually, the larger the residual flux density, the larger must be the
coercive force. The maximum value of the coercive force is called the
coercivity.

A glance at the hysteresis loops of Fig. 9.9 makes it quite evident
that the flux density corresponding to a particular field intensity is not
single-valued. Its value lies between certain limits depending upon the
previous history of the ferromagnetic material.

However, since in many situations involving magnetic devices
this previous history is unknown, a compromise procedure is used in
making magnetic calculations by working with a single-valued curve
called the normal magnetization curve. This curve is found by drawing a
curve through the tips of a group of hysteresis loops generated while in
a cyclic condition. Such a curve is Oafg in Fig. 9.9.

Typical normal magnetization curves of commonly used
ferromagnetic materials appear in Fig. 9.10.

A final observation is in order at this point. By Eq. (9.10) the
permeability of a material may be expressed as a ratio of B to H.
Coupling this with the nonlinear variation existing between B and H
(see Fig. 9.9), the variation of permeability with flux density as already
cited in connection with Fig. 9.7 is verified.

As a matter of fact, for a material in a cyclic condition, the
permeability is nothing more than the ratio of B to H for the various
points along the hysteresis loop.
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Fig. 9.10. Magnetization curves of typical ferromagnetic materials.
9.9. The Magnetic Circuit: Concepts and Analogies

The term magnetic circuits applies to a closed path of magnetic
flux, the path having the direction of the magnetic induction at every
point. The path may be made up of ferromagnetic materials or any other
substances and media.

In general, problems involving magnetic devices are basically
field problems because they are concerned with quantities such as & and
B which occupy three-dimensional space. Fortunately, however, in most
instances the bulk of the space of interest to the engineer is occupied by
ferromagnetic materials except for small air gaps which are present
either by intention or by necessity. For example, in electromechanical
energy-conversion devices the magnetic flux must permeate a stationary
as well as a rotating mass of ferromagnetic material, thus making an air
gap indispensable. On the other hand, in other devices an air gap may be
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intentionally inserted in order to mask the nonlinear relationship
existing between B and H. But in spite of the presence of air gaps it
happens that the space occupied by the magnetic field and the space
occupied by the ferromagnetic material are practically the same.

Usually, this is because air gaps are made as small as mechanical
clearance between rotating and stationary members will allow and also
because the iron by virtue of its high permeability confines the flux to
itself as copper wire confines electric current or a pipe restricts water.
On this basis the three-dimensional field problem becomes a one-
dimensional circuit problem and in accordance with Eg. (9.17) leads to
the idea of a magnetic circuit.

Thus we can look upon the magnetic circuit as consisting
predominantly of iron paths of specified geometry which serves to
confine the flux; air gaps may be included. Figure 9.11 shows a typical
magnetic circuit consisting chiefly of iron.

Note that the magnetomotive force of the coil produces a flux
which is confined to the iron and to that part of the air having effectively
the same cross- sectional area as the iron. Furthermore, a little thought
reveals that this magnetic circuit may be replaced by a single-line
equivalent electric circuit as depicted in Fig. 9.12. As suggested by
Egs. (9.16) and (9.17) the equivalent circuit consists of the
magnetomotive force driving flux through two series-connected
reluctances - the reluctance of the iron, and, the reluctance of the air.

b= o i

I
{ i

l:_[_: N Air-gop
ct ¥

Fig. 9.11 Typical magnetic circuit involving iron and air.

This analogy of the magnetic circuit with the electric circuit carries
through in many other respects. For the sake of completeness these details
are presented below for the case of a toroidal copper ring and a toroidal
iron ring having the same mean radius r and cross-sectional area S.

To distinguish the electric field intensity and applied battery
voltage the last quantity is marked out with a capital letter € (only in
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this section) in given table of correspondence between the electric
circuit and the magnetic circuit on page 4009.

ELECTRIC CASE MAGNETIC CASE

The toroidal copper ring is The toroidal iron ring is
assumed open by an infinitesimal assumed wound with N turns of wire
amount with the ends connected so that with a current i flowing through
to a battery; a current of | amperes it the magnetomotive force creates the

flows through the ring. flux @.
Driving Force
applied battery voltage = € applied ampere-turns = F
Response
driving force driving force
current = - - flux = -
electric resistance magnetic reluctance
or 1=2 o=
R Rm
Impedance

Impedance is a general term used to indicate the impediment to a
driving force in establishing a response.

. | I
resisance =R=p— reluctance =Ry, =—
S

[IN)
where | =2nr =mean length of turn of the toroid and S is the toroidal

cross-sectional area.
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Equivalent Circuit

Electric Field Intensity

With the application of
the wvoltage € to the
homogeneous copper toroid,
there is produced within the
material an electric potential
gradient given by

E=2-% vm

I 2nr

This electric field must
occur in a closed path if it is to
be maintained. It then follows
that the closed line integral of H
is equal to the battery voltage E.

Thus
§ Edl =¢

Voltage Drop
If it is desired to find the
voltage drop occurring between
two points - a and b - of the
copper toroid, we may write:

ab_jHon:—J'cu_Blab_

e
IpS ab =P~ S
i.e., Ugy =IRy,, Where Ry is
the resistance of the copper
toroid between points a and b.

—IRab

57

F=@R,

Magnetic Field Intensity
When a magnetomotive force is
applied to the homogeneous iron
toroid, there is produced within the
material a magnetic potential gradient
given by
F F

H=—=——At/m
| 2nr

As already pointed out in
connection with Ampere's circuital
law, the closed line integral of H
equals the enclosed magnetomotive
force. Thus

§ Hal =

m.m.f. = magnetic voltage

Magnetomotive force is related
to magnetic voltage. The portion of
the applied m.m.f. appearing between
points a and b is found similarly:

b R
F OR
Fab=de|=|—|ab= m
a

Iab =

0o 1 lab
:——lab—o a _ORab U Mab
I uS us
i.e., Fgp=@Rpy, where Ry, is the
reluctance of the iron toroid between
points a and b.
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Current Density Flux Density
Current density is the By definition, flux density is
amount of amperes per unit area. expressed as webers per unit area.
Thus Thus
I E HI H @& H HI
S SR Sp(l/s) p S SR, S(/us)
or H=pJ. This last expression FH - B
is often referred to as the B n

microscopic form of Ohm's law.

It should not be inferred from the foregoing that electric and
magnetic circuits are analogous in all respects.

For example, there are no magnetic insulators analogous to those
known to exist for electric circuits.

Also, when a direct current is established and maintained in an
electric circuit, energy must be continuously supplied. An analogous
situation does not prevail in the magnetic case, where a flux is
established and maintained constant.

9.10. Units for Magnetic Circuit Calculation

Magnetic circuit calculations can be carried out by use of any one
of several different systems of units. These various systems arose
initially because it was thought that the phenomena of electricity and
magnetism were unrelated - thereby leading to the development of a
separate system of units for each - and secondly, because of the desire to
deal with practical values of the units once the relationship was
discovered. Up to now attention has been given exclusively to the mks
(meter-kilogram-second) system of units as developed by Giorgi about
the turn of the twentieth century. This policy is prompted by the
acceptance in 1960 of the mks system of units as the standard for
scientific work and now referred to as Sl units (System International
Unite's). However, a good part of the past literature is written in terms
of the units of the CGS (centimetre-gram-second) system. Furthermore,
many of the present-day computations are carried on in terms of the
mixed system employing such units as ampere-turns/inch,
maxwells/inch?, and ampere-turns because of the convenience they offer
in dealing with dimensions that are expressed in inches.
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Table 9.1. Magnetic Units

. CGS
Quantity Symbols Unit Relation
m.m.f. F gilberts F =0.4nNI
Permeability:
Free space Ho =1
Abs. norm., Ho K= Holy =Ky
permiability
Length I cm
Area S cm’
I
R Ry =——
Reluctance m m 10,
0.47NI
maxwell = D=
. I
Flux @ ~ lines =
MUy
Magnetic i _ 0.47NI
field H gilberts/cm = g o 04n
intensity =oersteds I
. lines/cm® = B
Flux density B = gauss B=pH

Furthermore, many of the present-day computations are carried
on in terms of the mixed system employing such units as ampere-
turns/inch, maxwells/inch?, and ampere-turns because of the
convenience they offer in dealing with dimensions that are expressed in
inches. For these reasons the units of all three systems are shown in
Tables 9.1, 9.2, 9.3.

The weber, which is the unit of flux in the SI system, is equal to
10® maxwells (or lines) where the maxwell is the unit of flux in the CGS
system. The gilbert is the CGS unit for m.m.f. and is equal to 0.4«
times the number of ampere-turns. The CGS unit for magnetic field
intensity H is the oersted (or gilbert/cm) and the CGS unit for flux
density B is the gauss (or lines/cm2). The relationships existing for the
same quantity between the various systems of units are given below.

The conversion factors for tables:

Gradibert = 10 gilberts;

At = 0.4 7 gilberts = 1.257 gilberts;
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1 metre = 39.4 inches;

1 metre® = 1550 inches®

1 centimetre = 0.01 metre;

1 weber = 108 lines;
1. oersted = 79.6 At/m;

1 praoersted = 1000 oersted;

1& = w = 0.495 oersted;
in 254
At 2.02 ]
— =——— praoersted;
in 1000

1 gauss = 6.45 lines/in?;

1 tesla = 64,500 lines/in%;

1 tesla = 10,000 gauss.
Table 9.2. Magnetic Units

it Svmbol Sl units
Quantity ymbols Unit Symbol Relation
m.m.f. F ampere= 1 At F=NI
hour
Permeability: 7
Free space Ho Ho =4nl0
Abs. norm. -7
. H =4710
permeability H Hr
Length I metre; m
Area S metre ? m?
I
Reluctance Rm Rm = =7
4710 ", S
D= NI
Flux @ Weber Wb |
Ky 47107"s
Magnetic field H At At _ NI
intensity metre m 1
webers
Flux density B metre 2 T B=p,uoH
=tesla
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Table 9.3. Magnetic Units

Quantity Symbols Mixed English system
Unit Relation
m.m.f. F At F=NI
Permeability: to o =3.19
Free space 319
Abs. norm. perm. H H= 2. 291y
Length I inch
Area S inch?
I
R Rm=——2
Reluctance m m 31911, S
NI
= O=——
Flux b M:ix;/_vell |
= lines —
3.19u,S
Magnetic  field H At NI
. - — H=—
Intensity inch |
Flux density B Iines/inch 2 B=3.19u.H

9.11. Magnetic Circuit Computations

Basically magnetic circuit calculations involving ferromagnetic
materials fall into two categories. In the first the value of the flux is
known and it is required to find the magnetomotive force to produce it.
This is the situation typical of the design of a-c and d-c
electromechanical energy converters.

On the basis of the desired voltage rating of an electric generator
or the torque rating of an electric motor information about the required
magnetic flux is readily obtained. Then with this knowledge and the
configuration of the magnetic circuit the total m.m.f. needed to
establish the flux is determined straightforwardly.

In the second case it is the flux for which we must solve,
knowing the geometry of the magnetic circuit and the applied m.m.f.
An engineering application in which this situation prevails is the
magnetic amplifier, where it is often necessary to find the resultant
magnetic flux caused by one or more control windings.

Because the reluctance (or permeability) of the ferromagnetic
material is not constant, the solution of this problem is considerably
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more involved than that of the first category as illustrated by the
examples below.

Example 9.1. A toroid is composed of three ferromagnetic
materials and is equipped with a coil having 100 turns as depicted in
Fig. 9.13. Material a is a nickel-iron alloy having a mean arc length I,
of 0.3 m. Material b is medium silicon steel and has a mean arc length
I, of 0.2 m. Material c is of cast steel having a mean arc length equal to
0.1 m. Each material has a cross-sectional area of 0.001 m*

(a) Find the magnetomotive force needed to establish a magnetic

flux of @ = 6x10"* Wb = 60,000 lines.

(b) What current must be made to flow through the coil?

(c) Compute the relative permeability and reluctance of each
ferromagnetic material.

Fig. 9.13. Toroid composed of three different materials.
Solution: (a) To obtain the total m.m.f. of the coil all we need to
do is to apply Ampere's circuital law. Thus
F=F +F +F =Haly + Hpl, + H¢l;.
The unknown quantities here are H,, Hy, H . These can readily

be found from a knowledge of the flux density, which here is the same
for each section because the flux is common and the cross-sectional
areas are the same. Hence
B, =By =B, =9=M=0.6T.
S 0.001

Now H, is found by entering the B-H curve of the nickel-iron
alloy of Fig.9.10 corresponding to B;=0.6. This yields
H, =10 At/m.

Similarly,

H, =10 At/m
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Accordingly, the total required m.m.f. is

F=Hgly + Hplp + Helg =10x0.3+77x0.2+270x0.1=
=3+15.4+27 =454 At.

Note that although the path length of cast steel is the smallest, it
nonetheless requires the greatest portion of the m.m.f. to force the
specified flux through. This happens because of its much lower
permeability as shown in part (c).

(b) In the SI system the m.m.f. is equal to the number of ampere-
turns. Hence

_F _454

=——=0.454A.
N 100
From Eq. (9.10)
Ha =E:%:O.06 H/m.
B, 10
Also,
Hralo =Ha
Hra =“—3:L67:47.7
Lo 4nx10™
Furthermore, from Eqg. (9.16) the reluctance is found to be
Ra = Fa__ 3 7 = 9000 rationalized mks units of reluctance.
@  6x10”

Proceeding in a similar fashion for materials b and c leads to the
following results:

Hyp = 6207 Ry, = 25,667
Hpe =1768 R, = 45,000

Next we consider the more difficult problem: that of finding the
flux in a given magnetic circuit corresponding to a specified m.m.f. The
solution cannot be arrived at directly because, as a result of the
nonlinear relationship between B and H, there are too many unknowns.
The easiest way of finding the solution is to employ a cut-and-try
procedure guided by the knowledge of the permeability characteristics
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of the materials such as appears in their magnetization curves. The
following example illustrates the technique involved.

Example 9.2 For the toroid of Example 9.1, shown in Fig. 9.13,
find the magnetic flux produced by an applied magnetomotive force of
F=35At

Solution: The solution cannot be determined directly because to
do so we must know the reluctance of each part of the magnetic circuit,
which can be known only if the flux density is known - which means
that @ must be known right at the start. This is clearly impossible.

To obtain the solution by the cut-and-try procedure, we begin by
first assuming that all of the applied m.m.f. appears across the material
having the highest reluctance. This yields an approximate value of @
which can subsequently be refined.

A glance at Fig. 9.10 shows that the poorest magnetic "conductor”
is cast steel. Hence by assuming the entire m.m.f. to appear across
material ¢ we can find H, from which B follows, which in turn yields.

Thus
He = e~ F_35 350 aym.
le 1o 01
From Fig. 9.10
B, =065T

" @ = BS. =0.65x0.001=0.00065 Wb

This value represents the first approximation for the flux as
indicated by the subscript. Also, since the cross-sectional area is the
same for each material, it follows that

By =B, =B.=0.65T.
Reference to the nickel-iron magnetization curve reveals that the
value of H, corresponding to B, is negligibly small compared to H..
Hence for all practical purposes its effect can be neglected.
However, note that for medium silicon steel the value of Hy is
almost 90 At/meter. This, coupled with the fact that 1, =2I;, indicates

that material b takes about half as much m.m.f. as material ¢ in
maintaining the flow of flux.
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In other words, at this point in our analysis we can make a
refinement on our original assumption of assigning the entire m.m.f. to
material c. Now we see that about 50% of that assigned to ¢ should be
assigned to b. Thus

Fo+F, =F (assumed).
But
F, =0.5F, (assumed).
Hence
15F, =F =35, F,=23.3At
Accordingly, a second approximation for the solution can be
obtained. Therefore,

H, =223 _ 233 AUm
0.1

which in turn yields
B.=04T
so that the value of the flux now becomes
@, = B.S; =0.0004 Wh.

To determine whether or not this is the correct answer we must at
this point compute the m.m.f. drops for each material and add to see
whether they yield a value equal to the applied m.m.f.

If not, the foregoing procedure must be repeated until Ampere s

circuital law is satisfied. Making this check for the second
approximation we have

Hp =62 At/m corresponding to B, = 0.4.
And
Hy =57 At/m  for B, =0.4.
Accordingly,
HI =H,l, + Hplp + Helo =5.7x0.3+62x0.2+233x0.1=
=1.7+124+23.3=37.4 AL.

Obviously this is too high by about 7%. Hence, as a third try,
reduce the biggest contributor to the m.m.f. by a factor of 5%.
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That is, assume that now

F, = 22At.

Then
H. =220 At/m and B.=0.375,
@3 =0.000375 Wh.
Corresponding to this flux we find
H,=59 and H,=5.
Hence
m.m.f. = (5) (0.3) + (59)(0.2) + 22 = 35.3 At

Since this summation of m.m.f.'s agrees with the applied m.m.f.
of 35 At, the correct solution for the flux is

@ = 0,000375 Wb = 37,500 lines

When making magnetic circuit computations of the kind just
illustrated, it is common practice to accept as valid any solution that
comes within + 5% of the exact solution. The reason is that we are
dealing with normal magnetization curves which neglect hysteresis and
which are after all only typical of the material actually being used in the
specified circuit. Deviations can and often do exist.

As a final example to illustrate magnetic circuit computations, we
shall solve a problem involving parallel magnetic paths as well as the
presence of an air gap. Moreover, we will consider only the first type
where the m.m.f. needed to establish a specified flux is to be found. This
is justified not only because the solution is straightforward but also
because it is by far more representative of the kind of magnetic circuit
problem the engineer is likely to be concerned with.

Example 9.3 A magnetic circuit having the configuration and
dimensions shown in Fig. 9.14 is made of cast steel having a thickness
of 0.05 m and an air gap of 0.002 m length appearing between points g
and h. The problem is to find the m.m.f. to be produced by the coil in

order to establish an air gap flux of 4 x10™* Wb (or 40,000 lines).
Solution: The method of solution can be readily ascertained by

referring to the equivalent circuit of this magnetic circuit as shown in

Fig. 9.15. Knowledge of @4 enables us to find the m.m.f. drop

appearing across b and c.
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Fig. 9.14. Parallel magnetic circuit. All dimensions are in meters.

From this information the flux in leg bc can be determined and,
upon adding it to we find the flux in leg cab. In turn, the m.m.f,
needed to maintain the total flux in leg cab can be computed, and
when we add it to the m.m.f. drop across bc we obtain the resultant
magnetomotive force.

e Rav ) @,

By, ijkc

)3
Fig. 9.15. Equivalent circuit of Fig. 9.14.

The computations involved for the various parts of the magnetic

circuit are as follows.
Part gh. This is the air gap for which the flux is specified a

4x10™ Wb, The cross-sectional area of the gap is
(0.05)(0.05) = 0.0025 m,.

Normally, however, this area is slightly higher because of the
tendency of the flux to bulge outward along the edges of the air gap -
which is often referred to as fringing. For convenience this effect is
neglected.

Thus, the air gap flux density is found to be
Dy 4x1074

97 sy 00025

=0.16T.
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Since the permeability of air is practically the same as that of
free space, we have

B
Hg:_g— 0.16 =127,300 At/m

Lo  4r10~7

and
Fg =H g]Ig =127,300 x0.002 = 255 At

Part bg and hc. The length of ferromagnetic material involved
here is

Ik
lhg +lhe =2 lpg +lge +leg +— |—1g =
bg ™ 'he (bd de T lef 2 g

=2(0.025+0.1+0.025+0.1) — 0.002 = 0.498) m

Moreover, corresponding to a flux density in the cast steel of
0.16 T, the field intensity H is found to be 125 At/m. Hence

Fog+he =125x0.498 =62.2 At.
Part bc. Because path bfkc is in parallel with path bc, the total
m.m.f. across path bfkc also appears across path bc. Hence
Foc =255+ 62.2=317.2 At.
Also,
lpc =0.1+0.075=0.175 m

Hpe = o272 _1810 At/m
0.175

and from Fig. 9.10 for cast steel the corresponding flux density is found
to be

By =1.38T.
Hence
@y =1.38%0.0025 = 0.00345 Wh.
Part cab. Accordingly, the total flux existing in leg cab is
Deap = Ppc + Py =0.00345 +0.0004 = 0.00385 Wh.
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Knowledge of this flux then leads to determination of the
m.m.f. needed in; leg cab to sustain it. Thus

-2 sy
from which
Hcap =690 At/m
Hence

Feab = Heablcap =690 % 0.5 =345 At
Therefore the total m.m.f. required to produce the desired air gap flux is
F =Fep + Foc =345+317.2=662.2 At

9.12. Hysteresis and Eddy-Current Losses in Ferromagnetic
Materials

The process of magnetization and demagnetization of a
ferromagnetic material in a symmetrical cyclic condition involves a
storage and release of energy which is not completely reversible.

As the material is magnetized during each half-cycle, it is found
that the amount of energy stored in the magnetic field exceeds that
which is released upon demagnetization.

The background for understanding this behaviour was provided in
Sec. 9.3. There the hysteresis loop was identified as the variation of flux
density as a function of the magnetic field intensity for a ferromagnetic
material in a cyclic condition. The salient feature of the hysteresis loop
is the delayed reorientation of the domains in response to a cyclically
varying magnetizing force.

A single hysteresis loop is depicted in Fig. 9.16. The direction of
the arrows on this curve indicates the manner in which B changes as H
varies from zero to a positive maximum through zero to a negative
maximum and back to zero again, thus completing the loop.

To appreciate the meaning of the various shaded areas shown in
Fig. 9.16, let us look at the units associated with the product of B and H.
Thus

amperes ~ newtons  _ newtons _ N

units of (HB) = = - :
metre  ampere —metre  metre? m?
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But
Newton-metre = joule
Hence
Units of (NB) = —%!1° =i3
metre® m

which is clearly recognized as an energy density. Therefore, in dealing
with areas involving B and H in connection with a hysteresis loop we
are really dealing with energy densities expressed on a per cycle basis
because the hysteresis loop is repeatable for each cyclic variation of H.

Areo obdo represents energy
stored in mognetic field during
positive holf cycle of H

Areo bdc represents energy
releosed by mognetic field
during positive half cycle

Arec obca represents hysteresis ma HIAT/m)

loss per holf cycle

¢

Fig.9.16. Hysteresis loop and energy relationship per half-cycle.

The energy stored in the magnetic field during that portion of the
cyclic variation of H when it increases from zero to its positive
maximum value (assuming the material is already in a cyclic state) is
given by

By
W, = j HdB J/m? (9.21)
Ba
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when mks units are used; i.e., H must be expressed in At/m and B in
teslas. Note that the axes of Fig. 9.16 are so labeled. Moreover, during
that portion of its cyclic variation when H decreases from its positive
maximum value to zero (as it follows along curve be of the hysteresis
loop) energy is being released by the magnetic field and returned to the
source, and this quantity can be represented as

B
W, = j HdB J/m® (9.22)
By

In this equation, since B, > B, the quantity W, will be negative,
indicating that the energy is being released rather than stored by the
magnetic field.

A graphical interpretation of Eq. (9.21) leads to the result that the
energy absorbed by the field, when H is increasing in the positive
direction, can be represented by the area abdca. Similarly, the energy
released by the field as H varies from H,,, to zero can be represented

by area bdcb. The difference between these two energy densities
represents the amount of energy which is not returned to the source but
rather is dissipated as heat as the domains are realigned in response to
the changing magnetic field intensity. This dissipation of energy is
called hysteresis loss. Keep in mind that Fig. 9.16 depicts this energy
density loss for a one-half cycle variation of H. Hence area abca
represents the hysteresis loss per half-cycle. It certainly follows from
symmetry that upon completion of the negative half-cycle variation of H
an equal energy loss occurs. Therefore, as H varies over the complete
cycle, the total energy loss per cubic meter is represented by the area of
the hysteresis loop. More specifically, this energy loss per cycle can be
expressed mathematically as

W, = (area of hysteresis loop) (9.23)

m® x cycle

where rationalized mks units are used for H and B.

It is frequently desirable to express the hysteresis loss of
ferromagnetic materials in watts - the unit of power. A little thought
about the units of Wy in Eq. (9.23) shows how this can be directly

accomplished. Thus
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_energy _ power xseconds power

L= = (9.24)
vol x cycles vol x cycles vol x cycles /seconds

Now let B, = power loss in watts

V = volume of ferromagnetic material
f = cycles/seconds = frequency of variation of H
Then Eq. (9.24) becomes

A
Wh = (9.25)
or

P, =W, Vf (9.26)

where W, - the energy density loss - is determined from Eq. (9.23).

To obviate the need of finding the area of the hysteresis loop in
order to compute the hysteresis loss in watts from Eq. (9.26) Steinmetz
obtained an empirical formula for Wy, based on a large number of

measurements for various ferromagnetic materials. He expressed the
hysteresis power loss as

P, = VK ,B (9.27)

where By, is the maximum value of the flux density and n lies in the
range 1.5<n<2.5 depending upon the material used. The parameter
K}, also depends upon the material. Some typical values are: cast

steel 0.025, silicon sheet steel 0.001, and permalloy 0.0001.

In addition to the hysteresis, another important loss occurs in
ferromagnetic materials that are subjected to time-varying magnetic
fluxes - the eddy-current loss. This term is used to describe the power
loss associated with the circulating currents that are found to exist in
closed paths within the body of a ferromagnetic material, causing an
undesirable heat loss. These circulating currents are created by the
differences in potential existing throughout the body of the material
owing to the action of the changing flux. If the magnetic circuit is
composed of solid iron, the ensuring power loss is appreciable because
the circulating currents encounter relatively little resistance.

To increase significantly the resistance encountered by these eddy
currents, the magnetic circuit is invariably composed of very thin
laminations (usually 14 to 25 mils thick) whenever the electromagnetic
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device is such that a varying flux permeates it in normal operation.
This is the case with transformers and all ac electric motors and
generators. An empirical equation for the eddy-current loss is

P, =K, f2B21V W (9.28)

where K, = a constant dependent upon the material

f = frequency of variation of flux in Hz

B, = maximum flux density

T = lamination thickness
V = total volume of the material

A comparison of this equation with Eq. (9.27) reveals that eddy-
current losses vary as the square of the frequency, whereas the
hysteresis loss varies directly with the frequency.

Taken together the hysteresis and eddy-current losses constitute
what is frequently called the core losses of electromagnetic devices that
involve time-varying fluxes for their operation. More than just passing
attention is devoted to these losses here because, as will be seen, core
losses have an important bearing on temperature rise, efficiency and
rating of electromagnetic devices.

9.13. Relays - an Application of Magnetic force

A relay is an electromagnetic device which can often activated by
relatively little energy, causing a movable ferromagnetic apmature to
open or close one or several pairs of electrical contact points located in
another control circuit or in a main circuit handling large amounts of
energy. Ac and dc motor starters are equipped with relays designed to
insure proper operation of motors during starting and running
conditions. These devices are found in many applications in all fields of
engineering, especially in situations where control of a process or
machine is involved. Our objective in this section is to describe the
principles that underlie the operation of these electromagnetic devices.
Besides the knowledge it offers, this treatment gives the motivation for
studying the theory of magnetic fields and circuits.

The derivation of a magnetic force equation is our primary
interest because is shows how it is possible to do mechanical work -
moving a relay armature - by abstracting energy from that stored in the
magnetic field. Moreover, since the emphasis is on the principles
involved, the simplifying assumptions of no saturation or no losses are
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imposed; i.e., linear analysis is used throughout. Accordingly, the
magnetization curve of the ferromagnetic material material is assumed
to be a straight line as depicted in Fig. 9.17, a. (Only the curve
corresponding to positive values of H is shown). Now, by appropriately
modifying the axes of the curve plotted in Fig. 9.17, a, a significant and
useful thing happens. First recall that the area between the B-axis and
the magnetization curve represents the energy absorbed from the source
and stored in the magnetic field on a unit volume basis. Equation (9.21)
states this result mathematically. Repeating we have

By
W = [HdB Jm? (9.29)
Ba
In the simplified situation of Fig. 9.17, a, Eq. (9.29) becomes
merely the area of triangle 0aB. Thus
W =%BH Jm? (9.30)
where H is assumed fixed at the value shown.
Lower

BT, &
g reluctan ce

Bl —— it

|
a H H, Atlm a F
@ Area aF gives the b Area Qak gives the total
energy density stored magretic fieldenergy
carrespandng o fixed /7 carrespondng lo fixed F

Fig. 9.17. Linear magnetization curve of a relay.

Moreover, since W¢ is an energy density, the total energy stored

in the magnetic field is found by multiplying Eq. (9.21) by the volume.
Thus

W =WV =WsSI J (9.31)
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where | is the length and S the cross sectional area of the magnetic
circuit. Inserting Eq. (9.30) into Eq. (9.31) yields

W =%(BS)(HI):%®F J (9.32)

Note that in this equation S is combined with B to identify the
flux @ and H is combined with | to identify the magnetomotive force F.
A graphical representation of Eq. (9.32) appears in Fig. 9.17, b. It
should be apparent that Fig.9.17, b derives from Fig.9.17, a by
multiplying the ordinate axis by S and the abscissa axis by I, thus
plotting @ versus F. Then for a fixed H (or F) area 0aB of Fig. 9.17, a
gives the energy density whereas the corresponding area Oab of
Fig. 9.17, b gives the total energy stored in the magnetic field.

To understand how mechanical work can be done by the
abstraction of energy stored in the magnetic field, consider the circuitry
appearing in Fig. 9.18, which depicts the basic composition of an
electromagnetic relay. It consists of an exciting coil placed on a fixed
ferromagnetic core equipped with a movable element called the relay
armature. The relay is energized from a constant voltage source through
an adjustable resistor R.

To begin with, consider that R is fixed at that value which makes
the coil m.m.f. equal to F and producing the flux @ as shown in
Fig. 9.17, b. Then adjust R to increase the m.m.f. by dF and thereby the
flux by d@, assuming the relay armature is held fast to keep the
reluctance invariant. Figure 9.17, b shows that an additional amount of
energy is absorbed from the source and stored in the magnetic field
virtually equal to the area of rectangle abdc. Next readjust R to make dF
zero, and then, keeping the m.m.f. fixed at F, release the armature, thus
allowing it to move in the direction to decrease the air gap. Hold the
armature fast again when the decreased reluctance causes the flux to
increase by the amount d@ obtained previously.

£ Relay
iljf,‘zl EE?N..E... /armazuré'
t Canfining

surface

Fig. 9.18. Basic composition of an electromagnetic relay.
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It is important to note here that, neglecting second-order
effects, the new (lower-reluctance) position of the armature is also
responsible for permitting the source to supply an additional amount of
energy virtually equal to area abdc as before but with one significant
difference. Whereas when the armature is held fixed, the additional
energy supplied by the source is converted entirely to stored magnetic
energy, on the other hand, when the armature is allowed to move
towards a lower-reluctance position, only half of the same amount of
additionally supplied energy is stored in the magnetic field.

The other half is consumed in doing the mechanical work
involved in moving the relay armature from the higher- to the lower-
reluctance position. That the amount is one-half, readily follows from a
glance at Fig. 9.17, b if we note that the area of triangle Oac is one - half
the area of rectangle abdc. The slope of the magnetization curve is the
permeability and so can be used as a measure of the reluctance. Hence
the higher the slope of the magnetization curve, the higher x« and the
lower the reluctance.

For the magnetization curve in Fig. 9.17, b to go from position Oa
to Oc, it is necessary for the relay armature to be moved to a position
corresponding to a smaller air gap. The mechanical work involved in
accomplishing this is represented by area Oac in Fig. 9.17, b.

The conclusions described in the foregoing can now be expressed
mathematically. It is important to keep in mind, however, that the
interchange of energy between the magnetic field and the mechanical
system (the relay armature) necessarily involves a change in reluctance.
In other words the change in energy to do mechanical work, dW,, is
equal to the change in magnetic field energy associated with a change in
reluctance dRI. Thus by Egs. (9.18) and (9.31)

dw, = —%ézdR (9.33)

where the negative sign emphasizes that mechanical work is done
through a decrease in reluctance.

An expression for the magnetic force developed on the relay
armature is readily obtained by recalling that

Fdx = dW,, (9.34)

where F is the force in newtons. Inserting this expression into Eq. (9.33)
then yields
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_L1p20R (9.35)
2 dx
Hence the magnitude of the instantaneous magnetic force is
dependent upon the value of the flux as well as the rate of change of
reluctance. Moreover, the direction of this force is always such as to
bring about a decrease in reluctance as indicated by the minus sign.
Example 9.4 In the relay circuit of Fig. 9.18 assume the cross-
sectional area of the fixed core and the relay armature to be S, and the
air gap flux to be @. Neglecting the reluctance of the iron, find the
expression for the magnetic force existing on the relay armature.
Solution: We must find the rate of change of reluctance with
distance along the sliding surface. Thus

F=

g
= oS (9.36)
where g = air gap length.
dR 1 dg
dx peS dx
But
dg =—dx
Hence
R 1
& pS

Inserting this last expression into Eq. (9.35) yields the desired result.
Summary review questions

1. State Ampere's Law and comment about the motion of lines of
force.

2. Describe how the magnetic quantity - flux density - is defined
from Ampere's Law. Demonstrate why this quantity is aptly named.

3. Define permeability and show how this quantity can be
experimentally determined for a particular medium. What is relative
permeability?

4. Explain the meaning of magnetic flux and show how it is
related to magnetic flux density.
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5. What is magnetic field intensity? How is it different from
magnetic flux density?

6. Describe Ampere's circuital law and illustrate its usefulness in
magnetic circuit computations.

7. What is magnetomotive force? How does it differ from
electromotive force? How is it similar?

8. How does the notion of reluctance arise in dealing with
magnetic circuits? Why is this property useful? Name the physical
parameters that influence this quantity.

9. Ampere's law deals with the force that exist between two
current-carrying conductors. What influence, if any, does the orientation
of one conductor relative to the other have on this force? Illustrate.

10. Write Ampere's law expressed in terms of the notation of
vector analysis.

11. Describe how the direction of the force between two currents-
carrying conductors is determined.

12. Explain the following terms: diamagnetic, paramagnetic,
ferromagnetic, magnetic moment.

13. Describe briefly the domain theory of magnetism.

14. What is saturation as it applies to ferromagnetism?

15. Magnetic circuits are basically nonlinear. Explain what this
statement means and why it is so.

16. Define the following: hysteresis, retentivity, coercivity,
residual flux density, coercive force, normal magnetization curve.

17. Describe the premise on the basis of which it is possible to
represent the three-dimensional field problems of magnetism by a
magnetic circuit.

18. Describe the analogies that can be made between electric and
magnetic circuits regarding the following items: driving force, field
intensity, impedance drops and equivalent circuits.

19. Describe in some detail the two types of magnetic circuit
problems that confront the designer of such circuits.

20. Demonstrate through dimensional analysis why the hysteresis
loop represents an energy loss per cycle. What can be done to diminish
this loss?

21. Cite an empirical formula for the evaluation of hysteresis loss
expressed in watts. Repeat for eddy-current loss.
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22. Describe how mechanical work can be done through the
extraction of energy that is stored in a magnetic field.
23. Cite the formula for the force produced in a relay and explain
the meaning of each term.

Problems

9.1. A long straight wire located in air carries a current of 4 A.
Assume the relative permeability of air is unity.

(@) Find the value of the magnetic field intensity at a distance
0.5 m from the centre of the wire.

(b) A second long straight wire carrying a current of 2 A is placed
parallel to the first one at a distance of 0.5 m with the current flowing in
the same direction. Find the direction and magnitude of the force per
meter existing between the wires.

(c) Repeat part (b) for the case where the wires are imbedded in
iron having a relative permeability of 10,000 and a spacing of 0.05 m.

9.2. The wires shown in Fig. P9.2 are long, straight, and parallel
and are completely embedded in iron having a relative permeability
of 1000. Each wire carries a current of 10 A.

I I
! 21 5 Wires imbeddedin
0 1m0 1m iros hoving P, = 1000
Fig. P9.2

(2) Compute the magnitude and direction of the resultant force
per meter on the wire in which 1, flows.

(b) Compute the magnitude and direction of the force per meter
on the wire in which 1, flows.

(c) Repeat part (b) for the third wire.

9.3. Repeat Problem 9.2 for the case where the current I, flows

oppositeto 1 and I3.

9.4. A uniform magnetic field of 0.7 T in the iron is applied to the
configuration of Fig. P9.2.

(&) Compute the magnitude and direction of the resultant force
per meter when the magnetic field is directed perpendicularly into the
plane of the paper.
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(b) What is the value of this resultant force per meter when
the magnetic field is applied in the plane of the wires and directed from
right to left?

(c) Compute the resultant force per meter when the magnetic field
is applied at the angle of 45° relative to the plane of the paper and
directed into it from right to left

(d) What the resultant force per meter when the magnetic field is
applied at the angle of 60° relative to the plane of the paper and directed
into it from top to bottom.

9.5. A circular loop of wire of radius r meters and consisting of a
single turn carries the current | as shown in Fig. P9.4. Derive the
expression for the magnetic field intensity at the centre.

=2
Fig. P9.5

9.6. A magnetic circuit composed of silicon sheet steel has the
square construction shown in Fig. P9.6.

=

AARA
I

o—

A0em m

(a) Find the magnetomotive force required to produce a core flux
of 25x10™% Wh.

(b) If the coil has 80 turns, how much current must be made to
flow through the coil?

9.7. The magnetic circuit of Prob. 9.6 has an air gap of 0.1 cm cut
in the right leg. For a coil having 100 turns find the current that must be
allowed to flow in order that the core flux be 0.0025 Wh.

9.8. The core shown in Fig. P9.8 has a uniform cross-sectional

area of 2 in.2 and a mean length of 12 in. Also, coil A has 200 turns and

carries 0.5 A, coil B has 400 turns and carries 0.75 A, and coil C carries
1.0 A.
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1.?".:k= = 4
A% =+ B
n_c"_ W W ‘_io

i

Q C_"JJ

Fig. P9.8

How many turns must coil C have in order that the core flux be
120,000 lines? The coil currents have the directions indicated in the
figure. The core is made of silicon sheet steel.

9.9. The magnetization curve of a relay is shown in Fig. P9.9.

Oper
+ pasitia
1 IS EEE 0.1m Relay Weber | Closed
j - |- ﬁi’arm.::r:uré 0.01 position
ik 1000 At
i bl
Fig. P9.9
() Find the energy stored in the field with the relay in the open

position.

(b) Assume the relay armature moves rapidly under conditions of
constant flux. Compute the work done in going from the open to the
closed position.

(c) Calculate the force on newtons exerted on the armature in
part (b).

(d) Assume the relay armature moves slowly at constant
magnetomotive force. Compute the work done in going from the open to
the closed position.

(e) Does the energy of part (d) come from the original stored field
energy? Explain.

9.10. A ring of ferromagnetic material has a rectangular section.
The inner diameter is 7.4 in., the outer diameter is 9in., and the
thickness is 0.8 in. There is a coil of 600 turns wound on the ring. When
the coil carries a current of 2.5 A, the flux produced in the ring is

1.2x1073 Wh.
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Find the following quantities expressed in mks units:
(a) magnetomotive force; (b) magnetic field intensity; (c) flux density;
(d) reluctance; (e) permeability; (f) relative permeability.

9.11. The total core loss (hysteresis plus eddy current) for a
specimen of magnetic sheet steel is found to be 1800 W at 60 Hz. If the
flux density is kept constant and the frequency of the supply increased
50%, the total core loss is found to be 3000 W. Compute the separate
hysteresis and eddy-current losses at both frequencies.

9.12. In the magnetic circuit shown in Fig. P9.12 the coil F; is

supplied with 350 At in the direction indicated. Find the direction and
magnitude of magnetomotive force required in coil F, in order that air-gap

flux be 180,000 lines. The core has an effective cross-sectional area of
9in.2 and is made of silicon sheet steel. The length of the air gap is 0.05in .

A
An
}1 JJL ) Bim.
O =
A | : K 8.5in
o— ‘:_&—I_F _ ¥
B B:M.
R Jim)| T Sim |3 T S5in B in
Fig. P9.12

9.13. In plotting a hysteresis loop the following scales are used:
lecm =10 At/in,, and 1fim=20 kilolinegin.2. The area of the loop for

a certain material is found to be 6.2cm?. Calculate the hysteresis loss

in joules per cycle for the specimen tested if the volume is 400 cm?.
9.14. The flux in a magnetic core is alternating sinusoidally at a

frequency of 500 Hz. The maximum flux density is 50 kilolines/in.2 .
The eddy-current loss then amounts to 14 W. Find the eddy-current loss
in this core when the frequency is 750 Hz and the flux density
40 kilolines per square inch.
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Chapter 10
FOUR-TERMINAL NETWORKS
10.1. A Four-terminal Network and Network Equations

At the analysis of electric circuits in interconnection research
problems between variables (currents, voltages, powers, etc.) of any two
branches of electric circuit it very often happens convenient to gate out
some circuit sections which have two pairs of terminals. Such sections
are named as four-terminal networks.

As processes in electric circuits are usually linked to an energy
transfer, one pair of terminals which is affiliated to an energy source, it is
accepted to name input, and the second, which is affiliated to the receiver
of electric energy is named output.

A four-terminal (or two-port) network is an electric circuit with
two input and two output terminals. Practical examples of four-terminal
networks are transformers, power-transmission lines, bridge circuits,
electric filters, etc.

The four-terminal networks joined in pairs with their terminals to
two external electric circuits are termed as feed-through ones. The rated
circuit shown in Fig. 10.1, a which, obviously, is equivalent to the
circuit in Fig. 10.1, b provided that U4 =-U ,, is used in the classical

theory of feed-through four-terminal networks.

| )
Ut A t s
e E—]
b
Fig. 10.1

In the given chapter the short theory of the feed-through four-
terminal networks is considered. (The "feed-through™ term will not be
mentioned further).
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It is customary to symbolize a four-terminal network by a box
with two pairs of terminals a-b (or 1-1") and c-d (or 2-2') (Fig. 10.2),
each pair making up a port.

If a four-terminal network contains a voltage or a current source,
the convention is to put the letter A (for active) in the box. If there is no
A in the box, the network is a passive one (marked with P), that is,
contains no voltage source. We shall limit ourselves to passive four-
terminal networks (except Sec.10.10).

i) —

@ £ lig £1_llk.:;r r Hz

&t dg? Bt } £,

el b
Fig.10.2. Four-terminal networks

A four-terminal network usually is an intermediate link between a
source of supply and a load. The terminals to which the supply source is
connected are called the input (a-b in Fig. 10.2), and the terminals to
which the load is connected are referred to as the output (c-d in
Fig. 10.2).

Four-terminal networks are divided into linear and nonlinear. The
four-terminal network is linear if voltage and a current on its output
(outlet) terminals linearly depend on voltage and a current on its input
(incoming) terminals. The instances of the linear four-terminal networks
are communication circuits, filters, and the instances of nonlinear ones
are rectifiers, inverted rectifiers, frequency converters.

Four-terminal networks happen to be symmetrical and
asymmetrical. The four-terminal network is symmetrical, if the change
by places of input and output terminals does not change currents and
voltages in the electric circuit to which the four-terminal network is
connected. Otherwise the four-terminal network is asymmetrical.

Also four-terminal networks may be reversible and non-
reversible. In reversible one the input voltage ratio to the output current
(a transmitting resistance) does not depend on what pair of terminals is
input, and what pair is output. Otherwise the four-terminal network is
non-reversible. Passive linear four-terminal networks and the
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symmetrical four-terminal networks are always reversible. At the input
terminals the current is |, and the input voltage isU,. At the output

terminals the respective values are 1, andU, .

If a four-terminal network is an intermediary link between a
supply source and a load, it is assumed that both the load and the input
voltage may vary, while the network configuration remains unchanged
and the impedances in the network remain fixed (linear).

In any passive linear four-terminal network the input voltage and
current are related to the output voltage and current by two equations
which are basic to the theory of four-terminal networks:

Uy =AU, +Bl,, (10.1)
1, =CU, +Dl,. (10.2)

The constants A, B, C and D are linear parameters of the network,
dependent on the internal connections and the impedances of the network.
For any four-terminal network they can be either computed or
determined experimentally.

Different authors mark out these coefficients either A, B, C and D
or Au1, Az, Az and A It is possible to use any label from these two but
it is necessary to remember that

A=A Ajp =B; Ay =C; Ax»p=D.

Then the linear parameters are related thus

AD-BC=1 or Aj1A»—A;pAy =1. (10.3)

To derive Egs. (10.1) and (10.2), let there be a source of

electromotive force E; =U 5, =U; connected to the terminals ab, and

the load Z, connected to the terminals cd (Fig. 10.2, a).
The complex voltage across the load is U, =1,Z, =U . By

the compensation theorem (Sec.3.17), the complex load impedance Z,
may be replaced by ane. m. f. E, directed against 1, and numerically
equal to U, (Fig. 10.1, b). Now we shall write the expressions for |,
and I, interms of E; and E,, self and mutual admittance. If 1, and
1, be regarded as mesh currents, the mesh electromotive forces which
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are in the same direction as the mesh currents will enter equations
similar to Eq. (3.32) with a "plus" sign, and the e.m.f.s opposing the
respective mesh currents will be negative. The e. m.f. E; is in the same

direction as 1,. Therefore it is positive in Egs. (10.4) and (10.5). E, is
directed against I, , and will be negative in Egs. (10.4) and (10.5):

11=Y1 B +Y 0B,

Iy=YpE1+YE,
From Eq. (10.5)

Substituting Eqg. (10.6) in Eq. (10.4) gives

2
Y11Yo —Y1 o Yu

- Yio Y
Putting

Y

A=z, g 1.
Yio Yio

2

YiiY oo =Y

cotuta Vi,

Y2

Y

D=-1L
Y12

(10.4)
(10.5)

(10.6)

(10.7)

(10.8)

and replacing E, in Egs. (10.6) and (10.7) by U, and E, by U,, and
noting Eq. (10.8), we obtain the basic equations of four-terminal (two-

port) networks (10.1) and (10.2)

U, =AU, +Bl,; 1,=CU, +DlI,.

We check that Eg. (10.2) holds:

2
AD - BC = YuYo YuYop-Yip

2 2
Yio Yoo
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Now we shall consider the relationship between U, and |4, I,

and U ,, if the voltage source is connected to the terminals 2-2', and the
load to the terminals 1-1' (Fig. 10.3).

in —= — 0
i I

szT 2 1‘21
b d

Fig.10.3. A four-terminal network with the source and the load
interchanged.

As in the previous case, we replace Z, by the e. m. f. E, , directed
against | ,, and write expressions for 1, and 1,:

lo=-Y1E, +Y,Eyq, (10.9)
L= Ep +Y 0 Ey. (10.10)
From Eg. (10.9)
Y
Ey=Ep—tel, . (10.11)
Yoo Yo

Substituting Eq. (10.11) in Eqg. (10.10) gives
2
Y1Yao —Yio Y
1,=E, +1,=2, (10.12)
Yio Yoo
On replacing E; by U, and E, by U,, and using Eq. (10.7),
we re-write Egs. (10.11) and (10.12) thus
U, =DU, +Bl,, (10.13)
1,=CU, +Al,. (10.14)

Egs. (10.1) and (10.2) describe the operation of a four-terminal
network with the source of supply connected to the terminals 1-1' and
the load connected to the terminals 2-2'. Equations (10.13) and (10.14)
do the same with the source and the load interchanged.
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If, with the source and the load interchanged, the respective
currents remain the same, such a network is termed symmetrical. In a
symmetrical four-terminal network, A = D.

Equations (10.1) and (10.2) are often written thus

Uy =AUy +Apl (10-19
Iy =AnU, +Axnl (10-2)

where A1 =A; A, =B; Ayy=C;and Ay, =D.
This constitutes what is known as the A-form of equations for
four-terminal networks. For the A-form, the positive directions of 1,
and 1, are as shown in Fig. 10.2, a. Of the four quantities (U, U,, I;

and I,), any two may be known, and the remaining two determined

from them.

Accordingly, there are, in addition to the A-form parameters, five
more forms of the parameters for four-terminal networks, namely the Y,
Z, H, G, and B-forms. For the Y, Z, H and G-parameters, the positive
direction of 1, is as shown in Fig. 10.2, a, and for |, is the opposite of

that shown in Fig. 10.2, a.
For the B-parameters, the positive direction of I, and I, is the

opposite of that shown in the figure.
In all the forms of parameters

Uj=Ugp=EjandU,;=Uy =E,
The Y-form:
=Y Uy +Y95U, 1o =Y Uy +Y 50U,
where Y, and Y,; are opposite in sign to the same terms in Egs. (10.4)

and (10.5).
The Z-form:

Ui=Zp1ly+Z3515 Uy=Zyli+Zyl5.
The H-form:
Uj=Hyly +HpUs 1y =Hply +HU,.
The G-form:

11=G11U1 +Gpplp Uy =GyU; +Gply.
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The B-form:
Up,=Bj1U;+Boly; 15 =ByU;+Bol;.

b o H3PT 1 o

) e &) el
> -a::l © —Tx L 1F L °
b o
) 2)

Fig. 10.4. Different connections of four-terminal networks.

When investigating the properties of four-terminal networks in
combinations, one uses Z-parameters for series-connected four-terminal
networks (Fig. 10.4, a), Y-parameters are used for parallel connection
(Fig. 10.4, b), H-parameters for series-parallel connection (Fig. 10.4, c),
and G-parameters for parallel-series connection (Fig. 10.4, d). With four-
terminal networks in a cascade, A-parameters will do. The Y- and Z-forms
are used most in circuit synthesis. The parameters of small-signal
equivalent circuits for transistors are usually given in H- or Z-
parameters.

10.2. Determination of the ABCD Parameters

The complex coefficients in Equations (10.1), (10.2), (10.13) and
(10.14) can be found either by Eqg. (10.8), if the internal connections and
the circuit variables are known, or by the method of driving-point
impedances, found by measurement or by calculation.

Experimentally, driving-point impedances are determined with
the aid of a wattmeter, an ammeter and a voltmeter, using the circuit of
Fig. 10.5 where the four-terminal network under examination is
connected to the electromotive force source on the ab or the cd side
(depending on which of the impedances is to be found).

A capacitor connected in parallel to the input terminals of four-
terminal network serves for definition of a sign of the angle between
voltage and current. The capacitor with a small capacitance is turned on
to feeding terminals of the four-terminal network and one must trace a
modification of an input current. If the current increases, the input
impedance of a four-terminal network has capacitive character and an
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angle is negative. If the current decreases, the input impedance has the
inductive character, i.e. an angle is positive.

—

Fig. 10.5. The circuit with the ammeter, the voltmeter and the wattmeter

Consider the procedure for determining the driving-point
impedances of a four-terminal network under three sets of operating
conditions:

1. Measure the impedance Z;, looking into the generator terminals
ab with the load terminals cd open-circuited (the load is disconnected,

and the respective subscript is zero):
Z19 =208’

2. Measure the impedance Z, looking into the terminals ab with

the terminals cd short-circuited (the load end is short-circuited, and the
respective subscript is k):

Zyy =738 )%
3. Measure the complex impedance Z,, looking into the
terminals cd, with the terminals ab short-circuited:
Zo zzzkej(PZK _
Now we write Z;q, Zy and Z,, in terms of the ABCD
parameters. To this end, we find Z,, and Z,, by Egs. (10.1) and (10.2)

in terms of A, B, Cand D, and Z,, by Egs. (10.13) and (10.14) in terms
of B and A. In the measurement of Z,,, the load end (terminals cd) was
open-circuited. So, I, =0, and Egs. (10.1) and (10.2) give

Ujg =AUy, l10=CU ».

Hence
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_Yio _

Zyg= |
Lo

10>

In the measurement of Zy , the load end was short-circuited, and
so U, =0. Egs. (10.1) and (10.2) give:
Uy =Bly, Iy =Dlyy;
Y _

Zy = T
Lk

|0 |lw

In the measurement of Z,,, the source was connected to the
terminals cd and the terminals ab were short-circuited, so U, =0, and
Egs. (10.13) and (10.14) give:

To sum up, we have got four equations for the four unknown
constants A, B, C and D:

AD-BC=1; (10.3)
Z1p =é; (10.15)
Lk =%; (10.16)
Z =% (10.17)

Writing the difference, we obtain
or
Z10=Zk _ 1
Zyp AD

Dividing Eqg. (10.17) by Eq. (10.16) gives

(10.18)
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Z
Lk
Multiplying Eq. (10.18) by Eq. (10.19) gives
(Z10 —ZyyZok _ 1

D
==, 10.19
A (10.19)

VATYAT A®
Hence
Zinl
A= \/ =10=tk (10.20)
Zo(Z10 —Z1k)

Equation (10.20) gives A interms of Z,5, Z4, andZ,, . After A

is found, C can be found by Eg. (10.15), B by Eq. (10.17) and D by
Eqg. (10.16). The constants A and D are dimensionless, the constant B is
expressed in ohms, and the constant C in Siemens (1 siemens =
1 ampere/1 volt).

Example 10.1. By measurement it has been found that
Z,, =868 0: 7, =10.25¢7° 0; and z,, =3.3312" Q.
Find the constants, A, B, C and D of the four-terminal network.

Solution:
Zy0—Zy =558— 6,65—3.5- j9.63=2.08— j16.28 =16.68¢ 183"

By Eq. (10.20)

—j50° j70° j20° 380
Axt 8.86e x10.25e _, | 90.815e 19861

- o - 0 - 0
3.33¢ )27 «16.68¢ 183 55.544¢ 196

The change of sign does not change the module of the given
magnitude, but changes the exponent of a complex quantity by 180°.
Only the first case (with a "plus" sign) is considered in further
calculation.

Then, we can find the unknown constants B, C, D:

A 128e1%

C= —
Z10  ggpe~i%0

:0q0
=0.144¢ 188" siemens (approx.);
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B=AZ, =128¢i%° .333¢12° =4.26¢1%5° Q (approx.);

B 4333

Z1k 10250170

Example 10.2. The terminals cd of the four-terminal network in
Example 10.1 receive a load Z, =6+ j6 Q. The voltage source is

connected to the terminals ab. Find U, and I, if 1, =1ampere.

D:

= 0.42e‘j330 (approx.).

(O] —o

b o ]
Solution: By Eq. (10.1)
U;=AU, +Bl,=Al,Z, +Bl,=1,(AZ, +B);

After substituting known values

- O - O - O - 0
Uy =1x (128140 x 642145 1+ 426167 ) —14.85¢ 180" v,
By Eg. (10.2)
1,=CU, +Dl,=1,(CZ, +D)=

H (o] - 0 R 0
1x(0.167¢ 190" x 61214 4+ 0.34) =1.2¢ 123" A

10.3. Equivalent Circuits of a Passive Four-terminal Network

In depending on the circuit design of internal connections (or a
substitution equivalent circuit) one can discriminate: T-network
(Fig. 10.6, @), P-network (or pi-network) (Fig.10.6, b). G-network
(Fig. 10.6, ¢), bridge network (Fig. 10.6,d) and other types of four-
terminal networks.

In fact, some of the physical components are T-and P—sections.
In an equivalent T— or P—network the three impedances should be such
that the equivalent network has the same general circuit parameters A,
B, C and D as the original four-terminal network. These two forms are
used more often. This is a single-valued problem, because the equivalent
network contains three impedances, and the original network is also



446

determined uniquely by three parameters (one of the relations between
A, B, C and D is given by the equation AD — BC =1).

_{_1 Z Z4 _irg i 24 I
o) I o) -::_" » .' ,' _h:}-:'
Y | Z;  1Us Ui Zs Zg| | | U
bo o d o + —0 ]
& b
Iy I

Fig.10.6. Equivalent T-network and P—network.

Expressing U, and |4, at the input of a T-network (Fig. 10.6, a)
in terms of the same values at its output, we obtain

U, +1,Z Z
llzlz+—2——2—zzuzi+12[1+—_2} (10.21)
Z3 Z3 Z3
Up=Uy+1,Z,+11Zy=
Z Z,Z 10.22
=U,[1+2L 11,2, +2,+ 5122 | (10.22)
Z3 Z3

Comparing Eq. (10.22) with Eg. (10.1), and Eg. (10.21) with
Eg. (10.2), we find that

Z; Z
A=1+—=;, B=Z,+Z,+ ; C= ; D=1+=%~.
;3 ;3 13 ;3

(10.23)
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(10.24)

(10.25)

Equations (10.23) through (10.25) give the impedances in the
equivalent T-network of Fig. 10.6, a in terms of the constants A, B, C

and D of the original four-terminal network.
Similarly for the P-network of Fig. 10.6, b we get

Z Zo+2c+2 Z
A=1+=%; B=2,; c==4"=5"%6. p_14=4,
Zg YAYA Zs
Consequently,
Z,=B;
B
Zg=——,
B
Ze=——.

(10.26)

(10.27)

(10.28)

If the original four-terminal network is a symmetrical one, then
A=D, and so Z; =Z, in the equivalent T-network, and Zs=Z¢ in

the equivalent P—network.

Example 10.3. Find the impedances of a T—equivalent for the

four-terminal network of Example 10.1.
Solution: By Equations (10.23) through (10.25)

Zy= - ;0 ~6.8¢71%"  (approx.);
€ 0.147ei60
B -j33° .
z,- D-1 _ 0.42e - 1 =4.76e11°°0 Q:
C  0147ei60
3 j10° .
z,-A-1_13% L oume i’

C  0.147¢i6°
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10.4. The systems of equations of four-terminals networks

The complex effective values of input and output currents and
voltages of linear four-terminal network are linked among themselves
by the system of two linear equations, and any two of these four
magnitudes can be considered in the capacity of initial, and remaining
two — in the capacity of unknown values (in the case of nonlinear four-
terminal networks these dependences have more complicated character).

The coefficients at currents and voltages in equations are
represented by complex quantities which depend on internal structure of
the four-terminal network and the frequency of the energy source
connected to the four-terminal unit.

Let's consider in detail the determination both input and output
currents and voltages of any four-terminal network, using its parameters.
There are six different systems of equations, each of which expresses
various pairs of magnitudes through the remaining ones. The coefficients
of these six equations at constant frequency of the energy source are
invariable and consequently are four-terminal network parameters.
Traditionally they are called A - B - G - H - Y - and Z-parameters. The
basic sense of the theory of four-terminal networks consists in using four-
terminal network parameters to find all currents and voltages of four-
terminal network without researching the processes inside it. The variant
with the currents 11, 15 is called a direct transmission, and with the

currents 1'y, 1", is termed an inverse transmission.

L4

—

Z

)

[

I l Fowr—termn al
=1
» natwork

Fig. 10. 7. A four-terminal network.

As we can see from the circuit (Fig. 10.7), I, =-1"1,1, =-1">.
In a case when the four-terminal network appears as an intermediate
link between the energy source and a load resistance, the output voltage
U, and current 1, are the given magnitudes, and input voltage U and
current I, are the unknown quantities characterizing the working rate of
a four-terminal network.
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The connection between them is installed by the system of direct
transmission parameters:

{LLI. =A; U2 +Aplo;

10.21
l1=AU2 +Axl2, ( )

where A, Ap, Ay, Ay, are the A-form parameters for four-terminal
network.

When the energy source is connected to the terminals (c-d), and a
load — to the terminals (a—b), one can use the system of equations of
inverse transmission:

{UZ =BpU1+Bpply;

10.22
I'2=BxnU1+Byl1, (10.22)

where By, Byy, Byq, By, are the B-form parameters for four-terminal
network.

In engineering literature there are other symbols of parameters A-
and B-forms for four-terminal network:

A=A11 =B22; B=~A1» =Bj;
C=A2=B21; D=A2»=Bi.

Parameters A and D are measured in the relative units (r.un.),
parameter B is measured in Ohms (Q2), and parameter C — in Siemens
(Sm).

If an input voltage and an output current are given magnitudes,

and an output voltage and an input current are the unknown gquantities
one must use the system of equations with G-parameters:

{u:@lw@zl'z:

(10.23)

, (10.24)
U2 =GpU1+Gpl,

where Gy, Gyy, Gyy, G,, are the G-form parameters for four-

terminal network.

If an output voltage and an input current are given magnitudes,
and an input voltage and an output current are the unknown quantities
one must use the system of equations with H-parameters:

{91 =0, 1+ 8,00 (10.25)

lp=H, li+HpUs,
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where Hjq, Hip, Hy1, Hyy are the H-form parameters for four-

terminal network.
In a case if the four-terminal network is reversible the equalities
G1p =Gy and Hy, = H 4 are fulfilled. If the four-terminal network is

symmetrical the equalities Gy =G, and Hjyj =H, are fulfilled in
addition. In this case the properties of the four-terminal network are
determined only by two independent parameters (for example, Z;; and
Z15 or Hy; and Hy,). The unit of parameters Gip, Go1, Hi2 and

H 21 is the relative unit (r.un.), the unit of parameters Gy, and Hig is
Ohm (Q), the unit of parameters G117 u H 22 is Siemens (Sm).

If input and output voltages are given magnitudes, and input and
output currents are unknown quantities one must use the system of
equations with Y-parameters:

{ll = !ﬂul + !12 Uo;

, (10.26)
I'2=Y5U1+Y U2,

where Y11, Y12, Y21, Yoo - are the Y-form parameters for four-

terminal network.
The unit of parameters Y-form is Siemens (Sm), as these
parameters, in the physical main, are complex admittances.

I
Really, Y, = 6—1
=1

is the complex input admittance under
U,=0

- . I .
short circuit of output terminals (c—d), Y o, = =2 is the complex

=2ly,=0
Y1
input admittance looking at terminals (c—d), when there is a short circuit

is the complex transmitting
U;=0
(mutual) admittance under short circuit of input terminals (a-b),

|
of input terminals (a-b), Y, :L]_l
=y,

I . - .

Yo = =2 is the complex transmitting (mutual) admittance under
~1 lezo

short circuit of output terminals (c—d).
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In a case if the four-terminal network is reversible the equality
Y1, =Y, is fulfilled. If the four-terminal network is symmetrical the

equality Y, =Y,, is in addition fulfilled and its properties are
determined only by two independent parameters (for example, Y; and
Y 15). If input and output currents are given magnitudes, and input and

output voltages are unknown quantities one must use the system of
equations with Z-parameters:

{Lﬂzénll +;12L2;

10.27
Ua=2Zpl1+Zpl5, aozn

The unit of parameters Z-form is Ohm (), as these parameters, in
. . . I .
the physical main, are complex impedances. Really, Y 14 ==L is
~1 !220
the complex input admittance under short circuit of output terminals (c-

| . . . .

d), Yo ==2 is the complex input admittance looking at
QZ !120

terminals (c—d), when there is a short circuit of input terminals (a-b),

I ) - .
Yo = =L is the complex transmitting (mutual) admittance under

U
2 leo

short circuit of input terminals (a-b). Really, Z11 =Q—1 is the
Hirs,=0

complex input impedance looking at terminals (a—b), when there is an open

circuit of input terminals (a—b) under open circuit of output terminals (c—d),

Us

| is the complex transmitting (mutual) impedance under
L2

11=0

Zip =

open circuit of input terminals (a-b), Zo1 =Q—2 is the complex

1 1'7=0
transmitting (mutual) impedance under open circuit of output terminals
U i . . .
(c—d), Zo» =F— is the complex input impedance looking at
21011=0

terminals (c—d), when there is an open circuit of input terminals (a-b).
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In a case if the four-terminal network is reversible the equality
Z1p =Zy1 is fulfilled. If the network is symmetrical the equality
Z11 =25, is in addition fulfilled and its properties are determined only
by two independent parameters (for example, Z;; and Z;,).

10.5. The Parameter Interconnection of VVarious
Notations

If the parameters in one of six systems are known it is possible to
transfer to any another system. The transition is carried out by the
solution of equation set of four-terminal network concerning the

unknown quantities.
As example we will find the interconnection between A - and Y-

parameters. Taking into account the relationship 1, =-1", we will
express voltage U, from the second equation of system (10.26), and
substitute it in the first equation of system.

L_le_iﬂl__Jz —ilzi
Yo Yo 10.28
Li=Y| -5=Us—— 1 [+Y0U,
Yo Yo
or after transformation
Uy = —Iﬁuz - il,z;
Yo Yo (10.29)
1= Y12Y21-Y11Y 20 U Y11 | '
I1= Uo - 12.
Yo1 Y21
Comparing (10.21) to (10.29), we will get the result as
AZAMZ_%; 52612__%’
Yo1 Y21
(10.30)
_ le_L- _ 22__\111
o Yo - Yo

where Y|=Y11Y22 —Y12Y21 is the determinant made up of Y-
parameters.
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As in accordance with a reciprocity theorem Y, =Y, it is

visible, that parameters of the A-form (B-forms) of the four-terminal
network are linked among themselves by a relationship

AD-BC = Aug Agy — Aqp Ayt = YooY YuYo -YioYor
Y1Yor YaYor

By analogy there is a transition from the arbitrary parameters of

one form to the parameters of other form. As all six systems of

parameters present one four-terminal network they are linked among

themselves by transition formulas. The transitions from some form of

parameters of four-terminal networks to another one are presented in the

matrix form in Table 10.1. Taking into account relationships (10.30) B-
parameters are not given in the Table.

(10.31)

Table 10.1
From which form
A H G Z
Ay Hu| L Gz | Ym 1| Zn A
Al M1 A2 | Hoy Hoz | G Ga1 | Yar Yo | Zan Zat
A Ap|-Ha -1 | CGu A |-Ay -Yu| 1 Zz
Hoi Hoi | G Go1 | Yor Yo | Z1 22
A 1 Gz Gn| 1 Yu | A n
ulAz2 Az | Hu Hiz | Ag  Ag | Yu Yu | Zn Zz
-1 An| Hp Hp [-Gar Gu | Y2 Ay | -Z21 1
Axp A Ag Ag | Y1 Yn Z2 Z2
S/ [Aa 1]Hz -Ho N Yo | 1 Zn
Slg| A1 Au | AH Ay | Gu G2 | Yy Yoo | Zuy Zn
€| 1 Aw|-Ha Hu | Gy Gp |-Ya 1 [Za Az
o A1 A | Ay Ay Yoo Yoo | Zuu Zn
Az 1| 1 My | As G 2
y|A2 A | Hu Hu | G» Gp | Y11 Yiz | Az Az
1 AufHa Ay | -Gar 1 ) vy Y [-Zat Zu
Az A | Hii Hin | G G» Az Az
An 1 | Ay Hipp | 1 -G | Y -Yio
7| A21 A1 | Hz2 Hz | G Gu | Ay Ay Z11 Z12
1 Ap|-Ha 1 |Ga Ac |-Ya Yu | Zxn Z
A2 Axi| Hpp Hz | Gin Gu | Ay Ay
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The following denotations are used in the Table 10.1:
Ay =HpHopp—HpHop Ay =Y53Y 9 =Y55Y 515
Az =Z11Z9 = 2152y, Ag =G11Gp =G1pGys-

The analysis of relationships between parameters of four-terminal
networks which are resulted in Table 10.1, shows that

Hi2 =—H21; Gi1p =-Go1; Yi2 =Y 215 Z12=221. (10.32)

From the formula (10.31) and expressions (10.32) follows, that
only three of four parameters are independent under any notation of the
equations of four-terminal networks. Thus, any passive asymmetric
four-terminal network is set by three any parameters. The definition of
parameters is carried out either by a calculation way if the internal
structure of the four-terminal network and the parameters of its units are
known, or by the experimental way under three conditions.

Example 10.4. The parameters of the asymmetrical four-terminal
network are

A1 =-j10 run, A, =20 Q, Ay =j0,05 Sm.

Determine the parameter A,, .

Solution. From the formula (10.31) it follows

1+A1p-Ap1 _1+20-j005 1+j1_
Aq - j10 - j10

Ay =

H 0
= 0.1+ j0.1=0.141e 13° run,

10.6. The transfer functions of a four-terminal network.

As transfer function of the loaded four-terminal network is called
the ratio of complex magnitudes (or complex effective values) of output
current or voltage to complex magnitudes (or complex effective values)
of input current or voltage.

If the transfer function represents the ratio of two electric
magnitudes of the same name it is termed as a transfer ratio. If load
impedance and the parameters of a four-terminal network are known
then transfer ratios can be presented as follows
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U U z
Ky =—= = = X
U AnUo+Aply AnZi+Ap (10.43)
K, =t2- L, 1 |
LAY

1 ApUp+Aply AnZi+Ay

where Z, is a load impedance.

If the transfer function represents the ratio of two opposite
electric magnitudes it is either transmitting impedance or transmitting
conductivity:

Ty AU+ Aply AnZi+Ay (10.44)
| [ 1 '
Yy = =2 = =2

Uy AuUo+Aply  AuZi+Ap

The unit of measure for the transfer ratios ky and k| are relative
unit (r.un.), for transmitting impedance Z;. is Ohm (£), and for
transmitting conductivity Y, is Siemens (Sm).

10.7. The ways of joint of passive four-terminal networks

Let us consider different connections of passive four—terminal
networks more in detail. A compound four-terminal network may be
organized as a result of the joint of two (or several) four-terminal
networks. The parameters of such a composite four-terminal network
can be determined if the parameters of each making four-terminal
network are known. Depending on the circuit joint the calculation of
parameters of equivalent four-terminal network is made using
corresponding equations in a matrix form. In general, it is made out
cascade, parallel, series, series-parallel and parallel-serial joints.

The cascade connection of four-terminal networks is the most
important in practice. It is the connection when the output terminals of
the first four-terminal network are joined to the matching input
terminals of the second one (Fig. 10.7).

Such an equivalent joint of two simple four-terminal networks
can be observed as the new compound four-terminal network which
parameters are necessary to determine.
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EL{QT___TH_TET___%TI I3
i =5
[
| 0[] 20| P
. : .
I

Fig.10.7. The cascade connection of four-terminal networks.

As we can see from the circuit of this cascade connection
Q(Zl)zgf); L(21)=L§2), that is why it is convenient to use A-
parameters in a matrix form:

1 1 1 1 1
U(i)) = A%ll; A% U(i)) -IA® U(2>);
%) Azl Apl l 1 (10.45)
2 2 2 2 2 '
I*1 A21 AZZ LZ LZ

As for the cascade connection Q1=u§1); L1=L§1) and

U =uy; I,(Z) =12, then

H=(a®. \A\(Z) (10.46)

-[8fs

Hence, the matrix of A-parameters of the equations of the
resulting equivalent four-terminal network is equal to the product of the
matrixes of A-parameters of component four-terminal networks:

1 2 1 2 1 2 1 2
) _ALAD+AG AL A AL AT A

1 2 1 2 1 2 1 2
A AD 1+ aG) A AS) A+ AD) A

A= (A Al (10.47)

In case of cascade connection of N four-terminal networks, the
matrix of parameters of A-form of the equivalent four-terminal network
is obtained by consecutive multiplication of A-parameter matrixes of the
cascades in their turn:
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N

R (K (10.48)
n=1

We have the parallel connection when both input and output
terminals of four-terminal networks are joined in parallel (Fig.10.8).

To determine the parameters of the equivalent (concerning
terminals 1-1', 2-2") four-terminal network it is convenient to use Y-
parameters as input and output voltages of four-terminal networks are

equl: Uy =0 U 1 Uz ~u) -2

S S
1 1yl
: 1 = = %
1 1\ |
£1|/lg‘i) AU —21 | L2
c_"': —o
w) 1 X4 X1 |
o : ——- - | o
2 2
|\l_1 PO 1/:
I

Fig.10.8. The parallel connection of four-terminal networks.

Y-parameters in a matrix form:

1 1 1 1 1
) v Py U
| @ @ Y () U @ — U @r
—22 —22 —222 =2 ; =2 , (10_49)
I_£2) ) ’:/7%) K%) ’ Ll£2) = |Y @ ’ Ll£2) !
197 w5 ¥ g ug’

By the first Kirchhoff's law for terminals 1 and 2 we can write
I1= I,ﬁl) + I,iz) uly= L(Zl) + L(ZZ) . Then in a matrix form:

1 2 ) (@ 2) (2
L P 2 (vl v v v v oso)
| |(1) |(2) \4 1) Y(l) Y(z) Y(Z) U U, '
=2l 127 112 Lo1 L22f [Lor Yo2|) =2 =2

Hence, the matrix of Y-parameters of the equations of the
resulting equivalent four-terminal network is equal to the sum of the
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matrixes of Y-parameters of component four-terminal networks:
O, v@ vO , v©®
_ Mgy Y Yg Yy,

= . (10.51)
1 2 1 2
YO vE) YR v

¥=p @

We have the series connection when both input and output terminals

of four-terminal networks are joined in series (Fig.10.9). To determine the
parameters of the equivalent (concerning terminals 1-1', 2-2") four-terminal
network it is convenient to use Z-parameters as input and output currents of

four-terminal networks are equal: 11 = If) = Liz) uly= L(Zl) = L(ZZ) .

o oI A7
o= %2 =2 o
ol so | |
i) ol
| |
) | __{f ['5'2_:' | i)
| |
¥ I lQP P(E} _221 I ¥
O i i ()
| |

Fig.10.9. The series connection of four-terminal networks.

Z-parameters in a matrix form:

1 1 1 1 1
up iz 2 0o 1)
up)| 28 zZB e T Y
_(2) _<2) _(2)_ (2) _ (2) (1052
L—le 251% 115 ,112 =|Z|(2)-112.
e 28z 15

By the second Kirchhoff's law we can write. Uj =Q£1) +Q£2)

and Uy = Q(zl) +Q(22) . Then in a matrix form:

1 2 1 1 2 2
L D ) o
L_J2 L_Jz Qz Zzl Zzz Z21 Z22 12 12
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Hence, the matrix of Z-parameters of the equations of the
resulting equivalent four-terminal network is equal to the sum of the
matrixes of Z-parameters of component four-terminal networks:

1 2 1 2
vz oz ezf)

@ 2
zl=[z" + 12" = :
R s s

(10.54)
We have the series-parallel connection when input terminals of

four-terminal networks are joined in series and output terminals are
joined in parallel (Fig.10.10).

N

Fig.10.10. The series-parallel connection of four-terminal networks.

To determine the parameters of the equivalent (concerning
terminals 1-1', 2-2") four-terminal network it is convenient to use H-
parameters as input currents and output voltages are equal:

=10 1@ wuy uP U
H-parameters in a matrix form:

1 1 1 1 1

%§=ﬂ% ﬂ%‘gg=mm_%;

|—2 ﬂ21 ﬂ22 L—JZ L—JZ (10_55)
2 2 2 2 2

uiz’:ﬂig ﬂ&;’_i&i :Hm_ﬁzﬂ

15| e g ug?

By the first and the second Kirchhoff's laws we can write
Ur=UP +uP u 1, =19 +19.
Then in a matrix form
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) 2 ) L@ ) L
O N T
| |(1) |(2) H(l) H(l) H(Z) H(Z) U — U '
ALV R LY Mot Oz [Har Hgf) =2 =2

Hence, the matrix of H-parameters of the equations of the
resulting equivalent four-terminal network is equal to the sum of the
matrixes of H-parameters of component four-terminal networks:

1 2 1 2
HY +HD HY+HD

= =

We have the parallel-series connection when input terminals of
four-terminal networks are joined in parallel and output terminals are
joined in series (Fig.10.11).

Fig.10.11. The parallel- series connection of four-terminal networks.

To determine the parameters of the equivalent (concerning
terminals 1-1', 2-2") four-terminal network it is convenient to use G-
parameters as input voltages and input currents are equal:

Ur=Uf =u@ n1,=19 =19,
G-parameters in a matrix form:

1 1 1 1 1
1 :Q&) Gy ,Ul() :|G|(1),U1().
UO T lg® O[O [P o)
_(z) _2(;) _2(22) y (2) B 2 (10.58)
112 291% 915 le =|G|(2)-Q12 .
uf|el elhe ™ Y
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By the first and the second Kirchhoff's laws we can write
I1= If) + L&Z) and U =Q(21) +Q(22) . Then in a matrix form:

O] (160 g0l 6@ c@))
y - oL Q%11) 2(1) G%l) 2(2 o (1059)
22l Uy’ UyT) (G Gy Gy

Hence, the matrix of G-parameters of the equations of the
resulting equivalent four-terminal network is equal to the sum of the
matrixes of G-parameters of component four-terminal networks:

2 1 2
ol +cf? ol vof)

M . ~@
G +G .
Gl=e[" +[e e+ g% cY+c?

(10.60)

It is necessary to mean that the specified formulas of matrix
determination of the complicated four-terminal networks are correct
only when the regularity condition of their connection is fulfilled The
four-terminal network connection is regularly in the case when the
currents which are flowing past through both primary and secondary
terminals of each of four-terminal networks, are equal on magnitude and
are opposite in direction.

Example 10.5. Two equal four-terminal networks with the
parameters Aj1 = j4 r.un.; A2 =100-j209Q; A1 =j0,05Sm and
Ao> =5 r.un. are connected in cascade so that the output terminals of
the first four-terminal network are joined with the input terminals of the
second four-terminal network (Fig. 10.7). Determine A-parameters of
equivalent four-terminal network.

Solution: Use Eq. (10.47) taking into account that we have two
equal four-terminal networks:

A Ay thp By A Ap A Ay

Heq B Aot A+ A2 Ay A AL,+An-A

At P12,
Aotey A2z,

22

Then A-parameters of equivalent four-terminal network:
Alleq =M A11 +Ap- A, = j1- j1+ (100 - j20)- jO,05 =

= j5=5e190 run;



462
Alzeq = All A12 + A12 Jl (100 - J20) + (100 - 120) 5 ==

=520 =520e1%°
Az]_eq A21 A11+A22 JO 05 Jl+5 JO 05_

=—005+j025=0255e1'101 sm;
gy = Po1- Ay + Agp - Ay = j0,05- (100 - j20) +5.5=

=26+ j5=26,48e11 run.
We will check up the correctness of the calculation by Eqg.
(10.31):

Aty Ao, —Prog, Ao, = [5-(26+ j5) ~520-(-0,05+0,25) =1.

As we can see, the calculation is correct.
10.8. Symmetrical four-terminal networks

As we have already known, a four-terminal network is
symmetrical if the change by places of input and output terminals does
not change currents and voltages in the electric circuit to which the four-
terminal network is connected.

There is a condition for symmetrical four-terminal network:

A11=A2 =B11=B» =A=D. (10.61)

That is why Eqgs. (10.1) u (10.2) are identical in this case. For
such a four-terminal network the number of independent parameters is
two. All the relationships which characterize a four-terminal network
earlier, remain just to a symmetrical four-terminal network, taking into
account Eq.(10.61).

The relationship between A-form parameters

A% —ApApy =1. (10.62)
The system of equations of direct and inverse transmission

Ur=A; U2+ Al Uz =AU+ ARl (10.63)
li=AxnU2+ A, l2; I2=AnUar+Ayly

Input impedances
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U U A1Z12 + A AZ1> +B
Zim=Zinp=Zin=—~= 7,2 - AluflT Az AEIlZTE 0 (10.64)
I1 I'y AnZip+An CZi2+D

The characteristic equations

A
Zci=Zc2=Zc = \ ;‘17221 : (10.65)

The coefficient of transformation of a symmetrical four-terminal
network taking into account Eq (10.65) ki =1.
The transfer functions
U, Z .
—U = — = —_—,
Ui AnZi+Ap

10.66
L1 (10.66)
A = T A 5 A
Iy AnZy+Ap
The transmitting impedance
z,-22-_ 4 (10.67)
Iy AnZi+An
The transmitting admittance
Y = b 1 (10.68)

Ui AnZi+Ap
Example 10.5. The symmetrical four-terminal network has the
following parameters: A =2 r.un.and Ao = j5 Q for the.
Determine a characteristic impedance and transition functions at a

coordinated load.
Solution. Using Eq. (10.62) we will find the parameter A,y

2 2
+1
U R
A2 J5
Using Eq. (10.65) we will calculate the characteristic impedance
Zc = A2 _ £:2,24j 0.
YAz -j1

The impedance of coordinated load
Z)=2c =224j Q.
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The transfer functions

k= 21 2214055 1y,
AiZy+A 2-224j+ )5
k| = 1 = L =0,236 r.un.

AnZi+A1 —j1-224j+2

The transmitting impedance

Z, - Z) 3 2,24 ]
ArZ+ A C—jl2,24j+2

0,528 =0,528¢ 19"y

The transmitting admittance

Vo=t 1 j0105-0105¢1%° sm.
ALZ + A, 2-224)+5

10.9. Bridge four-terminal networks

Bridge four-terminal networks (Fig. 10.6, d) are widely used at
the analysis of passive symmetrical four-terminal networks.

It proved, that for any passive symmetrical four-terminal network
it is possible to find equivalent symmetrical bridge (Fig. 10.12, a).

The bridge four-terminal network may be presented as a parallel
connection of two simple four-terminal networks (Fig. 10.12, b). We
will make on the basis of Kirchhoff's laws of simultaneous equations of
the A-form of each of these four-terminal networks

Compose the system of A-form equations for each of these four-
terminal networks by Kirchhoff's laws:

{Uil) ~uP 2219, {uf) =-uP +22,1D;

10.69
0 _0u® 19, | 1@-0.u@ 1R, (10.69)

Taking into account Egs. (10.69), we will transfer to the system
of Y-form equations for each of the elementary four-terminal networks:

10 = 1 Lym 1 Lye @ 1 U@, 1 1y

221 2721 27> 27> (10.70)
oo yo, tye ool e, o

271 271 2Z- 2722
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&1

ZaMN ED

Fig.10.12. The bridge four-terminal network.

The matrix of Y-parameters of the equations of the equivalent
bridge four-terminal network according to (10.51) is

1.1 1 1 | |Z1+Z2 Z1-Z,
¥|= 221 2Z> 22y 2Z3|_|2Z1Z2 2Z1Zz2 | (10.71)
-1 N 1 1 N 1 Z1-2Z2 Z1+Z2
221 242y 271 273 22127 2217
Using Egs. (10.30) we will transfer to a matrix of A-parameters
Z1+2Zp 27177
_\L2-21 L2-11
=2 22 (10.72)
Zy-21 Z2-71

The characteristic equations is found by using Eq. (10.65)

Ze= B2 _ 77, (10.73)
\ A2
The transfer functions by voltage at the coordinated load
- Z~-Z
=22l _Ze-Z (10.74)

Ky = :
Zy + \/Z ;C +21
When Z, and Z, are ideal reactive but heterogeneous (i.e. have

different signs) the bridge four-terminal network possesses interesting
properties. In this case the characteristic impedance is active:

Zc =./Z1Z2 = .- X1 X =[X1X, =R¢

(10.75)
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Then the transfer functions by voltage at the coordinated load:
_;C_;l_RC $jX1

= = ) 10.76
YT Zevz Rotixg (10.76)

From (10.76) it follows, that the module of the coefficient of
transformation by voltage does not depend on frequency

O RE +X{

and, it means, that such a four-terminal network passes all frequencies
without changing of their amplitudes.

10.10. The active four-terminal network

An active four-terminal network is called such a unit which
contains some energy sources in itself, and the action of these sources is
not compensated inside the four-terminal network.

The examples of active four-terminal networks are amplifiers and
transmission lines with additional energy sources which are connected
between its input and output terminals.

Input non-compensated sources excite voltages across one or both
pairs of open terminals (or currents through one or both pairs of open
terminals), in a case if the four-terminal network is disconnected from
exterior electric circuits.

Any active four-terminal network can be replaced by equivalent
passive four-terminal network, to input and output terminals of which
either some additional equivalent sources of the e.m.f. are connected in
series (Fig. 10.13), or some additional equivalent current sources are
connected in parallel (Fig. 10.14).

sources.
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r T T T T T T T ]
& S
| S i jﬂl
F_ﬁ | P |E_fz*
| |
1I | EI

Fig. 10.14. Equivalent passive four-terminal networks with current
sources.

For describing of an active network, the equivalent circuit of
which is presented in Fig. 10.13, it is convenient to use the system of
equations with Z-parameters

Up=2, li+2,15+Ei (10.77)
L—JZ :£2 ll+£22|—2 +Ejp,
and for describing of an active network, the equivalent circuit of which
is presented in Fig. 10.14, it is convenient to use the system of equations
with Y-parameters:
Ly =YY +YpUs +dp; (10.78)
=Y, U +Y,,Up +djp.

The asymmetric active four-terminal network is characterized by

five independent parameters.

The parameters Zq1, Z15, Zp1, Zop (O Y11,Y12,Y21,Y22) of
its passive part correspond to the parameters of the passive four-terminal
network and do not depend on internal energy sources. The parameters
of internal energy sources Ej1 and Ej»> (or Jj; and Jj» ) depend both
on energy sources inside a four-terminal network and on internal circuit

design of the joint and the parameters of passive elements. Their values
are determined by the calculation method.
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Summary review questions

10.1 What is called a four-terminal network?

10.2. Distinguish between the active and the passive two-port
networks.

10.3. Distinguish between the input and output terminals. How
are they marked?

10.4. How are input voltage and current related to the output
voltage and current?

10.5. What do linear parameters of the network depend on?

10.6 How many forms of the parameters for four-terminal
network are there? Name these forms.

10.7. In which cases does one use different kinds of parameters
for four-terminal networks?

10.8. What equations are used for determination of the ABCD
parameters?

10.9. What is the procedure for determining the driving-point
impedances of a four-terminal network?

10.10. What equivalent circuits of a passive four-terminal
network do you know? How many impedances does the equivalent
network contain?

10.11. Write six notations of the four-terminal network equations,
specify the positive directions of currents and voltages for them.

10.12. Describe the advantages of each notation of equations
before the remaining?

10.13. How many coefficients of the asymmetrical four-terminal
network are independent?

10.14. How can one determine A- parameters by practical way?

10.15. If we know the coefficients of one notation, how can we
define the coefficients of other form?

10.16. What is the characteristic parameter of the four-terminal
network?

10.17. How can one determine the characteristic impedances of a
four-terminal network?

10.18. What is termed as an input resistance of the four-terminal
network?

10.19. What is called a transfer function of the loaded four-
terminal network?

10.20. How may a compound four-terminal network be organized?
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10.21. For what purpose are equivalent circuits of four-terminal
networks used?

10.22. What four-terminal network is called a symmetrical one?

10.23. How can an active four-terminal network replaced?

10.24. What is the asymmetric active four-terminal network
characterized by?

10.25. What do the parameters of internal energy sources depend
on in the asymmetric active four-terminal network?

Problems

10.1. Define A-parameters of the four-terminal network (see
Fig. P10.1): a) using Kirchhoff's laws; b) when there is an idling
condition and short circuit in the four-terminal network.

Fig. P10.1

10.2. Determine A-, Z-, H-parameters of symmetrical four-
terminal networks in Fig. P10.2, a, b.

2 24 Z 4

Fig. P10.2

10.3. Express impedances Z,, Z,, Z5 of the equivalent T-
network and the impedances Z,, Zg, Zg of the equivalent P-network

of the four-terminal network (see Fig. P10.2) through A-parameters.
10.4. Express impedances of the equivalent T- and P-network of
four-terminal network through Z-parameters.
10.5. Express Z-, Y-, H-, B-parameters through A-parameters.
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10.6. Express A-, Z-, H-parameters of a four-terminal network
through the impedances of direct open circuit, reverse open circuit and
short circuit rate.

10.7. Calculate Y-parameters of the four-terminal network in
Fig. P10.3 if Z,=23=j20Q; Z,=j40Q; Z,=Z5=-j40 Q.

£y Z4 Z
o o
i i§4 Z5
= O

Fig. P10.3

10.8. The load connected to the terminals ab of the four-terminal
network (Fig. P10.4) is Z, = (6+j6) Q. The voltage source is connected
to the terminals cd. What should be the e.m.f. of the source to produce a
load current (1, ) of 1 ampere?.

o e P—a
F
b o—r —]
Fig. P10.4

10.9. The A-parameters of the passive four-terminal network are
known: A =1-j run; A, =-j101Q; Ay =-jO01 Sm. Determine
the impedances of equivalent T-network.

10.10. There are the impedances of equivalent T-network:
Z1=29=10Q; Z5=-]10 Q. Determine, at which load impedance
the input impedance of the four-terminal network is equal to the load
impedance.

10.11. Substitute the four-terminal network resulted in Fig. P10.3
by the equivalent P-network.

10.12. 10.4. By measurement it has been found that

ign© ap0 - A=0
Z,0=7815e 10" Q; 7, =125¢1%" Q; and Z,, =3.33¢)2"" Q. Find
the constants, A, B, C and D of the four-terminal network.
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Appendix A

Answers to selected problems
Chapter 3

34. (@) 70uF; (b) 1410°C; () Q.=2:10° Q,=410%,
Q3=8-107C . 35. (a) 40/7 uF; (b) 2-10%, (c) U;=200V, U,=100 V,
U;=50 V. 3.10. 165V. 3.11. 4.78 Q. 3.13. 18.75Q. 3.14. (a) 150V;
(b) 40 V. 3.15. 15.44 Q. 3.17. 1.67 A from bottom to top. 3.18. 0.448 A.
3.21. 286A. 3.23.(a) Q,=240uC, Q,=180puC, Q;=60uC; (c)

W; =4.8-103), W, =5.4-10°], W5 = 1.8:10J. 3.26. 4.5 and 14.5 H. 3.29.
UO.C. =12 V, Ri =48 Q.

Chapter 4
42.862W. 43. a) 863¢ 15" A; b) 12.2sin(377t-5°) A
¢) 863 VA; d) 0.966. 4.7. a) 15¢15°Q; b) 3002 sin (377t +53°) :
€)0.0317 H. 411, a) 39.4sin(377t+15°)A; 4.16. U, =849%y ;
L_JbC=47.3e‘j570V. 4.17. The reactive component is 33.3Q.

418. X,=4Q; X,=3Q;1=-396e 85" A 419, 11.8¢180°
4.20. @) 11.72+j47.1 Q; b)the reactance X =-j47.1Q; ¢) 53.2 pF;

d) 1256 19° A, 428.a) 6e°A;  b) 62sin(wt+37°) A;
0) Ugp =24 1%V U, =107.4e10°V | 429, 1, =17.7¢7 18" A;
1,=146e 1A 1o =1422e71°A. 430, 1, =160 A;
1,=143e718° A | =2052¢ 173 A

Chapter 5

5.1. 0,5U . 5.2. The electromotor can work with line voltage
U, =380V at a delta-connection, and with line voltage U; =660 V at a
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wye-connection. 5.4, a) The line current is 17.32e‘j600; b) 5710 Wt.
5.5,a) 15.21e 183" 1521671203 1521 137° ) 1160 W, ¢) 0.

5.9a) Ip =10A; I} =173A, U p =220V ; P, =1900Wt; P, =3800Wt;

b) Upag =220 V; Uge =Uca=110V; a5 =10 A, Igc =lca =5 A
Ia=1g =15 A Ic =0; PL=2850 Wt; P2=0; c) Upg =Upgc =Ucp =
=220V; Ipg =lca=Ilg =1c =10A; Igc =0; I o =17,3A; P=1.9kWt.
510. 1, =22A 1} =381 AP=878Wt. 512 Ip=Ilg=Ic=38A;
Iag =lgc =lca=22 A. 5.13. Line currents Il =Ilg=I1c =847A;
phase currents Ipg=Ilgc =lca=489 A. 514, P=777W;
Q=70.5VAr; S=779VA.5.15.R=20 Q; X| =55Q; Xc =22.7 Q.

Chapter 6
_25
6.1. i(t)=2—-e ' A. 6.2. (a) i(t)=2(1—e AI)A; (b) 2A; (c)
9/25s.  6.3.  i(t)=5(1-e?PY A 65  i(t)=10-6e0A.
6.6. i(t)=15-3e > A; t=0185s. 6.8. i(t)= %(1—e_32t)A.
6.9. ip(t) =4x103e A, 6.10. (a) p?+1.25p+0.25=0; (b) 1s, 4s.
_4
611 (a) 20V, (b) 20V. (c) u(t)=7.5+125¢ 15V, 612.(a) O,
(b) 2x103%e A, (c) 5s, (d) i(t)=qoosinot. 6.13. (a) et
(b) 1000 V, (c) tenfold increase. 6.16. f (t) =5 2'sin2t.

6.19. f(t)= 3e 'cos 4t—0.25etsin 4t. 6.20. a) Z(p) = R+ic; b)
p

, 1  RLp . 1 Rup
Z =R+ +pL;c) Z = :d) pb, + — .
(p) pL ;) Z(p) pC+R+pL )|02+|Oc+R+IOL1
100 - 100t
6.21.a) | =— i(t)=1-¢e A;
) 1(p) 5(p +100) ®
100 . ~200t , ,—100t
b) | = Tit)=e +e A.
) 1P = 00y p s 100y - '

6.22. Uc (t) =50+50e7V; ir(t) =50+ +50etA.



473
Chapter 7

7.1. 02A. 7.2, Rimin=3k2 R max =8kQ. 7.4. a) Ry=
=18 kQ; Ry =6 k% Ry=—6kQ; b) Uy =-15V; Ry =-11.5kQ;
Ry =—7kQ. 75, 11=533A; I,=1.33A; the current through NR is
I3=3A, and the voltage across NR is Ug =Ung=2V. 7.6.
INR=1A Rt =50 Ry=-1Q; Ing=4 A R4 =25Q; Ry=7Q.
7.7. a) INR=2 A lgy =45 A 1Ry =15 Allgg =1 A Igs =3 A,
b) INR=0.8 A Ig; =2 A, Iy =07 A Ig3=05A; Ig,=13A 78.
INRL =31 A; g1 =lr3=43A Igp =12 A Iyra =23 A
79. ;=07 A 1,=046 A, U;=U, =10V .

Chapter 8
81. a) 0, I,; b) 05l,, 07071,,. 82. a) 0, 0.577U,,;
b) 0.25U,, Uy /v6. 83. a) 051,, 05771p; b) 0, 0.5771;

8 . 1 . 1 .
c) 0.251,, 1,/6.8.4. U (t) = — (sin ot — —sin 3ot + —sin 5ot -
e 3 5
[
~ L sin7ot+.)V.86. i(t)=—'”+1|ID (sin ot + Ssin 20t +
72 2 =w 2

+%sin 3ot +..). 811 i(t)=14.1sin (103t + 45°) + 9.7 sin (2x103t +

+166°) + 4.7 sin (3x103t—45%) A; 1=12.5 A; Ug =125V;

ug =141sin (103t + 45°) + 97sin(2 x 103t +166°) + 47sin@x 103t — 45°)
up (t) = 71 sin (10%t +135°) + 97 sin (2x10°t —104°) + 71 sin (3x10°t +
+45%)V; U =985V ; ug (t) =212 sin 103t —45°) + 75 sin (2
x103t +76°) + 23.5s5in (3x10%t —135°) VV ; U =170V ;

P=1580W; Q=1230 VAr; S =2060 VA

8.12. i(t) =3+3.8sin (314t+162°)+1.415in(3x314t—45°)A;



474
U=654V, =427 A. 814 1=215A U=625V,

i=2+sin (314t —7°) + 0.55in (628t —33°) ; P=133.2 Wt .

815. i (t)=10+10sin (ot —30°) +2.24sin (20t —116°) A;
I =12.3A

Chapter 9

9.1. (a) 4/m; (b) 32x10~" N/m; (c) 0.32 N/m. 9.6. (a) 98 At;
(b) 1.225 A. 9.7. 4.96 A.9.9. (a) 5J; (b) 2 W-s; (c) 20 H; (d) 3.35 W-s;
(e)no, it comes from electrical source. 9.10. (a) 1500 At;

(b) 2300 At/m; () 2.9 W /m?; (d) 1.25x10%; (e) 1.26 x10~3; (f) 1010.
9.11. At 60 Hz: P, =1400 W, P, =400 W; at 90 Hz: P, =2100 W and

P, =900W . 9.12. 367 At applied in direction to cause flux in right leg
to flow CCW. 9.14. 20.2 W.
Chapter 10
R-jX¢c
10.1. (&) A1 =1 =RQ; Apji="1 ., A= %
@ A1=1 Ap 21 %JXC 2= e

(b) the idling condition: Aqq1=1 Apq=1/— jX¢c ; the short circuit:

A2 =R Agz =(R-jX¢)/(-1Xc).
10.7. Y11=Yoo = j/GOQ; Y12 =Yo1= j/30 Sm.

20
108U, -698e°8v | 109. 2,-10 ©; Z,=-j10 @ Z3=j10 @.
. - 0 . 0
1010.  Z,=14.95¢1%°0. 1012.A=1.28e140 :B=425¢167;

B 0 10
C=017e190 - p=034ell".
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Appendix B
VOCABULARY
A
accept MpUMAaTH, TOMyCKaTH
access JOCTYTI, T X1
accident aBapis, MONIKOIKEHHS
accordant connection Y3TO/DKEHE 3'€THAHHS
accumulate aKyMyJIIOBAaTH, HAKOITUYYBATH
action s, Xin
actuate HaJaBaTH Jii, 30yKyBaTu
add JIOaBaTH, CKIIALaTH
adapt MIPUCTOCOBYBATH, IPUTAHITH
addend JIOJIaTOK

adding connection

3riHE BKJIFOYEHHS

addition

JIOJTATOK, IPUETHAHHSA, JTOAaBAHHS

additional JI0JTATKOBUI

adjacent CYMDKHHH, IKUIl MEXKYE, TPAHUYHUTh

adjust peryIoBaTH, HaJIaro/pKyBaTH,
HACTPOIOBATH

adjustment range

MEXI1 PErynOBaHHS

admittance MIOBHA €JIEKTPHYHA MPOBIIHICT
adoption NPUIAHATTS, 3aCBOEHHS
advantage nepeBara

affect BIUTMBATH

air gap MOBITPSHHI 330D

alarm signal aBapifiHuUii CUTHA

algorithm AITOPATM

allowable voltage JIOITYCTUME HAITPY)KCHHS
alternating 3MiHHHUH

alternating component

3MIHHA CKJIagoBa

alternating current circuit

KOJIO 3MIHHOTO CTPYMY

alternating-current
measurement

BUMIp Ha 3MiHHOMY CTPYyMi

alternating current a.c. system

CJIEKTPUYHA MEpEKa 3MIHHOTO CTPYMY

ammeter

aMIepMeTp
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amount

KIUJIBKICTB, CyMa, J103a

ampere

amnep

ampere-hour

aMIICp-rognHa

ampere-turns

aMIICP-BUTKH

amplifier I ICHITIOBAY
amplify PO3IINPIOBATH
amplitude aMILTITy1a

amplitude modulation

aMILTITY/THAa MOTYJISITTS

amplitude-frequency
characteristic

aMILTITY/THO-4aCTOTHA XapaKTePUCTHKA

analogously AHaJIOT1YHO

angular KYTOBHI

anode connection AHOJIHHH TPHETHAHHS

anti-damping aHTi-3aracaHHs, aHTi-3aTyXaHHS

apparatus puOOp, NPUCTPIH, TpUIIA]

apparent OYEBUIHUM, IBHUI

apparent power 3arajbHa MOTYKHICTh

application 3aCTOCYBaHHSI, BKIIIOYAHHSI

applied (impressed) voltage MpUKJIaJeHa HApyra

apply 3aCTOCYBaTH

approach HAOJMKEHHS, TOCTYIT

appropriate BIIIOBITHMIA

arc CJIEKTPUYHA JTyra

arcing earth JIyrOBE 3aMHUKaHHS Ha 3E€MJIIO

area nJjonia, NOBEPXHs

arrange PO3TaIIOBYBATH, PO3KJI IaTH,
po3mimaru

arrangement pO3TalyBaHHs;, PO3MILIICHHS,
yaamrtyBaHHs (0is)

array psin, Yepra, MacuB

arrest raJbMyBaTH, 3yMTUHITH, BAMHUKATH

arrested 3arajqbMOBaHUI

assume Habysatu (¢hopmy, 6uo)

asynchronous ACHHXPOHHBIN

asynchronous generator ACUHXPOHHBIN reHepaTop

attach MPUETHYBATH

attain

J0ocAraTtu, Ha6YBaTI/I




477

attitude MOJIOKEHHS, PO3TAIlyBaHHS
average cepeTHe 3HAYCHHSI
axis (pl. axes) BiCh

axis of abscissas

BIChH aOcImc

axis of ordinates

BiCh OpAWHAT

B

back electromotive force

npotugitoua EPC

backflow

3BOPOTHA TEUis, TPOTUTOK

backing obepTaHHs B 3BOPOTHHI OIK

backward 3BOPOTHHI

backwash 3BOPOTHHH MOTIK

balance piBHOBara, 3piBHOBa)KyBaTH,
OanmaHCyBaTH

band cMyra, Jiana3oH

band switch nepeMuKay

band width [IMPUHA CMYTH

bare Hei30Ib0BaHui (en.)

battery aKyMyJisITopHa (TasibBaHiuHa) Oarapest

bearing i AMUITHAK, ON0pa

beat ouTTS

beat frequency yacTora OUTTS

beating ouTTS

bias electrical restraint CIICKTPHUYHE TATbMYBaHHS

bias voltage HAarpyra 3cyBy

bias neutral voltage Harpyra 3cyBy HelTpai

binding 3'etHaHus (1P0600is)

bipolar JIBOTIOJTFOCHUI

blanket MOKPHBaHHS, TOBEPXHEBUII 11ap

blocking OJIOKyBaHHSI, 3AMUKAHHS

blowing out BUYBaHHS, IEPETOPSIHHS

blow-out ICKpOTacCHHMK, 3pHB JYTH

bond 3B 130K, CIIOJyYECHHS

branch BiTKa (en. Kona)

bridge MepeMUYKa, IIYHT

break PO3MHUKaHHS

bridge MICT

bridging [IYHTOBaHUN
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burn-out

MeperopiHHs

busbar sectionalising switch

CEKIIMHUN BUMHUKAY

bus coupler circuit breaker

HII/IH03'€)1HyBa.]'II)HI/II71 BHUMHUKa4

bushing of a transformer

yBeZeHHA TpaHc(hopMaTopa

C

cable Kabelb, TPOC, JINHBA

cable conductor KaOeJbHa KHja

cal BOIIL(PAMIT

call BUKJINKATH

calculate OOYHCITIOBATH, PaXyBaTH
capability 3IATHICTh

capacitance €MHICTh, EMHICHHH OTIip
capacitive current EMHICHUH CTpyM

capacitive feedback €MHICHUI 3BOPOTHHH 3B'S130K

capacitive load

€MHICHE HaBAHTAXKECHHS

capacitive potential divider

€MHICHUH JTUIbHUK HAMIPYTH

capacitive reactance

E€MHICHHH omip

capacitive residual current

OCTaTHIW €EMHICHUH CTPYM
3aJIMIIKOBUH EMHICHHH CTPyM

capacitive susceptance

€MHICHA MPOBIJHICTh

capacitor KOHJICHCATOP, EMHICHUI HAKOMTUIyBa4
capacitor discharge PO3psi/I KOHJICHCATOpa
capacity €MHICTH (e1.)

carriage HEeCyJa KOHCTPYKIIis, 1raci
cascade connection KacKa/[He BMUKaHHs

catch dbikcarop, 3axBar

causes OPUIMHH

cell eneMeHT (en1.)

charging current 3apsHUN CTPYM

change 3MiHa, 3MiHUTHCS

character XapakTepHa 03HaKa, CHMBOJI

characteristic equation

XapaKTePUCTUYHE PIBHIHHS

charge (of capacitors or batteries)

3apsiJl, 3aBaHTAKEHHS

chart

Jiarpama, cxema, rpadik, TaOJuiis

check nepeBipKa, NepeBipaTH
circle KpYT, KOJIO
circuit Mepexa, K00, KOHTYp, CXeMa
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circuit closer

3aMHUKaTCJIb KOJia

circuit breaker

BHUMUKaA4

circuit breaker closing

BMHUKAaHHS BUMHKa4da

circuit breaker opening

BIIKJTFOUYCHHSI (BUMHUKAHHS) BUMHKada

circuit closed in working position

KOJIO 3aMKHYT€ B POOOYOMY IMOJIOKEHHI

circuit opening contact

pOSMI/IKaIH)HI/Iﬁ KOHTaKT

circulate LUPKYJTIOBATH, TIOBTOPIOBATHCHS,
PO3MOBCIOKYBATHUCS

clean-off 4qrcTOoBE 0OPOOIEHHS

clean-up OYUIIICHHS

clear the short YCYHYTH KOPOTKE 3aMUKaHHS

closing (manual) BMHKaHHsI (BpYYHY)

closing time yac BMUKAHHS

clip 3aTHCKAY, 3aTHCKATH

closed 3aMKHEHUI, 3aKPUTHUI

coefficient Koe(illieHT

coefficient of conductivity

Koe(iIi€HT MPOBITHOCTI

~ of correction

MTOTPaBOYHUH Koe(DimieHT

~ of coupling KOe(DIIEHT 3B'I3KYy

~ of expansion KOe(DIIIEHT PO3IIUPEHHS

~ of leakage KOE(DIIIEHT PO3CISIHHSI

~ of mutual inductance Koe(IIliEHT B3aEMHOI IHyKTHBHOCTI
~ of performance Koe(iIlieHT KOPUCHOI JTii

~ of permeability KOeillieHT MPOHUKHOCTI

~ of reflection KoeiIieHT BiIOMBaHHS

~ of resistance

Koe(illieHT onopy

~ of self-inductance

Koe(iieHT CaMOIHTYKITi1

~ of shear KOe(DIIlIEHT 3CyBY

~ of power KOE(IIIIEHT MOTYKHOCTI
coil KOTYIIKa, BITOK (€71.)
coincide 30iratucs

column KOJIOHKA, CTOBIICIIb
combination 3'eIHAHHS, CTIOJTyICHHSI
common CIITBEHUHN

common fraction

3BUYaHUI Ipi0

commutated current

KOMYTalliiHU# CTpyM

commutation

KOMYyTaIlis
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comparative MOPiBHSUTBHUN

comparison MOPiBHSHHS

compensated KOMIICHCOBaHU, 3piBHOBaYKEHHIH
compile CKJIafaTu

complementary IOIATKOBHIA

complex KOMIUIEKCHUH, CKJIaJTHAN

complex impedance

KOMILJICKCHHUH OTIip

complex plane

KOMIUICKCHA IIJIOIIMHA

complex power

KOMIIJICKCHA HOTy)KHiCTL

component KOMIIOHEHT, CKJIa[0Ba YaCTHHA,
CKJIaJI0Ba

compose CKJIagaTtu

composition JI0/1aBaHHs (BEKTOPIB)

compound 3'€THAHHA, 3'€THATH, CKJIAIHUH,
CKJIaJICHUH

comprehensive MOBHUH

compressed CTHCHEHHH

compulsory 000B’SI3KOBH, 3MYIIICHUI

computation IiJpaxyBaHHs, O0OUYHCICHHS

computing 00UHCITCHHS

concentrated 30CepeDKeHHUI, KOHIICHTPOBAHUI

condition YMOBa, PEXKHM, CTaH, MOJ0KEHHS

conduct MIPOBOJIUTH

conductor MPOBITHUK

conductance AKTHBHA ITPOBITHICTh

conductive coupling raabBaHIYHMI 3B'T30K

conductivity HPOBIJTHICTb, EJIEKTPOIPOBIIHICT

conduction current

CTPYM TIPOBITHOCTI

connections

CITOJTYYCHHSI, 3'€THAHHS

connection diagram

cxema 3'cTHaHHA

connector po3'iM

conjugate CTpsDKEHUH

connect 3'€IHATH, BMHKATH
connected 3’€¢HaHNMN, BBIMKHEHUI
consequent MOCTiIOBHUI

conserve 30epirartu, 3anodiratu

constant resistance

HOCTIHHHHI omip
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contact

KOHTaKT

contact voltage

Harpyra MK KOHTAKTaMu

control current

CTpYM YIpaBJIiHHS

controlled value

peryjaboBaHUI napaMmeTp

control voltage

KepyroJa Harpyra

control winding

Kepyroua 00MOTKa

construct CIIOPYAKYBaTU

constructed CTIOPY/DKEHUI

consumer CIIOKMBAY

contact breaking BUMHKaHHS, PO3MHKaHHS
contain MICTHTH B c00i

content CKJIaJ|

continuous MOCTIWHOI 111, 6e3mepepBHIiA
continuous current MIOCTIHHUHN CTPyM
conventional ~ thermal  power | enekTpocTaHIiss ~ Ha  OpraHiYHOMY
station nanuBi

converter IIEPETBOPIOBAY

converter substation

MEPETBOPIOBAIGHA TiICTAHITIs

conversion of electricity

TICPETBOPECHHSI EJICKTPUYHOI SHEepTil

conversion

MIepETBOPEHHS

convert back MIEPETBOPHUTH 3BOPOTHO

copper loss BTpaTH B Miji

core ocepas, CTPHKEHb

core of a transformer ocepst (MarHiTompoBin)
TpaHcdopmaropa

corona discharge KOPOHYBaHHS

correct KOpPUT'YBaTH, PABUIILHHH,
0E3MOMUITKOBHIA

correlation KOPEJIsIlisl, KOPEKILisl, 3B'SI30K

corrupted data nepeKpyyeHi Jani

couple (to) 3aMUKaHHsI (3aMHUKaTH)

coupling between different phases
of two circuits of a high voltage
link

B3aEMOIHAYKINSA MK (a3zamMu IBOX Kil
BHCOKOI HaIlpyIr#

coulomb KyJIoH (e.)
coupled CHOJIyYEHHH, CIapEeHUH
Cross connection TIOTNIepEeYHe 3'€JHAaHHS
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cross-over repexiy

Cross-section MOTIePEeYHHH Tepepi3
cumbersome IpOMI3 KU

current CTpyM

current balance OaaHc CTpyMiB

current carrying capacity MPOIYCKHA 3JaTHICTh 10 CTPYMY

current circuit

CTPYMOBE KOJIO

current-dependent

3aJIeKHHN BiJl CTPYMY

current limiter

00MexyBad CTpyMy

current resonance

pe30HaHC CTPYMiB

current reversal

3MiHa HAMPAMKY CTPyMY

current rush

KHJOK CTPYMY

current transformer TparcOpMaTop CTpyMy
~ charging current CTPYM 3apsi/DKaHHS
~ constant current MOCTIHHUN CTPYM

~ control current

KEPYIOUU CTpyM

~ direct current

MIOCTIHHUHN CTPyM

~ earth current

CTPYM 3a3€MJICHHSI

~ eddy ~s current

BUXPOBi cTpyMH (Dyko)

~ effective value of current

Jitoue 3HaUYCHHS CTPYMY

~ fault current

CTPYM IOHMIKO/PKCHHS

~ exciting current

CTPYM 30yIKEHHS

~ idle current pPEaKTUBHUI CTPYM
~ induced current 1HJIyKOBaHUIi CTPyM
~ inverse current 3BOPOTHHH CTPYyM

~ joint current

CyMapHUH CTpyM

~ lagging current

CTpPyM, IO BifICTae 3a $a3or0

~ leading current

CTpYM, 1110 OfiepeiKac 3a Gpazoro

~ leakage current

CTPYM BUTOKY

~ magnetization current

CTPYM HaMarHigyyBaHHsI

~ mesh current

KOHTYPHHH CTPyM

~ operating current

poOounii cTpym

~ primary current

CTPYM Y NIEpBUHHINA OOMOTII

~ pulsating current

MyJIBCYIOUHN CTPYM

~ reverse current

3BOPOTHUI CTPyM

~ sinusoidal current

CHUHYCOITHUH CTpyM

~ starting current

IIyCKOBUI CTPyM
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~ transient current

nepexiTHui CTpYM

current-carrying

CTPYMOBUJHUI

current-conducting

CTPYMOTIPOBI THHUN

curve

KpuBa (1inis)

cushion 3M’SIKIITYBATH, MOCIA0IISITH
cusp BEpIIHHA, TOYKA EPETHHY IBOX KPHBUX
cut KaHaJ, TIepeTuH, Npodisib
cut-off BIIKJTIOUCHHS
cut-out pyombHUK (en.)
cut-off relay peJie BiiciueHHs
cycle LUK, 000POT, epiof (curycoionoeo
cmpymy)
D
damage TOIIKOKEHHS
damped oscillations 3aracaroyi KOJMBaHHS
damped transient 3aracaroumii mepexiTHuil mporec
damp 3racaTv (npo KOIUGAaHHsL)
damping 3aracaHus, JeMiQyBaHHs, TaIbMyBaHHS

damper winding

neMriepHa 0OMOTKa

damping circuit

KOJIO, ITI0 JieMIT(ipye

damping magnet

MarHirt, o JeMndipye

damping decrement

JACKPCMCHT 3araCaHHs

dash

pHCKa, IITPUX, TUPE, INTPUXYBATH

data JlaHi, BIJIOMOCTI

date JaTa, CTPOK, Mmepioj

decay pO3IajIaHHs, 3aracaHHs
decaying 3aracaHHs

deceleration yIOBUIbHEHHS (raJbMyBaHHS)
decoupling PO3B'sI3Ka

deenergized line

JiHist 6e3 Hanpyru

defence

3axucT, 000poHa

define BH3HAYATH

definite BH3HAYCHUM, IEBHUIA
deflection BigxwieHHs

deform negopMyBaTH, BUKPHUBISITH
degree CTYICHb, IPAIYC

delay

3aTPUMKA, 3aMi3HIOBAHHS
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delete BUKPECIIOBATH, CTUPATH
delta connection 3'€THAHHS Y TPUKYTHHK
delta 3ipka (en.)

delta-star connection 3'€/IHAHHS 3ipKa - TPUKYTHUK
demand I[IOIIUT, BUMOTa

demount po30upaTtH, IeMOHTYBATH
density I'YCTHHA, TYCTICTh
denominator 3HAMEHHHK

denote NO3HAYaTH

departure BIJIXMJICHHS

dependence 3aJICKHICTD

dependent 3aJIeKHUIA

derivative noxigHa (pynryii)

derive Opatu MmoxiaHy

derive a formula BUBOJIUTH (HOPMYITY
deserve 3aCITyKHUTH

design TUIaH, KPECICHHS, MPOEKT
desire BUMaratu

determine BU3HAYATH

determination BU3HAYCHHSI, BUPIITYBaHHS
develop CTBOPIOBATH, PO3BHBATH
device 00J1aJHAHHSI, arapar, OpUIajl, MeXaHi3M
diagram rpagik, riarpama

dielectric JIeTICKTPUK

differential audepenmian, nudepeHminani
difference Pi3HHMIIA, BIAMIHHICTh
differentiate ) epeHIioBaTH

digit nudpa, OTUHUIISL, CHMBOJI
dimension pO3Mip, BEMYUHA

diode bisTo)|

dipole JIUITOJb

direct MOCTitHMI (1po cmpym)

direct current

MOCTIHHHUN CTPYM

direct-current amplifier -

I ICHITIOBaY MOCTIHHOTO CTPYMY

direct-current circuit

KOJIO MTOCTIHHOTO CTPyMY

direct current system (d.c. system)

CJICKTPpUYHA MEpCIKa MTOCTIHHOTO

CTpyMy
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directed

HaIpaBJICHU, CIPSIMOBaHUI

direction

HaIlpaBJICHHS, CIIPAMYBaHHA

directional operation

CIpsiIMOBaHa Jiist

direct voltage

MIOCTiifHA HampyTa

disconnector

po3'emHyBad

discharge

CKHMJIaHHS1, BUITYCK, BUXiJ], pO3psA

~ capacitor discharge

PO3psiT KOHJICHCATOPY

~ corona discharge

KOPOHHUU pO3psT

~ spark discharge ICKpPOBHI pO3pPSI

disconnect PO3MUKATH, BAMUKATH
disconnection PO3MUKAHHSI, BAMUKAHHS
discontinuity 00puB, PO3pUB

disengage BUMHKATH, PO3MUKATH

dislocate 3pyIIyBaTH, MIEPEMIIaTH
dismount 3HIMATH, IEMOHTYBATH, PO30UPATH
dismountable 3HIMHHUH, PO3'eMHUI

dispense PO3MOIIISTH, PO3/IaBaTh

displacement

TIepEeMIIIEHHS], 3CYB

displacement  voltage
neutral points voltage

of

the

Hanpyra 3cyBy HeWTpaii

disposal PO3MIIIICHHS, BUIAJICHHS
disposition pO3TalyBaHHs, PO3MILIICHHSI
disruption po3puB, Mpooiit

dissociate pO3'€THATH, PO3AUIATH
distance BiJICTaHb, IHTEPBAJ
distension PO3IIMPEHHS, PO3TATAHHS
distribution PO3MOIIIT

distortion HepeKpyIyBaHHS

distortion factor

Koeili€HT NepeKpyTyBaHHs

distribution of electricity

PO3MOILN eNEeKTPUYHOT eHeprii

divide

TTO/IUISITH, PO3IIIISATH

division TTOJTLJT, PO3TIOLIT
dot TOYKA
double earth fault MIOBIMHE 3aMUKAHHS HA 3EMIIIO

double phase short circuit

JBo(ha3HE KOPOTKE 3aMUKAHHS

drive

NPHBIJ, IepeJjada, pyxaTH, o0epTaTu

duration

TPUBAIICTh
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duty HABaHTAXXYBAHHS, PEXKHUM, [THKIT
dynamo reHepaTop MOCTIHHOTO CTPYMY

E
earth 3a3eMIICHHS, 3aMUKaHHS HA 3€MITIO
earthed 3a3eMIICHUN

earth connection

3'€THAHHSA 3 3EMJICIO

earth current

CTPYM BHUTOKY Ha 3€MJIIO

earthed neutral

3a3emJieHa HEUTpasb

earth fault

3aMHUKaHHA Ha 3C€MJIIO

earth fault current

ctpyM 3amukanHs (K3) Ha semuro

earthing resistance

OITip 3a3eMJICHHS

earth leakage current

CTPYM BHUTOKY Ha 3€MJIIO

eddy BUXOP, 3aBUXPEHHS

eddy currents BHXPOBI CTPYMHU

effect Jlisl, pe3yJIbTaT, HaCIiI0K

effective Jitounit

effective value edekTuBHE (Iif0ue) 3HAYCHHS

efficiency Koe(iIlieHT KOpUCHOI i (K.K.1I.),
e()EeKTUBHICTh

effluent ITOTIK, BUTIKAHHSI

effort 3YCHJLISA, HAaIIpyTa

gjection BUKUJ, BUKUJAHHA

electric current CIICKTPHYHUHN CTPYM

electric arc SIICKTPUYHA JIyTa

electric charge CICKTPHUYHUH 3apsi]]

electric circuit CIICKTPHYHE KOJIO

electric field CIICKTPHUYHY T10JI€

electric line CIICKTPUYHA JIHisI

electrical circuit

CJICKTPUYIHE KOJIO

electrical measurement

CJIEKTPUYHHUH BUMIp

electrical power system

CHUCTCMaA CIICKTPOIIOCTAYaHHS

electrical power network

CJICKTPUYHA MCPCIKA

electric losses

€JIEKTPUYHI BTPATH

electricity CIICKTPHKA
electromotive force eJIEKTpOpyLIiiiHa cuia
electrostatics €JIEKTPOCTATHKA

element

CJICMCHT, YaCTHHA, ACTaJIb
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eliminate BUKJIIOYATH, BUIyYaTH

emergency aBapisi, 3armacHui, aBapiiHui,
KPUTUYHUUI

emission BHIIIEHHSI, BUIPOMiHIOBAHHS

empty BUBaHTA)XyBaTH, CIIOPOXKHSITH

end KiHeIlb, BUBIJ (OOMOTKH)

end-to-end BIPUTYJI, IO BCiid JIOBKHHI

end winding BUBi OOMOTKH

endurance BHUTPHBAIIICTH, CTIMKICTD

energise 10/1a4a HaIpyrH

energised facility YCTAHOBKA ITiT HATIPYTOI0

energy MOTY>KHICTbh, CHEPTis

engage BKJIOYATH, 3iICTUKOBYBATH

engaging BKJIFOUCHHS, BMUKaHHSI

engine MalluHa, ABUTYH

entry BX1J1, BBE€JICHHS

environment HABKOJIMIIIHE CEPEIOBHUIIE

equal piBHHI

equality PIBHICTD

equation piBHSHHS (Mam.)

equipment o0 TaIHaAHHS

equipotential €KBITOTEHINIHHUIA

equivalent impedance

€KBiBaJICHTHHIA OITip

erect

YCTaHOBIIOBAaTH, 30MpaTH, MOHTYBaTH

error IMOMMJIKA, TTIOXHOKa

erase BUJIQJICHHS

error correction YCYHEHHSI IOMIIIKH (TTOXUOKH)

error detection BUSIBJICHHS TIOMUJIKU (TOXHOKHM)

escape BUITYCK, BUTIKaHHS

establishment yCTaHOBA, MiANPHUEMCTBO

estimate PO3paxyHOK, OIliHKa

estimated po3paxoBaHUi

evaluate OLIIHIOBATH, 3HAXOIUTH 3HAYEHHS
BEJINYMHU

examination OIVISL, JOCHIKEHHS

example npukian (mam.)

excitation 30YKCHHS
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excite 30ymKyBatu (e.)

exciting current CTPYM 30y IKEHHS

excursion 3CYB, BIIXWJICHHS

expand poskiaagatu Gopmyiy, po3KiaagaTu y
panx (mam.)

expansion PO3IMIMPEHHS, PO3KJIaIaHHS

expend BUTpayaTu

experiment JOCIIiJI, EKCIIEPUMEHT

exponential curve eKCIIOHEHTHA KpUBa

exposed OTOJICHHH, He3aXUIIICHUH, Bl AKPUTHIA
(npo nposooxy)

expression BHpa3

external characteristic

30BHIITHS XapaKTePUCTHKA

external terminal

30BHIIIHIN 3aTHCKAY

extra high voltage network Mepeka HaJIBUCOKOT Hapyru
extend MOJIOB)KYBATH, 301JIbIITYBaTH
extreme KpaiiHild, paHUYHUH

F
face JUIOBHIA OiK, BIJ criepeny, (ac
factor MHOYHHK, KOe(DIIliEHT, MOKa3HUK
~ common factor 3araJbHUI MHOKHHK
factory tests 3aBOJICHKI BUTTPOOYBaHHS
fade 3aTyXaTh
fail MTOINKO/PKYBATHCS, BUXOUTH 3 JIaTy
failure MMOMIKODKEHHS, BiIMOBa
falling [ aHHs, 3HIKEHHS

false switching

ITOMMJIKOBC BKJIFOUCHHS

family of curves

CiM'st KpHBHX

fault

TOIIKOKEHHS

fault between turns

MIXXBITKOBE KOPOTKE 3aMHUKaHHSI

fault between windings

KOPOTKC 3aMUKaHHSA MIiK OOMOTKaMu

fault clearance

Bi,I[KJ'IIO‘leHHH KOPOTKOTI'O 3aMUKAaHHA

fault situation

aBapidHUN peKUM

feature XapakTepHa puca, 0cOOJIHMBICTh
feed 1ojava, >KUBJICHHS
feedback 3BOPOTHUH 3B'I30K

feedback amplifier

TT1JICHITIOBAY 31 3BOPOTHUM 3B'SI3KOM
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feedback control KepyBaHHsI 31 3BOPOTHUM 3B'SI3KOM
feedback ratio - KOC(ILIEHT 3BOPOTHOTO 3B'SI3KY
feed-through TPOXITHUIA

feed-through capacitor TIPOXiTHMI KOHAEHCATOD
feed-through four-terminal | mpoximHwi YOTHPHITOIFOCHUK
network

feeder JKHUBUJIbHA JTiHIS

feeder circuit-breaker —

JIHIAHUHA BUMHAKAY

feeder disconnector

JHIHHAHN po3'enHyBaY

field IoJIe, IPOCTIp

~ of force CHJIOBE I10JIe

~ of gravity T10JIC TSDKIHHS

~ of vorticity BHXPOBE T0JIE

~ rotating field obepToBe ToJie

figure PHUCYHOK, Qirypa, nudpa
filter ¢bineTp, GinbTpyBaTH

finding BHU3HAYCHHSI, TOIYK

finger MOK&KYHK, BKA3iBHUK

finite KIiHIIEBUI, BUSHAYHUI

firm TYCTHH, TBEPIUHA

fit YCTAaHOBJIIOBATH, MOHTYBATH
fitting MOHTaX, 30UpaHHs

fix YKPITUTIOBATH, YCTAHOBJIIOBATH
fixed HEPYXOMUH, 3aKpiTuieHAN
flame MOJTyM s, AJIATH

flash crianax, lyrOBHid po3psijt
flashover iCKpiHHSI, TPO0iii, KOPOTKE 3AMHUKAHHS
flat TUIOCKUH, PIBHUI

flaw pO3puB, NedeKT

flexing BUTHH, BATHHAHHS

flicker MUTaHHS, MUTaTH, MEPEXTITH
flow MOTIK, TEYisl, Te4a

flowing Tedis, TEKy4uit

fluctuation KauaHHA

~ frequency fluctuation

KOJIMBaHHA 9aCTOTH

~ pressure fluctuation

KOJIMBAHHA THCKY

~ random fluctuation

BUTIAJIKOBA (pIyKTyaItis
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fluent TEKyYHUH, piaKuil
fluid piauHa, pikuii, ra3
flush CTPYMiHb, IIBUJKUH MPHUILINB
flux IOTIK, BUTIKATH
flux linkage ITOTOKO3YETICHHS
force CHJIa, 3aCTaBIISITH, IPUMYIITYBATH
forced NPUMYIICHUI
formula bopmMyna, aHATITHYHAHN BUpa3
formulated copMyITbOBaHUI
foundation OCHOBa, ()YHIAMEHT
founding JIUTTSI, TUTaBKa
fraction Jpi0, yacTHHA, YaCTKa
fractional JpiOHUiA, TpoOOBHit
fracture PO3pHUB, 3710M
frame KOpITyC, KapKac, KOHCTPYKLIis, 30HpaTH
freezing 3aMep3aHHs, 3aCTUTaHHS
freight BaHTaX, ppaxr, ppaxryBatu
frequency gacrora
frequency changer MEPETBOPIOBAY YaCTOTH
frequency converter MePETBOPIOBAY YaCTOTH
frequency response YaCTOTHA XapaKTePUCTHKA
function byHKIs, s
fuse TONKUIA (TUTaBKHUiT) 32001 KHIK
fusibility TOTKICTb, MJIABKICTh
G

gadget HPUCTOCYBaHHs, 00JIaJHAHHS, TEXHIYHA

HOBHHKA
gang Ha0ip, KOMILIEKT, arperar
gap 3a30p, HIiJIMHA
gas generator ra3oreHeparop
gasket MPOKJIaIKa
gate MPOXiJ], BEHTHJIb
gauge Mipa, Maciitad, po3mip
gear MeXaHi3M, IPUCTPil, 00T THAHHS
generate TeHEepYBaTH, YTBOPIOBATH
generation reHepallisi, yTBOPIOBaHHS
generator reHepaTop, PKepes1o eHeprii
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glance OnUCK, OnMInaTH
glow pO3MiKaHHs, PO3IMIKATH
glissade KOB3aHHS
go down CITyCKaTHCS
goon MPOIOBXKYBATH
go out slowly 3aTyxaTh
governing equipment KepoBaHe 00J1aIHAHHS
grid eHepreTHYHA CUCTEMA
grip 3aTHCKAaY, 3aXBaT, JIeIaTa
ground 3a3eMJIFOBAHHS, 3a3¢MJTFOBATH
grounded 3a3eMJICHUI
grummet MPOKJIAJIKa
guide HanpsiMHa

H
habilitate yCTaTKOBYBATH, MOCTAYATH
habit 0COOIIUBICTD, BIIACTHBICTH
hade HaxWI, NagiHas
hairline JIy’K€ TOHKA JIHisI
half-and-half 1110 CKJIAJAETHCS 3 JBOX KOMIIOHEHTIB
half-axle IiBBIChH
half-cycle miBIEpiosn
half-wave OJTHOTIIBITEPIOTHUA I
half-wave rectifier OJTHOTIBIIEPIOTHHI BUMPSIMIISY
hand CTpLJIKa
handle JIepIKaK, KepyBaTH
hang BIllIATH, MiJBIIITYBaTH
hardness TBEP/ICTh, MIITHHI
harmonic rapMoHika

harmonic component

rapMOHilHa CKJIaJj0Ba

harmonic content

3MiCT FapMOHIK

harmonic function

rapMoHiliHa GyHKIIs

harmonic oscillation

rapMOHIHe KOJIMBaHHS

headway pyX yrepen

heat TEII0Ta, TOIUICHHS, PO3)KapIOBaHH,
HarpiBaHHS

heating HarpiBaHHs, pO3KaplOBaHHS

heating-up

porpiB
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heat-proof TEIUIOCTIHKHUH
heat-resistant TEIIOCTIHKHIA
heat-sensitive TEIUIOYY TIIMBHIA

heavy MOTY)KHUI, BEJTMKAN
heavy-duty MOTY)KHUI

high-cycle BHCOKOYAaCTOTHHH

height BHCOTa, MAKCUMYM, MeXa
high-frequency BHCOKOYACTOTHHI
high-frequency cable BHCOKOYACTOTHHUI Kabeb

high-frequency generator

BHCOKOYACTOTHUIM T CHCPATOP

high frequency disturbance test

NepeBipKa MepenKoa0CTINKOCTI

higher harmonic

BHIIA TAPMOHIKa

higher harmonic voltage

Hanpyra BUIIMX TApPMOHIK

high-level

IHTEHCUBHUH

high-speed excitation system

IIBHJIKOJTIF0YA CUCTEMa 30y DKCHHS

high voltage

BHCOKA Hampyra

high-voltage installation

YCTaHOBKA BUCOKOI HaIlpyTH

high-voltage network

MEperKka BUCOKO1 HAIIPYTH

high-voltage side CTOPOHA BUCOKOI HAIIPYTH

high-voltage switchgear PO3MOALTBHUIA OpUCTPIl
(enexTpoycTaTKyBaHHS) BHCOKOI
Hanpyru

high-voltage winding 00MOTKa BHCOKOI HAIPYTU

hit 3ITKHCHHS

holding winding YTPUMYIO4a 0OMOTKa

hole OTBIp, JipKa

hollow MOPOXKHHMHA, 3aI1a JHHA

hood KOXKYX

hydroelectric set rigpoarperar

hydroelectric power station rigpoenekrpoctaniis ([EC)

hysteresis ricrepesuc

hysteresis loop

TIETJIIS TICTEPE3NCy

hysteresis losses

BTpaTH Ha ricrepesnc

hydrostable BOJIOCTIHKHI
hydrous BOJHHIHA
hydroxide TiApOOKHC
hysteresis ricrepesuc
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ideal rectifier

ieaTbHAN BUNPSAMIISY

identical TOTOXHHM

ideal synchronizing TOYHA CHHXPOHI3aIlis

identify Mi3HABATH, BU3HAYATH

idle HETPAaIIOIYnii, HepoOOUHiA, He
HABaHTAKCHUI

idling HepoOouuii Xia, poboTa Ha HEPOOOUIOMY
X0[I1

ignite 3aiiMaTHCS, 3aMHATHCS

ignition 3aIantoBaHHs

illuminate OCBITJIIOBATH

image 300paKeHHS

imaginary VSIBHUI

immediately prior

0e3nocepeIHbO J10

immediately after

0e3mocepeTHbO MiCIst

immobilization — BHUCHOBOK 3 POOOTH
immovable HEPYXOMHUI

impact yJzap, MOMITOBX

impedance 3arajJbHHUH OMp, iIMIIeIaHC

impedance earthed (neutral)
system

eJICKTPUYHA MEPEexa 3 3a3eMJICHOIO Yepe3
OITip HENTPAILTIO

impedance protection

JUCTAHIIMHUNA 3aXUCT

impedance  voltage (of a | mampyra KOPOTKOTO 3aMUKaHHSI
transformer) (Tpanchopmaropy)

impermeability HETIPOHUKHICTh

improvement MOJIIIIIEHHS

impulse counter

JYAIFHUK IMITYJIBCIB

impulse voltage test

nepeBipKa i30J1s1ii

inadvertent operation

HCIIPaBUJIBHC CIIPAllbOBYBaHHA

incorrect operation of relay
protection

HEIIpaBUJIbHA IIiS[ 3aXUCTy

independent time relay

PpeiiC 3 HC3AJIC)KHOK BUTPUMKOIO 4acCy

indicating relay

pelie BKa3iBHE

indicator lamp

CHUT'HAJIbHA JIaMIIa

inadvertent operation

HCIIPABUJIBHC CIIPALIbOBYBAHHSA

incentive

CTUMYIJI, CIIOHYKa
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inception MOYaToK

incidental BUIAKOBUI

incline HaxuJ1, HAXUJICHHS

inclusion BMHKaHHS

incorrect operation of relay | HenmpaBuiIbHA Jis 3aXHUCTY
protection

increase 301IBIIEHHS, 3PICT
increment 361IBIIEHHS, 3PICT, TIPUPICT
indefinite HEBH3HAYCHUI

independent HE3aIEKHAN

indeterminate HEBU3HAYHHI

index MOKa3HHUK CTETeHi, KOe(ilieHT
indicate BKa3yBaTH

indicating relay

pene BKa3iBHE

indicator lamp

CUIr'HaJIbHA J1aMIia

indicator of sense of rotation

BKa3iBHUK HAIPSIMKy 00epTaHHS

indivisible

HENOIJIbHUHI, HeIUITMMHAN

indoor substation 3aKpHUTA MiACTaHIIIA
indicator of sense of rotation MOKKYHK HAMIPAMKY 00epTaHHS
indoor apparatus araparypa BHYTPIITHbOI YCTaHOBKH

indoor substation

3aKpUTA I ICTAHIIIs

indoor switch-gear

3aKPUTHIA PO3MOALTEHHIN MPUCTPIH

induced voltage

HaBeJIeHa Harpyra

induce BUKIIUKATH, IHIyKyBaTH, CIIOHYKaTH
induced 1HIyKOBaHUii

induced voltage HaBe/IeHa HaIpyra

inductance IHIlyKTUBHICTb

inductance coil KOTYIIIKA IHyKTUBHOCTI

induction THIYKITis

infinity HECKiHUYEHHICTh

inflow BITyCK, BTIKaHHS

inhibition raJbMyBaHHS

initial MOYaTKOBUI
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initiation BUHUKaHHS

inject BIyBaTH, BIOPCKYBaTH
injection MiPKABICHHS (e1.)
injury YILIKOJKECHHS, aBapis
inlet BXiJI, BITyCK

inner BHYTPILIHIH

in-parallel napaneibHO BBIMKHEHUI
in-phase 301kHUH 3a (hazoro

input BX1IHUHT

input winding BXizHA 0OMOTKA

integral control

IHTErpajbHe peryOBaHHS

integrated circuit

IHTErpajgbHa cxema

interconnected systems 00'eTHaH] EHEPrOCUCTEMHU
interconnection Mi>KCHCTEMHHI 3B'I30K

insert BKJIIOYATH, 3aIPOBA/DKYBATH
in service y eKCIuTyaTarii

inspection OTIIAA

instability HeCTabibHICT

install pO3TaNIoBYBaTH

installed po3TamoBaHuit

installation yCTaHOBKA, MPHUCTPii
instantaneous MHTTEBUH

instantaneous relay

MIBHIKOIiF0YE pesie (MUTTEBOT JiT)

instantaneous value

MUTTEBC 3HAUCHHSA

instrument MpuJiIaj, arapar, IHCTPYMEHT, IPUCTPil

insulance orip 30t

insulated 130/1bOBaHII

insulation 130JI1is

insulation resistance ortip i30SI

intact HEYIIKOKEHHH, THi

intake MBIz, crioxkuBana (0sucyHom)
MOTYXHICTh

integrate iHTerpyBaTH, 00'eTHYBaTH
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intensify MiACUIIOBATH

intensity HaTPYXEHICTh (e1.), CUIla, EHEepris
interact B3a€EMOIIATH

interaction B3a€EMOIA

intercept nepepBaTy, BAMUKATH

interchange (63acmnuii) OOMiH, YepTyBaHHS, 3MiHa
interface MOBEPXHS MOALTY

interfere 3aBaXKaTH, MEPEIIKOKATH
interference B3a€EMHUH BIUIB

interference effect BIUIMB TIPEIIKO/T

interference pulse IMITyJIbC TIEPEIITKOTH

interflow 3IUTTS

interfuse 3MIIITyBaTHCS

interior BHYTPIIIHI

interlinkage of mutual inductance

MTOTOKO3YETICHHS B3aEMHOI 1HAYKIIi

interlinked

3B'I3aHUM, CIIOTYYECHHI

interlock B3a€EMHO 3'€THYBaTH
intermediate MPOMIXKHU#, TOTTOMIKHUI
intermittent CTPHOKOIIONIOHUH, TIEpePUBYACTHHA,

MyJIbCYIOUUHN

intermittent contact

MEPEPUBYACTUNA KOHTAKT

intermittent earth nepeMesKOBaHe 3aMHKAHHS Ha 3€MITIO
intermittent fault HECTIHMKe YIIKOIKEHHS

intermix 3MIlTyBaTHCS

internal BHYTPIIIHIH

internal combustion set eNIeKTpoarnapat i3 JIBUTYHOM

BHYTPIIIHBOTO 3TOPSHHSI

internal short circuit

KOpPOTKE 3aMHUKaHH y 30Hi JIii 3aXHCTY

interphase

MTOBEPXHS oAy a3

iterruption arc

Jyra npy pO3MHKaHHI KOHTAKTiB

interruption of supply

MOPYUICHHS CJICKTPOINIOCTAYaHHS

interturn fault

MIKBUTKOBE KOPOTKC 3aMUKaHHSA

introduce

BBOOUTH
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inverse

MOBOPOTHUH, MPOTHIICKHUIA, 00EpHEHUI
(mam.)

inverse characteristic relay

pene c 00paTHO3aBUCUMOM
BPEMSTOKOBOM XapaKTePUCTHUKON

inverse time; very inverse time;
extremely inverse time current

pene CTPYMOBOIO 3aXMCTy, IO MAaroTh
BEJIMKY Ta JyXE BEJIHKY 3aJIEKHICTh 4acy

relay CTIPAIbOBYBAHHS BiJl CTPYMY

inversion obepraHHs, iHBepCis, iHBepTyBaHH: (e1.)
invertible 060pOTHMIA

invertor 3BOPOTHHI IIEPETBOPIOBAY, iIHBEPTOP
investigate JOCITIDKYBATH

investigation IOCHiIKEHHS

involution MHiTHECEHHS O CTEIEHS

iron losses BTpaTH y cTaji

isolated OKpEMHUii, 1301bOBaHUI, BAMKHEHHUI

isolated neutral system

CHCTEMa 3 130JIbOBaHOI0 HEUTPAJLITIO

isolation

1307111, BIJUIUICHHS], BAMMKAHHS

isolation transformer

po3aiToBaIBHAN TpaHchopMaTop

issuing of permit to work

JTO3BLJ HAa TIPOBAJKEHHSI POOIT

in-rush, inrush

KUJIOK CTpYyMY

issuance BUIXiJI, BUITYCK

issue BUXIiJl, BUITYCK, PE3YyJIbTAT, BUTIKAHHS

item MyHKT, naparpad, 1erajb

itemize Kacu(ikyBaTH, CKJIaaTH CreIM(IiKaIio
J

jack 3aTUCKAY, BaXillb, THi310 (e.)

jacket KOJKYX, 9OXO0JI, 000JI0OHKA

jam, jamming 3aiaHHs, 3ameMICHHS

jar TMOIITOBX, TPEMTIHHSI, CTPYIIYBaTH

jet CTPYMiHb, PEaKTHBHUH (1p0 08UYH)

jobbing IOpiOHUN PEMOHT

joggling CMUKAaHHSI, M TOBXYBaHHS

join, joining 3'eJIHaHHSI, 3B’ 130K, CKJIaJIaHHS,

3'eAHyBaTH
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joined CKJIaJ0BHH, TOE€JHAHUI
joint 3'eIHaHHS, 3B’ 130K, CTHK, BY30J1, IIIAPHIp
jointing 3'eIHaHHS, CIIaiiKa
joist Oanka, Opyc, IoIIKa
joule TKOYITh
jump CTpHOOK, 3MiHA
jumper mepeMrIKa
jumper board 30MpaHHs 3aTHCKAYiB
jumping OUTTs, MyJbCaLlis
junction BY30II, 3'€ THAHHS
Y
i LIO0B, 3'€IHAHHS, CIIal, criaiika
uncture !
K
keep TpUMAaTH, 30epiratu
key KIIFOY, KJIMH, IIIIOHKA
~ cut-off key PO3MHKa04Ya KHOKA

~ magnetic key

MartiTHe perne

~ resetting key

PO3MHKAarO4Ya KHOIIKa

~ rocking key KOMYTaTOPHHUH KITFOY
keyboard KJIaBiaTypa, KOMyTaTop
keying 3'eIHAHHS [IMITAMH

killed BUMKHECHUN

kink METIIS, BY30J1, IEPErvH
knead MICHTH, 3MilllyBaTH

knife HIX, pi3ellb, cKkpebauka
knit CKpIILUTIOBATH, 3'€AHYBATH
knob nepeMuKay

knob with indicator

MepeMHUKaY 3 CHTHAII3aIli €10

knock ynap, MOIITOBX, IETOHAITisI, OUTUCS
knot BY30I1
knotty BY3JIyBaTHUH, 3aIUTyTaHUN
L
label MapKipyBaTH, MITHTH
lag BiJICTABaHHSI, 3aMi3HEHHsI, 3CYB (a3 (er.)
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lag behind BIZICTaBaTH B

lagging 3cyB a3 (en.)

lagging current BIJICTAIOUHIA CTPYM

latitude [IMpOTa

lead MIPOBITHUK (e.), JKUBJISTYHIA TIPOBII,
BUIIEPEDKYBATH

leading BeJ/Iy4Hid, HAPABIISIFOUHIA

leakage TEKTH, IPOTIKaHHS

leg CTOPOHA, KaTeT, OIIopa

length JOBKHMHA, IIPOTST

let MYCKaTH, BiJIIyCKaTH

~toletin BITYCKaTH, BMUKATH

~ to let off (out) CITyCKAaTH, BUITYCKaTH

letter M03HAYATH JIITEPAMH

levelling BHPIBHIOBaHHS

life TEPMiH CIyKOH, TOBTOBIYHICTb

lightning discharge

po3ps OIUCKABKH

limit

rpaHulsl, MEXa

line

JiHis, IpsMa, TPaHMLs

linear system

JIHIfiHa cucTeMa

line attenuation

JIiHIiHE 3aracaHHs

line charging current

CTPYM 3apsy JiHii

line-drop compensation

KOMIIEHCAIIisl CTIaflaHHs HAIPYTH B JIiHIl

line fault

[MOLIKO/DKEHHS HA JIHIT

line voltage JIiHIMHA Hanpyra

link naHka (kona), 3UEIICHHS, 3B’ 30K,
3'€IHyBaTU

linkage 3YEILICHHS, 3B’ A30K

linked CIIOJIYYCHMI, 3’ €IHAHUM, 3UIICHOBAHUI

list CIIUCOK, TIEPeITiK

live 10 3HAXOIUTHCS M1l HAIIPYTOIO,

3apsKEHUN

live circuit breaker

BKJIIOUEHHNY BUMHKAY

live line JIHIS 111 HAITPYTOl0

load HABAHTAXKCHHSI, HABAHTAKYBATH
load in a system HaBaHTAXECHHsI EHEPrOCUCTEMHU
load curve rpadik HaBaHTAKECHHSI
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load duration curve

rpadik TPUBAJIOCTI HABAHTAXKECHHS

loaded

HaBaHTaKEHUU

loading HaBaHTAXXCHHSI, 3aps/KaHHS
loading resistor HABaHTAKYBAJIBHHI PE3UCTOP
location pO3TalyBaHHs, PO3MILIICHHSI
lock 3aMOK, 3aMHKau, 3'€IHyBaTH, OJIOKyBaTH
locomotion nepecyBaHHs

locus MiCLIeTIOI0KEHHS

logical multiplication JIOTiYHE MHOYKEHHS

logic scheme JIOTiYHA CXeMa

longitude JIOBroTa

longitudinal MTO3I0BKHIH

long-lived 3 TPUBAJIMM CTPOKOM CITYKOHU

long power transmission line

JIHIS TOBIHIX €JIeKTpoIiepeaad

long-term TPUBAJIMI, TOBrOTEPMiHOBHIH
loop BUTOK, MIETJIS, KOHTYP

loop around 00MOTYBaTH, 0OBUBATH

loop current KOHTYPHHH CTPyM

loose BUJIbHUIA, 3’ €IHAHUI HEXKOPCTKE
loss BTpaTa, 30UTOK

loosen ocnabsaTH

loss of excitation BTpara MOPYIICHHS

loss of load BTpaTa HaBaHTAXKCHHS

loss of stability

BTpara CTIMKOCTI

loss of voltage

BTpaTa Halpyru

loss of voltage relay

peJie BTpaTu Halpyru

low

HU3bKMH, HETOCTATHIN

lower frequency (to)

SHUXCHHA 94aCTOTHU

low frequency

HU3bKa 9aCToTa

low frequency amplifier

HU3bKOYAaCTOTHUH Hi,I[CI/IJ'II-OBa‘l

low frequency band

HU3bKOYAaCTOTHUH ,Z[iaHaBOH

low operating

IOBLJILHO IiFOYMI

low voltage

HU3bKA HaIlpyra

low-voltage apparatus

arnapaTtypa HU3bKOi HallpyTH

low-voltage side

CTOpOHA HIKY0i HAIIPYTH

luminous

SICHUH, CBITJINH, OJHCKYYHit

M
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machine

MalllMHa, CTAHOK, MeXaHi3M, 00poOISITH

magnet

MAarHit

magnetic circuit

MarHiTONpoBi ]

magnetizing current

CTPYM HaMarHidyBaHHA

magnetic field

MAarHiTHE I10J1e

magnetize

HaMarHi4yBaTH

magnetizing inrush

KHUIOK CTpyMy HaMarHiuyyBaHHS

magnetizing inrush restrain

TaIbMyBaHHA TIPH  KHIKY  CTPyMYy
HaMarHidyBaHH:

magneto-electric relay

MarHiTOCJICKTPUYIHE peie

magnetomotive force

MarHiTopyuriiiaa cuia

magnify 301IBIIIYBATH, TACHIIOBATH

magnitude BEJIMYMHA

main protection OCHOBHHMIA 3aX¥CT

mains voltage Harpyra Mepexi

maintenance eKCILTyaTarlis (TexHivHe
00CITyrOBYBaHHS1)

maintenance tests eKCIUTyaTaIliiHi BUITPOOYBaHHS

maintenance work MOTOYHUI PEMOHT

make and break MEPEKITIOUCHHS, TEPEMUKaHHS

maloperation MTOMHMJIKOBA JTist

manage KepyBaTH, IPOBAIUTH

manifold KOJICKTOP, IaTpyOOoK

manual closing

BKJIFOUEHHSI BpYUHY

manual opening

BIJIKITIOYEHHS] BpYUHY

manual regulation

PY4HE PEryJIIOBaHHS

mark 3a3HayKa, M03HAYKa, 03HAYATH
master controller HCHTPAILHHUI PETYIISATOP
matched IIOTOKEHU N

matching MOTOJPKEHHSI, TPUTIACyBaHHS

matching transformer

y3roKeHni TpanchopMaTop

mated

MIApHUH, CIPSKEHUN

matter

peYOBHHA, MaTEPisl, CIIpaBa, MUTAHHS,
MpeIMET

maximum voltage relay

pere MakCUMalbHOI HaIllpyTu

mean

cepe/Hs BeJIMUMHA, CEPEIHil; crocio,
3acio
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mean deviation

CEpEeTHE BIIXIICHHS

mean square error cepeTHbOKBAPATHIHA TOMHUITKA

mean value (of a periodic | cepenne 3HAYCHHS (mepioguuHOi
quantity) CKJIaJIOBOI)

measured BUMIPSHII

measuring relay

BUMIpIOBaJIbHE peie

measuring winding

BUMIipIOBaJIbHA OOMOTKA

melt TOIUICHHS, TOIIUTUCS
melting TOIIIEHHS

merge 3ITUBATH, MTOETHYBATH(CST)
mesh 3aMKHEHHIH KOHTYP (e1.)

mesh current

KOHTYPHMH CTpyM

meshed network

3aMKHYTE€ KOJIO

metering winding

BHAMIpIOBaJIhbHa 0OMOTKA

method METOJ, Crocio
millivolt MUIIBOJIBT
mirror BinOuBau, BinOUBaTU

miscalculation

MIOMUJIKA B PO3PaxyHKax, HECITyILTHUN
PO3paxyHOK

miss MPOIYCK, epediil, MPOoMmycKaTH
mistake TIOMIJIKA

mixed 3MilIaHui

mobile pyxomuii, MOOITbHUI

mobility PYXOMICTB

mode CIIOCI0, METOJI, PEKUM
moderate MOMIpHHIA, cepeiHii

modify 3MIHIOBATH

modulate MO/IyJIIOBATH

modulated MO/IyJIbOBaHHI

module, modulus MOTYJTh

molten PO3TOIICHUH

momentary MUTTEBUHA, MUTTHOBUI
monitoring KOHTPOJIb, KEPYBaHHsI, CIOCTEPEKEHHS
monofrequent OJTHOYACTOTHHIA

monophase oHO(ha3HUH

mortise a3, KaHaBKa, CHI3/10

motion pyX, epeMileHHs
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motor

JBUTYH

~alternating-current motor

JBUTYH 3MiHHOTO CTPyMY

~ asynchronous motor

ACHHXPOHHUH JBUTYH

~ direct-current motor

JBUTYH HOCTIMHOrO CTPyMy

~ single-phase motor

onHO(a3HUI IBUTYH 3MIHHOTO CTPYMY

motor protection

3aXUCT CIICKTPOABUTYHA

motoring PEXUM JBUTYHA

mount KpIIUTSHHSI, OTIopa, 30MpaTH,
YCTaHOBJTIOBATH

mounting KPIIUIEHHSI, MOHTaX, IOKOJB (e.),
OCHOBa

mounting MOHTaXK

mouth BXIiJTHHUH OTBIp

movable PYXOMHUii, pyXJIHBHI

movable contact PYXJIMBUI KOHTAKT

moving coil PYyXJIMBa KOTYIIIKA

moving point pyxoma Touka

muff mybTa

muffle [ITyMOTJTYITHUK

multiengined 3 KUTbKOMa IBUTYHAMH

multiform pi3HOMaHITHUH

multiloop 6arato KOHTYpHHH, 0araTOBUTKOBHIA

multinomial 0araTto4ieH, OJIiHOM

multipartite MOJTIIEHHI Ha KiJTbKA YaCTHH

multiphase OararodasHuit

multiple KpaTHHI, CKJIJI0BHH, apaieabHuil (er.)

multiple connection napasielsibHe 3'€IHaHHS

multipled napasesibHO 3'€THaHU

multiple earth fault

6araTopa3OBe 3aMHKaHHs Ha 3€MJIIO

multi-terminal line

po3rajyxeHa JiHis

multiwinding transformer

0araTooOMOTYBaJIbHUI TpaHCOpPMATOP

multiplication MHOEHHS

multiplicity CKJIQJIHICTh, PI3HOMAHITHICTh
multiplier MHOKHHUK

multiply MHOXHTHU

multiplying MHOKEHHS

multi-polar 0araTornoJItOCHUN
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multi-position 0araTono3uIliiHUM, CXITIYaCTHH,
CTYHiHYaTHH
multiturn 0araToBUTKOBHIA
multiwave 0araToXBUILOBHIA
mutual B3a€MHMIA
mutual inductance B3a€MHA IHJIYKTUBHICTh
N
naked rOJINH, Hei301b0BaHUN
nature XapakTep, pia, COPT, THI
negative BiI'€MHHIA

negative sequence component

CKJIaJIOBA 3BOPOTHOI IMOCIIITOBHOCTI

negative sequence impedance

OITip 3BOPOTHOI MOCIIIOBHOCTI

nest

THi3710, OJIOK, B30I

net

Meperka

network

MCPCKa, KOJI0, CXECMa

network with directly earthed
neutral

Mepexka 13 TITyX03a3eMIICHOI HEHTPaILIIo

network with isolated neutral

MeperKa 3 130J1b0BaHOI0 HEHTPAILTIO

neutral

HEWUTpasb, HEUTpaJIbHA TOUKA, HYIbOBHUIL
MPOBiJ

neutral current

CTPYM HYJIbOBOI IIOCJTiJIOBHOCTI

neutral point

HYJIbOBAa TOYKA

neutral point connection

pexxuM HelTpai

neutral  point  displacement | Hanpyra 3cyBy HedTpai

voltage

neutralising HelTpanizaris

neutron HEUTPOH

nipped 3aTHCHYTHH, 3aIlleMJICHUI

node BY30J1, TOYKA [IEPETUHY JIiHIi

noise IyM, NEPCIIKOI1, CHOTBOPHOBAHHSI

noiseless Oe3IIyMHHIA, BUTBHUM BiJl IEPEITKO

noisefree 0e3 repenKo;

noise immunity MEPEIKOJOCTIHKICTh

nominal current HOMIHAJIBHUH CTPYyM

nominal transformation ratio HOMIHAJIbLHUH Koe(iLieHT
TpaHcopmanii

nominal value

HOMIHAJIbHA BEINYHNHA
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nominal voltage

HOMiHaJbHA HANpyra

nominal voltage of a system HOMiHaJbHA  Hampyra  eJEeKTPUYHOI
Mepexi

nominator YHUCEILHUK

non-dimensional 0e3po3MipHHii

non-linear HeJiHIHHIH

no-load HepoOouUill XijI, HyJIbOBE HAaBaHTAXKEHHSI

no load current CTPYyM HEPOOOYOT0 X0y

no load operation

poboTa Ha HepoboIOMY XOIi

no-load power

MOTYXXHICTH HEPOOOIOT0 X0y

no-load test

BUNPOOYBaHHS HA HEPOOOUOMY XOIi

no-load voltage

Harpyra HepoOO4Oro X0y

non-availability factor

Koedilli€eHT HErOTOBHOCTI

non-linear distortion

HeNiHIfHe IepeKPyYyBaHHS

non-linearity HEJiHIHICTh

non-linear resistor HENHIMHUA omip

non-reactive HEPCaKTHBHUI

non-saturated HEHACHYCHUM

non-sinusoidal current HECHHYCOTTHHI CTPyM
non-steady HEYCTaJICHUI

non-synchronous HECHUHXPOHHUN, AaCHHXPOHHUI
non-stationary HEYCTaJICHUI

non-type HECTaHJapTHUI

normal HOPMAJTbHUI, HOPMaJTh, IEPIICHTUKYJISIP
normalize HOpMalli3yBaTH

normal operating condition

HOPMAJIBHUH PEKUM

nuclei, nucleus SIIPO, EHTP
number YHCII0, KUIBKICTh, TU(pa, paxyBaTH,
HYMepyBaTH
numberless HE3JIIYeHHI
numerable SIKMH T11Ja€ThCS paXyBaHHIO
numerator YHCEIILHUK, HyMEPaTop
nut ramka
©)
object LiJTb, PEIMET, 00'€KT
obstacle MIEPEeIKo/Ia, 3aBaja
obstruct NIEPENUHATH, IEPEHIKODKATH PYXY
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observe CIOCTEpiraTH, IoMidaTH

obtain OJICP)KYBaTH

obturate 3aTUKATH, 3aKpUBATU

occlude 3aKpuBatH (1poxio)

odd HEapHHI

offence MOPYIICHHS

offset 3MIIICHHS, 3CYB, 3MIIATH, 3pYIIyBaTH
open BIIKPUTHIA, PO3IMKHEHH, PO3MHUKATH
open circuit PO3IMKHEHO KOJIO, HEpOOOUMA Xi
open-delta connection 3'€IHAHHS B PO3IMKHYTHI TPUKYTHUK
opening BIJIKJTIOYCHHS

opening mechanism MEXaHi3M , IO BIIKII0YAE

opening time 4ac BiAKITFOYEHHS

open-loop control KEpyBaHHsI B PO3IMKHYTOMY KOHTYpi
operated KEepOBaHUI

operating current

OIEpaTUBHUNA CTPYM

operating impedance

pobounii iMrieianc (MTOBHUH omip)

operating lag (of a relay)

3aTPUMKa PeJIe TIPH CIIPALbOBYBaHHI

operating range

poOouMii iana3oH

operating rules

IIpaBUJIa SKCIUTyaTaIlii

operating time of protection

Jac ClipalbOBYBAHHS 3aXUCTY

operating times accuracy

TOYHICTb Yacy CHpalbOBYBaHHsI

operating voltage (in a system)

poboua Hampyra eJIeKTPUIHOI Mepexi

operating winding

poboya 0OMOTKa

operation BIUIMB, po0oTa, 1ist (Mam.)

operative current ONEPATUBHUM CTPYM

operative direction HANpPSIMOK i1

oppose POTUIISATH

opposite MTPOTHIICIKHUIM

opposition MPOTHUJIIEIKHICTD, 3CYB 3a (a3oro
optimal ONTUMAJIbHUN

optimize OINITUMI3yBaTH

order 4epra, TOCIiTOBHICTb, CTEIHb (Yucia)
ordered YIOPSAKOBAHUH

ordinary HEOCOOJIMBUH, 3BUMAHHUH, TPOCTHI
origin MOXOJPKEHHsI, IOYaTOK

origin of coordinates

II049aTOK KOOpAWHAT
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oscillate KOJNMBaTHCS, BiOpyBaTH, reHepyBaTH
oscillation KOJIMBAHHS, KAYaHHs

oscillograph ocrorpad

outage BHXIiJ 3 1ajy, aBapiiiHe BiIKIIOYCHHS
outcome pe3yIbTaT, HACHiTOK

outdoor apparatus amaparypa Juis 30BHIIIHBOT YCTAHOBKH

outdoor substation

BiJIKpUTA ITiJICTAHIIiS

outflow BUTIKaHHSI

outgoing BHXIiTHUIHA

outlet BUXI1JTHUI OTBIp, BUXIJTHUN KaHAJ
outline KOHTYp, 00pHC

out-of-operation Oe3IisIbHMIA

out-of-order HECIPaBHUI

out of service

BUBECTH 3 poOOTH

output

MOTY>KHICTb, BAPOOJICHHS
(enexmpoenepeii)

output circuit

BHUXI1JHE KOJIO

output current

BUXITHUN CTPyM

output terminal

BHUXIJIHHI 3aTHCKAY

output value

BHUXIJHA BeJIMYNHA

output winding

BUXI1/JHA OOMOTKA

outset MOYaTOK
outside 30BHIIIIHS YaCTUHA, 30BHIIIHIN
overcharge NCPCBAHTAXKCHHSI, ICPCBAHTAXKYBATHU

overcurrent protection

MAaKCUMAJIBHUM CTPYMOBHM 3aXUCT

overhead line

TIOBITPSIHA JTiHIA

overhead line

KalliTAJIbHUHA PEMOHT

overhead system

MIOBITPsIHA EJIEKTPUYHA Mepexa

overload

NEPCBAHTAKCHHS, ICPCBAHTAXXYBATHU

overload operation

PEXKUM NICPCBAHTAKCHHSA

overload protection

3axXucCT Bi}l TNCPCBAHTAKCHHA

overheating

3axHCT Bij NEperpiBy

overvoltage

TepeHanpyra

overvoltage protection

3aXHUCT MAKCUMAJIBHOT HAIPYTH

oversize

301J1bLICHUH PO3MIp

P

pair

rapa, NapHUAH, COaprOBaTH
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packet switch

MMAKCTHUHM BUMHKAY

pairing, pair twisting

MapHa CKpyTKa

parallel access -

napajieabHAN TOCTYI

parallel connection

rapajiesibHe 3'€THaHHS

parallel (shunt) circuit

nmapaj€jibHE KOJIO

paralleling BKJIIOUCHHSI Ha MapajieJbHy poOoTy

parallel operation napanenbHa poboTta

parasite TTACHBHUM BigOWBaY (e.), MepemKkoIn

parity PIBHICTB, TAPHICTH

part YaCTHHA, YaCTKa, PO3AUISTH

partial YaCTKOBHIH

particle YaCTHUHKA

particular YaCTKOBMIA

parting PO3raTyKEHHS

partition TOIiJT, PO3WICHYBaHHS

partitive po3apibHeHui, qpobdoBwuii (mam.),
YaCTUHHUH (Mam.), 9aCTKOBHHA

pass MIPOXiJI, TIepexi; MPOIMyCcKaTH,
npuiMaTu

passage MPOXiJ, mepexiy

passing contact KOHTAKT, IO ITPOCITH3a€e

passive MIACUBHHUIA (enemernm)

path [IUTSIX, TPAEKTOPIs, KOHTYD, BITKa
(obmomxu)

pawl 3aCKOYKa, MiJropa, 3aminKa

peak MaKCHMYM, TiK (kpu6oi)

peak load MaKCHMYM HaBaHTaKCHHS

pendulate Ka4yaTHCs, KOJIUBATHCS

penetrability MTPOHUKHICTH

penetrate IIPOHMUKATH

performance XapaKTepUCTHKA, K.K.1I.

period repio, UKJI, KOJIO

periodic component nepionyHa CKJIaj0Ba

periodicity MEPiOANIHICTE

permanent fault CTilKe MOIIKOKEHHS

permeability MIPOHHUKHICTh

~ magnetic permeability

MAarHiTHa NPOHHUKHICTb
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permissible error

MPUNYCTHMA TOTPIIIHICTD

persistence

CTaJICTh

perturbation

NMOPpYHICHH, CIIOTBOPCHHS

pervade

IMPOHUKATH, HACUIYBATH

phase

(haza, pazosuit

phase coincidence

30ir 3a (azoro

phase current

cTpyM ¢asu, hazHuii cTpym

phase displacement

(hazoBuii 3cyB

phase-earth coupling

onHoda3Ha IHIYKTUBHICTb

phase lag

3aImi3HIOBaHHA 3a (Pa30r0

phase opposition

nporudaza

phase segregated differential
current position

noasHuil AudepeHIiaTbHANR CTPYMOBHIA
3aXHCT

phase sequence

MOCITIOBHICTH (a3

phase sequence indicator

BKa31BHUK 4YepryBaHHs (a3

phase sequence reversal

3MiHa MOPSAKY YepryBaHHs a3

phase-sequence test

TepeBipKa MOPSAAKY depryBaHHs ¢a3

phase voltage

(azHa Hampyra

phase to earth voltage (line to
ground voltage)

(ha3Ha Hanpyra

phase-to-ground fault

3aMuKaHHA Qa3 Ha 3emio, K3 Ha
3eMITIO

phase to phase voltage (line to
line voltage)

TiHiHA Hampyra

phase to neural voltage (line to
neural voltage)

(a3Ha Hanpyra

phase unbalance protection

3aXHUCT BijJ HecCUMeTpii a3

phase voltage of a winding

(hazHa Hampyra OOMOTKH

picture

rpadik, giarpama, puCyHOK, 300pakeHHs

pivot HEeHTp (Bich) o0epTaHHs

place MicIie, MiCIIE3HAXOKEHHS, TTOMIIIATH
~ decimal place JECATKOBHH O3PSI

placed po3MiteHui

plane TUTONIMHA, TUIOCKA MTOBEPXHS

plate TUIACTHHA, €IEKTPO]]

plating rajbBaHiyHe MOKPUBAHHS

plot

Jiarpama
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plug 3ariyIlKa, HITeNcellbHa BIIKaA (00
po3emKu), BAJOYHUIH KOHTAKT

plug-in unit 3MiHHHH OJIOK

plus ITIOC (3HaKk 000a6aHHA)

point TOYKA

~ break point TOYKa pO3pUBY Oe3MepepBHOCTI

pointer NOKKYHK, CTPLIKA

pointer stop

00MeXyBad X0y CTPIIKH

point of connection

TOYKa NIpUETHAHHA

polarity

TTOJISIPHICTD

pole

II0JIXOC

pole (of an equipment)

110JIt0C (TIPUCTPOIO)

pole (of a d.c. system)

OITt0C (MepeXi MOCTIHHOTO CTPyMY)

polyatomic GaraToaToOMHUI

polynomial 0araTouwieH, MOJIIHOM

position MIOJIOXKEHHSI, PO3MIIIIATH

~ idle position HEWTpaIbHE MOJOKCHHS, TIOJIOKCHHS
HEpOoOOYOro XOmy

~ initial position [TOYATKOBE TIOJIOKEHHS

operating position

po0oYe MOJOKCHHS

positive feedback

JIOTATHUH 3BOPOTHHI 3B'S30K

positive sequence

TpsiMa MTOCITiIOBHICTh

positive sequence component

CKJIQ/I0Ba MPSMO] ITOCIiTOBHOCTI

positive sequence impedance

MOBHUH OMip NPsSMOi TOCJIiZIOBHOCTI

positive voltage

JTOJIaTHA HAIIpyTa

post emergency conditions

TiCIIsI aBapiiHUI PeXUM

post-fault conditions

TTiCJIsI aBapiiHUI PeXUM

potential

HOTEHI AT

potential difference

PI3HUIISA TOTEHITIAJIIB

power

CHWJIa, TIOTYXKHICTh, €HEPTis, 31aTHICTh

~ active power

aKTHUBHa HOTYDKHiCTL

~ instantaneous power

MHUTTBHOBA HOTY)KHiCTB

~ rated power

HOMIHAJIbHA MTOTYKHICTh

~ reactive power

peakTHUBHA MOTYXHICTb

power factor KOe(iIliEHT MOTYXKHOCTI (COSY)
power frequency MPOMHMCJIOBA YacTOTa
power input BXI1/IHA MTOTY)KHICTh
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power limitation

00MEKeHHS TOTYXHOCTI

power output

BUXiJTHA MOTY>KHICTh

power station

€JICKTPOCTAHIIiS

power supply module

OJIOK >KMBJIEHHS

power unit

OJIOK >KUBJIEHHS

powerful

MIOTYKHUUI

prearcing time

qac IJIaBJICHHS

preparation

HiI[FOTOBI(a, IIPUTroTYBaHHSA

press npec, mpecyBaTu

press-button switch KHOTIKOBHUH MepeMHUKay
pressure THCK, CTHCKaHHs, Hanpyra (e.)
pressure monitoring device pesie KOHTPOJIIO THCKY

primary epBUHHHN

primary circuit

TNICPBUHHE KOJIO

primary winding

TIepBUHHA 00MOTKA

probability IMOBIpHICTh

problem 3amava (mam.), mpobiema

procedure oriepartisi, METOI, CIIOCi0

product BUPiO, pe3ysIbpTaT, 100yTOK (Mam.)

production BUT'OTYBAHHSI, IIPOLYKTHBHICTB,
BUPOOJICHHSI

productivity IPOTyKTUBHICTh

projection MPOEKIIis IIaBJICHHE

proof JIOKa3

property BJIACTHMBICTb, XaPaKTEPUCTHKA, SKICTh

proportion MIPOTIOPITisl, CITiBBITHOIIEHHS

proportionality MPOTOPIHHICTE

protection 3aXWCT, 3amo0iranHs

protection against short circuits

3aXHUCT BiJl KOPOTKOI'O 3aMUKaHHS

protection device

NPUCTPiH 3aXUCTy

protection relay

peiic 3aXUCTy

protection system

CUCTCMA 3aXUCTY

prove

JIOBOJIUTH, TICPEBIPSITH

pulsating current

CTpyM

pulsating voltage

NyJbCyIOua HaIpyra

pulse-relay

IMIyJIbCHE pelie

pump

Hacoc, IOMIIa
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purpose | wine, npusHaueHHs
Q
quadrangle YOTHPUKYTHHK
guadrate KBaJIpar, Ipyra CTyIeHb

quadruple conductor

YOTHPHOX MPOBIAHHUH MPOBITHUK
(9oTHpu npoBOIU HA (azy)

quality

SIKICTh, BIIACTHBICTb, XapaKTEPUCTHKA,
nafi

guantitative KIUTBKICHMIA
quantity KIUTBKICTH, BEIMIHMHA
quarter YBEPTh
quotient qacTtka (mam.)
R
race LUISIX, TPOTOYHHMM KaHAaI

radial network

pajiagbHa Mepeka

radiated electromagnetic field test

TIePEeBipKa MEPENIKOIOCTINKOCTI

radiation

BUIIPOMIHIOBaHHS

radio link protection

3aXHUCT 3 paJiOKaHaJIOM

radical pauKai, KOpiHb (mam.)

raise M AHIMaHHS, TIHIMaTH

ramify PO3TaTyKyBaTUCh

random synchronizing BKJTFOUCHHSI 0€3 KOHTPOJIFO CHHXPOHI3MY
range P, JiHis, TATBHICTB, TANEKICTh

range of adjustment

Jliara3oH PeryJitoBaHb

range of regulation

30Ha peryIIOBaHHsI

range of scale

iana3oH MIKaIA

ranging BHUMIPIOBaHHS BifcTaHi
rapidity MIBUIKICTE
rate CTaH, PEXUM

rate of change of... relay

peie oxiaHol

rated capacity

HOMIHAJIbHA €MHICTh

rated current of a contact

HOMiIHQJIBHUM CTPYM KOHTaKTY

rated HOMIiHAJIbHI, PO3paxyHKOBHil
ratio CITiBBiTHOIIICHHSI, CTYTICHb
ray MIPOMiHb, BUIIPOMiHIOBaTH
reactance pPEaKTUBHUI OIlip, peaKTaHC
reaction peaxIiist, B3aEMOIist
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reactive energy

pEaKTHBHA CHEPTis

reactivity pEaKTUBHUM

reactor crabimizarop (ei.)
reading nokas (npuiaoy)

real time peanbHHii 9ac

receiver npuiimMay

receiving channel KaHaJ IpuioMy

recharge nepe3apsHKyBaHHsI
reclamation BHIIPABJIEHHS, BiTHOBIIOBAHHS
record 3aMHc, 3aIUCyBaTH
rectangle TPSMOKYTHHK
rectangular coordinates MPSMOKYTHI KOOPMHATH
rectification BUIIPSIMIICHHSI

rectifier BUIIPSIMIISTY (e71.)
rectify BUTIPSIMITIOBATH (Cmpym)
rectilinear IPSIMOJTHITHAT

reduced measuring error

BiJTHOCHA TIOTPIIIHICTh BUMIpPY

reduced voltage

3HI)KEHA Hampyra

reduction

SHUXCHHA, SMCHIICHHA

reduplication

IOJIBOECHHS

reference value

BiZ[HOCHa BCIIMYMHA

reference voltage

OIIOpHA Hampyra

reflected wave

BiOWTA XBUIIA

reflection BinOuBaHHA

region 00J1acTh, 30Ha
regularity PEryIISIPHICTb
regularity condition yYMOBa PETyJISIPHOCTI
regulate peryioBaHHs
regulation peryIoBaHHS

reject BiJIXUJISATH

relate OyTH 3B'A3aHUM
relation CITIBBITHOIIEHHS, 3B’ 30K
relative error BiJTHOCHA MTOXHOKa
relay peJie, CTaBUTH perie
relay coil KOTYIIKa pesie

relay protection

peseitHui 3aXucT

relay winding

00MOTKa perne
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reliability HaJiAHICTD
relocation HepeMillIeHHS

repair PEMOHT

replace 3aMIiHATH, 3aMilaTH
replacement 3aMiIleH s, 3aMiHa
reset IIOBEPHEHHS

residual current

3IMIIKOBUNA CTPYM

residual magnetization

3aJIMIIKOBC HaMaFHi‘IYBaHHH

residual voltage

HamnpyTra HyJbOBOI OCIITOBHOCTI

resistance omip

resistivity MTUTOMHUIT OTIip

resistor orip, peocrar

resonance PE30HAHC

resonant pE30HaHCHUU

response pearyBaHHsl, CIIpallbOByBaHHsI,
XapaKTePUCTHKA

restart 3aHOBO 3aIyCKaTH

restore BIJHOBJIFOBATHA

result pe3ysbTar

reversal peBepcyBaHHsI, 3BOPOTHUIM XiJT

reversal of magnetization nepeMarHiayBaHHsI

reverse

3BOPOTHUH (Xi1), peBepCcyBaHHS

revolution KpyroBe 00epTaHHs
rise in frequency MHiBUILIEHHS YaCTOTHA
root KOpiHb, OCHOBA

root-mean-square deviation

CCPCAHBOKBAAPATUIHEC Bi,I[XI/IJ'IeHHH

root-mean-square value

CCPCAHBOKBAApAaTUIHA BEJINYMHA

rotary obeproBuit

rotate obepraTucs

rotation o0epTaHHs

rotor winding 00MOTKa poTopa

round KpYT, KOJIO, 00Xix

runaway po3HOC (en. dsucyHa)
S

safe Oe3neuHuil, HagiHUH

safeguard 3armo01>KHUK

safety Oesmeka
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sample BUOIpKa

sampling cycle IIHKJT BUMIPIB
saturate HAaCU4YyBaTH
saturation HACHYCHHSI
saturation region 0061aCTh HACHYECHHS
scale MaciTab, mKkajia

schematic diagram

CTPYKTYpHa CXema

scheme

cxeMa, IJIaH

screen eKpaH, eKpaHyBaTH

screening SKpaHyBaHHs

search MOMIYK

secondary BTOPHHHHI, BTOPUHHA 0OMOTKA

secondary circuit

BTOPHUHHE KOJIO

secondary voltage

BTOPHHHA HAIIpyTa

secondary winding

BTOPHUHHA OOMOTKA

section

NIONIEPEYHUI NIEPETUH

selection BUOIp, BiOIp
self-capacitance BJIACHA EMHICTD
self-control npsiME YIPaBITiHHS
self-discharge CaMopo3psiI
self-excitation caM030Y/DKCHHS

self-excited

3 CaMO36y,Z[)KeHH$IM

self-extinguishing fault

YIIKO/KEHHS, [IJ0 CAMOYCYBAEThCS

self holding contact

KOHTAKT, IO CaM BTPUMYETHC

self inductance

CaMOIHTYKIIisI

self-regulation CaMOpPETyJIIOBAHHS
self-impedance BJIACHHH TTOBHUII OITip
self-inductance 1HIyKTUBHICTb

self-induction CaMOIH/TYKITist

semiconductor HAaITiBITPOBITHUK

sensitive Yy TIAMBU T

sensitive protection YyTIaUBUH 3aXUCT (40ro-HeOY/1b)
sensitivity Yy TIIMBICTh

sensitivity of a directional element

I'I}’TJ'II/IBiCTI: CIIPAMOBAHOI'O CJICMCHTA

separate

BULTUIATH, PO3AUISATH

separate network

BiJToCOOJICHA Mepeka

separated windings

PO3LIbHI 0OMOTKH
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sequence

MOCJIIJOBHICTE

series

psia, HaOip, MOCHIIOBHE 3'€ THAHHSI

series compensation

MOCJIIIOBHA KOMIIEHCALlIS

series connection

MOCJIIIOBHE 3'cTHAHHSI

series-parallel connection

TTOCITi IOBHE-TIapajieIbHe 3'€ THAHHSI

set

Ha0ip, YCTaHOBJIIOBAHHS, PO3MIIITYBATH

shear 3pi3yBaHHs, 3CyB

sheet JIUCT, TUIACTHUHA

shift 3CYB, 3MIlIICHHSI

shifting 3MILICHHS, IEpPEMillleHHS
short KOPOTKE 3aMHUKaHHSI

short circuit

KOPOTKO3aMKHEHE KOJIO

short circuited

KOPOTKO3aMKHEHUI

short circuit and earth

KOPOTKE 3aMUKaHHA Ha 3€EMJII0

short-circuit between phases

Mik(]a3He KOPOTKE 3aMHKaHHSI

short-circuit characteristic

XapaKTCPUCTHKA KOPOTKOI'O 3aMHUKaHH

short-circuit current

CTPYM KOPOTKOI'O 3aMUKaHHS

short circuit current calculations

PO3paxyHKH CTpyMiB
3amukanus (K3)

short circuit earth current

ctpyM K3 Ha 3emitro

short circuit protection

3axucT Big K3

short-circuit power

notyxHicts K3

short-circuit through an arc

nyrose K3

short-circuit to earth

K3 na 3emio

shock current

YAApHU CTPyM

shunt HIYHT, IIYHTYBaTH

shunted napasieiibHe 3'€IHaHuiI
shunting IIYHTYBaHHS

shunt-wound 3 apajeabHUM 30YKSHHIM
shut-down 3yIUHKA, HePOOOUHii repiof
shut-off 3YNHMHKA, BAMUKaHHS

signal IMITyJIbC, CUTHAII (e1.)

signal level piBEHb CUTHAITY

similar oi0HMHA

simplification CHPOLIEHHS

simplify CTPOLIYBaTH

simulation MOJIETIIOBAHHS

KOPOTKOTO




517

single conductor

OJIMH TIPOBI

single-phase

onHOGa3Hu

single phase

automatic

reclosing control equipment

onHO(Ma3HUI TPUCTPiii aBTOMATHUYHOTO

ITIOBTOPHOI'O BKIIFOYCHHA

single-phase short circuit

omao(dazne K3

single-phase transformer

onHO(a3Hui TpaHchopmaTop

single-pole switch

OJHOMIOJIIOCHUN BUMHKAY

slip KOB3aHHS

slip frequency YaCcTOTa CKOB3aHHS
slope HaxWI, NagiHasa

slot a3, KaHaBKa

slug oceps (ein.)

slugged iHepIiHHUI

small-sized MaJsiorabapuTHHI

smelt TOILICHHS, TOIIMTH
socket pO3€eTKa, THi3/0, OKOJIb
socle IOKOJIB (en.)

software porpamHe 3a0e3MneveHHs
solid TBEPHii, TBEPJE TIJIO

solid state switch

HariBIPOBITHUKOBUH MepeMHUKaY

solidly earthed neutral

IIIyXO 3a3€MJICHA HEUTpaJlb

solution piteHHs

source JDKEPEIIo

space BiJICTaHb, POMIKOK
spare parts 3aracHi YaCTUHU
sparking ICKpIHHS, 3aMAJTIOBAHHS
speciality 0COOJIMBICTE, MH. IETAIl

specified value

3aJaHa BCJIMYHHA

speed

HIBUJIKICTD, YKCIIO 000POTIB

speed governor

PETYJATOp MIBUIKOCTI

speed regulator

PETYJSTOp YacTOTH 00EePTaHHS

splash CIJIECK

splicing pO3TaITy>KyBaHHS

split-phase posmierieHa ¢asa

spread PO3IIMPIOBAHHS, PO3LIMPIOBATH
spring MpYKHUHA

spurious opening

IIOMHJIKOBE Bil];KJ'IIO‘-IeHHH
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spurious tripping

IIOMHJIKOBEC Bi):[K.]'IIO‘-IeHHH

square Mamem. KBaJpaT BETHUHHH
squared y KBaJIparti

stability CTIMKICTH

stabilize cTabimi3yBaTu

stable CTaIHH

stable conditions CTaINl pexKUM

stage crafis, nepion, dasza
stand-by supply pe3epBHE JKUBJICHHS

star 3ipka (en. 3'conanns)

star connection

3'e THAaHHSI 31PKOIO

star-delta connection

3'eqHaHHA "3IpKa - TPUKYTHUK"

star-delta switch

TIEpEMHUKAHHS 13 3ipKH Ha TPUKYTHUK

star-star connection

3'eIHaHHS 3ipKa-3ipKa

starting

3aIycK, 0YaToK

starting relay

IIyCKOBE pele

starting tests

ITyCKOBI BUITPOOYBaHHS

start of parallel operation

TIOYATOK MapajebHoi poOOTH

start operation (of a relay)

MOYaToOK poOoTH (perne)

start-stop control

NIEPEPHUBYACTE KEPYBaHHS

state CTaH

statement TTOBiJOMJICHHS, CTBEPPKEHHS
static CTaTHYHUI, HEPYXOMUI
static compensator CTaTHYHUN KOMIIEHCATOD
static convertor CTaTHYHUI MEPETBOPIOBAY
static error CTaTHUYHA IOMMWJIKA

static excitation CTaTHYHE TOPYIICHHS
stationary CTaIllOHApHUI

station auxiliaries voltage

Hanpyra BIacHUX NOTped

stator winding

00MOTKa cTaTopa

steady

CTIMKHUMH, MTOCTIHHMI

steady-state

CTaJIMH, IPUMYIICHUI

steady-state short-circuit current

cranuii ctpym K3

steady-state stability

CTaTU4YHA CTIMKICTH

step

CTYIICHb, IIIar

step-down transformer

MTOHIDKYIOUUH TpaHChOopMaTop

stepless control

IIJIAaBHEC PETYJIIOBAHHA
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step response

nepexiz[Ha XapaKTCPpHUCTHUKA

step-up transformer

I IBUTITYBATBHUN TpaHC(HOPMATOP

storage HArpoMa/KyBaHHs, HArPOMaDKyBad
storage element HArpoMa/KyBad

store 3a1ac, HarpoMaJayKyBaTu
straight OpsIMUH, TIHIHHUHA
stream MOTIK, TeYist, Teya
strength CHIIa, MIITHICTh

stress Hanpyra, 3yCUiuIst

strike 3anajroBaT ayry (en.)
stroke HITPUX, prca

structure CTPYKTYpa, PHUCTPiit
subsequent faults MOCJTIZIOBHI YIIKOKEHHSI
substantial MiLHUH

substation CIIEKTPUYHA T ICTAHITIS
substitute [iICTaBUTH

succession HOCITiTOBHICTb

sudden change in frequency panToBa 3MiHa YaCTOTH
sum cyma

superconductivity HAMPOBIAHICTE
superposition method METOJ HAKJIAJCHHS
superposition HaKJIaJaHHsI

supply MOCTavYaHHsI

supply voltage HapyTa XUBICHHS
support MiATPUMYBATH

surface MTOBEPXHS

susceptance peaKkTHUBHA IPOBITHICTh

~ capacitive susceptance

€MHICHA ITPOBIIHICTb

~ inductive susceptance

IHIyKTHBHA TIPOBIJIHICTh

susceptibility

YYTJIUBICTb

sustained short-circuit current

cTajuin CTPYM KOPOTKOI'O 3aMUKaHHS

sweep PO3TOPHEHHS

swing blocking 0JIOKYBaHHS BiJl XUTaHb
switch BUMHKAY, KJITFOY

~ switch in BMUKATH

~ switch out (off) BUMUKATH

switching

MIEPEKIIIOYCHHS, KOMYTaIlisl
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switch-gear

PO3MOIITBHAN MPUCTPIN

symbol

CHUMBOJI, 3HAK

symmetrical component method

METOJ CUMETPUYHUX CKIIANOBUX

symmetrical short circuit

CUMECTPHUYHE KOPOTKE 3aMUKaAHHSA

symmetrical voltage

CHMETPUYHA HATIIpyTa

synchronization

CHUHXPOHI3aIlis

synchronism

CHHXPOHI3M

synchronous compensator

CUHXPOHHHUN KOMIIEHCATOD

synchronous generator

CUHXPOHHUU reHepaTop

synchronous motor

CUHXPOHHHUH JIBUTYH

synchronous operation

CHUHXPOHHA poboTa

synchronous reactance

CUHXPOHHUH PEAKTaHC

systematic error

CHUCTEeMAaTHYHA MOTPINTHICTh

system configuration

KOH(ITYpaIlist eIeKTPUIHOI Mepexi

system control

KEepyBaHHS €HEeproCUCTEMOIO

system diagram

CXeMa CHCTeMH (eJIEeKTPHIHOT MEepeKi)

system operational diagram

OIIEpaTHBHA CXEMa EJICKTPHYIHOI Mepexi

system

cucreMa

~ system of axis CHCTEMa KOOPIMHAT
~ system of equations crcTeMa PiBHIHD
~ system of units CHCTEMA OJIMHUILIb
T
table Ta0IuLA
tabulation CKJIAIAHHS TaOJINUIb
tangent TaHI'€HC, JIOTUYHA
tangential JIOTUYHUHN
tape MarHiTHa CMy)KKa
tapped line (teed line) MaricTpaabHa JIiHist
target 3aBJIaHHsI, [JIaH
task 3aBIaHHs
technique TEXHiKa, 00JIaJHAHHSI, YCTaTKyBaHHS
telecommunication 3B'S130K
telemetering TEJICBUMIPIOBAHHS
temperature-dependant 3aJIeXKHUH BiJ TeMOeparypu
tension eJ1. Harpyra
term MaTeMaTHYHHUI YICH

terminal

3aTUCKa4, KJIEMa
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terminal voltage

HaIpyra Ha 3aTUCKadax

tertiary winding

TpEeTHHHA OOMOTKA

test

MepeBIpSIHHS, IEPEBipKa, MEPEBIPATH

thermal power station

TEIUIOBA CJICKTPOCTAHITIS

thermal relay

TETJIOBE peJie

thermocouple

TepMornapa

third harmonic

TpeTs TapMOHiKa

three-element relay

TPUENEMEHTHE peJie

three-phase

TpudazHuit

three-phase fault

TpudazHe MOMKOHKEHHS

three windings transformer

TPUOOMOTOUHUH TpaHCHOpPMATOP

threshold (of) sensitivity

MOPIT YyTINUBOCTI

threshold value

T'paHW4Ha BEJINYIMHA

through fault current

HacKpi3Huil crpyM yikomkeHHs (K3)

three-phase system diagram

cxeMma €JIeKTPUYHOT Mepexi
Tpu(a3HOMY BUKOHAHHI

B

three-phase transformer

tpudazHuii Tpanchopmarop

three-pole TPHUITOTFIOCHUI

three windings transformer TproOMOTOYHHI TpaHchopMaTop
three-wire TPUTIPOBIAHUH

threshold (of) sensitivity HOPIT Yy TJIMBOCTI

throttle JpoceIb

through fault current HACKpi3HHH cTpyM nommkopkeHHs (K3)
thyristor TUPUCTOP

time characteristic

4acoBa 3aJIEKHICTb

time constant

MOCTiiiHA Yacy

time delay BUTPUMKA 4acy
time-dependant 3aJIeKHUI BiJ 4acy

time differential CTYIIEHb BUTPUMKH Yacy
time pere yacy

time schedule rpadik podoTu

time to operate qac aii

timing element

CJIICMCHT 4Yacy

toggle switch

MEPEKUIHUI IEPEMUKAY

tolerance

JIOIYCK

total break time

IIOBHUH Yac BIAKIIOYEHHS

total current

CyMapHHH CTpyM




522

total loss of load

IIOBHC CKMJaHHA HaBaHTa>XCHHSA

total solution

MIOBHE (3arajibHe) pillleHHs

trace CTIiJI, 3aJIUIIATH CIIiT

track CITiJI, TPOCTEKYBATH
transducer JAT4VK

transfer nepeMillianHs, nepeaaBaHHsl
transfer function nepenaBajibHa (QYHKIIs
transform TpaHcGopMyBaTH

transformation

Tparchopmalris, IepeTBOPIOBAHHS

transformation of electricity

TpaHchopMallisi eIEeKTPUYHOI eHeprii

transformer

TpaHchopmarop

transformer bank

TpaHchOpMaTOpHA TPyTIa

transformer circuit-breaker

TpaHC(HOPMATOPHII BUMHKAY

transformer protection

peneitanii 3axuct (P3) Tpanchopmaropa

transformer ratio

KoedimieHT TpaHcopmarii
TpaHcdopmaropa

transformer substation

TpaHcopmaropHa miacranis (TI1)

transformer winding

oOMoTKa TparchopmMaTopa

transformer with regulation in

TpaHcopmMaTtop 3 PEryJIIOBaHHSIM

phase Harnpyru 1o ¢asi
transforming station TpancopMaTOpHa IiACTAHIIIS
transient TIepeXiTHIIA TIPOIIeC

~ damping transient

3aTyXaruui MepexiTHIi IpoIiec

transient analysis

aHaJIi3 MePexiIHOTOo MPOIIECY

transient fault

HECTIHKE MOMIKOHKEHHS

transient feedback

THYYKUI 3BOPOTHUH 3B'A30K

transient performance

SIKICTh TIEPEXiTHOTO TIPOIIECY

transient phenomenon

TIepeXiTHIIA TIPOIIeC

transient function

nepexigHa QyHKIis

transient solution

niepexigHe (recmitixe) pilieHHS

transient reactance

MepeXiAHUM peaKTaHC

transient response

nepexiz[Ha XapaKTCPUCTUKA

transient short circuit

Hecraie K3

transient short circuit current

niepexigamii ctpym K3

transient stability

JIMHAMIYHa CTINKICTb

transient state

HECTAIMH PEXXUM

transistor

TPaH3HUCTOP
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transition Mamem. IePETBOPIOBAHHS
translator (isolating | i3omrorounii TparchopmaTop
transformer)

transmission

repeiaBaHHs

transmission channel

nepeaBaIbHUM KaHal

transmission data rate

MIBHIKICTH NIepeiadi TaHuX

transmission limit

MeKa MepeiaHol MOTYKHOCTI

transmission line capability

porryckHa cpoMoxHicTh JIEIT

transmission of electricity

nepeiada eNneKTpoeHepril

transmitter

nepeaaBay

transmissivity

MIPOHHUKHICTH

transmit nepeiaBaTH, HaICHITaTH
transport NepeHeCeHHs], IePEMIILICHHS
transportation TPaHCIOPTYBaHHS

traveling wave XBUIIS, IO OLKUTH

treating 00poOKa

treatment 00poOKa

triangle TPUKYTHHK

trigger MYCKOBHIA MPUCTPIiit

trip BiIKJTIOUUTH

trip circuit KOJIO BiJIKTFOUEHHS

trip a circuit breaker

TI0/IATH KOMaH Ty Ha BIIKITFOUSHHST
BUMMKAya

trip coil

KOTYIIIKa BiILKHIO‘leHHSI

triple conductor

TpU TIpoBOAHM y (asi

triple-frequency harmonic

TpeTsi rapMOHiKa

triple unit (Motor, turbine)

CTPO€EHUH arperar (IBUTYH, TypOiHa)

tripping BUMUKAHHS, PO3MUKAHHS
tripping relay pere, 110 BiJIKITF0YaE
tripping time Yac CrpalbOBYBaHHS

true value ICTUHHE 3HAYCHHS

trunk line MarictpanbHa JIEIT

trunk main MarictpanbHa JIETT

turn-fault protection

3aXUCT BiJl MDKBITKOBUX K3

tuned circuit

PE30HAHCHUI KOHTYP
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tuning capacitor

HiI[CTpoeqHI/Iﬁ KOHJCHCATOP

tuning indicator

IHIMKATOP HACTPOUKH

tuning range

Jiara3oH HACTPOUKH

turbine governor

perynstop TypOiHu

turbogenerator

TypOOoreHepaTop

turbo-generator set -

napotypOiHHUii arperaTt

turn

000poT, MMOBEPTATH, BUTOK (Opomy)

turn-fault

MDXKBITKOBE TOTKoKeHHS (K3)

turn-fault protection

3aXHCT BiJ MDKBITKOBHX K3

turn-to-turn short circuit

MDKBITKOBE KOPOTKE 3aMHKAHHS

twin conductor

JIBa IPOBOIH Y (hasi

twisted conductor

CKpYYEHHI 0araTOXXWIBHUH MTPOBIIHUK
(ipoBin)

twist joint

3'€THAHHS CKPYTKOIO

two-layer winding

JIBOIIIAPOBA OOMOTKA

two-way contact

JIBOLIAPOBHH (TIEPEKUTHMIT) KOHTAKT

two-way feed JIBOIIIAPOBE JKUBIICHHS
two-stage relay JIBOTIO3MITIHHE pere
type THI, BUJ

U

ultra-high voltage

HAJIBUCOKA Hampyra

unattended substation

IiZICTAHIIiS, 10 HE 00CITyTOBYEThCS

unbalance current

CTpyM HeOaJlaHCy

unbalanced conditions

HECHMETPUYHUH PEeXXUM

unbalanced short circuit

HecumeTpuuaHe K3

unblocking ne610KipoBKa (po30JI0KipOBKa)
uncharge PO3psIIKATH
unclose BiIKpUBATH, PO3MHKATH

underdamping

cia0Ke 3aracaHHs

underfrequency relay

pere 3ax¥CTy BiJ 3HWKCHHS YaCTOTH

underground system

Ka0esbHa EIEeKTpUYHa Mepexa

underline i AKPECIIIOBATH
undetermined HEBU3HAUCHHUN
uneven HENapHUuM

unfaulted phase

HEYIIKOJDKeHa (aza

unidirectional

OJTHOT'O HAIIPSMKY
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unidirectional current

CTPYM OZHOT'O HaNpPSIMKY

uniform piBHOMipHUI
unify MOEAHYBATH
uninterrupted operation Oesmepebiitia poboTa

uninterruptible power supply

rapaHTOBAaHE CHEPIOIMOCTAYaHHA

unit

OJIMHHUIISI, BY30J1

unity oquHHUI (Mam.)
unknown HEBi/IOMa BEJIMYHHA
unload PO3BaHTAKEHHS
unloaded line HeHaBantaxkena JIEIT
unstable HeCTaJINI
upper harmonics BHIIl TAPMOHIKH
uptake BEPTUKAIBHUI KaHaI
urban network MiCbKa PO3IOIiJIbHA MEpexka
use 3aCTOCYBaHHSI
used BUKOPHCTAHUI
user CIIOJKUBAY

\Y
variable 3MiHHA BEJIMYMHA
variation 3MiHIOBaHHSI, TIepeMiHa
variety Pi3HOMaHITHICTh

vector diagram

BEKTOpHA JiarpaMa

vector group (of a transformer)

rpymna 3'eJJHaHHs TpaHchopmarTopa

vector product

BEKTOPHHI 100yTOK

vectorial

BEKTOPHUI

velocity

MIBUIKICTH

~ angular velocity

KyTOBa IHBPI,Z[KiCTB

~ average velocity

Cepe/Hs MIBUIKICTh

~ initial velocity

[10YaTKOBAa IIBUIKICTE

~ phase velocity

(hazoBa MIBHJIKICTH

~ resultant velocity

IiICYMKOBA IIBHJIKICTh

~ wave velocity

IIBUJIKICTH MTONMTUPIOBAHHS XBHJII

vibration BiOpaitisi, KOJMBaHHS
view BHJI, POCKIIist
virtual (dakTUIHUIA

visibility

BUAMMICTb, 0031p
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visual HAOYHUI

voltage Hanpyra

voltage balance OayaHc Harpyr
voltage build HApOCTaHHS HATIPYTH

voltage circuit

KOJIO HaIlpyTr'H

voltage deviation

BIAXMJICHHSI HATIPYTH

voltage direction

MOJIAPHICTD HAMIPYTH

voltage divider

JUTBHUK HAIIPYTH

voltage division

PO3MOALT HAIPYTH

voltage drop

MaiHHS HAIPYTH

~ external voltage

30BHIIIHS HAMpyTa

~ impedance voltage

Hanpyra KOpOTKOT'O 3aMHKaHHS

~ input voltage

BXiJ[Ha HaIpyra

~ internal voltage

BHYTPIILIHS HANIpyTa

~ line voltage

JiHIHA HaTIpyTa

~ open circuit voltage

Hamnpyra HepoboJoro Xoay

~ peak voltage

MakcuMaibHa (TIiKOBa) HampyTa

~ phase voltage

(hazoBa Hampyra

~ rated voltage

HOMIiHAJIbHA HAIIPyTa

terminal voltage

Harpyra Ha 3aTUCKadax

transient voltage

nepexijHa Hampyra

voltage level

CTYyIIEHb HaIlpyru

voltage limiting

00MeXEeHHS HaIlpyTH

voltage range

Jiarma3oH Harpyr

voltage regulator

PEryasTOp HANPYTH

voltage relay

peie Harpyru

voltage ripple

IyJbCalis Haupyru

voltage rise

i1HOM HaNpyTH

voltage transformer

TpaHchopMaTop HaIPyTrH

voltage transformer error

TOTPIIITHICT TPaHCPOPMATOPY HATIPYTH

voltage trebling

MOTPOEHHS HATIPYTH

volt-ampere characteristic

BOJIbT-aMITepHa XapakTeprucTuka (BAX)

volume

00’em

vortical

BiXpOBHIA

vorticity

IHTEHCHBHICTb BUXOPY
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W
wattage CTOXKMBAaHHS AaKTHBHOI TIOTY>KHOCTI
watt consumption CHOKMBaHHS aKTUBHOI TIOTYXHOCTI
wave XBHJIS
~ Hertz waves €JICKTPOMAarHiTHI XBHII
~ moving wave OlKy4a XBHIIS
waveform (dhopma XBHITI
wavelength JIOBKWHA XBUWJI
wear resistance TPUBKICTh MPOTH CIPAIlbOBYBAHHS
weld 3BapHMIA IIOB
welding 3BapIOBaHHS, 3BapIOBATILHUI
wheel KOJIECO, IIIECTEPHS
wind CTPYM, MOTIK
winding obMmoTKa (ex.)
winding path HAIpPsIMOK HAMOTYBAaHHsI OOMOTKH
wire MPOBiA, APIT
wire-pilot 3B'130K MPOBOJIOM Y JH(EPEHIlATEHOMY
3aXHUCTI
wire-wrap connection HaKpyTKa
wire wrapping HaKpyTKa

wiring

MOHTa)KHa cxema (MOHTaXK)

wiring blemish

JepEeKT MOHTaXKY

withdrawal from service

BHUCHOBOK 3 POOOTH

working zone

poGoua 30Ha

wye

3ipKa, 3'eAHaHHS 31pKOIO (e1.)

wye-delta

31pKa-TPUKYTHUK

wye-delta connection

3'eIHaHHS 31pKa - TPUKYTHUK

Wye-wye

3ipKa-3ipka

Y
yield BHUITYCK, BUPOOJISATH
Y-motion PYX y HanpsAMKy oci Y
yoke oboiima, IpMO
~ magnet yoke SPMO MarHity
Y-shaped Y - nonibuuit

Y-system

3'€THAHHS 31PKOIO
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Z

Z-connection

3'eMHAHHA 3UI3aI0OM

zZero HYJIb, HYJIbOBA TOYKA
zero crossing nepexij yepes3 Hyib
zero drift apeid Hyns

Zero error 3pyIIEHHS HyJIS

zero mark HYJIbOBA OITiHKa

zero offset 3CYB HYJIS

zero phase-sequence voltage

Hanpyra HyJbOBOI ITOCIIi IOBHOCTI

ZEro sequence component

CKJ1agoBa HyJ'II)OBO.l' HOCJ'IiI[OBHOCTi

Zero sequence current

CTPYM HYJIBOBOI HOCITITOBHOCTI

zero sequence impedance

iMIIeTaHC HYJIHOBOI TIOCIIiJOBHOCTI

zero sequence voltage relay

pelie HaITPyTH HYJIBOBOI MOCTiIOBHOCTI

zone of protection

30Ha, 110 3axuiiac

Z-motion PyX Y HanpsIMKy oci Z
zone 30Ha, AIISHKA
~ zone of protection 3aXMCHA 30Ha
~ active zone aKTHBHA 30HA

~ forbidden zone

3a00pOoHEHa 30Ha

~ instability zone

30Ha HECTIMKOCTI

~ neutral zone

HeﬁTpaJ’[BHa 30Ha

~ safety zone

30Ha Oe3IeKn

~ stability zone

30HA CTIHKOCTI

~ transition zone

repexijaHa 30Ha
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