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 SINGLE-PHASE SINUSOIDAL ALTERNATING CURRENT 

CIRCUITS 

4.1. Sinusoidal Functions - Terminology 

Appearing in Fig. 4.1 are two sinusoids - one denoting voltage 

and the other current. The voltage sinusoid is a sine function which is 

represented mathematically as 

 )(sin um tUu +=  (4.1) 

where )( ut +  is called the argument of the sine function. The ampli-

tude of the sine function is mU  and it denotes the maximum value of 

the sine function. Equation (4.1) is often referred to as the expression for 

the instantaneous voltage because by insertion of any particular value 

for t the corresponding value of u is determined. 

The equation which describes the instantaneous value of the cur-

rent wave 

 )(sin im tIi += . (4.2) 

This current is termed a sinusoidal alternating current. In this 
equation and also in the graph of Fig. 4.1, i is the instantaneous current at 
the time t. The value Im is the peak value or amplitude of the alternating 
current (ac in abbreviated form), and T is the time occupied by one com-
plete cycle of change, or the period. A word of caution is appropriate at 

this point concerning the units of the argument )( it − . The form of 

Eq. (4.2) demands that the unit for this total quantity be radians. 
There exist alternate forms with which to express sinusoids. 

These originate with Euler's identity, that is, 

 tjte tj += sincos   

It should be apparent from this expression that a cosine and a sine 

function can be expressed in terms of the exponential notation as follows: 

  tjet = Recos   

  tjet = Imsin   

where  tje Re  denotes the real part of the expression in brackets and  

 tje Im  the imaginary part. 
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The values of the argument of the sine function that lie between 0 

and 2π radians, different values of the function result. Any complete set 
of positive and negative values of the function is called a cycle. 

Another characteristic of the sinusoid is its frequency, which is 
denned as the number of cycles of the function which is traversed in 1 s. 
The time duration of one cycle is called the period of the function. 

 
f

T
1

=  (4.3) 

Moreover, a glance at Fig. 4.1 indicates that each cycle spans 2π 
radians. Hence, if this quantity is divided by the period, there results the 
angular velocity (or angular frequency) of the sine function. It is denot-
ed by ω and has units of rad/second. 

 f
T

=


= 2
2

 (4.4) 

The second form of ω is obtained from Eq. (4.3). 
The equation to be used to describe the second sinusoid appearing 

in Fig. 4.1, i.e., the current wave, obviously cannot be identical to that 
used for the voltage wave. The reason is that the two sinusoids are dis-
placed from one another by some angles and so cannot have the same 
instantaneous value. Accordingly, the current wave is said to be lagging 

behind the voltage wave by the relative phase angle iu −= . Rela-

tive phase is the term used to denote the angular displacement between 
two sinusoids of the same frequency. Alternatively, we can say that the 
voltage wave has a phase lead of φ degrees relative to the current wave. 
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4.2. Average and Effective Values of Periodic Functions 

The sinusoidal current is an alternating current, i.e., one which 

has positive and negative values. The term periodic is used rather than 

sinusoidal in order that the treatment is general. The sinusoid is only one 

example of a periodic function. Any function whose cycle is repeated 

continuously irrespective of waveform is called a periodic function. 

The average (or mean) value of sinusoidal quantity over one cycle, 

or an integral number of cycles, is obviously zero. A significant mean will 

therefore be the average of the values prevailing during one positive (or 

negative) half-cycle. Thus, the average current during one half-cycle is 

 mm

T

mav IIdttI
T

I 636.0
2

sin
2

1
2

0

=


==   (4.5) 

that is, the average current during one positive (or negative) half-cycle is 

2/π = 0.636 times the peak current. Similarly 

 ;
2

mav EE 


=  mav UU 


=
2

 (4.6) 

Another point of interest is that the unit of the bracketed quantity 

is amperes squared. Accordingly, we can interpret this quantity as the 

square of an effective current, which, when multiplied by R, yields the 

average power. Expressing this mathematically, we can write 

  ==

T

ef tiaveragedtti
T

I

0

222
)()(

1
  

From this it follows that the effective current is the root mean 

square value. Thus 

 ==

T

ef ti
T

tiaverageI

0

22 )(
1

)(  (4.7) 

For the practical purposes a convenient mean value is the effective 

value of current. It is the square root of the mean of the currents 

squared (which are all positive). It is the magnitude of that direct cur-

rent which has the same heating effect in a given resistive circuit as the 

alternating current in question. 
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Hence the root mean square (r.m.s. or effective) value of current 

 m
m

T

m

T

ef I
I

dttI
T

dti
T

I ====  707.0
2

sin
11 2

0

2

0

2  (4.8) 

Similarly, 

 ,707.0
2

m
m

ef E
E

E ==  m
m

ef U
U

U == 707.0
2

 (4.9) 

4.3. Complex Representation of Sinusoidal Quantities 

Often in determining the sinusoidal steady-state response of cir-
cuits it is necessary to perform algebraic operations such as addition, 
subtraction, multiplication, and division on two or more sinusoidal 
quantities of the same frequency. Usually, the sinusoids differ in ampli-
tude and phase. Specifically consider the matter of adding two sinusoi-
dal currents whose equations are 

 )(sin,sin 221 21
+== tIitIi mm  (4.10) 

The current 2i  leads 1i  by the relative phase angle ψ. The result-

ant current 3i  can obviously be written as 

 )(sinsin 23 21
++= tItIi mm  (4.11) 

The amplitude and phase of the resultant sinusoid can then be 
measured, thus allowing 3i  to be written in the more useful form 

 )(sin 33 3
+= tIi m  (4.12) 

where ψ3 is the phase angle measured with respect to the same reference 
point used for ψ2. But this procedure is laborious and time-consuming. 

We need a simpler and more direct method of treating sinusoidal 
quantities. In 1893 such a method was introduced, when Charles P. 
Steinmetz advanced the idea of using a constant-amplitude line rotating 
at a frequency ω to represent a sinusoid. Let us now see how such an 
idea is effective in simplifying the algebraic operations involving sinus-
oidal quantities. 

Attention is first directed to the expression for i1, as given by 

Eq. (4.10). By employing the notation of  tjet = Imsin  we have 

  tj
mm eItIi 

==
11

Imsin1  (4.13) 
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Keep in mind that the exponential function 
tje 
may be treated as 

a rotational operator. Its amplitude is always unity, but the cosine and 

sine components vary as time progresses. This is illustrated in 

Fig. 4.2 (a). As ωt moves through one full period of 2π radians (i.e., one 

complete cycle) the line OA makes one complete traversal of the circle 

in a counter clockwise direction. Line OA is fixed in value to the ampli-

tude of the sine function it represents. Note that the vertical component 

of line OA is the sine function. 

If we plot the vertical components of OA as it makes one com-

plete revolution, the sine function shown in Fig. 4.2 (b). is generated. 

When ωt = 0 the position of OA is on the horizontal axis directed to-

wards the right. Its vertical component at this instant is zero, as it should 

be for the sine function. The current i2 can be represented in a similar 

fashion. Thus in terms of the exponential notation, we have 

  tjtj
mm eeItIi 

=+= 2
22

Im)(sin 22  (4.14) 

 
Fig. 4.2. Generating the sine function from the vertical component of the 

rotating line 

To simplify the notation, we next define 

 )sin(cos 222
2

22
+==


jIeII m

j
mm  (4.15) 

and denotes it as line OB in Fig. 4.3, a. It is this quantity - 2mI  - which 

is called the phasor of the sinusoidal function of Eq. (4.14). 

In general, the phasor can be represented by a complex number 

which is a result of locating a line in a plane. Thus, the phasor OB can 

be located by specifying its magnitude, Im2, and its displacement from 

the horizontal axis ψ2. 
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Note that OB can be located in terms of a horizontal (i.e., real-axis) 

component and a vertical (i.e., imaginary or j-axis) component as indicated 

by the second form of 
2mI  in Eq. (4.15). For a given ψ2 the real part of the 

complex number is Im2 cos ψ2 and the imaginary or j part is Im2 sin ψ2. It is 

important that the position of OB in Fig. 4.3, a corresponds to time t = 0 in 

Eq. (4.14). The corresponding value of i2 at this instant must be the projec-

tion of OB on the vertical reference line, which clearly is 22 sin mI . 

The phasor of current i1 is 
1

0
11 m

j
mm IeII

o
== . Hence it has no 

vertical {or j) component and so initially (i.e., at t = 0) must lie along 

the horizontal axis as shown by line OA in Fig. 4.3, a. Note too in this 

figure that the phasors 1mI  and 2mI  are displaced from one another by 

ψ2. This is entirely consistent with Eqs. (4.10). 

 
Fig. 4.3. Illustration of the addition of two sinusoids, a) position of the 

phasor for t = 0; b) sinusoidal function for increasing time 

Now, as time elapses, both these phasors revolve at a constant fre-

quency of ω radians per second, and a continuous plot of the vertical 

components of both phasors results in the sinusoids shown in Fig. 4.3, b. 

The magnitude of the line must be equal to the amplitude of the sinusoid. 

How does the phasor representation of sinusoids simplify the pro-

cedure for adding two sinusoidal quantities? 

To understand this, let us find 213 iii +=  by rewriting Eq. (4.11) 

in exponential form. Thus 

    ( ) tj
mm

tj
m

tj
m eIIeIeIiii 

+=+=+=
2121

ImImIm213  (4.16) 
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Expressed in words, Eq. (4.16) states: 

To add two sinusoidal quantities, it is necessary merely to add the 

corresponding phasors. 
Accordingly, if we call the phasor quantity of the resultant 

3
33


=

j
mm eII , we may write 

 
213 mmm III +=  (4.17) 

22 sin)cos(
221

2
21

3
3

++=+=


mmm
j

mm
j

m jIIIeIIeI  (4.18) 

The right side of the last equation involves all known quantities. 
Moreover, since it is complex number having horizontal and vertical 
components, it follows that the magnitude of the component is 

 2
2

2
2 )sin()cos(

2213
++= mmmm IIII  (4.19) 

And the angle is  

 
2

21
3

cos

sin
tan

21

2

+


= −

mm

m

II

I
 (4.20) 

The resultant phasor 3mI  is depicted in Fig. 4.3 as line OD. 

When the value of 3mI  has been established, the corresponding time 

expression for i3 readily follows from Eq. (4.16). Hence 

   =




=





==

+ )(
3

3
3

3
33

ImImIm
tj

m
tjj

m
tj

m eIeeIeIi   

  =+++= )(sin)(cosIm 33 33
tjItI mm   

 )(sin 33
+= tIm  (4.21) 

The set of vectors of electrical magnitudes of the same frequency 

represented in uniform axes is called a vector diagram. If there are some 

vectors of various electrical magnitudes (usually a current and a voltage) 

in a diagram, then such a figure is called a combined diagram Fig. (4.4). 

At calculation of sinusoidal current circuit, one must constantly 

carry out the operations of addition (or subtraction) of instantaneous 

values of currents, voltages and e.m.f.s. 

Vector diagrams allows replacing addition and subtraction of in-

stantaneous values by addition and subtraction of corresponding vectors. 

The vector which represents a total sinusoid is equal to the sum of 

the vectors which represent composed items (Fig. 4.5). 
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Fig. 4.4. A combined diagram 

 
Fig. 4.5. The additional of vectors 

Example 4.1. Two sinusoidal currents are described as follows: 

ti = sin2101  and )60(sin2202
oti += . Find their sum. 

Solution: The solution is found by performing phasor addition in 

the manner indicated by Eq. (4.17). 

In passing, note that 1i  and 2i  have effective values of 1o and 20 

A, respectively. The phasor quantities are 

 210
11
== mm II   

610210
2

3

2

1
220)60sin60(cos220

2
jjjI oo

m +=













+=+= . 

Hence 

 610220610210210
213

jjIII mmm +=++=+= .  

So that  

 4.37600800
3

=+=mI , o41
220

610
tan 1

3 == − . 

Therefore, 

 
oj

m eI 414.37
3
=  and )41(sin4.373

oti += . 

As we have already known the most important and useful, quanti-

ty of a sinusoidal function is its effective value. Although knowledge of 

the peak value of a sinusoid can be useful, it is not nearly so useful as 

the effective value. 
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To express the addition of two sinusoids in terms of the effective 

values of the phasors, it follows readily from Eq. (4.18) upon dividing 

each term in the expression by 2 . Thus 

 
222

213 mmm III
+=   

or, more simply, 

 213 III += . (4.22) 

Let us consider multiplication and division of complex quantities.  

In the interest of illustrating how the product of two complex 

numbers is obtained, consider the following two complex numbers. One 

is denoted by the phasor = jIeI  the other is represented by the opera-

tor = jZeZ . The product is desired. As the first step in the procedure, 

formulate the product in terms of the exponential form.  

Accordingly, we can write 

 )( + == jjj eIZZeIeZI  (4.23) 

Therefore, the product of two complex numbers is found by tak-

ing the product of their magnitudes and the sum of their angles. 

The division of one complex quantity by another is treated in a 

similar fashion. To illustrate, let it be required to divide the complex 

quantity = jeUU  into the value = jZeZ . We shall call the quo-

tient I . Thus 

 )( −





===
j

j

j

e
Z

U

Ze

Ue

Z

U
I . (4.24) 

Therefore, the division of one complex number by another in-

volves the division of their magnitudes to yield the magnitude of the 

quotient and the difference of their phase angles to yield the phase of the 

quotient. For the sake of completeness, we give the corresponding time 

expression for the phasor of equation (4.24), which is  

 )(sin2 −+= t
Z

U
i .  

The angular frequency   is the same as that for u . 
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4.4. The Receipt of the Sinusoidal Electromotive Force 

Sinusoidal e.m.f.s in technical devices are obtained by various 
methods in electric machines, electronic oscillators and other devices. 

Let's observe a cross-section of the sim-
plified model of a monophase sinusoidal cur-
rent generator (Fig. 4.6). 

The right-angled conductor frame (or 
convolution) with cross -section S, is uniform-
ly revolving with a constant angular frequency 
ω in a magnetic field between poles N and S of 
a constant magnet. We will assume that the 
excited magnetic field is constant and uniform 
in the area of rotation. The value of a magnetic 
induction is equal to B. 

 
Fig. 4.6. A cross-

section of a generator 

The basic energy sources are electromechanical generators which 
transform the energy of a rotatory movement into electrical one. The 
principle of action of such generators is based on the effect of excitation 
of vortical electric field when a magnetic field changes. This effect leads 
to origin of the induced electromotive force in a closed loop at a mag-
netic flux modification through the surface restricted with this contour. 

When the conductor frame revolves the value of the magnetic 
flux, passing through its plane, changes. This magnetic flux is maximum 
when the frame is perpendicular to the magnetic lines of the field. 

 SBm =   

In the process of rotation of the frame from this position, it de-
creases and becomes zero when the frame plane settles down along field 
lines. Then the flux direction changes its sign, and the flux starts to in-
crease. Thus, the magnetic flux piercing the frame, changes depending 
on the angle of its rotation by the law: 

 = cosm   

where α is an angle between the direction of magnetic field lines and a 

normal to the frame plane. Hence the magnetic flux varies in a time 
according to the equation 

 )(cos)(cos eem tSBt +=+=   

where   is the magnetic flux through an area S, and B is a magnetic 
induction. 
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Experiments show that the induced e.m.f. is directly proportional 

to the rate of change of flux linkages: 

 )sin()sin()( eme tEtSB
dt

d
te +=+=


−= .  

The e.m.f. reaches an amplitude value when the frame plane 

is parallel to the lines of magnetic induction. At such position of 

the frame the flux piercing it, is equal to zero, and the velocity of 

intersection of magnetic lines is maximum. This e.m.f. through the 

contact rings and motionless brushes is transmitted to output ter-

minals of a generator where it creates the sinusoidal voltage which 

is equal to e.m.f. If some load is connected to the brush terminals 

there will be an electric current in this formed circuit. 

4.5. A Sinusoidal Current Through a Resistance 

Assume a sinusoidal forcing function which can be described by 

  tj
mm eUtUu == Imsin  (4.25) 

Because the circuit is linear, we know that the steady-state re-
sponse must also be a sinusoid having the same frequency as the source 
function. Therefore, we can say that the form of the response must be 

  tjj
mm eeItIi =+= Im)(sin  (4.26) 

where mI  and ψ are the amplitude and phase of current. The 

equation in this instance is KVL applied to the circuit of Fig. 4.7. Thus 

  tjj
mm eeIRtRIiRu === Imsin  (4.27) 

This expression is Ohm's law but that sinusoidal quantities are in-
volved for the variables u and i. Rewrite the equation in a simpler form 
by dropping the notation "imaginary part of…". After algebraic manipu-
lations it must be remembered that the actual solution is found by taking 
only the j part of the exponential solution. Eq. (4.27) can be written as 

 tj
m

tjj
m eUeeIR  =   

Since the time factor 
tje 
 is common to both sides of the equa-

tion, it may be suppressed, thus leading to 

 
oj

m
mj

m eU
R

U
eI 0=  (4.28) 

On the left side of this equation appear the two unknown quanti-

ties mI  and ψ = 0, while on the right side appear the known quantities. 
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Although both sides of this equation represent complex numbers, 
it is clear from the right side that in this case we have just a real number. 
This is characteristic of purely resistive circuit. A comparison of ampli-
tudes and angles of the left and right sides of Eq. (4.26) leads to 

 
R

U
I m
m =  and 0=  (4.29) 

Substituting this information into Eq. (4.26) yields the final ex-
pression for the solution. Hence 

 t
R

U
i m = sin  (4.30) 

Comparing Eq. (4.30) with Eq. (4.25) reveals that for a resistive 
circuit the current and voltage are in time phase, i.e., the peak values 
and the zero values occur at the same time instants. The instantaneous 
values of current, voltage and power are illustrated by plots in 
Fig. 4.7, a. The instantaneous power is 

 )2cos1(
2

sinsin t
IU

ttIUp mm
mm −==  (4.31) 

One can very simply describe the current response caused by a sinusoi-
dal voltage of effective value U applied to a circuit of resistance R as 

 
R

U
I =  (4.32) 

 
Fig. 4.7. Resistive circuit: a) The instantaneous values of current, volt-

age and power; b) the complex current and voltage 

Referring to Fig. 4.7, b, the complex current I  and the complex 

voltage U  are in phase. Appearing in Fig. 4.7, b, is the phasor diagram 

for the resistive circuit. 
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4.6. A Sinusoidal Current Through an Inductance 

The same method of analysis is used to find the response of a 
purely inductive circuit to a sinusoidal source function in the steady 
state. For the inductive circuit the defining equation is 

 
dt

di
Lu =  (4.33) 

Substituting Eqs. (4.25) and (4.26) gives 

    tjj
m

tj
m eeI

dt

di
LeU  = ImIm  (4.34) 

where mI  and ψ are different from the values found for the resistive 

circuit. Since the defining equation involves a derivative of the current. 

Performing the differentiation and suppressing 
tje 
 leads to 

 
Lj

U
eI mj

m


=
  (4.35) 

Remember that factor j is a rotational operator defined as 

 
ojej 90=  (4.36) 

Any real number which is multiplied by j changes its position from 
the horizontal axis to the vertical axis and Eq. (4.35) can be rewritten 

 
ojmj

m e
L

U
eI 90−


=  (4.37) 

Therefore, 

 
L

U
I m
m


=  and o90−= . (4.38) 

Expressed in terms of effective values, the solution for the re-
sponse can be found conveniently by writing Eq. (4.37) as 

 
LX

U

L

U
I =


=  and ψ = -90o (4.39) 

where LX L =  and is called the inductive reactance of the coil. The 

term reactance is used to distinguish it from resistance. 
It is always true that for sinusoidal source functions the current 

flowing through an inductor always lags behind the potential difference 
across the inductor terminals by 90°. 
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The phasors of Fig. 4.8, a are rotating counterclockwise (the as-
sumed positive direction) at the angular frequency ω radians/second. 
The phasor diagram for the inductive circuit is illustrated in Fig. 4.8, b. 

 

 
 

Fig. 4.8. Inductive circuit: a) The instantaneous values of current, volt-

age and power; b) the complex voltage and current 

The instantaneous power 

 
2

2sin tIU
uip mm 

−== .  

4.7. A Sinusoidal Voltage Across a Capacitance 

The current which flows through the capacitor is related u by 

 
dt

du
Ci =  

As u = Um sin ωt the current can be represented by 
)(sin += tIi m . In exponential forms of voltage and current 

  tj
m

tjj
m eU

dt

d
CeeI  =  (4.41) 

Performing the differentiation leads to 

 m
j

m CUjeI =  or (4.42) 

 
ojmj

m e
C

U
eI 90

1 
=

  (4.43) 

Equating the right and left sides then yields 

 
C

U
I m
m


=

1
 and o90=  (4.44) 
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This equation can be rewritten in terms of effective values: 

 
Cj

U
I


=

1
 (4.45) 

It states that the phasor current I  is equal to the phasor potential 

difference U across the capacitor divided by the quantity Cj1 . 

 
Fig. 4.9. Capacitive circuit: a) The instantaneous values of current, volt-

age and power; b) the complex current and voltage 

The unit of this value is volt/ampere, which is ohm. The value 
Cj1  is called a capacitive reactance because a capacitor is involved. 

Equation (4.45) often appears in the form 

 
o

o

j

Cj
C

e
X

U

eX

U
I 90

90
==

−
 (4.46) 

Where XC is the capacitive reactance in ohms. 
Therefore, for the capacitive circuit 

 CU
X

U
I

C

==  and o90= . (4.47) 

Figure 4.9, b, depicts the phasor diagram of a purely capacitive cir-
cuit The corresponding current response is illustrated in Fig. 4.9, a. The 
time-domain equation is obtained in the usual way and found to be  

)90(sin)(sin2
o

C

m

C

t
X

U
t

X

U
i +=+=  (4.48) 

The important characteristic of the capacitive circuit: the current 
flowing through a capacitor in the sinusoidal steady state always leads 
the potential difference across the capacitor by 90°. 



18 

4.8 The Series RL Circuit 

Appearing in Fig. 4.10 is a diagram of the series RL circuit. One 

should find the steady-state current response assuming that R, L, and the 

forcing function are known. The differential equation for the circuit is 

 
dt

di
LiRu +=   

This expression can be written in terms of effective values as 

 )( LjRIU +=  (4.49) 

 
Fig. 4.10. The series RL circuit 

Then current becomes 

 
LjR

U
I

+
=  (4.50) 

where R is a resistance and L  is the inductive reactance. 

Information about the magnitude and relative phase angle of the 

response then readily follows when Eq. (4.50) is rewritten as 

 
222 LR

U
I

+

=  and ( )RL= −1tan  (4.51) 

where ψ is the angle between a voltage and a current. 

The potential difference across the resistive element is clearly 

 RIU R =  (4.52) 

Because there is no phase shift associated with a resistor, it follows 

that this voltage drop must be in phase with the current. Hence the voltage 

drop across a resistance is drawn on the same line as the current. Equation 

(4.52) is represented by in the phasor diagram in Fig. 4.11. 
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Fig. 4.11 A vector diagram 

Similarly, the potential difference across the inductive element is 
shown by the second term of the right side of Eq. (4.49) to be expressed as 

 ILjU L =  (4.53) 

This quantity is to be rotated in the positive (or counter clockwise) 
direction through 90°. So, this value is perpendicular to the current in Fig. 
4.11. The sum of two voltages must be equal to the input voltage. 

4.9. The Series RC Circuit 

In solving this problem, we proceed directly with Kirchhoff's 
voltage law for the circuit of Fig. 4.12. 

 
Fig. 4.12. The series RC circuit 

Thus  
Cj

IRIU


+=
1

    (4.54) 

Rewriting Eq. (4.54) gives 

 









−=










+=

C
jRI

Cj
RIU

11
 (4.55) 

where R is a resistance and 
C

1  is the capacitive reactance. 

Equation (4.55) is KVL written in terms of phasor quantities. Up-
on transposing the equation for the current becomes  

222 1 CR

U
I

+

=  and 
RC

= − 1
tan 1  (4.56) 
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Fig. 4.13 A vector diagram 

The phasor diagram for the series RC circuit is depicted in 

Fig. 4.13. The current now leads the voltage in time - a result which is 

consistent with Eq. (4.56) showing a positive value for the phase angle. 

4.10. The Series RLC Circuit. Ohm's Law for A.C. Circuits 

The circuit for series combination of the three parameters is 

shown in Fig. 4.14. For this network the instantaneous voltage 

 CLR uuuu ++=  or (4.57) 

  =++ uidt
Cdt

di
LiR

1
 (4.58) 

But ac circuit problem is solved by the method of complex numbers. 

 
Fig. 4.14. The series RLC circuit 

More specifically, in any Kirchhoffian equation written for a 

steady state, the instantaneous current i is replaced by the complex peak 

current mI ; the instantaneous voltage across a resistance (RI) by the 

complex voltage drop mIR which is in phase with the current mI ; the 

instantaneous voltage across an inductance ( Lu ) with the complex 

quantity LjI m   which leads the current by 90o; the instantaneous volt-

age across a capacitance )( Cu  with the complex quantity )( CjI m −  

lagging behind the current by 90o; and the instantaneous input voltage u  

with the complex value mU . 
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In complex notation, 

 mmmm U
C

j
ILjIRI =



−
++   

Putting before the brackets gives 

 mm U
C

j
LjRI =










−+  (4.59) 

Thus, for the current of Fig. 4.14 

 

C

j
LjR

U
I m

m


−+

=  (4.60) 

The complex-number method is also called the symbolic method 

for the reason that the currents and voltages are represented by their 

complex transforms or symbols. 

The operator in the denominator of Eq. (4.60) marked with letter 

Z  is called the complex impedance, the unit being the ohms. Thus 

 
C

j
LjRZ


−+= . (4.61) 

The value 

 22 )1( CLRZ −+=  (4.62) 

is called the impedance of an electric circuit. 

Then Eq. (4.60) may be written thus 

 mm UZI =   

Dividing the last equation by 2  we get 

 
Z

U
I =  (4.63) 

Eq. (4.63) is Ohm's law for alternating current circuits. 

Writing KVL expressed in terms of effective values we have 

 









++=

Cj
LjRIU

1
  

From here 
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C

j
LjR

U
I


−+

= . (4.64) 

Therefore, the magnitude and phase of the effective current are 

 

( )22 1 CLR

U
I

−+

=  and 
R

CL −
= − 1

tan 1  (4.65) 

Appearing in Fig. 4.15, a, b, is the phasor (or vector) diagram for 

the circuit of Fig. 4.14. 

 
Fig. 4.15 a) The phasor diagram for a case LX > CX ; 

b) the phasor diagram for a case LX < CX  

Now we will pass from vector diagrams (Fig. 4.15, a, b) to im-

pedance triangles. As it follows from the formula (4.62) the impedance, 

the resistance and the reactance may be depicted by a rectangular trian-

gle, similar to the triangle of voltage vectors Fig. (4.15, a, b). 

 
Fig. 4.16. The impedance triangles 

As follows from Fig. 4.16 resistance and reactance are connected 

with impedance by relationships  == sin;cos ZXZR   
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4.11. The Voltage Resonance 

When a source of a.c. is connected across a two-terminal network 
containing one or several inductances and one or several capacitances in 
additional to a resistance, phenomena arise under certain conditions, 
referred to as resonance. When an inductive reactance and a capacitive 
reactance are joined in series (as in Fig. 4.14) conditions may be ob-
tained under which voltage (series) resonance will take place. 

The expression for the effective current flow 

 
Z

U

C

j
LjR

U
I =


−+

=  (4.66) 

The condition for voltage resonance is thus 

 
C

L
o

o


=
1

 (4.67) 

from where 

 
LC

o
1

=  (4.68) 

The frequency ωo is called the resonant frequency of the circuit. 
At resonance the impedance of the circuit is a minimum, and spe-

cifically it is equal to R: 

 RXXRZ CoLoo =−+=
22

)(  (4.69) 

Consequently, when a series RLC circuit is at resonance, the cur-
rent is a maximum and is also in time phase with the voltage 

 
R

U

Z

U
I o ==  (4.70) 

where oI  denotes the current at resonance. 

The resistances of reactive elements at the resonant frequency are 
equal to each other 

 

.
1

,

C

L

C

LC

C
X

C

L

LC

L
LX

o
Co

oLo

==


=

===

 (4.71) 

The value 
C

L
=  is called a wave resistance (in Ώ). 



24 

 
Fig. 4.17. The vector diagram for a series resonance 

The vector diagram is shown in Fig. 4.17. LU  and CU  are equal 

to each other, and their vectors are in phase opposition (phase shift = π). 

The voltage across the resistance R is equal to the input voltage U. 

When the ratio of inductive reactance to resistance in a series 

RLC circuit is high, a very rapid rise of current to the maximum value 

occurs in the vicinity of the resonant frequency. The ratio 

 Q
RR

C

L

R

Lo =


==
  (4.72) 

is termed the Q-factor or the quality factor of a resonant circuit. It shows 

how many times the voltage across the reactive component exceeds the ap-

plied voltage at resonance. In practical circuits, Q is often relatively high. 
Fig. 4.18, a, shows entering current and voltage across a resistor. 

Fig. 4.18, b - voltage across inductive and capacity elements. Such 
curve lines are called resonance characteristics. 

They are expressed by the following equations: 
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Referring to Fig. 4.18, a, both the voltage across the inductance 
and the voltage across the capacitance are maximum at frequencies oth-
er than the resonant frequency. The former is maximum at a frequency 

higher than o , and the latter at a frequency which is lower than the 

resonant frequency. To describe the width of the resonance curve the 
term bandwidth is used. For the series RLC circuit bandwidth is defined 
as the range of frequency for which the power delivered to R is greater 

than or equal to 
2

oP
where P0 is the power delivered to R at resonance. 

 
Fig. 4.18 a) The dependence of I  and inductive U  on frequency; b) the 

voltage across the inductance and the voltage across the capacitance 

From the shape of the resonance curve, it should be clear that 

there are two frequencies for which the power delivered to R is half the 

power at resonance. For this reason, these frequencies are referred to as 

those corresponding to the half-power points. The magnitude of the cur-

rent at each half-power point is the same. It follows then that 

 o
o I

I
II 707.0

2
21 ===  (4.74) 

In Fig. 4.19 for 1Q , the frequency at the lower half-power point is 

denoted ω1, and that of the upper half-power point is denoted ω2. Hence 
the bandwidth is 12 − . Calling the reactance at the lower half-power 

frequency 1X , we have 

 R
C

LX −=


−=
1

11
1

 (4.75) 

The minus sign appears on the right side of the equation because below 
resonance the capacitive reactance exceeds the inductive reactance. 



26 

 
Fig. 4.19. Variation of current in a series RLC circuit with frequency 

Rearranging Eq. (4.75) leads to 

 0
1

1
2

1 =−+
LCL

R
  

The roots are therefore 

 ( ) 22
2

2,11
1

22
o

LCL

R

L

R
+−=+








−=   

where LR 2= . Although the previous equation provides two solu-

tions, only one of these is physically realizable. The negative frequency 
is meaningless and so may be discarded. 

Hence the expression for the lower half-power frequency is 

 
22

1 o+−=  (4.76) 

The upper half-power frequency is found in a similar fashion. 
In this instance we have 

 R
C

LX +=


−=
2

22
1

  

which leads to  0
1

2
2

2 =−+
LCL

R
  

The expression for the useful ω2 is then 

 
22

2 o+=  (4.77) 

Therefore, the expression for the bandwidth becomes 

L

R
bw ==−= 212   (4.78) 
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This expression is significant because it reveals that the band-

width of the series RLC circuit depends solely upon the R/L ratio. 

By forming the ratio of the resonant frequency to the bandwidth 

we obtain a factor which is a measure of the selectivity or sharpness of 

tuning of the series RLC circuit. As this quantity is called the quality 

factor of the circuit and is expressed as 

 
R

X

R

L

LR
Q LOoo

bw

o
o =


=


=




=  (4.79) 

A glance at the curves appearing in Fig. 4.19 should make it clear 

as to why the quality factor oQ  is used as a measure of the selectivity or  

sharpness of tuning. Note how much narrower the resonance curve is for 

2Q  than for 1Q . Equation (4.78) shows that the value of C in no way 

influences the bandwidth but it does alter the value of ωo. 

4.12. The Parallel RLC Circuit 

The circuit of parallel RLC connection appears in Fig. 4.20. 

 
Fig. 4.20. The parallel RLC connection 

If we apply sinusoidal voltage tUu m = sin  to input terminals, 

in a non-ramified part it appears the current whose instantaneous value 

according to KCL law is equal to an algebraic sum of branch currents 

 CLR iiii ++=  (4.80) 

Thus, the current through a resistance Ri coincides in phase with 

the voltage, the current through an inductance Li  lags behind the volt-

age by 90°, and the current through a capacitance Ci  leads the voltage 

by 90°. We can write this mathematically as 
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Then we can get the expression for the current in a non-ramified 

part of the circuit as follows: 
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 (4.81) 

where G is called a conductance, LB  is called the inductive suscep-

tance, CB  is called the capacitive susceptance. 

The value B is called the susceptance. 

 CL BBB −=  (4.82 

The complex admittance of the circuit 

 )( CL BBjGY −+=  (4.83) 

The equation (4.81) represents a trigonometrical notation of KVL. 

Rewrite Eq. (4.81) in complex notation, 

   YUBBjGUI mCLmm =−+= )(  (4.84) 

Dividing Eq. (4.84) through by 2  we have got the equation 

which presents Ohm's law for parallel connection of RLC: 

   YUBBjGUI CL =−+= )(  (4.85) 

Appearing in Fig. 4.21, is the phasor (or vector) diagram for the 

circuit of Fig. 4.20. Fig. 4.21, a is drawn for the case where LB > CB . 

Hence the current phasor must lag behind the voltage phasor. 
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Fig. 4.21. Vector diagram for parallel RLC connection 

From Fig. 4.21 we will pass to triangles of conductivities. 

 
Figure 4.22, a shows a right-angled triangle, called admittance 

triangle, for a case of is active-inductive load of an electric circuit, and 

Fig. 4.22, b -for a case of active-capacity load.  

The magnitude of the complex admittance is  

 2222 )( CL BBGBGY −+=+=  (4.86) 

In general, Y is a complex number which often is denoted as 

 jBGY −=  (4.87) 

where G is the real part of the admittance and is called the conductance, 

and B is the quadrature component and is called susceptance. 

Then we can write that for the parallel RLC case 

 
R

G
1

=  and 
X

B
1

= , (4.88) 

where CLBBB CL −=−= )(1  and CLXXX CL −=−= 1 . 

The active and reactive conductivities of a circuit are connected 

with admittance by the following relationships 

 
.sin
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Since the impedance of a series RLC circuit is jXRZ += , the 

equivalent admittance is expressed as the reciprocal of this quantity^ 

 
jXRZ

Y
+

==
11

  

To express this in terms of an equivalent conductance and suscep-
tance this equation is rationalized as follows: 
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Recalling that jBGY −= , we may rewrite the last equation as 
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=−   

Equating the real and imaginary parts then yields 

 
22 XR

R
G

+
=  and 

22 XR

X
B

+
=  (4.89) 

where G is the conductance and B is the susceptance of the equivalent 
parallel combination of the series RLC configuration. 

The corresponding equivalent impedance may be expressed as 
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Z
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==
11

  

Express this in terms of equivalent resistance and reactance: 
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Equating the real and imaginary parts then yields 

 
22 BG

G
R

+
=  and 

22 BG

G
X

+
= . (4.90) 

4.13. A Current Resonance 

Let's consider the circuit (see Fig. 4.23, a) where the conditions 
may be obtained under which current resonance (or parallel resonance) 

takes place. Let one branch contain a resistance 1R  and an inductive re-

actance L , and the other branch, a resistance 2R  and a capacitive re-

actance C1 . Current 1I  in the 1st branch lags behind voltage U 

 )( 1111 jBGUYUI −==   
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The complex current 2I  in the second branch leads the voltage 

 )( 2222 jBGUYUI +==   

The total current in the circuit 

 ( ) ( )  YUBBjGGUIII =−−+=+= 212121   

 
Fig.4.23. The circuit with parallel connection of elements 

Current resonance occurs if inductive susceptance is equal to ca-
pacitive susceptance: 

 CL BB =  or 0=−= CL BBB  (4.91) 

As we have active resistances in branches, there are the following 
equations for active conductances 
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and for reactive susceptances 
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From the resonance condition 
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From Eq. (4.94), we get resonance angular frequency: 
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The vector diagram for a parallel resonance is shown in Fig. 4.24. 
Active and reactive current components: 

 
.;

;;
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Cpa
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BUIGUI
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==

==
 

The reactive currents 1I  and 2I  are equal, 

and their vectors are in phase opposition (a phase 

shift between them is equal π) and compensate 

each other, the resonance in a parallel circuit is 

named a current resonance. 

As a result, the entering current is the sum 

of active components of branch currents. From a 

vector diagram one can see, that at a resonance 

the input current can be much less than branch 

currents. 

This property allows using a parallel con-

tour as a current amplifier. 

 
Fig. 4.24 

In an ideal parallel contour (see Fig. 4.25, a) any resistances are 
absent, i.e. 021 == RR . In this case 021 == aa II . At a resonance 

2121 pp IIII === , and a total (input) current I = I1+I2 = 0, what 

we can see in the vector diagram in Fig. 4.25, b. 

 
Fig. 4.25. Ideal parallel contour (a), and the vector diagram for it (b) 

Let's observe the frequency characteristics of branch susceptances 

and the input susceptance for an ideal parallel contour (Fig. 4.26, a), and 

also a resonance characteristic of an input current (Fig. 4.26, b). They 

are expressed by following formulas 
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Fig. 4.26. Frequency characteristics for ideal parallel contour (a), and a 

resonance characteristic of an input current (b) 

The current resonance in contrast to a series resonance is the safe-
ty condition for electropower installations. As currents in branches are 
mutually independent, their values are defined by input voltage and im-
pedances of branches (according to Ohm's law). 

4.14. Kirchhoff's Laws in Complex Notation 

By Kirchhoff's first law, the algebraic sum of the instantaneous 

currents at any load of a network is zero, or 0= ki . 

Substituting 
tj

k eI 
 for ki  in the previous equation and putting 

tje 
 before the brackets, we have 

 0=

k

tj Ie   

Since 0tje  for any t, it follows that 

 0= kI  (4.96) 

Equation (4.96) is KCL in complex form. 
Consider Kirchhoff's voltage law in complex form. 
KVL gives the instantaneous values of currents, voltages and 

e.m.f.s for any closed loop in any network carrying an alternating sinus-
oidal current. Let a mesh has n branches and each ( k -th) branch in the 

general case contains an electromotive force ( ke ), a resistance ( kR ), an 

inductance ( kL ), and a capacitance ( kC ), with a current ki  flowing 

through all of them. Then by Kirchhoff's voltage law 
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In accordance with Sec. 4.10, each term on the left-hand side may be 

replaced by kk ZI , and each term on the right-hand side - by kE . Then 

KVL for the network with n branches is written in complex form thus 

 
==
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n

k

kk EZI

11

 (4.97) 

4.15. A Vector Diagram and its Application to Sinusoidal 

Circuit Problems 

A vector diagram is a graphic representation of the vectors of si-
nusoidal quantities in a complex plane. Let us consider the example. 

Example 4.1. In the network of Fig. 4.27 e.m.f. is ,100VE =  and 

the parameters are ,0955.0 HL =  ,30=R  .1008.53 6 FC −=  Find 

current and voltages across the circuit elements. 

Solution: Calculate inductive and capacitive reactances. Thus 

 ,300955.03142 === fLX L   

 .60
1008.53314

1

2

1

6
=


=


=

−fC
X c .  

Now one can determine the complex impedance of the circuit as 
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Fig. 4.27 

We write down the equation by Kirchhoff's voltage law in com-

plex form as UZI = . Thus, complex current in the loop 
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The voltage across resistance 

 VeeIRU
oo jj

R
4545 8.7036.230 ===  .  

The voltage across inductance 

 .8.7036.230 1354590 VeeeIjXU
ooo jjj

LL ===    

The voltage across capacitance 

 .6.14136.260 454590 VeeeIjXU
ooo jjj

cc
−− ==−=    

The vector diagram for this case is shown in Fig. 4.28, b. 

4.16. Instantaneous and Average Power. Power Factor 

The voltage and current sinusoid are shown in Fig. 4.28. It fol-
lows then that the expression for the instantaneous power is 

)2cos(cos))2cos((cos
2

)sin(sin)sin(sin

−−=−−=

=−=−==

tUIUIt
IU

ttIUttIUuip

mm

mmmm

 (4.98) 

A plot of Eq. (4.98) appears in Fig. 4.28. 

 
Fig. 4.28. Plot of instantaneous power as determine from the given volt-

age and current sinusoid 

Note that for a fixed φ the instantaneous power consists of two 
components - a constant part and a time-varying part. 

A glance at Fig. 4.28 shows that the instantaneous power is nega-
tive whenever the voltage and current are of opposite sign. However, for 
the case plotted in Fig. 4.28 notice that the positive area under the p(t) 
curve exceeds the negative area. So, the average power is positive and 
finite, and specifically it is equal to the constant term of Eq. (4.98).  
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Since each cycle is repeated, whatever is done for one cycle ap-
plies equally as well for each succeeding cycle. As the average power is 
given by the constant term of Eq. (4.98), from the general definition of 
the average value over one cycle, we have 

 =

T

uidt
T

P

0

1
 (4.99) 

It follows that the average power called active or true is 

 = cosUIP  (4.100) 

In the interest of introducing another term of electric-circuit theo-
ry rewrite Eq. (4.96) as follows 

 
UI

P
=cos  (4.101) 

The product UI is called apparent power. cos  is called the 

power factor of the circuit. 
Physically, active power is the energy dissipated in unit time as 

heat in a portion of a circuit of resistance R. As IRU =cos , it follows  

 RIP 2
=  (4.102) 

The active-power can be determined by other formulas: 

 GURIYUZIP 2222 coscos ==== . (4.103) 

The active power is measured in watts. 
The expression for the instantaneous inductive power is 
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 (4.104) 

This power Lp can also be expressed in terms of the effective 

values of current and voltage as well as the relative phase angle. The 
peak of circulating power is given by 

 = sinIUQ  (4.105) 

Since IXU =sin , it follows that 

 XIQ 2=  (4.106) 

This equation may be rewritten for inductive reactance as 

 LXIQ 2=  (4.107) 
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and for capacitive reactance 

 )(2
CXIQ −=  (4.108) 

In a general case, when 0 , and the circuit contains capacitance 

or inductance, or both, the product UI gives the apparent (total) power 

 UIS =  (4.109) 

This power makes no physical sense, but it can be defined as the 

maximum possible active power at given values of input current and 

voltage, i.e. an active power at cos φ = 1. It is measured in volt-amperes. 
The true, reactive and apparent powers are related thus 

 222 SQP =+ . (4.110) 

It may be graphically presented as a power triangle (Fig. 4.29). 

 
Fig. 4.29. A power triangle 

The nameplate of energy source bears the value of S, that is the ener-

gy that source can deliver to the load if the circuit is a purely resistive one. 

4.17. Power in Complex Form 

The correct result is obtained if the complex voltage is multiplied 
by the conjugate of the complex current: 

 

( )

,sincos

sincos

~

)(

**

jQPjSS

jUIUIeUIeUI

eIeUIeeUIUSS

jj

jjjj

iu

iuiu

+=+=

=+===

=====

−

−

 (4.111) 

The "~" sign over S denotes that the product 
IU  gives the vector pow-

er and not its conjugate. To determine a complex power of some passive 
element it is more convenient to take advantage of other equation 

 jQPIjXRIZS +=+== 22 )(  (4.112) 

From Eq. (4.111) it follows that the active power is the real part, 

and the reactive power is the imaginary part of the product 


IU : 

 


== IUQIUP Im;Re  (4.113) 
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Example 4.2. Consider circuit (Fig. 4.30). The instantaneous input 
voltage is u = 141 sin ωt where ω = 314 s-1.The circuit resistances 

=101R , = 402R , = 203R ; inductances and capacitances of 

reactive elements mHL 9,151 = , mHL 5,952 = , FC = 2121 , 

FC = 6,793 . Find branch currents, voltages across the sections, and 

write them in instantaneous forms. Determine the powers of the supply 
and the load. Draw a vector diagram of currents and voltages. 

 
Fig. 4.30 

Determine reactive susceptances of branches: 
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All complex values must be written both in algebraic and in ex-
ponential form. The complex effective input voltage 
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The complex impedances of branches: 
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Now we pass from the initial circuit to the circuit with complex 

impedances (Fig. 4.31). 
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Fig. 4.31 

For calculation of the circuit, we use a method of equivalent 
transformations. The section ab with a parallel connection of branch 
impedances 2Z  and 3Z  is changed into equivalent complex impedance 
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Then the equivalent impedance of the circuit 
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The current in a non-ramified part of the electric circuit is found 
by Ohm's law: 
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The voltages across circuit sections: 
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The currents through the parallel branches 
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The solution can be check up using Kirchhoff's voltage and cur-
rent-laws 
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The relative error does not exceed one per cent. 

Let's pass from complex currents and voltages to their instantane-
ous values: 
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Draw a combined vector diagram of branch currents and voltages 

(in corresponding scale) 

 
Fig. 4.32 

The complexes of apparent powers of the energy source and the 

branches of this electric circuit: 
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Then we can write active powers for the branches of the electric 

circuit and for the supply: 

 .5,54;6,87;4,40;183 321 WtPWtPWtPWtP ====   

The reactive powers for the branches of the electric circuit and for 

the supply: 
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Check up the balance of powers: 
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4.18. Mutual Inductance in a Circuit 

The coils of an electric circuit can place in space in such a way 

that the magnetic flux created by one coil partially links the other. The 

change in current in one coil is accompanied by a change in its magnetic 

field which induces an e.m.f. in the other. Such an electromotive force is 

called an e.m.f. of mutual inductance. When two coils are mutually con-

nected, they are also named magnetically coupled coils. 

Let two coils be in proximity to each other. The first carries a cur-

rent 1i , and the second, a current 2i . Then we can write 
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 (4.114) 
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The coefficients 12M  and 21M  are numerically equal: 

 MMM == 2112  

The coefficient M is termed the mutual inductance and is meas-
ured as inductance L in Henry (H). It is connected with the inductances 
of the coils by the following relationship 

 21LLkM =  (4.115) 

where k is a coefficient of inductive coupling. 

 

21LL

M
k =   

It cannot be greater than unity 0  k < 1. The coefficient of cou-
pling will be equal to unity only if all of the flux produced by the first 
circuit links the second. 

The coils in Fig. 4.33, a are so connected that their fluxes are aiding, 

and the coils in Fig. 4.33, b are connected so that their fluxes are bucking 

each other. It is convention is to mark the like terminals (stars of the coil) 

with an asterisk or a dot. 

 
Fig. 4.33. Coupled coils 

The dot convention is shown in the diagram of Fig. 4.34, a which 

is fully analogous with that of Fig. 4.33, a, and in the diagram of Fig. 

4.34, b which is fully analogous with that of Fig. 4.33, b. 

 
Fig. 4.34. Marking of coupled coils 

If the currents in a mutual inductance are flowing towards (or 

away from) the like terminals, the corresponding coils are said to be 

connected aiding. If the current in one coil flows towards to the terminal 

marked with a dot, and that in the other coil flows away from the like 

terminal, the coils are said to be connected bucking or in opposition. 

The circuits containing mutual inductances (or simply, coupled 

circuits) are analyzed by the method of complex numbers. 
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To define a position of similar terminals of two coils is possible 

on the basis of a simple experiment for which a direct current voltage 

source and an amperemeter of electro-magnetic system are necessary 

(see Fig. 4.35). One of coils is joined to the amperemeter, another - to 

the voltage source. At closure of key Q it arrears a short-term current 

which relaxes the magnetic field created by the current. 

Hence, at the moment of turning on of the power supply currents 

1i  and 2i  direct to opposite sides concerning similar terminals. 

 
Fig. 4.35. The experiment for defining a position of similar terminals 

The direction of current 1i  is determined by the polarity of the 

voltage source. A short-term diversion of an arrow of the amperemeter 

defines the direction of the current. If the arrow is declined towards a 

dial, the current 2i  directs to a positive terminal of the amperemeter. For 

this the terminals of coils which are joined to the terminals of the am-

peremeter and the voltage source are similar. 

4.19. Mutual Inductance in Series 

At aiding connection at any moment of time the currents in both 

coils of the circuit direct equally concerning the like terminals 

(Fig. 4.35), therefore, the fluxes of self-induction and mutual induction 

are summed up. So, it is a series aiding connection. 

 
Fig. 4.35. The coils connected in series 
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When writing equations for a coupled circuit we assign positive 
directions to the currents in the branches of the circuit and take the di-
rection for summation round them. Let's work out the equation for this 
electric circuit by KCL for instantaneous values remembering that the 
same current flows through both coils 

 u
dt

di
M

dt

di
LiR

dt

di
M

dt

di
LiR =+++++ 2211 , (4.116) 

or in complex notation 

 UMLLjRRI =++++ ))2(( 2121 . (4.117) 

The equivalent impedance of the circuit at aiding connection 

 )2( 2121 MLLjRRZ aid ++++= . (4.118) 

Fig. 4.37, a, shows a vector diagram for series aiding connection, 

where )( 111 MjLjRIU ++=  is the complex voltage across the 

first coil, and )( 222 MjLjRIU ++=  is the complex voltage 

across the second coil. 
At bucking connection at any moment of time the currents in both 

coils of the circuit direct equally concerning the different terminals 
(Fig. 4.36), therefore, the fluxes of mutual induction are subtracted from 
the fluxes of self-induction. So, for a series opposition 

 u
dt

di
M

dt

di
LiR

dt

di
M

dt

di
LiR =−++−+ 2211  (4.119) 

 
Fig. 4.36. A series opposition 

In complex notation 

 UMLLjRRI =−+++ ))2(( 2121  (4.120) 

where the equivalent impedance of the circuit at series opposition 

 )2( 2121 MLLjRRZ op −+++=  (4.121) 

Fig. 4.37, b, shows a vector diagram for series opposition. 
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Fig. 4.37. A plot of vector diagram 

4.20. Mutual Inductance in Parallel 

Let's consider the electric circuit with parallel coupled coils (see 

Fig. 4.38). Let's work out a system of equations by Kirchhoff's laws for 

instantaneous values of currents and voltages 
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 (4.122) 

 
Fig.4.37 

In Eq. (4.122) and other equations in this subsection the upper 

mark corresponds to aiding connection (the similar terminals are marked 

by dots • in Fig. 4.37), and the lower mark corresponds to the bucking 

connection (the similar terminals are marked by asterisk  in Fig. 4.37). 
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Rewrite the system of equations in complex notation 
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On solving the system of equations, we will find currents 
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where 222111 ; LjRZLjRZ +=+=  are complex impedances 

of branches, and MjjXZ MM == is the complex impedances 

of mutual inductance. The input complex impedance of the circuit 
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4.21. Experimental Determination of Mutual Inductance 

The difference of inductive reactance at aiding and bucking con-

nections allows measuring their mutual inductance. 
The first method. We make two experiments. In the 1st we con-

nect two coils in series aiding and measure the current and voltage at the 
input and the active power in the circuit. In the 2nd, we connect two 
coils in series bucking and also measure the current, voltage and the ac-
tive power in circuit. If both experiments are spent at the same input 
voltage the smaller current will correspond to aiding connection. It al-
lows marking the similar terminals of the coils. 

We can find reactances of coils by the results of measurements 
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The difference of these two reactances MХX opaid =− 4  al-

lows finding the mutual inductance 

 .
4

−
=

opaid ХX
M  (4.126) 

The second method. We connect the first coil to a source of sinus-

oidal emf through an amperemeter (see Fig. 4.38), and the other coil is 

connected across a high-impedance voltmeter. Then we measure current 

1I  and voltage 2U . The effective value of voltage across the second 

coil  12 MIU = . Hence, the mutual inductance is found as 
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Fig. 4.38 

4.22. The calculation of circuits with mutual inductance 

One can calculate complex electric circuits with mutual inductance 

composed equations according to Kirchhoff's current and voltage laws. In 

the equations by KVL one must add the voltage of mutual induction. Or, 

we can apply mesh-current method as it is based by Kirchhoff's voltage 

law which takes into account the e.m.f. of a mutual induction. 

Example 4.3. Consider ramified circuit (Fig. 4.39). Work out the sys-

tem of equations by Kirchhoff's laws. Choose current directions and clock-

wise direction of summation round two meshes as shown in Fig. 4.39. 
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Fig. 4.39 

In complex notation 
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Further the problem can be solved by any known method. 

Example 4.4. Consider the same circuit (Fig. 4.39) and work out 

the set of equations by mesh-current method. We choose the directions 

of mesh currents and the direction of summation clockwise. 

When calculating self-impedances ( 2211; ZZ ) and mutual im-

pedances 2112 ; ZZ  of independent contours it is necessary to take into 

account the presence of inductive couplings between the coils. 

Then self-impedances of meshes would be as follows 
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The mutual impedances of contours look like 

 ( ) MjLjRZZ ++−== 222112   

In the last equation the complex impedance )( 22 LjR +  is taken 

with a minus sign by a general rule for mutual impedances of loops as 

two mesh currents direct in the opposite directions through the given 

impedance. The value Mj  is taken with a plus sign because the mesh 
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current 11I  in the second coil, and the mesh current 22I  in the third 

coil are equally oriented concerning the similar terminals of two coils. 
As the network consists of two meshes, the set of equations 

would be as follows 
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On solving the given set by any method, we can define currents in 
all branches of the electric circuit as 

 22322112111 ;; IIIIIII =−==   

4.23 Decoupling of Coupled Circuits 

Sometimes it is necessary to decouple coupled circuits to simplify 
the calculation of a circuit with a mutual inductance. 

This is done by placing additional inductances or modifying those 
already present in the original coupled circuits so that there is no cou-
pling between any inductances in the transformed circuit. 

Generally decoupling of any two coupled coils which are con-
nected in one junction (Fig. 4.40, a), one can realise by means of pas-
sage to the equivalent circuit which presented in Fig. 4.40, b. 

Thus, we will simultaneously consider two cases: when two cou-
pled coils are connected by similar terminals and when they are con-
nected by different terminals. 

 
Figure 4.40 
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For the circuit with inductive coupled coils (Fig. 4.40, a), we 

have the following equations 
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For the circuit without coupled coils (Fig. 4.40, b), we get 
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IMjIMLjU

IMjIMLjU

bc

ac

22

11
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)(




 (4.129) 

The signs of additional inductances are determined only by the 

way of joint of inductive coupled elements and do not depend on the 

chosen directions of currents. 

Comparing the circuits of Fig. 4.40, a and Fig. 4.40, b, we note 

that 1L  has been replaced by ML 1  and 2L  by ML 2 , while the 

other arm has been extended to include an inductance M . 

In Eq. (4.129) upper marks correspond to a case when two cou-

pled coils are connected by similar terminals in a common junction, and 

the lower marks correspond to the case for different terminals. 

4.24. Power Transfer to an A. C. Load 

Let us consider how the energy is transmitted between two coupled 

circuits. In any linear a. c. circuit, the sum of the active powers due to the 

voltage sources is equal to the sum of the active powers dissipated by the 

loads, and the sum of the reactive powers due to the voltage sources is 

equal to the sum of the reactive powers stored by the loads. 

The sum of the reactive powers in this theorem is taken to be the 

sum of the squared branch currents times the branch reactances comput-

ed neglecting the mutual inductances, plus the algebraic sum of the 

power transferred by the magnetic fluxes from one set of branches to the 

other through mutual induction. 

Let two currents 1
11


=

j
eII  and 2

22


=
j

eII  are known for two 

coupled coils. Work out the expressions for complex powers of the first 

and the second coils which are caused by a mutual induction in a case of 

their aiding connection 
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From the last equations it follows 

 
).cos(

);sin(

212121

212121

−==

−=−=

IMIQQ

IMIPP

MM

MM
 (4.130) 

Thus, the total active power which is caused by a mutual induc-

tion, is equal to zero, that is 021 =+= MMM PPP . It means, that cou-

pled coils do not influence on the general balance of an active power. 
If − 210 , then 01 MP , 02 MP . On such a condition 

the energy is transmitted from a circuit into a magnetic field through the 
first coil and returned back into the circuit through the second coil. If 

021 −− , then 01 MP , 02 MP , and the energy is transmit-

ted from a circuit into a magnetic field through the second coil and re-
turned back into the circuit through the first one. 

The total reactive power which is caused by a mutual induction is 

 )cos(2 2121 −= IMIQM   

The energy reserved by two inductive coils with mutual induction 

 21iMiWM =   

The results are true and in such a case if the coupled circuits are 
not connected electrically. 


