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1.IIPABUJIA O®POPMJIEHHS TA BUKOHAHHA
KOHTPOJIbHOI POBOTH

1. CTy#eHT NOBHHEH BHKOHYBATH KOHTPOJIEHY POOOTY B OKpPEMOMY
30IIHTI.

2. Ha oOxkmagmaIii 3ommra Tpeba 3amucaTd Ha3By KOHTPOJILHOT
po0OTH, MUCHUILTIHY, 3 SKOi BUKOHYETHCS KOHTPOJBbHA po0OTa, HOMED
aKaJIeMivHOI TPYITH, MPi3BHUIIE, iM’s Ta TI0 OATHKOBI TIOBHICTIO. B mpaBomy
BEpXHBOMY KyTi BKa3aTd IMHUGpP — HOMEP 3aTIKOBOI KHIKKH, & B IIPABOMY
HIODKHBOMY — JIOMAIITHIO aJIpecy.

3. B koHTponbHIA poOOTI MOBHMHHI OyTHM pO3B’si3aHi BCi 3aBOaHHS
BKa3aHI BWKJIamadeM. Po3B’s3aHHs 3agad  HEOOXiTHO 3amuCcyBaTH B
MOPSAZKY HOMEpIB 3aBllaHb, 30epiratoun iX MOCHTIOBHICTh. YMOBa 3amadi
NEePENHUCY€ETHCS MMOBHICTIO.

4. Homep 3amadi B 3aBIaHHI BHOUPAIOTH TAKMM YHHOM: TIEPEIOCTAHHIO
udpy mudpy MOMHOKUTH Ha HOMED 3aBIAaHHS 1 10JaTH OCTaHHIO IUGPY
mmdpy. Homepom 3amavi € 4YMCIO OAMHHUIL B OTPUMAHOMY YHCII.
Hampuknan. JIBi octanni mudpu mmdpy 65. Po3p’ssyemo 11 3aBmaHHS.
Heo0xinno 6- 11+5=71. Homep 3amaui B 11 3aBmanHi Oyxe 1.

SIKmo 4mMcnmo OOWHUI JOPIBHIOE HYIIO, TO CTYACHT po3B’szye 10
3ajaqy 3aBJIaHHSI.

5. KontponpHa poOOTa MOJAETHCS BHKIAJA4YEBI Ha TMEPEBIpKy i
3aXMINAETHCS CTYACHTOM Ha KOHCYNbTAMisX. KOHTpOIbHI poOOTH BUKOHAHI
HE 3a CBOTM BapiaHTOM HE 3apaXxOBYIOThCS.



1. KOHTPOJBbHA POBOTA
JudepennianbHi piBHSHHS Ta cHcTeMH TU(epeHliaJIbHUX PiBHIHD.

1.1 Bka3iBku 10 BUKOHAHHSI KOHTPOJIBHOI POOOTH IO TeMi
«/InpepennianbHi piBHAHHA Ta cucTeMHu AN (epeHIiaTbHUX PiBHAHbY»

1.1.1 3arajnHi NOHATTS

PiBHsHHS, sSKE, KpIM HE3aJICKHUX 3MIHHUX 1 HEBIMOMHUX (DYHKIIH UX
3MIHHHX, MAa€ B CBOEMY CKJIaJi 1 MOXigHI HeBigoMux QyHKIiH abo ix
IuQepeHLiany, Ha3UBAEThCS TudepeHIianbHuM piBHIHHM (/IP).

Hudepenrianpae piBHSIHHA Ha3WBA€THCS 3BHUAWHUM, SKITO HEBITOMI
(yHKIIIT, SIKi BXOASITH B HHOTO, 3aJIC)KATh B OJHIET HE3aJICKHOT 3MIHHOT.

[Mopsmox mudepeHIiaTbHOTO PIBHAHHS BU3HAYAETHCS HAWBHUIUM
MOPAIKOM IOXiZAHOT ab0 audepeHitiaia HeBIIOMOI (YHKIIT, 10 BXOIUTh Y
IudepeHLiaibHe piBHIHHS.

Hdudepenuianpue piBHAHHS 7 - TO nopsaaky (P-7) y nesBHiil dopmi
MO)KHA 3anucata: [ x,y,y',y",...,y(”))zo. SsHo0 Qopmoro JIP-n €
PIBHSIHHS, pO3B’s3aHe B1THOCHO cTapiioi TTOX1THOT:

n roon n—1
» )=f(x,y,y,y " )).

3arajnbHUM PO3B’sA3KOM a00 3araibHUM iHTErpajgoM JP-# € dyHkmis,
[0 MICTHUTH CTIIBKHA JAOBUIBHHUX CTAINX, SIKUM € mopsmok JIP. Po3B’s30k
JIP-n MoOXHa TOAaTH y SBHOMY BHIVIAL: ) = (p(x, C.,GC,, ...,Cn) -

3araibHUH pO3B’ 30K, a00 HEIBHOMY BHTIISAII: (p(x, »,C,C,, ...,C, )20 -

3arajabHHUN THTETpal.

KoxHa QyHKIis, Ky AiICTAHEMO 3 3aTaIBHOTO PO3B’ 3Ky IIPU OKPEMUX
3HAYCHHSX JOBUTHHUX CTalMX, HA3WBAETHCS YACTHHHUM PO3B’SI3KOM abo
YaCTMHHUM IHTErpayioM AM(EpeHIlialbHOrO PIBHAHHA. [IJIs BHU3HAYCHHS
JIOBUTBHUX CTAIMX HEOOXITHO 3a/1aTH CTUTLKUA YMOB, CKUIBKH € CTaITUX:

’ " -1
7(50) = v0» 1 (50) = Y105 (%) = Yagres YN0 ) = v (111
Yucna X, Y10,Y205-Vn-10 HA3MBAIOTh TOYATKOBUMH 3HAYEHHAMH, 2

piBHOCTI (1.1) — MOYaTKOBUMH YMOBaMH.



3amaua po3B’s3yBaHHA AH(PEPECHINAIBHOTO pPIBHSAHHSI 3 3aJaHUMH
MMOYaTKOBUMH YMOBaMH Ha3WBa€Thes 3amadeto Koiri. 3aramsHuii po3B’ 130K
[P — ne MHOXWHA iHTerpanbHHUX JNiHiiM. YacTuHHHMN po3B’s30k [P — me

OJIHA IHTETpaJIbHA JIiHis, KA MTPOXOAUTH Yepe3 TOUKY (xo Yo )

1.1.2 TudepennianbHi piBHAHHSA Nepmoro nopsaky (AP-1)

JP-1 moxe OyTH 3ammcaHo y 3aralbHOMY BHTIISII F (x, y, y’)=0 -
HesBHAa ()OpMa; pPO3B’si3aHE BiAHOCHO moximmoi: )’ = f (x, y) — sBHa
dopma, ne [ (x, y) —3a/1aHa i HerepepBHA (DYHKIIIS ABOX 3MIHHUX X 1 ) B
Jeskiii oOymacTi Ha IUIOWIMHI; 3amucaHo Yy audepeHuianbHil ¢opmi:
P(x, y)dx + Q(x, y)dyz 0, me P(x, y), Q(x, y) — 3a7aHl 1 HEMepepBHi
(GyHKIIT [BOX 3MIHHMX X 1 ) B JIesAKid 0OJIACTI Ha TUIONIMHI. 3arabHUN
po3B s30k J[P-1 mae Burmisiz;

(o(xayac)zoa 360 y=§0(x,C).
3agaua Komi mmst JIP-1:

{y' = f(x,) {F (x,7,»)=0
, abo .
J’(xo):yo y(xo):yo
Yactuaauit po3s 130k JIP-1 Mae BUTIISAT

CD(X,yaCo):O 360 y:(D(x’CO)’
ne C,— nilicHe 4ucio, BU3HAYCHE 3 II0YaTKOBOI YMOBH.

PosrmstHemo pesiki tamm JIP-1.
JAP-1 3 BitokpeM.TII0BAHUMH 3MiHHUMH.

PiBusaus y'= f (x, y) HA3WBAETHCS 3 BiIOKPEMITIOBAHUMHA 3MIHHUMH,
SIKIIO PYHKIIO [ (x, y) MOJKHa 300pa3suTH K JOOYTOK (yHKIIIH P(x)Ta
0(y): f(x,y)=P(x)-O(y). Maemo pisusns y' = P(x)-O(y), sxe

dy dy
——=P(x)dx => ——=P(x)dx.
o) " "

o(v)

Bizpmemo iHTETrpai Bijg 000X HOTO 9acTHH:

MOKHa 3aIlucaTu



j% ~ [P(x)dx+C

[Ticng oGuncneHHs iHTeTpatiB JicTaHEMO 3aralbHUI po3B’s130k [IP-1.

3apgaua 1. 3uaiiTu po3B’ 30k [IP-1
(;2 + 1)()/2 - 1)dx+ xydy=0
Po3B’s3anHs. 3anuiieMo piBHAHHS Y BUTTIAIL

2
X +1dx=—%dy
X y -1
J-x +1d +C:__[ );dy

x y =1

3aranpHui PO3B’ 30K
2
X 1
—+ 1n|x|+ C= ——ln‘y2 - 1‘ .
2 2
3anaua 2. 3HaiiTH po3B’sA30K 3a1a4i Komri.

2(1 + ex)yy’ =e", y(O)z 0

Po3B’s13anHs. 3anuimieMo piBHIHHS y BATIISIL

,_ et 1
l+e* 2y’
e* e’
2ydy = dx; |2ydy = dx+C
1+¢e* '[ '[l+ex

2 y
y zln‘l + ex‘+ C — 3aranbHuii po3B’ 30K
3naiinemo C, 33CTOCOBYIOUHM TIOYATKOBY YMOBY:

O:In‘1+eo‘+C = C=In2

y: = ln‘1+ e’|—In2

l+e"
2

2 o .
y = In — YaCTUHHUU PO3B A30K.



JP-1 oxHopigHi

Pipusuas ) = f (x, y) Ha3uBaeThCsl oaHopiguum JIP-1, sxmo
byukmis (x, y) € OJIHOPITHOI (YHKIIEI0 HYJIBOBOTO BUMIPY, TOOTO
f (xt, yt) =f (x, y). 3a JIOMOMOTOI0 IJICTAHOBKH ) = u(x)-x= u-x,
y'=u'-x+u omnopinne JIP-1 3Bomutscsa g0 JIP-1 3 BimokpemmoBaHUME
3MIHHAMU.

3anaua 3. 3HaiiTi po3B’s30k JIP-1.

(x—ycosljdx+ xcosldy =0
X

x
Po3B’s3anHs. 3anuiieMo piBHAHHS Y BUTTIAIL
X—ycos 24
r_ X . r_ y 1
y = _—y ; y = S —y
X COSs— COS =
x

Maemo f (x, y) =2 L . [lepeBipuMo ogHOpITHICTE GYHKITIT f (x, y):

COS —
X
t 1 1
f(Xtvyt)z%_ ZZZ_ =f(x,y).
* COSL * COSZ
xt X

3anane JIP-1 € ogHOpigEMM. 3po0uMO 3aMiHY @ ¥ =U - X,

Vvi=u'-x+u.
IlincraBuMo ii B 3aaHe PiBHSHHS:

' 1 , 1
u - x+u=u-— ; u-x=-
cosu cosu
Bigokpemumo 3MiHHI:
dx dx
cosudu =———; Jcosudu:—j—+C
X X

sinu=-In|x| +C, xe u==2
X

Maemo 3aranbHUiA pO3B’SI30K: sin? = —1n|x| +C.
X



3anaua 4. 3HaiiTH yacTHHHUHN po3B’ 130K JP-1.
X

Yl =xy+yle ”, y(1)=1

Po3B’s13anHs. 3anuiieMo piBHIHHS y BATIISIL
X

2 X 2 X
x \x x \x
[TepeBipumo ogHOPiMHICTH QPyHKIT [ (x, y):
y y 2 X 2 X
e e R R}
xt \ xt x \x
3anane [IP-1 € oxHopimauM. 3podumo 3aminy: y=u-x; y' =u'-x+u
1 1
' _ 2 . ' 2 T
u-x+u=utuem, u-x=u"e .
Bigokpemumo 3MiHHI
1 1

e dx e . _pdx
_[ du—_[ . +C;

2a’uz—, 5
u X u

—e;:1n|x|+C, il u:Z.
X

X

Maemo 3aranbHui po3B’sa30k: —e ¥ = 1n|x| +C.

3uaiinemo C', 3aCTOCOBYIOUYH MIOYATKOBY YMOBY:
-1 -1
—e =Inl+C; C=-e".

—x/ -1 .
—e = 1n|x| —e ' — YaCTUHHUI PO3B’A30K.

JAP-1 niniiini

e AP-1 Bunmy y’+p(x)y:q(x), ne p(x), q(x) — HENEpEepBHi

(YHKIIT Ha JEIKOMY TIPOMDKKY. 3p0OHMO 3aMiHy
y:u(x)-v(x)zu-v; y=u-v+u-v.

[TincTaBumo 1i B piBHSIHHS. BOHO MaTuMe BUTIIS;
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w-v+u-v +u-vp(x)=q(x);

u' -v+u-(vV+v-p(x))=q(x).
3HaiiteMo Takuii pO3B’sA30K Horo, mo6 V' +v- p(x) =0, Tomi
u'-v= q(x). Maemo cucremy asox  JIP-1 3 BimokpemimroBaHHMH
3MiHHUMH:

{v’+v-p(x)=0, (1)
Wv=glx) Q)

Jp(x)dx

Po3B’si3ytoun piBHsHHS (1), MatuMeMo Vv =e . IlincTaBumo v B

piBHSHHS (2) CHCTEMH:
u'- e*jp(x)dx _ q(x).

Po3B’sikemo #oro. MaTtumemo u = _[ q(x)-eJ Plelds dx+C.

3aranpHUl po3B’ 30K JiHiiHOTO J[P-1 Mae Burmsz:

- (x)dx plx)dx
J’=€Ip (jq(x)-eI () -dx+Cj.

3anaua 5. 3naiita po3s’s3ok JIP-1.
(1+x2)y’—2xy = (1+x2)2.
Po3p’s3anns. Le niniitne [IP-1. [lepenumemo #oro y BUTIISIII:

, 2xy

- =1+x2,
1+ x2
2x . )
plr)=——"51 glx)=1+x".
1+x
3pobumo zaminy: y=u-v, Yy =u"-v+u-v.
Maemo
, . 2xuv )
uv+uy — >=1+x7,
1+x

2xv
uv+ul v — 5 =1+x2.
1+x
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OTpuMaEMO CHCTEMY:

2xv
V- =0, (1
1+ x? ()
uv=1+x* (2
dv 2xv dv 2x
2T
dx 1+x v  1+x

Po3s'sizyemo pisasiaas (1): 3 dx . Tarerpyemo

OTpUMaHe  DIBHSHHS: — J
v 1+x2

dx; 1n|v|:ln‘1+x2‘ abo
2 . N

v =1+ x". [ligcraBumo B piBHAHHS (2) 3HaliZicHE 3HAUYEHHS V, MATHMEMO:

u'(l +x° ) =1+ x> = u' =1. IuTerpyemo oTpuMaHe piBHAHHS jdu = de

abo u=x+C.

3aranpHui PO3B’I30K MA€ BUTIIS:

yzu-v:(1+x2)(x+C).

3anaua 6. 3naiitu yacTuHHUHN po3B’ 30k J[P-1
2
2ydx — (y - 6x)dy =0, x(l) =0.
Posp’sizannsa. lle piBHAHHA € JliHiHHAM BigHocHO X Ta X'
[epenumemo #ioro y Burisai:

X' +—x=
Y

b

3y
2

p(y)==. q(y)=

3 y
v 2
3pobumo 3aminy: x =u-v, x =u'-v+u-v.
3
uv+u' +—uv =
y

uv+u v+3v y.
h% 2

Maemo cuctemy a8ox JIP-1 i3 BijokpeMIIIOBaHUMH 3MIHHUMU:

NI‘<
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v'+vi=0, (l)
y
Y
uv==—, 2
5 (2)
Posp’ . B ‘f%"‘f_ I .
03B'si3koM piBHsiHHA (1) € v=e =e =y . 3 piBHaHHA (2)
1 4
Ma€eMO: u'-—3:1; w' =2
y 2 2

Iduzj‘y?“dy+C = u=0,1y"+C.

. -3 5
3arajabHUil O3B’ 30K MA€ BUNNISL X =U -V = (0,1 yv+C )
Buaiiemo C, 3aCTOCOBYIOYH IT0YaTKOBY YMOBY:

0=12(0,1-1°+C), C=-0,.

X = y_3 (0,1 yS — 0,1) — YaCTHHHHH PO3B’SI30K.

JAP-1 BepnyJuii.

Le JIP-1 Buxy y'+ p(x)y = gq(x)y", ne p(x), g(x) — wenepepsni
(yHKIIT Ha JCSIKOMY MPOMIXKKY, X — AIMCHE YMCIIO, BIAMIHHE Bia HYJIS.
3BegemMo me piBHAHHA g0 JiHiAHOTO JIP-1. Jlnmg mporo 3poOmmo
MiJICTAHOBKY:

-n+l

z=y™ Z=(-n+l)y" -y
OTpUMAEMO PiBHAHHS:

!

o p()z =) ()

z'+ p(x)(— n+ l)z = q(x)- (— n+ 1)
Ile THIHe JP-1. [To3raunmo Py (x ) = p(x)- (— n+ 1) ,

¢,(x)=q(x)-(=n+1). 3pobumo saminy z=u-v, z' =uv+u.
3naiigemo v 1 u:
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v=e _Ipl(X)dx; u :qu(x)ejpl(X)dx- dx+C.

Toni: z = e_'[p1 (X)dx(.[% (x) e'[p1 @ -dx) +C.

1
3Haiinemo mykany GyHKI0 ) (3araibHHMil po3B’sa30K): y =z 177
3ayBaxkeHHS. 3a/1aHe PIBHSAHHSI MOXKe OyTH PO3B’sI3aHO 3a JOIMTOMOTO0
MiACTaHOBKU Yy =u-Vv; Y =u'-v+u-v', aHajoriuio po3B’s3yBaHHIO
miniitHoro JIP-1.

3agaya 7. 3HaiiTi po3B’sa30k J(P-1
xv' =3y —4xty?.
Po3B’s3anns. e JIP-1 Bepuymni. 3anuiemo Horo y BUTISIIL:

yl _Ey - _4x3y2
X

p(x)z —é, q(x): —4x3, n=2
X

. . 2 . o PR
[lominumo piBHSHHS Ha Y~ 1 mepeiaemo a0 niHiHOTO [IP-1 mmmsxom
MICTAaHOBKH:

OTpumaeMo piBHSHHS:

ST z=4x | (-1)
-1 x

3
2"+ z = 4x> _ niniitae JIP-1.
X

p(x)==;  q,(x)=4x. 3po6umo saminy: z=u-v; z'=u'v+uv'.

= | w

3
—| =dx
o . =31 _
3HaI/meMov1u:v=e'[x —e n‘x‘:x3

b

3
u :I4x3ej e -dx+C=4J‘x3e3ln‘x‘ -dx+C=4jx3 Xdx+C =
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:4jx6dx+c:ﬂx7 +C.
7

. _3( 4 _ _
Tom z=u-v=x 3(7x7+C .Tak sk z == I,MaTI/IMeMO y=z L
-1
3(4 7 X’ y ,
y=|x ;x +C :47 — 3aralbHHM PO3B’SI30K 3aJaHOTO
“x'+C
7

JP-1 beprymi.
3anaua 8. 3naiiTu yacTuHHUMN po3B’s30k JIP-1.
2
xdx = (x —y’ de, y(0)=1
Yy

Posp’szanns. Ile JP-1 beprymni BimHOcHO — ¢yHKIii x(y).
ITepemnumemo HOro y BUTIISAL

1 _
L
y
1 3.
py)=-= qly)=-»y" n=-1
y
Iloxinumo piBHSHHA Ha xi niepeiineMo Ao miHiftHOTO [IP-1 mursixom
nigcranoskm: z = x 1 = x2; 2/ = 2x-x'. OTpuMaEMo piBHSHHS:
!
z 1
— 0z = —y3 .2
2y

z' =% z=-2y% _ niniitne JIP-1,
y

2

)12 (y) =——,q, (y) =—2y°. 3pobumo saminy z=u-v, z' =u'v+uv'.
Y

3HaiineMo vV i u :

_J.[_—zjdy 21‘ ‘ )
n
v=e y —e Y =y,
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2
u= j(— 2y3)-ej[y]dy dy+C= —2jy3e721n‘y‘dy +C=

:—2jy3-yfzdy+C:—2J‘ydy+C:—y2+C.
1
Toni Z:u-v:yz(—y2+C). Tak sk z = x°, 10 X = z2.

X= [yz(— ¥y +C )]%z y4/C—y° — saraneHuii poss’s30k 3amaHoro JIP-1

Bepuymi. 3naiinemo C, 3aCTOCOBYIOUYH TIOYaTKOBY YMOBY:
0=1-/C-1; C=1.

x=yl- y2 — JaCTHHHHA po3B’s130K 3amanoro JIP-1 beprymi.
JAP-1 y mopHuX qu¢epeHmiaiax.

JP-1 Bumy P(x, y)dx + Q(x, y)dy = O HasuBaersest [IP-1 y noBHHX
nudepeHiianax, SKIO0 HOro JjiBa YacTHHA € IOBHHUH Iu(epeHIiaIoM
nesikoi QyHKUii u = u(x, y) , TOOTO BUKOHYETBCS yMOBa

oP 00

oy  ox
Toni P(x, y)dx + Q(x,x)dy =d u(x, y) =0. 3BarampHmil  iHTErpan
PiBHSIHHA B IOBHUX Au(epeHIianax: u(x, y) =C.

e )= 200 g )= 210)

Maemo y)=— """ 3HaiaemMo

y
u(x, y) = .[P(x, y)dx + (0( y), ne qo(y) — HeBU3HaueHa QYHKLIS, sKa
Oux, )

3aJeXUTh BiL y. 3HaXomuMo ii 3 YMOBH, IO 7=Q(x, y).

oy

Martumemo aayq P(x, y)dx + (p(y)) = Q(x, Y )
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3ginen  mummsae, wo  @'(y)=O(x, y)—aﬁjP(x, y)dx. 3uaitzemo
y

(p(y) = J‘(Q(x,y)—aﬁJ‘P(x,y) dxj dy 1 migcraBumo y BHpa3z s
Y

u(x, y). BaranpHuii po3p’s30k JP-1 y moBHuX naudepeHiiazax Mae

JP(x,y)dx +I(Q(x,y)—%jP(x,y) dxj:C )

3ayBaskeHHA. 3arajJbHHUN iHTErpall piBHAHHS Y TOBHUX AudepeHianax
MOJKHA 3HANTH 3a OJIHIEIO 13 ABOX (POPMYIT:

X y

J P(x, yo)dx+ IQ(X, y)dy =C (1.1)
Xo Yo

X y

J P(x, y)dx+ IQ(XO, y)dy =C, (1.2)

Yo Yo
ne .M, (xo, yo) HAJIe)KUTh 00JacTl BU3HAUCHHS (DyHKLiN P(x, y) Ta

Olx. y).

3anaua 9. 3naiiti po3s’s3o0k JIP-1.
(x+y)dx+(x+2y)dy =0

[To3Haunmo P(x,y)=u.=x+y,
oP _ 00 .

Q(x, y) zu'y =x+2y. IlepeBipuMO BHKOHaHHS YMOBH
oy Ox

Po3B’s13anHs.

o°P . o0

=1. YMoBa BUKOHY€ThCs. 3aqaHe PIiBHSIHHS € PIBHSAHHAM Y

dy  oOx

noBHKUX nudepeHmianax. Po3s’sokeMo 1oro 3actocyBaBmu Gopmyny (1.1).
B skocti Toukm M, (xo, yo) Bi3bMeMO TOuky M 0(0, 0). Tomi

P(x, y)=P(x,0)=x+0=x.
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X

X y 2
dex+f(x+2y)dy= C > % +(xy+y2];)v = C. [TliacTaBuMO Mexi
0 0 0

2
. X . ,
IHTErpyBaHHA: — + VX + y2 = C —3aranpHuil po3s’ 30k JIP-1.

3agauyi, siki 3BoAATHCA 10 AudepeHIiaIbLHUX PiBHAHBD.

3agaya 10. KpmBa mOpoxomuTh uepe3 TOUYKY B(S,O). JloBxxuHa

MIEPIICHANKYJISAPA, SKAW OMYNICHWHA i3 MOYATKy KOOPJAMHAT Ha OyIb-sIKYy
MIOTUYHY IO KPHUBOi, JOPIBHIOE aOCITUCI TOYKW NOTHUKY. 3HAWTH PiBHSIHHSI
KPUBOI.

Po3p’s3aHHs.

A4 A

0 X X

Hexait y= f (x) — ImyKaHe piBHSHHS KpuBoi. IIpoBememo moTudHy
MN B nosinbHili Toumi M (x, y) JI0 KpHBOi. 3a YMOBOIO 3a/1ayi |0P| =Xx.

PiBHAHHSA moTHYHOT

Y—y:y'(X—x) a6o X -Y—-xy'+y=0.
3HaiineMo |0P| SIK BiJICTAHb BiJl TOUYKH 0(0,0) 10 JOTUYHOI:
‘y'-O—O—xy'+y‘ _ ‘—xy’+y‘

() +1 () +1
Maemo audepeniiaibHe piBHIHHS
Fot e, XOY 204yt o
() +1 (') +1

or|-
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X2 (yr)z _2xyyr+ y2 — x2(yr)2 +X2 ‘

2 2
. - X . .
3Bigku Y’ = Yy =r . e [AP-1 onuopimue. 3poOumo 3aMiHy
2xy
y=u-x; ¥y =ux+u.Toni
, ulx? = x? , u? -1
ux+u=————; ux+tu=
2x°u 2u
, u® +1 2udu dx
Ux=-— = — =——
2u u® +1 x

Bispmemo Biz 000X 4acTHH piBHﬂHHﬂ iHTeTpal

2udu

= j——i—lnC = ln‘uz—i-l‘:—ln‘x‘—i-lnC.

u?+l=-", ge uzl.
b X
Toni 3aransHU PO3B’SI30K Ma€ BUTIIS;
2
y—2+1=— = y +x*=Cx.
b b

KpuBa npoxoauth 4epe3 TOUKy B(S,O). Maemo y(5) =0 . 3naiinemo C.
0+25=5C; C=5.

PiBHsIHHS 1TyKaHOi KPUBOT x%+ y2 =5x.
1.1.3 IudepenniajabHi piBHAHHS BHINMX NOPSAIKIB

JAudepenniaibHi piBHAHHS APYroro MOPSiAKY, IO JOMYCKAIOThb
3HUKEHHSI OPSIIKY

Po3risiHeMo fesiki T IIUX PiBHSHb.
1) udepenniansue piBHsaHa F (x, Vv, y") =0, ske He MiCTHUTHL
Irykany (pyHKIio y .
3HA3UMO NOPSIIOK TU(EPEHLIIATBHOTO PIBHAHHS LUIIXOM 3aMiHU
y' = z(x) =z, y'==Z.
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Otpumaemo JIP-1: F (x,z,z') = 0. Po3B’spKkeMo Horo BiTHOCHO (QYHKINT Z .
Po3p’s30k  Horo z= go(x, Cl). [Mizcrasumo z=)". Marumemo
y' =p(x,C,) a6o dy = (x,C,)-d x . Taterpyemo oGuBi YacTHHU 1HOTO
PIBHSHHS:

y= I&(x,Cl)dx +C,.

e 3aramsHUi po3B’ 130K 3amanoro J[P-2.

3apaua 11. 3Haiitu yacTUHHUHN po3B’sa30k JP-2.
.2 ' ’
b% (x +1):2xy , y(O)zZ, y(O)=3.
Po3B’s3anns. [udepeHnianbHe piBHSHHSA HE MICTHUTH (YHKLIIO .
3uuzumo nopsiok JIP-2 nuisixom samiam Y’ =z, y" =z'.
Maemo Z’(x2 + 1): 2xz . e P-1 3 BiIOKpeMIFOBAHHMH 3MiHHUMH.
d d 2xd.
—Z-(x2+1)=2xz - £ 2x il
dx z x"+1
dz 2xdx

z x*+1
=(2+1)g = y=(+1)q.
3HaﬁﬂeM0 3HAUCHHS CTaJIOl Cl , 3aCTOCOBYIOYHN IIOYaTKOBI1 YMOBU:

3=(0+1)C, = C, =3.

Toni JIP-1 Matume Burnsn: y' = 3(x2 + 1). Ie JIP-1 3 BimOKpeMITIOBaHUMHM

+InC, = 1n|z| = ln‘x2 + 1‘ +InC,.

sMiHHUMU. P03B’sixemo Horo
3
y=3[(@+1)dx+C, =3(%+xj+cz .

3Haiinemo 3Ha4yeHHs ctanoi C, , 3aCTOCOBYIOYM OYATKOBI yMOBH:
2=3-(0+0)+C, = C,=2.
YactuaHU# po3B’s130K 3amanoro J[P-2:
y= x> +3x+2.
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3anaua 12. 3HaliTy 3aranbHUA po3B’s30K JP-2
Yxlnx=2y".
Po3B’s3anns. [udepeHuianbHe piBHSHHSA HE MICTHUTH (YHKLIIO .
3uu3MUMO nopsiok JIP-2 nwsixom 3aminm ' =z; Y =z'.

Maemo z'xInx = 2z. Ile JIP-1 3 BifoKpeMIFOBAHUMU 3MiHHUMH.

& _ 24 & S B g,

z xlnx z xInx
ln|z| = 21n|1nx| +InC, = z=C,In*x.

2 .
Tak sx z=)", marumemo y'=C,In" x. Lle IP-1 3 BiZOKpeMIIOBAHUMH
3MiHHUMH. Po3B’sskeMo Horo:
u=1In’x; dv=dx

du = 2Inx =

yzCl_[lnzxdx+C2: v = x

X

u=Inx;dv=dx

B 2 2lnxdx B B
_Cl(x In®x— | e +C, = du:@;wx -
X

X
3aranbHUN po3B’sA30K 3agaHoro JP-2 Mae Burisa:
y= Cl(xln2 x—2xInx+ 2x)+ G,.

= Cl(xlnzx—2xlnx+2fx ﬂj-‘r C, = Cl(xln2 x—2xInx+ 2x)+ G,

2) JludepeHuiansHe piBHAHHA [ (y, Vv, y")zO, AKe HE MiCTUTh

3MiHHY X .
3HHU3UMO NOPSIIOK TU(EPEHLIIATBHOTO PIBHAHHS LUISIXOM 3aMiHU:

y=py)=p, ¥'=p»)V=p"p.
Orpumaemo JIP-1: F (y, p, D p): 0. Po3B’sbkeMo #oro BiTHOCHO (QYHKIIi
p . Pos’sa30x Horo p= go(y, (o ) [MizcraBumo p=y'. Marumemo

y':qo(y, Cl) abo %Zd X . IarerpyemMo o0OMABI YAaCTHUHHU IHOTO
x, 1

PiBHSIHHSA:



e 3aramsHui po3B’ 130K 3amanoro J[P-2.

3agayva 13. 3naiiTh yacTUHHUI po3B’ 130k J[P-2

vy =y'-16, y(0)= 242, y'(0)= V2.

Po3p’sizanns. JudepeHniaabHe pPIBHAHHS HE MICTUTh 3MIHHY X .
3um3umMo nopsanok JP-2 uuisixom 3aminn Y’ = p; y" = pp'. Maemo JIP-1

. . 3 4 o
3 BiZIOKPEMITIOBAHMMH 3MiHHUME: V” p- p' = y" —16. Po3B’smxemo Horo:

4
~16 16
pdp =" 3 dy=>jpdp=f(y—3]dy+C1
y y

»

2
=y—+i2+C1|-2 = p2:y2+g+2q;
2 2y y

pz\/y2+12+2C1 = y’:\/y2+12+2C1.
y y

3Haiinemo 3Ha4eHHs ctanoi C;, 3aCTOCOBYIOUH IIOYaTKOBI YMOBH:

\/§=1/8+%+2C1; \/5:\/5-,/5+C1 = C =-4.

Maemo JP-1 3 B1IOKPEMITIOBAHIMH 3MIHHAMHA
16 !
y'= \/m P . Po3p’sxemo #ioro:
y y
1
)zzdy =dx; I )Z/dy :de+C2 :>—1n‘y2—4‘:x+C2.
yo—4 y-—4 2

3Haitnemo 3HayeHHs ctanoi C, , 3aCTOCOBYIOUH IIOYaTKOBI YMOBH:
1
~In8-4=0+C, = C, =In2.
2

YactuaHU# po3B’s130K 3amanoro JIP-2 mae Burisig

%ln‘y2 —4‘ =x+In2= y* —4=4¢>.
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3anaua 14. 3HaiiTu 3aranpHUN po3B’ 130k J[P-2
n ’ 2
=" =0")"

Po3p’s3anns. [dudepeHuianpHe piBHAHHSA HE MICTHTh 3MIHHY X .
3unsumo mopsaaok JIP-2 muisxom saminm )y = p; V' = p-p'. Maemo
JP-1 3 BimOKpemIIIOBaHHMHU 3MiHHUMH: (y—l)p- p = pz. Po3B’sxemo
foro: (

: p=0, 1)
py-1)p'-p)=0 = {(y—l)p’—pzo (2)
3 (1)maemo y'=0; y=C - 3aranbumii po3s’sa30k JIP-2.
Piusausa (2) € JIP-1 3 BigokpemItOBaHUMH 3MIHHAMHU. 3HaWaeMo HOTO
PO3B SA30K:

bbb
p oyl p Cy-1
ln|p|:ln|y—1|+lnC1 = p=C(y-1).Taksx p=y', 10

y=Gl-1) = J.%=C1J.dx+lnC2

y-1=Cx+InC, = y—-1=Cel".

y=C zeclx + 1 — 3aranpHuit po3s’s3ok JIP-2.

3) dudepenuiansHe piBHSHHS [ (x, y") =0, sike He MICTUTh LIyKaHY
¢ynkuiro y Ta ii moxigay ).

MoxHna 3HM3uTH nopsipok [P, sk y Bumaaky 1) abo poss’sizatu 1P
BiHOCHO )", SIKIIO 1I€ MOKIIMBO, 1 ABiui iHTErpyBaTH HOTO:

V= f(x)= = flx)dr+C
y= _[Uf(x)dx +C )dx + C, — 3aranbHuii po3s’s3ox JIP-2.

3agaya 15. 3naiiTu 3aransHu po3B’sa30k A P-2
y'=x-Inx

PosB’si3anus. PiBHsHHs po3B’s3ane BigHocHo )" . Tomy
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=Inx; dv=dx
y’:j(x—lnx)dx+C1 = duzﬂ' Ve x =dex—x1nx+
X

2
+_[x-@+C1 :x——xlnx+x+C1.
X 2

U=—;v=—o

2 u=Inx;dv=xdx
y:J‘(T—xlnererCljderCZ: P X |=
X 2

=%Ix2dx—x—22lnx+Jx—22-@+fxdx+qj‘dx+C2 =
X

3 2 2 2
=—-———lnx+l-x—+x—+C1x+C2.
2 3 2 2 2

3aranbHUN po3B’sA30K 3agaHoro J(P-2
X7 x 3
y=" - Inx+"x* +Cix+C,.
6 2 4

4) Jludpepenuiansue pipHsHEA F (y', y”) =0, siKe He MICTUTH IIyKaHy
¢GyHKOiI0 Y Ta 3MiHHY X .

4

Bpaxosytoun, mo y JIP y":(y') , MOXXHA 3HH3UTH TOpsIoK JIP
mosxoM samimm: Y =z, y"=2z'. Marumemo JIP-1  F(z;z')=0.
Poss’skemo ioro BimHocho z: z=f(x)+C; = y'= f(x)+C;.
luTerpyemo ue piBHﬂHHﬂ

y= j + Cl dx + C, —3aranpHuil po3B’s30k J[P-2.

3anaua 16. 3HaliTy 3aranbHAUA po3B’s30K J[P-2
y'+2=y".

d
Posp’ssanns.  Bpaxosyroun, mo )" =()) :a(y') , 3pobumo
dz

z+2

saminy: V' =z; y'=z'.Maemo: z+2=2z"= = dx . Iarerpyemo
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11¢ PiBHAHHS: I 65_22 = Idx +InC, = 1n|z + 2| =x+InC .
z

z+2=Cie*;z=Cie* -2 = y'=Cie* -2.
Maewmo [IP-1 3 BigokpemiroBaHUMHU 3MiHHUMH. P03B’shxeMo #oro:

y:J(Clex—2)dx+C2 =Ce" -2x+C,.

y=Ce" —2x+C, —3aranbHuii po3s’s130k 3a1aH0r0 J[P-2.

5) Mua JAP-2 F (x, vy, y"): 0 mHeoOXximHo mimiOpatv BimmoBigHy

saminy ( Hanpuknan, vy = p; (y') ‘= p:xy' =p; Yy =yp taiumi),
sSKa JIO3BOJIUTH 3HH3MTH TOPAIOK JU(PEPEHIIaTbHOrO pIBHAHHA Ta
po3B’s3aTH Horo. SKmo 3aMiHy miaiOpaTH CKIATHO, TO IJIS pPO3B’SI3yBaHHS
JP-2 3acTOCOBYIOTH HAOMIKEHI METOAM.

Jliniiini ogHopinHi audepennianbHi piBHAHHA 31  cTAJINMH
koedinienramu (JIOAP-2, J1OAP-3, JIOAP-4 Ta inmri)

Posristaemo JIOJIP-2. BoHO Ma€e BUTIISIA
y'+ay'+a,y=0,ne a,,a, — niiicui yncna.
3araneHnM po3ssskom JIOJP-2 € y,, = Cy (x)+ Czyz(x), ne ), (x),

) (x) —yacTtuHHI po3B s13ku JIOZP-2, sixi niHIHO He3anexHi.

Jns  3HaxXomKeHHS 3araibHOro po3B’sizky JIOJP-2, HeoOximHO
CKJIACTH XapaKTEPUCTUYIHE PIBHSIHHS, 3aMIHUBIIH B 3amanomy /[P moximmi
¢yHKUii Ha 3MiHHY, CTEMiHb SKO1 CITiBMAAA€E 3 MOPSAKOM MOXIIHOI:

y"~k2;y'~k;y~k0 =1.
Maemo anreGpaiuHe piBHSHHS IPYrOro CTEICHS: k2 + atk+a, =0.

—al i\/B
2

Po3B’s30k Horo kj, = , I€ IMCKPUMiHAHT Dzal2 —4a, .

Mo3KeMO MaTH TPU BUIIAJIKU:
a) D> 0= ky, ky — niiicHi pi3Hi KOpeHi.

o . kl X k2 X
3aranbuuii po3s’s3ok JIOJP-2 mae surian: y,,, =C e ' +C,-e = ;
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6) D =0= k| =k, =k — niiicui piBHi KOpeHi.

3araneHuit po3’sa3ok JIOJP-2 mae Burian: y,,, = (C1 + sz)ekx;

B) D<0=k,=a* i — KOMIUEKCHO-CIIPSDKEHI KOpEHi, ne
[1—; _4Y . 5 ‘D ‘
—1=1i — ysaBHa oguHMI, O =5 p =5

3aransuuit po3B’ 30k JIOP-2 mae Burmsn;
V,on = €= (C, cos fx+C,sin Bx).
Amnarnorigno po3B’s3yroTecs JIOJP-3, JIOAP-4 Ta ixmi.

3agaya 17. 3naiitu 3aransHui po3s’s3ok JIOAP-2
y'+4y'=5y=0.
Po3B’s3anHs. CKIIaZIEMO XapaKTEPUCTHYHE PiIBHAHHS k*+4k-5=0
i 3Haimemo #oro kopeni: D =16+4-5=36; D =6.
-4+6 -4-6
2 2

3aranbuuii poss’ssox JIOJP-2: y,, = Ce* +Cre ",

=5.

3agaya 18. 3naiiTn yacTuHHUI po3B’ 30k JIOAP-2
V' =8y +16y =0, »(0)=2;y(0)=6.

Po3B’s13aHHS. Ckranemo XapaKTEPUCTHIHE PIBHSIHHS
k*>—8k+16=0 i smaiimemo iforo kopemi: D =64—4-16=0,
kl = k2 = 4 .
3aranbuuit po3s’ssok JIOAP-2: y,, = (Cl + sz) et

JIyist 3HAXOKEHHsI YaCTHHHOTO po3B’si3Ky Bu3HaunMo crani C; i C,,
3aCTOCOBYIOYH [TOYATKOBI YMOBH.

2=(C;+C,-0)-e*? = =2

V' =Cy-e® +(C) +Cyx)-4e™

6=Cre*?+(2+C,-0)4-¢*""=C, =2
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Yactuunnii po3s’ 30k JTOIP-2: V5. wuem = (2 -2x)e*.

3agaya 19. 3naiitu 3aransHui po3s’s3ok JIOAP-2
Y'+4y'+5y=0

Po3B’s3anHs. CKIaaeMo XapaKTepUCTHYHE PiBHAHHS k> +4k+5=0

D=16—-4-5=-4:-/D =2i

2ti,a=-2; f=1.

3aranbuuii poss s3ok JJOAP-2: y,, =e > (Cl cosx + C, sin x).

3anaua 20. 3HaliTn 3aranpHUN po3B’ 30k JIOP-5
¥ +8y"=0.
Po3p’s3anns. CxinageMo XapakTepUCTUYHE PiBHSHHS k®+8k*=0.
K +8)=0 = K-(k+2)-(K -2k +4)=0.
ki =0,k ==2 k*—2k+4=0 = D=4-4.4=-12,4/D =243i

4 .
k4’5:%\/§l:1i\/§i, azl;ﬂzx/g.

3aramsuuit po3B 30k JIOJP-5:
Yoo = G+ Cox+ e +¢¥(C, cos/3x + Cy sina/3 x).

3anaua 21. 3HaliTu 3aranpHAA po3B’s3ok JIOP-4
y" —16y=0.

Posp’si3anns. CKIAZEMO XapakTepucTuHe piBHsHHA k' —16=0.
Maemo k* =16 = k* =4, k> =—4 i k, =12, ky,=+2i.
3aranmsuuit po3B 30k JIOJP-4:

Voo = Cre 2" + Cye™™ + Cyco82x+ C,sin2x
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Jliniiini HeonHopinHi TUdepeHUiaIbLHI PIBHAHHA IPYroro NopsiaAKy
i3 cranumu koedinientamu (JIHAP-2).

Pirsinus Mae Burmsn: V' +ay' +ayy = f(x), ne a;, a, — niticni
yucna, f (x) — (pyHKIIis 3MIHHOT X .

3aranpHUN PO3B’SI30K IIBOTO PIBHSHHS CKJIQNAEThCS 13 CyMH
3arajJbHOTO POo3B’s3Ky BimmoBigHoro JIOJIP-2 Ta 9acTHHHOTO PO3B’S3KY

JHAP-2: y=y,, +¥, A V,,, — 3aralbHUil PO3B’A30K BIANOBIZHOIO
JIOJIP-2, } — gacTuHHUHN po3B’s30k JIHJIP-2. 3HaxomKeHHs 3aralbHOTO
pos3s’sizky JIOZIP-2 posriustHytro Buie. Skmo  (yHkmis  f (x) Mae

CHCI[iaIbHUH BUTJISAA, TO YaCTUHHHN PO3B’SI30K MOXKHA 3HAWTH METOIOM
HEBH3HAYCHUX KOEQIIieHTIB. PO3MISIHEMO OKpeMi BHIAAKU BUTIISITY

byHkmii f (x)

1) f(x)=e*"-P(x), ne @ — niiicue ancno, P,(x) — muorouwren 7 -
T'O CTETeHs.

YacTuHHUI pO3B’ 30K 5/ IIYKAEMO y BHTJISAL } =e* -0, (x)-xS ,
Je @ — BiANOBiNae 3HAUCHHIO & 3 QYHKIT f (x); 0, (x) — MHOTOWIEH
TaKOT'o K CTeneHs mo i P, (x) , aJIe 3aMUCaHU B 3araJIbHOMY BHUIJISII:

0,(x)=b,x" +b, X" +...+bx +b,x* +bx+h,

ne b; (i = 0,1,...,n) — HeBioMi Koe(DiIlieHTH; S — JOPIBHIOE YHCITY 30iTiB
3 KopeHsaMHu k; XapakTepucTUYHOro piBHsHHS st JJOP-2.

! ”n ! "

3HaxX0IUMO )_/ ,; 1 miacraBisieMo ;,; ,; B 3amane JIHJIP-2.

CkopodyeMo OTpUMaHe piBHAHHA Ha e 1pu HasBHOCTI. B niBiii yacTuHi
PiBHSHHA MaTUMEMO MHOTOWIEH CTemeHs 7 3  HEBIJOMUMH
koe(irieaTamMu, a B TIpaBiii YaCTHHI — MHOTOWICH CTETICHSI M 3 BiJOMHMH
koeitiearamMu. IIpupiBHABIIM KOCQIIIEHTH NMPH OIHAKOBHUX CTEICHSIX
3MIHHOT X, OTPUMAEMO CHUCTEMY JIHIHHUX anreOpaiuHux piBHAHD IS

BU3HAYCHHS KOS(IIli€HTIB bl. .
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3anaua 22. 3HaliTy 3aranpHUA po3B’s30k JIH/P-2
Y=y =6y =e(x+4)

Po3p’si3aHHsA. 3araibHUil DO3B'SA30K Mae BULIAL y =Y, + ).
3uaiinemMo Y, , po3s’ssyioun Bimmosimue JIOAP-2: y"—y'—6y=0.
XapakTepUCTUYHE PiBHAHHS JJIsl HHOT'O: k*-k-6=0, ky=-2, k,=3.
3aranbruit pos3s’ 3ok JJOP-2 mae purmsan: y,,, = Cie " +C,e™.

B mpasiii wactuni 3amanoro JIHAP-2 ¢ymkuis f (x) =¥ (x + 4),
ne a=-2in=1. Tomy Qx)=dx+B, S=1, tax sx k =a.

Yactuaauii  pos3’szok  y  JIHJAP-2 mykatumemo y  BUIJISAL:
"

y=e X (Ax+B)-x=e- (Ax2 + Bx)' 3uaitnemo ;; :

y =e . (— 2)-(Ax2 + Bx)+ e . (2Ax + B) =
¢ (- 24x> ~2Bx +24x+ B),

y = (=2)(-24x* —2Bx+24x+ B)+ e 2 (- 44x 2B +24)=
= e (44x> + 4By —8Ax— 2B+ 24)

”n

IinctaBumo y,y ,y B 3agane JIHP-2. OrpumaemMo piBHSIHHS:

¢ (44x7 + 4Bx ~8A4x 2B +24)- e - (- 24x> = 2Bx + 2Ax+ B) -
—6e" (Ax2 + Bx) = (x+4) ‘ e

4Ax7 +4Bx —8Ax — 2B +2A+24x" + 2Bx —2Ax — B—6Ax" —

—-6Bx=x+4

IIpuBenemo moxibui: —104x —3B+2A4=x+4. MaeMo piBHICTH ABOX

MHOTOYICHIB. MOXEMO MPHUPIBHATH KOCPII[IEHTH TMPH  OJHAKOBUX
CTETIeHAX 3MIHHOI X :

x|—-104=1 A=-0,1
0 = )
x |-3B+24=4 B=-14
Yactuaeui po3s’sa30k JIHIP-2: ; = e_zx(— 0,1x* — 1,4x).
3aranmsHuit po3B’ 30k JIH/P-2:
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y=Ce ™ +Cye +e (— 0,1x* — 1,4x).

3anaua 23. 3Haiitu yacTuHHUM po3B’ 30k JIH/IP-2.
V' =3y +2y=36e", »(0)=8,1(0)=2.
Po3B’s3aHHs. 3araibHHUit PO3B A30K MA€ BULIAL: ) = Y, + )
3uaiinemMo y,,, , po3s’ssyioun Bigmosimue JIOIAP-2: y"—-3y'+2y =0.
XapakTepUCTUYHE PiBHAHHS JJIsl HHOT'O: k*-3k+2=0, =1k, =2.
Baranbuuit po3s’ssok JIOJP-2 mae Burisn: v, = Cie + Czezx.

B npasiii wactuni 3amamoro JIHJP-2 dyukiis f (x) =36e™ ", ne
a=-1,n=0,5= 0(0( zk; o # kz). YacTunanit po3s’s3ok y JIHIP-2

r_n !

HIYKaTUMEMO Y BHIJISAL: 5/ =Ae”". 3maiinzemo y,y :y =—de ",

_n ! ”

y =Ae ™. TincraBumo }} ; B 3agane JIHJP-2. Orpumaemo
PIBHSIHHS:
Ae™ +34e " +24e " =36 |+e
64=36 = A=6.
Yactununii po3s’s3ox JIHIP-2: ; =6e .
3aranbhuii poss’szox JIHJIP-2 mae sursan: y = Cpe” + Cye™ +6e ™.

3HaiinemMo dYactmHHHMA po3B’sa30k JIHJIP-2. 3acTrocoByrounm mOYATKOBI
yMoBH Bu3HaunMo 3HadeHHsA C| 1 C,:

y' =Cie" +2C,e* —6e™™
8=Ce’ +Coe’ +6e" = G+ G =2 [G=-4
2=Ce’ +2C,e" —6e" = C,+2C, =8 C,=6

YacTurHmii po3s’s30k 3ananoro JIHAP-2: y, .. =—4e" + 6™ +6e " .

3agaya 24. 3xaiiTu 3aranbHui po3B’sa30k JIHAP-2
V' 42y =6x" +2x+1.
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Po3p’s3annsa. 3aranbHuli  pO3B'A30K Ma€ BUIIAL YV =V, + } .
3HaiineMo  y,,,, Ppo3B’ssyroun Bimmosimae JIOJAP-2: »"+2)'=0.
XapakTepHCTHYHE PIBHAHHA U1 Hboro: k- + 2k =0, ky=-2,k =0.
3aranbuuil po3s’azok JIOJIP-2 mae BUrIAm: Y, = Clefzx +C,.

B npasiii wactuni 3amanoro JIHJP-2 ¢ynkuis f (x) =6x% +2x+1,
ne a=0in=2.Tomy Qx)=Ax*+Bx+C, S=1, 1ax six k, =cx.

Yactuanauii  pos3’szok  y  JIHJAP-2  mykatumemMo y  BUITISAL:

i ”n

y:(sz+Bx+C)-x=Ax3+Bx2+Cx.3HaI71z[eMo;,; :
y =3Ax*+2Bx+C; y =6A4x+2B.

! ”n

IinctaBumo y,y ,y B 3agane JIHP-2. OTpumaemMo piBHSIHHS:
6A4x+2B+2-(34x% + 2Bx + C)=6x> + 2x+1.

Ipusenemo momiGHi: 6Ax” + x- (6A + 4B)+ 2B+2C =6x* +2x+1.

MaeMo piBHICTh JTBOX MHOTOWICHIB. MOXXEMO TPHPIBHATH Koe]irlieHTH
NPY OJTHAKOBHUX CTETICHSX 3MIHHOT X :

2| 64=6 A=1
x|64+4B=2 = {B=-1.
[ 2B+2C=1 C=15

Yacturnuii po3s’ 3ok JIH/P-2: ; =x—x’+ 1,5x.

3aranbhuii poss’ssox JIHJP-2: y=Cie ™ +C, + x> —x” +1,5x.

2) f(x)=e**(P, (x)cos fx+Q, (x)sin fx), ne «, B — niiichi unca;
P,(x)i 0,,(x) — MHOrOWIEHH, BOHH MOXKYTh GYTH i CTATMME UHCIAMH, a
OJIVH 13 HUX HaBITh HYJICM.

YacTuHHUH O3B’ SI30K }/ JIHAP-2 mykaTuMeMO y BUTJISII:

v =e"*(S;(x)cos Bx+ Ry (x)sin S x)-x¥ ,
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ne «ifl — sBignoBimarote 3HaveHHsM i f 3 QyHkmii (x);
S, (x)i R, (x) — muorounenn crenemio k, ne k=max{n,m }, sanucani B
3araJpHOMY BHIIAI; S — AOpiBHIOE uncny 36iriB @ + i 3 xopensmu k;
xapaktepuctuuHoro piBHsHHS anst JIOJP-2 ( 30ir moxe OyTu, SKIIO
k; koMIIeKCHI Yncia, Py bOMY PiBHI X AifiCHI 1 ysSIBHI YaCTHHH ).
3ayBaskeHHs. Burmsin ; 30epiraeThCsi HE3AIEKHO BiJ TOTO, JOPIBHIOE

YH HE JOPIBHIOE TOTOKHO HYJIIO OJMH 3 MHOTOWIEHIB (QYHKILT f (x) .

r_n r_nm

3axomumMo Y,y 1 miAcTtaBusiemMo y,y ,y B 3amane JIHJP-2.
IpupiBusBm KoedimienTn npu sin fx i cosfx B xmiBiii i mnpasiid
YaCTMHAX OTPUMAHOIO pIBHSAHHSI, MAaTHMEMO CHCTEMY pIBHSHb IS
3HaXOJDKCHHS HEBIJOMHX KOe(illi€eHTiB MHOTOWICHIB S, (x) Ta R, (x)

3anaua 25. 3HaliTu 3aranpHAA po3B’s3ok JIH/P-2
y"'—4y"+53y=200cos7x.

Po3p’s3anHsa. 3aranbHuii  pPO3B'A30K Ma€ BUIIAL V=V, T V.

3HaiineMo y,,, , po3s’s3ytoun Bignosigne JIOMAP-2: y"—4)"'+53y =0.

XapakTepUCTUYHE PiBHAHHS JJIsl HHOT'O: k*—4k+53=0 =

4+/-196

2

D=16-4-53=16-212=-196, k, = 2x7i.

3aransuuit po3B’ 30k JIOP-2 mae Burmsn;
Voo = €(C, cos Tx +C, sinTx).
B mpasiit wactuni 3aganoro JIHJAP-2 dyskmis f (x) =200cos7x, ne
a=0,8=Tk=0 (B(x)=2; 0)(x)=0); S=0(a+pi#k,, tax ax
atfi==17i,a k,=2+ 7i). Yactuumnit  poss’ssox  y  JIHJIP-2

IIYKaTUMEMO Y BHIJISIL: ;:Acos7x+Bsin7x. 3HaiinemMo ;,; :
; =—7Asin7x+7Bcos7x, ; =—49 Acos7x—49Bsin7x.

! ”n

IMincraBumo y,y ; B 3a1aHe JIH/IP-2. Otpumaemo piBHSHHSL:
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—49 Acos7x —49Bsin 7x — 4(— 7 Asin 7x + 7B cos 7x) +

+53(Acos7x+ BsinTx)=2cos7x.
Poskpuemo yxku:

—49A4cosTx —49B sinTx +28A sin7Tx —28B cos Tx +
+53A4cosTx+53BsinTx =200cos 7x .
[MpupiBHioemo KoedimieHtn mpu C€OS7x i Sin7x y miBiil i mpasiii
YaCcTHHAX OTPUMAHOTO PiBHSHHS:

cos7x|44—-28B =200 { A=1
f— .

sin7x|4B+284=0 B=-7

YacTunamii po3s’sok JIHIAP-2: y = cos Tx — 7 sin7x.
3aranmsHuit po3B’ 130k 3amanoro JIH/IP-2 mae Bursin:
y=e"(C, cos7x+C,sin7x)+cos7x—7sin 7x.

3anaua 26. 3HaliTi YacTHHHAN po3B’ 5130k JIHIIP-2
y"'=2y"+y=-12cos2x—9sin2x, y(0)=-2,1(0)=0.
Po3B’s3aHHs. 3araibHUi PO3B A30K Ma€ BULIAL: Y = Y, + V.
3uaiineMo Y, , po3s’ssytoun Bimmosimue JIOAP-2: y"—2y'+y=0.

XapakTepucTHHE PiBHSHHS U Hhoro: k% —2k +1=0 = ki, =1.

3aranbuuil po3B’s3ok JIOJP-2 mae Burmsx: y,, = (Cl + sz)ex .

B TIpaBii JaCTHHI 3aJ1aHOTO JIHAP-2 dyHKILSA
f(x)=—12cos2x—9sin2x, ne a=0, =2, k=0

(B(x)=-12, Q)(x)=-9); S§=0, (axpPi#k, ta sx

at Bi=%12i, a kj, =1). YacTunnuii po3s’s30K y JIHJIP-2 mrykaemo
y Bursimi: y = Acos2x + B sin2x . 3uaiizemo ;/ ,; :

y =-2Asin2x+2Bcos2x, y =—4Acos2x—4Bsin2x.

! ”n

IMinctaBumo y,y ,y B 3agane JIHP-2. OTpumaemMo piBHSIHHS:
—4Acos2x—4Bsin2x — 2(— 2Asin2x+ 2B cos 2x) +
+ Acos2x + Bsin2x =—12cos2x -9 sin2x.
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Poskpuemo nyxku
—4Acos2x—4Bsin2x+4A4sin2x —4Bcos2x+ Acos2x + Bsin2x =
=—-12cos2x—-9sin2x.
[MpupiBasiemo koedirmientn npu cos2x [ sin2x y miBid 1 mpasiii
JaCTHHAX:
cos2x |—34-4B=-12 A=0
sin2x | -3B+44=-9 { B=3
Yacuuanit po3s’si3ok JIHIP-2: y = 3sin2x.
3aransHui po3B’ 30k 3aganoro JIH/IP-2 mae Burnsan:
y=(C, +C,x)e" +3sin2x.
3HaiinemMo dYactmHHMA po3B’sa30k JIHJIP-2. 3acTrocoByroun mOYATKOBI
yMoBH BusHaunMo 3HadeHHsA C| 1 C,:

V'=Ce'+ (Cl + sz)ex +6co0s2x
_2:(C1 +C2-0)eo+3sin(2-0) . {Clz_z
0=C,-e"+(-2+C,-0)e’ +6-cos(2-0) C,=—4
Yactunauii po3s’sa30k 3aganoro JIHAP-2:
Yuaem = (_ 2- 4X) ex +3sin2x

3) Axmo ¢yskuis B mpasiit wactuni JIHIAP-2 € cymoro ckiHueHoi
KUTBKOCTI (DYHKINIA, KOKHA 3 SKUX BIANOBimae Bumamkam 1) abo 2),
nanpuknan, f(x)= fi(x)+ f5(x), To wactummmii poss’ssox JIHJIP-2

IyKAEMO Yy BUIJILL: } = V; + V,, A€ J; € YaCTHHHUM DPO3B’I3KOM

JIHJP-2 3 pyukiismu f; (x) y TIpaBiii YacTHHI piIBHAHB ( i=12 )

3anaua 27. 3HaiiTu 3aranpHUA po3B’s30k JIH/P-2
V" +4y" =12x* —2x+ 75sin3x.

Po3s’ssanms. B npasiii wactuni pismsmuas f(x)= f,(x)+ f5(x), ne
fl(x) =12x2 - 2x i fz(x) = 75sin3x, axi BignosigaroTh Bumagkam: 1)
— (GyHKIsA fl(x) i2) — dyskuis fz(x) Baranbuuii po3s’s3ok JIHIP-2:
V=Yoout+ } , e }/ = }/1 + } 5 - BHAHAEMO Y, , PO3B’A3yI0UH BiANOBIIHE
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JOAP-2:  y"+4y"'=0. XapakrepucTuuHe pIiBHSHHS JUIi  HBOTO
k*+4k=0 = k =0, k,=—4. 3aramsuuii poss’ssox JIOJIP-2 Mae
BUIIIALN: V,,, =C, +C, e,

3Haif1IeMo YaCTUHHI pPO3B’I3KH )71 1 }2.

a) mus QyHKIi fl(x): 12x% = 2x maemo @ = 0,n=2,85=1, rax

K o =k;. YacTuHHUI pPO3B’SI30K ;1 JIH/IP-2 mykaemMo y BUIJISAL:
;1 = (A)c2 + Bx+ C)x = Ax> + Bx? + Cx. 3uaiizemo }1’, }1":

v, =34x* +2Bx+C, p, =6Ax+2B. Tizcrasmvo v, v, . y; ®
sagane JIH/IP-2 3 mpaBoi YacTHHOO fl(x)z 12x* —=2x. Otpumaemo
piBusHHS: 64X+ 2B+ 4(3Ax2 +2Bx + C)z 12x% - 2x. [MpuBenemo

noni6ui: 6Ax +2B+12A4x* +8Bx +4C =12x* —2x. Maemo piBHicTS
JBOX MHOTOWIEHIB. MoOXeMO NpHUPIBHATH KOEPIiEHTH NpPU OJHAKOBUX
CTETEHSX 3MiHHOT X :

x*124=12 A=1
x| 64A+8B=-2 = B=-1.
x| 2B+4C=0 C=0,5

YacTuHHUHI po3B’ 30K }1 JIHIP-2: }1 =xd-x?+ 0,5x.

6) wia dynkuii £ (x)=75sin3x maemo a=0, =3, k=0,5=0
(atPi#kyy, rak ax a+ fi==%3i,a k =0, k) =—4). Yactuuumit
PO3B’s30K ;/2 JIH/IP-2 1iykaemo y BHIIISL: 5/2 = Acos3x+ Bsin3x.
3HaiineMo ;2 , ;2 : ;2 =—-34sin3x +3Bcos3x,

—_n J— —_n

Y, =—9A4cos3x—9Bsin3x. IlincraBumo }2, Y,, Y, B 3amaHe

JIH/IP-2 3 mpaBoto 4acTHHOIO [, (x) =T75sin3x. OTpuMaEeMo pPiBHIHHI:
—9Acos3x—-9Bsin3x + 4(— 3Asin3x+3Bcos 3x) =75sin3x.

Pozkpuemo gyxkn
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—9A4cos3x—9Bsin3x—12Asin3x+12B cos3x =75 sin3x.
IpupiBasemMo koedimienTy mpu cos7x i Sin 7x y mniBiii i mpaBiii yacTHHAX:
cos7x| —94A+12B=0 A=-4
sin7x | ~124-98=75 {B =3

YacTHHHHI PO3B’A30K ;/2 JIHJP-2: 5/2 =—4cos3x—3sin3x.
3aramsHuit po3B’ 130k 3amanoro JIH/IP-2 mae Burmsin:
y=C,+Cye™ +x° —x* +0,5x —4cos3x —3sin3x.

4) dxmo ¢yskiis f (x) B mpaBiit wacturi JIHJ/IP-2 He Bimmosimae
Bunankax 1) — 3), To A 3HaXOMKEHHS 3arajbHOro pos’sizky JIHJIP-2
3aCTOCOBYIOTh METOJI Bapiallii JOBIbHUX cTanux ( Meron Jlarpamxka ). Bin
HOJISIra€e y HaCTYITHOMY:

a) 3HaXOJIMMO 3araJIbHUA Po3B’ 530K BiamosimHoro JIOJIP-2:

Yoou = Clyl (X)+ ngg (X), ac Cl , C2 — const
3aranpHuii po3B’s30k JIH/IP-2 mrykaemo y BUTIISI:

y(x) =C, (x)yl (x)+ C, (x)yz (x) ,ae C (x) C, (x) — HEeBiZOMI (yHKIIT.

0) CkiagaeMo CHUCTEMY PIBHSAHb BIJIHOCHO TMOXiIHUX (YHKIIIH

€,(x). G, )
6 () 10+ €5 (3)
/() ()¢, () 1 ()= 110

BU3HAYHUK CHCTEMH
)ﬁr(x ) b (x )

!
3 (x ) Y2 (x )
Le sm3naunuk BpoHcbkoro anst GyHOaMEHTANBHOI CHCTEMH YaCTKOBUX
pitieHs yl(x) iy, (x) JIOZP-2. Toni cucrtema piBHSHb Ma€ €IUHHUN

0

PO3B’A30K: Cl’(x): o1 (x): Czl(x):(Pz (x), ne @,(x) i @(x) — nexi

@yHKuil‘ Bix 3miHHOI X . Tomi iHTerponqn OTpI/IMaHi O3B I3KH, MAaTUMEMO:
)= [ (x)dx+C1 i C,(x)=[g,(x)dx+Ca.

3aranLH1/m pPO3B’S30K HHI[P-2 MaTHME BUTJISII:
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y(x)= U(Pl(x)dx"‘a)')ﬁ(x)"'(j(”z(x)dx"‘c_z)'h(x)-

3ayBakenns. Metoq Jlarpamka MOXHAa BHKOPHCTOBYBATH 1 ¥y
Bumnazakax 1) — 3).

3anaua 28. 3HaliTu 3aranpHuA po3B’s30k JIH/P-2

eSx
y' =10y +25y = ———~—.
xt -4
eSx
Posp’sizannss. Q@yskuis —f (x) =T B TpaBiii dYacTHHiI He
x“ -4

HaJCKHUTh J0 PO3MIAHYTHX BUTAnkiB 1) — 3). Po3B’sbkeMo 1€ piBHSIHHS
MeTtogoM Jlarpanxka. 3Halinemo 3aranpHui po3s’ 30k JIOP-2:
y"'=10y"+25y=0.
XapakTepucTHdHe piBHAHHA A7 HBoro: k- —10k +25 =0, ki, =5.
3aransHuil po3B’ 30k JIO/IP-2 mae Burmsz:
Voou =(C + Cyx) & = Cie™ + Cy xe™.
3aransauii po3B’si3o0k JIHAP-2 mykaemo y Burisiai
y=C/(x)- & +Cy(x)-x-e>.

Jlns  3HAaXO/DKGHHS HeBioMux (YHKINN C1 (x) i C2 (x) CKJIAZIEMO
CHCTEMY JIBOX PIBHSIHB BIJHOCHO MOXITHUX IIUX (QYHKITIH:

Cll(x)- et + Czl(x)-x Y =0
Cll(x)-S e Czl(x)-(esx +x-5- esx):

Vx* —4
CkopoTuMo 00u/IBa PiBHSHHS Ha ¢ . Matumemo
C (x)+C, (x)-x=0
1

5¢, (x)+C, (x)-(1+5x)= N

Po3B’sKeMO cHCTEMY BiTHOCHO Clr(x) i Czl(x):
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! V

G (x) \/7 \/7

[HTEerpyeEMO oTpuMaHi p0313 SI3KH Cl ( ) i C,(x ( )

2xdx F —
o] o __F i
j x
—J2—x4=1nx+vx2—4‘+52
Nt =

3aranbHui po3B’sa30k 3aganoro JIH/IP-2 mae Burnsan:

yz(—\/x2—4 +(_:1)-e5x+(1n|x+\/x27—4|+62)-x.65x

1.1.4 Cucremu audepeHUiaJbLHUX PIiBHIHL MEPIIOT0 NMOPSAIKY.
HopmanbsHa cuctema audepeHnialbHUX PiBHSAHD MEPHIOTr0 MOPSAIAKY.

CyKyITHICTb CITiBBiTHOIIICHB

Fl(x,yl,...,yn Vi sV ]:0;

Fz(x,yl,...,yn s Vi sV ):0;

Je X — He3aJleKHa 3MiHHA; )|, Vs ,..., ), — HeBiIoMi QyHKILIi BiJ 3MiHHOT
x, a F.,F,,.,F, — Bigomi ¢yHKIil, Ha3UBaEThCA CHCTEMOIO
nudepeHIiaTbHUX PIBHAHB MIEPIIOTO MOPAAKY. PO3B’SI3KOM Lii€i cHCTEMU €
CYKYNHICTh QyHKILIT Y, (x), Vs (x),..., Y, (x), SIK1 33JTOBOJIGHSIOTH KOKHOMY

3 piBHsHB Li€i cucTeMu. SIKIIO B JNiBi YacTWHI PiBHAHb CUCTEMH CTOSTbH
NOXifHI Tepmoro MOPsSAKY, a B IpaBi YacTHHA 30BCIM HE MICTATh
HOXIJJHUX, TO TaKa CUCTEMa HA3UBAETHCS HOpmanvHoto. 1o Hei B Garatbox
BUTAJIKaX 3BOASTHCS CUCTEMH 1 PIBHSIHHS BUILUX HOPSIKIB.
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MoxmBHi 1 3BOPOTHIM mepexin: HopManbHY cuctemy JIP mokHa
3aMiHUTH OgHUM JIP, TOPSIIOK SKOTO TOPIBHIOE YHUCITY PIBHSHB CUCTEMH, a
caMe: cucTeMy 7 AudGEpeHIIIAIBHUX pPIBHSIHBb IMEPIIOTO IMOPSAKY, SKi
MICTATh 7 HEBIZOMHUX (PYHKIIIH, 3BOAATH A0 AU(EPEHIIaTbHOrO PiBHIHHSI
n-r0 TOPAOKY 3 OjHIEI0 HeBimomoio  (Qynkmiero. PosrmsHemo
PO3B’A3yBaHHS CHUCTEMHU [BOX JIHIMHUX OAHOPIAHUX Au(EepeHIiaTbHUX
PIBHSIHB TIEPIIOTO MOPSAAKY 31 CTAIMMH Koe]iIlieHTaMu Ha TPUKIIaIi.

3agaua 29. Po3p’s3atu cucremy JIOJIP-2 i3 cramumu koedilieHTaMu
X=x-5y (1) x = x(t)
» A€
y=-x-3y (2) y=xt)
Po3p’s3aHHs.
a) mudepenuiroemo piBHsAHHSA (1) Mo 3MiHHIH t:
x" — x! _ Sy!
0) 3HaueHHA ' 3 piBHAHHA (2) CUCTEMH MiJACTABIIEMO B OTPHMAHE
PiBHSHHSA 1 TPUBOAMMO MOIIOHI:
x"=x"-5(-x-3y)
X"=x"+5x+15y (3)
B) 3 piBHAHHA (1) cucTeMM 3HAXOOMMO @ Y = g(x - x') (4)
1 mizacTaBisieMo B piBHAHHA (3):
1
x" :x'+5x+15-g(x—x’),
x"=x"+5x+3x-3x",
X" +2x' —8x=0. (5)
PiBusinas (5) € JIOJP-2 i3 cranumu koediuieHTaMH BiJHOCHO (QyHKIT
x(t). CxkameMo UIsl HROTO XapaKTEPHUCTUYIHE PIBHSHHA 1 3HAWIEMO HOTO
PO3B’A30K:
kK> +2k-8=0 = k=—4, k,=2.
3araneHuit po3s’s3ox JIOJP-2 mae Bursam X = Cle_4t +C zeZt . Hns
3HaXOMKeHHA QYHKLIT ) 3acTOoCcyeMO piBHAHHSA (4):

x'=—4C e +2C,e*
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y= ;(Cle_‘” +Cye? +4Ce ™ —2Cz€2t): ;(5C16_4t _CZQZt):
= Cle_4t —;CzeZt .

, x:Cle_4t +C2€2t
Po3B’s130K cuctemu: _4y o
y= Cle — 0,2C2€

3agaua 30. Po3p’s3atu cucremy JIHJIP-2 i3 cramumu koediieHTaMu

X'=3x—4y+2t (1) x = x(z)

{y'=X+y+t (2) ’He{yw(t)
Po3B’s3aHHa. BukoHyeMo 1ii, K y TIOTIepeTHEOMY TTPUKIAII:
a) nudepenuiroemo piBHsAHHSA (1) Mo 3MiHHIH t:
x"==3x"-4y"+2.
0) 3HaueHHs )’ 3 piBHAHHA (2) CUCTEMH MiJCTABISEMO B OTPUMAHE
PiBHSIHHSA 1 IPUBOAMMO MOIOHI:
x"=3x" —4(x+y+1)+2,
X"=-3x'—dx—4y—4r+2. (3)

(2t —3x - x') 4)

B) 3 piBHSHHSA (1) CHCTEMH 3HAXOAUMO V@ J =

NG

1 miacTaBIsieMO B piBHIHHS (3):
n ! 1 ’
x"=-3x —4x—4-2(2t—3x—x )—4t+2,
x"=-3x"-4x-2t+3x+x"—4t+2,
X"+ 2x +x=-6t+2.  (5)

Pigasuusa (5) € JIHJP-2 i3 ctanumu KoedillieHTHUMH BITHOCHO (DYHKITIT
x(t). 3aralbHUil pO3B’A30K HOro X = X,,, +X. 3HaXOOUMO PO3B’A30K
signosignoro JIOJP-2: x" + 2x'+ x = 0. Xapakrepuctiune piBHAHHS U1
nboro k* +2k +1=0, ki, =—1. Tomi x,y, = (C'1 + Czt)eft. DyHKLisN
B TpaBiii dYacCTHHI f(t): —6t+2 = a=0,n=1,5=0. Tomy
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!

YaCTUHHHN PO3B’S30K X IIyKaeMo y BUrsdi X = Af+ B . Buaiinemo x ,

" ! _n ! "

X ,acame x = Ay x =01 )_c, x , x migcrasmsemo B JIHP-2 (5):
24+ At+B=-6t+2.
t | A=-6
*|24+B=2, B=14
Tomi x=—6¢+14. 3aramsunmii poss’ssox JIHJP-2 (5) Mae Burisig
X = (Cl + Czt) e' —6t+14. Jlna 3maxomkenHs QyHKIii ) 3acTocyeMo
piBHsHHS (4):

X' =Che ' —(C +Cyt)e -6,
y= %(2t —3-(C +Cyt)e +18t—42 - Cre™ + (C, + Cot)e™ +6) =

= %(20: ~36-2(C,+Cyt) e —Cye™” ): 0,5(C, + Cyt)e™ —

~0,25Cye™" +5t-9.
x=(C +Cyt)e™ —61+14,
y=0,5(C, +Cyt) e —0,25C, e +5t-9

Po3B’a30k cucteMu: {

1.2. InguBinyanbHi 3aBJaHHA

3amanns 1. 3'scyBatm THN AWQEPEHINATBHOTO pPIiBHSIHHS 1-r0
MOPSIKY. 3HAWTH 3arajJbHUN PO3B’SI30K.

ey(1+x2)dy—2x(1+ey)dx=0
2xy2dx —ydy = yxzdy — 6xdx
3. yezxdx—i-(l-i-ezx)dy:O
dy

cos” y
5. (xzy—xz)dy:(xy2+y2)dx

—

=0

4 3e'tgydx+ (l—ex)
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y2edx — (ex + 2)dy =0
xcos2ydx—)c2 sin2ydy =0
6xdx — 2x2ydy =6ydy — 3xy2dx
xyzdx— ydy = yxzdy — xdx

10. (ex + S)dy—yzexdx =0

° =2

3apmannsa 2. 3'scyBatu TN AudepeHLialbHOTO PIBHAHHS. 3HANTH
YaCTHUHHUH PO3B’A30K.

xinyy'=x"y, y(0)=e

2 By4+y=7,y01)=6
S () =3-y7, (0)=2
a. 2 _
' +y=y*,3(1)=05
s, =e)sinpy=evcos® y, y(l):%
6. xy'ny-y=0,y(1)=e

7. ysinxdx + (cosx —l)dy =0, y(;[] =1

y'=(2y-3)gx, y(27)=6
Sy =27 y()=1
0y =xyrety, y(0)=3

3aBmanHs 3. 3'sacyBath TN AM(EPEHINATBHONO pPIBHAHHA 1-ro
MOPSIKY. 3HAWTH 3araJbHUN PO3B’SI30K.

1. (x—ycosyjdx+xc0sydy20
X X

2. x(x+2y)dx+(x2 +y2)dy:0
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3. ' =23x2+y% +y

4,
xy' = xsin? + y
x

> xdx:(y+«/y2 —4x2jdx

6. 4x—3y+y'(2y—3x)=0

' Yy
7 Xy —y=Xxtg—
X

xy'—yz(x+y)lnx+y
X

) ' =3 /x*+yt +y

10 xy'=ycoslnz
‘ X

3apmannsa 4. 3'scyBaTH THN AM(EPEHIATILHOTO PIBHSIHHSA. 3HANTH
YaCTUHHUHN PO3B’SI30K.

Lo e 2(\/5 - x)dy =0, ()=

_Y
2. y':e x+l, y(l):()
X

y
3. xy'=xe* +x+y, y(l)zl

xdy =(y+«/x2 +y2 )dx, y(l): 0

> y=LmZ, y(e)=1

X X
O xydy—y’de=(x+y)dx, y(1)=1
7. _

(y2 —2xy)dx+x dy =0, y( )
8. 2x°y' = y(2x2 —y? )dx, y(l) =1
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9. xy’(lny—lnx):y, y(e):l
2
0. 2y'=2-+82+8, (1)
X

— 1

X

3apmanna 5. 3'acyBatd TN AudEpeHLIaNBHOrO PpiBHSHHS 1-TO
MOpAAKY. 3HAWTH 3arajJbHUNA PO3B’A30K.

L y'+y=3x 2 y’+y=1”(ex +1)
3 Y- X y:(x2+l)% * y’+y¢gx:sin2x
x2+1
5. y'_ctgx-y:sin3x 6 y’+L:sin2x
. x+1
, » , % arcsin x
+ =1In5x + T
7. y 34 x 8. 4 2(x_1) 1—x?
9. 10.  y'— ytgx = sin2x

V' + P arctgx
X

3apmanHsa 6. 3'scyBaTH THN AM(EPEHIATIBHOTO PIBHSIHHSA. 3HANTH
YaCTUHHUHN PO3B’SI30K.

L. Y =3y=e*, y(O)zO

b y'—lyzxz, yl)zO,S
: X

1 2 e
', :x 1:_
3. VHoy=e , (1) 5
1 1
"+—y = , v\1)=1n~2
TR e Y y(1)=1n
L1 _
s, VAov= —. y(1)=2
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o1
6 - ly=me )=
7 y'—lyzxsinx, y(ﬂ'):O
X
;1 ; 1
——y= 2 1)==
5. Vmoy=x 12, 0(1)=3
1
0. ¥ -—y=wigy, yrx)=x
10. y'—lyzzxzx/x2+5,y(2)=36
X

3aBmanaa 7. 3'acyBatm TN AMQEpEeHLIANBHOTO PIBHAHHS 1-TO
MOpAAKY. 3HAWTH 3arajJbHUNA PO3B’A30K.

L y 1 3.3 1
U A | dxy' —y=——
R LA LA vy i
30 y—dx—yr=0 4. (yInx—2)ydx = xdy
S. xy' +y=2y*Inx 6. , 2y 2y
D
X cos”x
7. 4 8. d
y'—8x\/7: 24 —y+1=—xy2
x? -1 dx x
9. 2 10. ' 3. _4.2,4x 3
V' +4xy=2xe " [y yitaxty=4yTe (l—x)

3aBmanHsa 8. 3'scyBaTH TN AWQPEPECHIIAIBHOTO PIBHAHHSA. 3HANTH
YaCTUHHUHN PO3B’SI30K.

b2y )= (-1)ety?, (0)=2
> 2w+ )=yl inx ¥

3 y'—xy+y3e’x2=0, ¥(0)=0,5

I
S}



45

Y+xy=x>y>, 3(0)=1
y=y =y*(1=sinx), ¥(0)=1
6 y—2y-yP=0, »0)=1
7. W'Jr;yzzsinx, y(0)=1

8. y'+4x3y=4(x3 +1)e_4"y2, y(O):l

9. y'—ytgxz—iy4 Sin x, y(O):l

3

0. y'=yelger >, y(0)=1
sin x

3amanas 9. 3'scyBathm THN AWQPEPEHINAIBHOTO PIiBHSIHHS 1-r0
MOPSIKY. 3HAWTH 3arajJbHUN PO3B’SI30K.

1. 5

2xabc+ y2 —3x
v’ )

(y3 —2xy x+(3xy2 —xz)dy =0

x(x+2y)dx+(x2 —yz)dy =0

(x2 +2xy+4)dx+(x2 +y2 _4)0'),:0

(2xy+2y2 —9x? )dX+(x2 +4xy)dy =0

(xz —4xy—2y2)dx+(y2 —4xy—2x2)dy -0

(3)62)/2 +7)a’x+2x3ydy:0

(ey +ye’ +3)dx = (2—xey —ex)dy

(3x2+6xy2 x+(6x2y+4y3)dy=0

(2x+yexy )a’x-i— (1+xexy y =0

dy=0

ST AT L e T

._.
e
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3aBmanns 10. Po3p’a3atu 3agauy

1. KpuBa mpoxoauts uepe3 touky M (0; 2). Kyrosuii koediuieHT
MOTUYHOI, B OyIb-Kiii TOYINl KPWBOI, MOPIBHIOE OPJMHATI ITi€i TOYKH,
30UTBIIEeHOT B 3 pa3u. 3HAWTH PIBHSIHHSI KPHUBOI.

2. KpuBa mpoxonutsb uepes Touky A (4; 1). Biapizok, sikuil foTH4yHa B
Oymb-sKiii TOYI KpWBOi BiITWHHAE HA OCi OpPAMHAT, NOPIBHIOE KBaJIpaTy
a0CITUCH TOYKH JOTHKY. 3HAWTH PIBHSIHHS KPUBOI.

3. KpuBa mpoxoauts uepe3 Touky B (2; 3). J[opxuna
NEePIeHIUKYIApa, SKANA OMyIIEHHH 13 MOYaTKy KOOpAMHAT Ha OyIb-AKy
MOTUYHY IO KPHWBOi, JOPIBHIOE aOCITUCI TOYKW NOTHUKY. 3HANTH PiBHSIHHS
KPUBOI.

4. KpuBa nmpoxoxnuts yepe3 Touky D (0; 4). JJopxuna Biapizka, sIKUi
BIITHHAE HA OCi OpAWHAT HOpMajb, IO IPOBEICHA B OYAb-SIKIA TOYII
KpHBOIi, TOPIBHIOE BiJICTaHI BiJ i€l TOYKH IO IMOYATKy KOOPAWHAT. SHANUTH
PiBHSIHHS KPHBOI.

5. Kpusa mpoxoaute uepe3 Touky C (2; 5). KyroBuii xoediuient
JOTUYHOI B Oynb-sIKiil TouLi KpuBOi B 8 pa3 Oinble KyTOBOrO KoedilieHTa
psMOi, sIKa 3’ €IHYE IF0 TOYKY, 3 TIOYATKOM KOOPAWHAT. 3HAWTH PIBHSIHHS
KpHBOI.

6. KpuBa npoxoauts yepe3 Touky D (9; -4). Binpizok, skuii 1oTHYHA B
OyIb-sAKiii TOYIl KPHWBOi BIATHHAE HA OCI OpJIWHAT, JOPIBHIOE ITOJIOBHHI
CyMH KOOPAWHAT ITi€l TOUKU. 3HAUTH PIBHSHHS KPUBOI.

7. KpuBa mpoxomuth 4depe3 Touky M (0; 5). KyroBmwit koedirieHT
MOTUYHOI B OyAb-SIKIH TOYIIl KPWUBOI MOPIBHIOE OPIWHATI Ii€i TOYKH,
3011bLIeHOT B 7 pa3iB. 3HAWTH PiBHSHHS KPUBOI.

8. KpuBa npoxoauts gepe3 Touky A (-2; 5). Biapi3ok, SKuii TOTHYHA B
Oymb-sKiii TOYIl KpWBOi BiITWHHAE HA OCi OpPAWHAT, NOPIBHIOE KBaapaTy
abcuuc i€l TouKu. 3HAUTH PiBHAHHS KPUBOI.

9. KpuBa mpoxoauts uepe3 Touky B (-4; 1). [opxuna
MEPIECHANKYIAPA, SKAHA OMyNIEHWH 13 MOYaTKy KOOpAMHAT Ha OyIb-sIKy
JIOTUYHY JI0 KPUBOI, JOPIBHIOE aOCIMCI TOYKH JIOTUKY. 3HAUTH PiBHIHHS
KPUBOI.

10. KpuBa npoxoauts uepe3 Touky D (0; -8). JlorxuHa Biapi3ka, SKuit
BiITHHAE HA OCi OpJAWHAT HOpMajhb, IO IPOBEICHA B OYAb-SIKIA TOYII
KPHUBOI, JIOPIBHIOE BiJICTaHi BiJl Ii€i TOYKH JIO MOYATKY KOOPAWHAT. 3HAUTH
PIBHSIHHS KPHBO.
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3apnanns 11. Po3B’s3atu nudepeHniaabae piBHAHHS 2-TO OPAAKY.

L. xy"=2 2. y" = sin® xcosx
3. y”:ln2x 4. " 2
y ==
X
5. , Inx 6. 3
I —— y"==sin2xcos x
X 2
7. y":xex 8. y = l nx
9.  y"sin2x =sindx 10. y'=sin2x+e "

3amannsa 12. Po3p’s3atu audepeHuianpHe piBHSAHHSA, SIKE IOIMYycKae
3HWKEHHS TTOPSJIKY.

!

1. 2. y'ctg3x=-6y

2xy!)}” :yr2 _1

AN

=

+

=<

I
-

3. y"=2(y" ~1)ergx

5. y"'=2y'ctg2x =2ctg2x 6 (1 — 52 )y" —2x)'+2=0
7. 8. 2 12
"_ 22x y!:() _X,'y :(y)
x“+1
9. x3yn+x2yr :& 10. (1+Sl'l/lx)y" :y’COS)C

3apmannsa 13. Po3’s3atu audepeHuianpHe piBHSAHHSA, SIKE IOIMYycKae
3HIKCHHS NOPAIKY.

L. (1+x2)y"+2xy’:2x3 , y(O)zO, y’(O)zl
4 2xy' 2 !
— + :O’ O :1, 0 :1
T =0.50)=1y(0)
y”_y;:xa y(l):27 y'(l):O

4. xy"'—y'= x2e*, y(O): -1, y'(O)z 0
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s = ) =y=1

x'nx=y", y( ) y’(e =1
y"'+ y'tgx =sin2x , y(O) 0, y’(O)z—

o

1,
% Xy exty =1, y(1)=1, y'(1)=1
10, (1+x2 "+ 20/ +2=0, »(0)=y(0)=1

1
v . T
8. y —yctgx=51n2x,y5j =2
y

3apnannsa 14. Po3p’s3atu nud)epeHiiabHe PIBHSHHSA, SIKE JOIMYCKa€e
3HIDKEHHS TTOPSJIKY.

»"+32sin y-cos” y =0, V- 365 =0,
' 2. '
> 4 3.n
E vy =1
3.0 =3y'=y 3 4, e
Y(O):l, y'(()):l Y(O)—l, J’(O)—l
S yrr = 2e4y’ . 3y!yrr _ ey’
" y(0)=0, y(0)=1 320, )=
—1 " N2 _
"_ W +(y) Y
[ ’ 8.
W )=, y(0)-1
y(0)= ¥'(0)=0
9 )’)’”—42—);’2, 10 yrr:32y3’
o r0-F " e s

3anannaa 15. Po3p’s3aTu qudepeHLianbHe piBHSHHA, SIKE JOIYCKae
3HWKEHHS TTOPSJIKY.

1, 14 !2 !3 :0 2,

!2 n
W=y +y ye=-mw"=0



L.

yn =1+ yrZ Lo, 2yyﬂ — (yr)2

3apmanHs 16, 3HaiiTH  pO3B’S30K  JHIHHOTO
JUQepeHLiaTbHOTO PiBHSHHA.

y"+3y'=0;

V' +4y" +29y =0, ¥(0)=0, y'(0)=15;
Y'+4y'+4y=0;

y"=8y=0

y"+10y'+25y=0;

y”+6y’+13y:(), y(%jzo’ y’[zjzl;

2
y'=5y"+6y=0;
y"=3y"—4y=0
y'+7y'+6y=0;
y'+4y'=0, y(0)=7, y(0)=8;
9y"+6y'+y=0;
y"'=T7y"+6y" =0
y'=2y'-2y=0;

y'=2y"+3y=0, ¥(0)=1, y'(0)=3;
25y"+10y"+y=0;

yﬂl_y”:()

3y"-2y"-8y=0;

y'=2y"+2y=0, y(0)=0, y'(O)zl;
Y16y + 64y =0;

W!!+y!2_y!3 :0 6, 4y3y”: 4_1
" )2 =2 " __ 1

OJTHOPITHOTO
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y" +8y"—9y =0
9y"—y'=2y=0;

r r
"+y=0, y—=|=1 »|=1|=0;
rey=0 (5] (%)

4y"—4y"'+y=0;
ylV+2ym+yn:0
Y'+6y'+9y=0;

y'+4y' =0, y(0)=7, y'(0)=8;
2y"+2y"+y=0;

y" —16y =0

y'—4y"+13y=0;

Y +y=0, y(0)=2,y(0)=0;
4y"+20y"+25y=0
y”’+2y”+y’:0

4y"-8y'+5y=0;

y'=5y"+6y=0, y(O)zl, y’(O):2;
9y"+12y"+4y=0;
y[V+5y"+4y=0
y'+18y"'+81y=0;

Yy +2y"+10y =0, y(0)=2, y'(0)=1;
2y"=3y"'=0;

y”7+9yV:0

3apnanns 17. Po3p’s3atu JIHIP metomom Bapiallii JOBITBHHX CTATHX.

1 2e*
rr+4 — " _ e
Y Y cos 2x 2.y y_ex—l
”n ’ 1 ”n !
yi-y'= 4, V' A2y +2y=

e’ +1 e’ sinx
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Y4dy +dy=eXnx O y+y=tgix
X
e " '
"y b= y +3y +2y=
yooaymy=- 8 e’ +1
”+ = 1 4 ! e_x
y ty Sinx 10. V'+2y' +y=
18. 3naiiTu 3aransHuil po3s’s3ok JIH/IP.
V" +3y" =3xe " 2 47y 412y =24x7 +16x-15
. n ! 3
,V"+y'—6y=—x2—§ o2y ey =x
18

y”—lOy'+25y:e5x 6. y"+y'+y:(x+x2)ex
y"—7y’:(x—l)2 8. 4y"—y=x>—24x
V' +5y' —14y = 10 ym_ pr—6x? +3x
= (2)c2 -3x+ 1)

3aBganns 19. 3HaiiTu 3aranpHUN po3B’s30k JIH/P.

y'—4y= 4(sin 2x +cos 2x)
y"'—=16y = 24 sindx
y"'—=8y'+12y =—65cos4x

yn_4yr:xe4x

y" =25y =cosS5x

V"' —4y=2cos* x—1
y'—y=sinx—cosx
V'+2y'+5y=4sinx+22cosx
y'+2y'+y=2cosx
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y'+y=2cos4x+3sindx

3aBnanus 20. 3HaiiTu yacTuHHUMA po3B’ 130k JIH/IP.

—

y”—4y’+5y=2x2ex, y(0)=2
y”—2y'=ex(x2+x—3), y(0)=y'(0)=2
y"+6y +9y=10sinx, y(O)zy'(O)
y”—5y'+6y=(12x—7)e_x, y(O =y'(0)=0
y”—2y'=ex(x2+x—3), y(0)=y'(0)=2
y"+9y=6e3x, 1(0)=y'(0)=0
y'=y'==2x, y0)=0, y(0)=1
y”+6y'+9y=9xe_3x, y(0)=
y'=y'=2x, y(0)=0, y'(0)
0. y' =2y +y=16e", y(O =1, y'(O)

<
=
(e}
N—
I
W

— 0 o0 3 O W A~ W N

Il
\S)

3aBnanHs 21. 3Haiitn yactuHHMA po3B’a30k JIHJIP.

L. y”—6y'+9y=x2—x+3, )’(O)zé’ y,(O)Z%
2. y"_4y'+4y=e2x, ¥(0)=2, »'(0)=8

3. y —y=8e", 3(0)=2, »'(0)=4

4. y"+y=2cosx, y(0)=1, »'(0)=0

5. y' =2y +y=4(sinx+cosx), y(0)=1 »'(0)=0
6. yroay=3(2-22) w0)=0, y(0)-1

7. Y -4y +5y=2x2e", y(0)=2, »(0)=3

8. 'y =e*, y(0)="(0)=1

9. y"+4y=sinx, y(0)=y'(0)=1

10, y"+4y'—12y=8sin2x, y(0)=y'(0)=0
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3aBmanHsa 22. 3HaiiTé 3aranbHUi po3B’s30k JIH/IP B 3arampHOMY
BHUIJISLI.

—

yll _ 4yl — 8 (e4x + e_4.x)

2x _ e—2x

y'+2y'=e
y”—5y'=25(ex +e_x)
y"+4y=sin2x

" r_ 2x x(2 )
y'—y'=e"" +e"Ix” +x+1
yn+yr:ex+x2
y”—4y’+4y=3e2x—4sin2x

Y —y=2e* +cosx

O 0 9 N Dn B~ W

3" +16y =16 cos 4x — 16e**

V" +36y = 24sin 6x + 36

—
(e}

3aBnanns 23. Po3B's3atu cuctemy nudepeHuiadbHuX PiBHIHb.

1. dx _ 6. ﬁ_&_
a di 4
dy dy
di 7 d 7

2 dx 7 dx
—=x-2 —=2x-9
di 4 di 4
sz— Q=x+8y
dt dt

3 8.
ﬁ=x—z ﬂ——y—Zz
dt dx
%:62 %=3y+42
dt x




54

10.

%=4y—z
%=y+22
%z—x—Sy
%——7)6—3)/

3aBnanns 24. Po3B's3atu cuctemy nudepeHuiadbHuX PiBHIHb.

Y ==5y+2z+40e"

Z'=y—6z+9e ¥

x
=y —cost

dr
—y=—x+sint

dt
ﬂ=4y—z—5x+l
dx

dZ=y+2z+x—1

=—2y+z—62x

= 3y+2z+662x

d

@

d.
e
—y=5y+4z+ex
d.

x
x
x
x
d_)Zc=4y+SZ+1

6.

10.

ﬂ=2x+4y+cost
dt

dy .
—=—-x—-2y+sint
dr g
Q=2y—z+2ex
dx
£=3y—22+4ex
dx

ﬁ—x+ —cost
a7
Q=—2x—y+sint+cost
dt
ﬂ=2y+4z+cosx
dx

dz .
—=—y—2z+sinXx
dx 4
ﬁsz—3y+Ze3x
dt
—y=x+y+56_t

dt
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2. KOHTPOJIbBHA POBOTA
Psaau.
2.1 Bka3iBku 10 BUKOHAHHA KOHTPOJIbHOI po00oTH Mo TeMi «Psam»

2.1.1 3nakonogaTHI YHCJIOBI psAaH
o0
Bupas Buny  u;tu,tus+otu, +..=2u
n=1

2.1

n>»

ne u, € R, ne N Ha3uBaerbcst yuciogum psaoom. YUCHA Uy, Uy, Us,...,Uyy,...

HA3UBAIOTHCS WICHAMH psny, U, = f (n) — n-u unen (3a2anbHull 4iem)

paoy (2.1).

Cymu Si=u, Sy =uy+uy,, S, =u;+uy, +.tu, Ha3UBaIOTHCA

yacmunHuMu cymamu, a S, — 1N -0t yacmunnoio cymoro psoy (2.1). Skio

MOCJTiIOBHICTh YaCTHHHHUX CYM {S n} 30ikHa i lim S, =S, 1o psx (2.1)
n—0

Ha3MBAE€ThCS 30DKHMM, a 4YUCIO S HA3MBAETBCS CYMOIO psny. SKimio

rpanuts [im S, He icuye (abo HeckinueHa), T0 psx (2.1) HasuBaeTbCS
n—>0

po36ixcuum. SIkmio B psiai (2.1) BIAKWHYTH TEPIIi 7 WICHIB, TO OJAEPKUMO

o0
pAN U, . tU, Ht...= Zuk , SIKW{ Ha3WBAIOTh 7 - M 3AJHIIKOM PSAy i
k=n+1

no3HayarTe R, . Jlng 30ikHOCTI pany (2.1) HEoOXifHO i AOCTAaTHBO, 100
limR, =0.
n—>o0

Slkmo BCi uiNeHWM pAAy € [OJAaTHUMH, TO pPsAI HA3UBA€ETHCS
3HAKOJIOJTATHUM.

POBFHHHCNH)pHﬂHZ
e

> ag" ' =a+aq+aqg’ +..+aq"" +... (2.2)
n=1

> 1 1 1

Y —=ld—t o=+, (2.3)

o n 2 3 n
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zi=1+i+i+...+i+..., (2.4)
il na 20{ 30{ na

Pan (2.2) yrBopeHmil i3 wieHiB TreoMmeTpuyHOi mporpecii. Bin

. . a . .
30iraeTbest mpu ‘q‘ <1, ioro cyma S = " 1 po3biraerscs mpu ‘q‘ >1.

Psan (2.3) Ha3uBa€ThCA 2apMOHiuHUM psOOM, BIH PO30Iiraerncs i
S =+,

Psn (2.4) HaA3WBAETBCS V3deanbHeHUM 2APMOHIYHUM psaoom. BiH
36iraeTscst ipu @ >1 1 posdiraerses npu & <1 (nmpu a=1 maemo psn

2.3)).

3anaua 1. 3HaiiTe CyMy psy:
| I 1 1

+....

Po3p’s3anns. Ile reomerpryHa mporpecis 3 mepmuM wieHoM a=1 i

3HAMEHHUKOM ¢ = 5 CyMma n mepmux WIeHiB T€OMETPUYHOI mporpecii

JIOPiBHIOE
1 n
1-1] - n-1
a-—aq 2 (lj
S, = = =2-|—
l1-¢ 1_1 2
2

3HaiiemMo cymy psay

n-1
S=Ilm§S, = lim(2—(lj }:2.
n—»o n—> 2

3agaya 2. 3HalTH cyMy psay:

0

2

2 (n+1)n+3)
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Po3p’s3annsa. 3Haiinemo cymy S, =u; +u, +..+u,. Po3ximanemo

2 .
3arajlbHUi 4diieH psagy U, = ( ) Ha CyMy IPOCTUX JIpOOiB.

n+1)n+3

Marumemo u, = ! - ! .Tomi S, = (l_lj + (l_lj +

n+l n+3

1 1 1 1 1 1 1 1 1 1
Fl——=|+|=—= |+ 4+ —— |+ - +|—— +
(4 6) (5 7) (n—Z nj (n—l n+1j (n n+2]

+( 1 J+...:l+l+ ! + ! . Ockinexkrn  llm §, =

n+l n+3 2 3 n+2 n+3 n—w

(1 1 1 1 1 15
=lim | —+—+ + =—t+t—-=—
2 3 n+2 n+3) 2 3 6

, TO psin € 30DKHUHM 1 cyma

Heo0xinna ymoBa 30i:kHOCTi psiny

Teopema. Slxkmo psx (2.1) 36iraeTbesi, TO TPAHUL 3arajlbHOTO WICHA
JIOPIBHIOE HYJTIO, TOOTO,

limu, =0.
n—>0

BaxxnuBo migKkpecaIuTH, o I yMOBa HE € IOCTATHHOO JIIS 3015KHOCTI
pAny.
Hacnioox  (0ocmamua ymoea  po3odircnocmi pady). Sxmo

limu, #0, To psan (2.1) po36ixuuil. HapiTh koMM rpaHuULs 3arajgbHOrO
n—>»o0

4JIeHa PATY TOPIBHIOE HYJIIIO, PSI MOXKE pO30IraTCh.

3apaua 3. JocmiguTe 30DKHICTE YHCIOBOTO PSIIy 3a HEOOXiTHOIO
YMOBOIO
3

el 3 —n?+1

Po3B’s13aHHA. 3HANAEMO TPAHUITIO 3aTaJIbHOTO WICHY PAIY:
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: . 2n’ 00 . 2 2
limu, = lim ————=|—|=lim ———==%0.
n—w n-o 3p” —n° +1 0 now 4 1 1 3

3TiIHO HACIIZIKY 3 TEOPEMH P € PO3OIKHIM.

3apaua 4. JlocmiguTy 30DKHICTE YHCIOBOTO PSIIYy 3a HEOOXiTHOIO

YMOBOIO
< In (n + 1)

ol Vn+1 ‘

Po3B’s13aHHA. 3HAMAEMO TPAHUITIO 3aTaJIEHOTO WICHY PAIY:
limu, = lim M
n—»0 n n—»0 »\/m

:[3acmocyeM0 npaeuno Jlonimans :

' 1
© 1 1 . . 24n+1
In(n+1)) = slvn+tl=——| |=1 B A I L
(n(n )) n+1( " 2@] PR b n+1
2Vn+1

2
= lim
n—wo Alp+1

Otxe, psax Moke OyTH 301KHUM.

=0.

3agaua 5. JlocmiguTy 30DKHICT YHCIOBOIO PAAY 32 HEOOXITHOIO
YMOBOIO

2n—k1jn

i [2n+3

n=1

Po3B’s13aHHA. 3HANAEMO TPAHUITIO 3aTaJIbHOTO WICHY PAIY:

. o (2n+1Y' .
limu, = lim 3 :[l ]: [3acm0cyem0 opy2y 8adHCIUBY SPAHUYIO
n+

n—o n—o
—2n

2n+3 2,43

. 1Y 2n+1Y -2 Y -2\ =2
lim|1+—| =¢; =1+ =1+ -
n—w® n 2n+3 2n+3 2n+3
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—2n
2n+3 \2p43

—im | (12 =% 2 —e ' 20,
n—»m 2n+3

3amanuii ps € PO30IKHUM.
PosrnssHeMo moctaTHi 03HaKH 301KHOCTI YMCIOBUX PSIIB 3 JIOJAaTHUMH
YJICHAMH.

O3HakH NOPiBHSIHHS

Teopema (osmaxa nopisuauns). Hexal 3amaHo 1Ba psagd 3

e8] e8]
HEeBI1'€MHUMHM WicHamu: a) » u, Ta 6) » v, i ami Beix n=N
n=0 n=0

BHKOHY€ThCS HepiBHICTH u, <v,. Togi 13 30DKHOCTI psgy ©) BHILIMBAE
30KHICTD PATY a), a 13 po301KHOCTI PSAMY a) BUIUIUBAE PO3OLKHICTD PSITY
0).

Teopema (epanuuna o3Haka nopisHaAnHA). SIKINO 3a7aHO 1Ba PAIH 3

JOATHUMH WieHaMu: a) Ta 0) i icHye rpanuns lim —*-=r, 0 <r <+,
n—o Y
n
TO psAu a00 0JTHOYACHO 301kHi, a00 PO30IXKHI.
3ayBakeHHs. Ilpm mocmimpKeHHI pSAOIB 32 JOMMOMOTOIO0  O3HAK
MTOPIBHSIHHS HEOOX1HO 3HATH, K1 psaau 301XKHI 1 K1 po301KHI.
Ha mpaktuni HaifwacTime AOCHiIKyBaHI PsIM TMOPIBHIOIOTH abo 3
HECKIHYEHHO CIaJHOI0 TEOMETPUYHOIO IPOTPECIELO:

© 30IHCHULL npU |q|<l,

Z aqn—l

el PpO30idCHULL npu |q|21 ’

a0o0 3 y3araJpHEHUM TAPMOHITHUM PSIOM:
i 1 30icHul npu o > 1,
o

ael N posbidxcnul npu o <1
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> 1
3agaya 6. JlocmiguTy Ha 301KHICTE PSJT Z _
n=1 ln (l’l + 1)
) . o1 1
Poss’ssanms. Bigomo, mo 7+1>In(n+1). Toxmi < .
n+1 In (n + l)
Psan Z € po30LKHUM (OKpEeMHIl BHIMAJOK TapMOHIYHOTO PSIY)
n=1 N+
3riIHO O3HAKH HOpiBH}IHH}I 3aIaHAK PAT € PO30OIKHIM
. o & sinn
3anaua 7. locaigut Ha 301KHICT Ps z
n=1
, sinn _ 1 |
Po3p’s3anns. Bigomo, 1o 5 < —2 Z —2 30DKHHUI
n -

(y3aranpHeHH# TapMOHIUHME psx, o > 1). 3rigHO O3HAKK MOPIBHSIHHS
3aTaHUN P € 301KHAM.

3anaua 8. locmigutn Ha 36i)KHiCTL p;m
Z \/— tg

Po3p’si3anns. Bigomo, mo fgx ~x mpu x > 0(fgx~xmpux —>0)

ToMmy 3amaHuil pag MOKHA TMOPIBHATH 13 30DKHUM psiioM (y3araibHEHHN
rapMoHiYHHH psg, o > 1):

=|~

%\

©
>
=g

n
BukopucToByloun TpaHWYHY O3HAaKy TIOPiBHSHHS, 3HAXOAUMO
TPAHUIIIO
1 1
- gi
.u .3
lim 2 = lim ¥ " _150.
n—oy, noow 1 l
In n

3BijicH BUIUIHBAE, 110 3aIaHUH P TAKO

b
w

ODKHUIA.
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Osnaka /I’Anambepa

Slxmio mmst psay (2.1) 3 ToAaTHUMH WICHAMH 1CHY€ TPaHUIIST

lim Z2:L = p |
n—>0 u}’l
to Tipu D <1 psim 301kaMMA, ipu D > 1 psaa po30ikuuit, mpu D =1 nutanHs
po 301KHICTD PAAY MOTPeOy€e NOIATKOBUX JOCTIIKEHD.
3ayBaskennsa. OzHaky /[’ AnamOepa, sIK IpaBUIIO, 3aCTOCOBYIOTb, SKILO
3araibHUH 4ieH pany (2.1) MicTuTh moka3HUKOBI GYyHKLIT, a00 ¢akTopian
(1), abo obmaBa.

3anaua 9. JlochoiguTtu Ha 301KHICTD Ps
& 5"-n!

2 G

n=1

Po3p’s3anns. Cropucraemoch o3Hakoro J1” Anambepa:

T 5" (1)
"2a)” Y 2m+1))
3HaiinemMo
U, 5" (n+1)! (2n) | 5(n+1)

lim “a+1 1 - -
wor u,  nos 2n42)l 5"ont) now (2n+1)2n+2)

( B mepetBopenHi Bupasy, 10 CTOITH Il 3HAKOM lim BUKOpHUCTaH Te, 110
(n+1)=nl(n+1) i (2n+2)=C2n)!2n+1)(2n+2) ). Tak sk

D=0<1, To 3amanuii psj € 301KHAM.

O3naka Kowi (paaukasjibHa)

SAxmo ms pany (2.1) 3 [ogaTHUMHU YJIeHaMU iICHY€ TPaHULI
lim%ju, =K,
to ipu K < 1 psan 36ixkumii, npu K > 1 po36ikuuit, npu K = 1 nuraxs

npo 30DKHICT psioy 3ajHINAEThCS BIAKPUTAM 1 TOTPiOHI JOJATKOBI
JOCITIDKEHHS.
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3ayBakenns. O3naky Kot 3py4HO 3aCTOCOBYBATH, SIKIIO 3arajibHUH
YJIeH STy CKIIAJIAETHCS 3 MHOYKHHUKIB, CTEIIHb SIKUX KPATHHN 71 .

3anaua 10. Jlocmianty Ha 301KHICTE P

o0

n n
arct .
ngl ( g n+ 1)

Po3p’s3anHa.  CkopHCTaeEMOCh — paguKalbHOIO  O3Hakoro  Korri.

3HalmeMo
n
n
arctg
n+1

T . .
Tak sixk K =— <1, To 3aganwuii psia € 3061KHEM.

. n T
= lim arctg——=arctgl =—.
n+1 4

lim {/u, = lim 7
n—©

n—oo n—»o0

3ayBakeHHs. fkmo o3Haka /I’ Anambepa (panukanbHa o3Haka Kori),
nae 3uauennss D =1 (K =1), To GyBae 3py4HO mNepeBipUTH HEOOXimHY

YMOBY 301)KHOCTI psify.

3agaya 11. [focniauty Ha 301KHICTH psA

nil (n’j—lJ

Po3B’s3aHHA. 3a paguKkansHOIO 03HaKoI0 Kot MmaTumemo

n
lim 4/u, = lim ”( j = lim =1 . Ilutanas mpo 301KHICTH

n—om n—>om n+l1 n—wo pn+1
pany 3amumaerses BigkputuM ( K = 1) i moTpiGHi JOAaTKOBI TOCTI IKEHHS.

ITepeBiprMo HEOOXiTHY YMOBY 3015KHOCTI psITY:

n
n

n n _ ’(’Hl) n+l 2
limu, = lim | — | = lim || 1+— =lime "l =¢' 20
n—»o n—o\n+1 n—o

3aganuii psaa € po30iKHNM.
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InTerpanbHa o3Haka 30i’KHOCTI pAxy
Axmo ¢yHkuia f (x) > (0 HemepepBHa Ta MOHOTOHHO CIagHa Ha

HPOMIKKY [l;+oo ), TO HEBJIACHWH iHTErpan I f (x)d X 1 pan
1
if(n): F)+ £(2)+ ...+ f(n)+...omsouacko 36ikHI aGo po3GixkHi

n=1
(TyT BCl WIeHUu psny u, = f (n )) .

3ayBakeHHs. TBEpIKEHHSI CIIPaBEINBE, SIKITO BC1 YMOBU BUKOHAHI
Ha MPOMIKKY [n; + oo).

3anaua 12. Jlocmianty Ha 301KHICTE PSIT
i 1
= nin(3n)

Po3B’s3anus. Posrisiemo dyHKIi0 f (x) = —) ( B 3araIbHOMY

xIn(3x
YIeHl psaay # 3aMiHuMo Ha X ). Ll GyHKIisS 3a10BOJIbHSE BCIM yMOBaM
IHTeTpaJIbHOI O3HAKW: BOHA JOJaTHA, HEMEpepBHA 1 HE 3pOCcTae Ha
HPOMIXKKY [l;+oo) iu, = f(n);um n=1,2,....
3HaiiIeMo HEBJIACHUI iHTErpa
JL = lj dln_(3x) = l1n1n(3x = l(lnln(oo)— Inlnl)=oo.
' xIn(3x) 37 In(3x) 3 .3

Hesmacuwii iHTErpas po30iKHUN, TOMY 3aJaHUHN PST PO3OIKHMA.

3agaya 13. [locnianty Ha 301KHICTH PsA

o0

arctg’2n
21+ 40

_ arctg3 2x

Po3B’si3anns. Posrisiaemo GyHKIio f (x)— Tt ax2 ( B 3arayibHOMY
+4ax
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yiieHi psagy # 3amiHuMo Ha X ). g dyHKUis 3aq0BoNBHSIE BCIM yMOBaM
iHTerpanbHOi O3HAKW: BOHA JOJaTHA, HEMEpepBHA 1 HE 3pocTae Ha
HPOMIXKKY [l;+oo) iu, = f(n);um n=1,2,....

3HaiiieMo HEeBIaCHUH 1HTEeTpa

o0

J- arctg®2x
1+ 4x?

1% 3 1 arctg*2x i
dx =—\arctg’2x d\arctg 2x)=——S—- =
2{ g’ 2x d{arerg 2x)=— ==

1
4 4 4
1 4 4 1| (7x T 157
=—l\arctg (oo)—arctg l)J=—||=| - |—=1| |= .
8 8\ 2 4 2048
HesnacHwuii inTerpan 301KHUHA, TOMY 3a1aHIH P 301KHHH.
3ayBakeHHS. € BHIAAKH, KOIM TpH 3°SCyBaHHI THATaHHSA TIIPO
301KHICTH sy MOTPIOHO 3aCTOCOBYBATH JACKITbKA O3HAK 301KHOCTI PSIIB.

2.1.2 3HaKko3MiHHi YHCIOBI psaan

o0
Yucnoswii psin Z”n HA3WMBAETHCS 3HAKO3MIHHHM, SKIIO Cepesl Horo
n=1
YJICHIB € K BiJ’€MHI, TaK 1 JOJaTHI YJICHH.
o0
Teopema 1. 3HAKO3MIHHANA YHUCIOBHHA PsI Zun Ha3WBAETHCS
n=1
a0CONIOTHO 301KHHM, SIKIIO PsA, CKIAICHWNA 3 MOJIYJIIB HOTO YJICHIB

o0
Z|un|=|u1|+|u2|+|u3|+|u4|+...+|un|+..., 2.5) €
n=l1
301KHUM.
OkpeMHM  BHIQJAKOM  3HAKO3MIHHOTO  YHCJIIOBOTO  DSIAy €
3HAKOTICPEMIKHUH Psifl, 3HAKK WICHIB SKOTO CTPOTO YePTYIOTHCS:

o0
Ul —up +u3z —u4 +...+(—1)n_1un +..= Z(—l)n_lun ,  (2.6)
n=1
ae uy >0,n=12,...
Ileit psig OCTIKYIOTE Ha 301KHICTE 3a 03nakoro Jletibuiya.
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Teopema 2. (o3Haka JleiiOHima). SIKIIO B 3HAKOTIEPEMDKHOMY PSIi
(2.6) unenwu Taki, mo
U 2Uj4] 2Uf42 ..., 8¢ k € N, ane He 060B’a3k0BO k =1,1 (2.7)
r}glgoun =0, (2.8)
TO pax (2.6) € 301KHUM.

Psax Bumy (2.6), mo 3amoBonbHIE yMoBaM (2.7) 1 (2.8), Ha3uBa€eThCS
psinom JleiiOHina.

BpaxoByroun 11 JIBI TeOopeMH, MOXKHA 3allpOTIOHYBaTH HACTYIHY
CXeMy JOCHDKCHHS Ha 30DKHICT, 3HAKONEpeMiKHOTO psaxy (2.6):
noTpibHO cknactu psax (2.5) 3 MonmymniB wieHiB psay (2.6) 1 mocmigutu
3HaKooMaTHUI psin (2.5) Ha 30DKHICT, TO OJHIN 3 JOCTaTHIX O3HAK
301KHOCTI JJ1s1 3HAKOIOAaTHUX YHCIIOBHX PAMIB, BUKIAIEHIX BHUIIIE.

[Ipu boMy MOKE BUHUKHYTH OJTHA 13 HACTYITHUX CHUTYAIIiif:

1) Sxmo psg (2.5) 306iraerbes, To Mo TeopeMi 1 psg (2.6) 30iraeTbes

a0COIOTHO.

2) SMxmo psan (2.5) posdiraerbest 1 o3Haka JleiOHina (Teopema 2) He

BUKOHYETHCS, TO AL (2.6) po30iKHUIA.
3) SMxmo psx (2.5) po3oiraerscs 1 o3Haka JlehOHina (Teopema 2)
BHKOHYETKCS, TO psif (2.6) 30iracTbcsi yMOBHO.

3ayBakeHHs. 1) 3 po30ixkHOCTI psany ( 2.5 ) He BHIUTHBaE PO30IKHICTH
pany ( 2.6 ): psan ( 2.6 ) mpu oMy Moke OyTm a0o 30DKHHM YMOBHO
(muB. m.3 cxemH JOCHIIKEHHS), a00 PO30IKHUM (IUB. .2 Ti€l K CXEMH).
2) MokHa IOCIiHKEHHS Ha 301DKHICTD psany ( 2.6 ) MOYMHATH 3 MEPEBIpKU
o3Haka JIeiiOHima, a Mpu BUKOHAHHI 11 IepeBipsATH 301KHICTD psaxy ( 2.5 ).

3angauya 14. Jlocnigutu Ha 301KHICTB PsiJT

71

5

3 .
a1 n—n+2

Po3p’s3anns. CxiaageMo psif 3 a0CONFOTHUX BEJIMYWH WICHIB 3aJaHOTO

pany

o0

——— (*)

w1 B —n+2
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0
[opiBasiemo psin ( * ) i3 30LKHUM psSAOM Z ? (y3arajabHEeHUHA
n=1

rapMOHIYHHER psp, o > 1). 3rigHo o3HAKK HMOPIBHAHHS psax ( * ) TAaKOXK €
30ikHUM. Toxi 3a Teopemoro 1 3amaHuii psj € a0COTOTHO 301KHIM.

3angaua 15. JlocniguTu Ha 301KHICTh psJ
e (_ l)n
o2 nInn
Po3p’s3anns. CxiageMo psijl 3 MOAYIIIB WICHIB 3aIaHOTO PSAY
& 1
=2 nlnn

HocmimkyeMo #oro Ha 30DKHICTP 3a IHTETPaIbHOIO O3HAKOIO

. . . 1 .
30ixkHOCTI. DyHKIsS | (x) = ——j . 3HaiiiIeMo HeBIacCHUM 1HTerpa
x

ln(x

[—2 jdln =2«/ln(x)‘ = 2({In(e) ~VIn2 )=
x\/ln > JIn(x) X
HepmacHmii iHTErpanm po3ODKHUN, TOMY DS CKIAIEHUH 3 MOIYIIB TEXK
PpO30iKHUH.
[lepeBipumo o3Haky JleiOHina. 3HalieMO TpPaHUIO 3arajibHOTO
4lleHy U, 3a/laHOTO psAy:

. . 1
limu, = lim ——=0.
n—»o n—o pallnn
Maemo BUNIAOK, OMMCaHWK B M.3 cxemH AoclimkeHHs. [lepeBipumo, um
Oyne 3amanuii psin pspom JleiiOnina. 3agaHuiil psii — 3HAKOIIEPEMIXKHUH,
3arajJbHAN YIEH HOTo IPSIMYE 10 Hynﬂ Kpim Toro, Bukonana ymona (2.7).
1 1 1

22 3m3 n«/lnn+ n+1 In(n +1)

>

Bci ymoBu o3Haku JletiOHiia BUKOHAHO. 3aaHui Pl € YMOBHO 301KHHM.
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3anmaua 16. Jlocniautu Ha 301KHICTE P
o8]
.
> (=1)'n!sin—.
2/‘[
n=1
Po3p’s3anns. CkiazeMo psiat 3 aOCOMOTHUX BETHUYMH YICHIB 33]]aHOTO
pany

i .
D, nlsin—.
n=1 2
3acTOCOBYIOUH JI0 IILOTO PSIy 03HAKY J[” Anmambepa, MaTIMeMO:
. T V4
(n+1)!sm— nl(n+1)-
X u I X n+l . 2n+1
lim— = lim = lim =00,
n—w 1y n—m . T n—»0 T
n n!SHIE; nLE?;

Psan ckmamenmii 3 MomyniB po30ikHUN. Tak sk TpaHHUI 32 O3HAKOIO
JI’Anambepa He iCHye, TO BUIUIUBAE, MO U, > U, And VhnelN , Tomy
JUIS 331aHOTO PALY:

limu, #0.
n—x0

Oznaka JleiOHima (Teopema 2) HE BHKOHYETHCS, TOMY 3aJaHHHA PIX
PO301KHMIA.

2.1.3 CteneHeBi psiau

DYHKIIOHAJILHUM PSIJIOM Ha3UBAETHCS PSIIT BUIY
o0
Zfn(x)zfo(x)+fl(x)+...+fn(x)+.... (2.9)
n=0
ne GpyHKIii fl (x) BU3HAYEHI Ha NesaKiii MHOXUHI [ ailicHOT Bici.

MuoxuHa TOYOK obOmacti D, B skiii psag (2.9) 30iraerscs,
HA3WBAETHCSA 00JIACTIO HOro 30DKHOCTI. SIKIMO B3SITHM MOBUIBHY TOYKY

Xy €D 1posrnsHyTu B Hii pax (2.9), To MATUMEMO YUCIOBUM PSII:
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ifn(xo)zfo(xo)+fl(xo)+...+fn(x0)+...., KU Moxe OyTH sK

n=0
30DKHUM, Tak i po30ikKHMM. MHOXHWHa BCiX TOYOK, B skux psg (2.9)
30iraeThbcs, HA3UBAETHCA 001aCTIO 301KHOCTI (DYHKITIOHAIBHOTO PSY.

OKpeMHUM BHITaIKOM (DYHKIIIOHAJILHOTO PSIY € CHeneHesuil psio:
o8]

D a,(x—x)" =a +a1(x—x0)+ az(x—x0)2+...+an(x—xn)" +...(2.10)
n=0

ne ay, a;, a,,... — AilcHi uncna (koediunientn psany). Ipu x, =0 matumemo
pix Y a,x", skuil € wacTkoBuM BumagkoM psgy (2.10). OGmactb

30KHOCTI cTermeHeBoro psamy (2.10) 3aBxan € iHTepBand MOBKUHOK 2R 3
LIEHTPOM B Toulll X, . B KOXHII BHYTpIIIHIM TOYIl I[OTrO 1HTEpBAIy P
(2.10) € 30ixHMM a0OCOMIOTHO, a B TOYKAax, IO JIGKATh 32 HUM, PSJ €
po36ixuuM. IHTepBan 36ixHOCTI paay (2.10) Mae U (xo - R; x5+ R).
Yucno R Ha3MBaeThCs paaiycoM 30DKHOCTI CTEIICHEBOTO psAYy.
Pagiyc 301KHOCTI CTETIEHEBOTO PSAY MOKHA 3HAWTH 32 OJHI€I0 3 POPMYIL:

. 1
R = lim abo R=—— (2.11)
n-ola, 4 lim 7 an|
n—>0

MIPH YMOBI, III0 TPaHMUIII iICHYIOTb.
Ha kiHmsx iHTepBanmy 30DKHOCTI (TOOTO Tpm X =X, —R Ta mpm
X=Xy,+R) muraHs npo 30DKHICTD YM PO3ODKHICTE MAHOTO pAXY

PO3TIIAIAETHCS OKPEMO.
CreneHeBHil psx MOKHA TIOWICHHO TU(GEPESHITIIOBATH a00 IHTETPyBaTH
BCepeanHi Horo iHTepBaty 301KHOCTI.

3agaya 17. 3naiiTu 0071aCcTh 301)KHOCTI CTEIIEHEBOTO PSITY:

¢ o1

= (2n+1)3"
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1
Po3p’s3anna. Maemo: x,=1, a,=-——<—. 3Haiinemo paxiyc
(2n+1)3"

301KHOCTI psaay 1o oaHiit 3 hopmyn (2.11):
b

. . " . 3(2n+3

R=lim[-22|= hmmz hmwz&
n—>0 al1+1 n—>ow 1 n—o 2]’1 +1
(2n+3)-3""!

Psi 36iraeThest aOCOTIOTHO B iHTEPBAIIi:

x-1<3 = -3<x-1<3; -2<x<4.
3’scyeMo 30DKHICTD psAAy Ha KIiHIAX iHTepBany 30DbKHOCTI: X =-2 i
x=4.

a) x =—2.Maewmo psx:
g2 ¢ (3 ¢ Gy g G
Sn+1)3" S n+1)3" S @n+1)3" Z(2n+1)
OTpumanu 3HaKomepeMiKHUU psin. Psn, cknageHuil 3 MOAyIiB 4ICHIB
w1
OBOTO DAY, Ma€ BHUIISII: HZ=:1 a1
TPaHUYHOIO O3HAKOW NOpiBHAHHA. [lopiBHSEMO #Oro 3 TapMOHIYHHM
1

. 3’scyemo Horo 30DKHICTH 3a

N o . 2n+1
psAIOM z — . BHaiizemo lim —— = lim =2 . PoOumMO BHCHOBOK,
el n n—>0 1 n—»o n
2n+1
o0
o psx z —— po30ixkuuA. Bci ymMoBu o3Hakm JleitOHia BHKOHAHO.

n=1

Psan Z 2(n+) € YMOBHO 301KHHIA.

6) x =4 . Maemo ps:
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e ) e 1 )
Z p Z e Z . Ile 3HakomomaTHHIt
Zen+1)3t o (2n+1)3 “2n+1
YUCIOBHH psifl. BiH po30ikHMi ( TOCTIHDKEHNN B 11. Q) ).
Omxke, 001acTIO 301KHOCTI 33J]aHOTO CTETMEHEBOTo psiay € —2< X < 4.

3angaya 18. 3HaliTi 061aCTh 301KHOCTI CTEIICHEBOTO PSY:
n

ix_

n=1 (l’l + l)n
1
Pos3p’s3anna. Maemo: x,=0, a,=-———. 3Haiinemo pazuiyc
(n + l)"
301KHOCTI p;my o oxHik 3 hopmyn (2.11):
1 .
= lim (n+1)=o0
hm a,| i 1 n—>o
n—>o0 1m »
n—>00 (n + 1)

Ob6nacTp 301KHOCTI 3aJaHOTO CTETIEHEBOTO PSAY: —00< X < 00,

3anaua 19. 3HaiiT 067aCTh 301’KHOCTI CTEIICHEBOTO PSIY:
i nl(x+1)"
n=1
Posw’s3annsa. Maemo: x,=—1, a, = n!. 3naiinemo paniyc 301xHOCTI
psxy mo oxHii 3 popmyn (2.11):
n! . n! 1

a
R=1 =1 =lim———=1lim-——=0.
buve la,_| s (n+1)! s nl(n+1) e (n+1) =0

O6acTb 301KHOCTI 33JaHOTO CTEMIEHEBOTO psidAy: X = —1.

3anmaua 20. 3HaiiTH 0677aCTH 301’KHOCTI CTEIIEHEBOTO PSY:
o0 n
4 .

> x

n=0 7’12+1
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4"
Posp’s3anna. Maemo: x,=0, a,= 2.1 3HaiimemMo pamniyc

n-+

301KHOCTI psaay 1o oaHiit 3 hopmymn (2.11):
4"
. a : 2 o ont+2n+2 1
R:hmﬁ:hmn—:lzlmn 2" ==,
n—>o |a,1_1| nso 4" n>o  4\n~+1) 4

(n+1) +1

Psix 36iraeThest aOCOTIOTHO B iHTEPBAIII:

1 1 1
[x|<= = ——<x<-.

4 4 4

3 ACYEMO 361)KH1CTB p4AAy Ha KIHIOAX 1HTCpBALY 361)KHOCT1: X=—1
1

X =—.
4

1
a) x = —Z. Maemo psin:

§ ()5 ey s G

el S U R ) T A

Otpumanu 3HakorepeMikuuii psa. CKiagaeMo psia 3 MOMAYJIB WIEHIB
0

aporo psany, SAKUU Ma€ BUTISAO:. z 3 .
n=1 N +1

e y3arampHeHuUi

. . . & (-1)
rapmoniyauii psag (a >1). Bin e 36ikauM. Tomy psn Z (2 )l
n=1 1"+

€

a0COIMIOTHO 301KHHUM.
1
0) x =— . Maemo ps:
4
i 4" [ 1 j & 4" 2 1
n=1 n2+1 4 n=1 (I’l2+1)4n n=1 n2+1
e 3nakonoaaTHuil uncinoBui psaa. Bin 30ikHuU ( JOCHTIHKEHAN B 11. a) ).
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Orxe, o0nacTio 30DKHOCTI 3aJaHOTO CTEIICHEBOTO PNy €

—léxél.

4 4
Poskinananns ¢pynkniii B psg Teisiopa

Sxmo dbyskmis [ (x) BU3HAYEHA B JESKOMY OKOJI TOUKH X, 1 B caMmii

TOYL X, Ma€ MOXiJHI BCIX MOPSJIKIB, TO BOHA MOXe OyTH IpeJcTaBlIeHa
dopmynorw Tetinopa:

1) £ o) £ o No—sg)s L0 (g P L)yt

2! (n-1) "
ze )( xo) — sammmkosmii wien dopmyrn Teiimopa,
&=x, +9( X ), 0<O<1.

Psn z )(x Xy )” Ha3uBaIoOTh psifoM Teitnopa. [ Toro mo0 psix

n!

Teitnopa 36iraBes 10 GyHKIHT f (x) B IHTEpBaJIi (xo -R;xy+R ) , TOOTO

F(x)=flxg)+ £ Nr =)+ M(x—xo)”Jr...:

n!

HEOOXiZHO 1 JOCTaTHBO, MO0 B LBOMY iHTEepBasi (YHKLiS Maja MOXiAHi
BCIX NOPAJKIB 1 3anumkoBuil wien gopmynu Teinopa R, — 0npu n —> o

IS BCIX xe(xo - R; x, +R).
SAxmo x, =0, To psax Teitnopa Ha3zuBawTh psoom Maknopena 1 Toal

f(x)zf(0)+f'(0)x+%(!0)x2+...+mx” +...= i L(O)x”.

! !
n! noo 1!
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ChnpaBemiuBi  Taki pPO3KIAAM CIEMEHTApHUX (YHKIIH B psa
Maknopena:

2 3
L. ex=1+x+x—+x—+...+£+... XeR
21 3l n!
3 5 2n+l1
2. sinx:x—x—+x—+...+(—l)" al + ... xeR
35 (2n+1)
2 4 2
3. cosx=1—x—+x—+...+(—1)”i+... XeR
21 4 (2n)!
3 5 2n+l1
4. Shx =X+ttt + ... XeR
3 s (2n+1)
2 4 2n
S.chx=1+2+2 4.+ 4. XeR
20 A (2n)!
2 3 n
6. 1n(1+x)=x—%+%—...+(—l)”_1x—+... -1<x<1
n
x3 xS ; x2n+l
- (= <
7. arctgx =x 3 + s ot (=1) 2n+1+... |x|_1
8. (1+x)* =1+gx+@x2 +ot a(a_l)"'(?_(n_l))x” +.,
: n:
aeR, x|<1
YIS W S |x|<1
1-x
10. %zl—x+x2+...+(—1)"x"+... |x|<1
+x
11. 1 1)2 =17 2x+3x% F4x’ +5x* ... |x|<1
tx

o6 poskmactu GyHKLiIO f (x) B pan Teiinopa B okoIi TOYKH X,

HeoOXimHO: 1) CKIAcTH BHpPa3H TOXiJHUX YCiX MOPSAAKIB f '(x), f ”(x),

f'"(x),..., f(n)(x) Ta OOYUCIIUTH iX 3HAYEHHS f(xo),f'(xo), f"(xo),
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(o) s f (")(xo) B TOYLi X,; 2) HanucaTd (OPMAIbHO BiMOBIIHMIA
psan Tetimopa; 3) ckiacTH BUpa3 3aJIUIIKOBOTO WICHA Rn(x) hopmyiu

Tetinopa manoi (QyHKIII Ta 3HAWTH CYKYNMHICTh 3HAYCHb X , MPH SKUX

BUKOHYyeThCst ymoBa lim R, =0, To6TO 3HaiiTh o6macts, y sKii
n—»0

Hancanuid psg Teimopa 36iraeTtecs came 1m0 (QyHKINT f (x) Ornrcana

MOCHIIOBHICTh Jil HA3MBA€ETHCSI CIOCOOOM 0€3M0CepeTHROTO PO3KIaJaHHs
(YHKIT B CTEIIEHEBUH s,

OpHak Ha MPaAKTHII B IEPEBaXKHINA O1IBIIOCTI BUITAIKIB KOPUCTYIOTHCS
IHIIUMHU CIIOCO0aMU PO3BMHEHHS, IO IependayaroTh BHKOPHUCTAHHS Tak
3BaHMX HAWMPOCTININX PO3BUHEHb, TOTOXXHUX IIEPETBOPEHb 3aJaHOT
GyHKIIT 1 pI3HOMAHITHMX IITYYHHX MPUAOMIB, TaK SK IEpeBaKHA
OimpIIicTh (YHKLIN, IO 3yCTPIYAlOThCS y NPAKTHYHHUX 3aCTOCYBaHHIX
MaTeMaTHYHOTO aHaji3y, MOJAETHCS BIAMOBIAHUM pagoM Teiinopa B yciit
o0macti 301KHOCTI 1boro psmy. Omke, m00 PO3BUHYTH (YHKIIIO B PsI
Teiinopa B OKoxi AEAKOI TOYKH, HEOOXiTHO JIMIIEC HamucaTtdu Led paj Ta
3HAWTH HOT0 001aCTh 301)KHOCTI SIK 3BUYAHOTO CTEIICHEBOTO PSIITY.

3anaua 21. Posknactu B psin Teitnopa GyHkmito [ (x) = x? ln(l + xz)
3a CTEIEHAMH X .
Po3p’sa3anns. Tak sk

2 3 n
In(l+x)=x— 41y |x|<1,

2 3 n

TO 3aMiHUMO B LIl popMyni x Ha x? , MaTUMEMO:
6 2
1n(l+x2)=x2—7+?—...+(—1)” 174‘... |X|<l.
Toni
68 2n+2

len(1+x2):x4—?+?—...+(—1)" .. |x|<1.

3agaua 22. Posknactu B psix Teitopa ¢yukimito f (x) = 3a

x+3
CTENEHAMH : a) X, 0) (x —1).
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1
Posp’sizanns. a) IleperBopumo (yHKIito f (x): 3 Tak, 1mo0
X+

MO3KHa OYyII0 3aCTOCYBaTH (hOPMYITY:

1
——=l+x+x X = X
I-x n=0

1 1 1

1 & ) & n X
M =— =—- E —— | = E -1y . —.
aeMo x+3 3 1_(_xj 3 n=0 ( 3) n=0 ( ) 3n+1

3
O6nacTh 301KHOCTI: @ <l = | X | <3.

. 1
6) IleperBopuMmo ¢yHKIIO [ (x) = 3 Tak, mo0 MoOKHa OyJIo TIpHu
X+
PO3KIamaHHi ii B psia B OKOJI TOYKK X = 1 BHKOpHCTATH pO3KiIaz HyHKIIi

— . Hexaii = z
l1-x x+3 1-n(x-1)

, tomi 1—n(x—1)=m(x+3).

1
Busnaunmo 3Biacu m i n.Ilpu x =1 maemo 1=4m = m = 1 [pu

1 1 1 1
x=-3 maemo 1+4n=0 = n=——.0rxe, =— .
x+3 4 I_X—l
-4
3aMiHUMO B po3Kiiaai QyHKIIT
1 0
=l+x+x" +o+x" =D X |x|<1
1-x n=0
x—1
X uepe3 , MAaTUMEMO




<1,

o . X .
Ieit po3kian Mae Mmiciie, SIKIIO X — 1‘ < 4 . 3Bincu

—4<x—-1<4, orxe, —3<x<5.

Hao6anxeHi 00UHCIeHHS 32 I0MIOMOI0I0 CTeNeHEBUX PSAiB
1) Habauoicene obyucienus snauens Qynxyii

st o0urcieHHs HaOMMKEeHOro 3HaYeHHsT QyHKLii [ (x) B ii po3kuiazi

B CTCNCHEBUU psAM 30epiraloThCsl TEpII # WICHIB, a OCTaHHI YICHH
BIAKHUIAIOTHCA. ISl OLIHKH IMOXWOKM 3HAMICHOTO0 HAOIMKEHOTO0 3HAYCHHS
NOTPiOHO OLHWUTH CyMy BIIKMHYTHX WiCHIB. SIKIIO psii 3HAKOJOAATHHM,
TO DPSJl CKIAICHWN 3 BIIKUHYTUX 4ICHIB, MOPIBHIOKOTh 3 HECKIHYCHHO
CIIATHOI0 TEOMETPHUYHOIO TIporpeciero. SIKMIO psii 3HAKO3MIHHUN, YICHH
SIKOTO 33JIOBOJIHSIOTh O3HaKy JIeiOHima, TO BHUKOPHUCTOBYIOTH OIIIHKY

|Rn (X)| < |un+1

, € U, — TEpIINi 3 BIIKUHYTUX YICHIB psLy.

3agaua 23. O0unciutu /1,004 3 Tounictio g0 0,00001.

Po3p’si3anHs. BukopucroByroun Gopmymy (8).:

ey =ta Myt o = Delnmne)
' n:

Tyt m=i,x=0,004. Tomi

" 2
1,004 =1+ 0’(;04 +2 22' (0,004)° +...=1+0,002 —(0’(2)&4) +

3ayBaKMMO, IO 3HAaKH OJACPKAHOTO psIy, MOYHUHAIOYM 13 JIPYroro,
qepryioThess. OOMEXHUBIITUCH CYMOIO TIEPIINX JBOX WICHIB, OACPKUMO

/1,004 =1,002.
OriHf0I049N a0CONMIOTHY IMTOXHOKY, MAaEMO

2
A< (0.004)° _ 0,000002 .
214

OT)KC, 3HAYCHHA KOPCHA 3Haﬁ,[[eH0 3 BKa3aHOIO TOYHICTIO.
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3apaua 24. O6uyuciIuTH HaOIMKEHO %@ 3 TouHicTio 10 107,
Po3p’si3auns. Uncno 9 3amumemMo Tak:

2

1
9=2"+1=2°1+ 1 =2’ 1+é ; %:Z(H% *
1 1

BuxopuctoByroun Qopmyny (8), e x:§, mz;, MaTHUMEMO

3HAKOTIEPEMIKHHM PsiI, 110 3a0BOJIBHSE 03HAKY JIehOHia:
1

3\/5221-1-%3=21+ L2 125

11
——— + +...
38 3%2.213%2 3%.31.83

1 1

=2+ ———+..
12 288

y 1-2. -3
Tak sk 4eTBEpTHH WICH psLy 33— <107, a noxubKka He MepPEeBHUIIYE

21.8°
MO,Z[y'J'Iﬂ r[epmoro 3 Bi,Z[KI/IHYTI/IX ‘-IJ'IeHiB, TO 06Me)Ky€MOCB HepH_II/IMI/I
TpEOMA YICHAMH PALY.

Omxe, /9 =2 +0,0833 - 0,0035=2,0798 = 2,080 .
2) Habnuoicene 004UCIeHHS BUSHAYEHUX IHMe2Palie

IHomi mpu po3B’si3aHHI MEBHUX 3amau OyBae 3pydYHO MOJAaBaTH
IHTEerpan y BHIIAII CTENEHEBOTO psily. B meprny depry me cTocyerbes
BHITAJIKIB, KOJIM TIEPBICHA HE BHPAXKAETHCS Y CKIHUCHHOMY BHTIIAAI (Y
TaKMX BHIAJKaX TOBOPATb, WLIO iHTerpan “He OepeTbesa’), ane
migiHTerpaigbHa (GYHKLIS MOke OyTH po3kiajeHa B creneHeBui psaa. Toai
el psiI IHTETPYIOTh IMOWICHHO Ha JESKOMY IIPOMDKKY BCEepeauHi 00macTi
30ikHOCTI. L{elt mpoMikoK — JOBIIBHMIA, SKIO 1HTETpad HEBU3HAYCHUH, 1
3aJaHMi, SKIIO iHTerpal BH3HAYeHWH. B mepmomy BuUDanky Imicus
3actocyBanHsa ¢dopmynu Hprorona-JIeiibHina oTpuMaeMoO HEBHU3HAYCHUI
IHTEerpan y BUTIISAL CTENICHEBOTO PSNY, a y JPYroMy BHIAJIKy — TOYHE
3HA4YCHHS BU3HAYEHOTO IHTErpaja SIK CyMy 4YMCIOBOTO psnmy. IloxuOky
00YNrCIIeHb BU3HAYAIOTH TaK CaMo, SIK 1 TPH OOYHCIICHH] 3HaYeHb (DYHKITIH.

3ayBakeHHS. SIKIIO MPOMIDKOK IHTETpYBaHHS y BHUIIAAKY BH3HAYCHOTO
iHTerpaia MOBHICTIO a00 YaCTKOBO PO3TAIIOBaHMH M03a 06JacTi 301KHOCTI
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CTEIIEHEBOTO PSAAY, IO MOAAE MiMIHTErPabHy (YHKITII0, TO 3aCTOCYBAHHS

IIHOTO CIOCO0Y Ty’Ke YCKIaTHEeHE, a00 B3arajli HEMOXKITUBE.
1

4
3agaua 25. O6uucauru 3 Tounictio 1o 0,001 inrerpan Je_xzdx )
0
Po3p’s3anHs. Po3kiaaneMo migiHTerpaibHy QYHKIIIO B PSI;
4
e =1-x° +%—..., MiCTaBUMO IIeH BUpa3 3aMiCTh MiTiHTETPaIbHOI

¢yskuii. Matumemo

=

O ey N [ —
ml
=
[\S}
QU
=
Il
O ey N [ —
7\
f—
|
=
[\
+
| =
|
;:/
U
=
Il
7\
=
|
| .,
+
l\)‘km
()]
|
N
Il

D D S S
4 4.3 4.2.5

... JlicTamu ps neitOHIIeBOTO THITY.

Ockimekn @ = i =0,24>0,001; a, = 431 3 =0,0052 > 0,001; tperiii
WICH PALY s :ﬁ =0,000098 < 0,001, 1o 3 Tounictio mo 0,001
MaeMo:

1

4 _2 1 1

Je T dxx a1 73 =0,25000—0,00521=0,24479 = 0,2448 .

o .

3) Habnuoicene inmeepysanms oupepenyianoHux pieHsHb

Jns HaOMWKEHOro IHTErpyBaHHA MOXKHA CKOPUCTATHUCH PSIOM
Tetinopa. PosrmsiHeMO 3a7ady 3HAXOKEHHS YaCTHHHOTO PO3B’S3KY y(x)

piBustaEs Y’ = f (x, y), AKUH 3a/I0BOJIBHSE IOYAaTKOBY YMOBY y(xo)z Vo -
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IMpumycTumo, 1m0 IIyKaHUH PO3B 30K PIBHAHHA B OKOJII TOUKH X, MOYKHA

PO3KIIACTH B PSII:

y(n)(xo)

' (x—x,)' +...
n!

()= p(xg )+ ¥ )(x =20 )+ x=x Vot

y"(xo)(
2!
Tpe6a suaiitn 1(x, ), ¥'(x;), ¥"(xg)s.... 3uavenns y(x,)= y, 3amano
II0YaTKOBOIO YMOBOIO. 3HAUCHHS y'(xo) 3HalEeMO 3 3a[JaHOTO PIBHSHHS,
MOKJABIIM B HBOMY X=X,, V=),. 3HaueHHA y”(xo) 3HaXOIUMO
IU(EPEeHIlIIOBAHHAM 3alaHOTO PIBHSHHA, MOKIABIIM B HBOMY X=X,
Y=Yy, V= y'(xo) i T.0. ( KUIBKICTh WIEHIB PO3KJIAAy B PsA PO3B’SI3KY

JIudepeHIIiaTbHOIO PIBHSIHHS 3aa€ThCS YMOBOIO 3a1a4i ).
Leit cnocid TakoX 3aCTOCOBYIOTh, KONMM TpeOa 3HANTH HaOJIMKEHUH
YaCTUHHUHN PO3B'SI30K AH(epeHLiaIbHOTO PiBHSHHS OYAb-5IKOTO HOPSIIKY:

y(n) — f(X, ¥, yr’ yu’“., y(n—l))
3 IOYaTKOBMMHU YMOBaMU

J’(xo) =Yo» y'(xo) = V10> J’”(xo) = Y205+ y(nfl)(xo) =Yu1,0-

3ayBakenHs. DopMmyiy 3arajJbHOTO WICHY psaAy 3HANTH BIAETHCA
JTAJICKO HE 3aBXIM, OTXKE, H TOCHIIUTH Ps HA 301KHICTD TEK HE BIAETHCS.
OpmHak 3 3arajbHOI Teopil BiOMO, IO 3HAWICHE PO3BUHECHHSI CIIPaBETHBE

B JICIKOMY OKOJI TOYKH X, . PO3risHyTHii croci® 3aCTOCOBHHI TaKoOX y

BUNAJIKy, KOJIM Tpeba 3HAWTH 3arajlbHUN PO3B’SI30K IU(EPEHILIATHHOTO
PIBHSHHSA, SIKIIO TOYATKOBI YMOBH PO3IJISIATH SK JOBUIbHI CTAI.

3apauya 26. 3HaWTH YOTHPH TMepmuX (BIIMIHHHUX BiJ HYJIS) YiICHH
pO3KIaay B CTENCHEBUHM pPSAA PO3B 3Ky TUGEPEHIANBHOTO PiBHSIHHS

Y =x?+ y?, akmo y(l)zl )
Po3r’s3anns. [llykaemo po3B’s30k y(x) 3amanoro JIP y Burmsmi psmy
Teitnopa:
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" 1 (}’l) 1 .
)= (1) + (1) -1)+ yz(' ) D L T
! n!

YMOBOIO y(l):l . 3 3aJaHOTO PiBHIHHS 3HAXOMMO, 1110 y'(l) =1+1=2.
IMocnigoBHo nudepeHnioun 3agane JP, 3HaxoauMo 3HaYCHHS MOXITHUX
npu x=1:

V' =2x+2y, y'(1)=2+2-1.2=6,

Y =242y 42" y"(0)=2+2-2"+2-1.6=22.

3a yMOBOIO 3aJaui psii Mae YOTHPH YICHH, BiAMiHHI Bl Hyns. Takum
YHHOM, YaCTHHHHUHN PO3B 530K PiBHSHHS Oy/e

y(x)z1+2(x—l)+%(x—l)2 +%(x—1)3 +..=—1+2x+3(x-1) +%(x—1)3

3anaua 27. 3HaliTH TpU MepIux (BIAMIHHAX B HyJIS) YWICHH PO3KIIaTy
B CTCIICHEBUH sl PO3B’A3KY AM(EPEHIIATILHOTO PIBHAHHSI

y"—=2xy"—y =0, wo 3a10BONBHSE YMOBAM y(O) =0, y'(O) =1.

Po3p’sa3anns. lllykaemo po3B’s30k y(x) 3aganoro JAP y Burmsani pany

Maxnopena:  y(x)=y(0)+ y'(0)x +%x2 +o.+——=x"+.. 3a
YMOBOIO y(0)= 0, y'(O) =1. 3 piBHSHHA 3HAXOIMMO y”(O) =0.
Bammmemo 3amane JIP y Bunmmi:  y"=2xy'+y. TlocnimosHo
IUQEepeHLII0I0YN OTPUMaHe PiBHIHHS, 3HAXOAUMO 3HaYCHHS MMOX1JHUX MIPH
x=0:

Y"'=2y"+2xp"+y =3y +2x)" y"(0)=3,

y(4) — 3ylr + 2yr/ + 2xym — Syll + 2xy” y(4)(0 =0 ,

4
(5) — Sym + 2ym + 2xy(4) — 7ym + 2xy( ) y(s)(o) =3.7.
3a yMOBOIO 3ajadi psi Mae TPU WIEHH, BiAMiHHI Bif Hyns. Takum
YHHOM, YaCTHHHUH PO3B SI30K PiBHSAHHA Oyze

y

3
y(x)= R AU S AE S A
3! 5! 2 40
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2.1.4 Pagu ®yp'e

Pang ®yp'e nasa 2 7 - nepioauuHoi pyHKirii

Psimom @yp'e dyHKIGi f (x) , Ka € IePioIUYHOI0 3 TepioaoM 2 77 , Ha

BiZpi3Ky [—72' ,+ 72'] HAa3MBA€THCS TPUTOHOMETPUYHUH PSIIL:

f(x):%+2(an cosnx + b, sin nx), (2.12)
n=l1

ne ag,a,,b, HazmBarothes koedimientamun Pyp'e 1 BH3HAUAOTBCSA 3a

dhopmymnamu:
175 1% 1%

ag=— If(x)dx, a, =— If(x)cosnxdx, b,=— If(x)sinnxdx ,
2 T, T,

n=1,23..

Hexaii ¢yukuis [ (x) , SKa BH3HAueHa I XE (— 00, + oo) , Mae
nepion 27 i po3BuneHa B psn (2.12) Ha [—7[,+ 7[]. Toni ue po3BUHEHHS
30epirae cuimy i ycix Xe€ (— o0, + oo), OCKUTBKU (DYHKIIIT 3 IIOTO PSIY
sin 7x, cos nx BusHaueHi s Beix X € (—00,+00). Sxmo yrxuis f(x)
BM3HAYCHA HA BIIPI3KY [—72',+ 72'], TO ii MOXXHa JOBU3HAYUTU Ha BCIO
YHCIIOBY BiCh, 30epirarouu ii mepiognvHICTb.

JocTtaTHi yMOBH PO3BHHEHHS 2 77 - miepioanyHoi GyHKil B psg Dyp'e
BH3HAYAIOTELCS TeopeMoro Jlipixie.

Teopema. SIxuio nepioanyna GyHKILs 3 MepiooM 277 Ha BiAPi3Ky

[—72',+ 7[] HerepepBHa a00 Mae CKIHYCHE YHUCII0 PO3PHBIB MEPIIOTO PO, i
SIKIIO BiJPi30K [—7[,+ 7[] MOJKHa PO30UTH HA CKIHYCHE YHCIIO BiJpi3KiB
TaK, M0 BCEPEIUHI KOXKHOTO 3 HHUX f (x) MOHOTOHHA, TO psax Dyp'e,

cknaneHuii it QyHKmii  f (x), 30iraeTbcs IS BCiX 3Ha4YeHb X . [Ipu
IILOMY CyMa OJAEP)KaHOTO PsAy IOPIBHIOE 3HAYCHHIO (YHKIII B TOUYKax
HernepepBHOCTI (QyHKI. B Toukax pospuBy ¢yHKmii f (x) cyma psmy
JIOPIBHIOE CEPEAHBOMY apu(pPMETUIHOMY TPaHUIlb 3JTiBa 1 CIIpaBa.
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3agauya 28. Poszknactu B pan dyp'e ¢$yHKLI0

( ) -3, —7<x<0 , 5 , ]

flx)= { 5. 0<x<x 3 mepiogoM 27, 3aJaHy Ha iHTepBali
—T<x<T.

Po3p’s3anns. ['padik ganoi pyHkuii Mae BUTISL:

by

Aad ]
o

T
-3

Fo=frmmm -
B -
=
W
a
b

é
2n 3

Bamana QyHkimis f (x) 33JI0BOJIbHSIE YMOBaM TEOPEMH PO PO3KIAA B Pl

dyp'e. O6umcmoemo koedirientu Oyp'e hyHkii f (x) :

1z 1 0 T 1 V4
ag ZZ_-[,f(x)dx ZZ( j (=3)dx + '([deJ =;(_ 3x|(jir + 5x|0 ):

-

=l(—37z+57z)=2;
V4

V4 0 V4
a, = 1 I f(x)cos nxdx = l[ I (— 3)cos nxdx + IS cos nxdx) =
Vs

72-*72' 0

:l(—ésinnx Jz 0;
7| n 0
j

., ! ]Ef(x)sinnxdx:l(
7

-
0

5.
+—sinnx
n

-

S
I
|

(— 3)Sin nxdx + ISsin nxde =
T

- - 0
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0 T
:l[icosnx —écosnx J:i(3—3cos7zn—5coszzn+5):
7T\ n on . =
16
=i(1—COS7Tn)=i(1_(_1)n): E, 7’l=2k—l,‘
n j N

IlincraBuBmm 3HaimeHi koedimieHTn B (2.12), mictanemo psag Dyp'e

3a1aHol QyHKIIT:

f(x):1+5§ sin (2k —1)x.

T (=1 2k -1
CyMa 1pOrO psAy IOpiBHIOE 3HA4YeHHIO (YHKIII B OyAb-SIKid TOYII
HemepepBHOCTI Hiel GpyHKIil. B Toukax po3puBy X = imr(n =0,1, 2,3...)
-345

cymMa psay JOpPiBHIOE I, TOOTO MOpIBHIOE CEPEAHBOMY

apuMeTHYHOMY 3HaueHb AaHol (YHKIII 37iBa 1 chopaBa BiJf TOYKH
pO3pHBY.

Psagu ®yp'e 119 napHuX i HemapHux 2 77 - mepioAuYHuX (PyHKIii

Slkmo dymkuis  f(x) — mapua ma Bizpisky L—ﬂ34-ﬂ]’ TO6TO
f(— X) = f(x), TO pan Dyp'e Mae BUTIISA

fx)= a—2° + i a, cos nx, 2.13)
n=1
2% 2%
1e a =—jf(x)dx, a, :—Jf(x)cosnxdx, b, =0, (n=1,2,3..).
o o
Skmo ¢ynkmis [ (x) — HemapHa Ha BIIPI3Ky [—72',+ 72'], TOOTO

f(— x) = —f(x), TO psix Dyp'e Mae BUTIIA

f(x) = i b,sinnx, (2.14)
n=1
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re ay=0; a,=0; b, =%If(x)sinnxdx, (n=1,2,3..).
0

3agaua 29. Poskiactu B psag Oyp'e pynkuito f (x) = | x| 3 TepiogoM
27 ,3amaHy Ha [—72',+ 72']
Po3p’s3anns. ['padik ganoi GpyHkuii Mae BUTIST

yA
N ’ 4 T N .
N s [N 4
AN /’ ! ! AN e
Nz :\ / N4 ~
—>
2n -t 0| © 21 3nm X

3agana QyHKIls 3aJ0BOJILHAE YMOBAM TEOPEMHU TIPO po3kias B psa Pyp'e.
Bona mapua. O6uuciioemo koedinieatu dyp'e Gyl [ (x) : b, =0.

Busnauaemo a I a,,:

a 2 2”
ao——dexz—-x— =7;
T T 2|
)z u=x, dv=cosnxdx
an:—-fxcosnxdxz 1 . =
T du=dx, v=;smnx
2(x . |7 1% )
== Zsinnx ——Ismnxdx =—5cosnx :—2(cos7zn—cos0):
T\ n 0o MYy n o TN
0, n=2k
2 b
=——\-1)"-1)= 4 .
gt GRS T S

wn

[MincraBuBmm 3HaiineHi koedimientn B (2.13), mictanemo psg Dyp'e
3amanol QyHKII:
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T 4 & 1
f(x)z——— —cos(Zk—l)x.
2 T =1 (Zk—l)z
3amana (QyHKIS HemepepBHAa HAa BCiM YHCIOBIM Bici, OTKe, ii cyma
nopiemioe f(x).

Psin ®yp’e st 2/ - nepiognunoi pyHKmii

Psayom @yp'e dpyHkmii [ (x) , IKa € TEPIOANYHOI0 3 nepiogom 2/, Ha

BiZpi3Ky [—l ,+1 ]HaBI/IBaGTI:CH TPUTOHOMETPUYHUH Psizt

f(x):%+i [ancos%+bnsin?} (2.15)

n=1
ne ay,a,,b, HazuBaroThes koedimienramu @Dyp'e 1 BU3HAYAIOTHCS 32
hopmytamu:

1
a, :%.[f(x)dx, a, =%J f(x)cos%dx, b, :%J f(x)sin%dx,
-1

n=1,2,3..

3agaya 30. Poskimactu B psax ®Dyp'e dynkmiio f (x) =-2x+3 3
niepioioM 6, 3aany Ha intepBami —3 < x <3
Po3p’s3anHs. ['padik gaHol GyHKIT Ma€ BUTIIS:

\ A
N ! 9 y \:\‘
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Bamana QyHkimis f (x) 33JI0BOJIbHSIE YMOBaM TEOPEMH PO PO3KIAA B Psil

dyp'e. O6umcmoemo koedirientu Oyp'e hyHkii f (x) :
3
:%(—9+9+9+9)= 6.

3
a, zé _[(— 2x +3x)dx =§(— x° +3x)
- -3
u=-2x+3,dv= cos%dx

3
a, :l I(_ 2x+3)cosﬂdx= 3 nrx [
i 3 du=-2dx,v=—sin——
nr 3

3
. Tnx
nrw -,

+— jsdexJ

1 18 niwx
=—|0 cos =— cosnm—cosl—nr))=0.
3 1’1272'2 3 j_?’ 7’!272'2( ( ))
u=-2x+3, dv:sinmdx
=—J 2x+3)sm—dx— 3 3’“” =
-3 3 du=-2dx,v=——-cos——
nrx
1 -3 nax| nwx
(-2x+3)—cos—— ——jcos dx |=
3 nw 3 |5 nm2 3
3
:l(—i(—%osnn—%os(—ﬂn)) %sinm ]:
3| 7znm n°r 3

=£cosn7z = (— 1)" 2
niw nrw

[MincraBuBmm 3HaiineHi koedimientn B (2.15), mictamemo psg Dyp'e
3amanol QyHKII:

12 & . NTX
flx)= 3——2— s

T p=1 1



87
Psinu ®yp'e nuist napuux i Hemapuux 2/ - nepioqunyHux GpyHKuiii

Sxmo dynkuis (x) — mapHa Ha Bipi3Ky [—l ,+ 1], TO6TO
f(— X) = f(x), TO pan Dyp'e Mae BUTIISA
f(x)=%+i a, cos%, (2.16)

n=1
l

[
ne a, =%jf(x)dx, a, =%j f(x)cos?dx, b,=0,(n=1,23..).
0 0

Skmo ¢yakmis  f (x) — HemapHa Ha BiJpi3Ky [—l ,+1 ], TOOTO
f (— X ) =—f (x) TO psix Dyp'e Mae BUTIIA
( ) Zb sm— (2.17)

n=1
]

me ay=0; a,=0; b =%If(x)sin$dx, (n=1,2,3...).

n n
0

3agaua 31. Posknactu B psag @yp'e QyHKItio

. ( ) -2, -1<x<0
X)=

2, 0<x<l1
Po3p’s3anns. ['padik ganoi GpyHKuii Mae BUTIS:

Y 4

A
21—

,_________
v

-2

3amana QyHkis f (x) 3aJI0BOJTHHSIIE YMOBAM TEOPEMH TIPO PO3KIIAA B PsI
®yp'e. Bona nemapra. Ii MoxHa posknactu B psag ®yp'e 3a popmyInoro
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(2.17). O6uncmoemo koedimientu Dyp'e  Qyukmii  f (x): =1,

=0 i a,=0.BusHauaemo b, :

=—_[2 sin 22 1 L dx= 4Jsm nﬁx)dx——icos(nﬂx]:)

! nr
0, n=2k
4 4 ( ’
:_E(COS(’M)_I):_E((_I) _1): —i, n=2k-1"
nr

IlincraBuBmm 3HaiigeHuit koedimienT B (2.17), micramemo psag Dyp'e
3amanoi QyHKIl:

" sin ((2k —1)7 x).

3
bl
L

I

Po3knan B psig @yp'e pyHkuiii, 3amannx Ha iHTepBaJi (0; l ]

IHomi mMaemo cmpaBy 3 GYHKIISIME, 33JaHAM{ TUIBKH Ha 1HTEpBai
0<x</. B 1upoMy BHMAJKy MOXHa TPOJOBXHUTH MO JCIKOMY 3aKOHY
¢yukuiro Ha inrepBan —/ < x <0, a moTIM NPOMOBKUTH ii Ha BCIO
YUCJIOBY MpsMY mepiogudHo 3 mepiogoM 2/, Ilpomoxutn (GyHKIO 3
inrepBanny O0<x</ wma inrepBan —/<x<0 MOXHA [IOBIILHUM
crmocobom. Haitgacrime ¢yHKINIO MPOMOBXKYIOThH MApPHUM YU HETApPHUM
crnoco0oM. SKmo QyHKIiI0 NPOAOBKYIOTh HapHUM CIIOCOOOM, TO psiX
®dyp'e MICTHTHh TINBPKA KOCHHYCH 1 BUIBHHM WICH. SKIO MPOTOBKUTH
HemapHuUM crocobom, To panx Dyp’e micTuTh TinbkH cuHycH. OnepikaHi
psimu peacTaBisioTh Ha inTepBani 0 < x </ 3amgany QyHKIIO.

3agaua 32. Po3kiacT B psijt 110 cuHycaM (QyHKI0 f (x) = X, 3a7aHy

Ha intepBani 0 < x <1.

Posr’sizannsa. s po3kiamxy GyHKIND B psJ MO CHHYcaM ITOTPiOHO
CIOYaTKy il MPOAOBKUTH Ha iHTepBan — 1 < x < (0 HemapHUM crocoOoM, a
MOTIM OZepkaHy (QYHKIIIO MPOJOBKHUTH MEPIOANIHO HA BCIO YHCIIOBY BiCh:



&9

Ay
/ €1
/1 // 7
Sra AR ESTARN
2 -1 0 1,72 03 74 x
// ,/’ 1 / //
1

Tak sk mpoioBxkeHa (yHKUis HemapHa, To psax Pyp’'e mae BUTIAX

flx)= i b, sin(n7x). Koedinientn ay =0, a, =0(n=1,23...),a
n=1

1 u=x, dv= sin(nﬂx)dx

b, = 2£xsin(n7zx)dx =y — dx. v= —LCOS(I’HZ'X) =
nrx
X b
= 2(——008(117[)6) +—jcos(n77x)dx] =
nr o N7y

1

niw 7’1272'2

0

J 2 2.1

= 2{—LCOSI’I7Z' + Lsin(n;zx)

= (-1 % (n=1,23...)

ITincraBuBiuy 3HafineHi xoedimientn b,, micranemo psax ®Pyp'e 3amaHoi

hyHKIT:

10-2%, U™ ().

n

Ha intepBaii 0 < x < 1cyma 1ip0ro psity T0OpiBHIOE X .
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2.2 InauBigyajabHi 3aB1aHHS

3apnanns 1. 3HaiiTu cymy psaiB

1
(Bn+1)3n+4)
1
1
n(n+4
b
1 (n+l)(n+2)
1

DMs LDs

S
Il

M8

N—"

3
l‘

[Ms

S
Il

M8

= (Bn-1)3n+2)

10.

1
(n + 2)(11 + 3)
1
n(n +1)
1
2n(2n+2)

1
 (3n-2)3n+1)
1
 (4n—3)4n+1)

M8

Il
—

n

M8

3
l‘

M8

I
LN

n

[Ms

n

M8

n

3apmanns 2. JlocmiguTtu 30DKHICTH YMCIOBUX PSAJIB 32 HEOOXiTHOIO
03HAKOIO 301KHOCTI.

. Inn
Z_

& 1+9n
; 16n+3

3
1N
S

10.
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3amanasa 3. JlocmimuTy 30LKHICT UYHCIOBHX PSIIB 32 O3HAKOIO
MOPiBHSHHS.

1 T 2
w Sin— . cosz—
3 n n
n=l1 I’l3 r; 1’12
3. © 2 4. 1
2= 3
=1 2" +3 n=l n—Ccos” n
5 i 1 6. 2, arctgn
n=1 5” +4 n=1 n +2
7. o 8
o Sin— . Cos_—
3 n n
n=1 I’l4 ; 1’13
9. 0 ; 10. ,
3 aricgn sin”
n=l1 n +3 n
Z

3apmanns 4. JlocmiguTu 301KHICTH YHCIOBHX PSIIB 3a TPAaHHUYHOIO
03HAKOIO TIOPIBHSHHS.

1. e 1 2. © 2n+1
=1 2n° +5 1% n?i4
3. e 2 4. © n+l
; n’ +’11 n+6) r; \/n_3
5. © 5 6 0 3
Zl 1+’;3 Zl (2n—1)1(12n+1)
7. e 8 ©  3p-1
; n;/f2 Z{ \/Z?n+4)
9. 10. \/;
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3amanasa 5. JlocmimuT 30DKHICT YHCIOBHX PSJIIB 32 O3HAKOIO

10.

3aBganns 6. JlocmimuTy 301KHICTH YUCIOBHX PAIIB 3a 03HaKoro Korri

Jamnambepa.
S (3) 1
n=l 5 n
3. i n
n=1 2n
5. i 7"
n=1 N + 1
7. i 2n—1
n=1 n!
9. i 2n-1
n=l1 2n
(paauKanIbHOIO).
1.

w1 2"
3. < (n+l
; 2n
5.
n=1
7 S (n+l
n=1 ( 6n




3apmganns 7. Jocmiguty 301KHICTE YHUCIOBHX PSAAIB 32 1HTETPATBHOIO

o3Hakoro Kormi.

10.

i arctgn
n=1 1 +n 2
—Vn

M8

3apnanns 8. JlocmiguTy 301KHICTh 3HAKOTIEPEMIXKHUX PSIIIB.

1. = 1
Z; (5n—2)In(5n -2)
3. 1
0 7n
5. 2 lnz(n+1)
,; n+l
7. oo 1
,; (n+2)1n3(n+2)
9. o 1
E{ 2 21
n°cos” —
n
L2 (-1)len? -1
1% (n+1)-3"
3. & n 2n+1
-1
nZ:‘{ ( 3nt +2
5. 0

(1)

1 (3n+1)2"

n

2.
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(2 Serin

n=l1 2n+3

-1
n 2n—1 10.
|
Z;I( n’ +n+l el (2n—1)!

>

3

2 (x-2) > 2n+1
2. X

,;)(n+1)9" ,§>3n—2

e (X+2)n - 2n £+ 2)

; 3n-1 4 ;n3—1( )

0 © 2

> ;/; (x+1)" 6 > n: x"

w1 n°+1 = 3

S n+2 & 2

1) 1)

522 ) S e

x X" © (x-i—l)”
10. —

; n -2 Z::‘) (2n+1)2"

3apnanns 10. Po3knactu B cTeneHeBui psij 3a CTENeHAMU X (yHKIIi

sin2 x 2. xsin2x 3. x3e—x

x2 el S. x> cos2x 6. 1 -3x
Cx &% m(o+x) 9 4f164x

A1=x
xarctg 3x
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3amanas 11. OOuymcnuTH iHTErpajn, pPO3KIABIIN ITIHTETPATLHY
(hYHKILIIO B CTETICHEBUH PSAJ] 3 BKA3aHUM YHCIIOM WICHIB PSTY.

1
I arctg x 2dx
0

3
0,1

je_xzdx

jx4 sin xdx
0

0,5

dx
3 ujieHu 2. j - 4 yneHu
0 1-x 4
0,1
¢ dx
4 yneHu 4. J- 3 2 4jIeHn
0 1+x
i Sinx
3 ujieHu 6. I dx 3 uneHu
0 X
I 3
2 4jieH’ 8. I e ™ dx 3 wjieHn
0

dx 3 uneHu

05 arct x2
4 gyneHu 10. j arcigx

0 X

3apmannsa 12. 3Haiitu Tpu nepmux (BIIMIHHMX BiJ HyJs) YiICHH
PO3KIIaTy B CTETICHEBHM PSJ PO3B’SI3KY AP EPECHITIATEHOTO PIBHAHH.

V' =xy-y*

y' = 2cosx—)cy2

Y =xy+e’
y' =e% +2x)?

y'= 3)cos2)c—)cy3

»0)=02 2. y' =e* +3xp° »(0)=1

y0)=1 4 y' =2x+e> »(0)=0
W0)=0 6 o2 2 2(0)=0.5
(0)



96

Bananns 13. Posknactu B psag ®@yp'e dynkmito f (x) 3 mepiogoM

a, aKmo -7 < x <0
27 , AKa 3aJaHa TaK:
b,akmo 0<x <7

1. a=-1 b=2 6. a=-2 b=1
2. a=3 b=-1 7. a=1 b=4
3. a=1 b=-2 8. a=1 b=3
4. a=-4 b=1 9. a=-1 b=4
5. a=-3 b=1 10. a=-2 b=3

3apmanns 14. Poskmactu B psag Pyp'e dyHKIio 3 mepiomom 27,
3aaHy Ha iHTepBaNTi — 77 < X < 77 (HopMyIIom0:

EEVIOE Y=l
Y- "=
Y=-2x ROE
YW= =2
5. f(x)::x 10. f(x)szz

Bananns 15. Posknactu B psig ®@yp'e dyskiiio f (x) 3alaHy Ha
inrepBanmi —/ < x </ 3a popmynoro f (x) =ax+ b, skuio

1. a=2 b=1 [=3 2 a=1 b=2 /=3
3. a=-1 b=3 [=2 4 a=1 b=2 =4
5. a=2 b=-1 1[=4 6 a=-4 b=2 [=5
7. a=2 b=5 =4 8 =4 b=2 =4
9. a=2 b=-4 1[=6 10 a=-2 b=-4 [=6
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3aaanns 16. Posknactu B psig ®@yp'e Qyskuiio f (x) 3a7laHy Ha

imrepBani 0 <x </ ( B mnpuKIagaXx 3 HENAPHUMH HOMEpPAMHU IIO
KOCUHYCaM, B MPUKJIAJ[aX 3 MAPHUMU HOMEPAMH 0 CHHYCaM).

Lo flx)=3x+1 [=2 2. flx)=2-x I=2
3. flx)=x-3 I=3 4. flx)=x-1 =4
5. flx)=2x-1 1=3 6. flx)=x—4 1=2
7. f(x)=8+x [=4 8. f(x):x+3 [=2
9. f(x)=3-x [=5 1. f(x)=5+x [=4
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