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1.MOCTAHOBKA 3AJAYI ONNTUMI3AILIT

B mammHOOymyBaHHi SK 1 B OyJb-Kiii 007acTi TEXHIKM a TAKOXK HayIli
B3arajli, eKOHOMIlli Ta B iHMMX cdepax AISLIBHOCTI YacTO 3YyCTPIHalOThCS
3a7adi, [0 MAIOTh YHCICHHI PilIeHHs. SIKIIO IIi PillleHHs MOPIBHIOIOTHCS, TO
e poOUTHCS HAa OCHOBI IEBHOTO KPHUTEPII0 Ta BUOHMPAETHCSI Te, SKE
HallkpamuM YHWHOM BIJNOBiga€ 1boMy KpuTepito. Take pimeHHS
HA3WBAETHCS ONTHMAJIBLHHEM, 33/1a4a H0ro BU3HAUSHHS Ha 33J[aHili MHOXXHH1
pIIICHh HA3WBAETHCS 3aMavel0 ONTHUMI3aIlii, a KpHUTEepili — KpuTepieM
ONTHMAJIBHOCTI.

HeoOximHicTh B onTuMi3allii BUHHKAE TPH BUKOHAHHI HAHOUTHII
CKIAIHUX TPOLENyp IpPH MPOEKTYBAaHHI Ta eKCIUTyaTallli TeXHIYHHUX
00’extiB. Ilpu 1BbOMYy @I MHOXHHA pIlICHb MOXE CKIANaTHUCS SK 3
XapaKTepUCTUK 00 €KTy TaK i 3 yMOB MOT0 eKCIlTyaTarii.

PimrenHs 3agay onTuMizanii 3a JOIIOMOIOI0 OOUYMCIIIOBAIBHOI TEXHIKHA
Ma€ JIesKi XapaKkTepHi 0COOTUBOCTI:

ellocranoBka 3amaui — mepemdayae n00pe Gopmalli3oBaHHA OIHUC
MHOXWHH PillIeHb Ta MPU3HAYEeHHS aKTyaabHOTO KpuTepito. [Ipn mocranosi
3a1a4i onTUMI3aIlii HeOOXiAHI HACTYIIHI TePEeIyMOBH

1. HasBHicTh 00'ekTa omrumizamii i Metu omrumizamii. [Ipu mpomy
(GbopMyTIOBaHHS KOXHOTO 3aBIaHHS OINTHMI3alii MMOBHHHO BHMAaratu
EKCTPEeMaJIbHOTO 3HAYEHHS JMIIEe OnHiel BEIMYUMHM, TOOTO OJHOYACHO
CHCTEMI He NMOBMHHO NMPUIMCYBATHUCS /IBA 1 OUIBIIE KPUTEPIIO0 ONMTHUMI3aIil,
TaKk SK MPAKTHYHO 3aBXKAW EKCTPEMyM OJHOTO KPHUTEpiI0 HE BIiIOBijae
eKCTpeMyMy iHmoro. TuHIOBMH IpHKIal HENPaBHIBHOI ITOCTaHOBKH
3aBMaHHS onTuMizamii: «OTpuMaTH MaKCHUMalbHY MPOXYKTHBHICTH IIPH
MiHIMaJIbHIA coOiBapTocTi». [lomMuiika moOJIArae B TOMY, IO CTaBHTHCS
3aBJIaHHS MOMIYKY ONTUMYMY BOX BEJIHYHH, IO Cylepeyarb OJWH OTHOMY
3a CBOEIO CYTTIO. [IpaBHIBLHOIO TOCTAaHOBKOIO 3aBJAHHS MOXE OyTH:

a) OTpUMATH MAaKCHMalbHy TPOJAYKTHBHICTh TIpU  3aJaHiid
co0iBapToCTI.

0) oTpUMaTH MiHIMAJIbHY COOIBAPTICTH MPH 3aaHOI MPOTYKTUBHOCTI

VY mepuioMy BHUNAIKy KPUTEpid ONTHUMI3aIil - MPOAYKTUBHICTh, a Y

Ipyromy - coOiBapricTh. B 3arampHOMy Bumaaky mis OBOX KpUTepiiB
MOBUHHI OyTH BCTaHOBJIEHI CBOT IPIOPUTETH, PO IO OyIe CKa3aHO HUXKYE.

2. HasBuicTp pecypciB omTHMizamii, Wix SKAMH pO3YMIIOTh
MOXIIMBICT, BHOOpPY 3HAUeHb [JESIKUX IMapaMmeTpiB  00'ekTy IO



ontuMizyerscs. O0'eKT MOBHHEH MaTH MEBHI CTYNEHI CBOOOIN — Kepyloui
BIUIMBH.

3. MOXIHBICT KUIBKICHOI OIIIHKA BEJUYMH IO ONTHMI3YIOTHCS
OCKUIBKH TUTBKH B IIbOMY BHUIIAJIKy MOXKHA ITOPIBHIOBATH €(pEeKTH BiJ BHOOPY
THX YH 1HIIHUX Jii, 10 YIPABIIIOTh.

4. YpaxyBaHHsI 0OMEKEHB.

eMaTeMaTH4YHHMII ONMMC — TOJATaE B BU3HAUCHHI TUNY 3amadvi
ONTHMI3aIlii, BUXOISMUH 3 i1 IOCTAaHOBKH, a TAKOXK Y BUBUCHHI 11 crienu(iaHuX
ocobimBocTe Ta MoOyI0BI MaTeMaTHYHOI MOJIENi, IO TOB’sA3y€ KiNbKicHI
XapaKTePUCTHKH CKJIAJOBUX PIlICHHS 3 KpUTepieM ontuMaibHocTi. Ha miit
OCHOB1 BHOHMPAETHCS, BUBYAETHCS, a MOXINBO 1 Momuikyerbecs meron il
YHCENBLHOTO BUPINICHHS

eCKkjIajaHHsl aJTOPUTMY — TOJSITa€ B PO3poOlli 3arajbHOI OJIOK-
cxemd 3 1 TONANBIIOI JETalli3allicl0 TPOorpamMH  OINTHMI3alii, Mo
PO3pOOIISIOTECS. Ha OCHOBI sI3MKa IIPOrpaMyBaHHs, Ta rependayae HasBHICTb
iHTepdeiicy s BimoOpakeHHS BUXIIHUX JaHUX Ta peE3yJbTaTiB
ONTHMI3aIlii, a TOKOX iX 30epiranus [2].

TakuM  YMHOM  TIOCTAaHOBKY  3ajJayl  ONTHUMI3allii  MOXKHa
chopMyITIIOBaTH HACTYITHUM YHHOM:

Jdano — MHOXHMHa pimeHb abo oOmacTi iX MOXIMBUX 3HAYEHb Ta
KPUTEPIH 3a JOMOMOTIOI0 SKOTO IIi PIIICHHS MOXHA IMOPIBHIOBATH

Tpeba — Ha 3amaHiii MHOXKMHI DIIICHb BUKOPHCTOBYIOUH 33JaHUI
KpUTEPiH 3HAWTH HaWKpalle (ONTHMAIbHE) PIlICHHS.

Iuranns nas camonepeBipku

1. Slxe pinmieHHS HaA3MBAETHCS ONTUMATBHUM?

2. 3 dYoro Moke CKJIagaTHCAd MHOXHHA pilleHb IIpU
ONTUMI3allil TEXHIYHOTO 00’ €KTY?

3. SIki ocoOnmBOCTI onTUMi3amii iCHYIOTh MPH BUKOPHUCTaHHI
00YHCITIOBATFHOI TEXHIKK?

4. Illo BuMarae KO»<Ha 3ajada OITHUMI3aIlii?

5. Sxi mepemymMoBHM HeEOOXimHI UIsI IIOCTAaHOBKH 3agadi
OTTHMi3arii?

6. B 4omy monsArae MaTeMaTUYHHI OMHKC 3a]adi ONTUMI3aIii?

7. B domy moJjsrae cKiaaiaHHS alTOPUTMY ONTHMI3aIlii?



2.3AT'AJIBHI BITOMOCTI PO
ONTUMIZAOINHIMOAEJII, IX CTPYKTYPY TA
NPUHOUIIN NOBYJIOBU

MaremaTnyHe MOJENIOBaHHS Ha OCHOBI TNPUHIUIY ONTHMI3allii
nependadae MOXKIMBICTh Ta HEOOXiTHICTH IIIECIIPSIMOBAHOTO PETYJIIOBAHH 5
yMOB (YHKITIOHYBaHHSI 00’€KTy ab0 CHCTEMH 3 METOIO IOIIYKY TaKuX, Y
AKHX cucreMa Oyne (YyHKIIOHYBaTH HaHKpalmuM YHHOM — ONTHMAIBHUX
yMoB. CyKymHICTh IHX YMOB i Oyne MpeacTaBiIsATH COOOI0 ONMTHMANbHE
pitreHHs. 3BIACH MAeMO 1 CKJIAIOBI €JIEMEHTH TaKHUX MOJICIEH 10 SKHX
Hayexats [1]:

Kpurepiii onTtumMajibHOCTI — TOpUIHATHI TOKa3HUK MipH
e(heKTHBHOCTI CHCTEMH IO OCIIKY€EThCA. MakcuManbHe a0 MiHIMaJIBH e
3HA4YEHHA KPUTEPII0 ONTHMAIBHOCTI 1 BU3HAUYa€E yMOBH y SKHX CHCTEMa
MPAIIoE HAKpaIIuM YMHOM TOOTO ONTHMabHI YMOBH. Tpeba HaroiocuTH,
IO 3a3BMYail KPUTEpiIMH ONTUMAIBHOCTI HE € (i3WYHI BEITHYMHH,
HaNpHUKJIaa CUja pi3aHHs, TEMIEparypa, CTIHKICTh IHCTPYMEHTY Ta iH., a
MOKAa3HWKHA THM YM IHIIAM YMHOM IIOB’s3aHI 3 TpOIIKMMA: COOIBapTiCTh
00poOKkH, TpUOYTOK, SIKICTh, Yac BUTOTOBJIEHHS Ta iH., IO 1 BizoOpaxkae Mipy
e(eKTUBHOCTI CHUCTeMH. Y SKOCTI MNPHUKIaLy KPHUTEpil0 ONTHUMAIBHOCTI
Bi3bMeMO co0iBapTicTh 00poOKHu C, IO 3aJIEKUTH BiJl PEXKUMIB Pi3aHHS:

C = f(t,S,V) 2.1

He3anexni 3miHHi a0o ¢akropum ado kepywui dakropu —
BEJIMYHMHU, ONITUMANBHI 3HAYCHHS SKUX Tpeba 3HAWTH. Y JaHOMY BUIAIKY
ne OynyTh peXMMH pi3aHHS £, S, J 00 came 3a iX JOIOMOTOI0 MOXKHA
[IECTIPSIMOBAHO 3MIHIOBaTH YMOBHU (YHKIIOHYBaHHS cucTeMH. CyKyITHICTh
3HalICHNX ONTHMaJbHHUX 3HaueHb 1 Oyge THM CaMHM ONTHUMAalbHUM
pimeHHsAM TIpo sike OyJsio cka3aHo B po3zii 1.

IMapameTpn — TOCTIfiHI BENIWYMHH MOJIEIN, IO XapaKTepU3YIOTh
HE3MIHHI yMOBHM B fAKHMX Mojenp Oyma orpumaHa. BimoOpaxarorscs y
3HAYCHHSX MOCTIHHUX KOe(iliEHTIB MOJIEIII.

HinboBa ¢yHkumis — QyHKOIA, MmO TWOB’A3ye  KpUTEpid
ONTUMAJILHOCTI, (hakTopH Ta mapamerpu. Cama Ha3Ba QyHKIIT TOKa3ye, 110
B HEl € 1Tb. Y HAIIOMY BHIIAIIKY 1€ € MiHIMallbHA CO0iBapPTICTh, TOOTO

C=f(tS V) - min (2.2)



3eepmaemo ysaey, wjo mym neput 3a ce Yikaasams ymosu (Percumu
pizanns) 3a sakux cobieapmicmb OyOe MIHIMANLHOI, 4 He 3HAYEHHS
cobisapmocmi ax maxoi. 1le 03Ha4ae, M0 3 METOIO IMOIIYKY HalKpamux
yMOB (PYHKIIIOHYBaHHS CHCTEMH, IIIJIbOBA (PYHKIIiSI MOXKE CIIPOIIYBaTHUCH i
He BKJIIOYAaTH eJIEMEHTH cO0iBapTOCTi, 10 HE 3aJIeXKAaTh BiJ peXKUMIB pi3aHHS
B JJAHOMY BHIIaJKy, a00 BiJ ()aKTOpiB, SKIIIO TOBOPUTH B3araii.
O0meskeHHs1 — 00J1acTi MOXKIMBHX 3Ha4eHb (DAKTOPIB, y MEKax SIKUX
BiIOYBAEThCSA TMOIIYK ONTHUMAJIBHHUX pimeHb. llpum BupimeHHi peanpHUX
BUPOOHHMYHX 3a7ady OOMEKCHHS ICHYIOTh 3aBXIH 1 BOHH MOXYTb OYyTH
MOB’s3aHI 3 TEXHIYHUMH MOXIIMBOCTSAMH OOJagHaHHSA (OOMEXCHHS I10
MIBUAKOCTI pi3aHHs, ITIOTYXHOCTI BEpCTaTy); 3 AKICTIO 00po0IeHoi MOBEpXHi
(oOMexeHHS Tojadi); 3 yMoBaMH Oe3nekH mnpari Ta iH. OOMeKeHHSI MOXY Th
OoyTu:

»  JKcopcmKi — BUXIJ 32 MEXU SKUX HETIPUITYCTUMHN IIPH OyAb SIKMX
yMmoBax. Lle MoxyTh OyTH OOMEKEHHS IMOB’s3aHi 3 (Qi3MIHUME
KOHCTaHTaMH, 0€3MeKO0I0, TEXHIYHMMH XapaKTEPUCTHKAMHU
o0naHaHHA TOLIO.

»  HexcopcmKi - TO3BOJSIOTh BUXIJ 32 TX MEXH, ajie Tpeda po3yMiTH
IO SKIiCTh (YHKIIOHYBAaHHS CHCTEeMH TIIPU IOMY ICTOTHO
MOTIiPIIATHCS.

Sk 3a3Havanocs BWILE, METOK OITHMI3aI[ifHOTO MOJIENIOBAHHS €
MOIIYK YMOB B SKHUX CHCTeMa (PYHKIIOHY€ HaiKpaluMm oOpa3oM 3TiTHO 3
NPUHHATUM KpHUTepieM onTuMaibHOCTi. [Ipormec oTpuMaHHS MiNTBOBOI
GbyHKIIT He MOXHA (HopMaTi3yBaTH — I1€ Pe3YyJIbTaT aHai3y IMPOIECy B SKOMY
BUKOPHUCTOBYETHCA TMOMEPETHIN JOCBIM Ta 3M0POBUH Thy3m. Ase is
e(eKTHBHOTO TIOUTYKY ONTHMaJIbHUX YMOB, ONTHMI3aliifHa MOJeNb Y ¢hopmi
II0BOI (PYHKIIIT MOBUHHA BIAMOBIAATH IEIKUM OCHOBHHM IPUHIIMIIAM.

1. [Tpunmun ogqno3HavyHocTi. [lonsrae B ToMy, 110 ONITHMIi3yBaTHCh
MOBMHHA TUTBKU OJTHA ITb0BA (DYHKITS. SIKIIO 5K 32 yMOBaMH 3ajadi TaKux
¢yHKIii TOBUHHO OyTH JEKijgbKa, TO BOHH BCE OJJHO MAaroTh OyTH 3BEJeHi
JI0 OZIHOI, HAIPUKJIA 3a JOTIOMOTOIO JIIHIHHOI 3TOPTKU:

k
F= Z a,f; (X0, Xy, o, X,) (2.3)
i=1



Tyt a; — maciutabHuit abo BaroBuil koedimieHT, 0 BimoOpaxkae
CTYIIiHb BaXITUBOCTI KOXKHOI 3 QYHKIIIH, 0 BXOIUTH JIO 3TOPTKH i TOBUHEH
BiMOBiaTH HACTYITHUM YMOBaM:

a; =0 (2.4)

k
Zai =1
i=1

Y BuOOpi BaroBux KOe(]ilieHTIB MPUCYTHS BEJIHKA  JIOJA
cy0’eKTHBI3My, aje 3a JOMOMOTOI0 AESKHX MiAXOMiB iM MOXHA IpPHUAATH
00’eKTHBHUI XapaKTep: eKCIIePTHI OIliHKH, QYHKIis Oa)kaHOCTI Ta iH.

3ropTka 3a piBHSAHHAM (2.3) Moxke OYTH BUKOPHCTaHAa KOJH BCI
¢GyHKIIT fi MaroTh OHAKOBY (hi3MUHY MPHPOIY, TOOTO PO3MIPHICTE. A SAKIIO
PO3MIPHOCTI pi3Hi, TO 3aMiCTh (YHKIIH B HaTypalbHOMY BHUIIAMI CIiX
BUKOPHMCTOBYBATH IX HOpMAli3oBaHHl — Oe3po3MipHHil BapianT f;.
Hampuknan mis mopMmamizamii B mexax [0;1] moxe OyTH BUKOPHCTaHUMA
HACTYIHHI crociO MpUpPOIHBOI HOpMaTi3amii:

= fl — fl max
ff=7"7"" (2.5)
fi max ~ fl min
2. Ilpunnun BignoBigHocTi. baxkano, mo6 mineoBa (yHKINIA Mana
OIWH EeKCTpeMyM — Taka OGyHKIOiS Oyne yHiMOZadabHOI (YMOBY

yHIMOAIEHOCTI Oynme moka3aHo Huxkde). DyHKIii, M0 MalTh PO3PUBU Ta
HEOJHO3HAYHOCTI HE MAalOTh BHKOPHUCTOBYBATHCS B SKOCTI IIUTHOBHUX.
HasBHICTh NOKQJBHUX EKCTPEMYMIB YCKIQJHIOE MOIIYK ONTUMAJIbHOTO
pimenns. Ha Puc. 2.3 dyHkiis a) Mae miaxomsamry GopMmy, a ock GyHKIIIT 0)
Ta B) B AKOCTI IIJTbOBUX BUKOPHUCTOBYBATH HE Oa’kaHO.

Oco0nuBO BHPI3HAIOTECA LiTBOBI (PyHKII{, IO 30BCIM HE MalOTh
SeKCTPEeMyMIB, HaNpUKIaA JIiHIAHI 1ipoBi (yHKmil. [Ipu mpoMy BOHHU
MOBUHHI OyTH NOITOBHEHI oOMexxeHHsAMH. B iHImOMy pasi onTuMmizamiiHa
3ajaua B IIbOMY BHUIIJKY HE Ma€ CEHCY.



3. IlpuHuun KepoBaHocTi. DyHKIIiS MOBUHHA BUPAXKATUCS dYepe3

3MiHHI Ha SIKi MOKHA BIUIMBATH 1 SKMMH MOXHA KEpYBaTH.

f

min

f f

P NN R =

a 6 B
a — (QyHKUIiA 3 OIHMM eKcTpeMyMoM; ©0 — (yHKUis 3 JIOKaJIbHUM
eKCTPEMyMOM; B — (DY HKIIiS 3 PO3PHBOM

Pucynok 2.1 — Jlesiki Bunu QyHKITii

IIuranus nJs camonepeBipku

B yoMy monsirae MojentoBaHHS Ha OCHOBI MPUHITUITY ONTHMI3AIlii?
SIKi elleMEeHTH NIPHUCYTHI B ONTUMI3aliiHii Moxesmi?

o take dakropu?

JlaiiTe BU3HAYEHHS TEPMIHY «IIapamMeTpm.

o Take KpUTEPid ONTUMAIEHOCTI?

IIo Take minpoBa QyHKIiNA?

3a AKMMU MTPUHIHUIIAMHU TTOBHHHA OYyyBaTHCS iTbOBA (yHKIIiA?
Slka QyHKIIis HA3UBAETHCS YHIMOIAIBHOIO?

Ski T OOMEXKEHB iICHYIOTH?

. B 4omy mosisirae mpuHIUIT OTHO3HAYHOCTI?
. B yomy momnsrae mpuHONI BigIOBIAHOCTI?
. B womy mosnsirae mpuHIEI KepOBAHOCTI?

. Ilo Take «KOPCTKi OOMEXEHH S

. o Take «HEKOPCTKI OOMEKEHHS?
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3.3ATAJIBHI BITOMOCTI ITPO KPHTEPIi"
ONTUMAJBHOCTI TA OIJIBOBI ®YHKIII

OnTtumizyBaTucs Moxe Oyap sAka (i3UyHa XapaKTepHCTHKa
TEXHIYHOTO 00’€KTy abo Tmporiecy — TeMIepaTypa, CHJIA, CTIHKICTh
IHCTPYMEHTY, JOBTOBIUHICTH Ta iH. Aye HaH4acTille ONTHUMI3YIOTHCS
He(I3UYHI XapaKTePUCTUKH - Ti IO TaK YM iHAKIIE MOB’sA3aHi 3 TPOLINMA:
co0IBapTICTh, MPOAYKTHBHICTh, NPHOYTOK, CKOHOMIYHA €(EKTHBHICTB,
XapaKTepUCTHKN AKOCTI Ta iH. B Oymp skomy Bumaaky ¢axrop, mo
ONTHUMI3y€ThCSl TOBUHEH OIIHIOBATUCS SKOIOCH KUTBKICHOIO MipOIO.

Ha mincraBi oOpaHOTO KpPHUTEPiI0 ONTHMAIBHOCTI CKJIAJA€ThCs
iTb0Ba (YHKINS, M0 TpPEACTaBise COOOK  3aJIeXKHICTh KPHUTEpPiio
ONTHMAJILHOCTI BiJ] (akTOPiB, 110 BIUTMBAIOTH Ha ii 3HaUeHHs. Bua kputepiro
ONTHUMAJLHOCTI 2400 IUTbOBOI  (DYHKII BH3HAYAETHCA KOHKPETHUM
3aBJaHHsAM onTumizallii. TakuM 4rMHOM, 3a4a4a ONTHMI3ALii 3BOAUTLCS 10
3HAXO/’KEHHSI eKCTPeMyMy HLJIbOBOI (PyHKIIii.

Sk 3a3Havasiocs BHINE, HAWOUIBII 3arajlbHOK IOCTAHOBKOIO
onTHMIi3aliiiHOl 3a7adi € BHpa3 KPHUTEPIl0 ONTUMAIBHOCTI y BHUIJIANI
€KOHOMIYHOI OIiHKH (IPOAYKTUBHICTB, COOIBAPTICTh MPOAYKIIi, MpUOYTOK,
peHTabenpHICTh). OMHAK B OKpEMHX 3ajadax OINTHMi3alii, KOJU O0'€KT €
YaCTHHOIO TEXHOJIOTIYHOTO IPOLECY, He 3aBXIM BIAETHCSH a0 He 3aBXKIU
JIOLITBHO BHIUIATH NPAMHHA €KOHOMIYHMH ITOKa3HUK, SKHH OM TOBHICTIO
XapakTepu3yBaB e(eKTHUBHICTh pOOOTH 00’ €KTY IO PO3IIIAAAETHC. Y TaKUX
BHUITAJKaX KPHUTEPIEM ONTHUMAIBHOCTI MOXE CIY)KUTH TEXHOJOTiYHa
XapaKTePUCTUKA, KA TTOOITHO OIIHIOE €KOHOMIYHICTh POOOTH arperary (Jac
KOHTaKTy, BHXiJ TPOIYKTY, CTYyIiHb MEPETBOPEHHS, TEMIleparypa).
Hampuknan, BCTaHOBIIOETHCS ONTUMAIBHHHA TEMIEpaTypHUU TPodiss,
TPUBAIICTH IUKITY Ta iH.

PosrnsiHeMO GBI TOKJIaTHO BUMOTH, SIKi IOBUHHI IIPEI IBISTUCS 110
KPUTEPII0 ONTHMAILHOCTI.

1. Kputepiit onTMansHOCTI HOBHHEH BUPAXKaTHUCS KUIBKICHO.

2. KpuTtepiii oNTUMAIBLHOCTI MTOBHHEH OYTH €IHHHM.

3. Kpurepiii onTHMaIbHOCTI MOBUHEH BinoOpa)kaTh HaHOUIBII
ICTOTHI CTOPOHU TIPOTIECY.
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4. baxano mo0 KpuTepiii ONTHMAIBHOCTI MaB SCHHH 3MICT 1
JIETKO pO3paxOBYyBaBCHl.

Bynp sknit 00°€KT IO ONTHMI3y€ThCS, CXEMAaTHYHO MOXKHA YSBUTH y
BignosigHocTi 1o Puc. 3.1.

[Ipn mocTaHOBIII KOHKPETHUX 3aJad ONTHMIi3alii OakaHO KpHUTEepii
ONTUMAIIFHOCTI 3alMCaTH Y BUNISA aHATITUIHOTO BUPA3y.

Y ToMy BHNaiKy, KOJIM BIUIMB BHUIAJKOBUX BEIWYMH, IO HE
KOHTPOJIIOIOTECS HEBENMKHHA 1 HOro MOXXHAa HE BpaxOBYBaTH, KPHTEpPIH
ONTHUMAIILHOCTI MOXe OyTH TIIpeACTaBJIeHUH 5K (QYHKIiSA BUXITHUX,
Kepyrourx (axkTopiB i mapamerpis:

R=RX1,X2,....XN,Y1,Y2,....,YN ,Uq,U3p,...,UNn (3.1)

Uncontrollable

Optimization random variables Z
object — black box

Parameters

-U : i Y - response

Independent (control)
factors - X

Pucynok 3.1 — 3aranpHa cxema 00’ exTa onTuMizamii

Tak sk Y =F(X), 10 npu ¢ikcopanux U MOKHA 3amucarw:
R = R(X) (3.2)

SIKImo K BHIAAKOBI BIUIMBM JOCHTH BEIMKI 1 iX HE0OXIZHO
ypaxoByBaTH, TO CIIiJi 3aCTOCOBYBaTH €KCIIEPHUMEHTAIbHO-CTATHCTUYHI
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METOJIH, IO J03BOJIATH OTPUMATH MOJIENb 00'€KTa y BUINISAAI (YHKIIII, siKa
CIpaBeUIMBA TIBKY [T BUBYCHOT JIOKAIBLHOI 001acTi.

B nmpuHIUmi, s ontuMizanii 3aMicTh MATEMaTHYHOT MOJAET MOXHA
BUKOPHUCTOBYBATH i caM 00'€KT, OJTHAK ONTUMI3aIlis TOCTIIHIM IIIJITXOM Ma€e
PST ICTOTHUX HEIOIIKIB:

a) HeoOXiTHUH pealsHui 00'€KT;

0) HEOOXiHO 3MIHIOBATH TEXHOJIOTIYHUN PEKUM B 3HAYHUX MEKaX,
IO HE 3aBKIH MOXITHUBO;

B) TpHMBAIICTh BHUIPOOYBaHb 1 CKIAAHICTP OOPOOKH JaHHUX.
HasBricTes mMaremaTmuHoi Mozeni (3a yMOBH, IIO BOHA AOCHUTH HAMIHHO
OMHCY€E TIPOIEC) JO3BOJIIE 3HAYHO IMPOCTINIE BHUPIIIMTH 3aBJaHHS
OIITUMI3aIlil AaHATITHYHUM 200 YHUCEIHLHUM METOdAMH.

VY 3agagax omTHMI3allii PO3PI3HAIOTE MPOCTI 1 CKIAJHI KPHUTEpii
OIITUMI3arlii.

Kputepiii onTmmanbHOCTI Ha3MBa€TbCI MPOCTHM, a caMa
ONTHMI3aIlisl 0e3YMOBHOIO SKIIIO ITOTPIOHO BU3HAYUTH EKCTPEMYM IIIILOBOT
¢yHKIiT Oe3 3aBIaHHs YMOB /Il OyIb-IKUX IHIINX BENMWYUHH. Taki KpuTepii
3a3BMYail BUKOPHCTOBYIOTHCS TIPU BHPIMIEHHI OKPEMHUX 3a/a4 OMTHMi3allil
(HampuKkian, BHU3HAYCHHS MAKCUMAlbHOI  KOHLEHTpamii LibOBOTO
MPOAYKTY, ONITUMAIILHOTO Yacy nepeOyBaHHs peakiliiiHOi cyMimni B amaparti
1T.0L.).

Kputepiii onTHMambHOCTI HAa3WBAETHCS CKIAAJAHMM, a caMa
ONTHMI3aIlisl YMOBHOIO, SKIIIO HEOOXITHO BCTAHOBUTH €KCTPEMYM ILTLOBOL
¢GYHKIIT TpH JeIKUX YMOBAax, sIKi HAKJIQJArOThCS Ha PAA IHIINX BEIHYHH
(HampuKiIa], BU3HAYCHHS MaKCHUMAalbHOI MPOAYKTUBHOCTI NpH 3aJaHii
c00iBapTOCTI, BU3HAYCHHS ONTUMAILHOT TEMIIEPATypH IIPH OOMEKEHHSX MO
TEPMOCTIHKOCTI KaTaiizaropa i iH.).

[Ipouenypa BupimeHHs 3amadi onTUMI3alii 0OOB'I3KOBO BKIIOYAE,
KpiM BHOOpY Kepyrounx (DakTopiB, mie i BCTAaHOBJIEHHS OOMEXeHb Ha HUX
(TepMOCTIHiKiCTh, BHUOYXOHEOC3MEUHICTh, IOTYXHICTh BepcTaTa Ta iH.).
OOMeXeHHS MOXKYTh HaKIAJaTHCA SK 3a TEXHOJOTIYHUMH, Tak 1 3
€KOHOMIYHHUX MipKYBaHb.

OTxe, U BUPITICHHAS 3a/1a4i ONITUMI3aIii HEOOXiTHO:

a) CKJIACTU MaTeMaTH4HY Mojenb ob'ekta ontumizanii ¥ = F (U, X)

0) BUOpaTH KPUTEPild ONTUMAIBHOCTI 1 CKIACTH IITEOBY (BYHKITIfO
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R =R, X,0)

B) BCTAHOBUTH MOXJIMBI OOMEXEHHS, sKi MOBUHHI HaKJaJaTHCS Ha
3MiHHI;

r) BUOpaTH METOJ ONTHUMI3allii, SKUil AO3BOJIUTH 3HANTH 3HAUYCHHSI
(akTopiB 3a AKX 3a0€3Medy€eThCS eKCTPEMYM IiTbOBOI (PyHKIIII.

[IpuiinaTo po3pi3HATH 3a7adi CTATHYHOI ONTHMI3AIliil IS TPOIIECIB,
IO MPOTIKAIOTh B CTAMX PEXKMMAX, 1 3aBJaHHS JHHAMIYHOI onTuMi3alii. Y
MEpIIOMY BHIAIAKy BHUPIMIYIOTbCS IHTAHHS CTBOPEHHS 1 peaiizamil
ONTHUMAJIbHOI MOJENI MpoIecy, y IOPYroMy - 3aBIaHHS CTBOPCHHS 1
peamizamii  CUCTEMH  ONTHUMAJIBHOTO  YIPABIIHHSA  TIPOIECOM  IPHU
HEBCTAaHOBIICHUX PEXKUMAX €KCILIyaTallii.

Iuranns pas camonepeBipku
1. Jlo woro 3BOAUTHCS 3aMada ONTUMI3aIlii MTHOBOT (HYHKIIII?
2. Slki XapakTepUCTUKH 3a3BUYall MPUHAMAIOTBCS SIK KPUTEPil
ONITHMATTLHOCTI?
3. OxapakTepusyiTe BUMOTH JIO KPUTEPIiiB OMTHMAaTHHOCTI.
Yy MOXKHA ONTUMI3ALII0 3MIACHIOBATA NOCIIIHHAM IUIAXOM 1
SKIIO Ja, TO SIKi OCOOJHMBOCTI TepeBard Ta HEIOJIKH I[HOTO
npouecy?
Sxuit KpuTEpiil ONTUMAIBHOCTI HA3UBAIOTh IPOCTUM?
SIkuii KpUTepiii ONTUMATBLHOCTI HA3UBAIOTh CKJIQTHUM?
o Take 6e3yMOBHA ONITHUMI3AIisI?
[lo Take yMOBHA OonTHUMI3aIlis?
UuM Bigpi3HAETHCS CTaTHYHA Ta AWHAMIYHA ONTHMI3aris?

A e e
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4. IESIKI THIIOBI KPUTEPII ONITUMAJIBHOCTI
TA HIJIBOBI ®VHKIIIi P MEXAHIYHIN
OBPOBIII

Hafiyacrime mnpu BU3HAYEHHI palliOHAIBHUX YMOB pi3aHHSA IIpH
00poOI11i Ha MeTaNOpi3aTbHNUX BEPCTAaTaX B SKOCTI KPUTEPiI0 ONTUMAIBHOCTI
npUiMaeTbess coOiBapTicTh 00poOKHU. [Ipu 1bOMy H0JIT COOIBAPTOCTI NP
pi3aHHi OJHUM IHCTPYMEHTOM BH3HAUYa€THCA 3a popmymoro [3]:

L
Q

Je: to— ocHOBHUU TEeXHONOTIYHHMHA (MAIIMHHHUNA Yac); tc — 4ac Ha
BITHOBJIEHHS PIKYYMX BJIACTHBOCTEH IHCTPYMEHTY Ta IIifHANaroKeHHs
BepcTaTa; E — cobiBapTicTh OAHIET XBIIIMHY pOOOTH BEpPCTATa Ta OllepaTopa;
Ei — BuTparn, moB’s3aHi 3 eKCIIyaTalli€lo iIHCTPYMEHTY 3a Mepiox Horo
cTifikocTi; Q — KUIBKICTh AeTaiei, 1o oOpoOaOThCS 3a Mepios CTIHKOCTI
IHCTPYMECHTY.

VY cBOIO 4epry, BUTpATH, MOB’s3aHi 3 €KCIIyaTali€lo iHCTPYMEHTY

C= <t0+ )E+% - min (4.1)

3a mepiol HOro CTINKOCTI MOXKHA BU3HAUUTH:
- Jlng iHCTpYMEHTY, IO TIePETOUy€ETHCS:
(CiH B CBi,E[X)k3

E; = t.Ey + Copy +
l C™H 3aT l+1

(4.2)
He: E,, — HOMiHayBHA 3apo0iTHA iaTta Hamamunka; C,,. — BapTiCTh
3atouyBanHs; Cj, — BapTiCTh IHCTPYMEHTY; (i, — BapTICTh BiIXOMIB
IHCTPYMEHTY; 1 —KIUJIbKICTh MEPETOYYBaHb IHCTPYMEHTY IO HOTO MOBHOTO
3HOCY; Kk, — Koe(ilieHT, 0 BpaxoBye BUMAJAKOBE BHOYTTS IHCTPYMEHTY.

- Jlng  iHCTpYMEHTY 3 MEXaHIYHUM  KpIIUICHHAM  3MiHHHX
0araTorpaHHMX IUTACTMHOK, 3B&KAlOul Ha JIOBTHHA TepMiH
eKCIUTyaTallii Jep)kaBoK, 3aTpaTH Ha SKi pajlle BiAHOCITHCS 0
KaIliTalnbHUX:

(CZ w — Cy BiAX)k3

n

(4.3)

L1
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He: Cy yy — CyMapHa BapTiCTh IUIACTUHOK B IHCTPYMEHTI; Cy giny —
CyMapHa BapTICTh BiIXOMIB IUIACTHHOK; My,- KUIBKICTH POOOYUX TpaHei
[UTACTHHKH.

Hus po3paxyHkiB 3a popmymnamu (4.1), (4.2), (4.3) Ta B3aram mpu
MPOEKTYBaHHI TEXHOJIOTIYHOTO MPOIECY, BEIUKE 3HAYEHHS Mae Mepion
CTIHKOCTI pIXKYy4oro iHCTPYMEHTY. B 3aie:KHOCTI BiJf KOHKPETHHUX YMOB Ta
3aBJlaHb BHUPOOHWIITBA MOXYThb BHUKOPHCTOBYBATHCS pi3HI mepioan
CTIAKOCTI: Tmax — MAaKCUMAJIbHUH TMepioA CTIHKOCTI; Tomm — ONTHMAaIbHA
CTIHKICTB, IO BIAMOBiZa€ ONTHUMAIbHIA IIBUAKOCTI pi3aHHA; Tex —
€KOHOMIYHUHU TepioJ] CTIMKOCTI, 110 BiANOBiAae HaWMEHIIH cobiBapTOCTi
00pobku; 7T, — mepiog CTIKKOCTI, IO BiANOBiTAaE MaKCHMANbHIN
MPOAYKTUBHOCTI mporecy. Ha mpakTuili HaiiyacTilie BHKOPHCTOBYIOTHCS
nepiomu CTIHKOCTI Tex Ta Tup [3]:

1—-m Ei
Ty = —(tc + —) (4.4)
m E
1-m
Tnp = th (4—5)

Je m — moka3HUK BiJHOCHOI CTIMKOCTi iHCTpyMEeHTA.
B rmopanpmomMy, BHKOPHCTOBYIOYM BIiAOMY 3al€XHICTh s
PO3paxyHKY IIBUAKOCTI Pi3aHHS, MOXHA ONTHMI3yBaTH PEXXKUMHU Pi3aHHS:

Cy

= osyepm v (4.6)

Je: t— rubuHa pizanus; S — momava; T — CTIHKICTh;, V — MIBUIKICTD
pizanas; Cy, Ky — KoeilieHTH; Xy, Yy — TOKa3HUKH CTYIICHIO.

IlnTanus 1 camonep eBipkn

1. Skwii mTOKa3HUK HaiyacTime NpUHMAETbCS B SKOCTI
KPHUTEPIiI0 ONTHMAIBbHOCTI IPH MEXaHI9HiH 06po0mi?

2. Has3BiTh icHyI09i Pi3HOBHIM MEPIOIB CTIIKOCTI.

3. Sxi mepiogw CTIHKOCTI 4YacTillle BUKOPHCTOBYIOTHCS Ha
TIPaKTHILI?
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5.0JHOMIPHA BE3YMOBHA OIITUMI3ALIIA
5.1 3araabHi M0JI0KEeHHA

OnTumizanis ¢yHKIT oOAHIET 3MIHHOT 3a YMOBH BIICYTHOCTI
oOMekeHb 200  ogHOMIipHa ~ Oe3yMOBHAa  ONTHMi3alis  BOHA K
OJTHOTIapaMeTPUYHA ONTUMI3aIlis - HaHOUIBII IPOCTUH THIT OITUMI3AI[ITHUX
3amad. TUM He MEHII, BOHA 3aiiMae BKIMBE MiCIle B Teopii onrumizarii. e
MOB'A3aHO 3 THM, IO 3aBIAaHHS OXHONAPaMETPHUYHOI ONTHMi3alii TOCHTH
4acTo 3yCTPIYalOThCs B iHXKEHEPHIN MPaKTHIII Ta, KPiM TOTO, 3HAXOATH CBOE
3aCTOCYBAaHHS IpU peainizanii OUIbII CKIATHUX IHTEPAKTUBHUX IMPOILEIYp
MHOTOITapaMETPUYHOI ONTUMI3aIlii.

Hexait ¢ynkmis f (x) GesnepepBHa Ha BiApi3Ky [a, b]. PosristHemo
3a7a4dy MiHiMi3aril miei GyHKIiT Ha IbOMY Bifpi3Ky (3aBAAaHHS HAXOKECHH S
HaWMEHIIIOTO 3HAYCHHS Ha BIPI3KY).

3aysasicumo, wo skwo @yuxyis f (x) mac 6 mouyi x* minimym, mo
dynxyin -f (x) 6 x* mae maxcumym. Tomy 01 GIOWLYKAHHA MAKCUMYMY
3ACMOCOBYIOMbCA Mi HC MeMOoOU, Wo i 015 GIOULYKAHHA MiHImymy. [lani mu,
5K npasuiio, Oyoemo 2080pumu MiibKu Npo 3a60aHHSL 8IOULYKAHHSL MIHIMYMY.

J7st THX, XTO BHBYAB KypC MaTEMATHYHOIO aHANI3y 15 3aj1a4a MOXKe
3HaTrcs eneMeHTapHoro. Tak, SKmo GyHKIid f (x) KycouHo-audepenmiroema
Ha Biapi3ky [a, b], TO mIA 3HAXOKEHHs 11 MIHIMyMy IOCHTHh 3HAWTH ii
MOXiHY, Ta BUPIMINTH PIBHAHHS BUAY:

ff)=0 (CRY)

3Ha4yeHHd X 10 BignoBinae (5.1) BU3Hadae cTamioHapHy (KpUTHYHY)
TOYKY, TOOTO TOUKY B SKiif BEKTOp IpadieHTy (QyHKIIi JOpiBHIOE HYIIO:

Vf(x)=10 (5.2)

bynemo BBakaTH, IIO Ha BiApi3ky [a, b] icHye TuTbkH oOnHA
CTaIlilOHapHa TOYKA sIKa MOXe OYyTH TOYKOIO0 SIK JIOKaJbHOTO TaK i
100aJbHOTO MIHIMyMY Ha BIMIHY BiJl I1HIIMX HECTAI[lOHAPHUX TOYOK
¢yHKIi1, 0 MOXYTh OyTH MPHHHATI 32 MIHIMYyM, BUXOASYH 3 YMOB 3a/adi
(HampuKIIaz 3 ypaxyBaHHSIM OOMEXeHb Mpo 1o Oy/ie cKa3aHo Jaii).
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3a3HauuMoO, M0 B CTAlliOHApHIM TOYII MiHIMyMy TIOBHHHA
BUKOHYBATHCS TaKOXK YMOBA!

£(x)>0 (5.3)

OpHak $K TOKazye TPaKTUKa, I IMUPOKOTO Kiacy (QyHKIiH
aHANITHYHE BUPIIICHHS 3a/lavi ONTHUMI3aIii He Take BXKe MPOCTe. 3 OJHOTO
00Ky, HaBiTh AKIIO QYHKIiA f (x) Oe3nepepBHa ane TudepeHITIIoeThCS Ha [a,
b] i oOuucnenns ii moximHoi f'(x) He CKIamae TPYAHOLIIB, PiLIEHHS
piBHsHHS (5.1) I 3HAXODKEHHST KPUTHUYHUX TOYOK BHUSABJISETHCS HE MEHII
CKIIQJHHUM 3aBIAHHSAM, HIX BUXiJHA 3agada MiHimizamii. 3 iHmoro OOKy, B
MPaKTUIHUX 3aBIaHHAX 9aCTO OyBa€ HEBIIOMO, UM € GYHKITIS f(X) TAKOFO 110
MU EepeHITIOETRCS, OUIBII TOTO, HAaBITH SKIIO MH 3HAEMO, IO BOHA
TU(GEpPEeHITIIOETRCS, MH MOXEMO TIpH IbOMYy HE 3HAaTH aHaJTITUJIHE
npenacrasieHns i moxiguoi f'(x) (Hanpuknan, sximo GpyHKIii He 3a1aHa B
AHANIITUYHOMY BUIIIAL). Y 3B'S3Ky 3 IIUM ICTOTHE 3HAYCHHS MArOTh METOAHU
MiHIMI3allii, sKi He NOTPeOyIOTh o0uMciIeHHs moxigHoi. ToMy wmu
MPUXOAUMO JIO 3acCTOCYBaHHS YHCETBbHUX METOJIB ONTHUMI3allii, sKi
nepea0avaroTh 3aCTOCYBaHHS MEPEBAXKHO PO3PaXyHKOBUX airoputmiB. Taki
ANTOPUTMH TTepea0adatoTh TTOBTOPHE 3aCTOCYBAHHS JCSIKHX MaTeMaTHIHH X
ormepartii 1o Ma€e Ha3By iTepamisi, a BECh MPOIIEC HABUBAETHCS ITEPAIlIHHIM.

3actocyBaHHs OyIp SKOTO 3 UYHCEIBHUX METOMIB IMOYHMHAETHCA 3
BU3HAYCHHS iHTepBasy a00 Bigpi3ky Jokajizamii — Bigpi3Ky B sSKOMY
3HAXOANUTHCS MiHIMyM (yHKIIi B MeXaxX SKOTO 3HAaXOAWTHCS IHTepBaJ
HeBU3HaYeHOCTi [a,b]. [Ipn mboMy BU3HAUa€eThCA TpiliKa YHCeN Ha BiIPi3Ky
JoKami3amii: x4,X,,X,. Taka Tpilika 4YHCeNl HA3WBAEThCS BHAJIOIO, SKIIO
BUKOHY€eThCst BUMoTa: f(x,) < min [f(x,), f (x,)] muB. Puc. 5.1. Tyt xe
3aMMIIMMO YMOBY YHiMomaabnocTi yukmii: f(x,) < f(x,), f(x3) <

f(xa).

B xomi iteparifinoro mporiecy po3paxoBaHE pilICHHs Bce OuTbIIe
HAOIIKAETHCSA A0 ICTHHHOTO MiHIMyMY 1 B IIbOMY KOHTEKCTI HJie MOBa IIpo
TOYHICTh PIMIEHHS €&, IO MOXE BU3HAYATHCS SK [OBXHWHA IHTEpBAIy
HEBH3HAYCHOCTI Ha iTepamii k , ik a0COIOTHA PI3HUIS 3HAYEHb 3HAHICHHUX
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3HaueHb X* y IBOX MOCHIAOBHUX iTepauisx k Ta k-1 (Jus. dbopmymy (5.4).
UuwM BHUIIA TOYHICTH, THM OUTBINE iTepalliif Tpeda poduTu.

|b —a| < e abo |x;,—x,_4| < e (5.4)

-

X, X3 X Xy Xa

Pucynok 5.1 - Bnana Tpiiika urcen

3a3HaveHHi iTepamifiHuil Mpolec MOXHa 300pasuTH y BHUIIIAAI
CIIPOIICHOTO alTOPUTMY, 300paxkeHoMy Ha Puc. 5.2

Po3po6iieH0 BEIMKY KiIBKICTH METOIIB OAHOBHMIPHOI ONTHMI3AMil 1
MH PO3TJIIHEMO JBi TPy TaKUX METOMIB:

* METOJIM 3BYKCHHS IHTEpBAJy HCBU3HAUCHOCTI,

* METOJIW 3 BUKOPHCTAHHSM MOXiTHUX.

5.2. MeToau 3By KeHHSI iHTEpPBaJIy HEBU3HAYEHOCTI

Hexait moTpiOHO 3HaliTH MiHiMyM (yHKIIT f (X) Ha nesskoMy iHTepBai
[a, b]. 3amauya mpuOIM3HOTO BimIIyKaHHS MIHIMyMy B METOJax 3BY>KEHHS
IHTepBaly HEBU3HAYCHOCT] MOJISTae B TOMY, 00 3HalTH Oe3miu abcruc X,

X X, B AKMX OOYHMCIIOETBCA (QYHKIIiS, TaKe, MO MiHIManbHe 3Ha4eHHs f *

S
JeKATh TPU JesikoMy i B iHTepBam Xx;_; < x* < x;.Takuii iHTepBan
HA3MBAETHCS IHTEPBAJIOM HeBH3Ha4ueHOCTI D. OueBHAHO, IO CIOYATKY
IHTepBa HEBU3HaUeHOCTI D 30iraeThes 3 BiapizkoM [a, b].
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Mepuwa itepauin k=1

Bu3HauyeHHA BMXiAHOrO BiApi3Ky
nokanisauii [a, b]

X1, k =a,X3,k=b

Po3paxyHKoBi onepaliii 3 nowyKy

Mogaudikauis

X2,k NpK skomy f(x)—min [a, b]

Tak

Hi

K

Ta
Xz, k
OTOUMAHO

cron

Pucynox 5.2 - Itepamiianii mponec
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IcHy10TH KiJIbKa CIIOCOOIB CHCTEMATUYHOTO 3BY)KCHHS 1HTEPBAIY
He- BU3Ha4eHocTi. Po3risiHeMo Tpu 3 HUX.

5.2.1. 3acanvruii nowyx

Hexaii moTpiOHO 3HaWTH MiHIMYM (QYHKITI f(X) Ha AeIKOMY IHTEpBai
[a, b]. Skmo mpo ¢yHKHiO f (X) Ha BOMY iHTEpBaJi HIfKOi JOJATKOBOT
iHpopMmamii HEBiOMO, TO I TOIIYKy MiHIMymMy Ha [a, b] MoxHa
3aCTOCYBaTH HalmpocTilmuii Meron nepebopy, abo, iHaKule, 3araabHOIO
MOIITYKY.

Y npoMy MeToni iHTepBai [a, b] AUTUTECS Ha KiIbKa pIBHUX YacTUH N
3 HACTYITHUM OOYHCIICHHAM 3Ha4eHb (QYHKLIly n = N+ By3/1ax OTpUMaHo1
citku. B sxocti MiHiMymMy mnpuiiMaeTecs abcnuca 3 MiHIMaIbHUM
o0urciaeHnM 3HaueHHsIM QyHKIIT (puc.5.3).

a=xj X2 X3 Xy X5 X6 X7 xs  b=xo
Pucynoxk 5.3 - MeTto 3aratbHOTO MOMIYKY

B pesynpTati iHTEpBaNT HEBU3HAYEHOCTI 3BY)KYETHCS JI0 IBOX KPOKIB
citku D. 3ByXeHUH IHTEpPBal 3HOB MIIUThCI Ha N PIBHHX YaCTHH.
IIporeaypa MOBTOPIOETHCS 1O OTPUMAaHHS MOTPIOHOT TOYHOCTI € IO
BHU3HAYAETHCS SK PI3HUIA 3HAHAGHWX 3HA4eHb X y JBOX IOCIITOBHUX
iTeparisx.

[To3naunmo a;, b; — Mexi iHTepBaly HEBU3HAUYEHOCTI Ui iTepamii i.
BigmoBimao mnms  mepmoi itepamii: aq = a,b; = b. [am nmkIigHO
BUKOHYETHCS ITEpalliiHUM IPOIEC 0 OTPUMAHHS 3a1aH0T TOYHOCTI:

» JloBxHHA iHTEpBaly HEBU3HAUYEHOCTI:

Di = bi — Qa; (55)
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[Iar po36uTTA B iTeparii i:

5 =2t 5.6
i<y (5.6)
BusnauenHnst 3HaueHHs paKkToOpy Xi:
xij=ai+(j—1)' 5i! ]=1,N+1 (57)
Po3paxyHok 3HaueHb QyHKINT f (xl- j) Ta BHOIp MIHIMaJILHOTO:
x; = x;; ana axoro f(x;) = min(f(xl-j)), j=1,N+1 (5.8)
JloB>krHa iHTEepBaTy HEBU3HAYCHOCTI MiCHs MEPIIOi iTeparii:
Di+1 = 251 (59)

IlepeBipka TOUYHOCTI Ta MOBTOPEHHS LUKITY ¥ Pa3i HEBUKOHAHHS YMOBH
(5.10):
|b —ai| < e abo |x,—xp_4|<e 1=23.. (5.10)
Meski HOBOro IHTEpPBaly BIIHOCHO TOYKH MIiHIMyMy B IOMEpEIHIH
iTepamii i - x;:
A1 =% =6 by =x] +6; (5.11)
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5.2.2 Memoo Oinenns inmepgany nonoiam (mMemoo 0ixomomii)

[Tpr3HaunMo iHTEepBal HEBU3HAYEHOCTI [a, b] (muB. Puc. 5.4).

D

function decrease

D/2 \A

. 0/2

a=x1 x4 X3 X5 b=x2

new uncertainty interval
Pucynox 5.4 -. ImrocTparttist 1o METOTy TIOJIOBUHHOTO JiICHHS

Ha nepmomy erami (1151 mepioi iteparii) mo3Hagymumo:
X11) = & Xo1) =b (5.12)
TyT iHAEKC B Ty’KKax — HOMep iTepariil.
BusHnaunmo cepenuHy iHTepBaly HEBU3HAUCHOCTI:

Y1) T X20)
X3(i) = —2 (513)
Ta nepexoHaeMoCs, WO X1(1), X2(1), X3(1) € BAAIOK TPIHKOK YrCeN

Ta BU3HAYMMO Majly BEIUYHMHY O < €, JIe € — 3aJjaHa TOUHICTb PO3PaxyHKY.
Jamni po3paxyHOK BifOyBaeTbCs B HACTYMHIN MOCIITOBHOCTI:
» PozpaxyBaTu 3HaueHb QYHKIIIT:

f(xg(i) - S), f(x3(i))' f (x3(i) +§)
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» ko f(x3(l-)+g)< f(x3(i)—g) TO BHU3HAUYUTH HOBI MEXI

IHTEpBaJy fK:

é
2'

Takuii Bunamok rnmoxkasano Ha Puc. 5.4

X1(i+1) = X30) — 50 X2(i+1) = X2(0) (5.14)

»  Skmo f(x3(l-)—§)< f(x3(i)+g) TO BHU3HAYUTH HOBI MeXi

IHTEepBaIy fK:

5
X1(i41) = X1y X20+1) T X300 T3 (5.15)

Hoswuit inTepBan D Oyzae maiixe B 2 pa3u MeHIIE 3a MONEpPeAHiH.
[licnsa poro BM3HAYAETHhCS CepelrHa iHTepBay 3a piBHsHHAM (5.13) i mii
MOBTOPIOIOTECS  JUIS  HOBOTO iHTepBanmy. ITeparlii BHKOHYIOTHCA 1O
OTpUMAaHHS 3aIaHOI TOYHOCTI, SIKa BU3HAYAETHCS SIK a0COTIOTHA PI3HULI MiXK
cepeaMHaMH IHTEpBaJliB HEBU3HAYCHOCT] B IBOX IMOCTIIOBHUX ITepallisx:

X3 —x30-1y| < ¢ (5.16)

5.1.3. Memoo 3010moco nepemumy

Po3nonin iHTepBady Ha HEPiBHI YaCTUHU JO3BOJISIE 3HAUTH IIIe OB I
eexTuBHHUI Meron. OOumciuMo (YHKIIO Ha KIHISAX Bimpizka [a, b] i
MOKJIaZIeMo a = X1,b = X,, 004MCINMO TaKOX (DYHKIIiO B TIBOX BHYTPIMIHIX
TOUKax x3, x4. [lopiBHsIEMO BCl yoTHpH 3HaueHH: QyHKIIT i BUOepemo cepen
HUX HaiimeHmre (puc. 5.5). Hexail, mampumkian, HalMEHIINM BHSBHIIOCS
f (x3). OueBHaHO, MiHIMyM Oyze repeOyBaTH B OAHOMY 3 MPHJICTIHX 0
HBOTO Bijmpi3kiB. Tomy Bimpi3ok [xs4 b] MOKHA BITKHHYTH 1 3aJHIIATH
BiJIpi30K [a, x4].
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1 X3 X5 X, b=x,
Pucynox 5.5 - ImrocTtpartist 10 METOAy 30JI0TOTO TIEPETHHY

[epmuii kpok 3pobaeno. Ha Binpi3ky [a, x4] 3HOBY Tpeba BubOpatu aBi
BHYTpIIIHI TOYKH, OOYMCIMBINM B HUX 1 Ha KiHOAX 3Ha4YeHHs (QyHKIIi i
3pOOHUTH HACTYIHUH KPOK. AJle Ha MONepeAHbOMY KpPOIli 00YNCIIEHh MU BIKe
3HAWIIIM (YHKII0 HAa KIHIAX HOBOTO Bifpi3Ka [a, x4] 1 B OmHIA Horo
BHYTpIIIHIA Touli x3. ToMy NOCHTh BHOpaTH BCepelMHI [@, X4] I OIHY
TOYKY X5, BU3HAUMTH B Hill 3Ha4eHHS (QYHKOII i mpoBecTH HeoOXimHi
nopiBHAHHSA. Lle BueTBepo 3MeHIIye OOcAT OOYHMCIeHh Ha OJHOMY KpOITi
nporecy. Sk BUTiIHO po3MinlyBaTd Todyku? KoxeH pa3 BIgpi3ok 10
3aJUIIAE€THECSA TUIAThCS HA TPH YACTHHU 1 TMOTIM BiIKUIAETHCA OIWH 3
KpaiHix BiIpi3KiB.

[To3HaunmMo TOYATKOBHI IHTEpPBaN HEBH3HAUYECHOCTI uepe3 D (puc.
5.6). Tak sK B 3araJlbHOMY BHIAQAKy MO)KEe OYTH BIAKUHYTHH Oyab-sKUH 3
Bipi3KiB [x;x3] a0o [x4x2] TO BHOEpEMO TOUKH X3 i X4 TaK, 0O JOBXKUHU [IHX
BIJIPI3KiB OyJIM OTHAKOBUMH: X3 — X1 = X, — X4. [licisl BiIKUIaHHS BUIC
HOBH 1HTEpPBAI HEBU3HAYCHOCTI JOBXUHOIO D!,

Pucynox 5.6 - [linleHHS BiIpi3KiB METOJIOM 30JI0TOTO TIepepizy
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IMosuaunmo D/D’ = ¢. Jlani npo0oBKMMO aHAIOTIYHO — JJIS LEOIO
inTepBan D! posmimumo Tak camo sk i inTepsan D, To6TO:

D'/D" =D/D' = ¢ (5.17)

e D"' macrynmwmii inTepBan HeBu3HaYeHOCTI. [Ipy TakoMy MineHHi
BECh IHTEPBAJ BITHOCHTBCS IO OLIBIIOI YaCTHHHM, SAK Oibllla YacTHHA JO
MeHImoi i @ = 1,618 — mo Mae Ha3By «30JI0T€ BiIHOMIEHHsS». 3a3Ha4YeHE
IUICHHS] BiPI3KiB BiIOMO SIK «30JIOTHH TepeTHH». ToMy TakKuii MeTon
MOUIYKY Ma€ Ha3By «30JI0TOTO IIepeTHHY». BimHOIIEHHS ¢ TOKa3zye BO
CKIJIBKH Pa3iB CKOPOUYYEThCA BUXIIHWUN pO3Mip iHTEpBally HEBH3HAYEHOCTI
npu KOXHil itepauii. [Ipu KinbKOCTI iTepaiii k — 00 JI0BXKWHA IHTEpBATY
HeBU3HAa4YeHOCTI Oyxe mparHyTH 10 0 sK TeOMeTpUYHa TIporpecis 3i
3HAMEHHHUKOM [/@, TOOTO METOA 30JI0TOTO TEPETUHY 3aBXKAU CXOIMTHCS.
BoueBuap meit Mmeton OUThIN €PeKTUBHUIN HIXK METOJ JUICHHS ITOMOJIAM.

[No3naunBLIH KOOPIWHATH PO3PaXyHKOBHUX TOYOK
X1(5), X2(i), X3()» X4()) — 1€ IHIEKC B Ay)KKax L€ HOMEP iTepallii, Ta IHTepBa
HEBM3HAYEHOCTI B irepamii i - Dj, 3amuIIeMo HACTYNHUH aJTrOpUTM
po3paxyHky: (muB. Puc. 5.6):

X11) = @ X1y = b
Dy = x50y — %11y
D;,, =D;/1.618
X3() = X2¢) — Dis1
Xag)y = X1¢) T Div1

Pospaxysaru 3HaueHHs QyHKUI f{X) B TOUKAX X3(;), X4(i)

vV V VYV V VYV V V

Sxwo f (x3(l-)) <f (x4(l-)) — BIIKUHYTH BIIPI30K X4 X,:
X16i+1) = X13)> X23i+1) = Xa@) in) = X3(3)

»  Skuio f(x4(l-)) < f(x3(l-)) — BIIKWHYTH BiPi30K X X3:
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X1@+1) = X3() X2(i+1) = X2(i)» xE‘i) = X4()
» IlpomomxyBaTu iTeparlii 10 OTpUMaHHS 33/laHOi TOYHOCTI sAKa Oyxe
OLIIHIOBATHCS SIK:

abo 3a (5.4)
» Skmio ymoBa (5.18) BUKOHYETBCS, TO B IKOCTI PillICHHS PHIMA€EThCS:

*

X

X3(;) IpH f(x3(i)) < f(x4(i))

*

X

X4(;) IPH f(x4(i)) < f(xS(i))

5.2.4 Bcmanoesnenns 6i0pisky aoxanizayii (6Uxiono2o inmepseany
HesU3HAYeHOCMi)

PosrsanyTi BUINE MeTOAW 3BYXKEHHS IHTEpBaly HEBHM3HAYEHOCTI
BKJIIOYAIOTh JIBa €TaIlH:

* eTal BCTAHOBJICHHS MEX iHTEpBaIy;

* eTall 3MCHIICHHS IHTEepBAaIy.

Criocobu 3MeHIIEHHS iHTepBaly MU BXK€ PO3MIAHYIH. Po3risHEeMo
TENep eTal BCTAaHOBJICHHS MEX IHTepBaslly. 3a3BHYail BUKOPUCTOBYETHCS
EBPUCTHYHHMIA METOJ, HarpuKiaa, Meton CBeHHa.

Omxe, Hexall TOTPIOHO 3HANTH MiHIMYM (yHKIIIT f(X) HE Ha Bipi3KYy,
a Ha Bciil oci Xx. [Ipunmyctumo 3HOBY, mo ¢yHkiis f(X) yHIMomambHa.
Bunbepemo sixkech modaTKoBe HaOIIKEHHS X0, 1 3p0OOMMO 3 HBOTO KPOK JEIKO1
noBxuHu h - x; =x0 + h (Puc. 5.7):

X, X3 X, X, X)X,

Pucynoxk 5.7 - Imtoctpanis 10 metony CBeHHa
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Sxmro f (x1) BusSBUTHCS Oinblie, Hik f (Xo), TO 3SMIHIMO HallpaBJICHHS

KPOKY 1 BU3HAUUMO X7 = xo - h. Hexaii Ttenep f(x1) < f (xo). [TonBoiMo Kpok
h’'= 2h i Bu3HaunMo X2 = X1 — h’ i T.11., 10 THX Tip, TIOKK Ha TIEBHOMY eTarti
He Oyze BUKOHaHa yMOBa f (Xn) > f (Xn-1).

Tenep 3po3ymisno, IO MiHIMYM YHIMOJANbHOI (YHKIIT JIOKHUTH Ha
BIJIPI3KY [X4, X3] 1 HOTO MOYKHA 3HAWTH OJTHUM 3 PO3TIITHYTUX METOJIB.

lonoBHa mepeBara MOIIYKOBUX METOJIB TOJSTae B TOMY, IO BOHHU
3aCHOBaHI Ha OOYHCIEHHI TITBKK 3Ha4eHb (YHKII i, OTXKEe, HE BUMararoTh
BUKOHAHHS YMOBH JUGEPEHIIIIOEMOCTI 1 3amucy LiaboBoi (YHKIIT B
aHamiTuuHoMy BUrami. OCTaHHS BIACTHBICTH OCOONMBO IIiHHA MPHU
iMiTariftHoMy MoaeoBanHi. OJHAK [ ITepeBara MmonryKOBUX METO/IB € 1 iX
HEJIOJIKOM - IMIBUIKICTH iX 301KHOCTI HEBEIHUKA.

IMuTanns ajst camonepeBipKu

Slka omTHMI3allis HA3UBAETHCSA OTHOMIPHOIO?

Io Take cramionapHa Touka?

Ilo Take omHOMIpHA OE3yMOBHA OMTHMI3aIlisn?

YoMy B po3isi po3risiaeTbess MiHiMizamis QyHKIii?

YoMy € HEOOXIHICTh 3aCTOCYBAHHS YHCEILHUX METO/IB?

o Take Bimpi3ok Jokamizarii?

Ska Tpiiika 4rcesl Ha3UBAETHCS BAAION0?

o Take iTeparist?

Sk BU3HAYAETHCA TOUHICTh YUCEIEHOTO METOTY?

0. SIki rpymu METONIB BHKOPUCTOBYIOTbCS IPH OTHOBUMIPHIM
OIrTHUMI3aIii.

= 00 NNk WD

11. SIkuit iHTEpBaN Ha3UBAETHCS IHTEPBAIOM HEBU3HAYCHOCTI?

12. B yomy mojsira€ MeTOJ 3arajbHOr0 MOIMIYKY MiHIMyMy?

13. B yomy mosrae METO TTOJIOBUHHOTO JUICHHS?

14. B yoMy mossirae MeTO[ 30J0TOTO MEPETUHY?

15. YoMy IOpIBHIOE «30JI0TE BiJHOIIEHHSD?

16. Ha3BiTh crioci0 Ta aJropuT™ BCTAHOBJICHHS BUXIJHOTO IHTEPBAITY
HEBU3HAYCHOCTI.

17. Sk 3amucyeThCcs yMOBa YHIMOJAIBHOCTI (DYHKIIIT.
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5.3.MeToau 3 BUKOpuCTaHHIM noxignux: metoa Hootona-Pagcona

Hexait ¢ysxmis f(x) nBiui gudepenmiroeTscs. Sk Bimomo 3
MaTeMaTH4YHOTO aHajli3y, YMOBOIO MiHIMyMy ()YHKIIii € PiBHICTB:

ffx) =0 (5.19)

Ile HeoOximHma ymoBa. OpmHak i Toro Imo0 Touka x* Oyna
MIHIMYMOM, Ma€ TaKOX BUKOHYBATHCS JOCTaTHS YMOBa:

f"(x)>0 (5.20)
OTxe, Oy1eMO YHCEIbHO PO3B'SI3yBaTH PIBHAHHS:
flx)=0 (5.21)

Jist 1bOro 3ala€Thesl JISsIKe IMOYATKOBE HAONMMKEHHS Xr a cama
byHKIis po3knanaetbes B psia Teitnopa skuii 0OMeXKyeTbCs WICHAMH [0
JPYroro TMOPSAKY BKIIOYHO, TOOTO OyayeThbCcs KBaapaTHUYHA MOJIEb
G yHKITIT:

R 1
)= flr) + () (x— x,) + Ef’(xk)(x - x;)° (5.22)

PimeHHs 1150r0 piBHSHHS BITHOCHO X Ja€ yeprobe k+1 HaOIMKCHH ST
JI0 MiHIMyMY:

f ()
k
Xe+1 = Xk — 57N (5.23)
[ ()
ANTOpUTM, M0 BHPAKAETHCA PIBHAHHAM (5.23) 3 OCSIKUMH
HACTYIHUMH yTOYHEHHsSMH Mae Ha3By «Mertox HbiotoHa» abo «Mertox

Huiotona-Padcona». Y anroputmy (5.23) € 1Ba HEIOTIKA:

e [lo-mepmre, piBHsHHS (5.19) Moxe BH3HAYATH HE TIIBKH MIHIMYM,
aje 1 MaKCUMyM.
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e llo-mpyre, momenpHa QyHKIA (5.22) MOXKE CHIIBHO BiIPi3HATHCS Bif
¢yHKIIT 0 omrTUMi3yeThes f(X) 1 KPOK Xj4 1 — Xj MOXE BHUSBUTHUCS
3aHaATO BENUKUM (puc. 5.8):

$ . FiC
\f(x)
\\\ / I
~ ~
|
I .
X 41 x" x,

Pucynox 5.8 - Imroctpariis 1o metoxy HeroToHa

Tomy crpaterito (5.23) cnin yrounutd. 11106 OyTH BIIeBHEHUMH, 1110
MH TIPOCYBaeMOCS JI0 MIiHIMyMy, OyZeMO Ha KOXXHOMY KpOIIi IepeBipATH
cuiBimHomeHust  f(xp41) < f(x;). SIKOI0 BOHO BHKOHYETHCS, TO
HEPEXOMMO JI0O HACTYMHOro Kpoky i T.a. Skmo x f(xy.q) > f(xy), a
') (cpgr — X)) < 0,10 PyHKIISA f{X) NOBMHHA CIIOYATKY 3MEHIIYBATHC S
B HAIPSIMKY BiJl Xk 10 Xk+/, TOMY HACTYIIHY IPHHHSTHY TOYKY MOXHA 3HANTH,

ApOOISTIU KPOK Y TOMY-)K HAIPSMKY, HATIPUKJIIAJ, 3aaBIIH

, X + Xpt1
Xjp1 = TJr (5.24)

3 dopmymu (5.23) BumHo, mo Bupas f'(x,)(Xp4q — Xi) Mae
HeraTMBHE 3HAYEHHs TOMi 1 Tinbku Toi, koau f''(x;) > 0. Lle o3navae, 1m0
SKIIO JIOKAJTbHA MOJETb SIK& BHKOPUCTOBYETHCS JUIS OTPUMAHHS
HBIOTOHIBCBKOTO KPOKY, Ma€ MiHIMyM, a HE MakCHMyM, TO TapaHTYy€ThCS
iCHYBaHHS BiMOBIAHOrO HampsMy Kpoky. 3 iHmoro 6oky, skimo f''(x;) <
0 ta f'(x)(xpypq1 —x,) >0, TO mpu mepexodi Bim Xk 10 Xk+1, f (X)
301IBINYETHCS, TOMY KPOK ITOTPiOHO 3pOOHUTH B MPOTHIICKHOMY HAMPSMKY:

, Xk +xk_1
Xipps = ot (5.25)
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Kpurepiit npunuHeHH iTepaiif mpyu onTUMI3alii MOKHA BUOpATH y
BUTJISIIL:

f (xk)

frx k)
JIe € - 3a37ajerigp 3a1aHa TOYHICTD.
VY neskux 3amadax moximHi QyHKII f{x) HemocTymHi 1 MeToq HeioToHA

MokHa MoaudikyBaTu. BubepeMo modaTkoBe HAOMMIKEHHS Xk 1 MM KPOK
h. Toni:

(5.26)

o =y — R [+ h) = f(x —h)
LT T G+ h) — 2f () + Qe — )

@opmyna (5.27) nae OCHOBHUH KpPOK JITOPUTMY, IO Ma€ Ha3BY
KBa3iHLIOTOHIBCHbKHIT MeTox abo MomudikoBanmii Merox Huiorona. Bei
MIpKyBaHHSI W00 KpPOKY Xp41 — Xy, HaBeleHi g MeTony HbroroHa-
Padcona, 3anumaroTeCs B CHITI.

(5.27)

[uranns nas camonepeBipku

1.5k OyayeTbcs KBaapaTHuyHa MOJIENb PyHKIII{?

2.B oMy momnsrae anroput™m meroay Herorona-Padcona?

3.Ha3Bitb Henomiku MeTona HploToHA Ta K BOHU BHIIPABIISIOTHCSL.

4.SIky nepeBipky Tpeba poOUTH Ha KOXKHOMY Kpoiri MeTona Herorona?

5.3a gkux ymoB Tpeba APOOUTH KPOK Ta B IKOMY HAIPSIMKY?

6.5k 3amucyeThCs KpHUTEpi NpPUIIMHEHHS iTepalliii 3a MeToqoM
Herorona?

7.B sKxuX BHUMNAJKaX BUKOPUCTOBYETHCS MOMU(DIKOBAHUUA METO.
Herorona?

8.5k BHW3HAYAaEThCA 3HAYEHHS apryMeHTy B iTepamisx 3a
Mo ikoBaHUM MeTotoM HrroToHa?
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6.MIHIMYM ®YHKIIII BATAThOX 3MIHHHUX

6.1 Peaned pynkuii

[ousarTs «penbed GyHKIID» 3pyUHO PO3IISHYTH Ha MPUKIIA/IIL
¢bynkmii aBox 3MmiHaMX z = F(x, y). g dyHKIis onucye aesxy
MOBEPXHIO B TPUBUMIPHOMY HIPOCTOPI 3 KOOpAMHATAMH X, Y, Z.
3aBaanus F (x, y)—min 03Ha4a€ MONTYK HIXKYOT TOUKH IT1€T TOBEPXHI.

Sx B Tomorpadii, 300pazumMo penbed Iiei mMOBepxXHI JIHIIMU
piBHs. [IpoBenemo piBHOBiAANEH] MJIONIMHU Z = const 1 3HaiIEMO
JiHii 1X nmepetuHy 3 mnoBepxHero F(x, y). Ilpoekuii mux niHiil Ha
IUIOUMHY X, y HA3UBAIOTh JiHiIIMM PiBHAI a00 JiHiIMU pPiBHOrO
Biaryky. Hanpsimok ciananus GpyHkuii Oy1eMo BKa3yBaTH IITPUXaMHU
nmopyd 3 JiHisMu piBHsA. [lo BUIy MiHIN piBHS YMOBHO BHAUIMMO TPU
TUTIH penbey: yioecosunnutl, apyxrcnuti i Hegnopsoxkosanuti (Puc. 6.1a,
0; - 6.5).

Y A Y 4

(

w Y

Y

a — YJIOTOBHHHHIA; O - SIPYKHUIA

PucyHok 6.1 - Pexbedu dynxuii

[Ipu ynoroBuaHOMY penbedi niHiT piBHS cXO0Xi Ha emincu (puc. 6.1a).

PosrmsHeMo sipykHUE THI penabedy. SIkmro jmiHil piBHA KYCOYHO -
rmanki (puc. 6.10), TO BHAUIMMO Ha KOXHIM 3 HHX TOYKY 3JaMy.
I'eomeTpudHe MicCIle TOUOK 3/1aMy Ha3BEMO CHPABKHIM SIPOM, SKIIO KYT
CIpsMOBaHWM B OiK 3pocTaHHS (YHKINI, i ICTHHHMM a00 cHpaBKHIiM
rpedHeM - SIKIO B CTOPOHY 3MEHIIICHHSI.
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Haifgacrime niHii piBHS BCIOAM TJajKi, ajle HA HUX € JUISHKHA 3
BEJIMKOI0 KPHWBHU3HOKI. ['‘eoOMeTpwYHi MiCIi TOYOK 3 HaWOUIBIIOO
KPUBH3HOIO HAa3BEMO PO3B’A3HUM SIpOM a0o rpedHeM — 300paxkeHO
MyHKTHPHOIO JiHiero Ha Puc. 6.2.

Y

Pucynok 6.2 - Po3B’s13Huii s1p

Hanmpuknazn, pemsed oynxmii F(x,y) = 10[y — sin(x)]? + 0.1x?
(Puc.6.3) mae ackpaBo BUPpaKEHUN 3BUBUCTUH PO3B'SI3HUH P, «THO» SIKOTO
- CHHYCOifla, a HaifHI)K9a TOYKa - TOYaTOK KOOPIUHAT.

Pucynok 6.3 - Penbed dynxuii F(x, y) = 10[y — sin(x)]? + 0.1x?

HeBropsiikoBaHuil THI penbedy XapakTepU3yeThCs HASBHICTIO
Oararb0X MakcuMyMiB i MiHiMyMmiB. Tak, GyHKIis F(x,y) =
(1 + sin®x)(1 + sin®y) - Puc. 6.4, mac MiniMymMu B Toukax x; = 7k, y, =
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7l 1 MaKCUMYMH B TOYKaX, 3CYHYTHX BiJHOCHO MiHIMYMIB Ha 71/2 11O KOXHIM
KOOPJAMHATI.

Pucynox 6.4 - HeBopsiikoBaHuid peibed

Bci edekTuBHI METOMM TMONIIYKY MiHIMYMY 3BOISTBCS /IO MOOYIOBH
TPAEKTOPid, y3AOBXK AKHX (DYHKIIS cramae; pizHi METOOW BiAPI3HSIOTHCS
crocobamu noOynoOBUM TakWX TPAEKTOpid. MeTox, NPHCTOCOBAHUI M0
OJHOTO THUILY Pebedy, MOKE BUSIBUTUCS IIOTAaHUM Ha Penbedi IHIIOTO TUILY.

6.2 MeTo1 noKOOpAMHATHOIO ciycky: MeToa ['ayca

Buknagemo 1edt MeTon Ha mpukiaami GyHKIT JBOX 3MIiHHUX F(X, ).
Bubepemo HymroBe HaOMmKeHHS Xo, yo. DPIKCyeMO 3HAaYeHHS OfHIET 3
KoopauHaT y = yo. Tomi GyHKIisA Oye 3aaexaTH TIIBKH Bix omHiel 3MIHHOT
- x; mo3Ha4uMo 1ii gepe3 fi(x) = F (x, yo). BukopuctoBytoun OyIb-IKuii
croci®O OMHOMIpHOI ONTHMI3aIlil, BigUIYKaeMo MiHIMyM OGYHKIT f1(x) 1
MO3HAYMMO HOTO uepe3 x;. Mu 3po0mimm KpokK 3 TOUKH (Xo, Y0) B b (X1, Yo)
y HampsMKy, MapajeibHO OCi X; Ha IbOMY KpOIli 3HAYCHHS (YHKIT
3MEHIIUIIOCS.

Temnep 3 HOBOT TOUKH 3pOOMMO CITYCK Y HAMPSAMKY, MapajaeabHOMY OCi
v, To0TO po3rissHeMO QYHKIIO f2(y) = F (x1, y), 3HaligeMo i MiHIMyM i
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MO3HAYMMO Horo uepe3. JApyruil Kpok IpU3BOAUTH HAC B TOUKY (X1, Y1) LIO
3aBepIIy€e MUK CITYCKiB 200 MEpIry iTepariro.

[Haii GymemMo moBTOproBaTH HUKIH. Ha KoskHOMY ciycKy QYHKIIiS HE
30UTBIIyETBCS, 1 TpH [BbOMYy 3HaueHHs (yHKIIi oOMexeHa 3HU3Y ii
3HAYEHHSM B MiHIMyMi F* = F (x* y*). OTxe, iTeparii cXomsaTbes 10 AesiKOo 1
mexi F >F*. Uu Gyzne Tyt Matu Miciie piBHICTb, TOOTO UM 3iHIyThCS CITYCKH
10 MiHIMyMy 1 sk mBuako? Ile 3anexuTh Bix QyHKIIT i BUOOPY HYJIBOBOIO
HabmkeHHs. Ha mpukiani GpyHKIIT 1BOX 3MIHHHX JIETKO IEPEKOHATHCS, [0
ICHYIOTh BHITaAKH 30DKHOCTI CIIYCKY IO KOOpAWHATaM OO0 MIHIMyMy i
BHUNAJKH, KOMM LEeW CHycK A0 MiHIMyMy He cxomuThes. Crpasni,
PO3IIISIHEMO T'€OMETPUYHE TPAaKTyBaHHS 1iboro meroay (Puc. 6.5):

Vi o Y
A{xﬁ’, ») Bixy. »)

)

' Cl(xy, 71)

//Y

a 0
a — yJIOTOBHHHUM pelibed), O — CripaBkHil sp

Pucynok 6.5 - Meton I'ayca

Bymemo pyxartucst 3a oOpaHUM HampsiMOM, TOOTO Y3/IOBX JMAESKOi
npsiMoi B TUIOIIMHI X, Y. Y THX AUISHKAaX, Jie MpsiMa MepeTHHaE JiHil piBHS,
MH TIPH PYCi MEPEXOAUMO BiJ OAHIET JTiHIT piBHS 10 1HIIIOT, TaK IO MPH LOMY
pyci GyHKITiSI 3MIHIOETBCS (3pocTae abo yOyBae, B 3aJIe)KHOCTI BiJl HATIPSMKY
pyxy). Tineku B Tiif Toul, A€ JaHa HmpsAMa JOoTWYHA TiHii piBHA (Puc. 6.5a),
(GYHKIIiS Ma€ eKCTPEMyM Y30BXK LBOTO HAMPSIMKY. 3HAWIIOBIIHN TaKy TOUKY,
MH 3aBEpIIyEMO B Hill CITyCK IO TEpIIOMY HANpAMKY i MOBHHHI IOYaTH
CIIyCK TI0 APYTOMY.

Hexaif minil piBHS yTBOPIOIOTH CHpaBXKHiW sp. Tomi MOMXKIMBHMA
Bunaaok (Puc. 6.50), Kooy cyck 1o ofHiil KOOpAMHATI MPU3BOAUTE HAC Ha
«ITHO Apy», a Oynp SKWH pyX 3a TaKOI0 KOOpAWHATI (ITYHKTHPHA JIiHisA) Bee
Hac Ha migiioM. Hiskui momaiplInil CIyCcK MO KOOPAMHATAM HEMOXXIUBHM,
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Xoua MIHIMYM Il HEe AOCATHYTO. B maHoMy BMmajaKy mpolec CIIyCKy IO
KOOpAMHATaM HE CXOAWTHCS JI0 MiHIMyMy.

HaBmaku, skmo QyHKIS AOCHTH TJAAKa, TO B ACIKOMY OKOII
MIHIMyMy TIpOIleC CITyCKY IT0 KOOPIMHATaX CXOAUTHCS IO I[BOTO MiHIMyMYy.
OpHak MBHUAKICTH 301KHOCTI CHIIBHO 3aJIeKUTH BiJ (hopMmu JiHIN piBHA. Taxk,
Ko penbed QyHKOII Mae THI «pO3B'I3HUI fAp», TO TpPH MOMAJaHHI
TPaAEKTOPIi CIyCKy B TakWi sip 301KHICTh CTa€ HACTUIBKH IMOBUIBHOIO, IO
PO3paxyHOK MPAaKTUIHO BECTH HEMOKIINBO.

3a3BuYaii METOX IOKOOPAIHATHOTO CITYCKY BUKOPHCTOBYIOTH B SIKOCT1
nepioi cupodu mpu 3HAXOKCHHI MIHIMyMY.

IMuranus a5 camonepeBipku
SIKi yTBOPIOIOTHCS JTiHIT piBHSA?
Sxi Tunm penbedy QyHKIT iCHYIOTH?
SIxkuM 9uHOM 300paxKyeThes penbed GyHKINIT HA TUTOINHI?
o Take icripaBHii sp?
o Take crpaBxHiil TpeOiHB?
IIo Take po3B’s3HUH sip abo TpediHb?
UuM XapakTepu3y€eThCsl HEBIOPSAKOBAHUHN TUII penbedy?
B dyomy nonsirae meton [Maycca?

XNk WD

Uu 3aBKAM MOKHA BiTHANTH MiHIMYM 32 IOTIOMOTOIO METOIY
Taycca?

10. JInsg sxux TUIIB penbedy HaWOLIBI migxoauTs MeToa [aycca?
11. B gxocTi 9oro BUKOpUCTOBYIOTh HaiwacTime meron [aycca?
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T7T.YMOBHA OINITUMI3ALILA
7.1. 3araJbHi MoJI0KeHHS

Psin imkeHepHHUX 3a7a4 MOB'SI3aHUI 3 ONTHMI3ALIE€I0 MPU HASBHOCTI
JIesTKOT KUTBKOCTI OOMEKeHb Ha KepoBaHi 3MiHHI. Taki 0OMEXEeHHS iCTOTHO
3MEHIIYIOTh PO3Mipu 00JacTi, B sKiil po3myKyeTscst onTuMyM. Ha meprmmii
TOTJISIIT MOXKE 37aTHCS, MO0 3MEHIIEHHS PO3MIpiB JOMYyCTHMOI O0JNacTi Mae
CIIPOCTUTH MPOLEAYpPY IMOIIyKy ontumyMmy. OfHaK, HaBIaKH, IIPOIEC
OmTHMI3aIlil cTa€ OUIBIN CKJIATHUM, OCKUTBKH TpPH HAaSBHOCTI OOMEXECHB
HaBiTh HE MOXXHa BHUKOPHCTOBYBAaTHM 3aCTOCOBYBAaHI HAMU BHWILE YMOBHU
ontuManbHoCTi. [Ipu 11bOMY MOYXeE MOPYIIYBaTUCS HaBiTh OCHOBHA yMOBa,
BI/IMTOBITHO JTO SIKOT ONTUMYM IOBUHEH JIOCSTATHCS B CTAMIOHAPHIA TOYIi,
KA XapaKTepU3yeThCsA HYJIbOBUM Tpaji€eHTOM. TakuM YHMHOM BiJIpi3HIEMO
O0esymMoOBHMIT MiHIMyM, sK MiHIMyM Oe3 ypaxyBaHHS OOMEXCHb B
CTaIliOHApHIA TOYIll Ta YMOBHHIi MIiHIMyM — MIiHIMyM 3 ypaxXyBaHHSM
00Me)keHb HaBiTH SKIIO BiH i HE 3HAXOMUTHCS B CTAIliOHAPHIN TOYIIL.

Hanpuknaz, GesymoBHumit mimimym dymkmii f(x) = (x — 2)? mae
MiCIle B CTamioHapHid Toulli X = 2. AJle SKI[O 3aBAaHHS MiHiMi3arii
BHUPINIYETHCS 3 ypaxyBaHHSIM OOMexeHHsS X > 4, To Oyae 3HaiineHuiu
YMOBHUH MiHIMYM, SKOMY BigmoBimae Touka x = 4. Llg Touka He €
CTaIliOHapHOIO TOYKOW GyHKHII f (x), Tak sK f‘(x)=4. Tomy moTpiOHO
BUBYHUTH HEOOXIiHI 1 JOCTATHI yMOBH ONITHMYMY B 337a4ax 3 OOMEKECHHSIMH
K1 IHAKIIIe HA3WBAIOTh 3aJayaMyl YMOBHOI ONTHMI3aIlii.

B zaranpHOMy BHIIIAmi 3amady yYMOBHOI ONTHMi3amii MOKHA
3aIIMCaTH:

f(x) » min,x € R" (7.1
hi(x)=0,j=1,2..K (7.2)
g;(x)<0,j=12..,] (7.3)

VY Toumi JokaneHOro MiHiMyMy x* 3amadi (7.1) KoXHE 3 OOMEKEHB
(7.2), (7.3) Buxonyetbcs abo y Burismi pisHocti h;(x) =0, g;(x*) = 0,
abo y Burani HepisHocTi g;(x™) < 0. O6MexeHHA y BHIIAMI piBHOCTI
HA3WBAIOTHCSI AKTUBHUMH OOMEKEeHHAMHU. [HII 0OMEXEHHS Ha3UBAIOTHCS
HEAKTUBHUMH 00MeKeHHSIMH.



37

Sxmo Touka x* € D i oOMEeXeHHS aKTHUBHI, TO yM08a NiHIUHOI
nesanescnocmi  epadienmis ynxyiic g;(x*) (@6o hi(x) = 0) axmuenux
0bMmedceHb 8 MoyYl X* HAZUBAEMbC YMOBOI PEZYIAPHOCHI 00MeHCyIoOHuUx
dynkuinn 6 mouyi x*. 11g ymoBa o3Hauae, 110, HAMPUKIAA, IPU KITBKOCT1
He3aNeXHUX (aKkTopiB n = 2 KIUIBKICTh OOMEXyHunx (QYHKIIH, II0
MPOXOATh Yepe3 TOUKYy Xx*, He MOBHHHO IEPEBUILYBaTH 2 1 B TOUIll Xx*
Bekropu Vgi(x), Vga(x) (abo Vhi(x), Vhz(x)) He noBUHHIOyTH KOJIiHEApHI.
Hampuknan, Ha puc. 7.1 B cutyarii (a) KUTbKiCTh OOMEXYIOTh (YHKIIIH, 1110
MPOXOIATh Yepe3 TOUKY X *, MepeBUIIY€E PO3MIPHICTh BEKTOPY BapiliOBaHUX
¢bakrtopiB, B curyanii (0) B Touwi x* rpamientu Vgi(x), Vgz(x) oOMexyrounx
¢GyHKIIH KosiHeapHi.

X Xy
2,(X) a(d)

. /’_ ?
2 g:(X) 2,(X)

BN -
alX)

a) 6)
a — MepEeBUILEHHS KUTBKOCTI 00MeXYUHX QYHKIIIH; O — KOJIiHeapHiICTh
BEKTOPIB

Pucynok 7.1 - Curyariii i SKMX He BUKOHYEThCSI YMOBA PETYISPHOCTI
00MexyounXx (yHKIIIH

IIntanusa aJs1 camonepeBipku

1o Take ymMOBHA OITHMI3aIlis?

IIo Take cTanioHapHa To4ka?

Ilo Take 6e3yMOBHUI ONTUMYM?

ITo Take ymoBHUM onTUMyM?

Sxi 0OMeXeHHS Ha3WBAIOTHCSI AKTUBHUMHU ?

SN, LD -

SIki 0OMeXEeHHSI Ha3MBaIOThCS HEAKTUBHUMHU?
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7. 1llo o3Ha4ae yMOBa pEryJIIpHOCTI 0OMEXYIOUnX (YHKIIIH B TOUII
x*?

8. B sKMX cHUTyalisiXx HE BHKOHYETBCS YyMOBa pETYISIPHOCTI
oOMexyrounx (QyHKIINH?

7.2.3agauyi 3 00MeskeHHSIMH Yy BUTJIs/1i piBHOCTEe. MHOKHUKHI
Jlarpanxa

3a gomomMororo  MeToxy MHOXHUKIB Jlarpamka 1o  cyTi
BCTAHOBIIIOIOTBCSI HEOOXigHI YMOBH, IO MJO3BOJSIOTH 1I€HTU(DIKYBaTH
TOYKH ONTUMYMY B 33Jjadax ONTHMi3amii 3 00OMexxeHHAMU -piBHOCTAMH. [Ipn
IIBOMY 3a7la4a 3 OOMEKEHHSAMH MEepeTBOPUTHCS B EKBIBAJEGHTHY 3a/1ady
6e3yMOBHOI onTHMI3allii, B sKiil QIrypyroTh JedKi HEBiOMI mapameTpH, II0
Ha3UBAIOThCSI MHOXKHUKaMU Jlarpanxa.

PosrstHemMo 3amady 3 0THUM OOMEKeHHSIM-PiBHICTIO:

f(x) » min,x € R" (7.4)
hi(x)=0 (7.5)

BigmoBimo mo wmeromy MHOkHHKIB Jlarpamka 1 3amada
MEePETBOPIOETHCS B HACTYIHY 3aJa4y 0€3yMOBHOI MiHiMi3aIlil:

L(x.A) = f(x) — Ah;(x) » min,x € R" (7.6)
®ynkuis L(x.A) nasuBaerbes Qynkuiero Jlarpamxka. Tyr A —
MHOXHHK Jlarpamka. Hexait npu 3anaHomy 3HauenHi A = A° GesymoBHuit
MiHiMym yHKIiT L(x. 1) MO 3MiHHOI X JOCSTAa€EThCs B TOUI X = X0 1 X0
3a0BoJIbHsIE piBHAHHIO (7.5). Tomi, K He BaXKKO 0a4UTH, Xo MiHIMI3ye (7.4)
3 ypaxyBaHHsAM (7.5), OCKUIBKH HOJSl BCIX 3HAUEHb X, IO 33JOBOJBHSIOTH
(7.5), minL(x, 1) = f(x).
3posymino, moTpibHo mifibpary 3HauenHs A = A° Takum unHOM, 06
KOOpAMHATa TOYKH O€3yMOBHOTO MiHIMYMY X 330BOJIbHsUIA piBHOCTI (7.5).
Ile MokHa 3pOOUTH, SKIIO, PO3MIAAAOYN A K 3MIHHY, 3HAHTH 0€3yMOBHUI
MmiHiMym ¢ynkuii Jlarpamka (7.6) y Bumiaai yHKmii A, a motiM BHOpaTH
3HA4YEeHHSA A, IPH AKOMY BUKOHYETBCS PIBHICTH (7.5).
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IMpuxnan.
BupimuTi 3amauy

f(xq,x,) = x% +x%

3a HasBHOCT1 OOMEKEHHS:

hl(xl,xz) = le +x2 - 2 = 0

ITobynyemo ¢dynkirito Jlarpanxa:

L(xq,x5,8) =x% +x3 — 2(2x; + x5, — 2)

Ta Bu3HauMMo ii 6e3yMOBHUH MiHIMyM. 3Haiinemo ii cramioHapHy

TOYKY MTPHUPIBHSABIIN HYJIIO KOMIIOHEHTH Ii rpamieHTa abo i1 4JacTHHHI

IMOX1IHI:

JaL
—=2x,-21=0=x)=121
dxq

daL
—=2x,-A=0=xJ =—
dx, 2

s Toro mo0 mepeBipuTH UM BiAIIOBiAa€e CTamioHapHa TOYKa
3 kxoopmuHatamu (x9,xJ) rioGambHOMy MiHIMyMy, pO3paxyemo
marpuio ['ecce QyHkiii Jlarpanka — 151 MaTPULS, 110 CKIAOAEMbCL 3
Opyeux 4acmuHHux NOXiOHUX Ma€ OyTH TO3MTHBHO BHU3HAYCHA JUIs
TOTO, 100 MaTH TII00AILHUN MIHIMYM B 3a3HaveHil Todii. B Hamomy
BUIMAJKy MaTpulls ['ecce Oyne MaTH BUTIIS:

TR
dx? 0x10%x, =(2 0)
oo |7\ 2
0x,0x4 dx2

Mampuysa € no3umueno 8u3Ha4enolo, KoIu € NO3UMUBHUMU 6Ci
it kymogi minopu. B Hamomy BUNagKy — Marpuls 2X2 Ma€ OJUH
KYTOBHM MIHOp, IIO JOpiBHIOE 2 — TOOTO MaTpuIsl BH3HAYCHA
MO3UTHUBHO:

G 2)
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OnTuManbHe 3Ha4YeHHS A Oyne 3HAWIEHO HUIAXOM IiACTaHOBKH

x9,x9 B pi hy(x4,x,) 3Bi A=2T
1,X2 B piBHAHHA i hy (x1,%;) 3BiaKK otprmaemo A = <. Takum unHOM
. 4 2 .
YMOBHHH MiHIMyM JOCSTAacThCS TpH: XU = E,xg =_ Ta JOpiBHIOE
4
f(xlvxZ) = E

Ieit MeTon MOXKHA PO3MOBCIOAUTH Ha BUIAIOK, KOJH € JIEKiIbKa
00Me)keHb Y BUIIAMI piBHOCTEH. B maHOMy Kypci HE pO3IJIsSIacThCs.

ITutanusa pJs camonepeBipku

SlkuM YMHOM BPaxOBYIOTHCS OOMEKEHHS Y BUTJISAL PIBHOCTEH?
Sk 3anmcyeTbes GyHKIis Jlarpanxa?

Ha3BiTh yMOBY TobasibHOTO MiHIMyMY (GyHKIIT Jlarpamka?
SIka MaTpuns € MO3UTHBHO BU3HAYEHOIO?

=

7.3.3agaui 3 00MeskeHHSIMU y BUTJIAI HepPiBHOCTEI.

Posrsinemo 3amauy 3 0OMeKeHHAME-HEPIBHOCTAMHA
f(x) » min,x € R" (7.7)
9;(x)<0,j=12,..,] (7.8)

IIpouec ontumizarii Gyskiii (7.7) 3a HasBHOCTI yMoB (7.8) Moxe
BHUSIBUTHCS TaKUM, 1[0 He JyKe BiIPI3HAETHCS BiJl PO3MISIHYTHX B PO3JiNax
5 1a 6. ToOTO nOuamu € cenc 3 aHaLiMu4HO20 BUPIULEHHA 3a0ayi 6€3YMOBHOT
onmumizayii ynxyii (7.7) ma 3uaimu i cmayionapri mMouKu, nicjis 4020
abo nepegipumu 3uatioene piueHHs Ha 8i0nogionicms ymosam (7.8) abo npu
HASABHOCMI OeKiIbKOX piuienb — eidiopamu mi, wo im 6i0nosioaroms.
®dopmanizyBaTu Iei mporec ado 3HaWTH pillICHHS, IO HE € CTAI[lOHAPHUMHU
TOYKaMH Ta BiAmoBimaoTh ymoBaM (7.8) MokHAa 3a JIOTIOMOTOIO
po3risiHyTOrO BHIle MeToA Jlarpanka. AJie pO3IIISHEMO CIIOYATKY JIEKiIbKa
3arajbHUX IOJIOKCHb.
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Benuke 3HadeHHS B TeOpil Ta OOUMCIIIOBANBHIA MPaKTHII Ma€e
meopema  Kynma-Takkepa nans 3agadi  yMOBHOI  ONTHUMI3amii 3
oOMeXeHHsSIMH THIy HepiBHocTeil. He posrismaroun camy Teopemy,
3a3HauuMoO, IO skmo ¢yHKOiS (7.7) mpu obOmexkenHsx (7.8) mae
JOKAJIbHUH MIHIMyM B TOYII x*, IO BiOIOBiZae BUMOTI PETyJISPHOCTI
00OMeXyrounx (QYHKIIIH, TO 3aMICTh 3a7adi YMOBHOI ONTUMI3aIlii MOKHA
BHIIITYBaTH 33a4y Oe3yMOBHOI onTuMizamii pyukiii Jlarpanxka (7.6) -
Hug. Puc. 7.2.

X B

&z, %) =0

22(m. x)=0

g%, %) =10

Pucynoxk 7.2 - [lo Teopemu Kyna-Takkepa

Merton HarpaHma MOXHa PpO3IMOBCIOAUTU Ha BHUIIAJ0K HasIBHOCTI

ooMexxeHb THIY (7.8), IEpeTBOPUBIIH 1X y OOMEKCHHS B BUIJISAAI PIBHOCTCH
NUISIXOM JOJABaHHS 1O KOKHOTO 3 HUX 0CIabiA040i 3MIiHHOL U

gi(x)+uf =0 (7.9)

TakuM 4YmHOM, 3amada 3BOAMTHCA JO MiHIMIZamil QYHKIT mpu

HasABHOCTI OOMEXEeHb y BUTIIAAI piBHOCTEH Ta pyHK1ig Jlarpanxka Oyne MaTtu
BUTJISI;

]
L(x,u, ) = f(x) — Z 4i[g; () + u?] (7.10)

j=1
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HeoOXxigHuMu yMOBaMH, IO MarlOTh BHKOHYBATHCS B CTalllOHapHIiH
TOMII (AKIIO Ie TOYKA MIHIMyMY) € HaCTYIIHI:

oL _of dg;

ax  ox 4L ax
oL ,
—=g;x)+y

{ 94 (7.11)

420

OcraHHe piBHSHHSA TepeTBopuMo 3 ypaxyBaHHsM (7.9) Ta
IIOMHOKUMO HOr0 Ha U; /2. Orpumaemo:

Auf =0, —2g;(x)=0a6o Ag;(x)=0 (7.12)

Otpumane piBHAHHS (7.12) € ZOCUTH MPUHIHUIIOBHM, BOHO O3HAYAE:
> Sxmo 4j #0710 g;j(x) = 0 ioOMeKeHHs € aKTHBHUM

» SIkmo OoOMeXeHHsS € HEaKTHMBHUM, TOOTO gj(x) < 0 1O BigmoBimHUH

MHOXHUK Jlarpanxa 4j = 0

IIpuxian:
3HalTH YMOBHUI MiHIMyM HaCTYITHOT 3a/1a4i:

f(xy,x3) = x§ + x3 > min
g(x,x,)=2x,+x,—2<0
Ckmagemo ¢yHkiiro Jlarpanka:
L=x%+x3—22x;+x,—2+u?)
YMOBH iCHYBaHHS YMOBHOTO MiHIMyMY:

(x;,— A1) =0
2x, —A=0
AQ2x;+x,—2)=0
A=20
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SAxmo A=0, 10 x;=0Tax, =0 moO 33A0BONbHSIE YMOBi
2xq + x5 — 2 < 0. 3nauenss ¢pynkuii B Touri — f{0,0)=0

Sxmo 4 # 0 10 2x; + x5, —2 =0 i ToOi BUPINIYEMO CHCTEMY 3 3

piBHSHB:
(x;+1) =0
2x,+4A4=0
AQ2x;+x,—2)=0
A=0
3 sxoi xq = g,xz = %,/1 =§ aje 3a3HayeHa ToYKa He €

CTallilOHapHOI0 Ta JIOKAJBHUM MiHIMyMoM. 3HaueHHS (yHKUIi B Toumi -

fx)=4/5.

IIuranus QJs camonepeBipku

1.

3 AKMX JIif € CEHC MOYaTH BUPILICHHS 3a7a4i YMOBHOT OIITHUMI3aIli 1
3 0OMEXXEHHSIMH y BUTJISII HEpiBHOCTEH ?

SxkuM  mUIIXOM  OOMEXEHHS Y  BUIVLINI  HEpiBHOCTEH
MIEPETBOPIOIOTHCS Y OOMEKEHHS — PIBHOCTI?

B yomy momsirae cytHicTh Teopemn Kyna-Takkepa?

Sxi ymoBu s Qynknii Jlarpanxa HOBMHHI BUKOHYBaTHCS B
CTarioHapHil To4Ii?

7.4. Metoau mrpapuux ¢pyukuii. HexxopeTki oOMekeHHS

PosrnsiHEMO 3amady yMOBHOI onTHMI3aIlii:

f(x) » min,x € R" (7.13)
hi(x)=0,j=1,2,..,K (7.14)
g(<0,j=12..] (7.15)
xi(l) <x; < xl.(u) (7.16)

Taky 3amady TakoK Ha3MBA€TbCA 3a/aye€i0  HEJiHIHHOTI o
nporpamyBaHHsi. KaxyTe, 10 TOYKa X BIIMOBIZAE€ IOMYCTUMOMY
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BHUPIIICHHS 3aJa4i HENiHIHHOrO MpOrpaMyBaHHA, SKIIO JUISI  Hel
BUKOHYIOTECS BCi OOMexeHHs, ToOTO cmiBBimHOmEeHHS (7.13-7.16).
Ilepenbauaerscs, mo0 Ui BEKTOPY Xx* IO € BHUPINIEHHAM 3ajgadi
HEJNHIMHOTO MPOrpaMyBaHHs, BiOMO JESKE IMOYATKOBE HAOIMIKCHHS X,
MOXJIMBO HEMpUIycTHMe. Y Meronax mTpadHux ¢yHKIIH OymyeTscs
MMOCHIZOBHICTE TOYOK Xm, m = 0,1, ..., M, sika TOYNHAETHLCA 3 3aaHOI TOYKHU
X0 1 3aKIHUY€THCS TOUKOIO Xis, IO Jla€ HalKpaile HaONMKeHHs 10 x* cepen
yCiX TOYOK MOOYAOBAaHOI TOCTITOBHOCTI. B SKOCTI Xxm OepyThcs TOUKH
pIIICHHS JOMOMDKHOI  3afgadi  Oe3yMOBHOI  MiHiMi3amii, —OTpUMaHOI
MEePETBOPEHHSAM BHUXINHOI LITFOBOI (PYHKIII 3a HOMOMOTOI TaK 3BaHUX
mrpadpHUX QYHKINH. Y IUX MeTo/aX BHXITHA 3a/1a4a YMOBHOI ONTHMI3aIlii
MIEPETBOPIOETHCS B MOCTIAOBHICT 3a/1a4 0€3yMOBHOI ONTHUMI3allii.

Metomu mTpadHUX GYHKIOIH KIaCH(IKYIOTECSA BiAMOBITHO O
CIoco0iB 00JTIKYy 00MeKeHb-HEPIBHOCTEH. 3aI€KHO Bif TOTO, YU € SIIEMEHTH
MOCIIITOBHOCTI X JOIMMYCTUMHMH a00 HEIOMyCTHMHMHU TOYKAMH, KaXKyTh
Ipo METOAW BHYTPIIIHBOI 1 30BHIIHBOI TOYKM BIIMOBIJHO. SKIIO
IOCJIIIOBHICTD Xp MICTUTHh TOUKH 000X THIIIB, METOJ HA3UBAIOTH 3MIilLIAHUM.

Taxum arHOM, 7151 BUpIIIEHHS 33/1a4i YMOBHOI OYIyIOTh JOTIOMIKHY
GYHKLIIO BULY:

M K
Qlx,m,1) = f(x)+zrjaj[gj(x)] +Zl,-Hj[hj(x)] (7.17)
j=1 j=1

AbGo
M K

Qlx,m, 1) = f(x)+ rz Gilg; (0] + lz H;[h; ()] (7.18)

j=1 j=1

Ta BHPINYIOTh I HEl MOCIIIOBHICTh 3amad 0e3yMOBHOT
OIITUMI3AIliT:

Q(x,r,1) > min,x € R" (7.19)

B wmeroai 30BHIIHLOI TOYKM SKHH 1€ HA3UBAETHCI METO]
30BHilIHIX wTpaduux ¢yukuiii — ¢yskuii G Ta H BubOuparors Takum
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YUHOM, 100 BOHM CTaBald BIAMIHHUMH BiJ HyJS (MO3UTHUBHUMH) IpH
MOpPYIICHH] BiAmoBimHOTO OOMEXkeHHs (muB. Pmc.7.3). A OCKiNBKM MH
MiHiMI3yemo (7.13) To pyx B Oik MOpYILIEHHS CTae HEBUTIAHUM. BcepennHi
normyctuMoi obmacti ¢pysknii H Ta G moBUHHI TOpiBHIOBATH HYITIO.

[t oOMexXeHb HEepiBHOCTEH:

G; (gj(x)) > 0 npu g;(x) > 0 (7.20)

G; (gj(x)) =0mnpu g;(x) <0
)

o< =h 1

A
v

2 il

Pucynok 7.3 - IloBomkenns mtpadHux (yHKIIH 32 METOJOM 30BHIITHBOT
TOYKH

Ognoto 3 hopm dynkii (7.20) € kBagpaTuuna mrpadHa GyHKITIS:
2

1 1
6 (0,0) = lo@+lgll} =7 lg@+lgol® @2

Bsarami, mokasHuWK CTyneHo B piBHsSHHI (7.21) Moxe Oytu Oynab
SIKUU TTapHUH.
st oOMexeHb — PIBHOCTEH:

H; (h;(x)) > 0 npr by (x) > 0 (7.22)
Buwmori (7.22) BiamoBinaioTs HacTymHi mrpadHi GyHKITII:

H; (b () = |1y ()] (7.23)
H; () = ()" (7.24)
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e a — 6ynp sike nmapHe uncno. Hanpuknag a = 2
OOMeXCHHSI-HEePIBHOCTI 3a7adi YMOBHOI ONTHUMI3aIlii 10 SKUX MOXKE
OyTH 3aCTOCOBAaHO METOJ 30BHIIIHBOI TOYKH MOXKHA IHTEPIPETYBaTH SK
HEKOPCTKi, TOOTO Taki sIKi MOKHA mojojatH. Ane Tpeba pO3yMiTH, IO
AKICTh MPOLIECY IIPH IIbOMY MOXKE ICTOTHO moripmmuTrcs. B mpomy Bumaaxy
(akTopn OOMEXKYIOThCA SK TPABHUIIO BEPXHBOIO - bjU Ta HUXHBOK - bjL
MeXaMH, a cami OOMEXEHHS NpUWMAaoTh BiamoBimHO BTN (7.25) Ta
(7.26):
gix)=x-b’ —e<0 (7.25)

gi(x)=bf —x—e<0 (7.26)
e € — TouHiCTh OnTHMI3aIlil

B meTtoai BHYTpilIHb0i ToukH abo 0ap'epHux QpyHkuiii Gynkmii H,
G BUOMpPAIOTHCS BIAMIHHMMH BiJ HYJIA B JTONMYCTHMIiH 00JacTi Ta TaKUMH,
00 Mpu HAOIMXKEHHI O KOPJIOHY JIOMYCTHUMOI 00JacTi (3cepeIuHr) BOHH
3pOoCTaiy, MEePENIKOHKAI0YN BUXOY TIPH MOMIYKY 3a KOpaoH obmacTti (Puc.
7.4). Y npoMy BHMIAAKy Ii GYHKIlIi TOBUHHI OYTH MaauMH (TIO3UTHBHUMHU
Yl HEraTUBHUMH) BCEpeIuHI JOMYCTHMOI o00JacTi Ta BEIHKUMH
MO3UTHBHUMH TOOJIHM3y KOPIOHY (BCepeanHi 00iacTi) Ta Ha3WBAIOTHCS
0ap’epuumu. Hampukmnan, mist oOMeKeHb-HEPIBHOCTEH:

Gj (gj(x)) — oo pu g;(x) = 0~ (7.27)

N

Pucynok 7.4 - IloBomkenns mrpaduux QyHKIH 32 MeTo10M Oap’epHIX
GbyHKIi
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B sxocti 6ap’epHux ¢GyHKLINH I 0OMEKeHb-HEPIBHOCTEH MOXYTh
ciyryBaty QyHKIIT BHIY:
1

Gi(g; () = oy (7.28)
J

G (9;(0) = —1n(-g;@) (7.29)

Jlorapupmiuauii mrpad (7.29) - ue Oap'epHa GyHKIIS, M0 HE
BH3HAYCHA B HEMPHUIYCTUMUX TOYKaX (TOOTO IA Takux X, mo g(x) >0).
ToMy B THX BHIIa[IKaX, KOJH JOBOJUTHCS MAaTU CIPABY 3 HEMPHITYCTHMUMH
TOYKaMH (HANpPUKIAA, KOJIM 3aJlaHe [OYaTKOBE HAOMMKCHHS Xo HE €
JOTMYCTUMHM), TOTPIOHO cIeliaJbHAa Tpoleaypa, Mo 3abesmeuye
MOTPAIUISHHS B JIOITYCTHMY 00J1acTh.

Htpad, 3amanuit pynkmieto (7.28), He Ma€ HETaTUBHUX 3HA4YCHb B
nJomycTuMiii obnacrti. Ilew mrpad, sk i mornepenHii, € 6ap'epoM; B I[bOMY
BUINAJKy TaKOX BHHHUKAIOTH TPYTHOIII, TOB'S3aHi 3 MOMIIUBOIO TIOSBOIO
HEJIOMYCTHMHX TOYOK.

TtpadHi GyHKIiI-piBHOCTI I METOAY BHYTPILUIHBOI TOYKH MOJXKE
OyTu BuOpani y Burisizi (7.23), (7.24).

B 3aranpHOMY BHINISAI aNrOpUTM ONTHMI3aIlii MEeTOAOM MITpadHHUX
GyHKII BUTTIAIA€ HACTYTHUM YHHOM:

1. Ha mincrasi 3amaui (7.13 - 7.16) Oyayemo ¢ynkiito (7.17) ab6o
(7.18), BuOmMpaemMo TMMOYATKOBI HAOMMKEHHS X 1 TIOYATKOBI 3HAYCHHS
koedimienti mrpady 1, lk (7, /), KUTbKICTh iTepalliii, TOYHICTh O6€3yMOBHOT
ONTHUMI3aIlii, TOYHICTh JOTPUMAHHSI OOMEXKEHb 1 T..I.

2. Bupimyemo 3anauy (7.19) — cramionapna touka ¢pyuxuii Q (x, 1, 1)
MOBMHHA BIANOBIJaTH MiHIMaTbHOMY 3Ha4YeHHIO GyHKOil f(x) 1m0
3aI0BOJIBHSE OOMEKEHHSIM.

3. Skmo oTpuMaHe pIMICHHS HE 33JI0BOJIGHSE CHUCTEMi OOMEXKEHb Y
BHITaJKy BUKOPUCTAHHS METOAY IITpadHUX PYHKIIIH, TO:

» Jlns MeTody 30BHIIIHBOI TOYKH 30LIBINYEMO 3HAYCHHS KoedilieHTIB

mrpady
» ]l MeTomy BHYTPIIIHBOI TOYKH 3MEHIIYEMO 3HAYCHHS Koe(DilliEHTIB

wrpadpy
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1 3HOBY BHpinryeMo 3aauy (7.18).
4. Tlpormec TMPUNUHSETHCS, SKIIO 3HANICHE PIMICHHS 3a0BOJIBHSIE
crcTeMI OOMEKEHE 3 IIEBHOIO TOYHICTIO.

Hpuxaan:
Metonom mtpadHUX GYHKIIH 3HAHTH YMOBHUN MiHIMYyM (QyHKII:

f(xg,x,)=2(x; —2)% + x3

3 0OMEeXCHHSIMU
gl(xl’xZ) = Xl - 2x2 + 1 S 0
gz(xl,xz) = _le - xz + 2 S 0

OyHKLIA f(X) Mae CTalliOHAPHY TOUKY O€3yMOBHOTO MIHIMyMY X/=2,
x2=0 sika He 3a70BoNIbHsIE oOMexeHHsM. [lITpadHy ¢yHKIiIO puitMaemMo y
Bunsini  (7.21) Ta orpumyeMo gomoMikHy ¢yHKImiro (7.18) momyk
0e3yMOBHOTO MIHIMyMy SIKOi 3JiHICHIOEMO BWKOPHCTOBYIOUM DPO3IJISIHYTI
paHillle METOAW IOJIOBUHHOTO JIJIGHHS Ta IOKOOPAMHATHOTO CIIYCKY
(Tayca), xoperyroun mpu IOMY KOE(DII[iEHT 7 B CTOPOHY 30UIBIICHHS
MMOYMHAIOYH 3 7 = | TAKMM YAHOM, 100 MiHIMalbHE 3Ha4eHHS QyHKIIIT (7.18)
JIOPIBHIOBAJIO 3HAYECHHIO PYHKIIT f{x) IO BiAMOBia€ OOMEKCHHSIM.
Orpumyemo pimenss: x;=2; x2=1.25; f (x1,x,) = 2.5 g4 (xlyxz) =0
9> (x1,xz) = —3,5;r =3. [Ipadiu"ny iHTepmperamito pilleHHS Ta
MOBOKEHHS TpadHOT QYyHKIIl y mepeTHHi nmpu x;=2 MpeAcTaBIeHO Ha
Puc. 7.5. TyT 3eneHUM KBaapaToOM MOKa3aHa TOYkKa O€3YMOBHOIO MIHIMyMY
¢byHKIIT f{x), a YSPBOHUMH TPUKYTHHUKAMH TOYKH YMOBHOTO MiHIMyMy f(X)
Ta Ge3yMOBHOro MiHiMmymy Q(x,7) — 110 € pilleHHAM 3a1adi, a TaKOX
3HAUYEHHS 0OMEKEHb.
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d

| e )

e _,!I-E_

FX1, X2); GL{(X1,X2); G2(X1,X2); Q(X1, X2)

[ S S o S
O, --.‘. s -

X1

—0—Qx) =W==f(x) —O—gl(x) ==-0--g2(x)

Pucynok 7.5 - I'padiuna intepnperatis metoay mrpadHux (QyHKINH
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IMuranus 05 camonepeBipku
SIKi ICHYIOTBh PI3HOBHIM MeTOy ITpapHUX QYHKITIN?
B yomMy mnomsirae MeTox 30BHIIIHBO] TOUKH?
SIki oOMeXeHHsI MOJKHA IHTepIPEeTyBaTH SIK HEKOPCTKi?
SKy GpopMmy MaioTh HEXOpPCTKI 0OMEXeHHS (pakTopiB?
Sk 3ammcyeThes KBaApaTudHa mrpadHa GyHKIisL?
Hasenite mnpuxman mrpadHoi (GYHKINT IIS OOMEKCHHS -
PIBHOCTI 32 METOIOM BHYTPIIIHBO{ TOUKH?
B domy mossirae MeToa BHYTPIIIHBOT TOUKK?
Sxi QyHKIii Ha3uBaIOTECS O6ap’ epHUMHE?
Hagenite npukian 6ap’eproi QpyHKii.

. SIki ckmagHOINI MOXYTh BHUHUKHYTH TPH 3aCTOCYBaHHI

Oap’epHUX GHYHKIIH?
SKui adropuTM MONIYKY MIHIMYyMy METOJAOM INTpadHUX
¢byHKIii?
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8. JESAKI THIIOBI OBMEXKEHHS NPHU
MEXAHIYHIHN OBPOBII

PosrmsiHeMo nesiki OOMEKeHHS, IO BHHHKAIOTH MPH ONTHMi3alii
MPOIIECiB MEXaHIYHOI 0OpOOKH, 30KpeMa TOKapHOI.

OO0Me:keHHSI MBUIKOCTI pi3aHHsl, BUXOIMYM 3 33JaHOI CTIMKOCTI
pi3aJbHOTO IHCTPYMEHTY:

C, 318C,
K,abon————K, <0 (8.1)
tXv Sy TM tXvSWTMD
He n — dactora oOepTaHHS IIMHUHACIS CTaHKa, D — ngiamerp

3aroTOBKH

IIpu oMy CTIHKICTh Ma€e OyTH HE MEHIIIE HIXK 9ac 0OpoOKHU OHieT
nerani fo: ty < T, a mmbuHa pizaHHS He OunbIe 3a mpumyck A: t < A

OO0Me:keHHsT TomaYi, BUXOASYM 3 MIOPCTKOCTI TMOBepxHiI Rz. B
mepuioMy HaONMKEeHHI, BHOHMpalouM ToJady, MOXHA CKOPHCTATHUCH
dopmymamu I pO3paxyHKy T€OMETPUYHOI CKIIQJ0BOI MOPCTKOCTI, MAalO9H
Ha YyBasi, IIO peaqpHa MIOPCTKICTb Oyne BHINE, OCKUIBKH TYT He
BPaXOBYETHCS BILJIMB KOPCTKOCTI TEXHOJIOTIYHOI CHCTEMH, 1HIAMBITyaIbHIX
BJIACTHBOCTEH OOpOOIIOBAaHOTO Ta IHCTPYMEHTAJIBFHOIO MaTepialli, 1HIINX
pSKMMIB Ta yMOB pi3aHHS. HaBemeHi 3ameXHOCTI CHpaBemIwBi st
MOB3/I0BKHBOTO TOYiHHA. [ rocTpoi BepuIMHHM pi3us yMmoBa Oyne MaTH
BHTJIAL

§ < R,(tgp +tge,)
tge " tgo;

e ¢ Ta @; — BIAMOBIAHO TOJIOBHUM Ta MOMOMDKHUN KyTH B TIJIaHi.

(8.2)

[lpn HasBHOCTI pajiycy 3aOKpyTJIeHHS BepHIMHHM pi3us R, w10
XapaKTepHO JUIA Pi3LiB 3 MEXaHIYHUM KPIIMJICHHAM 3MiHHUX OaraTorpaHHuX
IUTACTUH yMOBa Oyze MaTH BUIVISL

S <8RR, (8.3)

OO0MexkeHH PO3PAXYHKOBOI 4acTOTH 00epTAHHS 3ar0TOBKU 1 Ta
o0paHoi noaayi $ KiHEeMaTUYHUM MOKIMBOCTSIM BepcTara:
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n < Ny, 360N —Ny,, <0 (8.4)
S < Spnax 360 S — S0 <0 (8.5)

O0mexeHHs 00yMOBJIeHe MOTY:KHICTIO BepcTaTa:
N, < Ny (8.6)

He N, — ebdexkTnBHA MOTYXHICTH pizaHHs; N, — MOTYXKHICTh
CJICKTPOJIBUTYHA BepCTara; 1 — K.K.J
Ockinbku epeKTHBHA TOTYHICTh BU3HAYAETHCS:

N, 2V (8.7)
¢~ 1000 - 60 '
Jle Pz — rojoBHa CKJIaIoBa CUJIM pPi3aHHS, SIKa BH3HAYAETHCS:
P, = Cpt™»S?V?rK), (8.8)

3 (8.6), (8.7), (8.8) oTpuMaeMo Iie OJHY 3aJCKHICTh, IO OOMEXKYE
MIBUAKICT Pi3aHHS:

1
V< 1000 - 60 - N, 1 \1*2p
—\ Cpt™rSIPK,

(8.9)

OO0MexeHHs TMOB’si3aHi 3 TOYHICTIO 00POOKHU:

1 1 1 8y
B\—+—+- < k37 (8.10)

zar  JB ]iHCTp

He P, — papianbHa CKIagoBa CUIN DPI3AHHS, Jaar, Ju» Jincrp
BIAMOBIIHO OPCTKICTh 3aroTOBKHM, BepcTaTa Ta IHCTpyMeHTa; k3 —
KOoe(iIieHT, M0 TOKa3ye B Ky YaCTHHY JOIYCKY IMOBHHHA YKJIAJATHCS
MOTPIIIHICTh, BUKIMKaHa AeopMalli€ro eJIeMEeHTIB TEXHOJIOTIYHOI CHCTEMHU
— 3a3BM4ail npuiimMaetbes B Mexkax 0,7 ... 0,8; &, — monyck Ha po3mip 1o
o0pobnstetsest.  CkmamoBi  ¢opmymu  (8.10) MokHa BH3HAUUTH 32
HAaCTYITHUMH 3aJICKHOCTSIMH:

P, = Cpy, t*Py SYPYV?PyKp,, (8.11)
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! = L 8.12
o KJE (8.12)

ne L — BimpHA MOBXHWHA 3aroTOBKH, MM, k; — KOEQilli€eHT IO

BpPaxOBY€ CITOCIO KPITJICHHS 3aroTOBKH (B AaTpoHi — k=3, B 1ieHTpax k=70,
B MAaTpoHi 3 Mi/UKUMOM ILEHTpY 3aaHboi 0abku k;=100); E — momymns
TpyXHOCTI Martepiaxy 3arotoBku, Mlla; J — mMomeHT iHepmii HaiOLTBII
HeOe3MEeYHOT0 MePEeTHHY 3arOTOBKH:

- ana cynineHOro mepernny J = 0,05D%

- 4 Kimeiesoro neperuny: J = 0,05(D* — d*)

1 3/200
—=0,000025k, |— (8.13)
Js Hy
e Hy— BucoTa IEHTPIiB BepcTara, MM; k2 — KOeiIliEHT 1110 BPaXOBYeE
THUTI 3aKpiTUICHHS:
- TIpH 3aKpiluUIeHH] B IEHTpPaxX Ta B MaTPOHIi 3 MiPKIMOM HIEHTPOM 3aHBOT
6abku k2 = 1
- Ilpwm 3akpimenHi B marponi k2 = 0.03L
1 3
—_— = (8.14)
]iHCTp 3] pEp
Jns Bumaaky TokapHoi 00poOku TyT 1 — noBxkuHa pisns, mM; Ep —
MOZyNb TpYyKHOCTI Marepiamy pisus, Mlla; J — momeHT iHepmil mepeTuHy
pi3ns:
- U KpYIJIOTO MEpeTHHY | = 0,05d§
HB3

- JJIA IPAMOKYTHOI'O IIEPETHUHY . ] = ?

KpiM TOT0 MOKyTh BBOJUTHCS TaKi TOJATKOBI OOMEXKEHHSI:

- OOMeXeHHS 3a TEeMIIepaTypor0 pi3aHHS Ha OCHOBI EMITIpHYHHX
¢opmyn abo TEOPETUUHNX PO3PAXYHKIB;

- OOMexeHHs, MOB’sA3aHlI 3 JOCHIIKEHHSAM KIHETHKH TEIIOBUX
MPOIIECIB MPH pi3aHHI TOOTO 31 CTPYKTYPHHUMH NMEPETBOPEHHSIMHU B
00pobroBaHOMy Marepiaii;
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Sk 6aunmo mpu oOpoOIi pi3aHHAM ICHYIOTh YHCENbHI Ta JAOCHTH
CKJIaJHI B3a€EMOIIOB’s3aHI OOMeEXXeHHs, sKi Tpeba BpaxoBYBaTH IIpH
ONTHMI3aIli] PeXXUMIB pi3aHHS.

IuTanusa 1Jsi camonepeBipku
1. 3a SKuMH TOKa3HUKaMH BU3HAYAETHCS OOMEKEHHS MBUAKOCT Pi3aHHs?
2. 3a SKHMH OKa3HUKAMH BU3HAYAETHCS OOMEKEHHS Moaadui?
3. HasBiTh nomaTkoBi 0OMexeHHS Ipu 00poOIli pi3aHHIM.
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9.3AJTAYI JIIHIMHOTO MPOTPAMYBAHHSI

9.1 3araJibHi MoJ10KeHHS

Benukuii kimac 3amad 3 omTHMi3amil CKIQHAIOTh 3afaul JHIHHOTO
MpOrpaMyBaHHs — YMOBHA ONTHMI3aIlisl 3 TIHIHHUMH I{ITOBHMH (DYHKITISIMH
Ta JHITHUME Xe oOMexkeHHsAMH. Ha BiaMiHy Bim 3amad HENiHIHHOTO
MPOrpaMyBaHHS JI¢ ONITUMABHE PIIIEHHS MOXKE 3HAXOJUTHCS K BCEpEAMHI
MPOCTOPY OKPECICHOMY OOMEXEHHSMH TaK 1 Ha caMHX OOMEXKEHHSX, B
3a71ayax JiHIHHOTO MPOTpaMyBaHHs PillIeHHS 3aBX/IH 3HaXOAUTHCS HA JIHIAX
00OMEKEHb.

OcHoBHa 3aja4a JIiHIHHOTO MporpaMyBaHHs Moke OyTH 3alucaHa B
HACTYITHOMY BUTJISII:

A%+ A% + o+ ag X, = by

a21x1 + azzxz + b + aann = b2 (91)
A1 X1+ QpaXy + o+ A Xy = by,

F =cy+cix1 +Cxy +++cpxy, » min - (9.2)

Tyt (9.1) — cucrema ooMexens 3amadi; (9.2) — minkoBa GYHKITIS.
OxpiM 00MeKEHb-PIBHOCTEH 10 OCHOBHOI 3a/adi BXOISATH TaKOX
00MeXEeHHA-HEPIBHOCTI:
X1 =0
x, =0
2 (9.3)
Xm =0

(0)
i

pomyctuMuM. CyKyIHICTh JONYCTHMHUX pIIICHHS Ha3WBalOTh IJIAHOM
3agayi JiHiliHOro mporpamyBaHHs. [Inan, mo miHiMizye ¢yHKIio (9.2)
HA3MBAETHCS ONTHMAJIBHUM. 3ajaya Ma€ pillleHHS TUIBKU B TOMY BUIAJKY,
KOJHM pPaHT MAaTpHIli CHCTEMH OOMEXeHb (CKiameHoi 3 KoedillieHTIB mpu

HEBIJIOMHX) 7 He OUTbIIIe KITLKOCTI HEBiIOMUX 7. SIKIO 7 = n TO cucTeMa

Besike He HeratuBHe pimeHHs cuctemu (9.1) - x; 7 = 0 Ha3uBaeThCs

Mae €IuHE PIleHHS sKe 1 0ye ONTUMAIBHUM SKIIO BOHO AOIMYCTHUMO. SIKIIO
K Hi — TO 3a/1a4a He Ma€ pimeHb. TakuM YHHOM IHTepPEeC Ma€ TiTBKH BUIIAT0K
Ko n < r, O 1 Oy/ie pO3IIIIAaTHCS B TOJATBIIOMY.
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Koxny 3amady miHiIHHOTO MpOrpaMyBaHHSI MOJKHA 3BECTH 10 (GOpMHU
OCHOBHOI. J[ys 11poT0:
1. byne aky 3amady mMakcumizamii Tpeba 3BeCTH 10 3a7ayi MiHimizamii.
2. Bwitm mepexoauTH Bix 0OMEKEHB, IMOB’SI3aHUX 3 HEPIBHOCTSAMH IO
€KBIBAJICHTHUX OOMEXEHb-PIBHOCTEH.

SAxmo oOMexeHHS 3ajadi  3aJaHi  y  BHIJISAIL
HEPiBHOCTEH:

a11X1 + alzxz + "'+ alnxn + bl 2 0
a21x1 + a22x2 + R + aann + b2 2 0 (9 4)
A1 X1+ Apa Xy + o+ Xy + by = 0

To (9.4) 3aBxau MOXHA 3BECTH 0 BUTIAMY (9.1) BBIBIIM T0IATKOBI
He HeraTHUBHI 3MIHHI: Xn+1, Xn+2, ... Xn+m |

11X+ A12%5 + -+ QX + by = X4
Ap1Xq + AgpXy + o+ Agnxy + by = Xy (9.5)
Am1X1 + AmaXo + =+ QX + by = Xy

OueBHIIHO, IO YMOBa HE HETaTHBHOCTI JOJATKOBHX 3MiHHUX
eKBiBaJICHTHA BUKOHAHHIO HepiBHOCTeH (9.4). TakuM YMHOM OOMEXKCHHS -
HepiBHOCTI (9.4) ekBiBasieHTHI 0OMEKeHHAM-piBHOCTIM (9.5), a oTke 1(9.1).

PosrsiHeMo nexinbka MpUKIIAAIB 3a/1a4i JiHIHOTO MporpaMyBaHHS.

9.2 3agaya npo BUKOPUCTAHHS CHPOBUHH
BuroroBnenns npoaykiii 1Box tumiB — Pita P2 moTpebye cupoBuHM
YOTHPKOX BHIIB — S1, S2, S3, S4. KinbKicTh CHPOBHHH 0OMEXEHE 1 CKiIamae
BiamoBigHO — b1, b2, b3, bs. KinbKicTh OAMHUIE CHPOBHUHH, IO MOTpeOye
BHUTOTOBJICHHS OJUHUIII MPOJYKIIIi BIIOMO Ta 3a7a€ThCSA y BUTIIAII TaOJHIII.
Tpeba cknacTu Takuii MJIaH BUIYCKY IPOAYKIii, 1100 Hoxin Bif i1 peamizarii
OyB OM MakcHMaldbHUM. YMOBHU 3anadi npejacrasiieHi B Tadm. 9.1.
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Tabnuist 9.1 - YMoBH 33/1a4i PO BUKOPUCTAHHS CUPOBUHH

Bumn 3amacu Bumu npomyxinii
CUPOBUHU CUPOBUHU

Pi P,

S1 by arq ar

$2 by az] az)

S3 b3 azq azn
S4 by a4 a4
Hoxin cl )

SIKIIO  MO3HAYMTH KUIBKICTH  MPOAYKIlii, IO BHIOTOBISETHCS
BI/IMTOBITHO X; Ta X2 TO IUTFOBA (QYHKIIISI Oy/Ie BUTIISAIATH:

F =cyx1+ cyx, > max (9.6)
Ockinbku OyIb-SKy 3aJady Tpeda 3BeCTH JI0 3ajadvi MiHiMi3allii, To
byHKIis (9.6) mpuitMe BUTIIS:
F = —cyxq{— cy3xy > min 9.7
1X1 = C2X3

YMoBH 3a/1a4i IpH IBOMY MOYKHA 3aITUCATH Y BUTIIS/II CUCTEMHU:
ay1%1 +a1,%x5 < by
Ayq1X1+ AypXy < by
31X, + A32X5 < by
Ay1X1+ AupXy < by

(9.8)

Cucremy (9.8) MoXHa 3BECTH JJO YMOB OCHOBHOI 3aJ1a4i y BUTIISI:

b, —ay1x1—a12%,=20
b, —ay1x1—ay;x, =0
b; —azix;—as,x, =0
by —Qg1X1— Aup%x5, =0

(9.9)

A00 HIIIXOM BBCACHHA JOJATKOBHUX 3MIHHUX OpUBCCTH N0 BUAY:
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by —ag1x1 — agx; = X3
by —az1x1 — Q%5 = Xy

9.10
by —az;xq — Az x; = X5 ( )

by —ag1x1 — Agx; = Xg

PimeHHs po3risHEMO Ha KITBKICHOMY MPUKIIAII:

Tabaung 9.2 - Buxinni naui

Buau 3anacu Bumn npomyxirii
CUPOBHHH | CHPOBUHH

P P,

S 19 2 3

AY) 13 2 1

S3 15 0 3

S4 18 3 0
Jloxin 7 5

YMmoBu Tabm. 9.2 MoxXyTh OyTH 3amucaHi B HACTYITHOMY BHIJISII:

2x;+ 3x, <19
2x1+x, <13
3x, <15
3x, <18
x;1=0
x, =20

Ab6o y dpopmax (9.9), (9.10):

x1 20 (DO
x, =0 (I
19 —-2x, —3x, =20 (II)
13—-2x,—x, =20 (IV)
15—-3x, 20 )
18 —-3x, =0 (VD)
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x1 =20
x, 20
19 — 2x, — 3x, = x5
13— 2x1 — x5 = x4
15 — 3x, = x¢
18 — 3x, = x4

[Ipy mpOoMy MaTpuWIld CHUCTEMH, CKJIaJeHa 3 KOe]iIlieHTiB IpH
HEBiIOMHX Oyl MaTH BUTJIS;

2 3 1 0 00
12210100
0 3 00 10
300 0 01

3po3ymiJio, 10 cucTeMa He MOXe OyTH BHpilleHa OJHO3HA4YHO, 00
KUTBKICTh HEBIIOMHX OiNbIa 3a KUTBKICTh PIBHSHB: paHT MaTpHIl » = 4,
KUIBKICTh HeBimoMUX 7 = 6. KiJIbKicThb CTyIEeHIB cBOOOIM k = 6 — 4 = 2

LinpoBa GyHKIIIS Ma€ BUTIIAL:

F = —=7x,— 5x, > min

Jdns  BupimeHHs 3afadi CKOpUCTaeMocs ii TeOMETPUYHOIO
inTepmperaniero. g nporo BBenemo cucremy koopawsHat x;Ox2. Bimomo,
II0 TEOMETPUYHE MIClle TOYOK Ha IUIOLIMHI, KOOPAMHATH SKHX
3aI0BOJILHSIOTh CHCTEMI JIIHIMHUX HEPIBHOCTEH, YTBOPIOIOTH BHUITYKIHI
0araToOKyTHWK, SKAH Ha3BeMO 0araTOKyTHHKOM DillleHb CHCTeMH
HepiBHOcTel. CTOPOHU LBOTO 0araTOKyTHHKA PO3TAalllOBYIOTECS HA MPAMHUX,
PIBHSHHSL SIKHX OTPUMYIOTBCS, SIKIIO B HEPIBHOCTSAX CHUCTEMH 3HAKH
HEpIiBHOCTI 3aMIHUTH TOYHHUMH piBHOCTSMH. CaM ke el 0araTOKyTHUK €
MepPeTUHAHHS MOJYIUIOIIMH, Ha SKi MOALIIE MIIOUIMHY KOXHA 31 BKa3aHUX
npssMHX. B HalloMy BUMAJKY TAKUMH MPSIMUMU €:

x,=0 (D
X, =0 (n
19 — 2x, —3x, =0 (1)
13—-2x;—x,=0 (V)
15—-3x,=0 )
18—-3x, =0 wn
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IIpsmi mokaszani Ha Puc. 9.1, cTpinku BKa3yIOTh SKi MONYIUIONIMHU
JTAfOTh 0araTOKyTHHK PillIeHb.

X,

Pucynok 9.1 - baraTokyTHUK pillleHb

Ha psiny 3 uuMm posrissHeMo 3rajiaHy Bulle HUITbOBY ¢(yHKIIO F Ta
3aMUIIeMO ii y BUTIIAII:
—7x,—5x, =C
3minrotoun C OTpUMAaeMO CYKYIHICTH IapaieNbHUX npsmux. Ha
Puc. 9.2 mokazani mpsimi st pisHEX C, a BEKTOP g BKa3ye HAIPSIM PyXy IO
3MeHIeHHs1 3HayeHb C. ToMy OYeBHMIHO, LIO pilleHHs Oyne Jexard Ha
CTOpoHI abo BepmIMHI 0araTOKyTHHWKa pillleHb HaiOimepmI BigmaneHoi B
HaIpsAMKy BEKTOpY g.
Takoro BepmuHoIo B nanomy Bunaaky € Q(5;3) (us. Puc. 9.1) —
10 MOKe OyTH BH3HAa4YeHO cyMicHUM pimeHHs M piBHsAHB (I1I) Ta (IV). [Tpn
LIbOMY 3Ha4eHHS LiIb0BOI (yHKIIT Oyae MiHIMAaIbHHMM, IO 33J0BOJIBHSIE
3a3HadeHuM BUMoram: F' = -50. Omxe HalOuIbI MpHOYyTKOBHUM pIilIEHHAM
€ BHITYCK 5 oauHMIb npoaykuii P1 ta 3 oguaums — Po.
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Laad Xl

C=175 (=35 (=325

PucyHok 9.2 - LlinboBa QyHKIis

9.3 3agaya npo BUKOPUCTAHHA NPOTYKTUBHOCTI 00, 1aJTHAHHS
[MignpuemcrBo 3a yac T mae BurotoButr N1 omuHUNB npoaykilii Pl
ta N2 oguHUIE npoaykiii P2. O0uaBa BN IPOAYKIii MOXKHA BUTOTOBIISITH
Ha oOmamHaHHi A Ta B, mo MarwTh pi3HY NPOAYKTHBHICTH (KIJIBKICTh
OJIMHUIIH TPOJIYKIIil, MO BUTOTOBJIIETHCS B OJWHHUINIO Yacy) Ta BapTICTh
BHUTOTOBJICHHS 32 OJWHHUINO Yacy. Buxinni gani 3Beneni B Taom. 9.3

Tabauug 9.3 3arajbHui BUI BUXIJHUX JaHUX 0 3a7a4l

O6namn. | IIpoayKTHUBHICTE Butpartu Ha Yac Ha BUTOTOBJIEHHS
B OJIMHULIIO Yacy BHUTOTOBII. 32 MporpaMu
OJIMHUIIIO Yacy
ITpon. Pi P> Pi P> Pi P>
A ai a o o2 X1 X2
B bi bz pi b2 X3 X4

3a ymoBamu 3ajadi Tpeba CIJIaHyBaTH IpOrpaMy BHUTOTOBJIEHHS
MPOAYKIii Ha BiAMOBITHOMY OOJazHaHHI 3 METOI0 MiHiMi3amii BHTpaT Ha
BHUTOTOBJICHHS.

LinpoBa ¢yHKIis Oyae MaTy BUIIIAL:

F =a;x; +ayx,+ f1x3 + x4 = min (9.11)

YMOBU 3a7a4i 3aAIITY ThCS:



x1 20
X, =0
x3 =0
X, =0
X1 +x, <T
X3+ x4, <T
a;x1+ byxz3 =N
a,x, + byx, = N,
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x1 =0

x, =0

x3=0

X4 =0

x5 =0

X =0
T—x1—x,=x5
T —Xx3— X4 = Xg
axq +byxz3=N;
\a,x, + byx, = N,

abo 4

(9.12)

Tob6to Maemo mipu 4 piBHSIHHAX 6 3MIHHUX, [0 BUMarae BUpa3uTu 4
3 HUX 4epe3 2 iHII OCKINbKW i TpadivyHOro pilleHHd Tpeba Matu 2
KoopAWHATH. PilleHHs po3risHeMO Ha KUIbKICHOMY mpukiazni. Buximsi
naHHi HasedeHi B Ta0m. 9.4. 3aranpHMM Yyac Ha BUTOTOBJIEHHSA BCiel
nporpamu T = 6 TOA,.

Tabaums 9.4 - Buxinni qanxi

O6nann. | [IpoaykTuBHicTE | Butpatu Yac Ha IIporpama
B OJIMHULIIO Yacy Ha BHUTOTOBJICHHS BHITYCKY
BHUTOTOBII. porpamMu
3a
OJTMHUITIO
qacy

ITpon. P P P | P P P> P P
A 6 24 4 47 XI X2
B 13 13 13 | 26 X3 X4 30 20

[Ipuitmaroun 3a 3aMOBYYBaHHSIM IO BCi 3MiHHI HE HETaTHBHI,
3anumiemo cucteMy (9.12) Ta uinboBy ¢yHkiro (9.11):

X1+x,<6 )
X3 +%x, <6 (1
6x, + 13x3 =30 (III")
24x, +13x, = 96 (IV")

F = 4‘x1 + 13x3 + 4‘7x2 + 26X4
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Matpuus cucremMu 0OMexeHb OyJie MaTH BUTJIL:

1 1 0 0 1 0
0O 0 1 1 0 1
6 13 0 0 0 O
0 0 24 13 0 O

Bubepemo B SIKOCTI BUIBHUX 3MIHHUX X; Ta X2 Ta BUPa3UMO 4epe3
HUX X3 Ta x4 3 piBHsaab (II1°) ta (IV?)

I =

x3= (80— 6x)=—(5-x) 2021, 5

1 24
x4 =15(96 —24x) = 5 (4=x) 2 0= x, <4

IligcraBuBmu orpumani Bupasu B piBHsHHA (II) oTpmumaemo
CHUCTEMY Ta IIbOBY (YHKIIIFO:

(x1 =20 )]
X, =0 (ID)
R <5 (I11)
X, < 4 (1)
X1 +x, <6 W)

\x, + 4x, =28 (VI)
F =222 —2x, —x, > min

I'eomeTpuuHa iHTepHpeTallis pimenHs oyae Matu Bunian (Puc. 9.3):
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T S ~  SBpy 407

=

Pucynok 9.3 - 'eomeTpudHa iHTepIIpeTALisl PIIICHHS

3 puCyHKa BHJHO, IO pimeHHIM Oyae Touka M(5;1) koopauHaTH
SKO1 BU3HAYAIOTHCS CyMicHUM pimenHsM piBHAHB (I1I) Ta (V):

72
Tenep MoxxHa BU3HAUUTHU: X3 = 0; X, = —
13

Omxe 3amaya BUpileHa MOBHICTIO. TakuM unHOM Ha 0OnmamHaHHI A
3a oO3HaueHWH wyac Oyne BHUTOTOBIEHO X;a; = 5-'6 =30 oauHUIB
mpoxykuii P/ Ta x,a, =1-24 =24 opmunune mnpoxykmii P2. Ha

obmagnanHi B Oyne Burorosieno x;b; = 0 - 13 = 0 oguHus nponykiii Pl

Ta X4b, = % 13 = 72 oguHUIb TPOaYKIIii P2
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9.4 TpancnoptHa 3agaua

VY nBox mocradanbHHUKIB Al Ta A2 € meska OJHOpiAHA MPOAYKLIA Y
KIIBKOCTI BiAMOBimHO a;Ta az. L{1o mpoaykiito Tpeba TOCTaBUTH IO TPHOX
crioxkuBadis B1, B2 ta B3 B xinmbkocTi by, b, bs. BapricTh mepeBe3eHHS 3
MYyHKTY Ai 10 nyHKTY Bj mo3Haunmo BimnoBigHo Cjj, Ta KUTBKICTh MPOXYKIIil
0 TepeBe3eHHS — Xxj; 1peba CKIACTH IUIaH TEPEBE3CHb 3 THUM 00,
MIHIMI3yBaTH CyMapHy BapTicTh IepeBe3eHb. YacTo 3a7ada AOTMOBHIOETHCS
JaHUMH TIPO BApTICTh MPOAYKIl y KOXXHOTO 3 MOCTAa4aJbHHKIB 1 TOII
MIHIMI3YIOTBCS CyMapHiI BHTpPAaTH Ha MPOAYKIII0 Ta TPAaHCIOPTYyBaHHS.
Takum yMHOM MaTeMaTH4HE (POPMYIIOBaHHS TPAaHCIOPTHOI 3amadi Oyme
MaTy BUTII;

( X11t X1 =Dby
X12 + X2 = b,
X13 + X953 = by (9.13)
X1+ x2+x13=< a4
Xoq + X390 + X33 S Ay

2 3

i=1j=1

CrpomieHnii BapiaHT TPaHCIIOPTHOI 3ajgadi MOJATaE B PIBHOCTI

CyMapHHUX MOTped 1 3amaciB:
2 3

Zai = ij (9.15)
i=1 j=1

B upoMy BUmNaznky 3ajaua CHpOILYETHCS, IBa OCTAHHIX PIBHSHHS B
cuctemi (9.12) mepeTBOPIOIOTECS Ha PIBHOCTI a caMa 3agada IOBHICTIO
npuiiMae ¢GopMy OCHOBHOI. be3yMOBHO KiJbKICTh IOCTA4aJbHUKIB 1
CIIOJKMBAUiB MOXKE BIAPI3HITHCA BiJ HaBEIEHUX B OUIBIIY CTOPOHY — IO
0e3yMOBHO YCKJIQIHUTD PIlICHHS 3a1a4i.
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[uranus 05 camonepeBipku

o Take 3amaui JiHIIHOTO MpOrpamMyBaHHS?

Jle 3HaxomAThCcA pIlIEHHS 3a7ad JIIHIHHOTO MpOrpaMyBaHHS IO
BIJIHOIIIEHHIO 10 OOMEXEHb?

Sxy popMy Mae ocHOBHA 331a4a JiHIHOTO MpOrpaMyBaHH:?

SIke pilIeHHS HA3UBAETHCS JOITYCTUMHUM?

[o Take miaH 3amadvi JIHIKHOTO MPOrpaMyBaHH?

Slke pimeHHS 3amadi JIHIHHOTO TNpOrpaMyBaHHS Ha3WBAa€THCS
ONTUMAJIBHUM?

Konu icHye emuue pimeHHS 3afadi JIHIHHOTO MPOTpaMyBaHHS —
BOHO X ONTHMalbHE?

B sxoMy BuNaaky 3ajada JiHIHOTO NporpaMyBaHHS HE Mae
piteHHs?

SIKMM YMHOM KOXKHA 33/1a4a JIHIKHOTO MpOorpaMyBaHHS MOXe OyTH
MpEACTaBIICHA SIK OCHOBHA?

10. IIlo Take 6araTOKyTHHK PillICHb?

11. B oMy mossirae CyTHiCTh TPaHCIIOPTHOI 3a1a4i?
12. Illo mepenbadae crpoieHnii BapiaHT TPAHCIIOPTHOI 3a1a9i?
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10.0OITUMI3ANIA 3A
EKCIIEPEMEHTAJIBHUMMU JOCJIIAXKEHHAMHU

10.1. 3aranbHi moJio:xkeHHs. IloBHMIl (paKkTOpPHNUI eKCIEPHMEHT

lonoBHa BUMOTa J0 MaTeMaTH4HOI MOJENi Ie mependadaTH
MOBEIIHKY OO0’€KTy 3 IIEBHOI TOYHICTIO. A SKIIO IO BHUMOTY
KOHKPETHU3YBaTH Ui ONTHMI3allilHUX MOJelied — To 1€ Imependayaru
HalpsM PyXy A0 THX yMOB jAe 00’eKT Oyae (YHKIIOHYBAaTH HAWKPALIUM
9yuHOM. Y OyIb SIKOMY BHUITAIKy MH MPUAMAEMO HACTYIHI JOMYIICHHS:
nosepxus 8i02yKy besnepepena, GoHa 21a0Ka ma Mac €OUHUL ekcmpemym (no
MeHWwitl MIpi 8 Medcax 0oaacmi UHAUEHHSL).

3a3BuyYail pH TOMIYKY ONTHMAJIBHOTO DilleHHS B (aKTOPHOMY
mpocTopi BUOMpaeThbess skach Touka C Ta  PO3MIIAOAETBCSA JCKIIbKA
CUMETPUYHHUX BiIHOCHO Hel TOYOK, 10 pa3oM (opMYIOTh JesiKy 1i100macTb
(muB. Puc.10.1). TyT mpoBOIUTHCS EKCIIEPUMEHT 3a Pe3yIbTaTaMu SIKOTO
Oymyerbcs mepma Mojenb. LI  Momenp  BHKOPHCTOBYETBCS A
nepeadayeHHsT TOBENIHKM O0’€KTa B TOYKax, M0 HE BXOAWIH [0
EKCIIEPUMEHTY. SIKIO TOYKM 3HAXOAATHCS BCEpEAMHI Mimo0JIacTi, TO Take
nependadeHHsT HOCHUTHh HA3By IHmepnoaayis, a SKIo 3a i MeXaMu —
excmpanonayis. Yum gani Big o0MacTi eKCIEPUMEHTY JESKUTh TOUYKA TUM 3
MEHIIIOI0 BIIEBHEHICTIO 1e¢ MokHa pobutu. Tomy MM BUMYIIEHi
EKCTPAIOJIOBATH HEAAJICKO, a OTPUMAaHI Pe3yJibTaTH BUKOPUCTOBYBATH IS
MPOBECHHS MOAAJIBIINX €KCIIEPUMEHTIB. SIKII0 3MIHIOBATH TUIBKH OJIMH 3
¢dakTopiB - x; a60 X, TO B SKOCTI ONTUMAIBHOTO PIMICHHSI MOXYTh OYTH
npuitHATI Touku A a60 B (Puc. 10.1) Toxi ik HacpaBi BOHO JICKUTh B TOYIT
M 1 s i1 morryky moTpiOHO 3MIHIOBATH OJHOYACHO O0OHABa (hakKTOpH — IIE i
€ OJIMH 3 CeHCiB 0araTo()akTOpPHOTO EKCIIEPUMEHTY.
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Mouatkoea nigobnacte

\ TpaekTopii NOWYKY ONTUMYMY

ontumymM dy HkUji

30Ha 6nMn3bka 40 ONTUMYMY

NiHiT piBHOrO BIAMYKY ¥

Pucynok 10.1 — Ctpaterist nonryky ONTHMaIbHOTO PillIeHHS

31 BCHOro pI3HOMAHITTS MOMJIMBUX MAaTEeMaTHYHHUX MOJEIEH,
HaWOUIbII MPHUIATHOK Ui Iiel 0araTo()akTOpPHOTO EKCIIEPUMEHTY €
MOJIeTIi y BUIIIAL anreOpaidyHuX MOJIHOMIB IEpIIOro Ta APYroro CTYIIEHIO.
Lls mpuAaTHICTH MONATaE B MPOCTOTI, 3pYYHOCTI Ta MOXKIUBOCTI OOYIOBU
MOJIeNTI B OKOJHIN Oyab K01 Touku. KpiM IIbOro Taki MOJei € HahOLIbII
MaTeMaTHYHO PO3pOONIEHUM KJIacoM Mojenei. TakuM 4MHOM IJIs BOX
¢akTopiB:

®  TIOJIHOM IEpIIOTO CTYHEHIO:
y=b0+b1'x1+b2'x2 (101)
®  TIOJIHOM JIPYToro CTYIIEHIO:

y = by +byx; +byxy, + by x% + byx2 4+ byyxix,  (10.2)

Hanpsmok  pyXy [0 ONTHMalbHOTO pilIEHHS HAa3WBA€THCS
HanpamoM rpafieHTy - CM ua Puc. 10.1. 3po3ymino, 1o pyx B LILOMY
HaIpsMKy IpH3BEIC A0 YCIiXy CKopille HiX y Oynb sSKoMy iHIIOMY. Sk
BuAHO 3 Pric.10.1 moxiHOM MepIioro CTYIMeHo 3aI0BOJBHSE I[ilf MEeTi MalOIu
B TOH JKe Yac MiHIMaJbHY KIJIBKiCTh KOe(ilieHTiB. AJle e Oyae BigOyBaTHCs
JI0 THX Mip, MOKA MM HE MOTPANKUMO B 30HY OJH3bKY 10 ONTHMYyMY SKa
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HAa3UBAETBCS «Matidce cmayionaproioy. B 1ii 30H1 BUKOPUCTAHHS JTiHIHHOL
¢GYHKIIT y BUTIIAAI TOJIIHOMA TIEPIIOTO CTYIEHIO CTae He e()eKTHBHUM 1 He
MPU3BOAUTH O TIOKPALICHHS pe3yibTariB. B koMY BHIIaAKY, MOTPAIUITHHS
B Maibke crarlioHapHy oOyacTh Tpeba BBakaTH 3aBEPUICHHSM IPOLECY
onTuMizarii abo € ceHC MePEXOAUTH 0 MOJIIHOMY JIPYTOro CTYINEHIo, 00 BiH
€ (yHKIIi€I0, MO Ma€ eKCTPEeMyM 1 MOXE aJeKBATHO OIMCATH IUITHKY
MOBEPXHI BIAryKy. TakMM YHHOM IpH IJIaHYBaHHI 0araro(pakTOpHOTO
eKCIIEPUMEHTY OOMEXHUMOCS ITOJIHOMaMH IEPIIOTro Ta APYToro CTYIEHIB.

Ilnan eKCIepMMEHTY XapaKTepU3YEThCS KUIBKICTIO CTYIMEHIB
cBOOOIN:

f=N-1-1 (10.3)

ne N — KUTBKICTh HE3aJIe)KHUX JIOCIIIB B TUIaH; [ — KUTBKICTh KOe(ilieHTIB
perpecii B piBHsAHHI (0€3 BIIBHOTO KOS(IIlIEHTY).

B 3amexHOCTi Bim KiBKOCTI CTYIIEHIB CBOOOJM IUTaHW OYBaIOTh:
HeHnacudenumu, Ko f > (), TOOTO KiIBKICTh JOCTIIB OULTBIIA Hi’K TOTPiIOHO
JUIS  BU3HAYeHHS KoeilieHTIB, wacuuenumu, ¥xomu f = (0 Ta
3eepxuacuuenumu pu f < 0.

Ilepen 6e3mocepenHiM MIaHyBaHHSM €KCIEPUMEHTY IIOBHHHO OyTH
BHKOHAHO PSJI;

AmnaJjiz anpiopnoi indopmamii. /{ocikeHHS TEXHIYHOTO 00’ €KTY
3a3BMYail TTOYMHAETHCS B YMOBAX, KOJIHM TakWid ab0 aHAJOTIYHMHA 00’ €KTH
JESIKAM YMHOM JOCHIiKyBamucs paximre. IHpopMariiro ska MICTHTBCS B
pe3ysbTaTax MoNepeiHiX TOCTIKEHb HAa3UBAIOTh ANpIOPHOI0.

Ouinka rpanunb objaacteii BH3HaYeHHA. 19 bOTO MOBHHHI
OyTH BpaxoBaHi OOMEKEHHS 1110 HaKJIaJaloThCs Ha (hakTopu.

Bubip ocHoBHoro piBHsi. HaiikpamniiMm yMoBam, 1o OTpuUMaHi 3
amnpiopHoi iH(popmarii BiAmoBimae komOiHaIis abo NMeKiTbKka KoMOiHAIii
piBHIB daxTopiB. Kokaa Taka komOiHamis € 0OaraTOMipHOIO TOYKOIO B
6araToMipHOMY (paKTOPHOMY MPOCTOPI. Ii MOMKHA PO3MIANATH SIK IOYATKOBY
TOYKY JUIsI TOOYAOBY TUTaHY eKCcIiepuMeHTy. BusHaummo i Ik ocHOBHUIT 60
HyJTBOBHH piBeHb. [I00ynoBa miiaHy eKcliepruMEeHTY 3BOAWTHECS 10 BHOOPY
eKCIICPUMEHTANBHIX  TOYOK  CHMETPUYHUX  BIJHOCHO  OCHOBHOTO
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(HyJIHOBOT0) PIBHS SIKi HOBUHHI 3HAXOJUTHCH B MEXaX 00IacTi BU3HAYCHHSL.
[lo3HauuMo AilicHe 3HAYECHHS OCHOBHOTO PiBHA j-TO GAKTOPY K X ;.

Bubip inTtepBaniB BapiloBanusi. HacTynHe 3aBmaHHs — BUOpatn
eKCIIepUMEHTaJbHI TOYKHM CHMETPHYHI BIiJIHOCHO OCHOBHOTO piBHS.
[lonokeHHs MX TOYOK BU3HAYAETHCS IHTEPBAIOM BapitoBanHs - I;. SIkio

iHTepBaJ BapiloBaHHS JOAATH J0 HYJIHOBOTO PIBHS TO OTPHMAEMO BEpXHii
piBers (BP), a sxmio fioro BigHsaTH Bix HyiasoBoro — HIDKHIA (HP), ToOTO
BIAMOBIAHO:

X1y =Xoj =1

I'pacpiuno 11€ MO’KHA 300pa3nTH sIK MOKa3aHo Ha Puc.10.2

XLj Xo X

Pucynoxk 10.2. — PiBHi ¢akTopiB Ta iHTEepBaj BapiroBaHHI

Ha Bubip inTepBaiiB BapiloBaHHS HaKJIaJal0Th OOMEXEHHS SIK 3HU3Y
TakK i 3BepXy. 3 0HOro OOKYy, iIHTEepBaJ BapitoBaHHS HE MOXKe OYTH MEHIIIE 3a
Ty IOXHOKY 3 SIKOIO eKCIIepUMEeHTaTop (hiKcye 3HaUeHHS PiBHS, 1HAKIIE PiBHI
He MOXxHa Oyne BiApi3HHTH. 3 iHIIOrO OOKY BOHH HE IMOBHHHI OyTH
HACTUTBKM BEIMKUMH, 00 3HAUEHHS PiBHIB ONMMMHUIINCA 332 MeKaMU 001acTi
BH3HaueHHA. B  nmx Mexax  0Oe3yMOBHO  30epiraeTeCsi  3Ha4Ha
HEBH3HAYCHICTh, BHOIpP IHTEpBAIy BapilOBaHHS € CKIAIHOI 3amaveto 00
BOHA 3B’si3aHa 3 HE(POPMaTi30BaHUM €TaloOM IIJIaHYBaHHS EKCIIEPUMEHTY
TOMy BOHa MOBWHHA BHPIIIYBaTHCS BUKIIOYHO 32 pPaxyHOK JOCBIOy Ta
IHTYIil mochigHuka. BuOpana BemuumHA B XOIi JIOCHIAIB YacTO Mae
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KoperyBatucs. Opi€eHTOBHO, SIKIIIO IHTEPBAaJ BapilOBaHHS CKJIaa€ He OLIbIIe
10% Bim 06macTi BU3HAYCHHS — TO BiH BBXKAETHCA 8Y3bkuM; Bif 10% 10 30%
- cepeonim; Oinbiae 30% - wupoxum.

[lpy nnaHyBaHHI eKCHEPUMEHTY BUKOPHUCTOBYIOTH He iHCHI
3Ha4YeHHA (aKTOpiB, a KOAOBAHI, SKi BU3HAYAIOTHCS HACTYITHUM YHHOM:

X = T (10.5)

3 pieasgap (10.4) Ta (10.5) BuUmHO, MO KOJOBaHE 3HAYCHHS
OCHOBHOTO piBHS JOpiBHIOE 0 — TOMy HOro 1 Ha3WBAIOTh M€ HYJIHOBHM
piBHeM. KomoBaHe 3Ha4yeHHS HIDKHBOTO PIBHS - -1 (MOXe MO3HadaTHCH
MIPOCTO « - »), @ BEPXHBOTO - +1 (MOXKe MMo3HAYaTHC « + »).

[Ipu noBHOMY (haKTOPHOMY €KCTIEpHMEHTI (haKTOPH BAPIOIOTHCS Ha
JIBOX pIBHAX — BEPXHbOMY Ta HIDKHbOMY. [IpuM I[bOMYy MOBWHHI OyTH
pealtizoBaHi 6ci mookcausi kombinayii' 3navens paxmopie. KiNbKICTh TaKUX
KOMOIHAIIIH, a OTKe 1 KUIBKICTh HE3aJIEKHUX JOCIIIIB BU3HAYAETHCS:

N = 2F (10.6)

TYT 2 — 1€ KUJIBKICTh PiBHIB, k — KiJIBKICTh (DaKTOPIB.

Ha dopmyni (10.6) 6a3yeTses i ymoHe mosHadenns IIOE - 2%, Tak mis
nBox ¢akropis IIOE moszHauaeThess 22, a KiNbKiCTh HE3aIeKHHX JOCTiiB
AK1 MaroTb OyTH IPOBEJCHI JOPIBHIOE YOTHPHOM. 3a pe3yinbraTamu [IDE
OynyeThcsi Momenab (PIBHSHHS perpecii) y BHUIIALO noOMIHOMA Nepuiozo
cmynento. JIns mBox daxTopis 115 MoAens Mae Burisia (10.1):

Inan 22 p1a moGynosu piBHsEEA perpecii (10.1) € HeHacHueHHM,
060 Mmae f = [ crymiHb cBOOOJM. YMOBH NPOBEAEHHS EKCHEPUMEHTY
3aMUCYIOTBCST B TaONMIIO, IO HA3MBAETHCS MATPHICIO IUIAHYBAHHS
excriepuMenTy (JIuB. Tab6n. 10.1). B mro MaTpHIfo TOJaTKOBO BBOIUTHCS
CTOBITYHK, IO BiATIOBiAa€e (iKTUBHIN 3MIHHIN Xo IPH BiTbHOMY KoedimieHTi
bo, Mo y BCIX eKcmepuMEHTaXx Mae 3HadeHHs +1 — BiH Oyxae
BUKOPUCTOBYBATHCSI BHUKJIIOYHO JUI pO3paxyHKiB, a HE 5K YyMOBa
MIPOBEICHHS EKCIIEPUMEHTY.
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Ta6muus 10.1 — MaTpus niaHyBaHHs €KCIIEPUMEHTY 22

N o YMOBU €KCIIEpUMEHTY Pesynpratu excriepuMeHTy
X7 X2 Jy

1 +1 +1 +1 Vi

2 +1 -1 +1 y2

3 +1 +1 -1 V3

4 +1 -1 -1 V4

Kosxen cToBOers MaTpuIli MTaHYBAaHHS EKCIIEPUMEHTY Ha3WBAa€THCS
gexmop-cmosbeys, a PSIIOK — 8eKmMop-pso0oK.

[ToBHMIT (aKkTOPHUI EKCIIEpPHMEHT B TOEAHAHHI 3 PIBHAHHIM
perpecii y BuUrsami anreOpaidHOTO TOJIHOMA JO3BOJSE JOCHTH JIETKO
BU3HauaTH Koedimientn perpecii. Tpeba nam’amamu, wio axmopu @
maxomy piGHAHHI Maiomb KOOOBAHI 3HAUEHHA, @ He OlcHi. Y HaBCICHIN
Hmwk4ae Gopmymi (10.7) j - e iHgeKe koedimieHTa perpecii:

1 N
bj = N;(xji i) (10.7)

Buxonsun 3 piBHsHHS (10.6), koedimieHTH perpecii 3 piBHSIHHSI
(10.1) na ocuoBi Matpumi Tabm. 10.1 OymyTh BH3HAUATHCA SK Cyma y 3i
3HAKAMH BiAMMOBIIHOIO X:

1
by :Z(Y1+YZ+Y3 + ¥s)

1
b1=1(y1 — Y2 Y3 — V)

1
b, =z(}’1 + Y2 = Y3 — V)

HasBHicTh omHiel cTymeni cBoboau mo3Bosste n0 piBHsHHS (10.1)
BBECTH III€ OJWH €IIEMEHT — 1 Ieil eneMeHT Oyne HemiHidHUM. PiBHSHHS
(10.1) npuitme BUTIIS:
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y=b0+b1'x1+b2'x2+b12'x1'.x2 (108)

Tyt enemeHT bi,-Xq- X, XapakTepusye B3aeMOAil0 (aKTopiB i
Ha3MBaeThcsl edekT B3aemomii. Bin BimoOpakae 3miHy edekTy omHOro 3
¢akTopiB mpu 3MiHi piBHA iHIIOTO (akTopy. s po3paxyHKy KoedimieHTy
b;, MO MaTpwuIli TUIAHYBAHHS JTOJJATKOBO BBOJUTHCS BiAOBIMHUN CTOBOEITH
(Tabm. 10.2)

Tabnung 10.2 — Matpuus miaHyBaHHs eKcepuMeHTy 22 3 eekTrom

B3a€MOIi{
YMoBu Pesynbratu

N | xg €KCIEPUMEHTY X1X2 EKCIEPUMEHTY

X1 X2 y
1] +1 +1 +1 +1 Vi
2| +1 -1 +1 -1 2
3| +1 +1 -1 -1 V3
41 +1 -1 -1 +1 V4

KoeoimieHT npu edekti B3aeMoii BiAMOBITHO OyJae BU3HAYATHCS:
1
by, = Z(}ﬁ — Y2 = Y3t W)

[Ipu HasgBHOCTI ABOX (akTOpiB mepedpaTn yci MOXKIMBI KOMOiHAIIT
3HAYCHb PIBHIB HE BAXKKO, ajic MPH iX 30LIbIICHHI MOTPIOHI IeAKi MpaBuJa,
mo0 dhopMatizyBatu 110 mpornenypy. Po3risaemo nBa:

1) YepryBaHHA 3HAaKiB: HEpIINHA CTOBITYUK — 3HAKH Yepe3 OJMH; APYTUH
Yyepe3 JBa; TPETid yepe3 4oTupH i T.A. | B3arami, 3HaKW 3MiHIOIOTHCS
yepes 27! 1e j — HOMep CTOBITYHKA.

2) JloMoBuUMOCH, 0 Koau kK > 2, i miaany 2% mian 25! € puxigaum. Ipu
mosiBi HOBOro (paxkTopy, BHXIAHMH IIJTaH MOBTOPIOETHCS [BIWi: B
MOEIHAHHI 3 HUXKHIM Ta BEPXHIM PIBHEM BUXIIHOTO IUIAHY.

31 30UIbIIEHHAM KUTBKOCTI  (pakTOpiB, KINBKICTh MOXKIHBHX
B3aEMOJIN CTpIMKO 3pocTtae. Ilpu HasIBHOCTI TphOX (AKTOPIB €IEMEHT
X1X,X3 Ma€ Ha3By eghexkm 63acmo0ii Opyeoeo nopsoxy. Marpuis
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MIJIAHYBaHHS EKCIIEPUMEHTY 3 YpaxyBaHHAM e(deKTiB B3aeMoAii 3BicHO Oyxe
posmmuproBaTucs. lIpUHIIMIIOBO BaXJIMBHM MOMEHTOM TIIpH IIIaHyBaHHI
eKCIIepPUMEHTY Ta aHali3l OTPUMaHMUX PE3YJIbTaTiB € Te, IO AK NPAGUI0 YUM
OinbuLe NOPsOOK 83aEMOOIL, MuUM MeHule IMOBIPHICMb 11020 GUHUKHEHHSL.

OTpumaHa MOZETh Ma€ MEPEBIPSETHCS Ha afeKBaTHICTH (B LOMY
Kypci He PO3TIISIIA€ThCS).

10.2. OpTroroHaJjibHi HeHTPAJbHI KOMIO3ULiiHI IaHN

[ToTpanuBimM B Maiie CTalliOHApHY 30HY B XOXi BHPIIICHHS
ONTHUMI3AIiiHOI 3a7adi, IOJIHOM NEpPIIOT0 CTYNEHI0O BXE HE [ae
NOJIMIIeHHsT pe3ynbTary. Temep Tpeba abo 3yMUHUTHCA 1 BBaXkaTH
OTPUMaHHI pe3ynbTaTH HaWIINMmuUMH abo crnpoOyBaTH ONMHCATH BIATYK
OLTBII CKIAIHOIO MOJAEII0 — IIOJIHOMOM JPYroro CTYIEHIO, KW Ha
BiZIMiHY BiJ MOJIHOMY TEPIIOTO CTYIEHIO0 Mae ekcTpemyM. Lled miaxin mMae
CEeHC, SKIIO Ha OCHOBi ampiopHOi iH(opMmarmii, BKIOYa0O4M TEOPETUUHI
YSIBJIGHHS PO IIPOIIEC, € IIJICTABU BBaXKATH HASBHICTh TAKOTO EKCTPEMyMY
y GYHKIIT BIATYKY.

CHpoIIeHo 110 CUTYAIII0 MOKHA TPOLTIOCTPYBATH, K MOKa3aHO Ha
Puc. 10.3. Ha pucyHky 300paXeHO MEpETHH MOBEPXHI BIATYKY B HANPSIMKY
rpamieHTy. JlificHO, TpalieHT y BUTJISAAL MOJIHOMY IEpPIIOro CTYIEHIO BipHO
BKa3ye HaNpsSMOK 10 ONTHUMAaJbHOTO pIillIeHHs, 300pa)kKEHOr0 TOYKOK M.
AJle pyXaro4uch B IbOMY HalpsIMKy MH IOTpAIuIsIEMO B T. P Ta o4iKyeMo
BiAMOBiTHUI pe3ynbTaT. Toxdi SK HacIpaBIi OTPUMYEMO PE3yJbTaT IO
BimmoBimae toumi @ i skwit € ripmuM (ab0 HE KpamuM) 3a pe3yibTarT B
noyaTkoBii Touri C. ToOTo, [UIA MONIYKY ONTHMAIBHOTO PIMIEHHS B MEXax
HIDKHBOTO Ta BEPXHBOTO piBHIB (akTOpiB (300paskeHUX BIAMOBIAHO
Toukamu L Ta U) OJIHOMY MEpIIOro CTYIIEHIO BXKe He JIOCUTH 1 Tpeba MaTH
OiTBII TOYHHMI ONHC TOBEPXHI BIATYKY 3 BiZOOpaXEHHAM HasBHOTO
excTpemyMy. | 1ieif onuc MoXke JaTH BIKE MOJIIHOM APYIOro CTYIIEHIO, SIKHH
3 ypaxyBaHHSIM MOXIIMBHX B3aeMOMid (akTOpiB i MBOX (hakTopiB Mae
Burisin (10.9):

y = Bo+ bixy + byxy + by X% + byyx2 4+ bypxix,  (10.9)
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HanpsmM rmpanieHTy

“

Q MepeTiH NoBepxHI BIAMYKY

L o] \% U

Pucynoxk 10.3 — Maiixe cranionapHa 001acTb

A B 3aranpHOMY BUTIISAL U k (DaKTOPIB:

k k k
y =B+ Z byx; + Z by}’ + Z by %2, (10.10)
j:l j=1

j<u
Hns orpumanus moxemi (10.10) 3MiHHI MOBHHHI BapiloBaTHCS He

MeHIIIe HDK Ha 3 pIBHAX, a KIJABKICTb cepiii He3aleKHUX AOCHifiB 0e3
ypaxyBaHHS OBTOPIB N MOBUHHO BiAITOBIIaTH BHMOT1:

Nz(k+2)(k+1)

- (10.11)

OproroHanbHICTs OyAb SKOTO IJIaHY Ie BIACTHBICTH 110 3a0e3medye
HE3aJIeXKHICTh OIIIHOK Koe(ilieHTiB perpecii Ta B JaHOMY BHUIAJAKY
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JIOCSATAETHCSI BUKOPUCTAHHSIM OPMO2OHANIbHUX YEHMPATbHUX KOMNOZUYIUHUX
nnanie (OLIKII) npyroro mopsiaky — sIKi 3 BETHKOI KITPKOCTI MOXIIUBHX €
OMHUMH 3 TPOCTIIMX. B MJaH eKCHepUMEHTYy BXOJATh JOCTIAM Ha
ocHOBHOMY piBHi Ta Matpuls [IDE (abo Horo apoboBa perutika npu k > J5)
IO CKJIAaaloTh A0pO NAaHy, Ta NEKibKa JOJATKOBHUX TOYOK IO 3BYTHCS
siprxogi. OTxe s k QakTopiB TiaH Oyle CKIaNaTUCS 3 HACTyITHUX
€JIEMEHTIB:

1. Snmpo 2k a6o 2kr
. HenTp 3 koopaunatamu (0,0,0, ..., 0)
3. 3ipkosi Touku 3 koopauHaramu (+ d, 0, 0, ..., 0); (-d, 0, 0, ..., 0); (0,
+d,0,...,0);(0,-d,0,...,0)it.a Tyr d— Tak 3Bane miede (KogoBaHE
3HaueHHs), npuaomy d > 1.

3arayibHa KITBKICTh HE3ANCKHUX JOCHTIIIB 0€3 ypaXyBaHHs IOBTOPIB IpH
1bOMY OyJie BU3HAYATHUCS:

N =2k+1+2k (10.12)
abo

N =2KP 4+ 142k (10.13)
Hampuknan, nns nBox (axkTopiB MaeMo IjiaH mokazanuit B Tabm. 10.3, me

N=22+1+42-2=09.

Tabmumst 10.3 — OproroHanbHAN HEHTPATbHUN KOMIO3HUIIHHUH TUTaH

2241422

N EjnemMeHTH miany X1 X2 y
1 +1 +1 Vi
2 -1 +1 y2
3 Anpo +1 -1 3
4 -1 -1 V4
5 HenTtp 0 0 s
6 +d 0 V6
7 . . -d 0 y7
2 3ipKOBi TOUKH 0 d Vs
9 0 -d 9
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s 3abe3neueHHss OPTOrOHANBHOCTI IaHy (cyMa MOOYTKiB BiANOBIITHUX
€JIEMEHTIB Oy/b-SKMX JBOX CTOBOI[IB NOBWHHA JIOPIBHIOBATH HYIIO) B

. . . _ k
piBHsHHS (10.10) BBOAATHCS HACTyNMHI 3aMiHU by = (,30 + lzjzl bjj) Ta
x! = x? — A, i BOHO HpHUitMa€e BUIIISA:

] ]
k k k
j=1 j=1

j<u

Martpuns 1UIaHyBaHHS eKcrepuMeHty 3 Tabmumi 10.3 3 ypaxyBaHHSIM
BEKTOP-CTOBOIIIB JJIsl PO3paxyHKy MpHiiMe BUTJIAN IMOKa3aHUM B TaOIMIl
10.4.

HeBigomi — A Ta d BU3Ha4aoThCS 3 YMOB 3a0e3MeUeHHS] OPTOTOHAIBHOCTI
CTOBOIIIB:

g= %[W —2+-7] (10.15)

2k=P 4 242
A=———""
N

Jesxi 3HaueHHS A Ta d B 3aJIeXKHOCTI BiJ] KiIbKOCTI (DaKTOPIB Ta sAapa
eKCIIepuMeHTY HaBenaeHi B Taom. 10.5
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Taonuns 10.4 — OpToroHaNbHUN IEHTPATLHUI KOMIO3HUIIHHUH TU1aH
22 + 1+ 2 2 B 3aranbHOMY BHUIJISII 3 BEKTOP-CTOBOUSAMH ISl pO3PaXyHKiB

N X0 X1 X2 X1 X7 X1Xp y
= x? = x?
-1 -1
1 +1 +1 +1 1- 1-A + ] Vi
2 | +1 1 + 1 1) 1) iy V2
3 | +1 + 1 1 1) 1) -1 Vs
4 | +1 1 1 1) 1) + Va
5 +1 0 0 -A -A 0 Vs
6 | +1 +d 0 - ) A 0 Vs
7 | +1 d 0 - )] A 0 7
8 | +1 0 +d A 2 ) 0 Vs
9 | +1 0 d ) P, 0 o

Koedimientn perpecii neperBopenoro piBasHH: (10.14) BU3HAYaIOTHCS
HAaCTYITHUM YUHOM [36]:

N
1

Ti=1

He C; - cyma KBaJpariB €JIEMEHTIB KOKHOTO BEKTOP-CTOBOIIS:

N
C; = Z X (10.17)
i=1

Buxoasuu 3 Ta6n. 10.5 nnan HaBenenuit B Ta0:1.10.4 y 3aranpHOMY
BUIJISIII TIpeacTaBiieHo B Ta0i. 10.6 B HIDKHBOMY PSIIIKY SIKOi HaBeIeHa Cyma

KBaJpaTiB €JIEMEHTIB KOXKHOTO BEKTOP-CTOBOIIS — CJ
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Tab6mwms 10.5 — Xapakrepuctuku aeskux OLKIT

Kinpkicts Furps Kinskicts
¢baxTopiB | p nocnigis | Ilieue excn. d A 1-4 d’-2
A TUTaHy N
2 0 22 9 1] 0,667 | 0,333 | 0,333
3 0 23 15 1,215 | 0,730 | 0,270 | 0,746
4 0 24 25 1,414 | 0,800 | 0,200 | 1,199
5 0 23 43 1,596 | 0,863 | 0,137 | 1,684
5 1 251 27 1,547 | 0,770 | 0,230 | 1,623
6 0 26 77 1,761 | 0,912 | 0,088 | 2,189
6 1 26-1 45 1,724 |1 0,843 | 0,157 | 2,129
6 2| 262 29 1,664 | 0,743 | 0,257 | 2,026
7 0 27 143 1,909 | 0,946 | 0,054 | 2,698
7 1 27-1 79 1,885 ] 0,900 | 0,100 | 2,653
7 2| 272 47 1,841 | 0,825 ] 0,175 | 2,564
7 3| 273 31 1,771 | 0,718 | 0,282 | 2,418
Taonuns 10.6 — OpToroHanbHUN EHTPATbHUI KOMIO3HUIIIHHUH TU1aH
224+142-2

N | Enementu | xy Xi X2 X1 X5 X1%, y

IaHy — 5t =¥

-1 -1

1 +1 +1 +1 0,333 0,333 + 1 Vi
2 Sapo +1 -1 +1 0,333 0,333 -1 2
3 +1 +1 -1 0,333 0,333 -1 V3
4 +1 -1 -1 0,333 0,333 + 1 V4
5 Hentp +1 0 0 -0,667 | -0,667 0 Vs
6 +1 +1 0 0,333 -0,667 0 V6
7 3opsuHi +1 -1 0 0,333 -0,667 0 y7
8 TOYKH +1 0 +1 | -0,667 | 0,333 0 Vs
9 +1 0 -1 -0,667 0,333 0 9

N

C; = Z szi 9 6 6 2 2 4
i=1
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3a Bigomux koediuientiB piBHsaHHA (10.14), MoxxHA 3HAWTH BUTbHUIA
4yieH BuxigHoro piBHsHHSA (10.10):

k

Bo = by —AZ bjj (10.18)

j=1

103. IlnaHyBaHHS eKCIIEPUMEHTY Ta ONTUMIi3anis 3a koHuenuiew Taryui

Konnenuist Oyna Bucynyta a-pom I'eniui Tarydi B Toif yac Konu BiH
npautoBas B Jlaboparopii Enextpuunoro 3B’s3ky (ECL), 3acHoBaniil B
Smonii micns  nmpyroi cBiTOBOI BiHH. 3aliMaroyMCch ONTHMI3aIli€ O
TUTAHYBaHHS €KCIIEPUMEHTIB BiH 3allpONOHYBAB IJIAHU NPH AKUX KiJbKiCTh
AOCHiiB 3HAYHO CKOPOYYETHCS IO BIIHOMIEHHIO N0 TPAAMLIHHUX IJIaHiB
0COONMBO TMpH BeNWKiH KiTbkocTi (akTopiB. IlOpiBHSAHHSA KiJIBKOCTI
HEOOXIHHUX JOCIiIB P MPOBEJICHHI TOBHOTO ()aKTOPHOTO EKCIIEPUMEHTY
i 3a koumeniiero Taryui HaBegeHo B Tabma. 10.7.

Ta6nuist 10.7 - [TopiBHSAHHS KUTBKOCTI HEOOXITHAX TOCIII/TIB 1J1sI TOBHOTI'O
(hakTOPHOTO EKCIIEPUMEHTY Ta 3a TaHamu Tarydi

KinpkicTs mocmiaiB
daxTopiB PiBHiB Tosruii .
(dbakTopHUI Ilnan Taryui

E€KCIIEPUMEHT

2 2 4 4

3 2 8 4

4 2 16 8

7 2 128 8

15 2 32768 16
4 3 81 9

[loyatkoBUM  mpHU3HAYEHHSAM IJIaHiB  Oysno  3abe3medeHHs
MOKa3HUKIB SKOCTI MPOXYKIii Ta KepyBaHHA HHMH. Metoauka Tarydi
noyasa IHUpoKo 3actocoByBaTucs B Crnonydenux Illtatax Ha mouaTky 80-x
pokiB XX cTOpiuys Ta MpUHECHa CYTTEBI 3MIHH B I1HXKEHEPIIO SIKOCTI Ta
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3a0e3neynia Bpakalodi pe3ylnpTaTH, L0 Aaj0 OEKOMY IIPUBiA BBaKaTH
3aMpONOHOBAHUN IAXiA HAWOUIBII 3HAYYNIUM BKJIAJAOM B CTaTHCTHYHI
METOJ¥ YIPABIIHHS SKICTIO 33 JCKiTbKa OCTAaHHIX JECATHPIYb.
[MpunHIIMTIOBO WiAXiA A0 IIaHyBaHHsA ekcrmepuMeHTy (Design of

experiment - DOE) mnpaktuyHo He Bimpi3HseThCS Bix OaratodakTOpHHX
eKCIIEPUMEHTIB, PO3TSIHYTUX BHINE — IMOCTIOBHICTE AOCHIIIB € Habip
pi3HHUX KOMOiHamii piBHIB GakTopiB. [lanyBaHHS 3MiIHCHIOETHCS Ha OCHOBI
TUTaHIB Y BUIJIIAI CTAaHAAPTU30BAaHUX OpTOTOHAIbHMX MacuBiB (Orthogonal
Arrays - OA). Pe3ynpratoM 3acTOCyBaHHS METOJUKH € TIOIIYK
ONTHMAIBHOTO CIiBBiTHOMIEHHS (paKTOPIB, 10 3a0e3edye MiHiMalbHe a00
MaKCHMMAaJibHe 3Ha4YeHHsl BiIryky a0o pe3yJibTYHOUOI0 NMOKAa3HUKa. Aje
€ IesKl BIOMIHHOCTI:

oKiBKICTh PiBHIB ()aKTOPIB MOXKE OyTH OYIb-IKHM;

oKinpKicTh piBHIB IS pi3HHUX (aKTOPiB MOXKE OYTH pi3HUM;

eDaKkTOpH MOAUISIOTHECS Ha Ti SKMMHU MOXKHA KepyBaTd abo0 306HIUHIl
Macug 1 Ti IKHMH KepyBaTH HE MOXHA — GHYMpiwHili macus. ®akTopH,
BHYTPIillIHBOr0 MAacCHBY MalOTh Ha3By uIyMoBHX. HasBHicTh mrymiB
MPHU3BOJUTH IO BiIXHUIECHHS POOOTH CHCTEMH Bif imeanpHOi. B cBOIO uepry
(dakTopu BHYTPINIHHOIO MAacHUBY MOXKHA TOJUINTH HA Ti IO IiATAIOTHCS
KOHTPOJIIO Ta BUMIPIOBAaHHIO 1 BUMaakoBi Bapiamii. IcHye Tpm kateropii
¢akTopiB mrymy:

a) 3oBHImHSA cepena (BOJOTICTh, TEMIIEpaTypa Ta iH.);

6) CrapiHHs Ta 3MiHa BIACTHBOCTEH 00’€KTa B Yaci;

B) BupoOumnui Bapiamii.

oJleski ¢akTOpu 3 BHYTPINIHBOTO MAacCHUBY - Ti, 3HA4EHHSA SKHUX
MiJTAIOTECS KOHTPOJIIO Ta BUMIPIOBAHHIO MOXKYTh BBOIUTHCS [0 IUIAHY
excriepuMeHTy. KibKicTh piBHIB I TaKUX (aKTOPIB SIK IPABHIIO JIOPIBHIOE
2 (HAaIpUKJIAJ BUILE YM HUXKYE JESKOTO MOPOrOBOTO 3HAYEHH);

eB pe3ynbraTi eKCIEpUMEHTY MOJeIb 00’ekTy abo mpolecy He
OyayeTbcsi, a TUTbKM BH3HAYAETHCS OINTHMAJIbHE IIOEIHAHHS 3HAYCHBb
¢dakTopiB. ONTUMAJIBHUM TOEIHAHHSAM BBAKA€ThCS Take, IO 3abe3medye
MiHIMaJIbHe a00 MaKCHMajbHE 3HAYCHHS pe3yJbTYHUOro IOKa3HUKa.
Buxonsam 3 1mporO, 30UTHIICHHS KITBKOCTI PIBHIB IMiJBHINYE TOYHICTH
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BH3HAYCHHS ONTHMAJIBHOTO pIIIEHHS, ajie 30UIbIIye HEOOXiAHY KITBKICTh
JOCJTIIIB.

eOnTUMaibHEe TMOE€JHAHHS 3HaueHb (AaKTOpiB, BHU3HAYEHE B XOMi
EKCIIEPUMEHTY Ta IUISIXOM HECKJIQAHOTO PO3pPaxyHKy, $IK MPaBUIO He
cniBnaga€e 3 THMH, [0 BUKOPHCTOBYBAJINCS /UUIsl IPOBEAEHHS OCTiiB.
Ie mimxoMm 3po3ymino, 60 mianu Tarydi € Jiuimie MaJeHbKHM (parMeHTOM
MOBHOTO (PaKTOPHOTO €KCIIEPUMEHTY. Takuil pe3ynbTar € nepegdoaueHuM, a
HE TakuM 10 OyB OTpUMAaHMA B XOJi EKCHepUMEHTy. JSIKIIo Tak,
000B’SI3KOBMM €JIEMCHTOM KOHIIeMil Tarydi € HeoOXiqHicTh MpoBeaeHHsI
nepeBipoYHOro AOCTiAy Ha BHU3HAUCHIH ONTUMAIBbHIH KOMOiHAIii piBHIB
¢akTopis.
PisHuns y BuKopucTaHHi migxomy Tarydi 1o yrmpaBIliHHS SKICTIO Ta
Io omtuMizamii Oyab-akuX (Hi3MIHUX TMOKA3HUKIB OyJe MOJNSATAaTH TiTBKU B
TOMY, IO BHKOPHCTOBYETHCH B FAKOCTI pe3yJIbTYIOUOro NOKA3HHKA.
SIK110 MOBA ¥iJle PO ONTHUMI3aIlil0 SIK TaKy, TO PE3YJIbTYIOUYHMM MOKa3HHUKOM
Oyne Oynmp-skuii (Qi3MYHMN TOKAa3HHWK Iporecy abo BUPOOy, HaNpHKIAT
BEIMYMHA 3HOCY PIXKYYOro IHCTPYMEHTY abo HOro CTIfiKiCTh, CHIIa pi3aHHs
ta iH. Takuii Bigryk Moxe sIK MiHIMI3yBaTHCh Tak i MakcuMizyBatucsk. [lpu
OIIIHITI AKOCTI PE3yJIbTYIOUMMHU ITOKAa3HUKAaMHU € CITIBBIIHOIICHHS CHUTHAJI-
myM — SN, IO XapakTepH3yloThb pO3CIIOBaHHS (AMCIEPCi0) UM
PO3IIOAITICHHS Pe3yJbTYyIOUOrO IOKa3HUKa BIJHOCHO HOMIHamy (TyT He
PO3TIIAAIOTHCS).

Mu Takox He OyAeMO TYT pO3ISIOAaTH SIK CaMe TeHEPYIOThCS
OpTOTOHANBHI MacwBH Tarydi. 3 Ii€l0 METOI0 MO)KHa KOPHCTYBATHCS
CreLialbHUM NPOTPaMHHUM 3a0e3leueHHsIM, Ta0nuisiMu Ta iH. [To3HagaroTsb
MacUBU HaCTyImHUM duHOM: OAn(s™) ne N — KUTbKICTh JOCIIJIiB B MAaCHBi, §
— KUIBKICTh PiBHIB, m — KUIBKICTh (pakTopiB. SIKmmmo mns pisHUX (axTopis
BCTaHOBJIEHAa pi3HAa KINBKICTh PiBHIB, TO MO3HAa4YEeHHA OyAe MaTH BUIJIAL:
OAy (51m 1 x szm 2 ) PiBHiI yacTime MOo3HAYarOTHECS IOCHIIOBHICTIO I, 2,
3,...,saboiwomi 0, 1, 2, 3, ..., s-1.

Hesxi 3 OA 3 OZHAKOBOIO KUNBKICTIO DIBHIB U BCiX (pakTOpiB
HaBeneHi B Ta6m. 10.8. ITpuxiaamu OA 3 pi3HOIO KINBKICTIO PIBHIB HaBEICHI
B Tabm. 10.9, 10.10. Tpeba 3a3nHaunTH, mo Oyas skuit OA SKUH BIAMITOBYE
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32 KUTBKICTIO PIBHIB MOXHAa BHKOPHCTOBYBATH [UII MEHIIOI KiJIBKOCT1

(dakTopiB, BIAKUHYBIIIH 3aiBi CTOBOIII.

Ta6mums 10.8 — [Ipuknaau opTOroHaJbHIX MaCHBIB 3 OJTHAKOBOIO

KIUJTBKICTIO PiBHIB
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Ta6nuns 10.9 — Oproronansruii macus 0A (61 X 3°)

X7

X6

Xs

Xa

X3

X2

X1

10
11
12
13
14
15
16
17
18
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Ta6mnuns 10.10 — Oproronansuuii macus 0A,5(21 x 37)

N X X2 X3 X4 Xs X6 X7 X3
1 1 1 1 1 1 1 1 1
2 1 1 2 2 2 2 2 2
3 1 1 3 3 3 3 3 3
4 1 2 1 1 2 2 3 3
5 1 2 2 2 3 3 1 1
6 1 2 3 3 1 1 2 2
7 1 3 1 2 1 3 2 3
8 1 3 2 3 2 1 3 1
9 1 3 3 1 3 2 1 2
10 2 1 1 3 3 2 2 1
11 2 1 2 1 1 3 3 2
12 2 1 3 2 2 1 1 3
13 2 2 1 2 3 1 3 2
14 2 2 2 3 1 2 1 3
15 2 2 3 1 2 3 2 1
16 2 3 1 3 2 3 1 2
17 2 3 2 1 3 1 2 3
18 2 3 3 2 1 2 3 1

MerTo10 aHaji3y pe3yabTaTiB eKCIIepUMEHTY 3a Tarydi € mepii 3a Bce
MOIIYK BiAMOBiAI Ha TPH KIIOYOBUX MUTAHHS:

1. SIxi yMOBH € ONTHMAaTbHUMHU?

2. Slxi daxkTopu BILUIMBAaIOTh Ha BapiaOeNbHICTH pE3yNbTATIB 1 SK
CUJIBHO?

3. Skwuif Oyme odiKyBaHWH pe3yibTaT NpPU ONTHMAJIbHUX YMOBax 1
HACKUTBKM CHJIBHO KOXEH (haKkTop BIUIMBAE Ha IMOJIMIICHHS
pe3yJIbTaTiB

s BimmoBimi HAa Ii TUTAaHHA Ha OCHOBI OTpUMaHUX 3a
pe3ynbTaTaMd  EKCIIEPUMEHTY pPEe3yJbTaTiB Ta CaMOro OPTOTOHATHHOTO
MacHBY PO3PaXxOBYEThCS CepeiHill e()eKT KOKHOTO (haKTopy IJIsi KOKHOTO 3
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piBHiB. Po3paxyHok cepemHboro edekry dakropy X; Ha piBHI [ -

Xil BUKOHYETbHCA HACTYITHUM YNHOM:

N
R Z (10.19)

{]le.]_l}

Tyt r{l | X; = 1} — xinbkicTs piBHIB / y BimmoBigHoMy cToBOII X;
¥y j=1 Y- cyma 3HaueHb pe3yJbTYHOUMX MOKAa3HUKIB Y Hiist AKX
U |Xij:l]
piBEHb Yy BiIMOBITHOMY pSIKY j cTOBOLS X; TOpiBHIOE /
OnTtuManbHUM pimeHHsM Oyzae komOiHamis piBHIB (akTopiB, IO
3a0e3MeuyoTh MiHIMabHI a00 MakcuMaiabHI epekTH (B 3aleKHOCTI Bif
nmoTpedu). PosmisHeMo mpuKIIan po3paxyHKy CepeiHiX e(eKTiB.

Ipuxkaan

PosrisiHemo miaH excrepumeHty OA4(2?) Ta ioro pesynbraTu
(Tabm. 10.11). Pesynpryroumii mMoka3HUK ) OTPUMAHO 3a pe3yIbTaTaMH
TPHOX MapaJeIbHUX IOCTIAIB (1 = 3) Ta HOTO MOTPIOHO MiHIMI3yBaTH.

Ta6muus 10.11 - Thnan Taryai OA4(23) ta fioro pe3ynbrati

N ®dakTopu PesynbTar
Xi X2 X3 Y
1 1 1 1 30
2 1 2 2 25
3 2 1 2 34
4 2 2 1 27

Po3paxyemo edekTr HakTOpiB IS KOXKHOTO 3 PiBHIB 32 HOPMYJIOIO
(10.18):

=, 1 1
Rl =2 (1 +1%) =2 (30+25) = 275
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>

1 1
=2 +Y,)=-(34+27) =305

>l

1 1
21=5(Y1+Y3) =E(30+34) = 32,0
- 1 1
X2 =E(Y2+Y4) :5(25+ 27) = 26,0

-, 1 1
R} =S (h+¥) =2 (30+27) = 285

1 1
X2 = E(Yz +Y3) = 5(25 +34) =295

Ha ocHOBiI BHKOHAaHOTO pO3paxyHKy OyIyrOTb miarpaMu e(eKTiB
(Puc. 10.4). Buxoastumn 3 yMOBOIO MiHiMi3allil BHOMpaEMo 3HAUYEHHS PiBHIB
¢akTopiB, sKi 3a0e3MeuyroTh MiHIMaJIbHUIN cepenHiil epext — Tabm. 10.12

33
32

32

31 30,5

30 29,5

29 28,5

28 27,

27

26
26
25
X1-1 X1-2 X2-1 X2-2 X3-1 X3-2
Pucynok 10.4 — liarpama e¢exTin
Ta6nuns 10.12 — PiBHi dakropiB 3 MiHIMalbHUM cepeiHiM eekToM

dakTop X X2 X3
PiBeHb 1 2 1
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Sk BugHo 3 Ta6u. 10.12 piBHI akTOpiB HE CITIBMAIAIOTH Hi 3 OJHIETO
KOMOiHaIiero yMoB mociimiB, Bu3HaueHnx OA B Tabm. 10.11. B mpomy
BUMAJAKy 3a KoHIenmielo Tarydi o0O0OB’S3KOBO HEOOXIiJHO IPOBECTH
MepeBIipOYHUN  JOCHiM 3a yMOB 3a3HaueHWXx B Tabm 10.12  mos
MiATBEPIKECHHS 200 CIIPOCTYBaHHS OTPUMAHOIO PE3YJIBTaTy.

HomatkoBo 3a MmerogoM Tarydi, BHKOPHCTOBYIOWHM OTpHUMaHi
PE3yJIbTaTH, VISl OL[IHKH CTYNIEHIO BIUIUBY (PaKTOPiB HA BIATYK IPOBOIAUTHCS
cnenudiuanii tucnepciitauii ananiz — ANOVA (Analysis of variance) — Tyt
He posrmamaeTbesa. OkpiM TOro IUIaHyBaHHSA 3a KoHmenuiero Taryui
JIO3BOJISIE BHU3HAYATH B3a€EMOII0 (aKTOpiB, a TAaKOXK PO3MIp IOIMYCKYy Ha
(akTOp IO OCHTIHKYETHCS, BUXOMIYM 3 BiIOMHUX BUTpPAT Ha BUIIPABIICHHS
Opaxy (TyT HE PO3IIISIAETHCS).

IIntanus pJst camonepeBipku

1. Slka TMOCHIIOBHICTh IOIIYKY ONTHMAJILHOTO pIlIEHHS MpHU

eKCIIEPUMEHTAIBHUX JIOCHTIPKEHHSIX ?

o Take iHTEpHIONSILIis?

o Take excTparmosisi?

SIki Buau Mozeni MpUIMaloThes MPH IUIAaHYBAaHHI €KCIIEPUMEHTY?

Sxuii BUA Moneni NPUHMAETHCS INPH TOBHOMY (aKTOPHOMY

EKCIIEPUMEHTY?

Slke mpHU3HAYCHHS MO MPH ONTUMI3aIlii 32 TOBHUM (haKTOPHUM

eKCIIepUMEHTOM?

7. 1o Take «piBeHB»?

8. 1llo Take iHTEepBam BapitoBaHHS?

9. Sk OTpUMYIOTH «BEpXHIl piBEHB»?

10. SIk OTpUMYIOTH «HMKHiM piBEHB»?

11. Illo Take «OCHOBHHIT» a00 «HYJIHLOBUI» PiBEHB?

12. SIx ~ Oynmyetbes  1wiaH  (MaTpuisl)  TMOBHOTO  (haKTOPHOTO
EKCIIEPUMEHTY?

13. flx BM3HAUAIOTHCS 3HAYCHHS KOEQIIi€HTIB perpecii mpu MOBHOMY
(haKTOPHOMY EKCITEPUMEHTI?

14. Illo Take ampiopHa iHdopmartis?

15. SIxuM BHpa3oM 3aIUCY€ETHCS B3aEMOIisA (PaKTOPiB?

Nk W

o



16.

17.

18.

19.

20.

21.
22.

23.
24.

25.
26.
27.
28.
29.
30.
31.
32.
33.

34.

35.

89

Sk moB’s3aHUM TIOPSIIOK B3aeMomii (hakTOpiB 3 IMOBIpHICTIO il
BUHUKHECHHS?

Sk BU3HAYAETHCSA KUIBKICTH JOCHIIIB IPH MOBHOMY (GaKTOPHOMY
eKCIIepPUMEHTI?

Ski miil mociigHUKA TepeadavdaroThes NPH MOTPAIUSIHHI B Maibbke
cTanioHapHy 001acTh?

o mpuiiMaeTbCcst B IKOCTI MOJIENi MIPH INIAHYBaHHI €KCIIEPUMEHTY
3a OLIKII?

SIk  BH3HAYAETHCS ~ KUIBKICTH  JOCHIAIB  MpPH  IUIAaHYBaHHI
excriepumenTy 3a OLIKII?

Sxa ctpykrypa OLIKII?

B sxomy Bumnaaky OyBae HEOOXiJHUM IUIaHYBAHHS CKCIIEPUMEHTY
3a OLIKII?

[Io 3a6e3meuye OPTOrOHAIBHOCTI TUIAHY €KCIIEPHMEHTY ?

B domy mepeBara maHiB Tarydi y mMOpIBHSHHI 3 TOBHHM
(haKTOPHUM E€KCIIEPIMEHTOM?

Ski ocobnuBocTi miaHiB Tarydi?

o Take (hakTOpM BHYTPIIIHHOTO MacuBy?

1o Take hakTOPH 30BHIMIHBOTO MACHUBY?

Jlnst AKuMX el BUKOPUCTOBYIOTHCS IUTaHu Tarydi?

[o € mmanom excriepuMeHTy 3a Tarydi?

Sk mo3HavaroThes IUTaH| 3a Tarydi?

[Ilo € MeToro aHanizy pe3yabTaTiB eKCepuMenTy 3a Tarydi?

Sk BU3Ha4aeThes cepenHiit edekT pakropy 3a Tarydi?

Uwu OyayeThcs MOAETH MpPH IUIAHYBAaHHI eKCIIepUMEHTY 3a Tarydi i
SIKII[O TAK, TO B IKOMY BHUIJISIII?

Ske pillIeHHS MPUIMAETHCA 32 pe3yJIbTaTaMU PO3PaXyHKY CepeHiX
edexTiB dakTopis?

1o moTpiOHO pOOUTH AKIIO KOMOIHAIlISA PIBHIB MOTPIOHUX e(EeKTiB
He CITIBIIaJAac Hi 3 OJHUM 3 3aIUIAHOBAHUX JOCIIIIB?
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