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APPROXIMATION OF FUNCTIONS OF TWO
VARIABLES ON THE UNIT BICIRCLE
IN GENERALIZED HOLDER SPACES

Snizhko Nataliia,

Ph.D. ((physics and mathematics)), Associate Professor,
Associate Professor of Department of Higher Mathematics,
Zaporizhzhia Polytechnic National University,

The approximative properties of interpolational Lagrange polynomials, Fourier
series of functions of two variables which are defined on the unit bicircle, is stated. For
functions from generalized Holder spaces H , the estimations are conducted for norms

of C,H,, L,, p>1 spaces.

Let y,, and py,, denote the unit circles with centers in the origin; and
Yo = Yo1 X o is the unit bicircle. Let @(J;,5,) be the some modulus of continuity,
and 2, (5), £2,(5) are the simple moduli of continuity, which respect to that one.
Let H, denotes the space of continuous functions x(z,7) at y,, which satisfy the
conditions:

H(x'a)) = sup —a)(51 92 ,'x)
57 +85 20 (51,6, )

01,05,
th'(x;a)): sup @1,( 6 296)S
57465 #0 Q(61)42(6,)

<cy,

Cz.

Here c; and c; are the some constants; @, ; denotes the mixed modulus of continuity of

the second order [1]. In the space H , the norm is defined as:
lstte )l At )]+ Hixop H" (xo).

Besides, we'll consider the other kinds of moduli of continuity (such as full, mixed and
@(5,,0;x)
(%)

b

partial ones) and constants H'(x,2))=5 up

(0,5, x)
5,>0 QZ (52)
polynomials of the form x, (t,7)= i zn:ck,tk ¢! E, (x) is the best uniform

k=—ml=—n
approximation of x(¢,7) by the polynomials from X, . Let

, which are defined i [2]. Let X, be the set of all
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m n

(Lnedtr)= 3 3 glt,r, V@M, (0)= X 3 audte’,

p=0 ¢=0 k=—m l=—n

denotes interpolational Lagrange polynomial of the function g(t, 2') with respect to the
system of equidistant points:

27l 2
t =ex -m)e, 1" =-1, p=0,....2m;
) p{ZmH(p )} p

i
Tq :exp{znﬁ_ll(q—n)}, i2=—1, q=0 ..... 2n

at y,. Beside that we use the following estimations [1] for the functions x(t, Z') eH,:

E, (x)< {Ht (x;2,)2, &j +H (x,.02, ), Gﬂ <cH(x; a))a)[ L1 j

m n

and for the derivatives of the polynomials P, (¢,7)e X,

a)

< cmHPmn c

(Pmn )z
C

< anP

(Pmn)r c mnHC

Theorem 1. Let x(t,7)e H . Then:

b)‘

Hx o Lmnx”c

< clnminnH (x, a))a)( 1 ,1)
m n

Let operator @, = assignes to any function g(z,z)e H, the mn-th partial sum of

mn
1ts Fourier series, that is

(@,,8\t.7)= Z Z gut*t’

k=—m l=—n

where
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Su =, j [ -2 k+1 lldtdr kl=0+1+2,...

Y01 Y02 !

Theorem 2. For any function g(t,r)eH » and for arbitrary natural m, n the
unequality is fulfilled:

lg - @pngl,. <(1+ cln(2m + Yn(2n + 1))H(g,-a,)a,(_ ,_],

Lemma 1. Let P, € X, at y,. Then for arbitrary pair 2,(5) and Q2,(5) the
estimations are true:

P
)H (Pmn"(gl)gcH m”‘lC 9
a(,,)
m
P
b) H™(P,,:02,)<c [P

In the future we’ll assume that m, n satisty the conditions:
m
M, <—<M,,
n
where M, M, are constants, 0 <M, M, <.

Lemma 2. Let x,,, (t,r) be the polynomial of the best uniform approximation of the
function x(t,r)e H - Then for arbitrary 0)(2)(51 0, ) such that H S0 CH o) and

Ql(l) (6 )/ _(21(2) (5), Qél) (6 )/ Qéz) (8) are increasing functions, the estimations are true:

Qla)(lj <l>( j
Cl)Ht(x—x* .91(2))30 Ht(x,'.Ql(l)) m +HT Q(I .

(|
L)
()

I

b) H (v~ x50 < o 1 (1,20 )1—

:\~3\~

Lemma 3. The unequality is true:
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HL <clnminn.

mnHHw—>Hw

The proof of this statement follows from [4] on the basis of the estimation:

HLmn HHw = CHLm HHQI 'HLn Hng < clnminn.

Lemma 4. Under the conditions of Lemma 2 the estimations are true:

a) H' (x -L,, x;Ql(z ) ) <clnm| H' (x,‘Ql(l) )ﬁ

le)( o
- m -
| Qo)(l Qu)(l)W
b) H* (x —Lmnx;Qz(z))S clnn| H' (x;!)l(l))—m +H® (x;.()él))—n .
Q(z{l) Q<z>(1)
2 2
m n)|

Lemma 5. Under the conditions of Lemma 2 the estimation is fulfilled:

a,(l)(l 1)

Hx—x* 0 )< o .

b C.o(z)(ljg@)(ljuxuf’w(n
! m 2 n

Lemma 6. Under the conditions of Lemma 2 the estimation is true:

w(l)(ljl)
m n

H' (x—Lmnx;a)(z))S clnminn :
Ql<z>(1) o éz)(l)

Theorem 3. Let x(tr)e H L a)(z)(él 0,) is such that H L0 CH o) and
_(21(1)(5 )/ Ql(z)(5 ), Qél)(5 )/ Qéz) (8) are increasing functions. Then:

a,o)(l’l)
- < clnml nr .
xHHw(z) clnminn Ql(z)(l)gz@)(l) HxHHw(l)
m n

The proof of this statement follows directly from Lemmas 4, 6 and Theorem 1.

Hx—L
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Theorem 4. Let x(tr)e H L0 a)(z)(§1 0,) is such that H S0 CH o) and
_(21(1)(5 )/ _(21(2)(5 ), Qél)(é )/ ng)(é ) are increasing functions. Then:

Q,m(l }J
<clnminn mn

mn* HXH :
HHw(z) Ql(z)( 1 ] ng)(lj H,0)

Hx—cD

m n

Let us now consider the space L, p>1. If put that Lagrange operator works from

the space C to the space L, then respectively to [3] the estimation HLmn H 1, <c(p)

is true, where c( p) is completely defined constant, which depends on p and doesn’t
depend on m, n.

Theorem 5. Let g(t,r)e H . Then the estimation is fulfilled :

\@—Lmﬂgﬁﬁ+deﬂgwbﬂa{)

Remark 1. If under the conditions of Theorems 1 — 5 the partial derivatives of the
approximated functions of orders p and g with respect to ¢ and 7 belong to the space

H,, (it means x(¢,7)e H C(UP 4)), that the estimations in the mentioned theorems can be
: : 1 1 : .
considerably improved, namely by the value — This conclusion follows
m n
directly from the unequalities [1]:

p q
E (x)<d——H'|".0 Ql(ij+iH’ X 0, Qz(lj <
m? ot? m) nf ord n
p+q
S%L%%%E_LQH;%.
m?  nf ot? or mn

For example, in this case the theorem which is respected to Theorem 3 can be
formulated as follows:

Theorem 6. Let X(Z‘,T)E H if(?f)q ); a)(z)(él ,52) is such that H «)CH ;) and
_(21(1)(5)/ _(21(2)(5), Qél)(é)/ ng)(é) are increasing functions. Then the estimation is

true
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1

wu)(l 1)
1 m’'n
Hx -L,, xHHw(z) < clnmlnn(— + _J (

m? ') g z)(ljgm(l)
! m 2 n
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