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PosrmsinaeTbess TPUBUMIpDHUM MpPYXHUHM MNpOCTip 3 LWIHAPHYHUAM BKIIOYECHHAM, ITIAKPIIIICHHM
000110HKOI0. PO3ITIsIHYTO BHIaAKH, KOJIHM HA MOBEPXHIO OOOJIOHKH IiIOTH BiCECHMETPUYHI AWHAMIiYHI
HOpMaJIbHi HaBaHTaXEeHHA. PyX mpocTopy onmcyBaBcs IUHAMIYHMMH PIBHAHHSAMHM TeOpil NPYXKHOCTI, a
pyX OOOJOHKM ONHCYBaBCS TpbOMa METOAAMH: IWHAMIYHUMH pIiBHSHHSAMH Teopii INpY)XHOCTI,
PIBHAHHAMHY, SIKi BPaXOBYIOTh IONIEpEYHHH 3CYB Ta iHepLilo obepTaHHs (000noHKA Ty THMOIIEHKO),
a TaKOXX KIaCHYHUMH PiBHSAHHAMHU TeOpil TOHKUX OOOJIOHOK, SIKi IPYHTYIOThCS Ha Trinmore3i Kipxroga-
JIsBa. 3amaua po3B’s3aHa METOIOM IHTETpalbHUX IepeTBopeHb Pyp’e (3a OCbOBOIO 3MIHHOIO), Ta
Jlanmaca (3a 3MIiHHOIO dYacy), OOEpHEHHS SIKMX HPOBOIWIOCH 4YHcelnbHO. OTpuMaHi pe3yibTaTH
MPOLTFOCTPOBAaHO rpadivHo.

Knrouosi cnosa: yuninopuyna o6010HKA, NPYICHUL NPOCMIp, OUHAMINHE HABAHMANCEHHS, BiCeCUMEMPUUHA

3adaua.
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PaccMaTpuBaeTcs TpeXMepHOe YIpyroe MpOCTPAHCTBO C  IUIMHAPHMYECKUM  BKIIOUCHUEM,
HOAKPEIUICHHBIM 0007104Kk0oi. PaccMOTpeHB! ciiydyau, Korja Ha IIOBEPXHOCTh OOOJIOYKH JEHCTBYIOT
0CECHMMETPUYECKUE HOPMaNbHBIE HArpy3Ku. JIBHKEHHE IPOCTPAaHCTBA ONUCHIBACTCS JUHAMUYIECKUMHU
YPaBHEHMSIMH TEOPHH YIPYTrOCTH, a JBW)KEHHE OOOJIOYKH OIMCHIBACTCS TPEMS METOAAMHM:
JUHAMUYECKMMHU YPaBHCHMSMU TEOPHM YIPYTOCTH, YPABHEHHUSAMH, KOTOPHIE YUUTHIBAIOT MOMNEPEUHBIN
CHBUT ¥ WHEPUHIO BpamieHus (00oiouka Tumna THMOIIEHKO), a TaKKe KIACCHYECKUMH YPaBHEHUSMH
TEOPHM TOHKHX O0O0JI0YEK, KOTOpBIE YIOBIETBOPAIOT rumore3e Kupxroga-Jlssa. 3amaua pemiena
METOJIOM MHTETpalbHBIX IpeobpazoBanuii @ypbe (1o oceBoit koopauHare) u Jlammaca (1o nmepeMeHHO
BpeMeHH), oOpamieHHe  KOTOPBIX  IPOBOAMIOCH  YHCIEHHO.  [lodydeHHBIE — pe3yJIbTaThl
HPOMILTIOCTPUPOBAHEI TPadHUIECKH.

Knouesvie cnosa: yununopuueckaa 000104Ka, ynpyzoe HPOCMPAHCMEO, OUHAMUYECKA HASPY3Kd,

ocecummempuieckas 3a0a4a.

NON-STATIONAR DEFORMATION OF CYLINDRICAL SHELL IN ELASTIC MEDIUM,
SUBJECTED TO EXTENDING SURFACE LOADS
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Infinite cylindrical shell, embded in three-dimensional elastic space is considered. Case, when extended
impulsive axi-symmetrical normal load is subjected to surface of the shell, is studied. Axi-symmetrical
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normal load, which depends on time as unit Heaviside function is considered too. For the results to be
compared, static load corresponding to the second dynamic load is considered.
Space motion is described by elastic theory dynamic equations. Shell’s motions, with purpose to
compare results, are described by three methods: elastic theory dynamic equations; equations, that
consider transversal shift and rotary inertia (Timoshenko’s shell) and classic thin shells theory
equations, based on Kirhhoff-Love theory.
Elastic theory dynamic equations are solved by method of two potential functions. Then integral
transform technique is used. Fourier transform on axial variable, and Laplace transform on time are
used.
Transform solutions for displacements and stresses are inversed numerically. Filon’s method (to inverse
Fourier transform) and the displaced Legendre’s polynoms method (to inverse Laplace transform) are
used.
Dependence of shell’s radial displacements and stresses on load’s extension velocity is studied. It is
shown, that shell’s radial displacements and stresses aspire to zero in large timescales
Radial displacements and stresses for normal load, that depend on time as unit Heaviside function, are
observed to aspire to static solution in large timescales.
Based on the received results, we can conclude that the results of shell’s motions approximate
descriptive methods and exact solutions are almost coincide with that was shown on graphs. Therefore
in the following works we can use only one of the given shell’s motions approximate descriptive
methods.

Key words: cylindrical shell, elastic space, dynamic loads, axi-symmetrical problem.

BCTYII

3ajadi Mpo CTalioOHApHY AMHAMIYHY IMOBEAIHKY HECKIHUEHHO JOBIHX IIMIIIHAPUYHUX 00O0JIOHOK, SIKi
3HAXOIATbCA B HEOOMEXKEHOMY I1HEpLIHHOMY TMPYXHOMY CEpPEIOBHMII TMiJ i€ PYXOMHX
HaBaHTAXKEHb, PaHIIIEe PO3TIAIATUCH B podoTax [1-3], a Takox y moHorpadii [4]. ¥ poborax [5, 6]
pO3MISIHYTI TOAIOHI 3a/adyi y HeCTalllOHApHIA TOCTAHOBIN, aje PO3TJIA OOMEXKEHO BHITAJIKAMHU,
KOJU JUisi OOOJIOHKM BUKOPHUCTOBYIOTBHCS KJIACHUHI PIBHSHHS, a JUISl OMMCY peakiii ceperoBHILA
BUKOPHUCTOBYEThCS HaOIMkeHa Mojens Tuny Biacopa-IlacrepHaka, sika He J03BOJIS€ 3HANTH
HaIMpy>KCHHsI 1 TIEPEMIIICHHS y TPY>KHOMY TPOCTOPi, Ta OOMEXYe MOCTIKEHHSI HeCcTallloHapHOI
MOBEIIHKNA O0OJIOHKH.

ITOCTAHOBKA 3AJTIAY1

PosrnsimaeTscst BicecuMeTpuyHa HeCTaI_IIOHapHa aedopmalliss HECKIHYCHHO JOBIOi LIWIIHIPHIHOL
00OIIOHKH, sIKa 3HAXOIUTECS B JIHIHHO-IPY)KHOMY, OJHOPIIHOMY Ta I30TPOITHOMY IIPOCTOPI I
JEI0 HABAHTAXKEHbB, 110 PYXAIOTHCS B3I0BXK OCi 000m0HKU. Hexail 00010HKa Ta POCTIp BiHECEH]

JI0 HEPYXOMOi MIJIIHIPUYHOI CHCTEMH KOOPIUHAT {r, H,x}, ajie JJIA i€l BICECUMETPUYHO1 3a/1adl
BCl BEJIMYMHU HE 3aJIeXKaTh BiJ 3MiHHOT ¢. BHyTpimHiii paniyc o6onoHku b, a 30BHIImHIN — a. Y
MOMEHT Yacy f<(0 000JIOHKa Ta MPOCTIP 3HAXOATHCS B CTaHI CIIOKOIO Ta BiJIbHI BiJl HANIPY>KEHbB.
ITorim y moment wacy ¢t=0 B Toumi x=0, r=») NUpUKIATA€ThCA IMITYyJIbCHBHE HOpMAaJIbHE

HaBaHTaXKeHHA [ 1 B momanpmii MoMeHTH 4acy f>() BigOyBaeTbcs pO3IIMPEHHS HABAHTAXKEHO]
JOUISSHKA 3 TOCTIHHOIO MIBUAKICTIO ¢ TakUM YHWHOM, II0 CyMapHUH HOPMaJbHUM THUCK Yy BCl
MOMEHTH 4acy 3aJIMIIA€ThCs piBHUM [ . TakoxX po3IisgaeThCsl BUMAJOK, KOJIM B MOMEHT 4acy
t=0 B obmacrti |x|£d, r =b TpUKITagaeThCA IMITyIbCHBHE HOpMajbHE HABAaHTAXKEHHS [, sike
MOCTIHHO Ji€ Ha Wi AgHI. /{7 MOpIBHSHHS pe3ynbTaTiB MPH 33JaHOMY HaBaHTAXKEHHI
PO3IVISIHYTA aHAJIOTI1YHA CTATUYHA 3ajaya.

VY wHamiii po6oTi pyX 000JIOHKH OyIeMO OMHCYBaTH 3a JOTIOMOIOK JWHAMIYHUX PIBHSIHB TEOpii
IPY>KHOCTI, PIBHSIHB, SIKI BPaXOBYIOTh IONEPEYHUI 3CYB Ta iHEpLil0 oO0epTaHHA (000JIOHKA THILY
TuMoIIEHKO), @ TAKOK KJIIACHYHUX PIBHSAHB TEOPii TOHKUX OOOJOHOK, SIKi IPYHTYIOTBCS Ha TiloTes3i
Kipxroga-JIssa. KoHTakT MiX NpocTOpoM Ta OOOJOHKOK BBaXKAEMO KOB3HUM, a 3B SI30K —
IBOCTOpOHHIM. CepeoBHIIE, 1110 OTOUYE 000JIIOHKY, ONUCYETHCS TMHAMIYHUMU PIBHIHHSAMU Teopii
MPY>KHOCTI.

Po3rnsiHeMO criodaTKy BUIAA0K, KOJIU pyX 0O0JIOHKU OMUCYETHCS PIBHAHHSAMH TE€OPii IPY>KHOCTI.

VY BekTOpHI (hopmi 111 pIBHAHHSA MarOTh BUrisn [9, c.551]:

ou"
or*

(A +2u, ) grad div(&(k))—ykrot rot(u )) =p, , (D)
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(k) u(k)) — BEKTOp MepeMmilieHb, ae k=1 BiIHOCUTBHCSA 0 O0OJIOHKH, a k=2 — 10

x >7r

—(k)_(
ne u =\u
npocTopy; A, i, —napamerpu Jlame, p, — IIUIBHICTS.

[Ipu BiACYTHOCTI MacoBHX CHJI BBOJMMO IIOTEHIIaNbHI (YHKITIT o, p® 34 dbopmynamu

[9, c.565]
(k) (k) (k) (k) (k)
ugk):aq> +8‘P +‘I’ ’ u£k)=aq) _8‘1’ . @)
Ox or r or ox
[TigcraBisiroun 3anexHocTi (2) y piBHsHHA (1), Mmaemo:
g0 100" 0% 1 g0
7t + 2 T 2 e
or r or ox c, Ot 3
v 1o 9 el 1 gl ®
2 T + 2 2 T2 Az
or r or ox r ¢, Ot
2G 1-v G
ClszM’ Chp = 4
pil-2v;) Pr
I'paHn4HI YMOBU MalOTh BHUTJIS:
0',(;) (b,x,t) =0, afl) (b,x,t):—fn (x,t), )

G(l)(a,x,t)=G(2)(a,x,t):O, G(l)(a,x,t)za(z)(a,x,t), uil)(a,x,t):uﬁz)(a,x,t),

rx rx r rr

ne f, (x,t) — HOpMaJIbHE HaBaHTA)KEHHS, SIKE J[I€ Ha BHYTPILIHIO MOBEPXHIO OOOJIOHKHU.

HanpyxenHns, HeoOXigHI Ui 33J0BOJICHHS TpPaHMYHUX YMOB (5), BHpaXarOTbCsI dYepe3
nepeminieHHs Gpopmynamu:

©_ 2GY, (au@ L j+ 2G, (1-v,) ou”

I

3

O- =
T 1=2v, | ox r 1-2v, or
au(k) 8u(k) ©)
0',(;) =G, e B
or ox

S0 pyx OOOJIOHKM ONUCYETHCS PIBHAHHSMHM, SIKI BPaxXxOBYIOTH IONEPEUYHUN 3CYB Ta 1HEPIIO
obepranHs (oOosioHka Ty THMOIIEHKO), TO y BICECHMETPUYHOMY BHIAAKY DPIBHSIHHS JUIS
o6omonku MaroTh BT [ 10, ¢.43]:

Fu wow_ 1-v 0
or aox TV 2G o
viou H1-v(dw oa w 1-v, &*w 1-v,
———k +—L |+—==- - -f,+q.) 7
a o 2 (ﬁxz o ) a2 26 ot 2G1h( fi+a,) 2
o’a 21—v, (0w 1+v, 0’a
X _ 6k Ll — 4o |=  Nudha 35
ox? > (@C j & 2G, ot
e u, w — OChbOBE Ta pajiajbHe NepeMillleHHs CepeAMHHOI MOBEpPXHI OOOJIOHKH; &, — KYT

MOBOPOTY HOpPMali J0 CEPEeJUMHHOI MOBEpXHI OOOJIOHKHM B OCbOBOMY HANpsMKY; (¢, =q,(x,t) —
HOpMaJlbHa peakilis 3 00Ky IpOoCTOpy Ha MEXKi KOHTAKTy 3 000JIOHKOIO.

VY 11poMy BUNAIKy T'PaHUYHI YMOBH ISl IPOCTOPY TaKi:
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X r r

o (a,x,t)=0, o (a,x.t)=—q (x.t u® (a,x,t) =w(x,t). 8
(a,x,t)=0, (a,x,t)=—q,(x,2), (a,x,t)=w(x,1) (8)

SIkmo pyx OOOJOHKM OMHUCYETHCS KIACUYHMMHU DIBHSHHSMHU TeOpii TOHKHX OOOJOHOK, SKi
BiAmoBimarTh Tinmore3i Kipxroda-Jlssa, To y BiceCHMETpUYHOMY BHUITAJIKy Oy/IeMO MaTH PIBHSHHS
[10, c.27]:

Ou viow  1-v, d%u

St =AS T oo

ox~ a Ox 2G, ot )
viou W o'w w I-v, &w 1-v,

dox 2oc @ P26 oF 26k

(-f,+4,)-

3po3yMisio, 110 B IIbOMY BUIIAAKY 3aJIMIIATHCS CIPaBEIIMBUMU I'paHUYHI YMOBH (8).

[ToyaTkoBI YMOBH y BCiX BUMAAKaX MPUHMAIOTHCA HYIbOBUMHU, TOOTO Tipu ¢ = () mIykaHi BeTUYUHU
Ta iX MepIi MOX1/IHi 3a YaCOM BBOXKA€EMO PIBHUMH HYIIIO.

3ayBaXuMo, IIO JJs CTaTHYHOI 3aj1adi Tpeba B3ATH PIBHUMH HYJIO TOXiJHI 32 4acoM, a BCi
BEJIMYMHH HE 3aJIeKATh BiJ 3MIHHOT /.

PO3B’SA30K 3AJIAYI Y ITPOCTOPI 306PA’KEHD

Jnst po3B’si3aHHs 3a/1a4i OyZ1eMO BUKOPHCTOBYBATH IepeTBOpeHHs Jlamiaca 3a 4acoBOO 3MiHHOIO:

fi(p)=] 1 (1)e (10)
0
Ta nepeTBopeHHsI Dyp’e 3a 0COBOIO KOOPAUHATOKO:
1 T —isx
fF(S)ZE:[Of(X)e dx . (11)

[Tepeiinemo 10 6€3pO3MIPHUX BEIUYHNH:

{ak)’@(k)}zi o, W) {U(k),U("),W,U}zé{u(k) ul),wuf;

2 x r x 2%
a
—0) =0 _ 1w wn. 7 _S. oz oL . 1
{O-rr 5 O rx } Gl {O-rr ’O-rx }9 fn 1 9 {q,.laqrz} Gl {q,~19qr2}’ ( )
{x*,r*}zé{x,r}; r:%t; K:S; 7:%’ p*:/'%; d=1-x

3acTtocoByemo mepeTBopeHHs Jlarmaca 3a 3MiHHOIO 7 Ta nepeTBopeHHs Dyp’e 3a 3MIHHOIO X« O
piBHsHB (3). OTpuMaemo:

P 10De a0 TN 1P (L L 1 )=
+— _( " )q)LF:O, +— - +77() Wir =0, (13)

s2+ r—
o’ r on P oF; . O 2 P

IS

ORI e (R ,70)_0_221:1. ,7(2):0_51 y 1-2v | ,7<z>zc_51:7
1 s ’ 1 * 9 2 * *
0121 2(1_‘/1) c;l 0122 P 2(1_‘/1) 052

3aranbHUi po3B’s30K piBHAHB (13) 3 ypaXyBaHHSAM YMOB 3aTyXaHHS Ha HECKIHYEHHOCTI Mae
BUTJISL
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E(LII): (H,S,P) =C (s, p)K, (mll;)-l-cz(s,p)lo (mlr*);

WU (15, p) = Cy(5. DK, (myr )+ C,y (s, p)I, (myr: ) "
O (5, p) = Cy (s, K, (mor):
P (1,5, p) = Cyl5, PIK, (1),
e m, :wlsz +771(1)p2, m, zwlsz +77§1)p2, m, :,[sz +771(2)p2, m, zdsz +77§2)p2 ,a Ky, I,, K, I, -
moaudixosani pyrxuii Beccens.

3acTrocoByeMo nepeTBopeHHs Jlamiaca 3a 3MiHHOKO 7 Ta neperBopeHHs Dyp’e 3a 3MIHHOIO Xi 110
piBHAHB (2) Ta (6). OTpuMyeMO BUpa3u AJs NepeMileHb Ta HalPYKEeHb Yy MPOCTOP1 300pakeHb:

k) ) —(k)

Ul =isdy) + L1 Tl dOF ) (15)
Vi Vi dar.
—0 2 [ Uk ), 2(1) dUy,
1-2v, | g 1-2v, or

Vs

_ JuY
U(rl)LF—( Yssr +zsUfL)F],
(16)

b

g L(,SUU Uﬂ} 2(1-v,) dUy)

o= (1-2v,)y ™ =& (1-2v,)y drn

— 1(au®)
5, :_[ i UJ
v\ dn

VY mpoctopi 300pakeHb TPaHUYHI YMOBHU MAIOTh BUTJIA/L;

g(;)LF (dl,s,p) =0, g'(rlr)LF (dpsap) = _7nLF (S,p)’ (17)
orir (1,p) = 0tr (Ls,p) =0, Gtr (s p)= e (L), Ut (L. p) =US (s, p)

Y  pe3ynabTaTi OTPUMYEMO CHUCTEMY JIHIMHUX aireOpaiyHuX piBHAHb BIJIHOCHO (YHKIIH
G (5,p),-...Cs (s, p). Poss’s3yioun cucremy merogom Kpamepa, MaTimemo:

det(Aj) _
C/ (S’p)_ dCt(A) > J _1765 (18)
e A:(al.j), i,j=16
) =2( v (m] +s2)) myd, ) L2m g (md,):
11 (1 21/1) d] 1 1

2(m12 —vl(ml2 +5° ))]0 (mldl) 2m,
a, = - Il(mldl);

(1—21/1) d,

2is 2is

a13:7K( d1)+2ism2K0(m2dl); a, :71( d)—2ism210(m2d1);

1 1
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=2ismK, (md,); a,, =2ismI (md,); a,, = (m2 +5 )Kl(mzd) a,, = (m2 +s )I1 (myd,);

2(m =, (1 +5°)) Ko (m) () Ly (m)

2
+2mK, (m,); ay, =

= —2m,1 ;
G (1-2v,) (1-2v)) md(m):
ay, = 2isK, (m, )+ 2ism, K (m, ); ay, = 2isl, (m, ) —2ismy,1, (m, );
L 2(1/1(m12 +32)—m12)K0 (ml)_zlel(ml). ) __(ism4K1(m4)+isme0 (m4))
35 }/(1_2‘/1) ¥ > 36 T ¥ »

a, :—Zislel(ml); a,, =2ismI (ml) Ay = (m2 +s )K1 (mz) a, = (m2 +s )I1 (mz);

2ism. K. (m m’ +s° K, (m
4 = - i 371( 3);a56:( 4 2 ( 4) : —mK( );a62:m1]1(m1);

ag, =—isk, (mz); Ay, =—isl (mz); ags =K, (ms); A = isK, (m4);

Qs =0y = Uys =y = Uys = Ayg = ds) =Usy) = g3 =Ugy = 0.

Marpumi  4;, j=1,6 orpumyrotbcss 3 MaTpuilli A 3aMIHOK j-TO CTOBIIIS BEKTOPOM 3

KOOPJMHATAMHU: (_?nLF (s,p).0,0,0, 0,0).

VY BUMNaJKy, KOJIU pyX OOOJOHKH OMHCYETHCS PIBHSIHHIMH, SIKI BPaXOBYIOTh IMONEPEYHUI 3CYB Ta
iHepIito o0eptanHs (00osoHKa THNY TUMOIIIEHKO) y MpocTopi 300paxeHs 3a Dyp’e-Jlammacom 13
(7), mnpuxoaMMO 10 TaKOT CUCTEMHU:

1
—5°U,p +viisW,. = 2V1 D’
1- — 1- 1- — -
visU -k —V]<_SZWLF +isaXLF)+VI/LF = _—VIVVLFPZ _—Vl(_fnLF +quF); (19)
2 2 2Ky

— 1— — 1 —

—s” tar — 6k’ 2V1 (iSK‘WLF +leLF)= g Laurp®;
K
—(2) —(2) -
O mLF (l,S,p):O, O rrLF (lﬁsﬁp):_quF (s’p)’ U;(lzj)? (l’sip)zWLF (S’p) (20)

BpaxoBytoun rpannysi ymosu (20), 3 mepuioro ta Tperboro piBHsAHHsS cuctemu (19), 3Haxonumo

dynkuii U, (s, p), atur (s, p) Binmoizmo:

2v,is

Uyp(s,p)= Wi(s,p); (21)
LF( ) 2S2+(1—V1)p2 LF( )
_ —6k21_7vlis
aur(s,p)= K Ww,.(s,p). 22
LF(S p) S2+6k21_vl+1+2‘/1 p2 LF(S p) (22)

[MincraBnsroun (21) ta (22) y apyre piBHsHHA cuctemu (19) 1 BpaxoByroun rpanuuHi ymoBu (20),
OTPUMYEMO CUCTEMY JBOX PIBHSAHB BITHOCHO HeBitoMHX C, (s, p), C, (s, p).

SAkuo pyx OOOJOHKM OIUCYEThCS KIACUMYHMMM PIBHAHHAMU TeOpli TOHKMX OOOJIOHOK, IO
BianoBigatoTh rinoresi Kipxroga-JIssa, y npoctopi 300paxeHb OTpUMaEMO TaKi piBHSHHS:
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1—
_SZULF +VisW,, = T‘/l ULsz;
K’ 1-v l-v, [ — - 23)
viisU +ES4VVLF + W = _TlWLsz _2—’{1(_fnLF +quF)'
I'pann4HiI yMOBH MalOTh BHUTJISI:
—(2) —(2) -
T (15.) =0, e (Lsip) = (). UL (Lscp) =W lsp). 20

BpaxoBytoun rpaHuyHi ymoBU (24), OTpUMYyeEMO CHCTEMY piBHSHb (23) BIIHOCHO HEBIIOMHX
(o (s,p), C, (s,p).

Jlnist BIATIOBIAHOT CTaTHYHOI 3aj1aul, KOJIM 00OJIOHKA OMMCYETHCS PIBHAHHAMU TEOpii MPYKHOCTI, 1T
po3B’s30k Oymemo mykatu y ¢opmi [lankosuua-Heiibepa [9, ¢.185] yepe3 aBi rapmoHivuH1 QyHKIIIT

o, x) i @i (r,x):
(0

(k)
uf,")(r,X)=%+% :
or or
(¥) (k)
e (r,x)= —ag—l—(3—4vk)¢’§k) +xa%. (25)
X X

BianoBiaHi HanpyXeHHST BUPAXAIOTHCS yepe3 nepeMilieHHs 3a popmynamiu (6).
OyHKIii gpl(k)(r,x) i gogk)(r,x) 3aJJ0BOJIbHSAIOTH PIBHAHHSM:
(k)

2 (k) 2 (k)
_dg +ldq)j +d(0j -0, j=L2 k=12 (26)

Vgt
@i ar* r dr dx?

3acrocyBaBiu nepeTBopeHHs Pyp’e 1o 3MIHHINA X« 0 PiBHIHB (26), MaeMo:
(k) (k)

_ (k& _
d*Dr; dDr; — ()
2 d? +7 d:l —r*zsz(DFj =0, j=12; k=12 (27)
Ve *

3aranbHUM PO3B’SI30K PIBHAHB (27) 3 ypaXyBaHHSM YMOB 3aTyXaHHS Ha HECKIHYEHHOCTI Mae
BUTJISL

5(1;)1 (r,8) = C($)K, (1) + C, ()1, (s12);

—(1) _ .
CDFZ(Hfz_c3(S)KO(S’;)+C4(S)IO (Sl’;), (28)
o7 (78) = Cs()K, (sr:);
a(FZ)Z (r,8) = Cy()K, (s12).

3actocyBaBiu nepeTBopeHHs Dyp’e 3a 3MIHHOIO X. JIO CHiBBiAHOLIEHb (25), BpaxoByrouu (12),
MaeMo:

— (k) 2 (k)
U,(,,]i)(n,s): 0D r +l_5 Drr :
Or. Osor,
— (k)
(k) 0D

U (r,5)=is®r —(3-4v, ) D5 —s (29)

Os

TpancdopmaHTH BiAMOBIIHUX HANPYyXeHb 3a1at0Thest popmynamu (16).
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[MincTaBnsroun cniBBiaHOMIECHHS (28) B (29), a moTiM criBBigHOIIECHHS (29) B rpanu4Hi ymMoBH (17),
OTPUMYEMO CHCTEMY JHIMHUX anreOpaiyHuX piBHAHB BigHOCHO C, (S),..., C, (s) , sKa
pO3B’sA3y€eThes 3a hopMmyaMu, aHanoriyHUME (18).

Po3B’s13ku y BHIagkax, KOJIH OOOJOHKAa OMHUCYETbCS PIBHAHHAMU TUNy THMOIIEHKO, a0o
PIBHSHHSIMU KJIACUYHOI Teopli TOHKUX OOOJOHOK, SIKi 33a0BOJIBHSIOTH Timorte3i Kipxroda-Jlsasa,
OTPUMYIOThCS AaHAJIOTIYHO.

PE3YJIbTATH YUCEJIBHOI'O AHAJII3A

Po3srisiHeMo BUNaOK, KOJIM B MOYaTKOBUH MOMEHT Yacy ¢ =0 B Touni x =0, 7 =5 npuKIagaeThCs
IMIyJIbCUBHE HOpMaJlbHE HaBaHTaXEHHS [, 1 y nojauplmuii MoMeHT 4dacy f>( BinOyBaeTbcs

PO3IIMPEHHS HABAHTAXKEHOT TUISTHKH IHIIHAPUYHOI 000TOHKH 3 MOCTIHHOIO MIBUAKICTIO C .

@yHKIIis HABaHTAXKEHHA Ma€ BUTIIAL:
i (et |y
fi(xt)=———, 30
(1) 4rctb G0
ne H (x) — onuHM4Ha QyHKIisA XeBicaiaa.

Tpancpopmanta HaBaHnTaxkeHHs (30) Mae BUTIIA;

Fy
2 T
f;’ILF (Sap): ai (E_aVCIg(SIC?*]j’ (31)
4x/§ﬂ2dlsc*
* C
nec =—.
€1

[Ticnsa o6epuenoro nepeTBopeHHs Pyp’e oTpuMyeMo BUpasu st Tpanchopmant Jlamaca:

U(Z) X, G 2 w r7(2)
oL (r X p) 1a _ 21 i J'UrLF (I;,S,p) E_arctg( p*j cos(sx*)dS, (32)
F, 8zdc § 2 5¢
) 2 » —(2)
O L (Kux*ap)a _ 21 _ Io-rrLF (K"’S’p)(z_arctg( p* ijOS(SX*)dS- (33)
F, 877dc s 2 s¢

Posrnsinemo Temep BUMAAOK, KOJMM B MOYATKOBHI MOMEHT 4acy =0 B obOmacrti |x|£d, r=b

MIPUKJIAIa€THCS IMITYIbCUBHE HOPMaJIbHE HABAaHTAXKEHHS [, IKE MOCTIMHO /i€ Ha I1i TIISHIT.
OyHKIIS HABAaHTAXKCHHS Ma€ BUTJISI;
S, (est) = FyH (x| =d ) H (). (34)

TpanchopmanTta HaBaHTakeHHs (34) Mae BUTIISL;

«/EFO sin(d*s)

ﬂzLF(S’p)ZTSp’ (35)

e a’*=£.
a

[Ticns o6epuenoro neperBopeHHst Dyp’e oTpuMyeMo BUpasu it TpaHcpopmaHT Jlaruiaca:
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Ullrep)6 1 ginld Ui (552) oy (36)
F, p Y s

Hner) 1 il ) &
F, TP s | |

BiamosinHe HaBaHTaXEHHS U1 CTATUYHOIL 3a1a4l Ma€ BUTIIS:
J,(x)=FH (]x]-4). (38)

TpaHcopmanTa Qyp’e IKOro JOPIBHIOE:

B \/EFO sin(d*s)

_ 39
Lo () N (39)
[Ticns o6epHeHoro nmepeTBopeHHsT Dyp’e OTPUMYEMO PO3B’SA30K CTATUYHOT 3a4a4i:
UP(r,x. )G, 1 =sin(d’s)U? (n,
& _ lJ‘ sm( S) il (r S) cos(sx* )ds, (40)
F, 74 s
o (rox.) 1 zsin(d’s) o (s)
—=_J‘ cos(sx*)ds. 41)
F oy s

OO6uucnenHss HeBlacHUX iHTerpaniB y Bupazax (32), (33), (36), (37), (40), (41) 3niiicHrOBaOCS
HaOIMKEHO 3 BUKOpPUCTaHHSM Metona aitnmona [7, c.76], obepHeHHS TepeTBopeHHs Jlammaca
3M1IHCHIOBAJIOCS] YUCENIBHO 3a JIOMOMOT0I0 3MillleHux moiiHoMiB Jlexxanmpa [8, ¢.42].

Po3paxyHku mpoBeleHO Ul TaKkuX 3HA4YeHb Oe3po3MipHUX mapamerpiB: v, =v, =0,3, » =30,

p* =4, k=0,02, d,=1-x=0,98, d" :%. BenuuuHu 7., X., 7, C — 3MiHIOBAJIACH.

Puc. 1 imocTpye 3MiHYy HOpMalbHUX IEpEMIILIEHb 3a YacOM Ha MEX1 KOHTAaKTy OOOJOHKH 1
MPY)XXHOTO TpocTopy mpu % =1, x. =0 mnsg pisHEX 3Ha4eHb 0E3pO3MIPHOI MIBHIKOCTI PYyXY

HaBAHTA)XCHHS, NIPU LbOMY JUIsl KpuBOi | — =01, 12— ¢ =025,3-¢c =04. IIpu npomy
CYIUTbHI KpHBI BIAMOBIAAIOTH pe3yJabTaTaM, KOJHM PyX OOOJOHKH OMHCYETHCA AMHAMIYHUMU
PIBHSHHAMM Teopii MPYXKHOCTi, a MYHKTHPOM 1 IITPUX-IYHKTUPOM BIJNOBIJAIOTh TeOPii
Tumomenko 1 Kipxroga-JIasa BigmosinHo. Ha puc.2 HaBeneHi aHanoriyHl pe3yiabTaTH s
HOpPMaJIbHUX HalPY)KEHb.

Ha pwuc. 3 mokaszaHo, sk 3MIHIOIOTBCS pajiaibHI MEPEMIMICHHS Ha MEX1 KOHTAKTy OOOJIOHKH 1
. . *
pY>XHOTO TpocTopy (7% =1) 3a 0ChOBOIO KOOPIMHATOIO y Pi3HI MOMeHTH Yacy mpu ¢ =0,1, a
puc. 4 UTFOCTpY€E aHAJOTIYHUM PO3MOLT ISt OUIBII BUCOKOI HMIBUIKOCTI PO3IOBCIOKCHHS THUCKY,
£

ko ¢ =04.

Ha puc.5 1 6 nna HaBanTakeHHs (34) 300pa)K€HO 3MiHY 3a 4YacOM HOPMAaJbHUX MEpeMIIleHb 1
Hampy)keHb y Toulli 7% =1, x. =0, mpum 1pOMy TOpPHU3OHTaNBbHI TpsMi Ha 000X Tpadikax
BI/IMOBITaIOTh CTATHYHOMY PO3B’SI3KY.

Puc. 7 imocTpye 3MiHYy HOpPMalbHUX HEpPEMIIIEHb 32 OCbOBOIO KOOPAMHATOIO JUIsl HaBaHTAXKECHHS
(34) npu 7 =2,5 npu pi3HUX 3HAYCHHIX PalaTbHOI KOOPAMHATH, TOOTO Yy MPYKHOMY HPOCTOPi
IIPU BiJIaJICHHI BiJl TPaHUIIl KOHTAKTY 3 000JIOHKOIO.
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_._
Ml
-
|
a1

1
2
3

Puc. 1. 3miHa HOpMaTBEHUX MIEPEMIIIEHb 32 YACOM Ha MEKi KOHTAKTY 000JIOHKH 1 IPY>KHOTO TIPOCTOPY IS
HaBaHTaXEHHS, IO pO30iraeTbes

1
2

3
Puc. 2. 3miHa HOpMaTBPHUX HAMIPYKEHB 32 YaCOM Ha MEXKi KOHTAKTy 0OOJIOHKH 1 TIPY>KHOT'O IPOCTOPY IJIS
HaBaHTaXXCHHS, 0 PO30iraeThes
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Ur

w

=1
-—--t=25
—-—--t=5

Puc. 3. 3miHa HOpMAaJIBHAX MTEPEMILIICHb 32 OCFOBOIO KOOPIMHATOIO MIPH Pi3HUX 3HAYCHD Yacy HA MEXi KOHTAKTY
000JIOHKH 1 TIPY>KHOTO TIPOCTOPY ISl HABAHTAKEHHS, IO pO30iraeThCs

Ur

=1
-——-t=25
—-=--t=5

Py

A
A
N\

~————— " Ne—=~r - '

2 3 4

Puc. 4. 3miHa HOPpMaTBHUX MMEPEMILIICHb 32 OCHOBOIO KOOPIMHATOO MPH Pi3HUX 3HAYCHD Yacy HA MEXI1 KOHTAKTY
00O0JIOHKH 1 TIPY>KHOT'O TIPOCTOPY JJIsi HABAHTaXKEHHSI, IO PO30iraeThes

Puc. 5. 3MiHa HOpMaTBHUX MMEPEMILIICH 32 YaCOM Ha MEXi KOHTAKTy OOOJIOHKH 1 TIPY>KHOT'O IPOCTOPY JJIS
HABaHTaXXCHHS, [0 3aJICXKUTH BiJ] 4acy, SK OJMHUYHA QYHKIlisA XeBicaiina

DizuKo-mamemamuuni HayKu

ISSN 2413-6549



Visnyk of Zaporizhzhya National University. Physical and Mathematical Sciences 211

.21

-0 4

.6

-0 .8

Puc. 6. 3miHa HOpMaTLHUX HAIPYXKEHB 32 9aCOM Ha MEXi KOHTAKTY O0OJIOHKH 1 MMPY>KHOTO TPOCTOPY JIIS
HaBaHTaXXCHHS, 0 3aJISKHUTh BiJl 4acy, SK OOUHUYHA QYHKITIS XeBicaiga

r=1
——-r=15
—_—— =2

Ur

Puc. 7. 3MiHa HOpMaTBHHUX MEPEMIIIICHb 32 0CHOBOIO KOOPIUHATOO MIPH Pi3HUX 3HAYCHD PaliallbHOI KOOPAWHATH Ha
MEXi KOHTAaKTy OOOJIOHKH i IPY>KHOTO MPOCTOPY JUTS HABAHTAXKECHHS, [0 3AJICXKUTH BiJ 9acy, SIK ONUHIYHA QYHKILIS
Xesicaiina
0,3
0.2

GIr

X

Puc. 8. 3MiHa HOpMaTBHHUX HAMIPYKEHB 32 OCHOBOIO KOOPIMHATOIO IIPH Pi3HUX 3HAYCHHSAX PallialbHOI KOOPAWHATH Ha
MEX1 KOHTAaKTy O0OJIOHKH 1 IPY>KHOTO MPOCTOPY JUIs HABAHTAXKCHHS, IO 3aJIC)KUTh BiJl 4acy, K OJMHUYHA (QYHKIIiS
Xesicaiiga
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BUCHOBKU

OTpuMaHO PO3B’SA30K BICECHMETPUYHOI 3aaadi s IMTHAPUYIHOI OOOJOHKH, PO3TAIIOBAHOI Yy
MPYXHOMY TIPOCTOpi, Ha SKY JIFOTh HAaBAHTAXKEHHS, IO PO3IIHUPIOETHCS, Ta HABAHTAXKCHHS, SIKE
3aJIeKUTh BiJl 4Yacy, sIK OJMHWYHA (yHKIis XeBicaiina. [l HaBaHTaKeHHsS, IO PO30IraeTbcs,
JOCITI/DKEHO 3aJICKHICTh HOPMAJIBHUX MEPEMIIIeHh Ta HAMpPYKEHb BiJ IMIBHUIKOCTI po30iraHHs
HaBaHTXKEHHS, Ta 1X PO3MOIIJIEHHS 32 OCbOBOI KOOPJIMHATOIO B PI3HI MOMEHTH 4acy.

JUis HaBaHTaXXEHHS, 110 3AJIEKHUTh BiJl Yacy sIK OJUHMYHA (QYHKIIIS XeBlcaI/ma OyJI0 JOCIIIHKEHO
pOBHO,Z[lJIeHHﬂ HOpMAaJIbHUX TEpEeMillieHb Ta HAlpyXeHb 32 OCOBOIO Ta Pa/iajbHOI0 KOOPIHMHATOO
B Pi13HI MOMEHTH 4acy.

HopiBHSHO pi3HI METOIM ONHCAaHHS PyXy OOONOHKH Ta IIOKA3aHO, IO PE3y/IbTATH, OTPUMAHI Ha
OCHOBI 3aCTOCYBaHHS LHX METOJIIB, MaJO BiAPI3HAIOTECA. Ha OCHOBI 11bOro MOXHa 3pobutH
BHCHOBOK, IO TIPU POB’sI3aHH1 OB CKJIAJHUX 33]a4 MOKHA 3aCTOCOBYBATH OJIHY 3 HAOIMKEHUX
MojIeJIell OonucaHHs pyXy 0OOJIOHKH.
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CONDITIONS OF OVERLAPPING WITHIN AN INFINITE SET
OF HYPERPARALLELEPIPEDS IN EUCLIDEAN ARITHMETICAL SPACE
AND THE FINITE LEBESGUE MEASURE OF THEIR UNION

Romanuke V. V., professor, d. t. s., associate professor
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An infinite set of hyperparallelepipeds in Euclidean arithmetical space is considered. Each
hyperparallelepiped is closed. It is defined by five parameters. They are the sequence order number and
quadruple of positive integers, giving two numerators and two denominators of two fractions. These
fractions are such that the numerator is always less than the denominator. One fraction is subtracted
from the sequence order number, another one is added to this number. The denominators are raised to
the power which is actually that sequence order number. As a case study, the union of those
hyperparallelepipeds is found. The goal is to ascertain whether the ordinary Lebesgue measure of the
hyperparallelepipeds’ union is finite and, if finite, to calculate it. Besides, it is tasked to find any
overlappings within the infinite set of hyperparallelepipeds by the constrainted fractions. In the
beginning, concepts of overlapping and nonoverlapping are stated. Overlapping and nonoverlapping are
conceived at various levels. Number of these levels is defined by the Euclidean arithmetical space
dimension. Nonoverlapping, however, does not specify overlapping in lower dimensions. The
nonoverlapping is perceived at a level implying the simpler nonoverlappings which correspond to higher
dimensions. Thus, nonoverlapping is specified not through all the levels, but just at the basic level which
is not implied elsewhere. Further, conditions of when overlapping exists are stated in four theorems. It is
revealed that only single overlapping can be, and only first two numbered hyperparallelepipeds can
overlap. The ordinary Lebesgue measure of the hyperparallelepipeds’ union is always finite. Both for
nonoverlapping and overlapping, two formulas for calculating the measure are stated. In the conclusion,
it is mentioned about three cases when each hyperparallelepiped is open or half-open. In these cases,
hyperparallelepipeds cannot overlap at a single point. Nonetheless, the measure calculation formulas
hold.
Key words: infinite set of hyperparallelepipeds, union, overlapping, finite Lebesgue measure.

YCJIOBUSA HEPEKPBITHUSA B OJHOM BECKOHEYHOM MHOXECTBE
I'MITEPITAPAJVIEJIEIIMITIELZOB B EBKIIMIOBOM APUOMETHYECKOM
ITPOCTPAHCTBE U KOHEYHAS MEPA JIEBEI'A UX OBBbEJIWMHEHUSA
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XmenbHuykuii HAYUOHATLHBIU YHUGEPCUMEN,
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PaccmaTpuBaeTcs O€CKOHEUHOE MHOXECTBO I'MIIEpIIapauICJICIIMIIEIOB B EBKINA0BOM apU(PMETHIECKOM
mpocTpancTBe. Kaxxnplit runepnapamienenunes 3aMKHyT. OH omnpeaerseTcs o maTu napamerpam. Uvm
ABIIIOTCS TOPSIAKOBBIA HOMED IOCJIENOBATEIBHOCTH M UYETBEPKA IIOJIOKUTENBHBIX LENbIX YHCEN,
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